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Chapter 1 

Systems of Measurement 

Conceptual Problems 


*1 • 

Determine the Concept The fundamental physical quantities in the SI system include 
mass, length, and time. Force, being the product of mass and acceleration, is not a 


fundamental quantity, (c) is correct. 


2 

Picture the Problem We can express and simplify the ratio of m/s to m/s 2 to determine 
the final units. 


Express and simplify the ratio of 
m/s to m/s 2 : 


m 

s 

m 


in • s 2 

-= s and 

m -s 


(i d ) is correct. 


3 

Determine 

means 10 9 . 


the Concept Consulting Table 
(c) is correct. 


1 -1 we note that the prefix giga 


4 

Determine 

means 10 6 . 


the Concept Consulting Table 
0 d ) is correct. 


1 -1 we note that the prefix mega 


Determine the Concept Consulting Table 1-1 we note that the prefix pico 
means 10 


■12 


(o) is correct. 


6 • 

Determine the Concept Counting from left to right and ignoring zeros to the left 
of the first nonzero digit, the last significant figure is the first digit that is in doubt. 
Applying this criterion, the three zeros after the decimal point are not significant figures, 
but the last zero is significant. Hence, there are four significant figures in this number, 
(c) is correct. 


1 
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Determine the Concept Counting from left to right, the last significant figure is 
the first digit that is in doubt. Applying this criterion, there are six significant 


figures in this number, (e) is correct. 


8 

Determine the Concept The advantage is that the length measure is always with you. The 
disadvantage is that arm lengths are not uniform; if you wish to purchase a board of "two 
arm lengths" it may be longer or shorter than you wish, or else you may have to physically 
go to the lumberyard to use your own arm as a measure of length. 

9 

(a) True. You cannot add "apples to oranges" or a length (distance traveled) to a volume 
(liters of milk). 

( b ) False. The distance traveled is the product of speed (length/time) multiplied by the 
time of travel (time). 

(c) True. Multiplying by any conversion factor is equivalent to multiplying by 1. 

Doing so does not change the value of a quantity; it changes its units. 

Estimation and Approximation 

*10 •• 

Picture the Problem Because 0 is small, we can approximate it by 0 ~ D/r m 
provided that it is in radian measure. We can solve this relationship for the diameter of 
the moon. 

Express the moon’s diameter D in D = 6r m 

terms of the angle it subtends at the 
earth 6 and the earth-moon distance 
r m : 

Find 0in radians: Q = Q . 524 o x ^rrad = Q 00915rad 

360° 

Substitute and evaluate D: D = (0.00915 rad)(384Mm) 


3.51 x 10 6 m 
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*11 •• 

Picture the Problem We’ll assume that the sun is made up entirely of hydrogen. Then we 
can relate the mass of the sun to the number of hydrogen atoms and the mass of each. 


Express the mass of the sun M s as 
the product of the number of 
hydrogen atoms Nu and the mass of 
each atom M H : 

Solve for Nu'. 


M s = N h M h 


N u 


Ms. 

M h 


Substitute numerical values and 
evaluate 7V H : 


N u 


1.99 x IQ 30 kg 
1.67x 10 27 kg 


1.19 xlO 57 


12 •• 

Picture the Problem Let P represent the population of the United States, r the rate of 
consumption and N the number of aluminum cans used annually. The population of the 
United States is roughly 3xl0 8 people. Let’s assume that, on average, each person drinks 
one can of soft drink every day. The mass of a soft-drink can is approximately 
1.8 xlO 2 kg. 


(a) Express the number of cans N 
used annually in terms of the daily 
rate of consumption of soft drinks r 
and the population P: 

Substitute numerical values and 
approximate N: 


N = rPAt 


N = 


/ , x 

lean 

person-d y 
x(ly) 


(3 x 10 s people) 

( d^l 

365.24- 

l yJ 


10 cans 


( b ) Express the total mass of M = Nm 

aluminum used per year for soft 

drink cans M as a function of the 

number of cans consumed and the 

mass m per can: 
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Substitute numerical values and 
evaluate M: 


M = (lO 11 cans/y)(l.8 x 10 1 kg/can) 


2 x 10 9 kg/y 


(c) Express the value of the 
aluminum as the product of M and 
the value at recycling centers: 


Value = ($1/kg )M 

= ($ 1 / kg )(2 x 10 9 kg/y) 
= $2 x 10 9 /y 
= 2 billion dollars/y 


13 •• 

Picture the Problem We can estimate the number of words in Encyclopedia Britannica 
by counting the number of volumes, estimating the average number of pages per volume, 
estimating the number of words per page, and finding the product of these measurements 
and estimates. Doing so in Encyclopedia Britannica leads to an estimate of 
approximately 200 million for the number of words. If we assume an average word 
length of five letters, then our estimate of the number of letters in Encyclopedia 
Britannica becomes 10 9 . 


(a) Relate the area available for one 
letter s 2 and the number of letters N 
to be written on the pinhead to the 
area of the pinhead: 


7T 

Ns z = —d where d is the diameter of the 
4 

pinhead. 


Solve for s to obtain: 


Substitute numerical values and 
evaluate s: 



(b ) Express the number of atoms per _ s 

letter n in terms of .v and the atomic <i atomic 

spacing in a metal c4 lomic : 


Substitute numerical values and 
evaluate n: 


10 8 m 

n =-^- 

5x10 atoms/m 


20 atoms 


*14 •• 

Picture the Problem The population of the United States is roughly 3 x 10 s people. 
Assuming that the average family has four people, with an average of two cars per 
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family, there are about 1.5 x 10 s cars in the United States. If we double that number to 
include trucks, cabs, etc., we have 3 x 10 8 vehicles. Let’s assume that each vehicle uses, 
on average, about 12 gallons of gasoline per week. 


(a) Find the daily consumption of 
gasoline G: 


G = (3 x10 s vehicles)(2gal/d) 
= 6xl0 8 gal/d 


Assuming a price per gallon 

P = $1.50, find the daily cost C of 

gasoline: 


C = GP = (6 x 10 8 gal/d)($ 1.50/ gal) 


= $9 x 10 8 /d ~ 


$1 billion dollars/d 


( b ) Relate the number of barrels N 
of crude oil required annually to the 
yearly consumption of gasoline Y 
and the number of gallons of 
gasoline n that can be made from 
one barrel of crude oil: 

Substitute numerical values and 
estimate N: 



n 


GAt 

n 


_ (6xlQ 8 gal/d) (365.24d/y) 
19.4 gal/barrel 


10 10 barrels/y 


15 •• 

Picture the Problem We’ll assume a population of 300 million (fairly accurate as of 
September, 2002) and a life expectancy of 76 y. We’ll also assume that a diaper has a 
volume of about half a liter. In (c) we’ll assume the disposal site is a rectangular hole in 
the ground and use the formula for the volume of such an opening to estimate the surface 
area required. 

(a) Express the total number N of 
disposable diapers used in the 
United States per year in terms of 
the number of children n in diapers 
and the number of diapers D used 
by each child in 2.5 y: 

Use the daily consumption, the 
number of days in a year, and the 
estimated length of time a child is in 
diapers to estimate the number of 
diapers D required per child: 


N = nD 


3 diapers 365.24 d . , 

D =--—x- x2.5y 

d y 

~3x 10 3 diapers/child 
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Use the assumed life expectancy to 
estimate the number of children n in 
diapers: 


n = 


~~ j(300 x 10 6 children) 
10 7 children 


Substitute to obtain: 


iV = (lO 7 children) 

x (3 x 1 0 3 diapers/child) 


3x10 diapers 


(. b ) Express the required landfill 
volume V in terms of the volume of 
diapers to be buried: 

Substitute numerical values and 
evaluate V: 


V = NV 


one diaper 


V = (3 x 10 10 diapers)(0.5 L/diaper) 


1.5 x 10 7 m 3 


(c) Express the required volume in V = Ah 

terms of the volume of a rectangular 
parallelepiped: 

Solve and evaluate Jr. , V 1.5xl0 7 m 3 „ „ * , 

A = — = -= 1.5 x 10 m 

h 10m 


Use a conversion factor to express 
this area in square miles: 


A = 1.5 x 10 6 m 2 x 


1 mi" 


2.590 km 2 


0.6mr 


16 ••• 

Picture the Problem The number of bits that can be stored on the disk can be found 
from the product of the capacity of the disk and the number of bits per byte. In part ( b ) 
we’ll need to estimate (/) the number of bits required for the alphabet, (ii) the average 
number of letters per word, (Hi) an average number of words per line, (iv) an average 
number of lines per page, and (v) a book length in pages. 

(a) Express the number of bits ./V bits 
as a function of the number of bits 
per byte and the capacity of the hard 
disk kbytes: 


Ambits = A bytes (8bits/byte) 

= (2 x 10 9 bytes)(8 bits/byte) 
= 1.60 xlO 10 bits 
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(j b ) Assume an average of 8 
letters/word and 8 bits/character to 
estimate the number of bytes 
required per word: 

Assume 10 words/line and 60 
lines/page: 


_ bits _ characters ,. bits 

8-x8-= 64- 

character word word 

_ g bytes 

word 

600=^x8^ = 4800^ 

page word page 


Assume a book length of 300 pages 
and approximate the number bytes 
required: 


300pages x 4800 ty tes 
page 


1.44 x 10 6 bytes 


Divide the number of bytes per disk 
by our estimated number of bytes 
required per book to obtain an 
estimate of the number of books the 
2-gigabyte hard disk can hold: 


N % 


books 


2 x 10 9 bytes 
1.44 x 10 6 bytes/book 

1400 books 


*17 •• 


Picture the Problem Assume that, on average, four cars go through each toll station per 
minute. Let R represent the yearly revenue from the tolls. We can estimate the yearly 
revenue from the number of lanes N, the number of cars per minute n, and the $6 toll per 
car C. 


r. ,o . ,, .cars ,_min „,h _,_..d $6 

R = NnC = 141anesx4-x60-x24 —x365.24 —x — 

min h d y car 


$177M 


Units 


18 • 

Picture the Problem We can use the metric prefixes listed in Table 1-1 and the 
abbreviations on page EP-1 to express each of these quantities. 


O) 

1,000,000 watts = 10 6 watts 
= 1MW 


( 6 ) 


0.002gram = 2x10 3 g = 


2 mg 


(c) 

3x 10~ 6 meter = 


3 /an 


id) 

30,000 seconds = 30 x 10 3 s = 


30 ks 
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19 • 

Picture the Problem We can use the definitions of the metric prefixes listed in 
Table 1-1 to express each of these quantities without prefixes. 


(a) (c) 


40 fJSN = 40 x 10~ 6 

W = 

0.000040 W 

3MW = 3 x 10 6 W = 

3,000,000 W 

0 b ) 




id) 



4ns = 4 x 10~ 9 s = 

0.000000004 s 


25 km = 25 x 10 3 m = 

25,000 m 



*20 • 

Picture the Problem We can use the definitions of the metric prefixes listed in 
Table 1-1 to express each of these quantities without abbreviations. 


(a) 10 12 boo = lpicoboo 


(e) 10 phone = 1 megaphone 


( b ) 10 low = lgigalow 


(/) 10 9 goat = 1 nanogoat 


(c) 10 phone = 1 microphone 


(g) 10 12 bull = 


1 terabull 


(d) 10 18 boy = lattoboy 


21 •• 

Picture the Problem We can determine the SI units of each term on the right-hand side 
of the equations from the units of the physical quantity on the left-hand side. 


(a) Because x is in meters, Ci and 

C\t must be in meters: 

C[ is in m; C 2 is in m/s 

(. b ) Because x is in meters, ViC\t 2 
must be in meters: 

C[ is in m/s 2 

(c) Because v 2 is in m 2 /s 2 , 2Qx must 
be in m 2 /s 2 : 

Cj is in m/s 2 

(i d) The argument of trigonometric 
function must be dimensionless; i.e. 
without units. Therefore, because x 

C[ is in m; C 2 is in s~' 
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is in meters: 

(e) The argument of an exponential 
function must be dimensionless; i.e. 
without units. Therefore, because v 
is in m/s: 


C; is in m/s; C 2 is in s 


22 •• 

Picture the Problem We can determine the US customary units of each term on the 
right-hand side of the equations from the units of the physical quantity on the left-hand 
side. 


(a) Because x is in feet, C\ and C 2 t 
must be in feet: 

( b ) Because x is in feet, '/ 2 C 1? 2 must 
be in feet: 

(c) Because v 2 is in ft 2 /s 2 , 2C\X must 
be in ft 2 /s 2 : 

(d) The argument of trigonometric 
function must be dimensionless; i.e. 
without units. Therefore, because x 
is in feet: 

( e ) The argument of an exponential 
function must be dimensionless; i.e. 
without units. Therefore, because v 
is in ft/s: 


C, is in ft; C, is in ft/s 


C l is in ft/s' 


C l is in ft/s 


C, is in ft; C 2 is in s 1 


C[ is in ft/s; C 2 is in s 


Conversion of Units 


23 • 

Picture the Problem We can use the formula for the circumference of a circle to find the 
radius of the earth and the conversion factor 1 mi = 1.61 km to convert distances in meters 
into distances in miles. 


(a) The Pole-Equator distance is 
one-fourth of the circumference: 


c = 


4 x 10 7 m 
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( b ) Use the formula for the 
circumference of a circle to obtain: 



4x 10~ 7 m 
2n 


6.37 x 10 6 m 


(c) Use the conversion factors 
1 km = 1000 m and 1 mi = 1.61 km: 


c = 4 x 10 7 mx 


1 km 1 mi 
10 3 m 1.61km 


2.48 x 10 4 mi 


and 

R = 6.37 x 10 6 mx 


1 km 1 mi 
10 3 m 1.61km 


3.96 xlO 3 mi 


24 • 

Picture the Problem We can use the conversion factor 1 mi = 1.61 km to convert 
speeds in km/h into mi/h. 


Find the speed of the plane in km/s: 


v = 


2(340 m/s) = 680 m/s 


( „ m 3 

f 1 km 'j 

f s 3 

680 — 


3600- 

l s J 

[lO 3 m J 

V h J 


2450 km/h 


Convert v into mi/h: 

( ^,km3 

f lmi ] 

v = 

2450- 



l h J 

^l.hlkm J 

= 

1520 mi/h 



*25 • 

Picture the Problem We’ll first express his height in inches and then use the 
conversion factor 1 in = 2.54 cm. 

Express the player’s height into inches: ^ = g ft x l ~ m + j () 5in = 82 5in 

ft 


Convert h into cm: 


h = 82.5 in x 


2.54 cm 


in 


210cm 


26 • 

Picture the Problem We can use the conversion factors 1 mi = 1.61 km, 
1 in = 2.54 cm, and 1 m = 1.094 yd to complete these conversions. 
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(a) 


100—= 100—x—1!5!— 

h h 1.61km 



(b) 


60 cm = 60cmx 


lin 

2.54 cm 


23.6 in 


(c) 


100yd = lOOydx- 

1.094 yd 


91.4m 


27 • 

Picture the Problem We can use the conversion factor 1.609 km = 5280 ft to convert the 
length of the main span of the Golden Gate Bridge into kilometers. 


Convert 4200 ft into km: 


4200ft = 4200ft x L6 ° 9km 
5280 ft 


1.28km 


*28 • 

Picture the Problem Let v be the speed of an object in mi / h. We can use the conversion 
factor 1 mi = 1.61 km to convert this speed to km/h. 


Multiply v mi/h by 1.61 km/mi to 
convert v to km/h: 


mi mi 1.61km 

v— = v — x- 

h h mi 


1.61v km /h 


29 • 

Picture the Problem Use the conversion factors 1 h = 3600 s, 1.609 km = 1 mi, 
and 1 mi = 5280 ft to make these conversions. 


5 km 


(a) 1.296 x 10 — T = 
h 2 


5 km 


1.296 x 10 — T 
h 2 


lh 


3600s 


36.0 


km 

h-s 


, 5 km 


0 b ) 1.296 x 10 —y ~ 


f u'/ 

1.296 xlO 5 ^? 

h 2 


y 


lh 


v 3600s j 


f I O' m ^ 
km 


10 . 0 ^ 

s 


(c) 60 


mi 

”h~ 


60 mi 1 

f 5280 ft "I 

( lh j 


88.0- 

s 

l h J 

l lmi J 

3600s ) 



(d) 60— = 
h 


60™ 

h 


1.609 km 
1 mi 


1 0 m 
v km j 


lh 


3600s 


26.8 — 

















































12 Chapter 1 


30 • 

Picture the Problem We can use the conversion factor 1 L = 1.057 qt to convert gallons 
into liters and then use this gallons-to-liters conversion factor to convert barrels into cubic 
meters. 


(a) 1 gal = (l gal) 


^4qt v 

gal 


1L 


1.057 qt 


3.784L 


( b ) 1 barrel = (l barrel) 


42 gal 
barrel 


3.784L 
gal 


1 Ojjn 3 

L 


0.1589m 3 


31 • 

Picture the Problem We can use the conversion factor given in the problem statement 
and the fact that 1 mi = 1.609 km to express the number of square meters in one acre. 


Multiply by 1 twice, properly chosen, to 
convert one acre into square miles, and 
then into square meters: 


1 acre = (l acre) 


f lmi2 1 

f 1609 m3 

v 640 acres , 

l mi J 


4050 m 2 


32 •• 

Picture the Problem The volume of a right circular cylinder is the area of its base 
multiplied by its height. Let d represent the diameter and h the height of the right circular 
cylinder; use conversion factors to express the volume V in the given 
units. 

(a) Express the volume of the cylinder: V = j7id 2 h 


Substitute numerical values and 
evaluate V: 


V = \n(6 .8 in) 2 (2 ft) 


= \ x(6.8 in)’ (2 ft) 


lft 

v 12in j 



= 

0.504 ft 3 

(b) Use the fact that 1 m = 3.281 ft 


( . \ 

to 

V = 

(0.504 ft 3 ) 

convert the volume in cubic feet into 

cubic meters: 

= 

V 

0.0143m 3 

(c) Because 1 L = 10~ 3 m 3 : 

v = 

0.0143m 3 ) 


lm 


3.281ft 


' 1L ^ 

v 10~ 3 m 3 y 


14.3L 
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*33 •• 

Picture the Problem We can treat the SI units as though they are algebraic 
quantities to simplify each of these combinations of physical quantities and 
constants. 


(a) Express and simplify the units of 

v 2 /x: 


( m / s ) 2 


nr _ m 
m-s 2 s 2 


(b ) Express and simplify the units of 
■yjxja : 



(c) Noting that the constant factor 
j has no units, express and simplify 

the units of \at 2 : 



A 

) 



VSV 


(C 


m 


Dimensions of Physical Quantities 


34 • 

Picture the Problem We can use the facts that each term in an equation must have the 
same dimensions and that the arguments of a trigonometric or exponential function must 
be dimensionless to determine the dimensions of the constants. 


(a) 
x = 

L 

0 b ) 

x = 

L 

(c) 

V 2 -- 

L?_ 

T 2 


C\ + C 2 t 



rj~<2 


^ c 

2 M 

~T 

T 2 


2 C, x 



(d) 

x = C\ cos C 2 t 


L 

L 


1 




T 


(e) 

v = Ci exp( —C 2 t) 


L 

L 


1 

T 

T 


T 


35 •• 


Picture the Problem Because the exponent of the exponential function must be dimension 


the dimension of A must be 
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*36 •• 

Picture the Problem We can solve Newton’s law of gravitation for G and 
substitute the dimensions of the variables. Treating them as algebraic quantities 
will allow us to express the dimensions in their simplest form. Finally, we can 
substitute the SI units for the dimensions to find the units of G. 


Solve Newton’s law of gravitation 
for G to obtain: 



m 1 m 2 


Substitute the dimensions of the 
variables: 


Use the SI units for L, M, and T: 




T 1 


M 1 


Units of G are 



r 


MT 2 




m 3 


kg-s 2 


37 •• 

Picture the Problem Let m represent the mass of the object, v its speed, and r the 
radius of the circle in which it moves. We can express the force as the product of 
777, v, and r (each raised to a power) and then use the dimensions of force F, mass in, 
speed v, and radius r to obtain three equations in the assumed powers. Solving these 
equations simultaneously will give us the dependence of F on m, v, and r. 


Express the force in terms of F = m a v b r c 

powers of the variables: 


Substitute the dimensions of the 
physical quantities: 


MLT =M C 


L 

\Tj 


L c 


Simplify to obtain: 


MLT 2 = M a L b+c T~ b 


Equate the exponents to obtain: 


a = 1, 

b + c = 1, and 
-b = - 2 


Solve this system of equations to 
obtain: 


a = 1, b = 2, and c = -1 


Z7 T 2—1 

Jr = mv r 



Substitute in equation (1): 
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38 •• 

Picture the Problem We note from Table 1-2 that the dimensions of power are ML 2 /T\ 
The dimensions of mass, acceleration, and speed are M, L/T 2 , and L/T respectively. 

Express the dimensions of maw. r i ,, L L ML 2 

\mav = M x — x — = —— 

L J rji Z rj-i rj-ij) 


From Table 1-2: 



ML 2 
T 3 


Comparing these results, we see that the product of mass, acceleration, 
and speed has the dimensions of power. 


39 •• 

Picture the Problem The dimensions of mass and velocity are M and L/T, respectively. 
We note from Table 1-2 that the dimensions of force are ML/T 2 . 

Express the dimensions of momentum: r 1 ,, L ML 

v [mv\ = M x — = ~y~ 


From Table 1-2: 



ML 

-Ji- 


Express the dimensions of force 
multiplied by time: 



ML „ ML 

~~r xT = - 

T 2 T 


Comparing these results, we see that momentum has the dimensions of 
force multiplied by time. 


40 •• 

Picture the Problem Let X represent the physical quantity of interest. Then we 
can express the dimensional relationship between F, X, and P and solve this 
relationship for the dimensions of X. 


Express the relationship of X to 
force and power dimensionally: 




M= 




Solve for [x]: 
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Substitute the dimensions of force 
and power and simplify to obtain: 


Because the dimensions of velocity 
are LIT, we can conclude that: 


M= 


MV 

T 3 

ML 


L 

T 


[p 

= 

F 

V 


Remarks: While it is true that P = Fv, dimensional analysis does not reveal the 
presence of dimensionless constants. For example, ifP = nFv, the analysis shown 
above would fail to establish the factor of tl 


*41 •• 

Picture the Problem We can find the dimensions of Cby solving the drag force 
equation for C and substituting the dimensions of force, area, and velocity. 


Solve the drag force equation for 
the constant C : 


Av 2 


Express this equation 
dimensionally: 



MW 


Substitute the dimensions of force, 
area, and velocity and simplify to 
obtain: 


[c] 


ML 

T 2 


VTJ 


M 

IF 


42 •• 

Picture the Problem We can express the period of a planet as the product of these 
factors (each raised to a power) and then perform dimensional analysis to 
detennine the values of the exponents. 


Express the period T of a planet as 
the product of r a ,G b ,andM$ : 

Solve the law of gravitation for the 
constant G: 


T = Cr a G b Ml (1) 

where C is a dimensionless constant. 



m i m 2 


KJKJ 


Express this equation dimensionally: 
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Substitute the dimensions of F, r, 

and nr. 

M G(i) ! ,3 
[g]= t = 2 

L J MxM MT 2 

Noting that the dimension of time is 
represented by the same letter as is 
the period of a planet, substitute the 
dimensions in equation (1) to 

obtain: 

f T 3 Y 

T = (j L) a 2 (M) c 

v ' [mt 2 j v ' 


Introduce the product of M 0 and L a 
in the left hand side of the equation 
and simplify to obtain: 

M°L°T ] = M c ~ b L a+3h T 

-2b 

Equate the exponents on the two 

0 = c - b. 


sides of the equation to obtain: 

0 = a + 3b, and 

1 =-26 


Solve these equations 
simultaneously to obtain: 

a=\,b = -fy,and c = 

1 

2 

Substitute in equation (1): 

T = Cr 3l2 G~ ll2 M s 112 = 

C "3/2 


JGM S 


Scientific Notation and Significant Figures 

*43 • 

Picture the Problem We can use the rules governing scientific notation to express each 
of these numbers as a decimal number. 


(a) 3x10 = 


30,000 


0 b) 6.2 x 10~ 3 = 


0.0062 


(c) 4 x 10 6 = 


id) 2.17 x 10 = 


0.000004 



= 

217,000 


44 • 

Picture the Problem We can use the rules governing scientific notation to express each 
of these measurements in scientific notation. 


(a) 3.1 GW 


3.1 x 10 9 W 


(c) 2.3fs 


2.3 x 10~ 15 s 

















18 Chapter 1 


( b ) 10pm = 10x10 12 m = 


10 "m 


(< d) 4 jus = 


4x10 6 s 


45 • 

Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 


(a) The number of significant 
figures in each factor is three; 
therefore the result has three 
significant figures: 

( b ) Express both terms with the 
same power of 10. Because the first 
measurement has only two digits 
after the decimal point, the result 
can have only two digits after the 
decimal point: 

(c) We’ll assume that 12 is exact. 
Hence, the answer will have three 
significant figures: 

(i d) Proceed as in (6): 


(l.l4)(9.99x 10 4 ) = 


1.14 x 10 5 


(2.78 x 10 8 )— (5.31 x 10~ 9 ) 
= (2.78-0.531) x 10 8 
= 2.25 x 10 s 


\2n 


4.56x10 


-3 


8.27 xlO 3 


27.6 + (5.99 x 10 2 ) = 27.6 + 599 
= 627 


= 6.27 xlO 2 


46 • 

Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 


(a) Note that both factors have four 
significant figures. 


(200.9)(569.3) = 


1.144 x 10 5 


(b) Express the first factor in 
scientific notation and note that 
both factors have three significant 
figures. 


(0.000000513)(62.3 x 10 7 ) 

= (5.13 x 10 7 )(62.3 x 10 7 ) 
= 3.20 x 10 2 
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(c) Express both terms in scientific 
notation and note that the second 
has only three significant figures. 
Hence the result will have only 
three significant figures. 


28401 + (5.78 x 10 4 ) 

= (2.841 x 10 4 )+(5.78 x 10 4 ) 
= (2.841 + 5.78) x 10 4 
= 8.62 x 10 4 


(d) Because the divisor has three 
significant figures, the result will 
have three significant figures. 


63.25 

4.17x10 3 


1.52 x 10 4 


*47 • 

Picture the Problem Let N represent the required number of membranes and 
express N in terms of the thickness of each cell membrane. 


Express N in terms of the thickness 
of a single membrane: 


N = 


lin 
7 nm 


Convert the units into SI units and 
simplify to obtain: 


lin 2.54cm lm lnm 

/y — _x_X_X_ 

7 nm in 100cm 10~ 9 m 


4x 10 6 


48 • 

Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 


(a) Both factors and the result have 
three significant figures: 

( b ) Because the second factor has 
three significant figures, the result 
will have three significant figures: 

(c) Both factors and the result have 
three significant figures: 

(d) Write both terms using the same 
power of 10. Note that the result 
will have only three significant 
figures: 


(2.00 x 10 4 )(6.10 x 10 2 ) = 


1.22 x 10 3 


(3.141592)(4.00x 10 5 ) = 


1.26 x 10 6 


2.32 x 10 3 
1.16 x 10 8 


2.00 x 10 5 


(5.14 x 10 3 ) + (2.78 x 10 2 ) 

= (5.14 x 10 3 ) + (o. 278 x 10 3 ) 
= (5.14 +0.278) x 10 3 
= 5.42 x 10 3 
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(e) Follow the same procedure used (l .99 x 10 2 )+ (9.99 x 10 ) 

in (d y- = (l .99 x 10 2 )+(0.000000999 x 10 2 

= 1.99 x 10 2 


*49 • 

Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 


(a) The second factor and the 
result have three significant figures: 


( b ) We’ll assume that 2 is exact. 

Therefore, the result will have two 
significant figures: 

(c) We’ll assume that 4/3 is exact. 

Therefore the result will have two 
significant figures: 

( 1 d) Because 2.0 has two significant 
figures, the result has two significant 
figures: 

General Problems 

50 • 

Picture the Problem We can use the conversion factor 1 mi = 1.61 km to convert 100 
km/h into mi/h. 

Multiply 100 km/h by 1 mi/1.61 km km _ ^qq km ^ lmi 

to obtain: h h 1.61km 

= 62.1 mi/h 


3.141592654x(23.2) 2 = 


1.69 x 10 3 


2 x 3.141592654 x 0.76= 4.8 


-n x 


( 1 . 1) 3 = 


5.6 


(2.0) s 


3.141592654 


10 


*51 • 

Picture the Problem We can use a series of conversion factors to convert 1 billion 
seconds into years. 

Multiply 1 billion seconds by the appropriate conversion factors to convert into years: 
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10 9 s = 10 9 sx 


lh lday 
3600s X 24h" X 


iy 

365.24 days 


31.7y 


52 • 

Picture the Problem In both the examples cited we can equate expressions for the 
physical quantities, expressed in different units, and then divide both sides of the equation 
by one of the expressions to obtain the desired conversion factor. 


(a) Divide both sides of the 
equation expressing the speed of 
light in the two systems of 
measurement by 186,000 mi/s to 
obtain: 


3 x 10 8 m/s 
1.86 x 10 5 mi/h 


= 1.61 x 10 3 m/mi 


r 

1.61 xlO 3 

V 



1 km ^ 

mi y 

v 10 3 m y 


1.61 km/mi 


(. b ) Find the volume of 1.00 kg of Volume of 1.00 kg = 10 3 g is 10 3 cm 3 

water: 


Express 10 3 cm J in ft 3 : 

(l 0 cm) 

' lin | 

f lft 1 



^ 2 .54 cm J 

^12 in J 


= 0.0353 ft 3 


Relate the weight of 1 ft 3 of water to 1.00 kg _ ^ 4 

the volume occupied by 1 kg of 0.0353 ft 3 ft 3 

water: 


Divide both sides of the equation by 
the left-hand side to obtain: 


62.4 


1 = 


]b 

ft 3 


1.00 kg 
0.0353 ft 3 


2.20 lb/kg 


53 •• 

Picture the Problem We can use the given information to equate the ratios of the number 
of uranium atoms in 8 g of pure uranium and of 1 atom to its mass. 

Express the proportion relating the /V L - _ 1 atom 

number of uranium atoms N\j in 8 g 8 g 4.0 x 10 ~ 6 kg 

of pure uranium to the mass of 1 


atom: 
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Solve for and evaluate Nu: 


f 

Af„=(8g) 

V 


latom 

4.0 x 10 26 kg y 


2.0 x 10 23 


54 •• 

Picture the Problem We can relate the weight of the water to its weight per unit 
volume and the volume it occupies. 


Express the weight w of water 
falling on the acre in terms of the 
weight of one cubic foot of water, 
the depth d of the water, and the 
area A over which the rain falls: 

Find the area A in ft 2 : 


w = 


62.4* 

ft 3 


Ad 


A = (l acre) 


r , -2 v 

1 mi 

( 5280ft 

v 640acre y 

l mi J 


4 n 2 


= 4.356 x 10 4 ft 


Substitute numerical values and evaluate w: 



( lb ' 


2 lft 3 



w = 


4.356 xlO 4 ft 2 (l.4in) 


= 

3.17 x 10 5 lb 


l ft J 

\ / v / 

v 12in j 




55 •• 

Picture the Problem We can use the definition of density and the formula for the 
volume of a sphere to find the density of iron. Once we know the density of iron, we can 
use these same relationships to find what the radius of the earth would be if it had the 
same mass per unit volume as iron. 

(a) Using its definition, express the p - — 

density of iron: V 

Assuming it to be spherical, express V = \ n r ' 

the volume of an iron nucleus as a 
function of its radius: 


P = 


3 m 
4;rr 3 


Substitute to obtain: 


( 1 ) 
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Substitute numerical values and 


3 ( 9.3 X 10 26 kg) 

evaluate p: 

4^(5.4 x 10 15 m) 


= 

1.41 x 10 17 kg/m 3 

(b ) Because equation (1) relates the 


3 m 

density of any spherical object to its 
mass and radius, we can solve for r 

to obtain: 

4 np 

Substitute numerical values and 

r=, i 

3(5.98 xlO 24 kg) 

evaluate r: 

4tt(i .41 x 10' 7 kg/m’) 


56 •• 

Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 


(a) Because all of the factors have 
two significant figures, the result 
will have two significant figures: 


(b ) Because the factor with the 
fewest significant figures in the first 
term has two significant figures, the 
result will have two significant 
figures. Because its last significant 
figure is in the tenth’s position, the 
difference between the first and 
second term will have its last 
significant figure in the tenth’s 
position: 

(c) Because all of the factors have 
two significant figures, the result 
will have two significant figures: 


(5.6 x IQ- 5 ) (0.0000075) 

2.4 x 10 12 

_ (5.6 x 10 5 ) (7.5 x IQ- 6 ) 
2.4 x 10 12 

= 1.8 x 10 2 


(14.2)(6.4 x 10 7 )(8.2 x 10' 9 )-4.06 
= 7.8-4.06 = 


3.4 


(6.1 x 10 6 ) 2 (3.6 x 10 4 ) 3 
(3.6 xlO-'f 2 


2.9 x 10 8 
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(, d) Because the factor with the 
fewest significant figures has two 
significant figures, the result will 
have two significant figures. 


(0.000064) 1/3 

(l2.8 x 1CT 3 )(490 x ICC 1 ) 172 
(6.4 x 1(T 5 ) 1/3 

(12.8 x 10 3 )(490 x 10‘) V2 
= 0.45 


*57 •• 

Picture the Problem We can use the relationship between an angle 6, measured in 
radians, subtended at the center of a circle, the radius R of the circle, and the length L of 
the arc to answer these questions concerning the astronomical units of 
measure. 


(a) Relate the angle 6 subtended by 
an arc of length S to the distance R: 

Solve for and evaluate S: 


(.b ) Solve equation (1) for and 
evaluate R: 


(c) Relate the distance D light 
travels in a given interval of time At 
to its speed c and evaluate D for 
At = 1 y: 



( 1 ) 


S=R0 


= (lparsec)(ls) 

1 ° 


^ lmin ^ 

v 60s j 

27rrad 


X 

^60 min J 

\ 360° 9 

4.85 x 10 6 parsec 


R = 


0 


1.496 x 10" m 


(is) 


f lining 

^ JO ^ 

^2^:rad^ 

v J 

v 60min y 

l 360° J 


= 3.09 X 10“ m 


D = cAt 

r 


V 


3x 10 8 — 

s ) 


(iy) 


3.156x 10- 

v v) 


= 9.47 x 10 15 m 
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(d) Use the definition of 1 AU and 
the result from part (c) to obtain: 


lc - y = (9.47 x 10 15 m) 


1AU 


1.496 x 10" m 


6.33 x 10 4 AU 


(e) Combine the results of parts ( b ) 
and (c) to obtain: 


1 parsec = ( 3 .08 x 10 16 m) 


f , a 

lc • y 

v 9.47 x 10 15 m j 


3.25c-y 


58 •• 

Picture the Problem Let N e and /V p represent the number of electrons and the number of 
protons, respectively and p the critical average density of the universe. We can relate 
these quantities to the masses of the electron and proton using the definition of density. 


(a) Using its definition, relate the 
required density p to the electron 
density NJV\ 


P 


m 

V 


N e m e 

V 


Solve for NJV\ 


V 


P_ 

m. 


(1) 


Substitute numerical values and 
evaluate NJ V : 


(b ) Express and evaluate the ratio of 
the masses of an electron and a 
proton: 

Rewrite equation (1) in terms of 
protons: 


N. 


6x10 kg/m 


V 9.11x10 kg/electron 


6.59 x 10 electrons/m 


^_ 9. Hxl0- i 'kg _ 546xl0 . 


m p 1.67 x 10 


-27 


kg 


V 


_P_ 

ni. 


( 2 ) 


Divide equation (2) by equation (1) 
to obtain: 


5> 

V 

K 

v 


5 


or 


N v _ m e 


r 


V 


m„ 


\V ; 


















26 Chapter 1 


Substitute numerical values and use 
the result from part (a) to evaluate 
%/C: x (6.59 x 10 3 protons/m 1 

= 3.59protons/m 3 


N / \ 

—- = (5.46 x 10 4 ) 
V V ’ 


*59 •• 

Picture the Problem We can use the definition of density to relate the mass of the water 
in the cylinder to its volume and the formula for the volume of a cylinder to express the 
volume of water used in the detector’s cylinder. To convert our answer in kg to lb, we 
can use the fact that 1 kg weighs about 2.205 lb. 

Relate the mass of water contained in m = pV 

the cylinder to its density and 

volume: 


Express the volume of a cylinder in 
terms of its diameter d and height h\ 


V = A hi J = 


rc 

~4 


d 2 h 


Substitute to obtain: 



Substitute numerical values and 
evaluate m: 


Convert 5.02 x 10 7 kg to tons: 


777 = (l0 3 kg/m’) —1(39. 3m) (41.4m) 
= 5.02 x 10 7 kg 


m = 5.02 x 10 7 kgx 


2.2051b lton 


kg 20001b 


= 55.4 x 10"’ ton 


The 50,000 - ton claim is conservative. The actual weight is closer 
to 55,000 tons. 


60 ••• 

Picture the Problem We’ll solve this problem two ways. First, we’ll substitute two of 
the ordered pairs in the given equation to obtain two equations in C and n that we can 
solve simultaneously. Then we’ll use a spreadsheet program to create a graph of log T as 
a function of log m and use its curve-fitting capability to find n and C. Finally, we can 
identify the data points that deviate the most from a straight-line plot by examination of 
the graph. 
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1 st Solution for (a) 

(a) To estimate C and n, we can 
apply the relation T = Cm" to two 
arbitrarily selected data points. 
We’ll use the 1 st and 6 th ordered 
pairs. This will produce 
simultaneous equations that can be 
solved for C and n. 

Divide the second equation by the 
first to obtain: 


Substitute numerical values and 
solve for n to obtain: 


Substituting this value into the 
second equation gives: 


Solving for C gives: 


2 nd Solution for (a) 

Take the logarithm (we’ll 
arbitrarily use base 10) of both sides 
of T = Cm” and simplify to obtain: 


T x = Cm'; 
and 

T 6 = Cm: 


T 6 Cml 
T x Cm 2 




\ m \ J 


n 


1.75s _( 1kg " 
0.56s v 0.1kg y 


or 

3.125 = 10"^>« 


0.4948 


and so a "judicial" guess is that n = 0.5. 


T 5 = Cm° 5 5 
so 

1.75 s = C(l kg) 05 


C = 


1.75 s/kg 0 ' 5 


log(r) = log(Cm") = log C + log m n 
= n log m + log C 

which, we note, is of the form y = mx + b. 
Hence a graph of log T vs. log m should 
be linear with a slope of n and a log T- 
intercept log C. 


The graph of log T vs. log m shown below was created using a spreadsheet program. The 
equation shown on the graph was obtained using Excel’s "Add Trendline" function. 
(Excel’s "Add Trendline" function uses regression analysis to generate the trendline.) 
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Comparing the equation on the 
graph generated by the Add 
Trendline function to 
log (T) = n log m + log C, we 
observe: 


n = 
and 


0.499 


C = 10 

or 
T = 


0.2479 


1.77 s/kg 


1/2 


(l.77s/kg 1/2 )/n 


0.499 


(b ) From the graph we see that the 
data points that deviate the most 
from a straight-line plot are: 


m = 0.02 kg, T = 0.471 s, 
and 

m = 1.50 kg, T = 2.22 s 


0 b ) 


From the graph we see that the points generated using the data pairs 
(0.02 kg, 0.471 s) and (0.4 kg, 1.05 s) deviate the most from the line 
representing the best fit to the points plotted on the graph. 


Remarks: Still another way to find n and C is to use your graphing calculator to 
perform regression analysis on the given set of data for log T versus log m. The slope 
yields n and the y-intercept yields log C. 

61 ••• 

Picture the Problem We can plot log T versus log r and find the slope of the best-fit line 
to determine the exponent n. We can then use any of the ordered pairs to evaluate C. 

Once we know n and C, we can solve T= Cr" for r as a function of T. 

























(a) Take the logarithm (we’ll 
arbitrarily use base 10) of both sides 
of T = Cr" and simplify to obtain: 
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log(r) = log(o ,! ) = log C + log r n 
= n log r + log C 

Note that this equation is of the form 
y = mx + b . Hence a graph of log T vs. 

log r should be linear with a slope of n and 
a log T -intercept log C. 

The graph of log T versus log r shown below was created using a spreadsheet program. 
The equation shown on the graph was obtained using Excel’s "Add Trendline" function. 
(Excel’s "Add Trendline" function uses regression analysis to generate the trendline.) 



From the regression analysis we 
observe that: 


(b) Solve equation (1) for the radius 
of the planet’s orbit: 

Substitute numerical values and 
evaluate r. 


n = 
and 


1.50 


C = 10 


1.2311 


17.0y/(Gm) 


3/2 


or T = 


(l 7.0 y/(Gin) 3 ' 2 )/ 


,1.50 


(l) 


r = 


v 17.0y/(Gm) 3/2 


n2/3 


r = 


6.20 y 


17.0y/(Gm) 3/2 


\ 2/3 

J 


0.510 Gm 
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*62 ••• 

Picture the Problem We can express the relationship between the period T 
of the pendulum, its length L, and the acceleration of gravity g as T = CL a g h 
and perform dimensional analysis to find the values of a and b and, hence, the 
function relating these variables. Once we’ve performed the experiment called 
for in part ( b ), we can determine an experimental value for C. 


(a) Express T as the product of L 
and g raised to powers a and b\ 

Write this equation in dimensional 
form: 

Noting that the symbols for the 
dimension of the period and length 
of the pendulum are the same as 
those representing the physical 
quantities, substitute the dimensions 
to obtain: 

Because L does not appear on the 
left-hand side of the equation, we 
can write this equation as: 

Equate the exponents to obtain: 

Solve these equations 
simultaneously to find a and b: 

Substitute in equation (1) to obtain: 


(. b ) If you use pendulums of lengths 
1 m and 0.5 m; the periods should 
be about: 


T = CL a g h (1) 

where C is a dimensionless constant. 

[T]=m s ] h 




L°T ] = L a+b T 


-2b 


a + b = 0 and -2b = \ 


a = yand b = 


T = CL l/2 g ‘ l/2 = 



( 2 ) 


r(lm) 

and 



r(0.5m) 


1.4s 


C = T 



(c) Solve equation (2) for C: 
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Evaluate C with i=lm and T = 2 s: 


Substitute in equation (2) to obtain: 


(2s \l 

|9.81m/s 


lm 

2k 

T 

g 



= 6.26 « 2k 


63 ••• 

Picture the Problem The weight of the earth’s atmosphere per unit area is known 
as the atmospheric pressure. We can use this definition to express the weight w of 
the earth’s atmosphere as the product of the atmospheric pressure and the surface 
area of the earth. 


Using its definition, relate 
atmospheric pressure to the weight 
of the earth’s atmosphere: 


P=” 
A 


Solve for w: 


w = PA 


Relate the surface area of the earth 
to its radius R: 


A = 4k R 2 


Substitute to obtain: 


w = 4k R~P 


Substitute numerical values and evaluate w: 


w 


= 4^(6370 km)' 


r 10 3 m^ f ™ 


km 


39.37 in 

\ m ) 


lb 


14.7 — r 

V mV 


1.16 x 10 19 lb 
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Chapter 2 

Motion in One Dimension 

Conceptual Problems 


l 

Determine the Concept The "average velocity" is being requested as opposed to "average 
speed". 


The average velocity is defined as 
the change in position or 
displacement divided by the 
change in time. 

The change in position for any 
"round trip" is zero by definition. 
So the average velocity for any 
round trip must also be zero. 


Ay 

At 


Ay 

At 



*2 • 

Determine the Concept The important concept here is that "average speed" is being 
requested as opposed to "average velocity". 


Under all circumstances, including constant acceleration, the definition of the average 
speed is the ratio of the total distance traveled (H + H) to the total time elapsed, in this 


case 2 HIT. 


(d) is correct. 


Remarks: Because this motion involves a round trip, if the question asked for 
"average velocity," the answer would be zero. 


3 

Determine the Concept Flying with the wind, the speed of the plane relative to the 
ground (v P g) is the sum of the speed of the wind relative to the ground (vwg) an d the 
speed of the plane relative to the air (v PG = vwg + v PA ). Flying into or against the wind the 
speed relative to the ground is the difference between the wind speed and the true air 
speed of the plane (v g = v w - v t ). Because the ground speed landing against the wind is 
smaller than the ground speed landing with the wind, it is safer to land against the wind. 

4 • 

Determine the Concept The important concept here is that a = dv/dt, where a is the 
acceleration and v is the velocity. Thus, the acceleration is positive if dv is positive; the 
acceleration is negative if dv is negative. 

(a) Let s take the direction a car is Because the car is moving in the direction 

moving to be the positive direction: we’ve chosen to be positive, its velocity is 

positive (clx > 0). If the car is braking, then 
its velocity is decreasing (dv < 0) and its 
acceleration (dv/dt) is negative. 

(b) Consider a car that is moving to Because the car is moving in the direction 
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the right but choose the positive opposite to that we’ve chosen to be 

direction to be to the left: positive, its velocity is negative (dx < 0). If 

the car is braking, then its velocity is 
increasing (dv > 0) and its acceleration 
(i dv/dt ) is positive. 


*5 • 

Determine the Concept The important concept is that when both the acceleration and 
the velocity are in the same direction, the speed increases. On the other hand, when the 
acceleration and the velocity are in opposite directions, the speed decreases. 


Because your velocity remains negative, your displacement must 
be negative. 

Define the direction of your trip as the negative direction. During the last 
five steps gradually slow the speed of walking, until the wall is reached. 


(c) A graph of v as a function of t that is consistent with the conditions stated in the 
problem is shown below: 



6 • 

Determine the Concept True. We can use the definition of average velocity to express 
the displacement Ax as Ax = v av A?. Note that, if the acceleration is constant, the average 
velocity is also given by v av = (vj + v f )/2. 

7 

Determine the Concept Acceleration is the slope of the velocity versus time curve, 
a = dv/df, while velocity is the slope of the position versus time curve, v = dxldt. The 
speed of an object is the magnitude of its velocity. 
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(a) True. Zero acceleration implies that the velocity is constant. If the velocity is constant 
(including zero), the speed must also be constant. 

( b ) True in one dimension. 

Remarks: The answer to (6) would be False in more than one dimension. In one 
dimension, if the speed remains constant, then the object cannot speed up, slow 
down, or reverse direction. Thus, if the speed remains constant, the velocity 
remains constant, which implies that the acceleration remains zero. (In more than 
one-dimensional motion, an object can change direction while maintaining constant 
speed. This constitutes a change in the direction of the velocity.) Consider a ball 
moving in a circle at a constant rotation rate. The speed (magnitude of the velocity) 
is constant while the velocity is tangent to the circle and always changing. The 
acceleration is always pointing inward and is certainly NOT zero. 

*8 •• 

Determine the Concept Velocity is the slope of the position versus time curve and 
acceleration is the slope of the velocity versus time curve. See the graphs below. 
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9 

Determine the Concept False. The average velocity is defined (for any acceleration) as 
the change in position (the displacement) divided by the change in time v av = Ax/ At . It is 
always valid. If the acceleration remains constant the average velocity is also given by 


Consider an engine piston moving up and down as an example of non-constant velocity. 
For one complete cycle, v f = v, and x, = x f so v av = Ax/At is zero. The formula involving 
the mean of Vf and v; cannot be applied because the acceleration is not constant, and 
yields an incorrect nonzero value of v ; . 

10 • 

Determine the Concept This can occur if the rocks have different initial speeds. 

Ignoring air resistance, the acceleration is constant. Choose a coordinate system in which 
the origin is at the point of release and upward is the positive direction. From the 
constant-acceleration equation 

y = To + V + \at 2 

we see that the only way two objects can have the same acceleration (-g in this case) and 
cover the same distance, Ay =y -y 0 , in different times would be if the initial velocities of 
the two rocks were different. Actually, the answer would be the same whether or not the 
acceleration is constant. It is just easier to see for the special case of constant 
acceleration. 

*11 •• 

Determine the Concept Neglecting air resistance, the balls are in free fall, each with the 
same free-fall acceleration, which is a constant. 

At the time the second ball is released, the first ball is already moving. Thus, during any 
time interval their velocities will increase by exactly the same amount. What can be said 
about the speeds of the two balls? The first ball will always be moving faster than the 
second ball. 


This being the case, what happens to the separation of the two balls while they are both 
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falling? Their separation increases. 


(a) is correct. 


12 •• 

Determine the Concept The slope of an x(t) curve at any point in time represents the 
speed at that instant. The way the slope changes as time increases gives the sign of the 
acceleration. If the slope becomes less negative or more positive as time increases (as 
you move to the right on the time axis), then the acceleration is positive. If the slope 
becomes less positive or more negative, then the acceleration is negative. The slope of the 
slope of an x(t) curve at any point in time represents the acceleration at that instant. 


The slope of curve (a) is negative 
and becomes more negative as time 
increases. 

The slope of curve ( b ) is positive 
and constant and so the velocity is 
positive and constant. 

The slope of curve (c) is positive 
and decreasing. 

The slope of curve (d) is positive 
and increasing. 

The slope of curve (e) is zero. 


Therefore, the velocity is negative and the 
acceleration is negative. 

Therefore, the acceleration is zero. 


Therefore, the velocity is positive and the 
acceleration is negative. 

Therefore, the velocity and acceleration are 
positive. We need more information to 
conclude that a is constant. 

Therefore, the velocity and acceleration are 
zero. 

( d ) best shows motion with constant 
positive acceleration. 


*13 • 

Determine the Concept The slope of a v{t) curve at any point in time represents the 
acceleration at that instant. Only one curve has a constant and positive slope. 

(b )is correct. 


14 • 

Determine the Concept No. The word average implies an interval of time rather than an 
instant in time; therefore, the statement makes no sense. 

*15 • 

Determine the Concept Note that the "average velocity" is being requested as opposed 
to the "average speed." 
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Yes. In any roundtrip, A to B, and 
back to A, the average velocity is 
zero. 


V av(A—>B—>A) 


Ax 

At 


^AB ^~BA 

At 


_ ^AB ( ^BA ) _ _2_ 

At At 



On the other hand, the average Ax,,, - 

velocity between A and B is not Av(a->b) — ^ ^ u 

generally zero. 

Remarks: Consider an object launched up in the air. Its average velocity on the way 
up is NOT zero. Neither is it zero on the way down. However, over the round trip, 
it is zero. 


16 • 


Determine the Concept An object is farthest from the origin when it is farthest from the 
time axis. In one-dimensional motion starting from the origin, the point located farthest 
from the time axis in a distance-versus-time plot is the farthest from its starting point. 
Because the object’s initial position is atx = 0, point B represents the instant that the 


object is farthest fromx = 0. 


( b ) is correct. 


17 • 

Determine the Concept No. If the velocity is constant, a graph of position as a function 
of time is linear with a constant slope equal to the velocity. 

18 • 

Determine the Concept Yes. The average velocity in a time interval is defined as the 
displacement divided by the elapsed time v av = Ax/At. The fact that v av = 0 for some 
time interval, At, implies that the displacement Ax over this interval is also zero. Because 
the instantaneous velocity is defined as v = 1 iin v ^ 0 (Ax/ At), it follows that v must also 
be zero. As an example, in the following graph ofx versus t, over the interval between 
t = 0 and t « 21 s, Ax = 0. Consequently, v av = 0 for this interval. Note that the 
instantaneous velocity is zero only at t « 10 s. 
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19 •• 


Determine the Concept In the one-dimensional motion shown in the figure, the velocity 
is a minimum when the slope of a position-versus-time plot goes to zero (i.e., the curve 
becomes horizontal). At these points, the slope of the position-versus-time curve is zero; 


therefore, the speed is zero. 


(. b ) is correct. 


*20 •• 

Determine the Concept In one-dimensional motion, the velocity is the slope of a 
position-versus-time plot and can be either positive or negative. On the other hand, the 
speed is the magnitude of the velocity and can only be positive. We’ll use v to denote 
velocity and the word “speed” for how fast the object is moving. 


(a) 

(b) 

curve a:v(t 2 )< v(j\) 

curve a: speed(t 2 ) < speed(tj) 

curve b:v(t 2 )=v(t l ) 

curve b\ speed(t 2 ) = speed(tj) 

curve c: v(t 2 )> v(zj) 

curve c : speed(V 2 ) < speed^) 

curve d: v(t 2 ) < v(tj) 

curve d\ speed(t 2 ) > speed(tj) 


21 • 

Determine the Concept Acceleration is the slope of the velocity-versus-time curve, a = 
dv/dt, while velocity is the slope of the position-versus-time curve, v = dx/dt. 

(a) False. Zero acceleration implies that the velocity is not changing. The velocity could 
be any constant (including zero). But, if the velocity is constant and nonzero, the particle 
must be moving. 

( b ) True. Again, zero acceleration implies that the velocity remains constant. This means 
that the x-versus-t curve has a constant slope (i.e., a straight line). Note: Thi s does not 
necessarily mean a zero-slope line. 
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22 • 

Determine the Concept Yes. If the velocity is changing the acceleration is not zero. The 
velocity is zero and the acceleration is nonzero any time an object is momentarily at rest. 
If the acceleration were also zero, the velocity would never change; therefore, the object 
would have to remain at rest. 

Remarks: It is important conceptually to note that when both the acceleration and 
the velocity have the same sign, the speed increases. On the other hand, when the 
acceleration and the velocity have opposite signs, the speed decreases. 


23 • 

Determine the Concept In the absence of air resistance, the ball will experience a 
constant acceleration. Choose a coordinate system in which the origin is at the point of 
release and the upward direction is positive. 


The graph shows the velocity of a ball that has been thrown straight upward with an 
initial speed of 30 m/s as a function of time. Note that the slope of this graph, the 
acceleration, is the same at every point, including the point at which v = 0 (at the top of 


its flight). Thus, 


Nop of flight ^ 


and 


top 


of flight 6 



24 • 

Determine the Concept The "average speed" is being requested as opposed to "average 
velocity." We can use the definition of average speed as distance traveled divided by the 
elapsed time and expression for the average speed of an object when it is experiencing 
constant acceleration to express v av in terms of v 0 . 


The average speed is defined as the 
total distance traveled divided by 
the change in time: 


total distance traveled 
total time 
H + H 2 H 


T 


T 























Find the average speed for the 
upward flight of the object: 
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Solve for H to obtain: 


v 0 +0 

V av,up = 


H=}v 0 T 



Find the average speed for the 
downward flight of the object: 


v 


av,down 


Q + u 0 _ H 
2 ~ \T 


Solve for H to obtain: 


H = iv 0 T 


Substitute in our expression for v av 
to obtain: 



Because v 0 ^ 0 , the average speed is not 


zero. 


Remarks: 1) Because this motion involves a roundtrip, if the question asked for 
"average velocity", the answer would be zero. 2) Another easy way to obtain this 
result is take the absolute value of the velocity of the object to obtain a graph of its 
speed as a function of time. A simple geometric argument leads to the result we 
obtained above. 


25 • 


Determine the Concept In the absence of air resistance, the bowling ball will experience 
constant acceleration. Choose a coordinate system with the origin at the point of release 
and upward as the positive direction. Whether the ball is moving upward and slowing 
down, is momentarily at the top of its trajectory, or is moving downward with ever 
increasing velocity, its acceleration is constant and equal to the acceleration due to 


gravity. 


(. b ) is correct. 


26 • 

Determine the Concept Both objects experience the same constant acceleration. Choose 
a coordinate system in which downward is the positive direction and use a constant- 
acceleration equation to express the position of each object as a function of time. 


Using constant-acceleration 
equations, express the positions of 
both objects as functions of time: 


Express the separation of the two 
objects by evaluating x B - x A : 


*A =*0,A +V 0 t+Jgt 2 

and 

*B =*0,B+ Vot + ±gt 2 

where vo = 0. 


x B -x A = x„ B -x aA = 10m 


and 


(i d ) is correct. 


*27 •• 

Determine the Concept Because the Porsche accelerates uniformly, we need to look for 
a graph that represents constant acceleration. We are told that the Porsche has a constant 
acceleration that is positive (the velocity is increasing); therefore we must look for a 
velocity-versus-time curve with a positive constant slope and a nonzero intercept. 
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(c)is correct. 


*28 •• 

Determine the Concept In the absence of air resistance, the object experiences constant 
acceleration. Choose a coordinate system in which the downward direction is positive. 

Express the distance D that an 
object, released from rest, falls in 
time t: 

Because the distance fallen varies 
with the square of the time, during 
the first two seconds it falls four 
times the distance it falls during the 
first second. 


D = \gt 2 


(a)is correct. 


29 •• 

Determine the Concept In the absence of air resistance, the acceleration of the ball is 
constant. Choose a coordinate system in which the point of release is the origin and 
upward is the positive y direction. 


The displacement of the ball 
halfway to its highest point is: 

Using a constant-acceleration 
equation, relate the ball’s initial and 
final velocities to its displacement 
and solve for the displacement: 

Substitute v 0 = 0 to determine the 
maximum displacement of the ball: 

Express the velocity of the ball at 
half its maximum height: 


Ay = 

v~ = Vq + 2a Ay = — 2gAv 


Av = — 7 ~—\ = — 

2{-g) 2g 

v 2 =v 2 -2gAv = v 2 -2g^ 

2 . 2V 2 V 2 

= v 0 -gAv max = v 0 -g— = — 

2 g 2 


Solve for v: 


v = -^- v o ~ 0.707v 0 


and 


(c)is correct. 


30 • 

Determine the Concept As long as the acceleration remains constant the following 
constant-acceleration equations hold. If the acceleration is not constant, they do not, in 
general, give correct results except by coincidence. 


x = x 0 +v Q t + \af 


v 2 = + 2a Ax 


v„, = ■ 


V: + V, 


f 


v = v 0 + at 


2 
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(a) False. From the first equation, we see that (a) is true if and only if the acceleration is 
constant. 

( b ) False. Consider a rock thrown straight up into the air. At the "top" of its flight, the 
velocity is zero but it is changing (otherwise the velocity would remain zero and the rock 
would hover); therefore the acceleration is not zero. 

(c) True. The definition of average velocity, v av = Ax/At, requires that this always be 
true. 

*31 • 

Determine the Concept Because the acceleration of the object is constant, the constant- 
acceleration equations can be used to describe its motion. The special expression for 

average velocity for constant acceleration is v av = 


(c)is correct. 


32 • 


Determine the Concept The constant slope of the x-versus-t graph tells us that the 
velocity is constant and the acceleration is zero. A linear position versus time curve 
implies a constant velocity. The negative slope indicates a constant negative velocity. 
The fact that the velocity is constant implies that the acceleration is also constant and 


zero. 


(e)is correct. 


33 •• 


Determine the Concept The velocity is the slope of the tangent to the curve, and the 
acceleration is the rate of change of this slope. Velocity is the slope of the position- 
versus-time curve. A parabolic x(t) curve opening upward implies an increasing velocity. 


The acceleration is positive. 


(a)is correct. 


34 •• 


Determine the Concept The acceleration is the slope of the tangent to the velocity as a 
function of time curve. For constant acceleration, a velocity-versus- time curve must be a 
straight line whose slope is the acceleration. Zero acceleration means that slope of v(t) 


must also be zero. 


(c)is correct. 


35 •• 


Determine the Concept The acceleration is the slope of the tangent to the velocity as a 
function of time curve. For constant acceleration, a velocity-versus- time curve must be a 
straight line whose slope is the acceleration. The acceleration and therefore the slope can 


be positive, negative, or zero. 


( d ) is correct. 


36 •• 


Determine the Concept The velocity is positive if the curve is above the v = 0 line (the t 
axis), and the acceleration is negative if the tangent to the curve has a negative slope. 
Only graphs (a), ( c ), and ( e ) have positive v. Of these, only graph (e) has a negative 


slope. 


(e)is correct. 
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37 •• 

Determine the Concept The velocity is positive if the curve is above the v = 0 line (the t 
axis), and the acceleration is negative if the tangent to the curve has a negative slope. 
Only graphs ( b ) and (cl) have negative v. Of these, only graph (cl) has a negative slope. 

( d ) is correct. 


38 •• 

Determine the Concept A linear velocity-versus-time curve implies constant 
acceleration. The displacement from time t = 0 can be determined by integrating v- 
versus-? — that is, by finding the area under the curve. The initial velocity at t = 0 can be 
read directly from the graph of v-versus-t as the v-intercept; i.e., v(0). The acceleration of 
the object is the slope of v(t) . The average velocity of the object is given by drawing a 
horizontal line that has the same area under it as the area under the curve. Because all of 


these quantities can be determined 


( e ) is correct. 


*39 •• 

Determine the Concept The velocity is the slope of a position versus time curve and the 
acceleration is the rate at which the velocity, and thus the slope, changes. 


Velocity 

(a) Negative at t 0 and t\. 

(b) Positive at t 3 , t 4 , t 6 , and ? 7 . 

(c) Zero at t 2 and t 5 . 

Acceleration 

(a) Negative at t 4 . 

(i b ) Positive at h and t 6 . 

The acceleration is positive at points 
where the slope increases as you 
move toward the right. 

(c) Zero at t 0 , t\, h, T, and ti. 

40 •• 



Determine the Concept Acceleration is the slope of a velocity-versus-time curve. 
(a) Acceleration is zero and constant while velocity is not zero. 




2 

1 . 














^ 0 - 














-2 - 







-3 - 
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(g) Velocity is momentarily zero at the intercept with the t axis but the acceleration is not 
zero. 



41 •• 

Determine the Concept Velocity is the slope and acceleration is the slope of the slope of 
a position-versus-time curve. Acceleration is the slope of a velocity- versus-time curve. 

(a) For constant velocity, x-versus-t (a), (/), and (i) are the correct answers, 

must be a straight line; v-versus-t 

must be a horizontal straight line; 
and a-versus-t must be a straight 
horizontal line at a = 0. 

( b ) For velocity to reverse its 

direction x-versus-t must have a (c) and (d) are the correct answers, 

slope that changes sign and v- 
versus-t must cross the time axis. 

The acceleration cannot remain zero 
at all times. 

(c) For constant acceleration, 
x-versus-t must be a straight line or 
a parabola, v-versus-t must be a 
straight line, and a-versus-t must be 
a horizontal straight line. 

(. d) For non-constant acceleration, ( b ), (c), and (g) are the correct answers, 

x-versus-t must not be a straight line 
or a parabola; v-versus-t must not be 
a straight line, or a-versus-t must 
not be a horizontal straight line. 


(a), (d), (e), (/), (/?), and (?) are the correct 
answers. 
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For two graphs to be mutually 
consistent, the curves must be 
consistent with the definitions of 
velocity and acceleration. 


Graphs ( a ) and (/) are mutually consistent. 
Graphs ( d) and (/;) are mutually consistent. 
Graphs if) and (/) are also mutually 
consistent. 


Estimation and Approximation 


42 • 

Picture the Problem Assume that your heart beats at a constant rate. It does not, but the 
average is pretty stable. 


(a) We will use an average pulse 
rate of 70 bpm for a seated (resting) 
adult. One’s pulse rate is defined as 
the number of heartbeats per unit 
time: 


Pulse rate= 


# of heartbeats 
Time 


and 

# of heartbeats = Pulse rate x Time 


The time required to drive 1 mi at 
60 mph is (1/60) h or 1 min: 


# of heartbeats = (70 beats/min)(l min) 
= 70 beats 


(b) Express the number of # of heartbeats = Pulse rate x Time 

heartbeats during a lifetime in terms 
of the pulse rate and the life span of 
an individual: 


Assuming a 95-y life span, calculate the time in minutes: 

Time = (95 y)(365.25 d/y)(24h/d)(60min/h) = 5.00xl0 7 min 
Substitute numerical values and evaluate the number of heartbeats: 


# of heartbeats = (70beats/min)(5.00xl0 7 min) = 


3.50x10 beats 


*43 •• 

Picture the Problem In the absence of air resistance, Carlos’ acceleration is constant. 
Because all the motion is downward, let’s use a coordinate system in which downward is 
positive and the origin is at the point at which the fall began. 

(a) Using a constant-acceleration 
equation, relate Carlos’ final 
velocity to his initial velocity, 
acceleration, and distance fallen and 
solve for his final velocity: 


v 2 = Vg + 2aAy 

and, because v 0 = 0 and a = g, 

v = ^2gAv 


v= ^2(9.81 m/s 2 )(l 50 m) 


54.2 m/s 


Substitute numerical values and 
evaluate v: 
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( b ) While his acceleration by the 
snow is not constant, solve the same 
constant- acceleration equation to 
get an estimate of his average 
acceleration: 

Substitute numerical values and 
evaluate a: 


a = 


V —V n 


2 Ay 


-(54 m/s 2 ) 
2(l .22m) 

-123g 


-1.20x 10 3 m/s 2 


Remarks: The final velocity we obtained in part (a), approximately 121 mph, is 
about the same as the terminal velocity for an "average" man. This solution is 
probably only good to about 20% accuracy. 

44 •• 

Picture the Problem Because we’re assuming that the accelerations of the skydiver and 
the mouse are constant to one-half their terminal velocities, we can use constant- 
acceleration equations to find the times required for them to reach their "upper-bound" 
velocities and their distances of fall. Let’s use a coordinate system in which downward is 
the positive y direction. 

(a) Using a constant-acceleration 
equation, relate the upper-bound 
velocity to the free-fall acceleration 
and the time required to reach this 
velocity: 

Solve for At: 


Substitute numerical values and 
evaluate At: 


v upper bound 


= % + § At 


or, because v 0 = 0, 

^upper bound = gAt 


At = 


v upper bound 

g 


. 25 m/s . cc 

At = -r- = 2.55s 

9.81 m/s 2 


Using a constant-acceleration 
equation, relate the skydiver’s 
distance of fall to the elapsed time 
At: 

Substitute numerical values and 
evaluate Ay: 


Ay = v 0 At + \a{At) 

or, because vO = 0 and a = g, 

Ay = \g(Atf 

Av = |(9.8 lm/s 2 ) (2.55 s) 2 = 


( b ) Proceed as in (a) with 
Vupper bound = 0.5 m/s to obtain: 


0.5m/s 
9.81 m/s 2 


0.0510s 


and 

Ay = i(9.81m/s 2 )(0.0510s) 2 


1.27 cm 
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45 •• 

Picture the Problem This is a constant-acceleration problem. Choose a coordinate 
system in which the direction Greene is running is the positive x direction. During the 
first 3 s of the race his acceleration is positive and during the rest of the race it is zero. 
The pictorial representation summarizes what we know about Greene’s race. 



Express the total distance covered 100 m = Ax 01 + Ax 12 

by Greene in terms of the distances 
covered in the two phases of his 
race: 


Express the distance he runs getting 
to his maximum velocity: 

Express the distance covered during 
the rest of the race at the constant 
maximum velocity: 


^T)i v o^h)i 2 a oi(^oi) 2 °( 3 s) 

Axj 2 = v max A t n + j a 12 (At u ) 

= (o At 01 )At 12 
= a(3s)(6.79s) 


Substitute for these displacements 
and solve for a: 


100 m = 4a(3s) 2 +a(3s)(6.79s) 


and 


a = 


4.02 m/s 2 


*46 •• 

Determine the Concept This is a constant-acceleration problem with a = -g if we take 


upward to be the positive direction. 

At the maximum height the ball will 
reach, its speed will be near zero 
and when the ball has just been 
tossed in the air its speed is near its 
maximum value. What conclusion 
can you draw from the image of the 
ball near its maximum height? 


Because the ball is moving slowly its blur 
is relatively short (i.e., there is less 
blurring). 


To estimate the initial speed of the 
ball: 
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a) Estimate how far the ball being The ball moves about 3 ball diameters in 

tossed moves in 1/30 s: 1/30 s. 


b ) Estimate the diameter of a tennis 
ball: 

c) Now one can calculate the 
approximate distance the ball moved 
in 1/30 s: 


The diameter of a tennis ball is 
approximately 5 cm. 

Distance traveled = (3 diameters) 

x (5 cm/diameter) 
= 15 cm 


d ) Calculate the average speed of 15 cm 

the tennis ball over this distance: Average speed — y — 450 cm/s 

—s 
30 

= 4.50m/s 


e ) Because the time interval is very 
short, the average speed of the ball 
is a good approximation to its initial 
speed: 

f) Finally, use the constant- 
acceleration equation 

v 2 = Vg + 2aAy to solve for and 

evaluate Ay: 


v 0 = 4.5 m/s 


Av = 



-(4.5 m/s) 2 
2(- 9.81 m/s 2 ) 


1.03 m 


Remarks: This maximum height is in good agreement with the height of the higher 
ball in the photograph. 


*47 •• 

Picture the Problem The average speed of a nerve impulse is approximately 120 m/s. 
Assume an average height of 1.7 m and use the definition of average speed to estimate 
the travel time for the nerve impulse. 


Using the definition of average Ax 

speed, express the travel time for the ^ ~ “ 

nerve impulse: av 


Substitute numerical values and 
evaluate At: 


At 


1.7 m 
120m/s 


14.2ms 


Speed, Displacement, and Velocity 

48 • 

Picture the Problem Think of the electron as traveling in a straight line at constant speed 
and use the definition of average speed. 
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(a) Using its definition, express the 
average speed of the electron: 


Solve for and evaluate the time of 
flight: 


( b ) Calculate the time of flight for 
an electron in a 16-cm long current 
carrying wire similarly. 


. , distance traveled 

Average speed =- 

time of flight 

_ Ax 

At 


At = 


Ax 


0.16 m 


Average speed 4x10 m/s 
= 4x10 9 s = 


4.00 ns 


At = 


As 


0.16 m 


Average speed 4x10 5 m/s 
= 4x 10 3 s = 66.7 min 


*49 • 

Picture the Problem In this problem the ru nn er is traveling in a straight line but not at 
constant speed - first she runs, then she walks. Let’s choose a coordinate system in which 
her initial direction of motion is taken as the positive x direction. 


(a) Using the definition of average 
velocity, calculate the average 
velocity for the first 9 min: 


Ax 

At 


2.5 km 
9 min 


0.278 km/min 


( b ) Using the definition of average 
velocity, calculate her average speed 
for the 30 min spent walking: 


(c) Express her average velocity for 
the whole trip: 


Ax _ -2.5 km 
At 30 min 


= - 0.0833 km/min 


Ax, 


v„„ = ■ 


round trip 

At At 


(d) Finally, express her average distance traveled 

speed for the whole trip: Average speed - - — 

elapsed time 

2(2.5 km) 

30 min + 9 min 

= 0.128 km/min 


50 • 

Picture the Problem The car is traveling in a straight line but not at constant speed. Let 
the direction of motion be the positive x direction. 

(a) Express the total displacement of Ax = Ax + Ax 

the car for the entire trip: 
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Find the displacement for each leg 
of the trip: 


Add the individual displacements to 
get the total displacement: 


( b ) As long as the car continues to 
move in the same direction, the 
average velocity for the total trip is 
given by: 


Axj = v av jAtj = (80 km/h)(2.5 h) 

= 200 km 
and 

Ax 2 = v av 2 A t 2 = (40 km/h)(l .5 h) 

= 60.0km 

Ax total = Axj + Ax 2 = 200 km + 60.0 km 
= 260 km 


Axtotai _ 260 km 

A ^,otai 2.5 h +1.5 h 
65.0km/h 


51 • 

Picture the Problem However unlikely it may seem, imagine that both jets are flying in 
a straight line at constant speed. 


(a) The time of flight is the ratio 
of the distance traveled to the 
speed of the supersonic jet. 


2(0.340km/s)(3600s/h) 
2.25 h 


3 Atlantic 


supersonic 


speed 


supersonic 

5500 km 


( b ) The time of flight is the ratio 
of the distance traveled to the 
speed of the subsonic jet. 


t 


subsonic 


^Atlantic 

speed subsonic 

5500 km 

0.9(0.340 km/s)(3600s/h) 
4.99h 


(c) Adding 2 h on both the front 
and the back of the supersonic 
trip, we obtain the average speed 
of the supersonic flight. 


, _ 5500 km 

SpeC av ' supcrsonic ~~ 2.25 h +4.00h 

= 880 km/h 


(cl) Adding 2 h on both the front 
and the back of the subsonic trip, 
we obtain the average speed of the 
subsonic flight. 


speed 


av, subsonic 


5500 km 
5.00 h +4.00 h 

61 lkm/h 
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*52 • 

Picture the Problem In free space, light travels in a straight line at constant speed, c. 


(a) Using the definition of average 
speed, solve for and evaluate the 
time required for light to travel from 
the sun to the earth: 


(. b ) Proceed as in ( a ) this time using 
the moon-earth distance: 


average speed = — 
and 

s 1.5x10" m 

t =-=- s - 

average speed 3x10' m/s 


= 500s = 


8.33min 


3.84x10 s m 
3xl0 8 m/s 


1.28s 


(c) One light-year is the distance 
light travels in a vacuum in one 
year: 


1 light - year = 9.48x10 5 m = 9.48x10 ‘ km 


= (9.48xl0 12 km )(l mi/1 .6 lkm) 


= 5.89xl0 12 mi 


53 • 

Picture the Problem In free space, light travels in a straight line at constant speed, c. 


(a) Using the definition of average 
speed (equal here to the assumed 
constant speed of light), solve for 
the time required to travel the 
distance to Proxima Centauri: 


distance traveled _ 4.1xlO l6 m 
speed of light 3xl0 8 m/s 


= 1.37xl0 8 s = 


4.33y 


( b ) Traveling at 10' 4 c, the delivery / 

time (t to tai) will be the sum of the 
time for the order to reach Hoboken 
and the time for the pizza to be 
delivered to Proxima Centauri: 


total Crder to be sent to Hoboken Crdcr to be delivered 

, ,, 4.1x10° km 

' V + (l 0 4 )(3 x 10 8 m/s) 

= 4.33y + 4.33xl0 6 y 
~4.33xl0 6 y 


Since 4.33 x 10 6 y »1000 y, Gregor does not 
have to pay. 


54 • 

Picture the Problem The time for the second 50 km is equal to the time for the entire 
journey less the time for the first 50 km. We can use this time to determine the average 
speed for the second 50 km interval from the definition of average speed. 

Using the definition of average _ total distance _ 100 km _ 

speed, find the time required for the *** - a ecd " 50 ]^ 

total journey: 
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Find the time required for the first 
50 km: 


t 


1st 50 km 


50 km 
40km/h 


1.25 h 


Find the time remaining to travel the 
last 50 km: 


^ 2nd 50 km kola! 6 si 50 km 


= 0.75 h 


2h-1.25h 


Finally, use the time remaining to 
travel the last 50 km to determine 
the average speed over this distance: 


Average speed 2nd50km 

_ distance traveled 2nd50km 
time 2nd 50km 


50 km 
0.75h 


66.7 km/h 


*55 •• 

Picture the Problem Note that both the arrow and the sound travel a distance d. We can 
use the relationship between distance traveled, the speed of sound, the speed of the arrow, 
and the elapsed time to find the distance separating the archer and the target. 


Express the elapsed time between 
the archer firing the arrow and 
hearing it strike the target: 

Express the transit times for the 
arrow and the sound in terms of the 
distance, d, and their speeds: 


Substitute these two relationships in 
the expression obtained in step 1 
and solve for d: 


At = 1 s = At arrow + At sound 


At 


arrow 


and 


d 

v 

arrow 


At 


sound 


d 

| Nound 


d 

40 m/s 
d 

340 m/s 


d 


d 


- + ■ 

40m/s 340m/s 
and d = 35.8m 


= 1 s 


56 •• 

Picture the Problem Assume both runners travel parallel paths in a straight line along 
the track. 

(a) Using the definition of average distance run 

speed, find the time for Marcia: ^Marcia = TT 7 

r Marcia s speed 

distance run 

1.15 (John's speed) 

100 m 

=- 1 -tn = 14 - 5s 

1.15 (6 m/s) 
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Find the distance covered by John in 
14.5 s and the difference between 
that distance and 100 m: 


*john =(6m/s)(l4.5s)=87.0 


and Marcia wins by 
100 m-87 m = 


13.0 m 


m 


(b ) Using the definition of average 
speed, find the time required by 
John to complete the 100-m run: 


Cohn 


distance run _ 100 m 
John's speed 6m/s 


= 16.7s 


Marsha wins by 16.7 s - 14.5 s = 2.2 s 


Alternatively, the time required by John to 
travel the last 13.0 m is 


(13 m)/(6 m/s) = 2.17 s 


57 • 

Picture the Problem The average velocity in a time interval is defined as the 
displacement divided by the time elapsed; that is v av = Ax/ At. 


(a) Ax a = 0 


v„„ = 


0 


( b ) A x h = 1 m and At b = 3 s 


v..„ = 


0.333m/s 


(c) Ax c = -6 m and At c = 3 s 


v„„ = 


-2.00 m/s 


(i d) AXd = 3 m and A t d = 3 s 


v.= 


1.00 m/s 


58 •• 

Picture the Problem In free space, light travels in a straight line at constant speed c. We 
can use Hubble’s law to find the speed of the two planets. 


(a) Using Hubble’s law, calculate 
the speed of the first galaxy: 


v a = (5xl0 22 m)(l.58xl0 _18 s _1 ) 
= 7.90 xlO 4 m/s 


( b ) Using Hubble’s law, calculate 
the speed of the second galaxy: 


v b =(2xl0 25 m)(l.58xl0^ 18 s^) 
= 3.16xl0 7 m/s 


(c) Using the relationship between 
distance, speed, and time for both 
galaxies, determine how long ago 
they were both located at the same 
place as the earth: 


_ r _ r 1 

~ v ~ rH ~ H 

= 6.33 x 10 17 s = 20.1xl0 9 y 


20.1 billion years 
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*59 •• 

Picture the Problem Ignoring the time intervals during which members of this relay 
time get up to their running speeds, their accelerations are zero and their average speed 
can be found from its definition. 


Using its definition, relate the 
average speed to the total distance 
traveled and the elapsed time: 

Express the time required for each 
animal to travel a distance L: 



distance traveled 
elapsed time 


L 

^cheetah 

Uheetah 

L 

^falcon ’ 

Falcon 

and 


t 


sailfish 


L 


Uailfish 


Express the total time, At: 


A t = L 


1 

+-+ 



V ^cheetah Falcon Failfish ) 


Use the total distance traveled by the relay team and the elapsed time to calculate the 
average speed: 


t. 1 _ 


3 L 



122 km/h 

| V av| — f 

1 

1 

1 



L 


- + - 


- + - 


v 113km/h 161 km /h 105 km/h j 


Calculate the average of the three speeds: 

113 km/h + 161 km/h + 105 km/h 


Average 


three speeds 


3 


126 km/h = 1,03v„ 


60 •• 

Picture the Problem Perhaps the easiest way to solve this problem is to think in terms of 
the relative velocity of one car relative to the other. Solve this problem from the 
reference frame of car A. In this frame, car A remains at rest. 


Find the velocity of car B relative to 
car A: 

Find the time before car B reaches 
car A: 


v re i = v B - v A = (110 - 80) km/h 
= 30 km/h 



‘rel 


45 km 
30 km/h 


1.5 h 


d = (l.5h)(80km/h) = 


Find the distance traveled, relative 
to the road, by car A in 1.5 h: 


120 km 
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*61 •• 

Picture the Problem One way to solve this problem is by using a graphing calculator to 
plot the positions of each car as a function of time. Plotting these positions as functions 
of time allows us to visualize the motion of the two cars relative to the (fixed) ground. 
More importantly, it allows us to see the motion of the two cars relative to each other. We 
can, for example, tell how far apart the cars are at any given time by determining the 
length of a vertical line segment from one curve to the other. 


(a) Letting the origin of our 
coordinate system be at the 
intersection, the position of the 
slower car, x\(t), is given by: 

Because the faster car is also 
moving at a constant speed, we 
know that the position of this car is 
given by a function of the form: 

We know that when t = 5 s, this 
second car is at the intersection (i.e., 
*2(5 s) = 0). Using this information, 
you can convince yourself that: 

Thus, the position of the faster car is 
given by: 


X\(t) = 20 1 

where X\ is in meters if t is in seconds. 


x 2 (t) = 30 t + b 


b = -150 m 


x 2 {t) = 30 1 -150 


One can use a graphing calculator, graphing paper, or a spreadsheet to obtain the 
graphs of x\{t) (the solid line) and x 2 {t) (the dashed line) shown below: 



(b) Use the time coordinate of the 
intersection of the two lines to 
determine the time at which the 
second car overtakes the first: 


From the intersection of the two lines, one 
can see that the second car will "overtake" 


(catch up to) the first car at 


t = 15s 
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(c) Use the position coordinate of 
the intersection of the two lines to 
determine the distance from the 
intersection at which the second car 
catches up to the first car: 

(i d) Draw a vertical line from t = 5 
s to the red line and then read the 
position coordinate of the 
intersection of this line and the red 
line to determine the position of the 
first car when the second car went 
through the intersection: 

62 • 

Picture the Problem Sally’s velocity relative to the ground (v SG ) is the sum of her 
velocity relative to the moving belt (vsb) and the velocity of the belt relative to the ground 
(vbg)- Joe’s velocity relative to the ground is the same as the velocity of the belt relative 
to the ground. Let D be the length of the moving sidewalk. 

Express D in terms of v BG (Joe’s D = (2 min)v BG 

speed relative to the ground): 


From the intersection of the two lines, one 
can see that the distance from the 


intersection is 


300 m 


From the graph, when the second car 
passes the intersection, the first car was 


100 m ahead 


Solve for v BG : 


k bg 


D 

2 min 


Express D in terms of vbg + vsg 
(S ally’s speed relative to the 
ground): 


Solve for vsg: 


Express D in terms of vbg + 2vsb 
(S ally’s speed for a fast walk 
relative to the ground): 


D = (l min)(v BG + v SG ) 


= (lmin) 


D 


2 min 


- + v, 


SG 


D D 


D 


lmin 2 min 2 min 


D —1 { (v BG + 2v sb ) — t ( 


f D 2D A 


2 min 2 min 


= t f 


f 3D A 
v 2min j 


^ — ■ 


2 min 


40.0s 


Solve for /, as time for Sally's fast 
walk: 


3 
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63 •• 

Picture the Problem The speed of Margaret’s boat relative to the riverbank (|v BR |) is the 
sum or difference of the speed of her boat relative to the water (|v BW |) and the speed of 
the water relative to the riverbank ( v w/( |), depending on whether she is heading with or 
against the current. Let D be the distance to the marina. 


Express the total time for the trip: 


-tl+t 2 


Express the times of travel with the 
motor running in terms of D, v WA , | 

and |v BW |: 


Express the time required to drift 
distance D and solve for |v WR : 


From t\ = 4 h, find v BW 


Solve for t 2 : 


Add t\ and t 2 to find the total time: 


6 =' 


D 


= 4h 


V BW V WR 


and 


t 2 — 


D 


Tbw + rwR 


t, = -r——, = 8 h 


'WR 


and 


D_ 

8h 


K BW 


t 2 


D | | 

D 

4h + l Vw *l 

~ 4h" 

D 

D 


KwI+KrI 3 R + J d _ 


D D 3D 


= 2h 


8h 8h 


hot h 


6h 


Acceleration 


64 • 

Picture the Problem In part (a), we can apply the definition of average acceleration to 
find a m . In part ( b ), we can find the change in the car’s velocity in one second and add 
this change to its velocity at the beginning of the interval to find its speed one second 
later. 


(a) Apply the definition of average 
acceleration: 


Av _ 80.5km/h-48.3km/h 
At 3.7s 


= 8.70 


km 


h-s 
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Convert to m/s’: 


(.b ) Express the speed of the car at 
the end of 4.7 s: 

Find the change in the speed of the 
car in 1 s: 


Substitute and evaluate v(4.7 s): 


= 


8.70 xlO 3 


V 


h -s 


lh 


3600s 


2.42 m/s~ 


v(4.7s) = v(3.7s)+ Av ls 
= 80.5 km/h + Av, 


Is 


r 


Av = a At = 


8.70 


V 


km 

h+s 


(is) 


• v 


= 8.70km/h 

^(4.7 s) = 80.5 km/h + 8.7 km/h 


= 89.2 km/h 


65 • 

Picture the Problem Average acceleration is defined as a m = Av/A t. 


The average acceleration is defined 
as the change in velocity divided by 
the change in time: 


_ Av _ (-lm/s)-(5m/s) 
At (8s)-(5s) 

= -2.00 m/s 2 


66 •• 

Picture the Problem The important concept here is the difference between average 
acceleration and instantaneous acceleration. 


(a) The average acceleration is 
defined as the change in velocity 
divided by the change in time: 

Determine v at t = 3 s, t = 4 s, and 
t = 5 s: 


Find flav for the two 1-s intervals: 


The instantaneous acceleration is 
defined as the time derivative of the 
velocity or the slope of the velocity- 
versus-time curve: 


flav = Av/A t 


v(3 s) = 17 m/s 
v(4 s) = 25 m/s 
v(5 s) = 33 m/s 

a av (3 s to 4 s) = (25 m/s - 17 m/s)/(l s) 
= 8 m/s 2 
and 

a av (4 s to 5 s) = (33 m/s - 25 m/s)/(l s) 
= 8 m/s 2 


dv 
a = — 
dt 


8.00 m/s 2 
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(. b ) The given function was used to plot the following spreadsheet-graph of 
v-versus-t: 



67 •• 

Picture the Problem We can closely approximate the instantaneous velocity by the 
average velocity in the limit as the time interval of the average becomes small. This is 
important because all we can ever obtain from any measurement is the average velocity, 
t’av, which we use to approximate the instantaneous velocity v. 


(a) Find x(4 s) and x(3 s): x(4 s) = (4) 2 - 5(4) + 1 = -3 m 

and 

x(3 s) = (3) 2 - 5(3) + 1 = -5 m 

Find Ax: Ax = x(4 s) - x(3 s) = (-3 m) - (-5 m) 

= 2m 


Use the definition of average velocity: 


v av = Ax/A t = (2 m)/(l s) = 


2 m/s 


(< b ) Findx(t + At): 


Express x(t + At) - x(f) = Ax: 


x(f + At) = (t + A t)~ — 5 {t + At) + 1 
= {t 2 + 2tAt + (At)") — 

5 (t + At) + 1 


(2/-5)A/ + (A/) 2 


where Ax is in meters if t is in seconds. 


(c) From (b) find Ax/A t as At 0: Ax _ (it - 5)A/ + (A/) 2 

At At 

= 2 1 — 5 + A t 


and 
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Alternatively, we can take the 
derivative of x(t) with respect to 
time to obtain the instantaneous 
velocity. 


v = lim A ^ 0 (Ax/At) 


2t-5 


where v is in m/s if t is in seconds. 


v(t) = dx(t)/dt 


— (at 1 +bt + 1) 

dr ’ 


= 2at + b = 2t - 5 


*68 •• 

Picture the Problem The instantaneous velocity is dx/dt and the acceleration is dv/dt. 


Using the definitions of 
instantaneous velocity and 
acceleration, determine v and a: 


v= — = —\ At 2 - Bt + C ] = 2 At - B 
dt dt 

and 

a = — = —[2At-B] = 2A 
dr dt 


Substitute numerical values for A 
and B and evaluate v and a: 


v = 2(8m/s 2 )t-6 m/s 

= (l6m/s 2 )/-6m/s 
and 


a = 2(8 m/s 2 ) 


16.0 m/s 2 


69 •• 

Picture the Problem We can use the definition of average acceleration (a av = Av/A t) to 
find a a v for the three intervals of constant acceleration shown on the graph. 


(a) Using the definition of average 
acceleration, find a m for the interval 
AB: 


a m, AB 


15 m/s -5 m/s 
3s 


3.33m/s 2 


Find flav for the interval BC: 


a m,BC ~ 


15 m/s -15 m/s 
3s 



Find flav for the interval CE: 


fl av,CE 


-15 m/s - 15m/s 
4s 


- 7.50m/s 2 


(. b ) Use the formulas for the areas of trapezoids and triangles to find the area under 
the graph of v as a function of t. 
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(Ax)a_ >b + (Ak) B->C + + (Ax) 

D—»E 

= j(5m/s + 15m/s)(3s) + (15 m/s)(3s) + 4-(15m/s)(2s) + y(-15 m/s)(2 s) 
= 75.0 m 


(c) The graph of displacement, x, as a function of time, /, is shown in the following 
figure. In the region from B to C the velocity is constant so the x- versus-/ curve is 
a straight line. 



(d) Reading directly from the figure, At point D, t = 8 s, the graph crosses 

we can find the time when the 

particle is moving the slowest. the time axis, therefore, v - 0. _ 


Constant Acceleration and Free-Fall 

*70 • 

Picture the Problem Because the acceleration is constant (-g) we can use a constant- 
acceleration equation to find the height of the projectile. 

Using a constant-acceleration 
equation, express the height of the 
object as a function of its initial 
velocity, the acceleration due to 
gravity, and its displacement: 

Solve for Ay max = h: 


From this expression for h we see 
that the maximum height attained is 
proportional to the square of the 
launch speed: 


= Vq + 2 aAv 


Because v(h) = 0, 

2 2 
h = ^^ = ^- 
2 (-g) 2g 

hccvl 


















Therefore, doubling the initial speed 
gives four times the height: 
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K a = 


2g 


f ,.2 A 


= 4 


\2g j 


= 4/2, 


Vo 


and 


(a)is correct. 


71 • 

Picture the Problem Because the acceleration of the car is constant we can use constant- 
acceleration equations to describe its motion. 


(a) Uing a constant-acceleration 
equation, relate the velocity to the 
acceleration and the time: 


v = v 0 + at = 0 + (8m/s 2 )(l0s) 
= 80.0 m/s 


(< b ) sing a constant-acceleration a 2 

equation, relate the displacement to Ax — x — x 0 — v 0 t + —t 

the acceleration and the time: 


Substitute numerical values and 
evaluate Ax: 


Ax =-^-(8m/s 2 )(l0s) 2 


400 m 


(c) Use the definition of v m : 


Ax 

At 


400 m 
10s 


40.0m/s 


Remarks: Because the area under a velocity-versus-time graph is the displacement 
of the object, we could solve this problem graphically. 


72 • 

Picture the Problem Because the acceleration of the object is constant we can use 
constant-acceleration equations to describe its motion. 


Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and the displacement: 

Solve for and evaluate the 
displacement: 


v 2 = Vq + 2 a Ax 


y 2 -vl _ { 15 2 -5 2 )m 2 /s 2 

2 a 2(2m/s 2 ) 


50.0m 


*73 • 

Picture the Problem Because the acceleration of the object is constant we can use 
constant-acceleration equations to describe its motion. 

Using a constant-acceleration v 2 = v 2 + 2 a Ax 

equation, relate the velocity to the 
acceleration and the displacement: 
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Solve for the acceleration: 



2 Ax 


Substitute numerical values and 
evaluate a: 


(l5 2 - 10 2 )m 2 /s 2 
2(4 m) 


15.6m/s 2 


74 • 

Picture the Problem Because the acceleration of the object is constant we can use 
constant-acceleration equations to describe its motion. 


Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and the displacement: 

Solve for and evaluate v: 


v 2 = Vq + 2 a Ax 

v = -J(lm/s) 2 +2(4m/s 2 )(lm) 
= 3.00m/s 


Using the definition of average 
acceleration, solve for the time: 



a 


av 


3m/s - lm/s 
4 m/s 2 


0.500 s 


75 •• 

Picture the Problem In the absence of air resistance, the ball experiences constant 
acceleration. Choose a coordinate system with the origin at the point of release and the 
positive direction upward. 


(a) Using a constant-acceleration 
equation, relate the displacement of 
the ball to the acceleration and the 
time: 

Setting Ay = 0 (the displacement for 
a round trip), solve for and evaluate 
the time required for the ball to 
return to its starting position: 

(. b ) Using a constant-acceleration 
equation, relate the final speed of 
the ball to its initial speed, the 
acceleration, and its displacement: 


Ay = v 0 t + \at 2 


t 


round trip 


2v 0 _ 2(20 m/s) 
g 9.81m/s 2 


4.08s 


Uop = v 0 2 + 2a Ay 

or, because v top = 0 and a = -g, 

0 = Vq +2(-g)H 


Solve for and evaluate H\ 


(c) Using the same constant- 
acceleration equation with which we 
began part (a), express the 
displacement as a function of time: 


H _ v o _ (20 m/s) 2 
2g 2(9.81m/s 2 ) 


20.4 m 


Ay = v 0 t + \af 
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Substitute numerical values to 
obtain: 


15m = (20m/s)t- 


A 9.81m/s 2A 


Solve the quadratic equation for the 
times at which the displacement of 
the ball is 15 m: 


The solutions are t = 


0.991s 


(this 


corresponds to passing 15 m on the way 
up) and t = 3.09s (this corresponds to 


passing 15 m on the way down). 


76 •• 

Picture the Problem This is a multipart constant-acceleration problem using two 
different constant accelerations. We’ll choose a coordinate system in which downward is 
the positive direction and apply constant-acceleration equations to find the required 
times. 


(a) Using a constant-acceleration 
equation, relate the time for the slide 
to the distance of fall and the 
acceleration: 

Solve for t\\ 


Substitute numerical values and 
evaluate t\. 


(b) Using a constant-acceleration 
equation, relate the velocity at the 
bottom of the mountain to the 
acceleration and time: 

Substitute numerical values and 
evaluate v\: 

(c) Using a constant-acceleration 
equation, relate the time required to 
stop the mass of rock and mud to its 
average speed and the distance it 
slides: 

Because the acceleration is constant: 


At = y - v 0 = h - o = v 0 6 + \at[ 

or, because vo = 0, 
h = \at x 



h 


I 2(460 m) 
] 9.81 m/s 2 


9.68s 


Vi = v 0 + a,t x 

or, because Vo = 0 and a\=g, 
T = gti 




(9.81m/s 2 )(9.68s) 


95.0m/s 


At = 


Ax 


v 


av 


Vj + v f _ Vj + 0 

2 “ 2 


U 

2 


At = 


2Ax 




Substitute to obtain: 
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Substitute numerical values and 
evaluate At: 


A t = 


2(8000 m) 
95.0 m/s 


168s 


*77 •• 

Picture the Problem In the absence of air resistance, the brick experiences constant 
acceleration and we can use constant-acceleration equations to describe its motion. 
Constant acceleration implies a parabolic position-versus-time curve. 

(a) Using a constant-acceleration v = Vq + Vq ( + 1 gy 2 

equation, relate the position of the brick ( v / , 2 \ 2 

to its initial position, initial velocity, =6m + (5m/s)t-(4.91m/s )t 

acceleration, and time into its fall: 

The following graph of y = 6rn + (5m/s)t-(4.91m/s 2 )r was plotted using a 
spreadsheet program: 



(b) Relate the greatest height h = v 0 + Ay max 

reached by the brick to its height 
when it falls off the load and the 
additional height it rises Ay ma x: 


Using a constant-acceleration 
equation, relate the height 
reached by the brick to its 
acceleration and initial velocity: 


Uop = Vo + 2 (- ^) A Tmax 
or, because v top = 0, 

0 = v 0 2 + 2(- g)Ay max 


Solve for Av max : 


A y . =-A- 

2 max r\ 

2 g 


Substitute numerical values and 
evaluate Ay max : 


Akmax 


(5 m/s) 2 
2(9.81m/s 2 ) 


1.27 m 
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Substitute to obtain: 


(c) Using the quadratic formula, 
solve for t in the equation 
obtained in part (a): 


With Vbottom = 0 andy 0 = 6 m or 
Ay = -6 m, we obtain: 


(d) Using a constant-acceleration 
equation, relate the speed of the 
brick on impact to its 
acceleration and displacement, 
and solve for its speed: 

Substitute numerical values and 
evaluate v: 


h = y 0 + Ay max = 6m +1.27 m = 7.27 m 

Note: The graph shown above confirms 
this result. 


- v o±,k - 4 


■8 


K-av) 


t = 


r -g' 


f \ 


\ 8 ) 


. 2 j 

i± h _ 2 ^ A - V > 


t = 


1.73s 


and t = -0.708 s. Note: The 


second solution is nonphysical. 
a/2 ~gh 


v = 


v = V 2(9.81 m/s 2 )(7.27m) 


11.9 m/s 


78 •• 

Picture the Problem In the absence of air resistance, the acceleration of the bolt is 
constant. Choose a coordinate system in which upward is positive and the origin is at the 
bottom of the shaft (y = 0). 


(a) Using a constant-acceleration 
equation, relate the position of the 
bolt to its initial position, initial 
velocity, and fall time: 

Solve for the position of the bolt 
when it came loose: 

Substitute numerical values and 
evaluate yo: 


(b) Using a constant-acceleration 
equation, relate the speed of the bolt 
to its initial speed, acceleration, and 
fall time: 


y bottom ^ 

= .Vo+V + l(-g> 2 
y 0 = - v o t+ i8t 2 

y 0 = -(6m/s)(3s) + |(9.81m/s 2 )(3s) 2 
= 26.1m 

v = v 0 +at 
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Substitute numerical values and v = 6 m/s - (9.81 m/s 2 )(3s) = -23.4 m/s 

evaluate v : an( j 

Ivl 


23.4 m/s 


*79 •• 

Picture the Problem In the absence of air resistance, the object’s acceleration is 
constant. Choose a coordinate system in which downward is positive and the origin is at 
the point of release. In this coordinate system, a = g and y= 120 m at the bottom of the 
fall. 


Express the distance fallen in the 
last second in terms of the object’s 
position at impact and its position 
1 s before impact: 

Using a constant-acceleration 
equation, relate the object’s position 
upon impact to its initial position, 
initial velocity, and fall time: 

Solve for the fall time: 


Substitute numerical values and 
evaluate t t . M \ 


Ay 


last second 


120 HI y j s b e f ore i m p ac t 


(i) 


y = y 0 +V(/ + ygr 

or, because yo = 0 and Vo = 0, 
y = l^fall 



‘•fall 


12(120 m) 
]j 9.81m/s 2 


4.95s 


We know that, one second before 
impact, the object has fallen for 
3.95 s. Using the same constant- 
acceleration equation, calculate the 
object’s position 3.95 s into its fall: 

Substitute in equation (1) to obtain: 


v(3.95 s) = a( 9.8 1 m/s 2 )(3.95s) 2 
= 76.4m 


Av last S ec 0nd = 120m- 76.4m = 


80 •• 

Picture the Problem In the absence of air resistance, the acceleration of the object is 
constant. Choose a coordinate system with the origin at the point of release and 
downward as the positive direction. 


Using a constant-acceleration 
equation, relate the height to the 
initial and final velocities and the 
acceleration; solve for the height: 


v f = v o -I - 2aA y 

or, because vo = 0, 

2 

h = ^ 

2 g 


(1) 
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Using the definition of average 
velocity, find the average velocity of 
the object during its final second of 
fall: 

v f . ls +v f A_y 38m , 

v =-= — =-= 38m/s 

av 2 At Is ' 

Express the sum of the final velocity 
and the velocity 1 s before impact: 

v f _i, + v f = 2(38m/s)= 76m/s 

From the definition of acceleration, 
we know that the change in velocity 
of the object, during 1 s of fall, is 

9.81 m/s: 

Av = v f -v f _ ls = 9.81 m/s 

Add the equations that express the 
sum and difference of v f _ i s and v f 
and solve 
for 

76m/s+ 9.81m/s .. . , 

v f = - L -— = 42.9 m/s 

f 2 7 

Substitute in equation (1) and 
evaluate h: 

, (42.9m/s) 0 

/7 = -U- ~rr\= 93.8m 

2(9.81 m/s 2 ) - 


*81 • 

Picture the Problem In the absence of air resistance, the acceleration of the stone is 
constant. Choose a coordinate system with the origin at the bottom of the trajectory and 
the upward direction positive. Let v r _ 1/2 be the speed one-half second before impact 

and v f the speed at impact. 


Using a constant-acceleration 
equation, express the final speed of 
the stone in terms of its initial speed, 
acceleration, and displacement: 

v( = v o + 2 a Ay 

Solve for the initial speed of the 
stone: 

v 0 =V v f + 2 gAy (1) 

Find the average speed in the last 
half second: 

v _ Vf-i /2 Vf _ Ax lasthalfsecond _ 45 m 

av 2 At 0.5 s 

= 90 m/s 
and 

v f-i /2 + v f = 2(90 m/s) = 180 m/s 

Using a constant-acceleration 
equation, express the change in 
speed of the stone in the last half 
second in terms of the acceleration 
and the elapsed time; solve for the 
change in its speed: 

Av = v f - v f _ 1/2 = gAt 

= (9.81m/s 2 )(0.5s) 

= 4.91 m/s 
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Add the equations that express the 
sum and difference of Vf_ y 2 and Vf 
and solve for v f : 

Substitute in equation (1) and 
evaluate v 0 : 


180m/s + 4.91m/s _ , 

v f =---— = 92.5 m/s 

f 2 ; 

v 0 = ^ (92.5m/s) 2 + 2 ( 9 .8 lm/ s 2 ) (- 200m) 
= 68.1m/s 


Remarks: The stone may be thrown either up or down from the cliff and the results 
after it passes the cliff on the way down are the same. 


82 •• 

Picture the Problem In the absence of air resistance, the acceleration of the object is 
constant. Choose a coordinate system in which downward is the positive direction and the 
object starts from rest. Apply constant-acceleration equations to find the average velocity 
of the object during its descent. 


Express the average velocity of the v 0 + v f 

falling object in terms of its initial V av — ^ 

and final velocities: 


Using a constant-acceleration 
equation, express the displacement 
of the object during the 1 st second in 
terms of its acceleration and the 
elapsed time: 

Solve for the displacement to 
obtain: 

Using a constant-acceleration 
equation, express the final velocity 
of the object in terms of its initial 
velocity, acceleration, and 
displacement: 

Substitute numerical values and 
evaluate the final velocity of the 
object: 

Substitute in the equation for the 
average velocity to obtain: 


Ay 


1 st second 


— = 4.91m = 0.4/z 
2 


h = 12.3 m 

Vf =v 0 2 +2gAy 
or, because vo = 0, 
v f = ^2gAy 

v { = A /2(9.81m/s 2 )(l2.3m) = 15.5m/s 


0 + 15.5m/s 

2 


7.77m/s 


83 •• 

Picture the Problem This is a three-part constant-acceleration problem. The bus starts 
from rest and accelerates for a given period of time, and then it travels at a constant 
velocity for another period of time, and, finally, decelerates uniformly to a stop. The 
pictorial representation will help us organize the information in the problem and develop 
our solution strategy. 
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/ = 0 f = 12s 



1 = 37s 


I = 


9 



- 1 - 1 — 

a = 1.5 m/s 2 

jc( 0) = 0 jr(12s) 

v(0) = 0 v(12s) 

(a) Express the total displacement of 
the bus during the three intervals of 
time. 

Using a constant-acceleration 
equation, express the displacement 
of the bus during its first 12 s of 
motion in terms of its initial 
velocity, acceleration, and the 
elapsed time; solve for its 
displacement: 

Using a constant-acceleration 
equation, express the velocity of the 
bus after 12 seconds in terms of its 
initial velocity, acceleration, and the 
elapsed time; solve for its velocity 
at the end of 12 s: 

During the next 25 s, the bus moves 
with a constant velocity. Using the 
definition of average velocity, 
express the displacement of the bus 
during this interval in terms of its 
average (constant) velocity and the 
elapsed time: 

Because the bus slows down at the 
same rate that its velocity increased 
during the first 12 s of motion, we 
can conclude that its displacement 
during this braking period is the 
same as during its acceleration 
period and the time to brake to a 
stop is equal to the time that was 
required for the bus to accelerate to 
its cruising speed of 18 m/s. Hence: 

Add the displacements to find the 
distance the bus traveled: 


-1-1— X 

a = 0 a = -1.5 m/s 2 

jc( 37 s) x(?) 

v(37 s) v(?) = 0 

Ax total = Av(0 —» 12s) + Ar(l2s —» 37s) 
+ Ar(37s —» end) 

Ar(0 —» 12 s) = v 0 t + ±at 2 
or, because v 0 = 0, 

At( 0 —» 12s) = \at 2 = 108tn 


v i 2 s = v o +«o^i 2 s A ^ = ( 1 -5m/s 2 )( 1 2s) 
= 18m/s 


Ax(l2s —> 37s) = v 12s At = (l8m/s)(25s) 
= 450 m 


At(37 s — > 49s) = 108 m 


Ax total = 108 in + 450 in + 108 in 


666 m 
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(. b ) Use the definition of average 
velocity to calculate the average 
velocity of the bus during this trip: 


v„, = ■ 


Ax, 


total 


At 


666 m 
49 s 


13.6m/s 


Remarks: One can also solve this problem graphically. Recall that the area under a 
velocity as a function-of-time graph equals the displacement of the moving object. 


*84 •• 

Picture the Problem While we can solve this problem analytically, there are many 
physical situations in which it is not easy to do so and one has to rely on numerical 
methods; for example, see the spreadsheet solution shown below. Because we’re 
neglecting the height of the release point, the position of the ball as a function of time is 

given by y = v 0 t - \gt 2 . The formulas used to calculate the quantities in the columns are 
as follows: 


Cell 

Content/Formula 

Algebraic Form 

B1 

20 

Vo 

B2 

9.81 

8 

B5 

0 

t 

B6 

B5 + 0.1 

t + At 

C6 

$B$1*B6 - 0.5*$B$2*B6 A 2 



(a) 



A 

B 

C 

i 

vO = 

20 

m/s 

2 

g = 

9.81 

m/s A 2 

3 


t 

height 

4 


(s) 

(m) 

5 


0.0 

0.00 

6 


0.1 

1.95 

7 


0.2 

3.80 





44 


3.9 

3.39 

45 


4.0 

1.52 

46 


4.1 

-0.45 


The graph shown below was generated from the data in the previous table. Note that the 
maximum height reached is a little more than 20 m and the time of flight is about 4 s. 
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t (s) 


(b) In the spreadsheet, change the value in cell B1 from 20 to 10. The graph should 
automatically update. With an initial velocity of 10 m/s, the maximum height achieved is 
approximately 5 m and the time-of-flight is approximately 2 s. 



*85 •• 

Picture the Problem Because the accelerations of both A1 and Bert are constant, 
constant-acceleration equations can be used to describe their motions. Choose the origin 
of the coordinate system to be where A1 decides to begin his sprint. 

(a) Using a constant-acceleration Ax = v 0 t + \at 2 

equation, relate Al's initial velocity, 
his acceleration, and the time to 
reach the end of the trail to his 
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displacement in reaching the end of 
the trail: 

Substitute numerical values to 
obtain: 

Solve for the time required for A1 to 
reach the end of the trail: 

( b ) Using constant-acceleration 
equations, express the positions of 
Bert and A1 as functions of time. At 
the instant A1 turns around at the 
end of the trail, t = 0. Also, x = 0 at 
a point 35 m from the end of the 
trail: 

Calculate Bert’s position at t = 0. 

At that time he has been running for 
10.4 s: 

Because Bert and A1 will be at the 
same location when they meet, 
equate their position functions and 
solve for t: 

To determine the elapsed time from 
when A1 began his accelerated run, 
we need to add 10.4 s to this time: 

(c) Express Bert’s distance from the 
end of the trail when he and A1 
meet: 


35m = (0.75m/s)t + |(0.5m/s 2 )t" 


t = 


10.4s 


*Bert = *Bert,0 + (0.75m/ S )t 

and 

x M = x A10 - (0.85 m/s )t 
= 35m-(0.85m/s)t 

x Be rto = (0.75m/s)(l0.4s) = 7.80m 


7.80m + (0.75 m/s)t = 35m-(0.85m/s)t 
and 

t = 17.0 s 


'start =n.0s + 10.4s 


27.4s 


^end of trail — 3 5 111 X Bert 0 


-d 


Bert runs until he meets A1 


Substitute numerical values and 

evaluate ^end of trail- 


^endof trail = 35m-7.80m 

- (17s) (0.75 m/s) 
= 14.5m 


86 •• 

Picture the Problem Generate two curves on one graph with the first curve representing 
Al's position as a function of time and the second curve representing Bert’s position as a 
function of time. Al’s position, as he runs toward the end of the trail, is given by 

x A1 = v 0 t + \a M V and Bert’s position by x Bert = x 0 Bert + v Bert t. Al’s position, once he’s 

reached the end of the trail and is running back toward Bert, is given 

byx A1 =x A10 + v A1 (/ - 10.5s). The coordinates ofthe intersectionofthetwo curves give 

the time and place where they meet. A spreadsheet solution is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell 


Content/Formula 


Algebraic Form 
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B1 

0.75 

Vo 

B2 

0.50 

Uk\ 

B3 

-0.85 

t 

BIO 

B9 + 0.25 

t + At 

CIO 

$B$1*B10 + 0.5*$B$2*B10 A 2 


C52 

$C$51 + $B$3*(B52 - $B$51) 

X A1,0 + V Al(^ — 10-5s) 

F10 

$F$9 + $B$1*B10 

''"O.Bert + V BeJ 


(j b ) and (c) 



A 

B 

C 

D 

E 

F 

1 

vO = 

0.75 

m/s 




2 

a(Al) = 

0.5 

m/s A 2 




3 

v(Al) = 

-0.85 

m/s 




4 







5 


t(s) 

x(m) 



x(m) 

6 







7 







8 



A1 



Bert 

9 


0.00 

0.00 



0.00 

10 


0.25 

0.20 



0.19 

11 


0.50 

0.44 



0.38 








49 


10.00 

32.50 



7.50 

50 


10.25 

33.95 



7.69 

51 


10.50 

35.44 

*A1 reaches 

7.88 

52 


10.75 

35.23 

end of trail 

8.06 

53 


11.00 

35.01 

and starts 


8.25 

54 


11.25 

34.80 

back toward 

8.44 

55 


11.50 

34.59 

Bert 


8.63 

56 


11.75 

34.38 



8.81 








119 


27.50 

20.99 



20.63 

120 


27.75 

20.78 



20.81 

121 


28.00 

20.56 



21.00 

122 


28.25 

20.35 



21.19 








127 


29.50 

19.29 



22.13 

128 


29.75 

19.08 



22.31 

129 


30.00 

18.86 



22.50 


The graph shown below was generated from the spreadsheet; the positions of both A1 and 
Bert were calculated as functions of time. The dashed curve shows Al’s position as a 
function of time for the two parts of his motion. The solid line that is linear from the 
origin shows Bert’s position as a function of time. 
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Note that the spreadsheet and the graph (constructed from the spreadsheet data) confirm 
the results in Problem 85 by showing A1 and Bert meeting at about 14.5 m from the end of 
the trail after an elapsed time of approximately 28 s. 

87 •• 

Picture the Problem This is a two-part constant-acceleration problem. Choose a 
coordinate system in which the upward direction is positive. The pictorial representation 
will help us organize the information in the problem and develop our solution strategy. 

/ = o / = 25 s / = ? 



v(0) = 0 


v(25 s) 


v(?) = 0 


(a) Express the highest point the 
rocket reaches, h, as the sum of its 
displacements during the first two 
stages of its flight: 

Using a constant-acceleration 
equation, express the altitude 
reached in the first stage in terms of 
the rocket’s initial velocity, 
acceleration, and bum time; 
solve for the first stage altitude: 

Using a constant-acceleration 
equation, express the velocity of the 
rocket at the end of its first stage in 
terms of its initial velocity, 
acceleration, and displacement; 
calculate its end-of-first-stage 
velocity: 


h = ^Iststage 


+ Ax 


2nd stage 


*lst stage = ^0+V + l« 1 ststag/ 

= 1(20 m/s 2 )(25s) 2 
= 6250 m 


^1 st stage V 0 ^ 1st stage ^ 

= (20 m/s 2 )(25 s) 
= 500 m/s 
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Using a constant-acceleration 
equation, express the final velocity 
of the rocket during the remainder 
of its climb in terms of its shut-off 
velocity, free-fall acceleration, and 
displacement; solve for its 
displacement: 


^highest point Ehutoff 


+ 2<7 


Ay 2 


2nd stage ./2nd stage 


cUld, because Vhighest point 0, 


Ay 


2nd stage 


~ v Loff _ (500rn/s) 2 
-2 g 2(9.8 lm/s 2 ) 


= 1.2742xl0 4 m 


Substitute in the expression for the 
total height to obtain: 


h = 6250m +1.27 x 10 4 m = 


19.0 km 


(b) Express the total time the 
rocket is in the air in terms of the 
three segments of its flight: 


A^total ^^powered climb A ^^2nd segment ^^descent 

25 S + 2^?2nd segment "f ^^descent 


Express At 2n d segment in terms of the A # _ Displacement 

rocket’s displacement and average E n dsegment _ Average velocity 

velocity: ° 


Substitute numerical values and 

evaluate At 2 nd segment- 


Using a constant-acceleration 
equation, relate the fall distance to 
the descent time: 


At 


2nd segment 


1.2742 xlO 4 m 
^0 + 500 m/s^ 

v 2 J 


= 50.97 s 


Ay = v 0 t + ±g(At descea J 
or, because vo = 0, 

Ay = Tg(At descent ) 2 


Solve for At dcxcn[ : 


Substitute numerical values and 
evaluate At deseen t: 


At 


descent 



At 


descent 


(2(l.90xlO 4 m) 
]j 9.81m/s 2 


62.2 s 


Substitute and calculate the total 
time the rocket is in the air: 


(c) Using a constant-acceleration 
equation, express the impact 
velocity of the rocket in terms of its 
initial downward velocity, 
acceleration under free-fall, and 
time of descent; solve for its impact 
velocity: 


At = 25s + 50.97s + 62.2s = 138s 
= 2min 18s 


Empact E> E gAt descen( 

and, because vo = 0, 

Empact = g A! = (9.81m/s 2 )(62.2s) 

= 610m/s I 
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88 •• 

Picture the Problem In the absence of air resistance, the acceleration of the 
flowerpot is constant. Choose a coordinate system in which downward is 
positive and the origin is at the point from which the flowerpot fell. Let 
t = time when the pot is at the top of the window, and t + At the time when 
the pot is at the bottom of the window. To find the distance from the ledge 
to the top of the window, first find the time t top that it takes the pot to fall to 
the top of the window. 


Using a constant-acceleration 
equation, express the distance y 
below the ledge from which the pot 
fell as a function of time: 


Express the position of the pot as it 
reaches the top of the window: 


y = y 0 +v 0 t + ±at 2 
Since a = g and v 0 =_y 0 = 0, 

y=\gt 2 

y top 2 shop 


Express the position of the pot as it 
reaches the bottom of the window: 


y bottom 


lg{‘ 


hop ^window 


y 


where At window = 

^top ^bottom 


Subtract ^ bot tom from j; t o P to obtain an 
expression for the displacement 
Ay window of the pot as it passes the 
window: 

Solve for f top : 


Ay window 2 & top ^ ^window ) ^top ] 


2 & ^top ^ ^window 
^ Ay window 


"f" (A ^window ) ] 


^top 


g 


^window ) 


2A t 


window 


Substitute numerical values and 
evaluate ^op- 


top 


2(4 m) 
9.81 m/s 2 


(0.2 s) 2 


2(0.2s) 


1.839s 


Substitute this value for t top to obtain 
the distance from the ledge to the 
top of the window: 


T top = 1(9.81 m/s 2 )(l.939 s) 2 = 


18.4 m 


*89 •• 

Picture the Problem The acceleration of the glider on the air track is constant. Its 
average acceleration is equal to the instantaneous (constant) acceleration. Choose a 
coordinate system in which the initial direction of the glider’s motion is the positive 
direction. 


Using the definition of acceleration, 
express the average acceleration of 
the glider in terms of the glider’s 
velocity change and the elapsed 
time: 


av 


a - a. 


Av 

At 
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Using a constant-acceleration 
equation, express the average 
velocity of the glider in terms of the 
displacement of the glider and the 
elapsed time: 

Solve for and evaluate the initial 
velocity: 


Substitute this value of Vo and 
evaluate the average acceleration of 
the glider: 


Ax _ v 0 + v 
At ~ 2 


2Ax _ 2(l 00 cm) 


-V — — 

At 


8s 

40.0 cm/s 



-15 cm/s - (40 cm/s) 

8s 



-6.88 cm/s 

2 



(-15 cm/s) 


90 •• 

Picture the Problem In the absence of air resistance, the acceleration of the rock is 
constant and its motion can be described using the constant-acceleration equations. 
Choose a coordinate system in which the downward direction is positive and let the 
height of the cliff, which equals the displacement of the rock, be represented by h. 


Using a constant-acceleration 
equation, express the height h of the 
cliff in terms of the initial velocity 
of the rock, acceleration, and time of 
fall: 

Using this equation, express the 
displacement of the rock during the 

a) first two-thirds of its fall, and 


Ay = v 0 t + \at 2 

or, because Vo = 0, a =g, and Ay = h, 
h = jgt 2 


f h = \gt 2 (1) 


b ) its complete fall in terms of the 
time required for it to fall this 
distance. 

Substitute equation (2) in equation 
(1) to obtain a quadratic equation in 
t: 

Solve for the positive root: 

Evaluate At = t + 1 s: 

Substitute numerical values in 
equation (2) and evaluate Jr. 


h = \g(t + Is) 2 (2) 

t 2 - (4 s)/ - 2 s 2 = 0 


t =4.45s 


At = 4.45 s + 1 s = 5.45 s 


A = i(9.81m/s 2 )(5.45s) 2 


146m 
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91 ••• 

Picture the Problem Assume that the acceleration of the car is constant. The total 
distance the car travels while stopping is the sum of the distances it travels during the 
driver’s reaction time and the time it travels while braking. Choose a coordinate system 
in which the positive direction is the direction of motion of the automobile and apply a 
constant-acceleration equation to obtain a quadratic equation in the car’s initial speed v 0 . 


(a) Using a constant-acceleration 
equation, relate the velocity of the 
car to its initial velocity, 
acceleration, and displacement 
during braking: 

Solve for the distance traveled 
during braking: 

Express the total distance traveled 
by the car as the sum of the distance 
traveled during the reaction time 
and the distance traveled while 
slowing down: 

Rearrange this quadratic equation to 
obtain: 

Substitute numerical values and 
simplify to obtain: 


Solve the quadratic equation for the 
positive root to obtain: 

Convert this speed to mi/h:: 


(b) Find the reaction-time distance: 


v‘ = v 0 + 2aAx brk 


or, because the final velocity is zero, 
0 = v 0 2 + 2aAx brk 


A* brk =~-^ 

2a 

Ax,, = Ax , + Aw , 

tot react brk 


= V 0 A heact —T- 

2 a 


v--2aAt ieact v 0 +2aAx tot =0 


v 0 - 2 \- 


2(-7m/s 2 )(0.5s)v 0 

+ 2(-7m/s 2 )(4m) = 0 


or 

2 


+ (7m/s)v 0 -56m 2 /s 2 = 0 


v n = 4.7613558m/s 


= (4.7613558m/s) 


2 lmi/h A 


0.477 m/s 


10.7 mi/h 


^react = V 0 A heact 


= (4.76 m/s)(0.5 s) = 2.38 m 


Express and evaluate the ratio of the 
reaction distance to the total distance: 


Ax„ 


Ax 


2.38 m 
4 m 


0.595 
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92 •• 

Picture the Problem Assume that the accelerations of the trains are constant. Choose a 
coordinate system in which the direction of the motion of the train on the left is the 
positive direction. Take x Q = 0 as the position of the train on the left at t = 0. 


Using a constant-acceleration 
equation, relate the distance the train 
on the left will travel before the 
trains pass to its acceleration and the 
time-to-passing: 

Using a constant-acceleration 
equation, relate the position of the 
train on the right to its initial 
velocity, position, and acceleration: 


x L =ja L t 2 =y(l.4m/s 2 )t 2 

= (o.7m/s 2 )t 2 

x R = 40 m -\a R t 2 

= 40m--f(2.2m/s 2 )r 


Equate x L and x R and solve for t: 


0.71 2 =40 -l.lt 2 
and 

t = 4.71s 


Find the position of the train 
initially on the left, Xi, as they pass: 


x L ={(1.4m/s 2 )(4.71s) 2 


15.6 m 


Remarks: One can also solve this 
problem by graphing the functions for 
x L and x R . The coordinates of the 
intersection of the two curves give one 
the time-to-passing and the distance 
traveled by the train on the left. 



93 •• 

Picture the Problem In the absence of air resistance, the acceleration of the stones is 
constant. Choose a coordinate system in which the downward direction is positive and the 
origin is at the point of release of the stones. 

Using constant-acceleration 
equations, relate the positions of the 
two stones to their initial positions, 
accelerations, and time-of-fall: 

Express the difference between x, 
and x< 


x i =jgt 
and 

*2 =ig(t-l-6s) 2 
x\ -X 2 — 36 m 


36m = \gt 2 ~\g{t - 1.6s) 2 


Substitute forxj and x 2 to obtain: 
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Solve this equation for the time t at 
which the stones will be separated 
by 36 m: 

t = 3.09 s 

Substitute this result in the 
expression forx 2 and solve forx 2 : 

x 2 = j (9.81 m/ s 2 )(3.09 s -1.6 s) 2 
= 10.9 m 


*94 .. 

Picture the Problem The acceleration of the police officer’s car is positive and constant 
and the acceleration of the speeder’s car is zero. Choose a coordinate system such that the 
direction of motion of the two vehicles is the positive direction and the origin is at the 
stop sign. 


Express the velocity of the car in 
terms of the distance it will travel 
until the police officer catches up to 
it and the time that will elapse 
during this chase: 

^caught 

V = 
car 

^car 

Letting t\ be the time during which 
she accelerates and t 2 the time of 
travel at V\ = 110 km/h, express the 
time of travel of the police officer: 

‘officer = 6 + ^2 

Convert 110 km/h into m/s: 

v, = (l 10km/h)(10 3 m/km)(lh/3600 s) 

= 30.6 m/s 

Express and evaluate t\. 

v, 30.6 m/s 

/, = - 1 - = - T = 4.94 s 

Motorcycle 6.2 m/s 

Express and evaluate d\\ 

d x =\v l t l = 4(30.6 m/s)(4.94 s) = 75.6 m 

Determine d 2 : 

d 2 = </ caught -d x = 1400 m - 75.6 m 

= 1324.4 m 

Express and evaluate t 2 : 

d , 1324.4 m 

t 2 = — = -= 43.3 s 

v { 30.6 m/s 

Express the time of travel of the car: 

Car = 2.0 s + 4.93 s + 43.3 s = 50.2 s 
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Finally, find the speed of the car: 


= = 1400m = 2? 9m/s 

tear 50.2 8 


= (27.9 m/s) 


f lmi/h A 


0.447 m/s 


62.4 mi/h 


95 •• 

Picture the Problem In the absence of air resistance, the acceleration of the stone is 
constant. Choose a coordinate system in which downward is positive and the origin is at 
the point of release of the stone and apply constant-acceleration equations. 


Using a constant-acceleration 
equation, express the height of the 
cliff in terms of the initial position 
of the stones, acceleration due to 
gravity, and time for the first stone 
to hit the water: 

Express the displacement of the 
second stone when it hits the water 
in terms of its initial velocity, 
acceleration, and time required for it 
to hit the water. 

Because the stones will travel the 
same distances before hitting the 
water, equate h and d 2 and solve for 
t. 


Solve for t\ to obtain: 


h=\gt 2 x 


d 2 U)2^2 + 2 2 
where t 2 = t\ - 1.6 s. 

Wl = V 2 + igt\ 

or 

|(9.8lm/s 2 )t 2 = (32m/s)(/ l -1.6s) 

+ |(9.81m/s 2 )(6 -1.6s) 2 

= 2.37 s 

27.6 m 


Substitute for t\ and evaluate h: 


h= |(9.8 lm/s 2 )(2.37s) 2 = 


96 ••• 

Picture the Problem Assume that the acceleration of the passenger train is constant. Let 
x p = 0 be the location of the passenger train engine at the moment of sighting the freight 
train’s end; let t = 0 be the instant the passenger train begins to slow (0.4 s after the 
passenger train engineer sees the freight train ahead). Choose a coordinate system in 
which the direction of motion of the trains is the positive direction and use constant- 
acceleration equations to express the positions of the trains in terms of their initial 
positions, speeds, accelerations, and elapsed time. 

(a) Using constant-acceleration Xp = (29m/s)(t + 0.4s)- \at 2 

equations, write expressions for the ( \ ( \ 

positions of the front of the x f = (560 m j + (6 m/s)(t + 0.4 s) 

passenger train and the rear of the where x p and x f are in meters if t is in 
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freight train, x p and x f , respectively: 

Equate Xf= x p to obtain an equation 
for t: 

Find the discriminant 
(D = B 2 — 4AC) of this equation: 

The equation must have real roots if 
it is to describe a collision. The 
necessary condition for real roots is 
that the discriminant be greater than 
or equal to zero: 

(b) Express the relative speed of the 
trains: 

Repeat the previous steps with 
a = 0.754 m/s 2 and a 0.8 s reaction 
time. The quadratic equation that 
guarantees real roots with the longer 
reaction time is: 

Solve for t to obtain the collision 
times: 

Note that at t = 35.4 s, the trains 
have already collided; therefore this 
root is not a meaningful solution to 
our problem. 

Now we can substitute our value for 
t in the constant-acceleration 
equation for the passenger train and 
solve for the distance the train has 
moved prior to the collision: 

Find the speeds of the two train s : 


Substitute in equation (1) and 
evaluate the relative speed of the 
train s : 


seconds. 

\at 2 -(23m/s)t + 350.8m = 0 


( n \ 

D = (23m/s) 2 -4 - (350.8m) 

\ 2 ) 

If (23 m/s) 2 - a (701.6 m) > 0, then 
a< 0.754m/s 2 


rel 


= V pf =V P _V f 


(i) 


T(o.754m/s 7 )f 2 -(23m/s)/ 

+ 341.6m = 0 


t = 25.6 s and t = 35.4 s 


Note: In the graph shown below, you will 
see why we keep only the smaller of the 
two solutions. 


x p = (29 m/s)(25.6 s + 0.8 s) 

- ( 0.377 m/s 2 )(25.6 s) 2 
= 518m 


z? p = v op + at 

= (29 m/s) + (-0.754 m/s 2 )(25.5 s) 
= 9.77 m/s 
and 

V{= v 0 f= 6 m/s 


rel 


9.77 m/s-6.00 m/s 


3.77m/s 


The graph shows the location of both trains as functions of time. The solid straight line 
for the constant velocity freight train; the dashed curves are for the passenger train, with 
reaction times of 0.4 s for the lower curve and 0.8 s for the upper curve. 
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Remarks: A collision occurs the first time the curve for the passenger train crosses 
the curve for the freight train. The smaller of two solutions will always give the time 
of the collision. 


97 • 

Picture the Problem In the absence of air resistance, the acceleration of an object near 
the surface of the earth is constant. Choose a coordinate system in which the upward 
direction is positive and the origin is at the surface of the earth and apply constant- 
acceleration equations. 


Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and displacement: 

Solve for the height to which the 
projectile will rise: 


v 2 = vj + 2aAy 

or, because v = 0 and a = -g , 

0 = v 2 - 2gAy 

h = Av = ^ 

2g 


Substitute numerical values and 
evaluate h: 


^ _ (300 m/s) 2 
2(9.81 m/s 2 ) 


4.59km 


*98 • 

Picture the Problem This is a composite of two constant accelerations with the 
acceleration equal to one constant prior to the elevator hitting the roof, and equal to a 
different constant after crashing through it. Choose a coordinate system in which the 
upward direction is positive and apply constant-acceleration equations. 


(a) Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and displacement: 


v 2 = Vq + 2 a Ay 

or, because v = 0 and a = -g, 

0 = v o -2-gAy 
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Solve for v 0 : 


Substitute numerical values and 
evaluate vo: 

(b) Find the velocity of the elevator 
just before it crashed through the 
roof: 

Using the same constant- 
acceleration equation, this time with 
vo = 0, solve for the acceleration: 

Substitute numerical values and 
evaluate a\ 


v 0 = ^2gAy 


a/2 

9.81 m/s 2 )(l0 4 m 

= 

443 m/s 


v f = 2 x 443 m/s = 886 m/s 


v’ = 2a Ay 


(886 m/s) 2 3 /2 

= -4- = 2.62 x 10 m/s 

2(l 50 m) 

= 261 g 
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Picture the Problem Choose a coordinate system in which the upward direction is 
positive. We can use a constant-acceleration equation to find the beetle’s velocity as its 
feet lose contact with the ground and then use this velocity to calculate the height of its 
jump. 


Using a constant-acceleration 
equation, relate the beetle’s 
maximum height to its launch 
velocity, velocity at the top of its 
trajectory, and acceleration once it is 
airborne; solve for its maximum 
height: 

Because ^'highest point — 0. 


Now, in order to determine the 
beetle’s launch velocity, relate its 
time of contact with the ground to 
its acceleration and push-off 
distance: 

Substitute numerical values and 
evaluate v 2 unch : 


= v, 


launch 


^launch + 2aAy fl 
+ 2 {~g)h 


_ ^launch 

~ 2g 

^launch ^0 + 2aAy lmnch 
or, because vo = 0, 

^launch ^^A^launch 


vL ch =2(400)(9.81m/s 2 )(0.6xl0- 2 m) 
= 47.1m 2 /s 2 


Substitute to find the height to 
which the beetle can jump: 


h = 


Fauncli 

2g 


47.1m 2 /s 2 
2(9.81 m/s 2 ) 


2.40 m 
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Using a constant-acceleration 
equation, relate the velocity of the 
beetle at its maximum height to its 
launch velocity, free-fall 
acceleration while in the air, and 
time-to-maximum height: 


v = v 0 + at 
or 

Unax. height ^launch g^mSLX. height 

and, because Vmax height 9, 

^ ^launch <^max. height 


Solve for f ma x height* 


t 


max height 


V 


launch 


g 


For zero displacement and constant 
acceleration, the time-of-flight is 
twice the time-to-maximum height: 


t =2 1 

flight max. height 


2v 


launch 


g 


2(6.86m/s) 

9.81m/s 2 


1.40 s 


100 • 

Picture the Problem Because its acceleration is constant we can use the constant- 
acceleration equations to describe the motion of the automobile. 


Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and displacement: 


v 2 = Vq + 2 a Ax 
or, because v = 0, 
0 = Vq + 2 a Ax 


Solve for the acceleration a: 



2Ax 


Substitute numerical values and 
evaluate a: 


Express the ratio of a to g and then 
solve for a: 


Using the definition of average 
acceleration, solve for the stopping 
time: 


-[(98km/h)(l0 3 m/km)(lh/3600 s)]~ 
2(5 0m) 

-7.41 m/s 2 


g 9.81m/s 
and a = 


= -0.755 


-0.755g 


Av . Av 
= — => At = — 
A t <2 


Substitute numerical values and 
evaluate At: 


_ (-98km/h)(l0'm/km)(lh/3600s) 
-7.41 m/s 2 

= 3.67s 
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*101 •• 

Picture the Problem In the absence of air resistance, the puck experiences constant 
acceleration and we can use constant-acceleration equations to describe its position as a 
function of time. Choose a coordinate system in which downward is positive, the particle 
starts from rest (v 0 = 0), and the starting height is zero (y 0 = 0). 


Using a constant-acceleration 
equation, relate the position of the 
falling puck to the acceleration and 
the time. Evaluate the v-position at 
successive equal time intervals At, 
2At, 3At, etc: 


Evaluate the changes in those 
positions in each time interval: 


y,==f(A<f ==f(A<y 

;P2=^(2A() 2 =^(4)(A() 2 

X,=^-(3A<) 2 =^-(9)(A<) 2 

J’,=^-(4A() 2 =^-(16)(a/) 2 


Ay,o 



4 v 2 i = v 2 -v, 

4 y 32 = y 3 -y 2 
4.V43 = y 4 -y 3 

etc. 
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Picture the Problem Because the particle moves with a constant acceleration we can use 
the constant-acceleration equations to describe its motion. A pictorial representation will 
help us organize the information in the problem and develop our solution strategy. 

1 = 0 1 = 4 s 1 = 6 s 

x(0) .t(4 s) = 100 m x(6 s) 

t»(0) i>(4 s) v((> s) = 15 m/s 

—I-•-3»-- x, m 

0 100 


Using a constant-acceleration 
equation, find the position x at 
t = 6 s. To find x at t = 6 s, we first 
need to find Vo and xq\ 


x = x 0 + v 0 t + 


<i = 3 m/s 2 
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Using the information that when 
t = 4 s, x = 100 m, obtain an 
equation inx 0 and v 0 : 


Using the information that when 
t = 6 s, v = 15 m/s, obtain a second 
equation inxo and Vo: 

Solve for v 0 to obtain: 

Substitute this value for v 0 in the 
previous equation and solve for x 0 : 

Substitute for x (l and Vo and evaluate x at t 


x(4s) = 100 m 

= x 0 +v 0 (4s) + 4-(3m/s 2 )(4s) 2 
or 

x 0 +(4s)v 0 = 76m 
v(6s) = v 0 +(3m/s 2 )(6s) 

Vo = -3 m/s 
xo = 88 m 


x(6s) = 88m + (-3m/s) (6s) + \ (3m/s 2 ) (6s) 2 


124 m 


*103 •• 

Picture the Problem We can use constant-acceleration equations with the final velocity 
v = 0 to find the acceleration and stopping time of the plane. 


(a) Using a constant-acceleration 
equation, relate the known velocities 
to the acceleration and displacement: 

Solve for a: 


v 2 = Vq + 2 a Ax 



2 Ax 2 Ax 


Substitute numerical values and 
evaluate a: 


-(60 m/s) 2 
2(70 m) 


-25.7m/s 2 


(6) Using a constant-acceleration 
equation, relate the final and initial 
speeds of the plane to its 
acceleration and stopping time: 

Solve for and evaluate the stopping 
time: 


v = v 0 + a At 


v-v 0 _ 0-60 m/s 
a -25.7m/s 2 


2.33s 


104 •• 

Picture the Problem This is a multipart constant-acceleration problem using three 
different constant accelerations (+2 m/s 2 for 20 s, then zero for 20 s, and then -3 m/s 2 
until the automobile stops). The final velocity is zero. The pictorial representation will 
help us organize the information in the problem and develop our solution strategy. 
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/ = o 

C Q—Cf) 


*( 0 ) = 0 
p(0) = o 


f = 20 s 

= 


,t(20 s) 
t>(20 s) 


f = 40s 

^ ( Q—Q^l 


x(40 s) 
t»(40 s) 


gQsj" 


*(?) 

v(?) 


X 


Add up all the displacements to get 
the total: 

Using constant-acceleration 
formulas, find the first 
displacement: 

The speed is constant for the second 
displacement. Find the 
displacement: 


Find the displacement during the 
braking interval: 


Add the displacements to get the 
total: 


Ax 03 = Ax 01 + Ax 12 + Ax 23 

— v oh j a o/i 

= 0 + 4(2 m/s 2 )(20 s) 2 = 400 m 

Ax, 2 = v,(f 2 -/,) 

where v 1 = v 0 + a m t x = 0 + a 0l t, and 
^12 = a o\ h(C — h) 

= (2 m/s 2 )(20 s)(20 s) = 800 m 

v 3 — v 2 + 2a 23 Ax 23 
where v 2 = v 1 = a 0l t x and v 3 = 0 and 

Ar _ ° 2 -(^oih) 2 _ - [(2 m/s) (20 s)] 2 
2 a 23 2(-3m/s 2 ) 

= 267m 

Ax 03 = Ax 01 + Ax 12 + Ax 23 = 1467 m 
= 1.47 km 


Remarks: Because the area under the curve of a velocity-versus-time graph equals 
the displacement of the object experiencing the acceleration, we could solve this 
problem by plotting the velocity as a function of time and finding the area bounded 
by it and the time axis. 

*105 •• 

Picture the Problem Note: No material body can travel at speeds faster than light. When 
one is dealing with problems of this sort, the kinematic formulae for displacement, 
velocity and acceleration are no longer valid, and one must invoke the special theory of 
relativity to answer questions such as these. For now, ignore such subtleties. Although 
the formulas you are using (i.e., the constant- acceleration equations) are not quite 
correct, your answer to part ( b ) will be wrong by about 1%. 

(a) This part of the problem is an exercise in the conversion of units. Make use of the fact 
that 1 c y = 9.47xl0 15 m and 1 y = 3.16xl0 7 s: 


(9.81m/s 2 ( k ' y i5 1 

( 3 . 16 x 10 7 s ) 2 ^ 


1.03c • y/ y 2 

v 1^9.47x 10 5 m J 

(‘ y ) 2 J 














(b ) Let 1 1.2 represent the time it takes 
to reach the halfway point. Then the 
total trip time is: 


t—2 t\/2 
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( 1 ) 


Use a constant- acceleration 
equation to relate the half-distance 
to Mars Ax to the initial speed, 
acceleration, and half-trip time t\n : 

Because v 0 = 0 and a = g: 


The distance from Earth to Mars at 
closest approach is 7.8 x 10 10 m. 
Substitute numerical values and 
evaluate t m : 

Substitute for t\ /2 in equation (1) to 
obtain: 


Ax = v 0 t + jati/ 2 



" 1/2 


/ 2(3.9xlQ 10 m) _ 
\ 9.81m/s 2 


t = 2(8.92x10 4 s)= 1.78x10 5 s 



Remarks: Our result in part ( b ) seems remarkably short, considering how far Mars 
is and how low the acceleration is. 
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Picture the Problem Because the elevator accelerates uniformly for half the distance and 
uniformly decelerates for the second half, we can use constant-acceleration equations to 
describe its motion 


Let 0/2 = 40 s be the time it takes to 
reach the halfway mark. Use the 
constant-acceleration equation that 
relates the acceleration to the known 
variables to obtain: 


Ay = v 0 t + j at 1 
or, because v 0 = 0, 
Ay = \at 2 


Solve for a: 


Substitute numerical values and 
evaluate a: 


2 Ay 


2(i)(l, 73f.Xlni/3.2 8 lf 1 ) = 0 22 3m/s 
(40 s) 2 

0.0228g 


107 •• 

Picture the Problem Because the acceleration is constant, we can describe the motions 
of the train using constant-acceleration equations. Find expressions for the distances 
traveled, separately, by the train and the passenger. When are they equal? Note that the 
train is accelerating and the passenger runs at a constant minimum velocity (zero 
acceleration) such that she can just catch the train. 
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1. Using the subscripts "train" and 
"p" to refer to the train and the 
passenger and the subscript "c" to 
identify "critical" conditions, 
express the position of the train and 
the passenger: 

Express the critical conditions that 
must be satisfied if the passenger is 
to catch the train: 


U) 


G train ^2 
2 c 


and 


*p,c(0 = V p,c(*c- A *) 


V* = V 
train, c p,c 

and 

Crain, c '^p,c 


2. Express the train’s average 
velocity. 


V av(0 to t c ) = 


0 + v 


train, c 


2 


v 


train, c 


2 


3. Using the definition of average 
velocity, express v av in terms of v px 
and t c . 

4. Combine steps 2 and 3 and solve 
for Xp x . 

5. Combine steps 1 and 4 and solve 
for t c . 


6. Finally, combine steps 1 and 5 
and solve for Vp-ain, c - 


A.V _ Q + c _x p-c 
At 0 + t c t c 


X P,C = ■ 


Crain,cC 


V P,C 

or 


(t c - At ) = ^A 


t e -At = tjL 
c 2 
and 

t c = 2 At = 2 (6 s) = 12 s 


V = Crain,c = = (0.4m/ S 2 )(l2s) 

= 4.80 m/s 


The graph shows the location of both the passenger and the train as a function of time. 
The parabolic solid curve is the graph of x tra in(0 for the accelerating train. The straight 
dashed line is passenger's position x p (t) if she arrives at At = 6.0 s after the train departs. 
When the passenger catches the train, our graph shows that her speed and that of the train 
must be equal (v train c = v p c ). Do you see why? 
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108 ••• 

Picture the Problem Both balls experience constant acceleration once they are in flight. 
Choose a coordinate system with the origin at the ground and the upward direction 
positive. When the balls collide they are at the same height above the ground. 

Using constant-acceleration 
equations, express the positions of 
both balls as functions of time. At 
the ground y = 0. 


y a =h-\gr 

and 

y B =v 0 t-±gt 2 


The conditions at collision are that 
the heights are equal and the 
velocities are related: 


Express the velocities of both balls 
as functions of time: 


Substituting the position and 
velocity functions into the 
conditions at collision gives: 


We now have two equations and 
two unknowns, t c and Vo. Solving the 
equations for the unknowns gives: 

Substitute the expression for t c into 
the equation for y A to obtain the 
height at collision: 


y A =y B 

and 

W = -2v b 


V A = ~gt 

and 

W =v 0 ~gt 

h ~\gtl = Vc ~\gtl 

and 

- gt e = -2(' ; o - gt c ) 
where t c is the time of collision. 



V A = h 


f 2/z ’ 


2 h 

U&J 


3 
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Remarks: We can also solve this problem graphically by plotting velocity- versus- 
time for both balls. Because ball A starts from rest its velocity is given by v A = -gt . 
Ball B initially moves with an unknown velocity v B0 and its velocity is given 
by v B = v BU - gt . The graphs of these equations are shown below with T 
representing the time at which they collide. 


v 



The height of the building is the sum of the sum of the distances traveled by the 
balls. Each of these distances is equal to the magnitude of the area "under" the 
corresponding v-versus-f curve. Thus, the height of the building equals the area of 
the parallelogram, which is v B0 T. The distance that A falls is the area of the lower 
triangle, which is (1/3) v B0 J. Therefore, the ratio of the distance fallen by A to the 
height of the building is 1/3, so the collision takes place at 2/3 the height of the 
building. 

109 ••• 

Picture the Problem Both balls are moving with constant acceleration. Take the origin 
of the coordinate system to be at the ground and the upward direction to be positive. 
When the balls collide they are at the same height above the ground. The velocities at 
collision are related by va = 4v B . 

Using constant-acceleration 
equations, express the positions of 
both balls as functions of time: 


The conditions at collision are that 
the heights are equal and the 
velocities are related: 


y k = h—j g t 2 

and 

y B = vj-\gt 2 

Ta = Tb 

and 

V A = 4 W 

=~gt andv B =v 0 -gt 


Express the velocities of both balls 
as functions of time: 
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Substitute the position and velocity 
functions into the conditions at 
collision to obtain: 


We now have two equations and 
two unknowns, t c and vo. Solving the 
equations for the unknowns gives: 

Substitute the expression for t c into 
the equation for y A to obtain the 
height at collision: 


h~\gt 2 c =v 0 t c - \gt] 

and 

~gtc = 4 (v 0 -gO 

where t c is the time of collision. 



V A = h 




h 



3 


*110 •• 

Determine the Concept The problem describes two intervals of constant acceleration; 
one when the train’s velocity is increasing, and a second when it is decreasing. 


(a) Using a constant-acceleration 
equation, relate the half-distance Ax 
between stations to the initial speed 
v 0 , the acceleration a of the train, 
and the time-to-midpoint At: 

Solve for At: 


Substitute numerical values and 
evaluate the time-to-midpoint At: 


Ax = v 0 A t + j a(At)~ 
or, because vo = 0, 

Ax = \a{At) 2 



At = 


1 2(450 m) 
\ lm/s 2 


30.0s 


Because the train accelerates uniformly and from rest, the first part of its velocity 
graph will be linear, pass through the origin, and last for 30 s. Because it slows 
down uniformly and at the same rate for the second half of its journey, this part of 
its graph will also be linear but with a negative slope. The graph of v as a function 
of t is shown below. 












98 


Chapter 2 



(b ) The graph of x as a function of t is obtained from the graph of v as a function 
of t by finding the area under the velocity curve. Looking at the velocity graph, 
note that when the train has been in motion for 10 s, it will have traveled a 
distance of 


y(l0s)(l0m/s) = 50m 

and that this distance is plotted above 10 s on the following graph. 



t (s) 


Selecting additional points from the velocity graph and calculating the areas under the 
curve will confirm the graph of x as a function of t that is shown. 

Ill •• 

Picture the Problem This is a two-stage constant-acceleration problem. Choose a 
coordinate system in which the direction of the motion of the cars is the positive 
direction. The pictorial representation summarizes what we kn ow about the motion of the 
speeder’s car and the patrol car. 
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II 

D 

0 

%i 

*S.2 


— 

_ ,- 

_ - 

v SJ0 - 

125 km/h 

» S1 = 125 km/h 

v S2 = 125 km/h 

“ o’" 

II 

O 

n s,oi = 0 

fl S,12 - 0 

_1_ 

l 2 

_1_ V 


0 a Pjl) j = 2.22 m/s 2 1 a vn = 0 2 



= 0 d,,, = 190 km/h i> R2 = 190 km/h 


Convert the speeds of the vehicles 
and the acceleration of the police car 
into SI units: 


_ km . km lh 

8-= 8-x- 

h-s h-s 3600 s 


2 


km km lh 

125-= 125 -x- 

h h 3600s 


and 



190^* 

h 


lh 

3600 s 


.22 m/s 2 , 

= 34.7 m/s 

= 52.8m/s 


(a) Express the condition that 
determines when the police car 
catches the speeder; i.e., that their 
displacements will be the same: 

Using a constant-acceleration 
equation, relate the displacement of 
the patrol car to its displacement 
while accelerating and its 
displacement once it reaches its 
maximum velocity: 

Using a constant-acceleration 
equation, relate the displacement of 
the speeder to its constant velocity 
and the time it takes the patrol car to 
catch it: 

Calculate the time during which the 
police car is speeding up: 


Ax P i 02 — Axs,02 


Ax p>02 = Ax 
= Ax 


p,oi 

P,01 


+ Axp 12 

V P,l(^2 _ 0 


^S.02 V S,02^02 

= (34.7 m/s)/ 2 


At = AVp - 01 
^P.Ol 


V P,1 V P,0 


*P,01 


*P,01 


52.8m/s-0 
2.22 m/s 2 


= 23.8s 
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Express the displacement of the 
patrol car: 


Equate the displacements of the two 
vehicles: 


A^P.01 — V p,0^h\01 "f 2 ^P.Ol^P.Ol 

= 0 + i(2.22m/s 2 )(23.8s) 2 
= 629 m 

AVp^ — Ax p 01 "f ^hu2 

= Ax P 01 + v p j {t 2 ~t) 

= 629m + (52.8m/s) (t 2 -23.8s) 


Solve for the time to catch up to 
obtain: 


(b ) The distance traveled is the 
displacement, Axo2,s, °f the speeder 
during the catch: 


(34.7 m/s) t 2 = 629 m 

+ (52.8 m/s)(? 2 - 23.8 s) 


■ ■ c 


34.7s 


Ax S02 = v S02 A/ 02 = (34.7m/sX34.7s) 
= 1.20 km 


(c) The graphs of xs and x P are shown below. The straight line (solid) represents x s (0 and 
the parabola (dashed) represents x P (t). 



t (s) 
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Picture the Problem The accelerations of both cars are constant and we can use 
constant-acceleration equations to describe their motions. Choose a coordinate system in 
which the direction of motion of the cars is the positive direction, and the origin is at the 
initial position of the police car. 

(a) The collision will not occur if, 
during braking, the displacements of 
the two cars differ by less than 
100 m. 


Ax P - Ax s < 100 m. 
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Using a constant-acceleration 
equation, relate the speeder’s initial 
and final speeds to its displacement 
and acceleration and solve for the 
displacement: 


U = v l s + 

or, because v s = 0, 
Ax, = ~ V °' s 


2 a. 


Substitute numerical values and 
evaluate Ax s : 


Ax s 


-(34.7 m/s) 2 
2(-6m/s 2 ) 


= 100m 


Using a constant-acceleration 
equation, relate the patrol car’s 
initial and final speeds to its 
displacement and acceleration and 
solve for the displacement: 


v: =v„ + 2a n Ax n 

p 0,p p p 

or, assuming v p = 0, 
.2 


-v, 


Ar = 

2 a 


0,p 


Substitute numerical values and 
evaluate Ax p : 


Ax p 


-(52.8 m/s) 2 
l[- 6 m/s 2 ) 


= 232 m 


Finally, substitute these 
displacements into the inequality 
that determines whether a collision 
occurs: 


232 m - 100 m = 132 m 

Because this difference is greater than 


100 m, 


the cars collide 


(b ) Using constant-acceleration 
equations, relate the positions of 
both vehicles to their initial 
positions, initial velocities, 
accelerations, and time in motion: 


x s = 100m + (34.7m/s)t-(3m/s 2 )^ 
and 

x P = (52.8m/s)t-(3m/s 2 )r 


Equate these expressions and solve 
for t : 


100 m + (34.7 m/s) t - (3 m/s 2 ) t 2 
= (52.8 m/s) t - (3m/s 2 ) t 2 
and 


t = 


5.52s 


If you take the reaction time into account, the collision will occur 

(c) 

sooner and be more severe. 

113 •• 

Picture the Problem Lou’s acceleration is constant during both parts of his trip. Let t\ 
be the time when the brake is applied; L\ the distance traveled from t = 0 to t = t\. Let t fin 
be the time when Lou's car comes to rest at a distance L from the starting line. A pictorial 
representation will help organize the given information and plan the solution. 
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t 0 - 0 

&& 

0 

*o=° 

"o=° 


h ~ An 


a o ,1 _ a 


- t O— a \,2= ~ la [ o^o 1 


X 


1 

X\ = A 

"l = "max 


x 2 -L 

v 2 =0 


(a) Express the total length, L, of the 
course in terms of the distance over 
which Lou will be accelerating, 

Ax 0 i, and the distance over which he 
will be braking, Axi 2 : 

Express the final velocity over the 
first portion of the course in terms 
of the initial velocity, acceleration, 
and displacement; solve for the 
displacement: 


Express the final velocity over the 
second portion of the course in 
terms of the initial velocity, 
acceleration, and displacement; 
solve for the displacement: 

Substitute for Ax 0 i and Ax, 2 to 
obtain: 


(b) Using the fact that the 
acceleration was constant during 
both legs of the trip, express Lou’s 
average velocity over each leg: 

Express the time for Lou to reach 
his maximum velocity as a function 
of L\ and his maximum velocity: 


Elaving just shown that the time 
required for the first segment of the 
trip is proportional to the length of 
the segment, use this result to 
express At 0 i (= h) in terms tf in : 


L = Ax, 


01 


Ax 


12 


U =v 0 +2<3 01 Ax 01 

or, because Vo = 0, Ax 0 i = L u and 

aoi “ a, 

v, 2 v 2 

Ax 01 = Z, = ^ ^ 

2 a 2 a 


v i ~ v i +2a l2 Ax 12 

or, because v 2 = 0 and a 12 = -2a, 

Ar„=i = A 
4 a 2 


L = Ax 01 + Ax 12 = Zj + yZj = \L X 
and 


A = 


-L 


A f _ ^01 _ jA 

2A1qi — — 


and 


At 0 i oc A — ^ L 


t = 


It 

3 Um 
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Picture the Problem There are three intervals of constant acceleration described in this 
problem. Choose a coordinate system in which the upward direction (shown to the left 
below) is positive. A pictorial representation will help organize the details of the problem 
and plan the solution. 


*o-0 
y —•— 
o 


«01 =-g 


y 0 =575 m 
v 0 = 0 



fl ,2 = 15 m/s 2 



«»=o 


2 

y: 

v 2 = 5 m/s 


*3 



y3 = o 
l >3 = 5 m/s 


(i a ) The graphs of a(t ) (dashed lines) and v(t) (solid lines) are shown below. 




-Velocity 

- - - Acceleration 


0 2 4 6 8 10 12 14 16 

t (s) 

( b ) Using a constant-acceleration 
equation, express her speed in terms 
of her acceleration and the elapsed 
time; solve for her speed after 8 s of 
fall: 

(c) Using the same constant- 
acceleration equation that you used 
in part (b), determine the duration of 
her constant upward acceleration: 


(i d) Find her average speed as she 
slows from 78.5 m/s to 5 m/s: 

= 41.8m/s 


U =v 0 +a 0 i*i 
= 0+ (9.81 m/s 2 )(8s) 
= 78.5m/s 


v 2 =v, +a 12 A/ 12 

_ v 2 -Vj _-5m/s-(-78.5m/s) 

cA 1 12 1 

a n 15m/s“ 

= 4.90s 


Vt+v, _ 78.5m/s + 5m/s 


20 


-20 


B -40 


-60 


2 
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Use this value to calculate how far 
she travels in 4.90 s: 


(e) Express the total time in terms of 
the times for each segment of her 
descent: 

We know the times for the intervals 
from 0 to 1 and 1 to 2 so we only 
need to determine the time for the 
interval from 2 to 3. We can 
calculate A / 2 3 from her displacement 
and constant velocity during that 
segment of her descent. 

Add the times to get the total time: 


(/) Using its definition, calculate her 
average velocity: 


A Ei 2 = Uv A/ i 2 = (41.8 m/s)(4.90 s) 
= 204 m 

She travels 204 m while slowing 
down. 


hotal ~ A Cl + A ^2 + A ^23 

A E 2 3 ~ A Ttotal A Toi A Tl2 

( 78.5 m/s Vo \ 

= 575m- - (8s)-204m 

V 2 J 

= 57.0m 


Ootal ^01 + ^12 + *23 


= 8s + 4.9s + 


57.0m 

5m/s 


24.3s 


Ax 

At 


-1500 m 
209s 


-7.18 m/s 


Integration of the Equations of Motion 

*115 • 

Picture the Problem The integral of a function is equal to the "area" between the curve 
for that function and the independent-variable axis. 

(a) The graph is shown below: 


35 





















£ 






> 10 


















0 


t (s) 


5 
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The distance is found by 
determining the area under the 
curve. You can accomplish this 
easily because the shape of the 
area under the curve is a 
trapezoid. 


A = (36 blocks)(2.5 m/block) = 
or 

. ( 33m/s + 3m/s 
A = 


90 m 


(5s - Os) = 90m 


V 


Alternatively, we could just count There are approximately 36 blocks each 

the blocks and fractions thereof. having an area of (5 m/s)(0.5 s) = 2.5 m. 


( b ) To find the position function 
x(t), we integrate the velocity 
function v(t) over the time 
interval in question: 


Now evaluate x{t) at 0 s and 5 s 
respectively and subtract to obtain 
Ax: 


t 

x{t) = J v(t')dt' 

0 

t 

= J [(6 m/s 2 )t'+(3 m/s)] d t' 

o 

and 

x(t) = (3m/s 2 )r + (3m/s)t 


Ax = x(5 s) - x(0 s) = 90 m - 0 m 
= 90.0 m 
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Picture the Problem The integral of v(t) over a time interval is the displacement (change 
in position) during that time interval. The integral of a function is equivalent to the "area" 
between the curve for that function and the independent-variable axis. Count the grid 
boxes. 


(a) Find the area of the shaded 
gridbox: 


Area = (l m/s)(l s) = 


1 mper box 


(b) Find the approximate area under 
curve for 1 s < t < 2 s: 


Ax 


1 s to 2 s 


1.2 m 


Find the approximate area under 
curve for 2 s < t < 3 s: 


Ax 


2 s to 3 s 


3.2 m 


(c) Sum the displacements to Axi st0 3 s = 1.2 m + 3.2 m 

obtain the total in the interval = 4.4 m 

1 s<t<3 s: 


Using its definition, express and 
evaluate v av : 


Ax 


1 s to 3 s 


At 


1 s to 3 s 


4.4m 

2 s 


2 .20m/s 


dx = (o.5m/s 3 )dt 


(d) Because the velocity of the 
particle is dx/dt, separate the 


so 
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variables and integrate over the 
interval ls<t<3sto determine the 
displacement in this time interval: 


Calculate the average velocity over 
the 2-s interval from 1 s to 3 s: 


Calculate the initial and final 
velocities of the particle over the 
same interval: 


Ax 1s ^. 3s = jdfr' = (o.5m/s 3 )J t' 2 dt' 


*0 


Is 



7 3 ~ 

3s 


(o.5m/s 3 ) 

= 

4.33m 

L 3 J 


Is 



This result is a little smaller than the sum 
of the displacements found in part ( b ). 


K av(ls-3s) 


Ax, 


Is-3s 


At. 


ls-3s 


4.33m 

2s 


2.17m/s 


v(ls)= (o.5m/s 3 )(ls)' =0.5 m/s 
v(3s)= (o.5m/s 3 )(3s) 2 =4.5 m/s 


v(ls) + v(3s) _ 0.5 m/s+ 4.5 m/s 
2 ~~ 2 
= 2.50m/s 

This average is not equal to the average 
velocity calculated above. 

Remarks: The fact that the average velocity was not equal to the average of the 
velocities at the beginning and the end of the time interval in part ( d) is a 
consequence of the acceleration not being constant. 
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Picture the Problem Because the velocity of the particle varies with the square of the 
time, the acceleration is not constant. The displacement of the particle is found by 
integration. 

Express the velocity of a particle as 
the derivative of its position 
function: 

Separate the variables to obtain: 

Express the integral of x from x 0 = 0 
to x and t from t 0 = 0 to V. 


f 0 -0 

(j-m/s 3 )/ 3 -(5 m/s)/ 



dx(t) = v(t)dt 

*(0 t 

x(t) = | dx' = 

x(t)= j[(7m/s 3 )t' 2 -(5m/s)](it' 


Finally, calculate the average value 
of the velocities at t = 1 s and t = 3 s: 


Substitute for v(t r ) to obtain: 
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Picture the Problem The graph is one of constant negative acceleration. Because 

v x = v(t) is a linear function of t, we can make use of the slope-intercept form of the 
equation of a straight line to find the relationship between these variables. We can then 
differentiate v{t) to obtain a(t) and integrate v(t) to obtain x(t). 


Find the acceleration (the slope of the 
graph) and the velocity at time 0 (the 
v-intercept) and use the slope- 
intercept form of the equation of a 
straight line to express v x (t): 

Find x{t) by integrating v(t): 


Using the fact that x = 0 when t = 0, 
evaluate C: 


Substitute to obtain: 


a = -10m/s 2 

v x (t) = 50m/s + (-10m/s 2 )t 

x(t) = J [(-10m/s 2 )t+ 50m/s]<it 
= (50m/s)l-(5m/s 2 )t 2 +C 

0 = (50m/sX0)-(5m/s 2 )(0) 2 + C 
and 
C = 0 

x(t)= (50m/s)t - (5 m/s 2 )r 


Note that this expression is quadratic in t 
and that the coefficient of t 2 is negative and 
equal in magnitude to half the constant 
acceleration. 


Remarks: We can check our result for x(l) by evaluating it over the 10-s interval 
shown and comparing this result with the area bounded by this curve and the time 
axis. 
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Picture the Problem During any time interval, the integral of a(t) is the change in 
velocity and the integral of v(t) is the displacement. The integral of a function equals the 
"area" between the curve for that function and the independent-variable axis. 


(a) Find the area of the shaded 
grid box in Figure 2-37: 


Area = (0.5 m/s 2 )(0.5 s) 

= 0.250 m/s per box 


(b) We start from rest (v 0 = 0) at 
1 = 0. For the velocities at the other 
times, count boxes and multiply by 
the 0.25 m/s per box that we found 
in part (a): 


Examples: 

v(l s) = (3.7 boxes)[(0.25 m/s)/box] 
= 0.925 m/s 

v(2 s) = (12.9 boxes)[(0.25 m/s)/box] 
= 3.22 m/s 


and 
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v(3 s) = (24.6 boxes)[(0.25 m/s)/box] 
= 6.15m/s 


(c) The graph of v as a function of t is shown below: 



Count the boxes under the v(t) curve 
to find the distance traveled: 


x(3s) = Ax(0 —» 3 s) 

= (7boxes)[(l.O m)/box] 
= 7.00 m 
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Picture the Problem The integral of v(t) over a time interval is the displacement (change 
in position) during that time interval. The integral of a function equals the "area" between 
the curve for that function and the independent-variable axis. Because acceleration is the 
slope of a velocity versus time curve, this is a non-constant-acceleration problem. The 
derivative of a function is equal to the "slope" of the function at that value of the 
independent variable. 

(a) To obtain the data for x(t), we must estimate the accumulated area under the v(t) curve 
at each time interval: 


Find the area of a shaded grid box A = (1 m/s)(0.5 s) = 0.5 m per box. 

in Figure 2-38: 


We start from rest (v 0 = 0) at t Q = 0. 
For the position at the other times, 
count boxes and multiply by the 
0.5 m per box that we found above. 
Remember to add the offset from 
the origin, x 0 = 5 m, and that boxes 
below the v = 0 line are counted as 
negative: 


Examples: 

x(3s) = (25.8 boxes) 
= 17.9 m 


0.5 m 
box 


+ 5 m 


x 1 


(5 s) = (48.0 boxes)! 


0.5m 

box 


+ 5m 


= 29.0 m 
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~(36.0boxes)f +5m 

V box J 


- 12.5m 


A graph of x as a function of t follows: 



(j b ) To obtain the data for a(t), we 
must estimate the slope (Av/A t) of 
the v(t) curve at each time. A good 
way to get reasonably reliable 
readings from the graph is to 
enlarge several fold: 


Examples: 


0.5s 
4.9 m/s-3.0 m/s 


0.5 s 

j(6s)= y(6.2 5s )-v(5.75s) 

0.5s 


= 3.8m/s“ 


-1.7 m/s - 0.4m/s 
05s 


= -4.2m/s“ 
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A graph of a as a function of t follows: 



*121 •• 

Picture the Problem Because the position of the body is not described by a parabolic 
function, the acceleration is not constant. 

Select a series of points on the graph of x{t) (e.g., at the extreme values and where 
the graph crosses the t axis), draw tangent lines at those points, and measure their 
slopes. In doing this, you are evaluating v = dx/dt at these points. Plot these slopes 
above the times at which you measured the slopes. Your graph should closely 
resemble the following graph. 



Select a series of points on the graph of v{t) (e.g., at the extreme values and where the 
graph crosses the t axis), draw tangent lines at those points, and measure their slopes. In 
doing this, you are evaluating a = dv/dt at these points. Plot these slopes above the times 
at which you measured the slopes. Your graph should closely resemble the graph shown 
below. 
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Picture the Problem Because the acceleration of the rocket varies with time, it is not 
constant and integration of this function is required to determine the rocket’s velocity and 
position as functions of time. The conditions on x and v at t = 0 are known as initial 
conditions. 


(a) Integrate a(t ) to find v(t): 


Integrate v(t) to find x(t): 


Using the initial conditions, find the 
constants C and D: 


(. b ) Evaluate v(5 s) and x(5 s) with 
C = D = 0 and b = 3 m/s 2 : 


v(t) = J a(t ) dt = b^t dt = \bf + C 

where C, the constant of integration, can be 
determined from the initial conditions. 

x[t) = J v(t)dt = J [-7 bt 2 + c] dt 

= \bf + Q + D 

where D is a second constant of 
integration. 

v(0) = 0 => C = 0 
and 

jc(0) = 0 => D = 0 

x k) = \ bt ' 


v(5s)= ^-(3m/s 2 )(5sy 
and 


x(5 s ) = ~ (3m/s 2 )(5s) 3 


37.5 m/s 


62.5 m 
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Picture the Problem The acceleration is a function of time; therefore it is not constant. 
The instantaneous velocity can be determined by integration of the acceleration and the 
average velocity from the displacement of the particle during the given time interval. 
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(i a ) Because the acceleration is the 
derivative of the velocity, integrate 
the acceleration to find the 
instantaneous velocity v(t). 



dv 

dt 


v(0 

v(f) = f dv' 

v 0 =0 


[ a(t')dt' 

t o =0 


Calculate the instantaneous velocity 
using the acceleration given. 


(. b ) To calculate the average 
velocity, we need the displacement: 


Because the velocity is the 
derivative of the displacement, 
integrate the velocity to find Ax. 


Using the definition of the average 
velocity, calculate v av . 


v(t) = (o.2m/s 3 ) \t'dt' 

t 0 =o 

and 

v(t) = (0.1m/s 3 )r 



t A 

x(t) = (o. lm/s 3 ) J t' 1 dt' = (o. lm/s 3 )— 

t 0 =o 3 

and 

Ax = x(7 s) - x(2 s) 

(7s) 3 -(2s) 3 ~ 

3 

= 11.2 m 


= (o.lm/s 3 ) 


v 


av 


Ax 

At 


11.2m 

5 s 


2.23 m/s 
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Determine the Concept Because the acceleration is a function of time, it is not constant. 
Hence we’ll need to integrate the acceleration function to find the velocity as a function 
of time and integrate the velocity function to find the position as a function of time. The 
important concepts here are the definitions of velocity, acceleration, and average velocity. 


(a) Starting from t 0 = 0, integrate the 
instantaneous acceleration to obtain 
the instantaneous velocity as a 
function of time: 


( b ) Now integrate the instantaneous 
velocity to obtain the position as a 
function of time: 


„ dv 

From a = — 
dt 

it follows that 

v t 

J dv' = J (a 0 +bt')dt' 

v 0 0 

and 

v = v 0 + a 0 t + jbt 2 


dx 

From v = — 
dt 

it follows that 
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X t 

Jr/x' = J v{t')dt' 

*0 t o = 0 


= fl v 9 +a 0 t'+—t 




V 

2 j 


dt' 


and 

x = x 0 +v 0 t + ^a 0 t 2 +\bt i 


(c) The definition of the average 
velocity is the ratio of the 
displacement to the total time 
elapsed: 


Note that v av is not the same as that 
due to constant acceleration: 


Ax _ x-x 0 _v 0 t + 
At t — t 0 


and 

V av = V 0 +J a 0 t+ 6 b t 2 


a 0 t 2 +\bt i 
t 


(^constant acceleration ) a , 


v 0 +v 


_ v 0 +( v Q +a 0 t + \bt 2 ) 
2 

= v 0 +ja 0 t + jbt 2 
* v„„ 


General Problems 
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Picture the Problem The acceleration of the marble is constant. Because the motion is 
downward, choose a coordinate system with downward as the positive direction. The 
equation g exp = (1 m)/(At) 2 originates in the constant-acceleration equation 

Ax = v () At + \a(At y . Because the motion starts from rest, the displacement of the 
marble is 1 m, the acceleration is the experimental value g ex p, and the equation simplifies 
to gexp = (1 m)/(A?) 2 . 

Express the percent difference 
between the accepted and 
experimental values for the 
acceleration due to gravity: 


% difference = 


|g ac cepted-gex P | 
g accepted 


Using a constant-acceleration 
equation, express the velocity of the 
marble in terms of its initial 
velocity, acceleration, and 
displacement: 

Solve for v f : 

Let vi be the velocity the ball has 
reached when it has fallen 0.5 cm, 


v f = v l + 2 a Ay 

or, because v 0 = 0 and a = g, 

v f 2 = 2gAjy 

v f = V 2 g A T 

Vl =A /2(9.81 m/s 2 )(0.005m) = 0.313 m/s 
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and v 2 be the velocity the ball has 
reached when it has fallen 0.5 m to 
obtain. 

Using a constant-acceleration 
equation, express v 2 in terms of Vi, g 
and At: 

Solve for At: 


Substitute numerical values and 
evaluate At: 


and 

v 2 = -^2(9.81 m/s 2 )(0.5 m) = 3.13m/s 
W = U + gAt 


g 

. 3.13m/s-0.313m/s 

At = ---= 0.2872 s 

9.81m/s 2 


Calculate the experimental value of 
the acceleration due to gravity from 
gexp = (1 m)/(At) 2 : 


g, 


exp 


lm 

(0.2872 s) 2 


12.13m/s 2 


Finally, calculate the percent 
difference between this 
experimental result and the value 
accepted for g at sea level. 


9.81m/s 2 -12.13m/s 2 

% difference = --;- 

9.81 m/s 2 


23.6% 
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Picture the Problem We can obtain an average velocity, v av = Ax/At, over fixed time 
intervals. The instantaneous velocity, v = dx/dt can only be obtained by differentiation. 

(a) The graph of x versus t is shown below: 



(b) Draw a tangent line at the origin 
and measure its rise and run. Use 
this ratio to obtain an approximate 
value for the slope at the origin: 


The tangent line appears to, at least 
approximately, pass through the point 
(5, 4). Using the origin as the second point, 
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and 


Ax = 4 cm -0 = 4 cm 


At = 5s-0 = 5s 


Therefore, the slope of the tangent 
line and the velocity of the body as 
it passes through the origin is 
approximately: 



rise 

run 


Ax 

At 


4 cm 
5s 


0.800 cm/s 


(c) Calculate the average velocity for the series of time intervals given by completing the 
table shown below: 


to 

t 

At 

x 0 

X 

Ax 

v av =Ax/A t 

(s) 

(S) 

(s) 

(cm) 

(cm) 

(cm) 

(m/s) 

0 

6 

6 

0 

4.34 

4.34 

0.723 

0 

3 

3 

0 

2.51 

2.51 

0.835 

0 

2 

2 

0 

1.71 

1.71 

0.857 

0 

1 

1 

0 

0.871 

0.871 

0.871 

0 

0.5 

0.5 

0 

0.437 

0.437 

0.874 

0 

0.25 

0.25 

0 

0.219 

0.219 

0.875 


(i d) Express the time derivative of 
the position: 


dx 

— = Acocoscot 
dt 


Substitute numerical values and 

, dx 

evaluate — at t = 0: 
dt 


( e ) Compare the average velocities 
from part (c) with the instantaneous 
velocity from part ( d ): 


— = Aco cosO = Aco 
dt 

= (0.05m)(o.l75s ') 


0.875cm/s 


As At, and thus Ax, becomes small, the 
value for the average velocity approaches 
that for the instantaneous velocity obtained 
in part (d). For At = 0.25 s, they agree to 
three significant figures. 
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Determine the Concept Because the velocity varies nonlinearly with time, the 
acceleration of the object is not constant. We can find the acceleration of the object by 
differentiating its velocity with respect to time and its position function by integrating the 
velocity function. The important concepts here are the definitions of acceleration and 
velocity. 


(a) The acceleration of the object is 
the derivative of its velocity with 
respect to time: 


a 


dv dr ■ / m 

® V max COS {(Dt) 
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Because a varies sinusoidally 
with time it is not constant. 


( b ) Integrate the velocity with 
respect to time from 0 to t to obtain 
the change in position of the body: 


II 

v max sin (cot')\dt' 

-*0 ‘0 

and 


x-x 0 = 

—^^cos (cot') 


- J25 ^cos(<ut) + 
co 


v 

max 

CO 


or 

x = x 0 + [l - cos(utf)] 
_ co _ 

Note that, as given in the problem 
statement, x(0 sj = x 0 . 
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Picture the Problem Because the acceleration of the particle is a function of its position, 
it is not constant. Changing the variable of integration in the definition of acceleration 
will allow us to determine its velocity and position as functions of position. 


(a) Because a = dv/dt, we must 
integrate to find v{t). Because a is 
given as a function ofx, we’ll need 
to change variables in order to carry 
out the integration. Once we’ve 
changed variables, we’ll separate 
them with v on the left side of the 
equation and x on the right: 


dv dv dx dv ( 2 \ 

a = — =-= v— = !2s lx 

dt dx dt dx 

or, upon separating variables, 
vdv = (2 s 2 ^jxdx 


Integrate from x 0 and v 0 to x and v: 


V X 

| v'dv' = J (2 s 2 )x'dx' 



v 0 =° x 0 

and 

Solve for v to obtain: 

v J -v 0 J =(2s -^-4) 

V = V v 0 + (2 s 2 \x 2 ~ Xq) 

Now set v o = 0,i o = lm,x = 3m, 
b = 2 s' 2 and evaluate the speed: 

v = ±V(2 S 2 )[(3m) 2 -(lm) 2 


and 


v = 4.00m/s 















(. b ) Using the definition of v, 
separate the variables, and integrate 
to get an expression for t: 
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To evaluate this integral we first 
must find v(x). Show that the 
acceleration is always positive and 
use this to find the sign of v(jc). 


Substitute -J(2s 1 )(x 2 —Xq) for v 

and evaluate the integral. (It can be 
found in standard integral tables.) 


Evaluate this expression with 
x 0 = 1 m and x = 3 m to obtain: 



a = (2 s“ 2 )x and x f) = 1 m. x 0 is positive, so 
ao is also positive. Vo is zero and a 0 is 
positive, so the object moves in the 
direction of increasing x. As x increases 
the acceleration remains positive, so the 
velocity also remains positive. Thus, 

v = ^(2s~ 2 \x 2 -x l). 



t = 


1.25 s 
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Picture the Problem The acceleration of this particle is not constant. Separating 
variables and integrating will allow us to express the particle’s position as a function of 
time and the differentiation of this expression will give us the acceleration of the particle 
as a function of time. 


(a) Write the definition of velocity: 


v 


dx 

dt 


We are given that x = bv, where 
b = 1 s. Substitute for v and 
separate variables to obtain: 

Integrate and solve forx(t): 


dx 

x , , dx 



— =>dt = b — 


dt 

b x 


t 

r . 


( \ 

X 

[ dt' 

= &{ — ^>{t-t 0 ) = b\a 

J 

h 

and 

t x 
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[t-‘o)/b 

x 0 e 


( b ) Differentiate twice to obtain v(t) 
and a(t): 


Substitute the result in part ( a ) to 
obtain the desired results: 


dx 1 [t-t 0 )/b 


v = — = — x n e 


dt b 


and 

dv 1 [t-t 0 )/b 

a = — = — x n e 
dt b 2 ° 


v(t) = \x(t) 
b 

and 


a(t) = ~rjx(t) 


b z 


so 


a(0 = t;v(0 = -jjx(t) 
b b 


Because the numerical value of b, expressed in SI units, is one, the 
numerical values of a, v, and x are the same at each instant in time. 
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Picture the Problem Because the acceleration of the rock is a function of time, it is not 
constant. Choose a coordinate system in which downward is positive and the origin at 
the point of release of the rock. 

Separate variables in C j v = g e h ‘clt 

a(t ) = dv/dt = ge to obtain: 


Integrate from t 0 = 0, v 0 = 0 to some 
later time t and velocity v: 


v = 


j dv' = J ge h ‘ dt' = [e ht ' ]', 

oo o 

f (l-e - * )=»,™(l -e-*) 


where 


g_ 

b 


Separate variables in 

v = dy/ dt = v tenn (l - e ~ bt ) to 

obtain: 


d y = v ^- e h, \ lt 


Integrate from t 0 = 0, v 0 = 0 to some 
later time t and position v: 


0 0 
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T= V tenn 


f+-e~ bt ' 

L b 


w— 


(l 



This last result is very interesting. It says that throughout its free-fall, the object 
experiences drag; therefore it has not fallen as far at any given time as it would have if it 
were falling at the constant velocity, v te rm. 

On the other hand, just as the 
velocity of the object asymptotically 
approaches v temi , the distance it has 
covered during its free-fall as a 
function of time asymptotically 
approaches the distance it would 
have fallen if it had fallen with v te rm 
throughout its motion. 

*131 ••• 

Picture the Problem Because the acceleration of the rock is a function of its velocity, it 
is not constant. Choose a coordinate system in which downward is positive and the 
origin is at the point of release of the rock. 


J'fflarge) - * W W 

This should not be surprising because in 
the expression above, the first term grows 
linearly with time while the second term 
approaches a constant and therefore 
becomes less important with time. 


Rewrite a = g-bv explicitly as a 
differential equation: 


Separate the variables, v on the left, 
t on the right: 


Integrate the left-hand side of this 
equation from 0 to v and the right- 
hand side from 0 to t: 


Solve this expression for v. 


Finally, differentiate this expression 
with respect to time to obtain an 
expression for the acceleration and 


dv 


dt 8 

dv 


g-bv 


r dv 


[g-bv' 

and 


--In 

r 

g 

b 

V 

v- g 

fl 


V 1 

dv 

a = — = 


g-bv 


= t 


dt 


ge 
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complete the proof. 
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Picture the Problem The skydiver’s acceleration is a function of her velocity; therefore 
it is not constant. Expressing her acceleration as the derivative of her velocity, separating 
the variables, and then integrating will give her velocity as a function of time. 

(a) Rewrite a = g-cv 2 explicitly as a dv 2 

differential equation: ~JT ~ § ~ cv 


Separate the variables, with v on the 
left, and t on the right: 



g-cv 2 


Eliminate c by using 



Integrate the left-hand side of this 
equation from 0 to v and the right- 
hand side from 0 to t: 


dv 


g 



dv 




( \ 

2 


1- 

V 


g 





l v r ) 



= dt 


or 


dv 

( V 

v 


gdt 


r dv' 

J r y 
0 



0 


v T tanh '(v/v T ) = gt 
or 

tanh' 1 {v/v T )=(g/v T )t 

Solve this equation for v to obtain: / \ 

v = v T tanh — t 


The integral can be found in integral 
tables: 


Because c has units of m _1 , and g i.e., T= (eg) -12 

has units of m/s 2 , (cg)~ 1/2 will have 

units of time. Let’s represent this 

expression with the time-scale factor 

T: 
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The skydiver falls with her terminal 
velocity when a = 0. Using this 
definition, relate her terminal 
velocity to the acceleration due to 
gravity and the constant c in the 
acceleration equation: 


0 = g - cvl 
and 



Vc 


Convince yourself that T is also 
equal to vj/g and use this 
relationship to eliminate g and vr in 
the solution to the differential 
equation: 



f 

v T tanh 

V 


t 

T 


\ 

) 


(b) The following table was generated using a spreadsheet and the equation we derived in 
part (a) for v(t). The cell formulas and their algebraic forms are: 


Cell 

C ontent/Formula 

Algebraic Form 

D1 

56 

Vf 

D2 

5.71 

T 

B7 

B6 + 0.25 

t + 0.25 

C7 

$B$1*TANH(B7/$B$2) 

TO 

v r tanh — 



A 

B 

C 

D 

E 

1 

vT = 

56 

m/s 



2 

T= 

5.71 

s 



3 






4 






5 


time (s) 

v (m/s) 



6 


0.00 

0.00 



7 


0.25 

2.45 



8 


0.50 

4.89 



9 


0.75 

7.32 



10 


1.00 

9.71 









54 


12.00 

54.35 



55 


12.25 

54.49 



56 


12.50 

54.61 



57 


12.75 

54.73 



58 


13.00 

54.83 



59 


13.25 

54.93 
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Note that the velocity increases linearly over time (i.e., with constant acceleration) for 
about time T, but then it approaches the terminal velocity as the acceleration decreases. 



Chapter 3 

Motion in Two and Three Dimensions 


Conceptual Problems 

*1 • 

Determine the Concept The distance traveled along a path can be represented as a 
sequence of displacements. 



Suppose we take a trip along some path and consider the trip as a sequence of many very 
small displacements. The net displacement is the vector sum of the very small 
displacements, and the total distance traveled is the sum of the magnitudes of the very 
small displacements. That is, 

total distance = | Ar 0 j | + |A#j 2 1 + |aF 2 , 3 1 +•••+ |^jv-i,jv| 

where N is the number of very small displacements. (For this to be exactly true we have 
to take the limit as N goes to infinity and each displacement magnitude goes to zero.) 
Now, using "the shortest distance between two points is a straight line," we have 

|^*0 ,N | — |^0,11 1^1,2 1 + |^^2,3 1 +•••+ I^V-l.AT | > 

where |Ar 0 N | is the magnitude of the net displacement. 

Flence, we have shown that the magnitude of the displacement of a particle is less than or 
equal to the distance it travels along its path. 

2 

Determine the Concept The displacement of an object is its final position vector minus 
its initial position vector (A r =r f —r i ). The displacement can be less but never more 
than the distance traveled. Suppose the path is one complete trip around the earth at the 
equator. Then, the displacement is 0 but the distance traveled is 2/rR c . 


123 
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3 

Determine the Concept The important distinction here is that average velocity is being 
requested, as opposed to average speed. 

The average velocity is defined as Ar 0 

the displacement divided by the V av = = At = ^ 

elapsed time. 


The displacement for any trip around the track is zero. Thus we see that no 
matter how fast the race car travels, the average velocity is always zero at 
the end of each complete circuit. 


What is the correct answer if we were asked for average speed ? 

The average speed is defined as the total distance 

distance traveled divided by the V av = 

elapsed time. 


For one complete circuit of any track, the total distance traveled will be 
greater than zero and the average is not zero. 


False. Vectors are quantities with magnitude and direction that can be added and 
subtracted like displacements. Consider two vectors that are equal in magnitude and 
oppositely directed. Their sum is zero, showing by counterexample that the statement is 
false. 


Determine the Concept We can answer 
this question by expressing the relationship 

between the magnitude of vector A and its 
component A s and then using properties of 
the cosine function. 


Express A s in terms of A and 6 : 

As - 

Take the absolute value of both 


sides of this expression: 

and 


COSi 



= A\ cost?! 


A 
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Using the fact that 0 < |cost?| < 1, 

substitute for |cost?| to obtain: 0 < ^ or 0 < |^s| — ^ 

No. The magnitude of a component of a vector must be less than or equal 
to the magnitude of the vector. 


If the angle 0 shown in the figure is equal to 0° or multiples of 180°, then 
the magnitude of the vector and its component are equal. 


*6 • 

Determine the Concept The diagram 

shows a vector A and its components A x 
and A y . We can relate the magnitude of 

A is related to the lengths of its 
components through the Pythagorean 
theorem. 


y 



Suppose that A is equal to zero. Then A 2 = A] + A 2 y = 0. 

But A 2 + A 2 = 0 => A x = A v = 0. 

No. If a vector is equal to zero, each of its components must be zero too. 


7 

Determine the Concept No. Consider the special case in which B = —A . 

If B = —A T 0, then C = 0 and the magnitudes of the components of A and B are 
larger than the components of C. 

*8 • 

Determine the Concept The instantaneous acceleration is the limiting value, as At 
approaches zero, of Av/At. Thus, the acceleration vector is in the same direction as Av. 


False. Consider a ball that has been 
thrown upward near the surface of 
the earth and is slowing down. The 
direction of its motion is upward. 

The diagram shows the ball’s 
velocity vectors at two instants of 
time and the determination of Av. 
Note that because Av is downward 
so is the acceleration of the ball. 
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9 • 

Determine the Concept The instantaneous acceleration is the limiting value, as At 
approaches zero, of Av/A t and is in the same direction as Av. 


Other than through the definition of a, the instantaneous velocity and acceleration vectors 
are unrelated. Knowing the direction of the velocity at one instant tells one nothing about 


how the velocity is changing at that instant. 


( e ) is correct. 


10 • 

Determine the Concept The changing velocity of the golf ball during its flight can be 
understood by recognizing that it has both horizontal and vertical components. The nature 
of its acceleration near the highest point of its flight can be understood by analyzing the 
vertical components of its velocity on either side of this point. 

At the highest point of its flight, the 
ball is still traveling horizontally 
even though its vertical velocity is 
momentarily zero. The figure to the 
right shows the vertical components 
of the ball’s velocity just before and 
just after it has reached its highest 
point. The change in velocity during 
this short interval is a non-zero, 
downward-pointing vector. Because 
the acceleration is proportional to 
the change in velocity, it must also 
be nonzero. 

Remarks: Note that v x is nonzero and v y is zero, while a x is zero and a y is nonzero. 

11 • 

Determine the Concept The change in the velocity is in the same direction as the 
acceleration. Choose an x-y coordinate system with east being the positive x direction 
and north the positive v direction. 


0 


(d) is correct. 


&V 


Given our choice of coordinate system, the x component of a is negative and so v will 
decrease. The y component of a is positive and so v will increase toward the north. 

(c) is correct. 


*12 • 

Determine the Concept The average velocity of a particle, V av , is the ratio of the 
particle’s displacement to the time required for the displacement. 


(a) We can calculate Ar from the given information and At is known. 


(a) is correct. 


( b ) We do not have enough information to calculate Av and cannot compute the 
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particle’s average acceleration. 

(c) We would need to know how the particle’s velocity varies with time in order to 
compute its instantaneous velocity. 

(. d) We would need to know how the particle’s velocity varies with time in order to 
compute its instantaneous acceleration. 


13 •• 

Determine the Concept The velocity vector is always in the direction of motion and, 
thus, tangent to the path. 


The velocity vector, as a consequence of always being in the direction of 
motion, is tangent to the path. 


(b ) A sketch showing two velocity 
vectors for a particle moving along a 
path is shown to the right. 



14 • 

Determine the Concept An object experiences acceleration whenever either its speed 
changes or it changes direction. 


The acceleration of a car moving in a straight path at constant speed is zero. In the other 
examples, either the magnitude or the direction of the velocity vector is changing and, 


hence, the car is accelerated. 


(. b ) is correct. 


*15 • 

Determine the Concept The velocity vector is defined by v = dr / dt, while the 
acceleration vector is defined by a = dv / dt. 

(a) A car moving along a straight road while braking. 


(b) A car moving along a straight road while speeding up. 

(c) A particle moving around a circular track at constant speed. 

16 • 

Determine the Concept A particle experiences accelerated motion when either its speed 
or direction of motion changes. 

A particle moving at constant speed in a circular path is accelerating because the 
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direction of its velocity vector is changing. 

If a particle is moving at constant velocity, it is not accelerating. 

17 •• 

Determine the Concept The acceleration vector is in the same direction as the change in 
velocity vector, Av. 


(a) The sketch for the dart thrown 
upward is shown to the right. The 
acceleration vector is in the 
direction of the change in the 
velocity vector Av. 

( b ) The sketch for the falling dart is 
shown to the right. Again, the 
acceleration vector is in the 
direction of the change in the 
velocity vector Av. 

(c) The acceleration vector is in the 
direction of the change in the 
velocity vector ... and hence is 
downward as shown the right: 

*18 •• 

Determine the Concept The acceleration 
velocity vector, Av. 



is in the same direction as the change in 


The drawing is shown to the right. 


v i 




Av = ~v 2 —v j 


19 •• 

Determine the Concept The acceleration vector is in the same direction as the change in 
velocity vector, Av. 



Av =v 2 - v i 


The sketch is shown to the right. 
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20 • 

Determine the Concept We can decide what the pilot should do by considering the 
speeds of the boat and of the current. 


Give up. The speed of the stream is equal to the maximum speed of the boat in still 
water. The best the boat can do is, while facing directly upstream, maintain its position 


relative to the bank. 


( d ) is correct. 


*21 • 

Determine the Concept True. In the absence of air resistance, both projectiles 
experience the same downward acceleration. Because both projectiles have initial vertical 
velocities of zero, their vertical motions must be identical. 


22 • 

Determine the Concept In the absence of air resistance, the horizontal component of the 
projectile’s velocity is constant for the duration of its flight. 


At the highest point, the speed is the horizontal component of the initial velocity. The 


vertical component is zero at the highest point. 


(e) is correct. 


23 • 

Determine the Concept In the absence of air resistance, the acceleration of the ball 
depends only on the change in its velocity and is independent of its velocity. 


As the ball moves along its trajectory between points A and C, the vertical component of 
its velocity decreases and the change in its velocity is a downward pointing vector. 
Between points C and E, the vertical component of its velocity increases and the change 
in its velocity is also a downward pointing vector. There is no change in the horizontal 


component of the velocity. 


(d) is correct. 


24 • 

Determine the Concept In the absence of air resistance, the horizontal component of the 
velocity remains constant throughout the flight. The vertical component has its maximum 
values at launch and impact. 

(a) The speed is greatest at A and E. 

( b ) The speed is least at point C. 

(c) The speed is the same at A and E. The horizontal components are equal at these points 
but the vertical components are oppositely directed. 

25 • 

Determine the Concept Speed is a scalar quantity, whereas acceleration, equal to the 
rate of change of velocity, is a vector quantity. 

(a) False. Consider a ball on the end of a string. The ball can move with constant speed 
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(a scalar) even though its acceleration (a vector) is always changing direction. 

( b ) True. From its definition, if the acceleration is zero, the velocity must be constant and 
so, therefore, must be the speed. 


26 • 

Determine the Concept The average acceleration vector is defined by o av = Av / At. 


The direction of « av is that of 
Av = v f — V;, as shown to the right. 



27 • 

Determine the Concept The velocity of B relative to A is v BA = v B ~ v A . 


The direction of v BA = v B - v A is shown to 
the right. 



*28 •• 

(a) The vectors A{t) and A(l + At) are of equal length but point in slightly different 
directions. AA is shown in the diagram below. Note that A A is nearly perpendicular 
to A\t). For very small time intervals, AA 
Therefore, dA / dt is perpendicular to A. 



(b ) If A represents the position of a particle, the particle must be undergoing circular 
motion (i.e., it is at a constant distance from some origin). The velocity vector is tangent 
to the particle’s trajectory; in the case of a circle, it is perpendicular to the circle’s radius. 

(c) Yes, it could in the case of uniform circular motion. The speed of the particle is 
constant, but its heading is changing constantly. The acceleration vector in this case is 


and A{t) are perpendicular to one another. 
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always perpendicular to the velocity vector. 

29 •• 

Determine the Concept The velocity vector is in the same direction as the change in the 
position vector while the acceleration vector is in the same direction as the change in the 
velocity vector. Choose a coordinate system in which the y direction is north and the x 
direction is east. 

(a) _,_. Ml _,_. 


Path 

Direction of velocity 
vector 

AB 

north 

BC 

northeast 

CD 

east 

DE 

southeast 

EF 

south 


Path 

Direction of acceleration 

vector 

AB 

north 

BC 

southeast 

CD 

0 

DE 

southwest 

EF 

north 


The magnitudes are comparable, but larger for DE since the radius of the 

(c) 

path is smaller there. 

*30 •• 

Determine the Concept We’ll assume that the cannons are identical and use a constant- 
acceleration equation to express the displacement of each cannonball as a function of 
time. Having done so, we can then establish the condition under which they will have the 
same vertical position at a given time and, hence, collide. The modified diagram shown 
below shows the displacements of both cannonballs. 



Express the displacement of the 
cannonball from cannon A at any 
time t after being fired and before 
any collision: 

Express the displacement of the 
cannonball from cannon A at any 
time t' after being fired and before 
any collision: 


A r=v 0 t + \gt 2 


A r' = v'/+'gt' 
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If the guns are fired simultaneously, t = f and the balls are the same distance 
\gt 2 below the line of sight at all times. Therefore, they should fire the guns 
simultaneously. 


Remarks: This is the "monkey and hunter" problem in disguise. If you imagine a 
monkey in the position shown below, and the two guns are fired simultaneously, and 
the monkey begins to fall when the guns are fired, then the monkey and the two 
cannonballs will all reach point P at the same time. 



31 •• 

Determine the Concept The droplet leaving the bottle has the same horizontal velocity 
as the ship. During the time the droplet is in the air, it is also moving horizontally with 
the same velocity as the rest of the ship. Because of this, it falls into the vessel, which 
has the same horizontal velocity. Because you have the same horizontal velocity as the 
ship does, you see the same thing as if the ship were standing still. 


32 • 

Determine the Concept 


Because A and D are tangent to the path of the stone, either of them could 
represent the velocity of the stone. 





A(t + At) 


A A =A(t + At)-A(t) 



Let the vectors A{t) and B{t + At) be of equal length but point in slightly 
different directions as the stone moves around the circle. These two 
vectors and AA are shown in the diagram above. Note that A A is nearly 
perpendicular to A{t). For very small time intervals, A A and A{t) are 
perpendicular to one another. Therefore, dA/dt is perpendicular to A and 
only the vector E could represent the acceleration of the stone. 
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33 • 

Determine the Concept True. An object accelerates when its velocity changes; that is, 
when either its speed or its direction changes. When an object moves in a circle the 
direction of its motion is continually changing. 


34 •• 

Picture the Problem In the diagram, (a) 
shows the pendulum just before it reverses 
direction and (b) shows the pendulum just 
after it has reversed its direction. The 
acceleration of the bob is in the direction of 
the change in the velocity Av = v f — V 1 and 
is tangent to the pendulum trajectory at the 
point of reversal of direction. This makes 
sense because, at an extremum of motion, 
v = 0, so there is no centripetal 
acceleration. However, because the 
velocity is reversing direction, the 
tangential acceleration is nonzero. 



35 • 

Determine the Concept The principle reason is aerodynamic drag. When moving 
through a fluid, such as the atmosphere, the ball's acceleration will depend strongly on its 
velocity. 


Estimation and Approximation 

*36 •• 

Picture the Problem During the flight of the ball the acceleration is constant and equal 
to 9.81 m/s 2 directed downward. We can find the flight time from the vertical part of the 
motion, and then use the horizontal part of the motion to find the horizontal distance. 
We’ll assume that the release point of the ball is 2 m above your feet. 


Make a sketch of the motion. 
Include coordinate axes, initial and 
final positions, and initial velocity 
components: 


Obviously, how far you throw the 
ball will depend on how fast you 
can throw it. A major league 
baseball pitcher can throw a fastball 
at 90 mi/h or so. Assume that you 
can throw a ball at two-thirds that 
speed to obtain: 


y 



= 60 mi/h x 


0.447 m/s 
lmi/h 


26.8m/s 
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There is no acceleration in the x 
direction, so the horizontal motion is 
one of constant velocity. Express the 
horizontal position of the ball as a 
function of time: 

Assuming that the release point of 
the ball is a distance h above the 
ground, express the vertical position 
of the ball as a function of time: 

(a) For 0=0 we have: 


Substitute in equations (1) and (2) to 
obtain: 


Eliminate t between these equations 
to obtain: 


At impact, y = 0 and x = R: 


Solve for R to obtain: 


(. b ) Using trigonometry, solve for vo x 
and v 0y : 


Substitute in equations (1) and (2) to 
obtain: 


Eliminate t between these equations 
to obtain: 


x = v 0x t 


( 1 ) 


v = h + v 0y t + \a y t 2 ( 2 ) 


v 0x = v 0 cos 6*0 = (26.8m/s)cos0° 

= 26.8m/s 
and 

v 0v = v 0 sin # 0 = (26.8m/s)sin0° = 0 

x = (26.8m/s)r 
and 

y = 2m + ^(-9.81m/s 2 )r 


y = 2 m 


4.91 m/s 2 2 
(26.8 m/s ) 2 


0 = 2m 


4.91m/s 2 2 

(26.8m/s)“ 


R = 


17.1m 


v 0x = v 0 cos 6* 0 = (26.8m/s)cos45° 
= 19.0m/s 
and 

v 0v = v 0 sin 0 (] = (26.8 m/s)sin 45° 
= 19.0m/s 


x = (l9.0m/s)f 
and 

v = 2m + (l9.0m/s)t + y(-9.81m/s 2 )/ 2 


y 


2 m + x 


4.905 m/s 2 2 
(l9.0m/s)“ 
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At impact, y = 0 and x = R. Hence: 


Solve for R (you can use the 
"solver" or "graph" functions of 
your calculator) to obtain: 

(c) Solve for v 0x and v 0y : 


Substitute in equations (1) and (2) to 
obtain: 


Eliminate t between these equations 
to obtain: 

At impact, y = 0 and x = R: 


Solve for R to obtain: 

(d) Using trigonometry, solve for 
v 0x and v 0y : 

Substitute in equations (1) and (2) to 
obtain: 


Eliminate t between these equations 
to obtain: 

At impact, y = 0 and x = R: 


Solve for R (you can use the 
"solver" or "graph" function of your 
calculator) to obtain: 
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37 •• 

Picture the Problem We’ll ignore the height of Geoff s release point above the ground 
and assume that he launched the brick at an angle of 45°. Because the velocity of the 
brick at the highest point of its flight is equal to the horizontal component of its initial 
velocity, we can use constant-acceleration equations to relate this velocity to the brick’s x 
and y coordinates at impact. The diagram shows an appropriate coordinate system and the 
brick when it is at point P with coordinates (x, y). 


y 



X 


0 


R - 44.5 m 


Using a constant-acceleration 
equation, express the x coordinate of 
the brick as a function of time: 


x = x 0 + v 0x t + jaj 2 

or, because x 0 = 0 and a x = 0, 

x = v 0x t 


Express they coordinate of the brick 
as a function of time: 


T = To+ V + 2 fl / 


or, because y 0 = 0 and a y = - g , 


y = v oyt~2§t 2 


Eliminate the parameter t to obtain: 



Use the brick’s coordinates when it 
strikes the ground to obtain: 



where R is the range of the brick. 


Solve for v 0x to obtain: 



Substitute numerical values and 
evaluate vq x : 



Note that, at the brick’s highest point, 
Vy = 0. 


Vectors, Vector Addition, and Coordinate Systems 


38 • 

Picture the Problem Let the positive y direction be straight up, the positive x direction 
be to the right, and A and B be the position vectors for the minute and hour hands. The 
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pictorial representation below shows the orientation of the hands of the clock for parts (a) 
through ( d ). 



The position vector for the hour 
hand at 12:00 is: 


= (0.25 m)j 


(b ) At 3:30, the minute hand is positioned along the —y axis, while the hour hand is at an 
angle of (3.5 h)/12 h x 360° = 105°, measured clockwise from the top. 

The position vector for the minute 
hand is: 



Find the x-component of the vector 
representing the hour hand: 

Find the v-component of the vector 
representing the hour hand: 

The position vector for the hour 
hand is: 


B x = (0.25 m)sin 105° = 0.241m 
B y = (0.25m)cosl05° =-0.0647m 

B 3 3 o = (0.241 m)/ - (0.0647m)y 


(c) At 6:30, the minute hand is positioned along the —y axis, while the hour hand is at an 
angle of (6.5 h)/12 h x 360° = 195°, measured clockwise from the top. 

The position vector for the minute 
hand is: 



Find the x-component of the vector = (0.25m)sin 195° =-0.0647 m 

representing the hour hand: 

Find the v-component of the vector B = (0.25m)cosl95° = -0.241m 

representing the hour hand: 

The position vector for the hour 
hand is: 



6/) At 7:15, the minute hand is positioned along the +x axis, while the hour hand is at an 
angle of (7.25 h)/12 h x 360° = 218°, measured clockwise from the top. 
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The position vector for the minute 
hand is: 

Find the x-componcnt of the vector 
representing the hour hand: 

Find the v-component of the vector 
representing the hour hand: 

The position vector for the hour 
hand is: 

(e) Find A - B at 12:00: 


Find A - B at 3:30: 


Find A - B at 6:30: 


Find A -B at 7:15: 


(0.5m)i 


B x = (0.25m)sin218° = -0.154 m 


B v = (0.25m)cos218° = -0.197m 



-(0.154m)/ - (0.197 m)j 


A - B = (0.5 m )j - (0.25 m )j 
= (0-25 m )j 

A-B = -(0.5m)y 

- [(0.24 lm)/-(0.0647 m)j] 
= - (0.241 m)i - (0.435 m)y 

A-B = -(0.5 m)y 

- [(0.0647 m)/ - (0.24 lm)y] 
= - (0.0647m)/ - (0.259m)y 

A-B = (0.5 m)y 

- - ( 0 .152 m)/ - ( 0 .197m)y] 
= (0.152m)/ + (0.697m)y 


*39 • 

Picture the Problem The resultant displacement is the vector sum of the individual 
displacements. 


The two displacements of the bear 
and its resultant displacement are 
shown to the right: 


N 


/ 

/ 



E 












Using the law of cosines, solve for 
the resultant displacement: 
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Using the law of sines, solve for a: 


R 2 = (l2m) 2 +(l2m) 2 

-2(l2m)(l2m)eosl35 c 

and 

R = 22.2 m 


sina sinl35 c 


12 m 22.2 m 
a = 22.5° and the angle with the 


horizontal is 45° - 22.5° = 22.5° 


40 • 

Picture the Problem The resultant displacement is the vector sum of the individual 


displacements. 

(a) Using the endpoint coordinates 
for her initial and final positions, 
draw the student’s initial and final 
position vectors and construct her 
displacement vector. 


Find the magnitude of her 
displacement and the angle this 
displacement makes with the 
positive x-axis: 



Her displacement is 5-Jl m @135°. 


His initial and final positions are the same as in (a), so his displacement is 
also 5-\/2 @135°. 


*41 • 

Picture the Problem Use the standard rules for vector addition. Remember that 
changing the sign of a vector reverses its direction. 

(a) (b) 
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(c) (d) 




(e) 


42 • 

Picture the Problem The figure 
shows the paths walked by the 
Scout. The length of path A is 

2.4 km; the length of path B is 

2.4 km; and the length of path C is 

1.5 km: 


(a) Express the distance from the 
campsite to the end of path C: 

( b ) Determine the angle 6 subtended 
by the arc at the origin (campsite): 


His direction from camp 
is 1 rad north of east. 


(c) Express the total distance as the d t01 = d eas t + d arc + toward camp 

sum of the three parts of his walk: 


N 



2.4 km - 1.5 km = 0.9km 


"radians 


_ arc length _ 2.4 km 
radius 2.4 km 
= lrad = 57.3° 



Substitute the given distances to 
find the total: 


rftot = 2.4 km + 2.4 km +1.5 km 
= 6.3 km 














Motion in One and Two Dimensions 141 


Express the ratio of the magnitude 
of his displacement to the total 
distance he walked and substitute to 
obtain a numerical value for this 
ratio: 


Magnitude of his displacement 0.9km 
Total distance walked 6.3 km 


7 


43 • 

Picture the Problem The direction of a vector is determined by its components. 


9 = tan -1 

V 


-3.5m/s^ 
5.5m/s , 


-32.5° 


The vector is in the fourth quadrant and 


( b ) is correct. 


44 • 

Picture the Problem The components of the resultant vector can be obtained from the 
components of the vectors being added. The magnitude of the resultant vector can then 
be found by using the Pythagorean Theorem. 


A table such as the one shown to the 
right is useful in organizing the 

information in this problem. Let D 
be the sum of vectors A, B, and C. 


Determine the components ofDby 
adding the components of A, B, 
and C. 

Use the Pythagorean Theorem to 
calculate the magnitude of D : 


Vector 

x-component 

y-componcnt 

A 

6 

-3 

B 

-3 

4 

C 

2 

5 

D 




D x = 5 and D y = 6 


D = 

VU+A A 

(5)M6) 2 

and 

(< d ) is correct. 



7.81 


45 • 

Picture the Problem The components of the given vector can be determined using right- 
triangle trigonometry. 

Use the trigonometric relationships between the magnitude of a vector and its 
components to calculate the x- and v-components of each vector. 



A 

e 

A x 

A y 

(a) 

10m 

30° 

8.66 m 

5 m 

(b) 

5 m 

45° 

3.54 m 

3.54 m 

(c) 

7 km 

O 

O 

3.50 km 

6.06 km 

(d) 

5 km 

90° 

0 

5 km 
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(e) 

15 km/s 

150° 

-13.0 km/s 

7.50 km/s 

if) 

10 m/s 

240° 

-5.00 m/s 

-8.66 m/s 

(g) 

8 m/s 2 

270° 

0 

-8.00 m/s 2 


*46 • 

Picture the Problem Vectors can be added and subtracted by adding and subtracting 
their components. 


Writer in component form: 


(a), ( b ), (c) Add (or subtract) x- and 
v-components: 


(i d) Solve for G and add 
components to obtain: 


A x = (8 m) cos 37° = 6.4 m 
A y = (8 m) sin 37° = 4.8 m 

• • A = (6.4 m)/ +(4.8m)y 


(0.4m)/ + (7.8m)j 


(-3.4m)/ -(9.8m)/ 


(-17.6m)/ + (23.8m)y 

-I 

2 

A + B + 2C / 


(l.3m)/ -(2.9m)y 



47 •• 

Picture the Problem The magnitude of each vector can be found from the Pythagorean 
theorem and their directions found using the inverse tangent function. 


(a) A = 5i + 3j 


(b) B = \0i-7j 


(c) C = -2 / - 3j + 4k 


A = A A 


+ < = 


5.83 


and, because A is in the 1 st quadrant, 



( A >) 



6 - tan 1 

= 

31.0° 


UJ 




s = ^sJ77f = 


12.2 


and, because B is in the 4 th quadrant, 

/ B..^ 

6 = tan 


V j 


-35.0 C 


c=^c;+c 2 r +c; = 


5.39 



C 3 



cos 1 

z 

= 

42.1° 


IcJ 




where 0 is the polar angle measured from 
the positive z-axis and 
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48 • 

Picture the Problem The magnitude and direction of a two-dimensional vector can be 
found by using the Pythagorean Theorem and the definition of the tangent function. 


(a) A = -4i -7 j 


B = 3i-2j 



8.06 


and, because A is in the 3 rd quadrant, 



(JL\ 



0 = tan 1 


= 

240° 


UJ 




b = jb: + b: = 


3.61 


and, because B is in the 4 th quadrant, 



f B) 



6 - tan 1 

y 

= 

-33.7° 






C = A 4 B = i - 9/ 


C = 



and, because C is in the 3 rd quadrant, 



f C ) 



6 = tan 1 

y 

= 

264° 


[cJ 




(b) Follow the same steps as in (a). 


A = 
B = 
C = 


4.12 

632 

JJi 


-76.0° 

71.6° 


33.7° 



49 • 

Picture the Problem The components of these vectors are related to the magnitude of 
each vector through the Pythagorean Theorem and trigonometric functions. In parts (a) 
and ( b ), calculate the rectangular components of each vector and then express the vector 
in rectangular form. 
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(a) Express v in rectangular form: 


Evaluate v x and v y : 


Substitute to obtain: 


( b ) Express V in rectangular fonn: 
Evaluate A x and A v : 


Substitute to obtain: 

(c) There is nothing to calculate as 
we are given the rectangular 
components: 


v = V J +V 


v x = (10 m/s) cos 60° = 5 m/s 
and 

v,, = (10 m/s) sin 60° = 8.66 m/s 


v = 


(5 m/s)/ +(8.66 m/s)/ 


A = AJ + AJ 

A x = (5 m) cos 225° = -3.54 m 
and 

A y = (5 m) sin 225° = -3.54 m 


A = 
r = 


(-3.54m)/ +(-3.54m)/ 


(l4m)/ - (6m)/ 


50 • 

Picture the Problem While there are infinitely many vectors B that can be constructed 
such that A= B, the simplest are those which lie along the coordinate axes. 


Determine the magnitude of A : 


Write three vectors of the same 
magnitude as A : 


A = yjA x +Ay = a/3 2 +4 2 


= 5 


B ] = 5i, B 2 = -5i, and B , =5/ 


The vectors are shown to the right: 


y 
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*51 •• 

Picture the Problem While there are 
several walking routes the fly could take to 
get from the origin to point C, its 
displacement will be the same for all of 
them. One possible route is shown in the 
figure. 



Express the fly’s 

D=A+B+C 

displacement D during its trip from 
the origin to point C and find its 

= (3 m )i + (3 m) 1 j + (3 m)k 

magnitude: 

and 


D = -^(3 m) 2 + (3 m) 2 + (3 m) 2 


5.20 m 


*52 • 

Picture the Problem The diagram shows the locations of the transmitters relative to the 
ship and defines the distances separating the transmitters from each other and from the 
ship. We can find the distance between the ship and transmitter B using trigonometry. 



Relate the distance between A and B 

+„ n a — ab 

to the distance from the ship to A iaii u ^ 

and the angle &. SB 


Solve for and evaluate the distance 
from the ship to transmitter B: 


a 


SB 


D 


AB 


tan# 


100 Ion 
tan 30° 


173km 
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Velocity and Acceleration Vectors 

53 • 

Picture the Problem For constant speed 
and direction, the instantaneous velocity is 
identical to the average velocity. Take the 
origin to be the location of the stationary 
radar and construct a pictorial 
representation. 


N(y) 



Express the average velocity: 


Determine the position vectors: 


Find the displacement vector: 


Substitute for A r and At to find the 
average velocity. 


A r 

V av = — 

At 

r x =(-10 km )j 
and 

r 2 = (l4.1km)/ + (-14.1km)y 


A r = r 2 - rj 

= (l4.1 km)/ + (-4.1 km); 


(l4.1km)/ +(-4.1 km)/ 
lh 

(l4.1km/h)/ +(-4.1 km/h)y 


54 • 

Picture the Problem The average velocity is the change in position divided by the 
elapsed time. 


(a) The average velocity is: 

Find the position vectors and the 
displacement vector: 


Find the magnitude of the 
displacement vector for the interval 
between t = 0 and t = 2 s: 


A r 

V av = TT 

At 

r 0 = (2m)/ + (3m); 

f 2 = (6m)/ + (7m)y 
and 

Ar = r 2 - r x = (4 m)/ + (4 m )/ 

A r 02 = -J(4m) 2 + (4m) 2 = 5.66m 
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Substitute to determine v av : 


( b ) Repeat (a), this time using the 
displacement between t = 0 and 
t = 5 s to obtain: 


V av = 

and 


5.66 m 


2s 


2.83 m/s 


0 = tan 1 


'4m' 


v 4m ; 


45.0° 


measured 


from the positive x axis. 


r 5 = (l 3 m )i + (l4 m )j, 

A r 05 = f 5 - r 0 = (l 1 m)i + (l 1 m )j 

A r 05 = -y/(11m) 2 +(llm) 2 = 15.6 
15.6m 


m. 


V av = 

and 


5s 


3.1 lm/s 


0 = tan 1 


/i, A 

11 ill 


11m 


45.0° 


measured 


from the positive x axis. 


*55 • 

Picture the Problem The magnitude of the velocity vector at the end of the 2 s of 
acceleration will give us its speed at that instant. This is a constant-acceleration problem. 


Find the final velocity vector of the 
particle: 


Find the magnitude of v : 


V = V x* + V yJ = V J +a y t J 

= (4.0m/s)i +(3.0m/s 2 )(2.0s)/ 
= (4.0m/s)i +(6.0m/s)y 


v = j(4.0m/s) 2 +(6.0 m/s) 1 =7.21m/s 


and 


(. b ) is correct. 


56 • 

Picture the Problem Choose a coordinate system in which north coincides with the 
positive y direction and east with the positive x direction. Expressing the west and north 
velocity vectors is the first step in determining Av and a. v .. 

(a) The magnitudes of Av = v N - v w 

v w and v v are 40 m/s and 30 m/s, - 

= -lOm/s 

respectively. The change m the - 

magnitude of the particle’s velocity 
during this time is: 
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( b ) The change in the direction of 
the velocity is from west to north. 

(c) The change in velocity is: 


Calculate the magnitude and 
direction ofAv : 


( d) Find the average acceleration 
during this interval: 


The magnitude of this vector is: 


The change in direction is 90° 


Av = v N - v w = (30 m/s)/ - (- 40 m/s)/ 
= (40m/s)i + (30 m/s)/ 

|Av| = yj (40 m/s) 2 + (30 m/s) 
and 

! 30m/s 


50m/s 


^.axis = tan 


40 m/s 


36.9° 


«av = Av/A t = 


(40m/s)i +(30 m/s )j 


5s 


= (8 m/s 2 )/ + (hm/s’jj 


/(8m/s 2 ; 

2 + 

6 m/s 2 

2 = 

10m/s 2 


«av = 

and its direction is 
0 = tan -1 


^m/s 2 ^ 


8m/s‘ 


36.9 C 


measured 


from the positive x axis. 


57 • 

Picture the Problem The initial and final positions and velocities of the particle are 
given. We can find the average velocity and average acceleration using their definitions 

by first calculating the given displacement and velocities using unit vectors i and j. 


(a) The average velocity is: 

The displacement of the particle 
during this interval of time is: 

Substitute to find the average 
velocity: 


v m =^r/At 

A? = (lOOm)/ + (80 m)j 
_ _ (lOO m)i + (80m)/ 

^av 

3s 

= (33.3 m/s)i+(26.7 m/s)/ 

«av = Av/At 


(b ) The average acceleration is: 
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Find Vj, v 2 , and Av : v, = (28.3 m/s)/+(28.3 m/s)j 

and 

v 2 = (l 9.3 m/s)/ + (23.0 m/s)/ 

.'. Av = (-9.00m/s)/ + (-5.30 m/s)/ 


Using At = 3 s, find the average 
acceleration: 


(-3.00 m/s 2 )/ +(-1.77 m/s 2 )/ 


*58 •• 

Picture the Problem The acceleration is constant so we can use the constant-acceleration 
equations in vector fonn to find the velocity at t = 2 s and the position vector at t = 4 s. 

(a) The velocity of the particle, as a v =v 0 +at 

function of time, is given by: 


Substitute to find the velocity at 
t = 2 s: 


v = (2 m/s) / +(-9 m/s)/ 

+ [(4 m/s 2 )/ +(3 m/s 2 )/](2s) 
= (10m/s)/ + (-3m/s)/ 


( b ) Express the position vector as a 
function of time: 

Substitute and simplify: 


r = r 0 +v 0 t +\af 

r = (4 m)/ + (3 m) j 

+ [(2 m/s) / + (-9 m/s)/](4 s) 

+ j[(4 m/s 2 ) / + (3 m/s 2 )y](4s) 2 
= (44 m)/ + (-9 m)/ 


Find the magnitude and direction of 
r at t = 4 s: 


r(A s) = yj( 44 m) 1 + (-9 m)" = 


44.9 m 


and, because r is in the 4 th quadrant, 
0 = tan 1 


( n > 

-9m 


44 m 


- 11 . 6 ° 


59 •• 

Picture the Problem The velocity vector is the time-derivative of the position vector and 
the acceleration vector is the time-derivative of the velocity vector. 

v = — = — [(3 Of)/ + (40f - 5t 2 )/ 
dt dt L ' V J i 

= 30/ + (40 - iot)y 


Differentiate r with respect to time: 
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Differentiate v with respect to time: 


where v has units of m/s if t is in seconds. 


a = 


dv _ d 
dt dt 


30/+(40-1 Of)/] 


(- 10 m/s 2 )./' 


60 •• 

Picture the Problem We can use the constant-acceleration equations in vector form to 
solve the first part of the problem. In the second part, we can eliminate the parameter t 
from the constant-acceleration equations and express y as a function of x. 


(a) Use v = v 0 + at with v 0 = 0 to 
find v : 

Use r = r 0 + v 0 t + \at 2 withr 0 = (l 0 m)/ to find r : 


V = 

(6m/s 2 

i + (dm/s 1 _ 

A 


r = 

(l 0m) + (3m/s 2 )/ 2 

i + 

(2m/s 2 )/ 2 J/ 


(b) Obtain the x and y components 
of the path from the vector equation 
in (a): 

Eliminate the parameter t from these 
equations and solve for_y to obtain: 


x = 10m + (3 m/s 2 )/ 2 


and 

v = (2 m/s 2 )r 


2 20 

y = —x -m 

3 3 


Use this equation to plot the graph shown below. Note that the path in the xy plane is a 
straight line. 
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61 ••• 

Picture the Problem The displacements 
of the boat are shown in the figure. We 
need to determine each of the 
displacements in order to calculate the 
average velocity of the boat during the 30- 
s trip. 


N,y 



(a) Express the average velocity of 
the boat: 


A r 
At 


Express its total displacement: 


Ar = Ar N + Ar w 



v w At w 



To calculate the displacement we 
first have to find the speed after the 
first 20 s: 


Substitute to find the average 
velocity: 


( b ) The average acceleration is 
given by: 


(c) The displacement of the boat 
from the dock at the end of the 30-s 
trip was one of the intermediate 
results we obtained in part (a). 


so 

A r 


= v N f = a N At N = 60 m/s 

=t« k (A t N ) 2 j - (60 m/s)A/ w / 
= (600m)y - (600m)/ 

A f (600m)(-/ + j ) 

At 30s 


(20m/s)(- / + j) 

Ar _ v f - vj 
At At 


(-60 m/s)/ -0 
30s 



A r = (600m )j + (- 600m)/ 
= (600m)(-/ +jf 
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*62 ••• 

Picture the Problem Choose a coordinate 
system with the origin at Petoskey, the 
positive x direction to the east, and the 
positive y direction to the north. Let t = 0 at 
9:00 a.m. and # be the angle between 
Robert’s velocity vector and the easterly 
direction and let "M" and "R" denote Mary 
and Robert, respectively. You can express 
the positions of Mary and Robert as 
functions of time and then equate their 
north (y) and east (x) coordinates at the 
time they rendezvous. 

Express Mary’s position as a 
function of time: 


N(y) 

I 



4= vi =(8f)y 

where r M is in miles if t is in hours. 


Note that Robert’s initial position (xj, y,) = (-13 mi, 22.5 mi) 

coordinates (x i5 y,) are: 

Express Robert’s position as a function of time: 

4 = V, + (v R cos#)(f -1)]) / + [y, + (v R sin#)(f -1)1/ 

= [-13 + {6 (t -1) cos #} ]/ + [22.5 + {6 (t -1) sin #} ] j 
where r R is in miles if t is in hours. 


When Mary and Robert rendezvous, East: -13 + 6? cos # - 6 cos # = 0 (1) 

their coordinates will be the same. 

Equating their north and east North: 22.5 + 6t sin#- 6 sin#= St (2) 

coordinates yields: 


Solve equation (1) for cos#: 


cos# = 


13 


(3) 


Solve equation (2) for sin#: 


sin# = 


St-22.5 

«('-!) 


Square and add equations (3) and (4) to obtain: 


(4) 


sin 2 # + cos 2 # = 1 


~St-22.5~ 

2 

13 

6(/-l) _ 


k'-oJ 


Simplify to obtain a quadratic 28t 2 -288f + 639 = 0 

equation in t: 



Solve (you could use your 
calculator’s ''solver'' function) this 


3.24h = 3h 15min 












equation for the smallest value of t 
(both roots are positive) to obtain: 
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Now you can find the distance 
traveled due north by Mary: 


= v M t = (8mi/h)(3.24h) = 


25.9 mi 


Finally, solving equation (3) for 6 and substituting 3.24 h for t yields: 


6 = cos 1 


13 


4-i). 


= cos 


13 


6(3.24-1) 


= 14.7° 


and so Robert should head 14.7° north of east. 


Remarks: Another solution that does not depend on the components of the vectors 
utilizes the law of cosines to find the time t at which Mary and Robert meet and then 
uses the law of sines to find the direction that Robert must head in order to 
rendezvous with Mary, 


Relative Velocity 

63 •• 

Picture the Problem Choose a coordinate 
system in which north is the positive y 
direction and east is the positive x 
direction. Let 0 be the angle between 
north and the direction of the plane’s 
heading. The velocity of the plane relative 
to the ground, v PG , is the sum of the 
velocity of the plane relative to the air, 
v PA , and the velocity of the air relative to 
the ground, v AG . i.e., 


The pilot must head in such a direction that 
the east-west component of v PG is zero in 
order to make the plane fly due north. 


N 



(a) From the diagram one can see vag cos 45° = v P a sint? 

that: 

Solve for and evaluate 6\ f 5 ^ 6 km/h 

6 = snT 1 — : - 

v 250 km/h y 

= 13.1° west of north 


|v pG I = (250 km/h) cos 13.1° 

+ (80 km/h) sin 45° 


(b) Because the plane is headed due 
north, add the north components of 
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v PA and v AG to determine the 
plane’s ground speed: 

64 •• 

Picture the Problem Let v SB represent the 
velocity of the swimmer relative to the 
bank; v sw the velocity of the swimmer 

relative to the water; and V WB the velocity 
of the water relative to the shore; i.e., 


The current of the river causes the 
swimmer to drift downstream. 


300 km/h 



(a) The triangles shown in the figure 
are similar right triangles. Set up a 
proportion between their sides and 
solve for the speed of the water 
relative to the bank: 


k wb 


"sw 

and 


40 m 
80 m 


= |(l.6m/s) = 


0.800 m/s 


( b ) Use the Pythagorean Theorem to _ j ~2 ^2 

solve for the swimmer’s speed SB * sw ws 

relative to the shore: = ^(l. 6 m/s ) 2 +( 0 . 8 m/s ) 2 

= 1.79m/s 


(c) The swimmer should head in a 
direction such that the upstream 
component of her velocity is equal 
to the speed of the water relative to 
the shore: 


Use a trigonometric function to 
evaluate &. 
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*65 •• 

Picture the Problem Let the velocity of 
the plane relative to the ground be 
represented by v PG ;the velocity of the 

plane relative to the air by V PA , and the 
velocity of the air relative to the ground by 
v ag . Then 


Vp G = V PA +V AG (1) 

Choose a coordinate system with the origin 
at point A, the positive x direction to the 
east, and the positive y direction to the 
north. 9 is the angle between north and the 
direction of the plane’s heading. The pilot 
must head so that the east-west component 
of v PG is zero in order to make the plane fly 
due north. 


N(y) 



S 


Use the diagram to express the 
condition relating the eastward 
component of V AG and the 

westward component of v PA . This 
must be satisfied if the plane is to 
stay on its northerly course. [Note: 
this is equivalent to equating the x- 
components of equation ( 1 ).] 

Now solve for 9 to obtain: 


(50 km/h) cos 45° = (240 km/h) sin/? 


6 l = sin 1 


(50km/h)cos45° 
240 km/h 


8.47° 


Add the north components of V PA 
and v AG to find the velocity of the 
plane relative to the ground: 


Vpg + v A Gsin45° = vp A cos8.47° 
and 

Vp G = (240 km/h)cos 8.47° 

- (50 km/h)sin 45° 
= 202 km /h 


Finally, find the time of flight: 


flight 


distance travelled 


520 km 
202 km/h 


2.57 h 
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66 •• 

Picture the Problem Let v BS be the 

velocity of the boat relative to the shore; 
v BW be the velocity of the boat relative to 

the water; and v ws represent the velocity of 

the water relative to the shore. 
Independently of whether the boat is going 
upstream or downstream: 

V BS — V BW + V WS 

Going upstream, the speed of the boat 
relative to the shore is reduced by the speed 
of the water relative to the shore. 


Going downstream, the speed of the boat 
relative to the shore is increased by the 
same amount. 


L- 2 km 


B 


c 


v ws = 1.4 km/h 


Going upstream: 

V WS U BS 



V BW 


Going downstream: 

U BW V \NS 



For the upstream leg of the trip: v B s = vbw - vws 

For the downstream leg of the trip: v B s = v B w + vws 


Express the total time for the trip in 
terms of the times for its upstream 
and downstream legs: 


hotal ^upstream "F ^downstream 


L L 

- 1 - 

V BW — V WS V BW + V WS 


Multiply both sides of the equation 
by 0 BW - V Ws)( V BW F v ws) (tbe 
product of the- denominators) and 
rearrange the terms to obtain: 


2 L 


"BW 


v bw-F ws =0 


L total 


Solve the quadratic equation for 
v BW . (Only the positive root is 
physically meaningful.) 


BW 


5.18 km/h 


67 •• 

Picture the Problem Let v pg be the 

velocity of the plane relative to the ground; 
v ag be the velocity of the air relative to the 

ground; and v pa the velocity of the plane 
relative to the air. Then, v pg = v pa + 
v ag . The wind will affect the flight times 
differently along these two paths. 


N 



S 
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The velocity of the plane, relative to 
the ground, on its eastbound leg is 
equal to its velocity on its 
westbound leg. Using the diagram, 
find the velocity of the plane 
relative to the ground for both 
directions: 

Express the time for the east-west 
roundtrip in terms of the distances 
and velocities for the two legs: 


V = -J V — V 
pg V pa *ag 


i/(l 5 m/s) 2 - (5 m/s) 2 =14.1m/s 


^roundtrip,EW ^eastbound ^westbound 

radius of the circle 


*pg, eastbound 

radius of the circle 


pg,westbound 


2xl0_m 

14.1m/s 


= 141 s 


Use the distances and velocities for the two legs to express and evaluate the time for 
the north-south roundtrip: 


^roundtrip,NS ^northbound ^southbound 


10m 


radius of the circle radius of the circle 
- +- 


pg,northbound 

10 3 m 


^pg,southbound 


(15 m/s)-(5 m/s) (15 m/s) + (5 m/s) 


= 150s 


Because t roundtriPiEW < t roundtrip , NS , you should fly your plane across the wind. 


68 • 

Picture the Problem This is a relative 
velocity problem. The given quantities are 
the direction of the velocity of the plane 
relative to the ground and the velocity 
(magnitude and direction) of the air relative 
to the ground. Asked for is the direction of 
the velocity of the air relative to the 
ground. Using v PG = V PA + V AG , draw a 

vector addition diagram and solve for the 
unknown quantity. 


N 



Calculate the heading the pilot must 
take: 


6 = sin 1 


30 kts 
150 kts 


11.5° 


Because this is also the angle of the 
plane's heading clockwise from 
north, it is also its azimuth or the 
required true heading: 


Az = (011.5°) 
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*69 •• 

Picture the Problem The position of B 
relative to A is the vector from A to B; i.e., 

Cb 

The velocity of B relative to A is 
VAB=dr AB /dt 

and the acceleration of B relative to A is 
«ab =dv AB /dt 

Choose a coordinate system with the origin 
at the intersection, the positive x direction 
to the east, and the positive y direction to 
the north. 


40 


y, m 
1 B 1 


d b 


II II 


c- h 



— x, m 


(a) Find r B , r A , and r 


Evaluate r AB at t= 6 s: 
(b) Find v AB = dr M Jdt : 


Evaluate v AB at t= 6 s: 
(c) Find o AB = dv M Jdt : 


r B = [40m - y (2m/s 2 )t 2 1/‘ 

r A = [(20m/s)/]/ 
and 

? ab =r B ~r A 

= [(- 2()m/s)/]/ 

+ [dOm - 4 (2m/s 2 ) r ]/’ 


? ab( 6s )= (120m)/ + (4 m) y 


V AB 


^ab =A[{(_20 m/s )t]i 
dt dt LlV ; J 

+ {40 m - \ (2 m/s 2 )f' 2 )j ] 

= (-20 m/s) / +(-2m/s 2 )t j 


v ab (6s)= (- 20 m/s)/ - (l 2 m,/s)y 
d [(-20 m/s) / + (-2 m/s 2 )t j 


a AB 


dt 


- 2 m/s 2 )/ 


Note that a AB is independent of time. 


*70 ••• 

Picture the Problem Let h and h' represent the heights from which the ball is dropped 
and to which it rebounds, respectively. Let v and v' represent the speeds with which the 
ball strikes the racket and rebounds from it. We can use a constant-acceleration equation 
to relate the pre- and post-collision speeds of the ball to its drop and rebound heights. 
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(a) Using a constant-acceleration 
equation, relate the impact speed of 
the ball to the distance it has fallen: 


Relate the rebound speed of the ball 
to the height to which it rebounds: 


Divide the second of these equations 
by the first to obtain: 


v 2 = v o + 2 g h 
or, because vo = 0 , 
v = y[2gh 

v 2 = v' 2 -2gh' 
or because v = 0 , 

v' = V2g^ 

v' _ yl 2 gh' _ j/T 
v ^2 gh V h 


Substitute for h' and evaluate the 
ratio of the speeds: 


v 

v 


\° Mh - 08 


0 . 8 v 

h 


( b ) Call the speed of the racket V. In a reference frame where the racket is 
unmoving, the ball initially has speed V, moving toward the racket. After it 
"bounces" from the racket, it will have speed 0.8 V, moving away from the racket. 


In the reference frame where the 
racket is moving and the ball 
initially unmoving, we need to add 
the speed of the racket to the speed 
of the ball in the racket's rest frame. 
Therefore, the ball's speed is: 


V = V + 0.8F = 1.8F = 45 m/s 


lOOmi/h 


This speed is close to that of a tennis pro’s 
serve. Note that this result tells us that the 
ball is moving significantly faster than the 
racket. 


From the result in part ( b ), the ball can never move more than twice as fast 
as the racket. 


Circular Motion and Centripetal Acceleration 

71 • 

Picture the Problem We can use the definition of centripetal acceleration to express a c in 
terms of the speed of the tip of the minute hand. We can find the tangential speed of the 
tip of the minute hand by using the distance it travels each revolution and the time it takes 
to complete each revolution. 


Express the acceleration of the tip of 
the minute hand of the clock as a 
function of the length of the hand 
and the speed of its tip: 


v 


2 


R 


2 kR 
v =- 


Use the distance the minute hand 
travels every hour to express its 
speed: 


T 
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Substitute to obtain: 


Substitute numerical values and 
evaluate a c : 


Express the ratio of a c to g: 


4 n~R 

rp2 


4r(0.5m) 
(3600 s) 2 


1.52 xlO 6 m/s 2 


g 


1.52xlO 6 m/s 2 
9.81m/s 2 


1.55x10 7 


72 • 

Picture the Problem The diagram shows 
the centripetal and tangential accelerations 
experienced by the test tube. The tangential 
acceleration will be zero when the 
centrifuge reaches its maximum speed. The 
centripetal acceleration increases as the 
tangential speed of the centrifuge increases. 
We can use the definition of centripetal 
acceleration to express a c in terms of the 
speed of the test tube. We can find the 
tangential speed of the test tube by using 
the distance it travels each revolution and 
the time it takes to complete each 
revolution. The tangential acceleration can 
be found from the change in the tangential 
speed as the centrifuge is spinning up. 



(a) Express the acceleration of the 
centrifuge arm as a function of the 
length of its arm and the speed of 
the test tube: 


v 


2 


R 


Use the distance the test tube travels 2nR 

every revolution to express its v = ~f~ 

speed: 


Substitute to obtain: 


4 n~R 
T 2 


Substitute numerical values and 
evaluate a c : 


4;r(0.15m) 

1 min 60s^| 

-x- 

v 15000 rev min y 

3.70xlO 5 m/s 2 
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( b ) Express the tangential 
acceleration in terms of the 
difference between the final and 
initial tangential speeds: 


a t 


\i 



At 


2 nR 
TAt 


Substitute numerical values and 
evaluate aj. 


a t = T 


2;r(0.15m) 


lmin 


60s 


15000 rev min 


(75 s) 


3.14m/s~ 


73 • 

Picture the Problem The diagram includes 
a pictorial representation of the earth in its 
orbit about the sun and a force diagram 
showing the force on an object at the 
equator that is due to the earth’s rotation, 
F R , and the force on the object due to the 
orbital motion of the earth about the sun, 
F o .Because these are centripetal forces, 

we can calculate the accelerations they 
require from the speeds and radii associated 
with the two circular motions. 



Express the radial acceleration due 
to the rotation of the earth: 

Express the speed of the object on 
the equator in terms of the radius of 
the earth R and the period of the 
earth’s rotation T R : 

Substitute for v R in the expression 
for a R to obtain: 

Substitute numerical values and 
evaluate a R : 


R 

2 nR 


a R 


Ati 2 R 


a R 


4;r 2 (6370xl0 3 m) 



3.37xlO 2 m/s 2 


3.44x 10 3 g 


Note that this effect gives rise to the well- 
known latitude correction for g. 
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Express the radial acceleration due v 2 

<7 = — 

to the orbital motion of the earth: r 


Express the speed of the object on 
the equator in terms of the earth-sun 
distance r and the period of the 
earth’s motion about the sun T 0 : 

Substitute for v Q in the expression 
for a 0 to obtain: 


2 nr 



Substitute numerical values and evaluate 
a Q : 


4;r 2 (l.5xlO n m) 


(hbSd j 

r 24h^| 

f 3600s^| 


[id J 

l lh JJ 


5.95x10 3 m/s 2 


6.07x10 4 g 


74 •• 

Picture the Problem We can relate the acceleration of the moon toward the earth to its 
orbital speed and distance from the earth. Its orbital speed can be expressed in terms of its 
distance from the earth and its orbital period. From tables of astronomical data, we find 
that the sidereal period of the moon is 27.3 d and that its mean distance from the earth is 
3.84xl0 8 m. 

Express the centripetal acceleration 
of the moon: 

Express the orbital speed of the 
moon: 



Substitute to obtain: 


4;r 2 r 

rj-< 2 




4^ 2 (3.84xl0 8 m) 

f , 24h 3600s^ 
27.3 dx-x- 

V d h J 


= 2.72 xl(T 3 m/s 2 


2.78x10 g 


Substitute numerical values and 
evaluate a c : 


a, 


h 
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a r radius of earth . . 

Remarks: Note that — =--- (a c is just the acceleration 

g distance from earth to moon 

due to the earth’s gravity evaluated at the moon’s position). This is Newton’s 
famous "falling apple" observation. 

75 • 

Picture the Problem We can find the number of revolutions the ball makes in a given 
period of time from its speed and the radius of the circle along which it moves. Because 
the ball’s centripetal acceleration is related to its speed, we can use this relationship to 
express its speed. 


Express the number of revolutions 
per minute made by the ball in terms 
of the circumference c of the circle 
and the distance x the ball travels in 
time t: 

Relate the centripetal acceleration of 
the ball to its speed and the radius of 
its circular path: 

Solve for the speed of the ball: 





Express the distance x traveled in 
time t at speed v: 

Substitute to obtain: 


x = vt 


x = 




The distance traveled per revolution c = 2n R 

is the circumference c of the circle: 


( 1 ) 


Substitute in equation (1) to obtain: 


n = jRgf = J_ IJ t 

2 nR 2n\R 


Substitute numerical values and 
evaluate n: 


1 

n = — 
2 n 


1 9.81m/s 2 
\ 0.8m 


(60s) 


33.4 min 1 


Remarks: The ball will oscillate at the end of this string as a simple pendulum with 
a period equal to 1/n. 


Projectile Motion and Projectile Range 

76 • 

Picture the Problem Neglecting air resistance, the accelerations of the ball are constant 
and the horizontal and vertical motions of the ball are independent of each other. We can 
use the horizontal motion to determine the time-of-flight and then use this information to 
determine the distance the ball drops. Choose a coordinate system in which the origin is 
at the point of release of the ball, downward is the positive y direction, and the horizontal 
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direction is the positive x direction. 


Express the vertical displacement of 
the ball: 


Find the time of flight from 
v x = Ax/A t: 


Substitute to find the vertical 
displacement in 0.473 s: 


4v = v 0v At + }fl v (At) 2 
or, because Vo y = 0 and a y = g, 
Ay = \g{Atf 


(l8.4m)(3600s/h) 

(l 40 km/h) (l 000 m/km) 


0.473s 


A.y = ^9.81 m/s 2 )(0.473s) 2 


1.10m 


77 • 

Picture the Problem In the absence of air resistance, the maximum height achieved by a 
projectile depends on the vertical component of its initial velocity. 


The vertical component of the v 0v . = v 0 sin 0 Q 

projectile’s initial velocity is: 


Use the constant-acceleration 
equation: 


v r = v l y + 2a Ay 


Set v v = 0, a = -g , and Ay = h to 
obtain: 


h = 


(vq sin 0 Q ) 2 
2 g 


*78 •• 

Picture the Problem Choose the 
coordinate system shown to the right. 
Because, in the absence of air resistance, 
the horizontal and vertical speeds are 
independent of each other, we can use 
constant-acceleration equations to relate 
the impact speed of the projectile to its 
components. 



The horizontal and vertical velocity 
components are: 

Using a constant-acceleration 
equation, relate the vertical 


Vox = v x = V 0 cos6> 
and 

V03, = Vosin# 

= v o 2 v + 2 a v A y 

or, because a v = -g and Av = -h, 
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component of the velocity to the 
vertical displacement of the 
projectile: 

Express the relationship between the 
magnitude of a velocity vector and 
its components, substitute for the 
components, and simplify to obtain: 


v 2 y = (v 0 sin #) 2 + 2 gh 

v 2 = v l+ v l = (v 0 cos#) 2 +v 2 
= v 2 (sin 2 0 + cos 2 #)+ 2 gh 

= v 0 2 + 2 gh 


Substitute for v: 

Set v = 1.2 v 0 , h = 40 m and solve 
for V Q ; 

Remarks: Note that v is independent of 9. This will be more obvious once 
conservation of energy has been studied. 

79 •• 

Picture the Problem Example 3-12 shows that the dart will hit the monkey unless the 
dart hits the ground before reaching the monkey’s line of fall. What initial speed does the 
dart need in order to just reach the monkey’s line of fall? First, we will calculate the fall 
time of the monkey, and then we will calculate the horizontal component of the dart’s 
velocity. 


(l-2v 0 ) 2 =v 2 +2gh 


42.2 m/s 


Using a constant-acceleration 
equation, relate the monkey’s fall 
distance to the fall time: 

Solve for the time for 

the monkey to fall to the ground: 


h=\gt 


2 



Substitute numerical values and 
evaluate t: 


Let 9 be the angle the barrel of the 
dart gun makes with the horizontal. 
Then: 


/ 2 (11.2 m) 
V 9.81m/s 2 


1.51s 


0 - tan 1 


' lOm ' 

v 50m y 


11.3° 


v x _ (50m/1.51s) 
cos# 


Use the fact that the horizontal 
velocity is constant to determine vq: 


cosl 1.3° 


33.8m/s 
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80 •• 

Picture the Problem Choose the 
coordinate system shown in the figure to 
the right. In the absence of air resistance, 
the projectile experiences constant 
acceleration in both the x and y directions. 
We can use the constant-acceleration 
equations to express the x and y 
coordinates of the projectile along its 
trajectory as functions of time. The 
elimination of the parameter t will yield an 
expression for y as a function of x that we 
can evaluate at ( R , 0) and (R/2, h). Solving 
these equations simultaneously will yield 
an expression for 6. 

Express the position coordinates 
of the projectile along its flight 
path in terms of the parameter t : 

Eliminate the parameter t to 
obtain: 

Evaluate equation (1) at ( R , 0) to 
obtain: 

Evaluate equation (1) at (R/2, h) 
to obtain: 


y 



x = (v 0 cos 0)t 
and 

y = (v 0 sm6)t-\gt 2 


y = (tan 0)x-— 2 -^-x 2 (1) 

2v 0 cos 0 

2v„ sin 6 cos 6 

A = - 

g 

h _ ( v o sin Of 

2g 


Equate R and h and solve the 
resulting equation for 6 : 


d = tan '(4) = 


76.0° 


Remarks: Note that this result is independent of vq. 


81 •• 

Picture the Problem In the absence of air 
resistance, the motion of the ball is 
uniformly accelerated and its horizontal 
and vertical motions are independent of 
each other. Choose the coordinate system 
shown in the figure to the right and use 
constant-acceleration equations to relate the 
x and v components of the ball’s initial 
velocity. 



0 = tan 1 


v 


0 y 


V 


Ox 


Use the components of vo to express 
6 in terms of v 0a - and v 0v : 


( 1 ) 
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Use the Pythagorean relationship 
between the velocity and its 
components to express v 0 : 

Using a constant-acceleration 
equation, express the vertical speed 
of the projectile as a function of its 
initial upward speed and time into 
the flight: 

Because v y = 0 halfway through the 
flight (at maximum elevation): 

Determine vq x : 


V 0 — -\/ V 0a- + V 0 y (2) 

Vy= v 0y + a y t 


Vo y = (9.81 m/s 2 )(1.22 s) = 12.0 m/s 


Ax _ 40 m 
At 2.44s 


16.4m/s 


Substitute in equation (2) and 
evaluate vq: 


v 0 = ^/(l 6.4 m/s) 2 + (l 2.0 m/s) 2 
= 20.3m/s 


Substitute in equation (1) and 
evaluate 9: 


6 = tan 1 


/ 12.0m/s^ 
v 16.4m/s y 


36.2° 


*82 •• 

Picture the Problem In the absence of 
friction, the acceleration of the ball is 
constant and we can use the constant- 
acceleration equations to describe its 
motion. The figure shows the launch 
conditions and an appropriate coordinate 
system. The speeds v, v x , and v y are related 
through the Pythagorean Theorem. 


.v 



The squares of the vertical and 
horizontal components of the 
object’s velocity are: 


v 2 y = v 2 sin 2 6 - 2 gh 
and 

v 2 = v 2 cos 2 6 


The relationship between these 
variables is: 



+ v 


2 

y 


2 


V 


v 2 o ~2gh 


Substitute and simplify to obtain: 


Note that v is independent of 6... as was 
to be shown. 
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83 •• 

Picture the Problem In the absence of air 
resistance, the projectile experiences 
constant acceleration during its flight and 
we can use constant-acceleration equations 
to relate the speeds at half the maximum 
height and at the maximum height to the 
launch angle 6 of the projectile. 



The angle the initial velocity makes v 0 

with the horizontal is related to the t an 6 - — 

initial velocity components. v ° x 


Write the equation 

v ? = v or + 2aA y, for Ay = h and 

v y = 0: 

Write the equation 

v l = v or + 2a A y, for Ay = h! 2: 


Ay = h => 0 = v 0 2 v - 2gh (1) 
4y = |=>v* =v 2 0 y-2g^ (2) 


We are given v y = (3/4)vo. Square 
both sides and express this using the 
components of the velocity. The x 
component of the velocity remains 
constant. 


2 , 2 

V0* + Vy = 




( V L+ V 0y) 


where we have used v v = v 


Ox * 


(3) 


(Equations 1, 2, and 3 constitute three equations and four unknowns v 0x , v 0y , v y , and h. To 
solve for any of these unknowns, we first need a fourth equation. However, to solve for 
the ratio (vo y Ay x ) of two of the unknowns, the three equations are sufficient. That is 
because dividing both sides of each equation by Vq x gives three equations and three 
unknowns v y /vo x , vo y /vo x , and h! v f j x . 


Solve equation 2 for gh and 
substitute in equation 1: 


2 

Substitute for v in equation 3: 


< = 




-V. I=>V, = — 


2.1 7 


l 7 7 \ 
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2 

Divide both sides by v 0v and solve 
for voy/vox to obtain: 


2 v 0 2 , 

and 


16 


f 2 h 
V V o xj 




y 0x 


Using tan 0= vo y /vo x , solve for 0: 


0 = tan 


-i 


f v ^ 

V 0y 

V v 0 xj 


= tan 


■(V7)= 


69.3° 


84 • 

Picture the Problem The horizontal speed 
of the crate, in the absence of air resistance, 
is constant and equal to the speed of the 
cargo plane. Choose a coordinate system in 
which the direction the plane is moving is 
the positive x direction and downward is 
the positive y direction and apply the 
constant-acceleration equations to describe 
the crate’s displacements at any time 
during its flight. 



(a) Using a constant-acceleration 
equation, relate the vertical 
displacement of the crate Ay to the 
time of fall At: 

Ay = v 0y A t + |g(At ) 2 
or, because v 0) , = 0 , 

Ay = |g(At ) 2 

Solve for At: 

At = 

ff 

Substitute numerical values and 
evaluate At: 

At = 

| 2 (l 2 xl 0 3 m) _ 

V 9.81m/s 2 


(b ) The horizontal distance traveled 
in 49.5 s is: 


(c) Because the velocity of the plane 
is constant, it will be directly over 
the crate when it hits the ground; 
i.e., the distance to the aircraft will 
be the elevation of the aircraft. 


R = Ax = v 0x A t 


= (900 km/h / 1(49.5 s) 


\ 3600s 


12.4km 


Av = 


12.0 km 
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*85 •• 

Picture the Problem In the absence of air 
resistance, the accelerations of both Wiley 
Coyote and the Roadrunner are constant 
and we can use constant-acceleration 
equations to express their coordinates at 
any time during their leaps across the 
gorge. By eliminating the parameter t 
between these equations, we can obtain an 
expression that relates their y coordinates 
to their x coordinates and that we can solve 
for their launch angles. 

(a) Using constant-acceleration 
equations, express the x coordinate 
of the Roadrunner while it is in 
flight across the gorge: 



* = *o+ v o J + jaf 
or, because x 0 = 0 , a x = 0 and 
Vq x ~ Vo cos Oq, 
x = (v 0 cos6* 0 )t 


Using constant-acceleration 
equations, express the y coordinate 
of the Roadrunner while it is in 
flight across the gorge: 


Eliminate the parameter t to obtain: 


Letting R represent the 
Roadrunner’s range and using the 
trigonometric identity 
sin 2 #= 2 sint?cos 6 ? solve for and 
evaluate its launch speed: 

( b ) Letting R represent Wiley’s 
range, solve equation ( 1 ) for his 
launch angle: 


y = j'o+voZ+W 2 

or, because yo = 0 , a v —g and 
Vo y = Vo sin 

y - ( v o sin e 0 )t-\gt 2 



(l4.5m)(9.81m/s J 
(l 8.0 m/s ) 2 


Substitute numerical values and ] 

evaluate (};. 9 0 = ~ s ' n 


13.0° 
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86 • 

Picture the Problem Because, in the 
absence of air resistance, the vertical and 
horizontal accelerations of the cannonball 
are constant, we can use constant- 
acceleration equations to express the ball’s 
position and velocity as functions of time 
and acceleration. The maximum height of 
the ball and its time-of-flight are related to 
the components of its launch velocity. 

( a ) Using a constant-acceleration 
equation, relate h to the initial and 
final speeds of the cannonball: 


Find the vertical component of the 
firing speed: 


y 



v 2 = v 0 2 v+2a_ v Ay 

or, because v = 0 and a y = -g, 

0 = %~2gAy 

v 0y = vosin# = (300 m/s)sin 45° 
= 212 m/s 


Solve for and evaluate h: 


(b ) The total flight time is: 


(c) Express the x coordinate of the 
ball as a function of time: 

Evaluate x (= R) when At = 43.2 s: 


h _ v ly _ (212 m/s) 2 

1 ~ 2g ~ 2(9.8lm/s 2 ) 


2.29km 


M = t uv +t dn =2t up 

_ Vp y _ 2(212 m/s) 
g 9.81m/s 2 

x = v 0x A t = (v 0 cos#)A/ 


43.2 s 


x = [(300m/s)cos45 o ](43.2s) 
= 9.16 km 


87 •• 

Picture the Problem Choose a coordinate 
system in which the origin is at the base of 
the tower and the x- and y -axes are as 
shown in the figure to the right. In the 
absence of air resistance, the horizontal 
speed of the stone will remain constant 
during its fall and a constant-acceleration 
equation can be used to determine the time 
of fall. The final velocity of the stone will 
be the vector sum of its x and y 
components. 


y,m 
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(a) Using a constant-acceleration 
equation, express the vertical 
displacement of the stone (the 
height of the tower) as a function of 
the fall time: 


Ay = v 0y At + ±a y (Atf 
or, because v 0y = 0 and a = -g, 
4y = -xg(Atf 


Solve for and evaluate the time of 
fall: 


Use the definition of average 
velocity to find the velocity with 
which the stone was thrown from 
the tower: 

(b) Find the y component of the 
stone’s velocity after 2.21 s: 


Express v in terms of its 
components: 

Substitute numerical values and 
evaluate v: 



3E24mJ = 221s 

9.81m/s 2 


v r = v , 


Ox 


Ax _ 18m 
At 2.21s 


8.14m/s 


v y =v 0y -gt 

= 0 - (9.81 m/s2)(2.21 s) 

= -21.7 m/s 

V= V V v +V v 

v = ^/(8.14m/s) 2 +(-21.7m/s) 2 
= 23.2m/s 


88 •• 

Picture the Problem In the absence of air resistance, the acceleration of the projectile is 
constant and its horizontal and vertical motions are independent of each other. We can 
use constant-acceleration equations to express the horizontal and vertical displacements 
of the projectile in terms of its time-of-flight. 


Using a constant-acceleration 
equation, express the horizontal 
displacement of the projectile as a 
function of time: 

Using a constant-acceleration 
equation, express the vertical 
displacement of the projectile as a 
function of time: 


Ax = v 0x At + \a x (Atf 

or, because vo v = v 0 cos//and a x = 0, 

Ax = (v 0 cos#)Af 

Av = v 0y At + ±a y (Atf 

or, because v 0y = t’ 0 sin//and a y = -g, 

Ay = (v 0 cos 6)At - j g( At ) 2 


Substitute numerical values to 
obtain the quadratic equation: 


-200m = (60m/s)(sin60°)Af 
-4(9.81m/s 2 )(Af) 2 


Solve for At: 


At = 13.6 s 
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Substitute for At and evaluate the 
horizontal distance traveled by the 
projectile: 


Ax = (60 m/s)(cos60°)(13.6 s) 
= 408 m 
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Picture the Problem In the absence of air 
resistance, the acceleration of the 
cannonball is constant and its horizontal 
and vertical motions are independent of 
each other. Choose the origin of the 
coordinate system to be at the base of the 
cliff and the axes directed as shown and 
use constant- acceleration equations to 
describe both the horizontal and vertical 
displacements of the cannonball. 


y 



Express the direction of the velocity 
vector when the projectile strikes 
the ground: 


0 = tan 


y 

v v *y 


Express the vertical displacement 
using a constant-acceleration 
equation: 


A y = V 0y At +2 a y( At f 

or, because v 0y = 0 and a y = -g, 

4y = -Tg(At) 2 


Set Ax = -Ay (R = -h) to obtain: 
Solve for v x : 

Find the y component of the 
projectile as it hits the ground: 

Substitute and evaluate 6 : 


Ax = y v A t = yg(At ) 2 


Ax , . 

v,=- = Ig A, 


Vy = V 0v + aAt = ~§ At = “ 2v , 



(v > 



6 - tan 1 

v y 

= tan '(-2) = 

-63.4° 


l v J 
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Picture the Problem In the absence of air 
resistance, the vertical and horizontal 
motions of the projectile experience 
constant accelerations and are independent 
of each other. Use a coordinate system in 
which up is the positive y direction and 
horizontal is the positive x direction and 
use constant-acceleration equations to 
describe the horizontal and vertical 
displacements of the projectile as functions 
of the time into the flight. 
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(a) Use a constant-acceleration 
equation to express the horizontal 
displacement of the projectile as a 
function of time: 

Evaluate this expression when 
At = 6 s: 

( b ) Use a constant-acceleration 
equation to express the vertical 
displacement of the projectile as a 
function of time: 


Ax = v 0v A t 
= (v 0 cos 0)At 

Ax = (300m/s)(cos60°)(6s) = 
Av = (v 0 sin 0)A t-\ g{Atf 


Evaluate this expression when At = 6 s: 


Ay = (300m/s)(sin60°)(6s)-y(9.81m/s 2 )(6s)‘ 


1.38 km 
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Picture the Problem In the absence of air 
resistance, the acceleration of the projectile 
is constant and the horizontal and vertical 
motions are independent of each other. 
Choose the coordinate system shown in the 
figure with the origin at the base of the cliff 
and the axes oriented as shown and use 
constant-acceleration equations to find the 
range of the cannonball. 

Using a constant-acceleration 
equation, express the horizontal 
displacement of the cannonball as a 
function of time: 

Using a constant-acceleration 
equation, express the vertical 
displacement of the cannonball as a 
function of time: 


Solve the quadratic equation for At: 
Calculate the range: 


v 



Ax = v 0x At+ \a x (/Atf 

or, because v 0x = vocos^and a x = 0, 

Ax = (v 0 cos#)Af 

4v = v 0 A +ja v (At) 2 

or, because v = -40 m, a = -g, and 
v 0y = v 0 sin 0, 

-40m = (42.2m/s)(sin30°)Af 
-y(9.81m/s 2 )(Af) 2 

At = 5.73 s 

R = Ax = (42.2 m/s)(cos30°)(5.73s) 
= 209 m 
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Picture the Problem Choose a coordinate 
system in which the origin is at ground 
level. Let the positive x direction be to the 
right and the positive y direction be 
upward. We can apply constant- 
acceleration equations to obtain parametric 
equations in time that relate the range to 
the initial horizontal speed and the height h 
to the initial upward speed. Eliminating the 
parameter will leave us with a quadratic 
equation in R, the solution to which will 
give us the range of the arrow. In ( b ), we’ll 
find the launch speed and angle as viewed 
by an observer who is at rest on the ground 
and then use these results to find the 
arrow’s range when the horse is moving at 
12 m/s. 

(a) Use constant-acceleration 
equations to express the 
horizontal and vertical 
coordinates of the arrow’s 
motion: 


y 



R=Ax = x-x 0 = v 0x t 
and 

y = h + v Qy t + \{-g)t 2 
where 

v 0x = v 0 cos 6 and v 0 = v 0 sin 6 


Solve the x-component equation 
for time: 


R R 
v 0x v 0 cos£ 


Eliminate time from the 
v-component equation: 


, R 1 

y = h + v - - g 

' V 2 


f R A 


V v 0x J 


and, at (R, 0), 

0 = h + (tan &)R - , ^ -z —R 

2v 0 cos 6 


Solve for the range to obtain: 


R = —sin2# 

2g 


1 +. 1 +- 


2 gh 


Vq sin 2 6 j 


Substitute numerical values and evaluate R: 


R= ( 45m/s )’ S in20° 
2(9.81 m/s 2 ) 


i 21 

(9.81m/s 2 

)(2.25m) 

(45 m/s) 2 (s 

in 2 !0°) 


81 . 6 m 
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( b ) Express the speed of the 
arrow in the horizontal 
direction: 


V = V + v . 

x arrow archer 

= (45m/s)cosl0° +12 m/s 
= 56.3m/s 


Express the vertical speed of the v y = (45m/s)sinl0° = 7.81m/s 

arrow: 


Express the angle of elevation 
from the perspective of someone 
on the ground: 


6 = tan 


-i 


6 V ^ 

y 

V v W 


= tan 


"7.81m/s^ 

v 56.3m/s y 


7.90° 


Express the arrow’s speed v _ / 2 + y 2 

relative to the ground: ° * _ 

= ^/(56.3m/s) 2 +(7.81 m/s) 2 
= 56.8m/s 


Substitute numerical values and evaluate R: 


R = 


(56.8m/s) 2 . L 2(9.81 m/s 2 )(2.25m)l 

-V-Vtsml5.8° 1 + J1+/ - - -4 

2(9.81m/s 2 ) \ (56.8 m/s)“ (sin 2 7.9°) 


104 m 


Remarks: An alternative solution for part ( b ) is to solve for the range in the 
reference frame of the archer and then add to it the distance the frame travels, 
relative to the earth, during the time of flight. 


93 • 

Picture the Problem In the absence of air 
resistance, the horizontal and vertical 
motions are independent of each other. 
Choose a coordinate system oriented as 
shown in the figure to the right and apply 
constant-acceleration equations to find the 
time-of-flight and the range of the spud- 
plug. 


y, m 



0 


\ 

N 

\ 

\ 

\ 

-^-.v, m 

R 


(a) Using a constant-acceleration 
equation, express the vertical 
displacement of the plug: 


Ay = v 0y At + ±a y (At) 2 
or, because vo v = 0 and a y = -g, 
4 y = -yg(A/) 2 


Solve for and evaluate the flight 
time At: 


At = 

- 2A - V - 


V S 

= 

0.452s 


I 2(-1.00m) 
\ 9.81m/s 2 
























( b ) Using a constant-acceleration 
equation, express the horizontal 
displacement of the plug: 


Substitute numerical values and 
evaluate R: 
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Av = v 0v At + ^,-(At) 2 

or, because a x = 0 and v 0x = Vo, 

Ax = v 0 A t 


Ax = R = (50m/s)(0.452s) = 


22.6 m 
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Picture the Problem An extreme value (i.e., a maximum or a minimum) of a function is 
determined by setting the appropriate derivative equal to zero. Whether the extremum is a 
maximum or a minimum can be determined by evaluating the second derivative at the 
point determined by the first derivative. 


Evaluate dR/dO, b: 


dR 

dd 0 


g de 0 


—cos(2# 0 ) 
g 


Set dR/dd> b= 0 for extrema and solve 
for 6q. 



cos(2# 0 ) = 0 


g 

and 

O 0 = |cos~ ] 0 = 45 


O 


Determine whether 45° is a 
maximum or a minimum: 


d 2 R 

d6 2 


00 = 45 ° 


[-4(v 0 2 /g)sin26' 0 ], o=45 , 


<0 

.'. R is a maximum at 6 0 = 45° 
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Picture the Problem We can use constant- 
acceleration equations to express the x and 
y coordinates of a bullet in flight on the 
moon as a function of t. Eliminating this 
parameter will yield an expression for y as 
a function of x that we can use to find the 
range of the bullet. The necessity that the 
centripetal acceleration of an object in orbit 
at the surface of a body equal the 
acceleration due to gravity at the surface 
will allow us to determine the required 
muzzle velocity for orbital motion. 

(a) Using a constant-acceleration 
equation, express the x coordinate of 
a bullet in flight on the moon: 


y 



x = x 0 +v 0x t + ^a x t 2 

or, because x 0 = 0, a x = 0 and 

V 0x = V 0 COS do, 

X = (v 0 cos 0 o )t 
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Using a constant-acceleration 
equation, express they coordinate of 
a bullet in flight on the moon: 


Eliminate the parameter t to obtain: 


When y = 0 and x = R: 


Substitute numerical values and 
evaluate R: 


(b ) Express the condition that the 
centripetal acceleration must satisfy 
for an object in orbit at the surface 
of the moon: 

Solve for and evaluate v: 


y = yo+ V Oy t+ 2 a y t2 


or, because y 0 = 0, a y = -g moon and 


voy = v 0 sin^), 

y = ( v 0 sin d Q )t-\g moo J 2 


y 


= (tan 0 (] )x - f- 


moon 2 


2v 2 cos 2 0 0 


0 = (tan 0 o )R~ — R 2 

2v 0 cos t/ 0 


and 

2 

R = —^——sin 2 0 O 

S moon 


R = ( 9Q0m/s ) sin90 o = 4 85x io 5 m 
1.67m/s 2 


= 485 km 


This result is probably not very accurate 
because it is about 28% of the moon’s 
radius (1740 km). This being the case, we 
can no longer assume that the ground is 
"flat" because of the curvature of the moon. 

a = g 

c o moon 
2 

_ V 

r 

V = Vgmoon'' = VI 1 ' 67 m/s 2 I 1 ' 74 X 1 O' m ) 

= 1.70km/s 
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Picture the Problem We can show that A R/R = —A gig by differentiating R with respect 
to g and then using a differential approximation. 


Differentiate the range equation 
with respect to g: 


dR 

dg 


d_u 

dg\g 


\ 

sin26 l 0 

J 


R 

g 


2 

-^ysin2 0 Q 
g~ 












Motion in One and Two Dimensions 179 


Approximate dR/dg by AR/Ag: 

A R R 

Ag g 

Separate the variables to obtain: 

AR Ag 

R g 

i.e., for small changes in gravity 
(g » g ± A g ), the fractional change in R 
is linearly opposite to the fractional change 
ing. 

Remarks: This tells us that as gravity increases, the range will decrease, and vice 
versa. This is as it must be because R is inversely proportional to g. 
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Picture the Problem We can show that AR/R = 2Av 0 / v 0 by differentiating R with respect 
to v 0 and then using a differential approximation. 

Differentiate the range equation 
with respect to v 0 : 

dR d ( v 0 2 . ^ 2v 0 . 

-=- —sin 20 0 =—-sin/#,, 

dv 0 dv 0 {g ) g 

= 2 — 
v o 

Approximate dR/dv o by AR/Av n : 

AR _ 2 R 

Av 0 v 0 

Separate the variables to obtain: 

AR _ Av 0 

R v 0 

i.e., for small changes in the launch 
velocity (v 0 « v 0 ± Av 0 ), the fractional 

change in R is twice the fractional change 
in v 0 . 


Remarks: This tells us that as launch velocity increases, the range will increase 
twice as fast, and vice versa. 
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Picture the Problem Choose a coordinate system in which the origin is at the base of the 
surface from which the projectile is launched. Let the positive x direction be to the right 
and the positive y direction be upward. We can apply constant-acceleration equations to 
obtain parametric equations in time that relate the range to the initial horizontal speed and 
the height h to the initial upward speed. Eliminating the parameter will leave us with a 
quadratic equation in R, the solution to which is the result we are required to establish. 

Write the constant-acceleration x = v t 

A v 0x L 

equations for the horizontal and an( j 

vertical parts of the projectile’s 
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motion: 


Solve the x-component equation for 
time: 


Using the x-component equation, 
eliminate time from the 
y-component equation to obtain: 


y = h + v Qy t + \(-g)t 2 
where 

Vq x = v o cos 9 an d v ov = v o s i n 9 


t = 


v 0x v 0 cos£ 


v - h + (tan 0)x- S x 2 
2v n cos 0 


When the projectile strikes the 
ground its coordinates are ( R , 0) and 
our equation becomes: 

Using the plus sign in the quadratic 
formula to ensure a physically 
meaningful root (one that is 
positive), solve for the range to 
obtain: 


0 = h + (tan 0)R - , 8 , R 2 

2v 0 cos 0 


1 + 

l \ 

1 1 2gh 

2 

V 2 sin 2 O 0 ) 

2?Ill Z-U/r\ 

2g 
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Picture the Problem We can use trigonometry to relate the maximum height of 
the projectile to its range and the sighting angle at maximum elevation and the range 
equation to express the range as a function of the launch speed and angle. We can use a 
constant-acceleration equation to express the maximum height reached by the projectile 
in terms of its launch angle and speed. Combining these relationships will allow us to 
conclude that tan (j) = \ tan 0 . 


Referring to the figure, relate the 
maximum height of the projectile to 
its range and the sighting angle (p\ 

Express the range of the rocket and 
use the trigonometric identity 
sin 20 = 2 sin 0 cos 6 to rewrite the 
expression as: 

Using a constant-acceleration 
equation, relate the maximum height 
of a projectile to the vertical 
component of its launch speed: 

Solve for the maximum height h: 


tan (h =- 

R/2 


R = —sin (20) = 2—sin 0 cos 0 
g g 


v l = v oy- 2 g h 

or, because v v = 0 and vq y = v 0 sinf) 
Vq sin 2 0 = 2 gh 


h = -—sin 2 0 
2 g 












Substitute for R and h and simplify 
to obtain: 
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tan^ = 



v 

2—sin 6 cos 6 


g 


4 tan 6* 
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Picture the Problem In the absence of air 
resistance, the horizontal and vertical 
displacements of the projectile are 
independent of each other and describable 
by constant-acceleration equations. Choose 
the origin at the firing location and with the 
coordinate axes as shown in the figure and 
use constant-acceleration equations to 
relate the vertical displacement to vertical 
component of the initial velocity and the 
horizontal velocity to the horizontal 
displacement and the time of flight. 

(a) Using a constant-acceleration 
equation, express the vertical 
displacement of the projectile as a 
function of its time of flight: 



Ay = v 0y At + ja y (Atf 
or, because a v = - g, 

Ay = v 0y At-±g(At) 2 


Solve for v 0v : 


Substitute numerical values and 
evaluate v 0v : 


(b) The horizontal velocity remains 
constant, so: 


Ay + jgfaY 


At 


450 m + \ 

(9.81m/s 2 )(20s) 2 


20s 

121m/s 



v o x = 


Ax 

At 


3000 m 
20 s 


150 m/s 


*101 •• 

Picture the Problem In the absence of air 
resistance, the acceleration of the stone is 
constant and the horizontal and vertical 
motions are independent of each other. 
Choose a coordinate system with the origin 
at the throwing location and the axes 
oriented as shown in the figure and use 
constant- acceleration equations to express 
the x and y coordinates of the stone while it 
is in flight. 



y 
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Using a constant-acceleration 
equation, express the x coordinate of 
the stone in flight: 

x = x 0 +v 0x t + \a x t 2 

or, because xo = 0, v 0j = Vo and a x = 0, 

x = v 0 t 

Using a constant-acceleration 
equation, express they coordinate of 
the stone in flight: 

T = T 0 +V + W 2 

or, because yo = 0, v Qy = 0 and a y = g, 

y = jgt 2 

Referring to the diagram, express 
the relationship between 0, y and x 
at impact: 

tan # = — 

X 

Substitute for x and y and solve for 
the time to impact: 

tan# = gt = g t 

2 v 0 t 2v 0 

Solve for t to obtain: 

t = ^-tan# 
g 

Referring to the diagram, express 
the relationship between 0, L, y and 
x at impact: 

x = L cos# = —— 
tan# 

Substitute for y to obtain: 

= Zcos# 

2g 

Substitute for t and solve for L to 
obtain: 

T 2vl tan # 

u — 

geos# 
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Picture the Problem The equation of a particle’s trajectory is derived in the text so we’ll 
use it as our starting point in this derivation. We can relate the coordinates of the point of 
impact (x, y ) to the angle <f) and use this relationship to eliminate y from the equation for 
the cannonball’s trajectory. We can then solve the resulting equation for x and relate the 
horizontal component of the point of impact to the cannonball’s range. 


The equation of the cannonball’s 
trajectory is given in the text: 

r \ 

y(x) = (tan# 0 )x 2 g 2 x 2 

v2v 0 cos #J 

Relate the x and y components of a 
point on the ground to the angle (fr. 

y(x) = (tan (f>)x 

Express the condition that the 
cannonball hits the ground: 

(tan (f)x = (tan # 0 )x , 2 g 2 . x 

V 2v 0 cos # 0 y 
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Solve for x to obtain: 


2vl cos 2 9 0 (tan 9 0 -tan^) 
g 


Relate the range of the cannonball’s x = R cos (j) 

flight R to the horizontal distance x: 


Substitute to obtain: 


„ . 2v 2 cos 2 9 n (tan 0 n - tan S) 

R cos tp = — - - - ---— 

g 


Solve forR: 


R = 


2vg cos 2 9 0 (tan 9 0 - tan (f>) 

gCOStj) 
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Picture the Problem In the absence of air 
resistance, the acceleration of the rock is 
constant and the horizontal and vertical 
motions are independent of each other. 
Choose the coordinate system shown in the 
figure with the origin at the base of the 
building and the axes oriented as shown 
and apply constant-acceleration equations 
to relate the horizontal and vertical 
displacements of the rock to its time of 
flight. 

Find the horizontal and vertical 
components of v 0 : 

Using a constant-acceleration 
equation, express the horizontal 
displacement of the projectile: 

Using a constant-acceleration 
equation, express the vertical 
displacement of the projectile: 



vox = Vo cos53° = 0.602vo 
Vo y = Vo sin53° = 0.799vo 

Ax = 20 m = v 0x A t = (0.602v 0 )At 

Av = -20 m = v 0v A t - \ g{Atf 
= (0.799v 0 )At -yg(At) 2 


Solve the x-displacement equation 
for At: 


20 m 
0.602v 0 


Substitute At into the expression for 
Ay: 

Solve for v 0 to obtain: 


- 20 m = (0.799v 0 )A t - (4.91 m/s 2 )(At) 2 


10.8m/s 


Find At at impact: 


At = 


20m 

(l0.8m/s)cos53° 


3.08s 
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Using constant-acceleration 
equations, find v y and v x at impact: 


v„ = v. 


O.v 


and 


=% 


= 6.50m/s 
-gAt = -21 m/s 


Express the velocity at impact in 
vector form: 


v = 


(6.50 m/s )i +(-21.6 m/s )j 
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Picture the Problem The ball experiences constant acceleration, except during its 
collision with the wall, so we can use the constant-acceleration equations in the analysis 
of its motion. Choose a coordinate system with the origin at the point of release, the 
positive x axis to the right, and the positive y axis upward. 

Using a constant-acceleration 
equation, express the vertical 
displacement of the ball as a 
function of At: 

When the ball hits the ground, - 2 m = (l 0 m/s) At 

Ay = " 2m: -i(9.81m+)(A+ 

Solve for the time of flight: t flight = At = 2.22 s 

Find the horizontal distance traveled Ax = (10 m/s) (2.22 s) = 22.2 m 

in this time: 


Ay = v Qy At-\g(AtJ 


The distance from the wall is: 


Ax - 4 m = 


18 . 2 m 


Hitting Targets and Related Problems 
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Picture the Problem In the absence of air 
resistance, the acceleration of the pebble is 
constant. Choose the coordinate system 
shown in the diagram and use constant- 
acceleration equations to express the 
coordinates of the pebble in terms of the 
time into its flight. We can eliminate the 
parameter t between these equations and 
solve for the launch velocity of the pebble. 
We can determine the launch angle from 
the sighting information and, once the 
range is known, the time of flight can be 
found using the horizontal component of 
the initial velocity. 
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Referring to the diagram, express 9 
in terms of the given distances: 


6 = tan 


^4.85m A 


40 m 


= 6.91 c 


Use a constant-acceleration equation 
to express the horizontal position of 
the pebble as a function of time: 


x = x Q + v 0x t + \a x t 2 

or, because x 0 = 0, v 0x = vocos 9 and 
a x = 0, 

x = (v 0 cos6')f (1) 


Use a constant-acceleration equation 
to express the vertical position of 
the 

pebble as a function of time: 


y = y 0 + V + W 2 

or, because Vo = 0, v 0> . = v 0 sin$, and 
a y = ~g, 

y = ( v o sin @)t -\gt 2 


Eliminate the parameter t to obtain: 


y = (tan 0)x - 2 8 x 2 

2v„ cos 0 


At impact, y = 0 and x = R: 


0 = (tan 6)R - 


g R 2 


2 vq cos 2 6 


Solve for v 0 to obtain: 


I Rg 

sin 2 6 


Substitute numerical values and 
evaluate vq: 


Substitute in equation (1) to relate R 

tO blight* 

Solve for and evaluate the time of 
flight: 


(40m)(9.81m/s 2 ) _ 
V ° y sin 13.8° 

R = (v 0 cos#)f mght 
40 m 

fl‘ ght (40.6m/s)cos6.91° 


40.6m/s 


0.992s 
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Picture the Problem The acceleration of 
the ball is constant (zero horizontally and - 
g vertically) and the vertical and horizontal 
components are independent of each other. 
Choose the coordinate system shown in the 
figure and assume that v and t are 
unchanged by throwing the ball slightly 
downward. 



x, m 


Express the horizontal displacement 
of the ball as a function of time: 


bx = v oA t + \a x {^tf 
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Solve for the time of flight if the 
ball were thrown horizontally: 


Using a constant-acceleration 
equation, express the distance the 
ball would drop (vertical 
displacement) if it were thrown 
horizontally: 

Substitute numerical values and 
evaluate Ay: 

The ball must drop an additional 
0.62 m before it gets to home plate. 

Calculate the initial downward 
speed the ball must have to drop 
0.62 m in 0.491 s: 

Find the angle with horizontal: 


or, because a x = 0, 
Ax = v 0x At 


Ax 18.4m 

At = — =- 

v 0x 37.5 m/s 


0.491s 


Ay = v 0y At+\a y (At) 2 

or, because vo v = 0 and a y = -g, 

Ay = -±g(Atf 


Ay = — T(9.81m/s 2 )(0.491s) 2 = -1.18m 


y = (2.5 - 1.18) m 
= 1.32 m above ground 


_ -0.62 m 
>y 0.491s 


-1.26 m 


0 = tan 1 



v v ,y 


= tan 


-1.26m/s^ 
v 37.5m/s y 


-1.92° 


Remarks: One can readily show that ^ v l+vl = 37.5 m/s to within 1%; so the 

assumption that v and t are unchanged by throwing the ball downward at an angle 
of 1.93° is justified. 
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Picture the Problem The acceleration of 
the puck is constant (zero horizontally and 
—g vertically) and the vertical and 
horizontal components are independent of 
each other. Choose a coordinate system 
with the origin at the point of contact with 
the puck and the coordinate axes as shown 
in the figure and use constant-acceleration 
equations to relate the variables v 0> , the 
time t to reach the wall, v 0x , vo, and 00 - 

Using a constant-acceleration 
equation for the motion in the y 
direction, express v 0v as a function 
of the puck’s displacement Ay: 



v y = % + 2a y Ay 

or, because v y = 0 and a y = -g, 

0 = V ly - 2 § A y 
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Solve for and evaluate vo y : 


Find t from the initial velocity in the 
v direction: 


% = yj2gAy = A /2(2.80m)(9.81m/s 2 ) 
= 7.41m/s 


^ _ v 0y _ 7.41 m/s 
g 9.81m/s 2 


0.756s 


Use the definition of average 
velocity to find vo*: 


Ax 

t 


12.0m 

0.756s 


15.9m/s 


Substitute numerical values and 
evaluate vq: 


v o=V 
= V 

4+v 

(l5.9m/s) 2 + (7.41m/s) 2 


7.5m/s 


Substitute numerical values and 
evaluate 9: 


0 = tan 1 


0y 

V V <W 


= tan 


r 7.41m/s^ 
v 15.9m/s y 


25.0° 
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Picture the Problem In the absence of air 
resistance, the acceleration of Carlos and 
his bike is constant and we can use 
constant-acceleration equations to express 
his x and y coordinates as functions of 
time. Eliminating the parameter t between 
these equations will yield y as a function of 
x ... an equation we can use to decide 
whether he can jump the creek bed as well 
as to find the minimum speed required to 
make the jump. 

(a) Use a constant-acceleration 
equation to express Carlos’ 
horizontal position as a function 
of time: 


Use a constant-acceleration equation 
to express Carlos’ vertical position 
as a function of time: 



x = x 0 + v 0 J + ja x t 2 

or, because xo = 0, Vo* = vocos#, and 
a x 

x = (v 0 cos d)t 

y = y 0 + V+ i a f 

or, because yo = 0, vo v = v 0 sin$, and 
a y = ~g, 

y = (v 0 sin 6)t -\gt 2 
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Eliminate the parameter t to obtain: 


Substitute y = 0 and x = Rio obtain: 


Solve for and evaluate R : 


( b ) Solve the equation we used in 
the previous step for vo, mm : 


y ~ (tan 0)x - 2 g x 1 

2v n cos 0 


0 = (tan 6 )R - 


g R 2 


2vg cos 2 0 


R = —sin(2fl 0 )= (‘ 1 ~ lm/s ) 2 sin 
g V °' 9.81m/s 2 

= 4.30 m 


He should apply the brakes! 


Rg 


K 0,min 


sin(26 l 0 ) 


Letting R = 7 m, evaluate vn ^ : 


l(7m)(9.81m/s 2 


V Sin20° 

14.2m/s = 51.0km/h 


109 ••• 

Picture the Problem In the absence of air 
resistance, the bullet experiences constant 
acceleration along its parabolic trajectory. 
Choose a coordinate system with the origin 
at the end of the barrel and the coordinate 
axes oriented as shown in the figure and 
use constant-acceleration equations to 
express the x and y coordinates of the 
bullet as functions of time along its flight 
path. 



Use a constant-acceleration equation 
to express the bullet’s horizontal 
position as a function of time: 


Use a constant-acceleration 
equation to express the bullet’s 
vertical position as a function of 
time: 


* = * 0+ V 0 x t+ \ a f 

or, because x 0 = 0, Vo* = v o cos0, and 

u x 0 , 

X = (vgCOS^y 

y = y 0 + V +\ a / 

or, becauseyo = 0, v 0y = vosint?, and 
ay = ~g, 

y = ( v 0 sin d)t - jgt 2 


y 


= (tan d)x - 


g 


2v ~cos 6 


Eliminate the parameter t to obtain: 
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Let v = 0 when x = R to obtain: 


Solve for the angle above 

the horizontal that the rifle must be 

fired to hit the target: 

Substitute numerical values and 
evaluate 9 0 \ 


Referring to the diagram, relate h to 
9q and solve for and evaluate h: 


0 = (tan 0 )R - 


g 


2vq cos 6 


-R- 


0 o =±sin 


Rg 

\ v l j 


£ 0 = ysnT 1 


(100 m )(9.81m/s 2 ) 
(250 m/s) 2 


= 0.450° 

Note: A second value for 9o, 89.6° is 
physically unreasonable. 


tan 6 0 


h 

100m 


and 

h = (l00m)tan(0.450°) 


0.785 m 


General Problems 

no • 

Picture the Problem The sum and difference of two vectors can be found from the 
components of the two vectors. The magnitude and direction of a vector can be found 
from its components. 


(a) The table to the right 
summarizes the components of A 
and .5 . 

( b ) The table to the right shows the 
components of S . 


Vector 

x component 

v component 


(m) 

(m) 

A 

0.707 

0.707 

B 

0.866 

-0.500 


Vector 

x component 

v component 


(m) 

(m) 

A 

0.707 

0.707 

B 

0.866 

-0.500 

S 

1.57 

0.207 


s = js: + s: = 


1.59m 


and, because S is in the 1 st 


6 S = tan 1 


\ S xJ 


7.50° 


Determine the magnitude and 
direction of S from its components: 
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(c) The table to the right shows the 
components of D : 


Vector 

x component 

v component 


(m) 

(m) 

A 

0.707 

0.707 

B 

0.866 

-0.500 

D 

-0.159 

1.21 


Determine the magnitude and 
direction of D from its components: 


D = pl+Dl 


1.22 m 


and, because D is in the 2 nd quadrant, 



f D ^ 



tan 1 

y 

= 

97.5° 


l D J 




*111 • 

Picture the Problem A vector quantity can be resolved into its components relative to 
any coordinate system. In this example, the axes are orthogonal and the components of 
the vector can be found using trigonometric functions. 

The x and y components of g are 
related to g through the sine and 
cosine functions: 


gx = gsin30° = 
and 

gy = gcos30° 


4.91m/s~ 


8.50m/s“ 


112 • 

Picture the Problem The figure shows 
two arbitrary, co-planar vectors that (as 
drawn) do not satisfy the condition that AIB 

- ajb x . 

Because A x = A cos0 4 and 
ros f) 

B = B cos 6 „, -— = 1 for the 

* s cos e B 

condition to be satisfied. 

.". AIB =A X /B X if and only if A and B are parallel (Oj= 9 b) or on opposite sides of the 
x-axis (9j = -9 b)- 

113 • 

Picture the Problem We can plot the path of the particle by substituting values for t and 
evaluating r x and r x coordinates ofr. The velocity vector is the time derivative of the 
position vector. 

(a) We can assign values to t in the parametric equations x = (5 m/s)i and y = (10 m/s)t to 
obtain ordered pairs (x, v) that lie on the path of the particle. The path is shown in the 
following graph: 
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(b) Evaluate df/dt\ 


v = — = — [(5 m/s )ti + (l Om/s)t j 
dtdt 


(5 m/s)i + (l Om/s)y 


Use its components to find the 
magnitude of v : 

114 •• 

Picture the Problem In the absence of air 
resistance, the hammer experiences 
constant acceleration as it falls. Choose a 
coordinate system with the origin and 
coordinate axes as shown in the figure and 
use constant-acceleration equations to 
describe the x and y coordinates of the 
hammer along its trajectory. We’ll use the 
equation describing the vertical motion to 
find the time of flight of the hammer and 
the equation describing the horizontal 
motion to determine its range. 

Using a constant-acceleration 
equation, express the x coordinate of 
the hammer as a function of time: 


Using a constant-acceleration 
equation, express they coordinate of 
the hammer as a function of time: 


1 2 , 2 
h +v y = 

11.2 m/s 

y,m 




x = x 0 + v 0x t + ^a/ 

or, because x 0 = 0, v 0x = v 0 cos/9 0 , and 

a x 0 , 

x = (v 0 cos6* 0 )f 

y = v 0 + v 0 / + \af 

or, because yo = h, vo v = v’osin/1 and 
a y = -g, 

y = h + (v 0 sin e)t-\ g t 2 
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Substitute numerical values to 
obtain: 


y = 10 m + (4 m/s)(sin 30°)t 
- y (9.81 m/s 2 )f 2 


Substitute the conditions that exist 0 = 10 m - (4 m/s)sin 30°/ 

when the hammer hits the ground: , /_„ , , \ , 

S -4 9.81 m/s 2 t 2 


Solve for the time of fall to obtain: t = 1.24 s 


Use the x-coordinate equation to R = (4m/s)(cos30°)(l.24s) 

find the horizontal distance traveled - 

by the hammer in 1.24 s: = 4.29 m 


115 •• 

Picture the Problem We’ll model Zacchini’s flight as though there is no air resistance 
and, hence, the acceleration is constant. Then we can use constant- acceleration 
equations to express the x and v coordinates of Zacchini’s motion as functions of time. 
Eliminating the parameter t between these equations will leave us with an equation we 
can solve for# Because the maximum height along a parabolic trajectory occurs 
(assuming equal launch and landing elevations) occurs at half range, we can use this 
same expression for y as a function of x to find h. 



Use a constant-acceleration equation 
to express Zacchini’s horizontal 
position as a function of time: 


Use a constant-acceleration 
equation to express Zacchini’s 
vertical position as a function of 
time: 


x = x 0 + v 0x t + \a x t 2 

or, because x 0 = 0, vo* = v 0 cos#, and 
a x = 0, 

x = (v 0 cos 0)t 

T = To+ V + W 2 

or, because y 0 = 0, v 0v = v 0 sin#, and 
a y = -g, 

y — (v Q sin d)t-\gt 2 


Eliminate the parameter t to obtain: 


y 


= (tan6*)x- 


g 


2vq cos' 0 


-x 


0 = (tan 6)R - 


g 


2v 2 cos' 0 


-R 2 


Use Zacchini’s coordinates when he 
lands in a safety net to obtain: 
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Solve for his launch angle 6 : 


Substitute numerical values and 
evaluate 9: 


6 = j-sin 


( D \ 

Rg 


V v o J 


6 = ^-sin 


(53m)(9.81m/s 2 ) 
(24.2 m/s) 2 


31.3 C 


Use the fact that his maximum 
height was attained when he was 
halfway through his flight to obtain: 


h = (tan 0)^ - 


g 


2v~ cos 0 


'if 


Substitute numerical values and evaluate h: 


h = (tan 31.3°) 


53 m 


9.81m/s 2 


2 2(24.2 m/s) 2 cos 2 31.3° 


^53m 


8.06 m 


116 « 

Picture the Problem Because the acceleration is constant; we can use the constant- 
acceleration equations in vector form and the definitions of average velocity and average 
(instantaneous) acceleration to solve this problem. 


(a) The average velocity is given by: 


The average velocity can also be 
expressed as: 


Ar r 2 - Fj 
At At 


= (3 m/s)/ + (-2.5 m/s) j 


v .= 


V 1 +V 2 


and 

U = 2 v m ~v 2 


Substitute numerical values to 
obtain: 



(lm/s)/ +(1 m/s)/ 


(b ) The acceleration of the particle 
is given by: 


a = 


Av 

At 


At 


(2 m/s^)/ +(-3.5 m/s 1 )/ 


(c) The velocity of the particle as a function of time is: 


v{t) = Vj +at = 


(d) Express the position vector as a r(t) = r+ vt + \at 2 

function of time: 


[(1 m/s) + (2 m/s 2 )t] / + [(1 m/s) + (-3.5 m/s 2 )t\j 
























194 Chapter 3 


Substitute numerical values and evaluate r (t): 
r(t) = 


[(4 m) + (1 m/s)/ + (1 m/s" )L ]/ + [(3 m) + (1 m/s)t + (-1.75 m/s 2 ) 2 ]/ 


*117 •• 

Picture the Problem In the absence of air resistance, the steel ball will experience 
constant acceleration. Choose a coordinate system with its origin at the initial position of 
the ball, the x direction to the right, and the y direction downward. In this coordinate 
system y 0 = 0 and a = g. Letting (x, y ) be a point on the path of the ball, we can use 
constant-acceleration equations to express both x and y as functions of time and, using the 
geometry of the staircase, find an expression for the time of flight of the ball. Knowing its 
time of flight, we can find its range and identify the step it strikes first. 


The angle of the steps, with respect 
to the horizontal, is: 


0 = tan 1 


0.18m^ 
v 0.3m y 


31.0° 


Using a constant-acceleration 
equation, express the x coordinate of 
the steel ball in its flight: 


x = x 0 +v 0 t + \a v t 2 

or, because x 0 = 0 and a v = 0, 

x = v 0 t 


Using a constant-acceleration 
equation, express they coordinate of 
the steel ball in its flight: 


T = To+V + W“ 

or, because y 0 = 0, v 0y = 0, and a y = g, 

i /i 

y = ygt 


The equation of the dashed line in 
the figure is: 


— = tan 6 = 
x 


gt 


2v 


o 


Solve for the flight time: 


t = 


2vo 

g 


tan 6 


Find the x coordinate of the landing 
position: 


x = 


y 

tan 6 


tan# 

g 


Substitute the angle determined in 
the first step: 


x = 


2(3 m/s) 2 
9.81 m/s 2 


tan31° = 1.10m 


The first step with x > 1.10 m is the 4th step. 
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118 « 

Picture the Problem Ignoring the 
influence of air resistance, the acceleration 
of the ball is constant once it has left your 
hand and we can use constant-acceleration 
equations to express the x and y 
coordinates of the ball. Elimination of the 
parameter t will yield an equation from 
which we can determine v 0 . We can then 
use the y equation to express the time of 
flight of the ball and the x equation to 
express its range in terms of xo, vq, 6 and the 
time of flight. 

Use a constant-acceleration equation 
to express the ball’s horizontal 
position as a function of time: 


Use a constant-acceleration 
equation to express the ball’s 
vertical position as a function of 
time: 

y = To + v 0y t + \af 

or, because yo = xo, vo v = vosin#, and 

«v = ~g, 

y = x 0 + (v 0 sin 0)t ~\gt 2 (2) 

Eliminate the parameter t to obtain: 

v = x 0 + (tan 0)x 8 x 2 

2v 0 cos 0 

For the throw while standing on 
level ground we have: 

0 = (tan 0)x o 8 2 x 0 

2v 0 cos 0 

and 


x 0 = —^-sin 'IQ — —^-sin 2(45°) = 
g g g 

Solve for vo: 

o 

JSfc 

ii 

o 

At impact equation (2) becomes: 

0 = ^0 + (Jgx 0 sin ^j^flight - inflight 

Solve for the time of flight: 

, R-(sin 0 + v/sin 2 6 + 2) 

V O 



x = x 0 + v 0x t + \a x t 2 

or, because xo = 0, v 0x = v 0 cos6* and 
a x = 0, 

x = (v 0 cos6')f (1) 
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Substitute in equation (1) to express 
the range of the ball when thrown 
from an elevation x 0 at an angle 0 
with the horizontal: 


R = 




0 + 2 


Substitute 0= 0°, 30°, and 45°: 


f (o°)= 


1.41x n 


x(30°) = 
and 


1.73x n 


c(45°) = 


1.62x n 


119 ••• 

Picture the Problem Choose a coordinate system with its origin at the point where the 
motorcycle becomes airborne and with the positive x direction to the right and the 
positive v direction upward. With this choice of coordinate system we can relate thex and 
y coordinates of the motorcycle (which we’re treating as a particle) using Equation 3-21. 


(a) The path of the motorcycle is 
given by: 

For the jump to be successful, 
h<y{x). Solving for vo, we find: 


j(x) = (tan6*)x- 


& 


v2vq cos° 6) 


X 

g 

COS0 \ 

2(x tan 6-h) 


(b) Use the values given to obtain: 


rmin ^ 


26.0m/s or58.0mph 


(c) In order for our expression for 
v m in to be real valued; i.e., to predict 
values for v m i n that are physically 
meaningful, x tan 0- h > 0. 


.'. h max < x tant? 

The interpretation is that the bike "falls 
away" from traveling on a straight-line 
path due to the free-fall acceleration 
downwards. No matter what the initial 
speed of the bike, it must fall a little bit 
before reaching the other side of the pit. 
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120 ••• 

Picture the Problem Let the origin be at 
the position of the boat when it was 
engulfed by the fog. Take the x and v 
directions to be east and north, 
respectively. Let v BW be the velocity of 

the boat relative to the water, v BS be the 
velocity of the boat relative to the shore, 
and v ws be the velocity of the water with 
respect to the shore. Then 

V BS — V BW + V WS ' 

# is the angle of v ws with respect to the x 
(east) direction. 

(a) Find the position vector for the 
boat at t = 3 h: 


Find the coordinates of the boat at 
t = 3 h: 


Simplify the expressions involving 
r x and r y and equate these simplified 
expressions to the x and y 
components of the position vector of 
the boat: 



4,a, = {(32km)(cosl35°>}i 

+ {(32km)(sinl35°)/ -4 km}/ 

= {(- 22.6 km)/}/ 

+ {(22.6 km)t-4 km}/ 

r x = [(l0km/h)cosl35° + v ws cos6 , ](3h) 
and 

r y = [(l0km/h)sinl35° + v ws sin#](3h) 

3vws cos# = -1.41 km/h 
and 

3vws sin# = -2.586 km/h 


Divide the second of these equations 
by the first to obtain: 


tan# = 


-2.586km 

-1.41km 


or 

# = tan~‘ 


-2.586km^ 
„ -1.41km . 


61.4° or 241.4° 


Because the boat has drifted south, 
use #= 241.4° to obtain: 


1.41 km/h 


cos# cos(241.4°) 

0.982 km/h at # = 241.4° 
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(. b ) Letting <f> be the angle between 
east and the proper heading for the 
boat, express the components of the 
velocity of the boat with respect to 
the shore: 

v bs,x = (10 km/h) cos </> 

+ (0.982 km/h) cos(241.3°) 

Vbsj, = (10 km/h) sin^ 

+ (0.982 km/h) sin(241.3°) 

For the boat to travel northwest: 

l ; BS,x = “l ; BSo< 

Substitute the velocity components, 
square both sides of the equation, 
and simplify the expression to obtain 
the equations: 

sin^+ cos^= 0.133, 

sin 2 ^+ cos 2 ^+ 2 sin^cos^= 0.0177, 

and 

1 + sin(2$ = 0.0177 

Solve for (jr. 

(/)= 129.6° or 140.4° 

Because the current pushes south, 
the boat must head more northerly 
than 135°: 

Using 129.6°, the correct heading 

is 39.6° west of north . 

(c) Find v B s: 

vbs,x = -6.84 km/h 
and 

v BS = v B .v /cosl35° = 9.68 km/h 

To find the time to travel 32 km, 
divide the distance by the boat’s 
actual speed: 

t = (32 km)/(9.68 km/h) 

= 3.31 h = 3h 18min 


*121 •• 

Picture the Problem In the absence of air resistance, the acceleration of the projectile is 
constant and the equation of a projectile for equal initial and final elevations, which was 
derived from the constant-acceleration equations, is applicable. We can use the equation 
giving the range of a projectile for equal initial and final elevations to evaluate the ranges 
of launches that exceed or fall short of 45° by the same amount. 


Express the range of the projectile 
as a function of its initial speed and 
angle of launch: 

2 

R = — sin 26* 0 
g 

Let Ba= 45° ± &. 

2 

R = — sin(90° ± 26*) 
g 

= — cos(±26 l ) 
g 

Because cos(-0) = cos(+0) (the 
cosine function is an even function): 

R(45° + 0) = R(45°-0) 
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122 « 

Picture the Problem In the absence of air 
resistance, the acceleration of both balls is 
that due to gravity and the horizontal and 
vertical motions are independent of each 
other. Choose a coordinate system with 
the origin at the base of the cliff and the 
coordinate axes oriented as shown and use 
constant-acceleration equations to relate 
the x and y components of the ball’s speed. 


Independently of whether a ball is 
thrown upward at the angle a or 
downward at /?, the vertical motion 
is described by: 



= % - 2 g h 


The horizontal component of the v x = v 0x 

motion is given by: 


Find v at impact from its 
components: 

v = 

+ V v - V 

V l x + V 0y ~ 2 S h 


- 

V v o ~2gh 
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Chapter 4 
Newton’s Laws 

Conceptual Problems 


*1 .. 

Determine the Concept A reference frame in which the law of inertia holds is called an 
inertial reference frame. 

If an object with no net force acting on it is at rest or is moving with a constant speed in a 
straight line (i.e., with constant velocity) relative to the reference frame, then the 
reference frame is an inertial reference frame. Consider sitting at rest in an accelerating 
train or plane. The train or plane is not an inertial reference frame even though you are at 
rest relative to it. In an inertial frame, a dropped ball lands at your feet. You are in a 
noninertial frame when the driver of the car in which you are riding steps on the gas and 
you are pushed back into your seat. 

2 •• 

Determine the Concept A reference frame in which the law of inertia holds is called an 
inertial reference frame. A reference frame with acceleration a relative to the initial 
frame, and with any velocity relative to the initial frame, is inertial. 

3 

Determine the Concept No. If the net force acting on an object is zero, its acceleration is 
zero. The only conclusion one can draw is that the net force acting on the object is zero. 

*4 ■ 

Determine the Concept An object accelerates when a net force acts on it. The fact that 
an object is accelerating tells us nothing about its velocity other than that it is always 
changing. 

Yes, the object must have an acceleration relative to the inertial frame of reference. 
According to Newton’s 1 st and 2 nd laws, an object must accelerate, relative to any inertial 
reference frame, in the direction of the net force. If there is "only a single nonzero force," 
then this force is the net force. 


Yes, the object’s velocity may be momentarily zero. During the period in which the force 
is acting, the object may be momentarily at rest, but its velocity cannot remain zero 
because it must continue to accelerate. Thus, its velocity is always changing. 

5 • 

Determine the Concept No. Predicting the direction of the subsequent motion correctly 
requires knowledge of the initial velocity as well as the acceleration. While the 
acceleration can be obtained from the net force through Newton’s 2 nd law, the velocity 
can only be obtained by integrating the acceleration. 


6 


Determine the Concept An object in an inertial reference frame accelerates if there is a 
net force acting on it. Because the object is moving at constant velocity, the net force 


acting on it is zero. 


(c) is correct. 
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7 

Determine the Concept The mass of an object is an intrinsic property of the object 
whereas the weight of an object depends directly on the local gravitational field. 
Therefore, the mass of the object would not change and w = mg local . Note that if the 
gravitational field is zero then the gravitational force is also zero. 

*8 • 

Determine the Concept If there is a force on her in addition to the gravitational force, 
she will experience an additional acceleration relative to her space vehicle that is 
proportional to the net force required producing that acceleration and inversely 
proportional to her mass. 

She could do an experiment in which she uses her legs to push off from the wall of her 
space vehicle and measures her acceleration and the force exerted by the wall. She could 
calculate her mass from the ratio of the force exerted by the wall to the acceleration it 
produced. 

*9 ■ 

Determine the Concept One’s apparent weight is the reading of a scale in one’s 
reference frame. 

Imagine yourself standing on a scale that, 
in turn, is on a platform accelerating 
upward with an acceleration a. The free- 
body diagram shows the force the 
gravitational field exerts on you, mg, and 

the force the scale exerts on you, TV app . The 

scale reading (the force the scale exerts on 
you) is your apparent weight. 

Choose the coordinate system shown in 
the free-body diagram and apply 

F = ma to the scale: 

So, your apparent weight would be greater than your true weight when observed from a 
reference frame that is accelerating upward. That is, when the surface on which you are 

standing has an acceleration a such that a v is positive: 


10 •• 

Determine the Concept Newton's 2 nd law tells us that forces produce changes in the 
velocity of a body. If two observers pass each other, each traveling at a constant velocity, 
each will experience no net force acting on them, and so each will feel as if he or she is 
standing still. 

11 • 

Determine the Concept Neither block is accelerating so the net force on each block is 
zero. Newton’s 3 rd law states that objects exert equal and opposite forces on each other. 


a y > 0 



A w. 


app 


6 


' mg 


Y F y = w ap P ~mg = ma y 


or 


= m S + ma > 





(a) and (b) Draw the free-body 
diagram for the forces acting on the 
block of mass m p 
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Apply = ma to the block 1: 


Therefore, the magnitude of the 
force that block 2 exerts on block 1 
is given by: 

From Newton’s 3 rd law of motion 
we know that the force that block 1 
exerts on block 2 is equal to, but 
opposite in direction, the force that 
block 2 exerts on block 1. 

(c) and ( d) Draw the free-body 
diagram for the forces acting on 
block 2: 


^ /- n2l 
- 

t »l\g 

Z F v = ^ 2 i -m ] g = m ] a ] 
or, because a i = 0, 

F nn~ m i g = ° 

F n2l = | »h§ 

F nl\ ~ —-F'nn—* F n\2 = m iS 



Apply = ma lo block 2: L 2v - F nT2 F nU m 2 g-m 2 a 2 

or, because ai = 0, 

-L„t 2 = F nT2 + m 2 g = m l g + m 2 g 
= 0»i +m 2 )g 

and the normal force that the table exerts 
on body 2 is 

F nT2 = | («h + m i)g 

From Newton’s 3 rd law of motion we 
know that the force that block 2 exerts 
on the table is equal to, but opposite in 
direction, the force that the table 
exerts on block 2. 


F nT2 ~ F n2T F n2T (/W, + m 2 )g 
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*12 • 

(a) True. By definition, action-reaction force pairs cannot act on the same object. 

( b ) False. Action equals reaction independent of any motion of the two objects. 

13 • 

Determine the Concept Newton’s 3 rd law of motion describes the interaction between 
the man and his less massive son. According to the 3 rd law description of the interaction 
of two objects, these are action-reaction forces and therefore must be equal in magnitude. 

(. b ) is correct. 


14 • 

Determine the Concept According to Newton’s 3 ld law the reaction force to a force 
exerted by object A on object B is the force exerted by object B on object A. The bird’s 
weight is a gravitational field force exerted by the earth on the bird. Its reaction force is 


the gravitational force the bird exerts on the earth. 


( b ) is correct. 


15 • 

Determine the Concept We know from Newton’s 3 rd law of motion that the reaction to 
the force that the bat exerts on the ball is the force the ball exerts on the bat and is equal 
in magnitude but oppositely directed. The action-reaction pair consists of the force with 
which the bat hits the ball and the force the ball exerts on the bat. These forces are equal 


in magnitude, act in opposite directions. 


(c) is correct. 


16 • 

Determine the Concept The statement of Newton’s 3 rd law given in the problem is not 
complete. It is important to remember that the action and reaction forces act on different 
bodies. The reaction force does not cancel out because it does not act on the same body as 
the external force. 


*17 • 

Determine the Concept The force diagrams will need to include the ceiling, string, 
object, and earth if we are to show all of the reaction forces as well as the forces acting on 
the object. 


(a) The forces acting on the 2.5-kg 
object are its weight W, and the 
tension T x , in the string. The reaction 
forces are 1C'acting on the earth and 
7j' acting on the string. 


t; 
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( b ) The forces acting on the string are 
its weight, the weight of the object, 

and F, the force exerted by the 
ceiling. The reaction forces are 
7j acting on the string and F' acting 
on the ceiling. 



F 


"string 

"object 



18 • 

Determine the Concept Identify the objects in the block’s environment that are exerting 
forces on the block and then decide in what directions those forces must be acting if the 
block is sliding down the inclined plane. 


Because the incline is frictionless, the force the incline exerts on the block must be 
normal to the surface. The second object capable of exerting a force on the block is the 
earth and its force; the weight of the block acts directly downward. The magnitude of the 
normal force is less than that of the weight because it supports only a portion of the 


weight. 


The forces shown in FBD (c) satisfy these conditions. 


19 • 

Determine the Concept In considering these statements, one needs to decide whether 
they are consistent with Newton’s laws of motion. A good strategy is to try to think of a 
counterexample that would render the statement false. 

(a) True. If there are no forces acting on an object, the net force acting on it must be zero 
and, hence, the acceleration must be zero. 

( b ) False. Consider an object moving with constant velocity on a frictionless horizontal 
surface. While the net force acting on it is zero (it is not accelerating), gravitational and 
normal forces are acting on it. 

(c) False. Consider an object that has been thrown vertically upward. While it is still 
rising, the direction of the gravitational force acting on it is downward. 

(d) False. The mass of an object is an intrinsic property that is independent of its location 
(the gravitational field in which it happens to be situated). 

20 • 

Determine the Concept In considering these alternatives, one needs to decide which 
alternatives are consistent with Newton’s 3 rd law of motion. According to Newton’s 3 rd 
law, the magnitude of the gravitational force exerted by her body on the earth is equal 

and opposite to the force exerted by the earth on her. 


(a) is correct. 
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*21 • 


Determine the Concept In considering these statements, one needs to decide whether 
they are consistent with Newton’s laws of motion. In the absence of a net force, an object 


moves with constant velocity. 


(i d ) is correct. 


22 • 

Determine the Concept Draw the tree- 
body diagram for the towel. Because the 
towel is hung at the center of the line, the 

magnitudes of T x and T 2 are the same. 



No. To support the towel, the tension in the line must have a vertical component equal to 
the towel’s weight. Thus 6 > 0. 


23 • 

Determine the Concept The tree-body 
diagram shows the forces acting on a 
person in a descending elevator. The 
upward force exerted by the scale on the 
person, w app , is the person’s apparent 
weight. 


y 


I 


w. 


app 


w = mg 


Apply = ma y to the person 

and solve for w app : 


Wapp - mg = ma y 
or 

W'app = rng + mciy = m(g + a y ) 

Because w app is independent of v, 
the velocity of the elevator has 
no effect on the person's apparent 
weight. 


Remarks: Note that a nonconstant velocity will alter the apparent weight. 

Estimation and Approximation 

24 •• 

Picture the Problem Assuming a stopping distance of 25 m and a mass of 80 kg, use 
Newton’s 2 nd law to determine the force exerted by the seat belt. 


The force the seat belt exerts on the 
driver is given by: 


A nc t = ma, where m is the mass of the 
driver. 
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Using a constant-acceleration 
equation, relate the velocity of the 
car to its stopping distance and 
acceleration: 

Solve for a: 


Substitute numerical values and 
evaluate a: 


Substitute for a and evaluate F net : 


v 2 = Vq + 2aAx 
or, because v = 0, 
- Vq = 2aAx 


2Ar 

__km lh 10 3 m^| 

90-x-x- 

, h 3600s km 

a = - 7 -\-— 

2(25 m) 

= -12.5m/s 2 

=(80kg)(-12.5m/s 2 ) 

= -l.OOkN 

F ne t is negative because it is opposite the 
direction of motion. 


*25 ••• 

Picture the Problem The tree-body 
diagram shows the forces acting on you 
and your bicycle as you are either 
ascending or descending the grade. The 
magnitude of the normal force acting on 
you and your bicycle is equal to the 
component of your weight in the y 
direction and the magnitude of the 
tangential force is the x component of your 
weight. Assume a combined mass (you 
plus your bicycle) of 80 kg. 



(a) Apply ^F v = ma y to you and 
your bicycle and solve for F n : 

Determine //from the information 
concerning the grade: 

Substitute to determine F n \ 


Apply Y, F , = ma x to you and your 

bicycle and solve for F u the 
tangential force exerted by the road 
on the wheels: 


F n ~ mg cos 6= 0, because there is no 
acceleration in the y direction. 

F n = mg cost? 

tant?= 0.08 
and 

9= tan _1 (0.08) = 4.57° 

F n = (80kg)(9.81 m/s 2 ) cos4.57° 

= 782 N 


F t - mg sin 9= 0, because there is no 
acceleration in the x direction. 
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Evaluate F t : 


F t = (80 kg)(9.81 m/s 2 ) sin4.57' 
= 62.6N 


Because there is no acceleration, the forces are the same going up 
and going down the incline. 


Newton’s First and Second Laws: Mass, Inertia, and Force 


26 • 

Picture the Problem The acceleration of 
the particle can be found from the stopping 
distance by using a constant-acceleration 
equation. The mass of the particle and its 
acceleration are related to the net force 
through Newton’s second law of motion. 
Choose a coordinate system in which the 
direction the particle is moving is the 

positive x direction and apply F net = ma. 



y 

i 

I v _o 


- X 


Use Newton’s 2 nd law to relate the F 

m — net 

mass of the particle to the net force 1 ~ 

acting on it and its acceleration: * 


Because the force is constant, use a 
constant-acceleration equation with 
v x = 0 to determine a\ 


Substitute to obtain: 


Substitute numerical values and 
evaluate nr. 


V l = Vo, + 2a M 

and 



2Ax 


m = 


2AxF, 


v 


2 

Ox 


2(62.5 m)(15.0 N) 
(25.0 m/s) 2 


and 


(. b ) is correct. 


3.00 kg 


27 • 

Picture the Problem The acceleration of the object is related to its mass and the net 
force acting on it by F net = F {) = ma. 


F„. 


2 F n 


m m 
2(3 m/s 2 ) = 


6.00 m/s 2 


(a) Use Newton’s 2 nd law of motion 
to calculate the acceleration of the 
object: 


a = 
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(. b ) Let the subscripts 1 and 2 
distinguish the two objects. The 
ratio of the two masses is found 
from Newton’s 2 nd law: 


m 2 

m x 


F 0 /a 2 _ a x 
F 0 / a l a 2 


3m/s 2 

9m/s 2 


3 


(c) The acceleration of the two-mass 
system is the net force divided by 
the total mass m = m i + m 2 \ 


F 

_ net 


m 


Fq 

m } + m 2 


Fp/m, _ a, 

1 + m 2 /m l 1 + 1/3 


= i«i 


2.25m/s 2 


28 • 

Picture the Problem The acceleration of an object is related to its mass and the net force 
acting on it by F ncl = ma. Let m be the mass of the ship, a\ be the acceleration of the ship 

when the net force acting on it is F\, and a 2 be its acceleration when the net force is F\ + 
F 2 . 

Using Newton’s 2 nd law, express the F\ = ma\ 

net force acting on the ship when its 
acceleration is ap 


Express the net force acting on the 
ship when its acceleration is a 2 : 

Divide the second of these equations 
by the first and solve for the ratio 
F 2 IF\\ 


Substitute for the accelerations to 
determine the ratio of the 
accelerating forces and solve for F 2 : 


F\+ F 2 = ma 2 


F\ + F 2 
F x 

and 

F 2 _ 

F \ fl, 


ma l 

ma 2 


1 


F 2 _ (l6km/h)/(l0s) 
F t (4km/h)/(l0s) 


or 


f 2 = 



1 = 3 


*29 •• 

Picture the Problem Because the deceleration of the bullet is constant, we can use a 
constant-acceleration equation to determine its acceleration and Newton’s 2 nd law of 
motion to find the average resistive force that brings it to a stop. 

Apply ^ F = ma to express the ^'"'<><>< 1 - ma 

force exerted on the bullet by the 
wood: 

v 2 = Vq + 2aAx 


Using a constant-acceleration 
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equation, express the final velocity 
of the bullet in terms of its 
acceleration and solve for the 
acceleration: 

Substitute to obtain: 


Substitute numerical values and 
evaluate F wood : 


and 



2A x 2Ax 


= ,nv o 

wood ^ A 

2Ax 

(l.8xl(T 3 kg) (500 m/s) 2 
wood _ 2(0.06m) 

= -3.75kN 

where the negative sign means that the 
direction of the force is opposite the 
velocity. 


*30 •• 

Picture the Problem The pictorial representation summarizes what we know about the 
motion. We can find the acceleration of the cart by using a constant-acceleration 
equation. 



The tree-body diagram shows the 
forces acting on the cart as it 
accelerates along the air track. We 
can determine the net force acting 
on the cart using Newton’s 2 nd law 
and our knowledge of its 
acceleration. 


A p 

1 n 

F 

-► 

' f mg 


— x 


(«) Apply = ma x to the cart 

to obtain an expression for the net 
force F: 

Using a constant-acceleration 
equation, relate the displacement of 
the cart to its acceleration, initial 
speed, and travel time: 


F = ma 


Ax = v 0 A t + j a(At)~ 
or, because v 0 = 0, 
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Solve for a: 


Substitute for a in the force equation 
to obtain: 


Substitute numerical values and 
evaluate F: 


(b ) Using a constant-acceleration 
equation, relate the displacement of 
the cart to its acceleration, initial 
speed, and travel time: 

Solve for At: 


If we assume that air resistance is 
negligible, the net force on the cart 
is still 0.0514 N and its acceleration 
is: 

Substitute numerical values and 
evaluate At: 


Ax = \a(Atf 


2Ax 


F = m 


2Ax 


2mAx 

W 


2(0.355 kg)(l .5 m) 
(4.55 s) 2 


0.0514N 


Ax = v 0 At + \a' (At)" 
or, because v 0 = 0, 

Ax = ya’(A?)‘ 



0.0514N 
0.722 kg 


0.0713m/s 2 


A t = 


2(l.5 m) 
0.0713 m/s 2 


6.49s 


31 • 

Picture the Problem The acceleration of an object is related to its mass and the net force 
acting on it according to F net = ma. Let m be the mass of the object and choose a 

coordinate system in which the direction of 2F 0 in ( b ) is the positive x and the direction 
of the left-most F 0 in (a) is the positive y direction. Because both force and acceleration 
are vector quantities, find the resultant force in each case and then find the resultant 
acceleration. 


(a) Calculate the acceleration of the p 

object from Newton’s 2 nd law of « = — 221 

m 

motion: 


Express the net force acting on the 
object: 


F net =Fj + F y j = F 0 i+FJ 
and 


and 


Find the magnitude and direction of 
this net force: 
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Use this result to calculate the 
magnitude and direction of the 
acceleration: 


( b ) Calculate the acceleration of the 
object from Newton’s 2 nd law of 
motion: 

Express the net force acting on the 
object: 


6 = tan 1 

( F v ) 


f F 0 ) 


= tan 1 



UJ 


p 

\ r o J 


a 


= K* J2F 0 

m m 
= V2(3 m/s 2 ) 


V2 a 


0 


4.24 m/s 2 @45.0°from each 
force. 


a = FJm 


p =pj + p': 

''net 1 x l ' 1 yJ 

= (-F 0 sin 45°)/ 

+ (2 F 0 + F () cos45°)y 


Find the magnitude and direction of this net force: 


F„, = /C+U = V(-F oS in45°) 2 +(2F I1 + F 0 cos45°) 3 = 2.80F 0 


and 


6 = tan 


-1 


f p \ f If 1 Z7 ^n/KoA 




= tan 


-1 


2F 0 + F 0 cos 45 c 
-F 0 sin45° j 


= -75.4 C 


= 14.6° from 2 F n 


Use this result to calculate the 
magnitude and direction of the 
acceleration: 


a = ^L = 2.80^ = 2.80a 0 

m m 

= 2.80(3 m/s 2 ) 

= 8.40m/s 2 @14.6° from 2F 0 


32 • 

Picture the Problem The acceleration of an object is related to its mass and the net force 
acting on it according to a = F net / m. 


Apply a = F ne Jm to the objectto _ _ F net _ (6 N)i -(3 N)y 

obtain: m 1.5 kg 

= ( 4 .00m/s 2 ) i -(2.00m/s 2 )y 
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Find the magnitude of a : I 2 2 

a ~ V + u y 

= -J(4.00 m/s 2 ) 2 +(2.00 m/s 2 )" 
= 4.47 m/s 2 


33 • 

Picture the Problem The mass of the particle is related to its acceleration and the net 
force acting on it by Newton’s 2 nd law of motion. Because the force is constant, we can 
use constant-acceleration formulas to calculate the acceleration. Choose a coordinate 
system in which the positive x direction is the direction of motion of the particle. 


The mass is related to the net force 
and the acceleration by Newton’s 
2 nd law: 


m = 


TF _ F 


a 


Because the force is constant, the 
acceleration is constant. Use a 


Ax = v 0x t + j a x (At ) 2 , where v 0x = 0, 


constant-acceleration equation to 

so 


find the acceleration: 

2Ax 



<N 

<1 

II 

* 

Substitute this result into the first 

F 

F,( A')’ 

2Ax 

equation and solve for and evaluate 

m = ^ = 

the mass m of the particle: 

Q x 


= 12.0kg 

*34 • 

Picture the Problem The speed of either 

J 


Al or Bert can be obtained from their 



accelerations; in turn, they can be obtained 


k F\\, Bert 

from Newtons 2 nd law applied to each 

^Al on Bert 


person. The free-body diagrams to the right 

◄-c 

y —x 


2(18 m) 


“F r 


n. A1 


show the forces acting on A1 and Bert. The 
forces that A1 and Bert exert on each other 
are action-and-reaction forces. 


> 'w 


p 


-—►--V 

^ Bert on Al 
W A1 


Bert 


(a) Apply X F x = ma x to Bert and 
solve for his acceleration: 


^AlonBert — m Bert a Bert 


-F 


^Bert 


Al on Bert 


m c 


- 20 N 

100 kg 


= -0.200 m/s 2 


Using a constant-acceleration 
equation, relate Bert’s speed to his 
initial speed, speed after 1.5 s, and 
acceleration and solve for his speed 
at the end of 1.5 s: 


v = v 0 + a\t 

= 0 +(-0.200 m/s 2 )(1.5 s) 


-0.300 m/s 
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(. b ) From Newton's 3 rd law, an equal 
but oppositely directed force acts on 
A1 while he pushes Bert. Because 
the ice is frictionless, A1 speeds off 
in the opposite direction. Apply 
Newton’s 2 nd law to the forces 
acting on A1 and solve for his 
acceleration: 

Using a constant-acceleration 
equation, relate Al’s speed to his 
initial speed, speed after 1.5 s, and 
acceleration; solve for his speed at 
the end of 1.5 s: 


2X.A1 


— ^BertonAl — m M a M 


and 


F z 


Bert on A1 


m 


A1 


20 N 
80 kg 


= 0.250m/s^ 


v = v 0 + a At 
= 0 +(0.250 m/s 2 )( 1.5 s) 

= 0.375m/s 


35 • 

Picture the Problem The tree-body 
diagrams show the forces acting on the two 
blocks. We can apply Newton’s second law 
to the forces acting on the blocks and 
eliminate F to obtain a relationship between 
the masses. Additional applications of 
Newton’s 2 nd law to the sum and difference 
of the masses will lead us to values for the 
accelerations of these combinations of 
mass. 



y 


n,2 



— X 


i ' »;,g 


' ' ntTg 


(a) Apply Yj F , = ma x to the two 
blocks: 


Eliminate F between the two 
equations and solve for m 2 : 


Express and evaluate the 
acceleration of an object whose 
mass is m 2 - mi when the net force 
acting on it is F: 


( b ) Express and evaluate the 
acceleration of an object whose 
mass is m 2 + m\ when the net force 
acting on it is F: 


X F v,i = F = «1«1 
and 

X F v, 2 = F = «2«2 

= 4m l 

F 

3 m l 


-\a x = 3 -(l 2 m/s 2 


F F 

a =-=- 

m 2 + m x 4m l + m l 

F 

5 in , 

= "^40 m/s 2 



4.00 m/s 2 


a x 12 m/s 


3m/s 


2 m i 


F 


F 


a = ■ 


m 2 - m l 4/«j - m l 
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36 • 

Picture the Problem Because the velocity 
is constant, the net force acting on the log 
must be zero. Choose a coordinate system 
in which the positive x direction is the 
direction of motion of the log. The tree- 
body diagram shows the forces acting on 
the log when it is accelerating in the 
positive x direction. 


y 



(a) Apply Z F x = ma x to the log 
when it is moving at constant speed: 

Solve for and evaluate F ies : 


Fpu\\ F res Hi ci x 0 


Fres Cp lL ] | 


250N 


C b ) Apply Z F x = ma x to the log 
when it is accelerating to the right: 

Solve for and evaluate F pul i: 


Ap u u F res Til ci x 


Apuii F ies + inu x 

= 250 N + (75 kg) (2 m/s 2 ) 

= 400 N 


37 * 

Picture the Problem The acceleration can be found from Newton’s 2 nd law. Because 
both forces are constant, the net force and the acceleration are constant; hence, we can 
use the constant-acceleration equations to answer questions concerning the motion of the 
object at various times. 


(a) Apply Newton’s 2 nd law to the 
object to obtain: 



m 


(6N)f+(-14N)j 
4kg 


1.50m/s 2 )/ +(-3.50m/s 2 )/ 


(b ) Using a constant-acceleration 
equation, express the velocity of the 
object as a function of time and 
solve for its velocity when t = 3 s: 


v = v 0 + at 

= 0 + [(l.50m/s 2 )* +(-3.50m/s 2 )y](3s) 
= (4.50m/s)/+ (-10.5m/s)/ 


(c) Express the position of the object 
in terms of its average velocity and 
evaluate this expression at t = 3 s: 


r = v t 

1 y av^ 

= \vt 

= (6.75m)/+ (-15.8m)y 
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Mass and Weight 

*38 • 

Picture the Problem The mass of the astronaut is independent of gravitational fields and 
will be the same on the moon or, for that matter, out in deep space. 


Express the mass of the astronaut in 
terms of his weight on earth and the 
gravitational field at the surface of 
the earth: 


m - dearth, 600 N 
g earth 9.81N/kg 


and 


(c) is correct. 


61.2 kg 


39 • 

Picture the Problem The weight of an object is related to its mass and the gravitational 
field through w = mg. 

(a) The weight of the girl is: w = mg = (54 kg)(9.81 N/kg) 

= 530N 


(. b ) Convert newtons to pounds: 


530N 

w = - 

4.45 N/lb 


1191b 


40 • 

Picture the Problem The mass of an object is related to its weight and the gravitational 
field. 

Find the weight of the man in 165 lb = (l65 lb)(4.45 N/lb) = 734 N 

newtons: 


Calculate the mass of the man from 
his weight and the gravitational 
field: 



734 N 
9.81 N/kg 


74.8 kg 


Contact Forces 

*41 • 

Picture the Problem Draw a free-body 
diagram showing the forces acting on the 

block. F k is the force exerted by the spring, 

W = mg is the weight of the block, and F n 
is the normal force exerted by the 
horizontal surface. Because the block is 
resting on a surface, F k + F n = W. 


fA 


|T^n 




\1 W 


F x =kx = (600 N/m)(0.1 m) = 


(a) Calculate the force exerted by 
the spring on the block: 


60.0 N 














(i b ) Choosing the upward direction 
to be positive, sum the forces acting 
on the block and solve for F n : 
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Y,f=o^f i+ f,-w=o 


Substitute numerical values and 
evaluate F n : 


and 

F„ = W - F k 

F n = (12 kg)(9.81 N/kg)-60N 
= 57.7N 


42 • 

Picture the Problem Let the positive x direction be the direction in which the spring is 
stretched. We can use Newton’s 2 nd law and the expression for the force exerted by a 
stretched (or compressed) spring to express the acceleration of the box in terms of its 
mass m, the stiffness constant of the spring k, and the distance the spring is stretched x. 


Apply Newton’s 2 nd law to the box 
to obtain: 

Express the force exerted on the box 
by the spring: 

Substitute to obtain: 


Substitute numerical values and 
evaluate a: 


I F 

a =- 

m 

F = -kx 


-kx 

a =- 

m 

(800N/m)(0.04 m) 

6kg 

= -5.33m/s 2 

where the minus sign tells us that the box’s 
acceleration is toward its equilibrium 
position. 


Free-Body Diagrams: Static Equilibrium 

43 • 

Picture the Problem Because the traffic light is not accelerating, the net force acting on 
it must be zero; i.e., T ] + T 2 + mg = 0. 


y 



IV = nig 


Construct a tree-body diagram showing the 
forces acting on the knot and choose the 
coordinate system shown: 


-X 
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Apply I F x = ma x to the knot: 

Solve for T 2 in terms of T\. 


Ticos30° - r 2 cos60° = ma x = 0 


cos30°^ 
cos 60° 1 


1.737; 


T 2 is greater than 7j 


44 • 

Picture the Problem Draw a tree-body diagram showing the forces acting on the lamp 
and apply ^ F y = 0 . 


From the FBD, it is clear that T\ 
supports the full weight 
mg = 418 N. 



Apply ^ F v = 0 to the lamp to 7J — w = 0 

obtain: 


Solve for Tp 

Substitute numerical values and 
evaluate T\. 


T } = w = mg 


T x =(42.6kg)(9.81m/s 2 ) 


and 


(. b ) is correct. 


= 418N 


*45 •• 

Picture the Problem The free-body diagrams for parts (a), ( b ), and (c) are shown below. 
In both cases, the block is in equilibrium under the influence of the forces and we can use 
Newton’s 2 nd law of motion and geometry and trigonometry to obtain relationships 
between 6 and the tensions. 


(a) and (b) 



(c) 



' ’mg 


6 = cos 1 


0.5 m 
0.625 m 


36.9° 


(a) Referring to the FBD for part (a), 
use trigonometry to determine 6 : 
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(. b ) Noting that T=T, apply 
y F v = ma v to the 0.500-kg block 
and solve for the tension T: 


Substitute numerical values and 
evaluate T: 

( c ) The length of each segment is: 


Find the distance d : 


r- 

1 

1 

-1 m — 

i*_ 

-H 

d — H 

0.417m\^ 


i 

i 

i / 

_y 

y 

0.417 m 


0.417 m 


Express 6 in terms of d and solve 
for its value: 


Apply y F y = ma y to the 0.250-kg 
block and solve for the tension r 3 : 


Substitute numerical values and 
evaluate r 3 : 


2 T sin 0 - mg = 0 since a = 0 
and 

T _ mg 
2 sin# 


r _ (0.5kg)(9.81m/s 2 ) 
; 2sin36.9° 


4.08N 


1.25 m 
3 


0.417 m 


d = 


lm-0.417m 
2 

0.2915 m 


6 = cos 1 
= 45.7° 


' d ' 

v 0.417m j 


= cos 




A 0.2915m^ 
0.417 m 


L 3 sin 6 - mg = 0 since a = 0. 
and 

mg 


71 = 


sin# 


_ (0.25kg)(9.81 m/s 2 )_ 


sin45.7 c 


3.43 N 


Apply y F x = ma x to the 0.250-kg T 3 cos # — T 2 =0 since a = 0. 

block and solve for the tension T 2 : an d 

T 2 = T 3 cos # 


Substitute numerical values and 
evaluate T 2 : 


T 2 =(3.43N)cos45.7° 


2.40N 


By symmetry: 


T\ = r 3 = 


3.43 N 
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46 • 

Picture the Problem The suspended body 
is in equilibrium under the influence of the 

forces T h , T A5 , and mg; 
i.e.,f h + T A5 + mg = 0 

Draw the tree-body diagram of the forces 
acting on the knot just above the 100-N 
body. Choose a coordinate system with the 
positive x direction to the right and the 
positive y direction upward. Apply the 
conditions for translational equilibrium to 
determine the tension in the horizontal 
cord. 


y 



If the system is to remain in static T Y = T 45 sin45° = mg 

equilibrium, the vertical component 

of T 45 must be exactly balanced by, 

and therefore equal to, the tension in 

the string suspending the 100-N 

body: 

Express the horizontal component of T h = T 45 cos45° 

T 45 : 


Because T 45 sin45° = T 45 cos45°: 


T h = mg = 


100N 


47 • 

Picture the Problem The acceleration of any object is directly proportional to the net 
force acting on it. Choose a coordinate system in which the positive x direction is the 

same as that of F x and the positive y direction is to the right. Add the two forces to 
determine the net force and then use Newton’s 2 nd law to find the acceleration of the 
object. If F-, brings the system into equilibrium, it must be true that F 3 + F x + F 2 = 0. 


(a) Find the components of F ] and F ] = (20 N)/‘ 

F 2 F 2 = {(-30 N) sin 30°}/ 

+ {(30N)cos30°}j 
= (-15 N)/ + (26 N) j 

Add F x and F 2 to find F tot : F lot = (5 N) i + (26 N) j 
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Apply Z^ = in a to find the 
acceleration of the object: 

( b ) Because the object is in 
equilibrium under the influence of 
the three forces, it must be true that: 


F 

tot 

in 

(0.500 m/s 2 )/ + (2.60 m/s 2 ) j 


Ft, +F l + F 2 - 0 

and 

A = +-A) 

= (-5.00N)/ + (-26.0N)y 


*48 • 

Picture the Problem The acceleration of the object equals the net force, T - mg , 
divided by the mass. Choose a coordinate system in which upward is the positive y 
direction. Apply Newton’s 2 nd law to the forces acting on this body to find the 
acceleration of the object as a function of T. 


(a) Apply ^ F y = ma y to the 
object: 

Solve this equation for a as a 
function of T: 


Substitute numerical values and 
evaluate a y : 


T -w = T — mg = ma v 


T 

= -& 

m 


—-9.81 m/s 2 
5 kg 


-8.81m/s 2 


(b) Proceed as in (a) with T= ION: 


a 


-7.81 m/s 2 


(c) Proceed as in (a) with T= 100 N: 


a 


10 .2m/s 2 


49 •• 

Picture the Problem The picture is in equilibrium under the influence of the three forces 
shown in the figure. Due to the symmetry of the support system, the vectors T and 

T' have the same magnitude T. Choose a coordinate system in which the positive x 
direction is to the right and the positive y direction is upward. Apply the condition for 
translational equilibrium to obtain an expression for T as a function of 0 and w. 


(a) Referring to Figure 4-37, apply 
the condition for translational 
equilibrium in the vertical direction 
and solve for T: 


YjFy =2T sin6*-w = 0 
and 


2 sin 6 
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T m j n occurs when sin# is a 
maximum: 


0 = sin ' 1 = 


90° 


r max occurs when sin# is a 
minimum. Because the function is 
undefined when sin# = 0 , we can 
conclude that: 

( b ) Substitute numerical values in 
the result in (a) and evaluate T: 


■ T m ax aS# 


0 ° 


r _ (2kg)(9.81m/s 2 ) 

2sin30° 


19.6N 


Remarks: # = 90° requires wires of infinite length; therefore it is not possible. As # 
gets small, T gets large without limit. 

*50 ••• 

Picture the Problem In part (a) we can apply Newton’s 2 nd law to obtain the given 
expression for F. In ( b ) we can use a symmetry argument to find an expression for tan 0 Q . 
In (c) we can use our results obtained in (a) and (b) to express x, and y,. 

(a) Apply Y,F V =0 to the balloon: F + T X sin# ; - 71_, sin 0 vA = 0 

Solve for F to obtain: 


(. b ) By symmetry, each support must 
balance half of the force acting on 
the entire arch. Therefore, the 
vertical component of the force on 
the support must be NF/2. The 
horizontal component of the tension 
must be T a . Express tan 0 t) in terms 
of NF/2 and T ti : 


tan 0 O = 


NF/2 _ NF 


T i A sin j - T- sin 


By symmetry, ^ +1 = - 0 O . 
Therefore, because the tangent 
function is odd: 


tan 6*0 


- tan 6 * n+ i = 


NF 

2 T 

/ ~ 1 H 


(c) Using 7 , H = 7iCOS^=7i_ 1 cos6i_i, 
divide both sides of our result in (a) 
by Ta and simplify to obtain: 

Using this result, express tan 0\. 


F _ 7]_j sin #i_j T t sin 6 i 

T h 71_, cos 0 t i T cos 

= tan 0 t | - tan 


tan 0 X = tan 0 O 


tan#! = 


NF 
2 T 

41 h 


F 


F 


(N- 2) 


F 
2 T 


Substitute for tan 0 O from ( a ): 















Newton’s Laws 223 


Generalize this result to obtain: 


Express the length of rope between 
two balloons: 

Express the horizontal coordinate of 
the point on the rope where the /th 
balloon is attached, x„ in terms of 
x,_i and the length of rope between 
two balloons: 

Sum over all the coordinates to obtain: 


tan61 = 


tv-2 i) 


F 
7 T 

H 


l 


between balloons 


L 

N + \ 


X: = X: , + - COS 0; , 

1 1-1 N +1 


X: = 


L 

N + \ 


i-l 


X cos e i 


Proceed similarly for the vertical 
coordinates to obtain: 


y i = 


L 

N + \ 


i-l 


Z sin6 t 


(d) A spreadsheet program is shown below. The formulas used to calculate the quantities 
in the columns are as follows: 


Cell 

Content/Formula 

Algebraic Form 

C9 

($B$2-2*B9)/(2*$B$4) 

(N 2i) F 

2 T h 

D9 

SIN(ATAN(C9)) 

sin(tan _I 

E9 

C0S(ATAN(C9)) 

cos(tan 1 #;) 

F10 

F9+$B$1/($B$2+1)*E9 

*i-l+, r cos# it 
A^ + l 

G10 

G9+$B$1/($B$2+1)*D9 

Ti-l + Ar COS#; ; 

A^ + l 



A 

B 

C 

D 

E 

F 

G 

1 

L = 

10 

m 





2 

N = 

10 






3 

F = 

1 

N 





4 

TH= 

3.72 

N 





5 








6 








7 








8 


I 

tan(thetai) 

sin(thetai) 

cos(thetai) 

xi 

yi 

9 


0 

1.344 

0.802 

0.597 

0.000 

0.000 

10 


1 

1.075 

0.732 

0.681 

0.543 

0.729 

11 


2 

0.806 

0.628 

0.778 

1.162 

1.395 

12 


3 

0.538 

0.474 

0.881 

1.869 

1.966 

13 


4 

0.269 

0.260 

0.966 

2.670 

2.396 
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14 


5 

0.000 

0.000 

1.000 

3.548 

2.632 

15 


6 

-0.269 

-0.260 

0.966 

4.457 

2.632 

16 


7 

-0.538 

-0.474 

0.881 

5.335 

2.396 

17 


8 

-0.806 

-0.628 

0.778 

6.136 

1.966 

18 


9 

-1.075 

-0.732 

0.681 

6.843 

1.395 

19 


10 

-1.344 

-0.802 

0.597 

7.462 

0.729 

20 


11 




8.005 

0.000 


( e ) A horizontal component of tension 3.72 N gives a spacing of 8 m. At this spacing, the 
arch is 2.63 m high, tall enough for someone to walk through. 



51 •• 

Picture the Problem We know, because 
the speed of the load is changing in parts 
(a) and (c), that it is accelerating. We also 
know that, if the load is accelerating in a 
particular direction, there must be a net 
force in that direction. A tree-body 
diagram for part ( a ) is shown to the right. 
We can apply Newton’s 2 nd law of motion 
to each part of the problem to relate the 
tension in the cable to the acceleration of 
the load. Choose the upward direction to be 
the positive y direction. 

(a) Apply Ye = rna v to the load 
and solve for T: 

Substitute numerical values and 
evaluate T: 


nr 


o 


1 1 m g 

T - mg = ma 
and 

T = ma v + mg = m(a + g) (1) 

7 = (l 000 kg)(2 m/s 2 +9.81 m/s 2 ) 
= 11.8 kN 


r=mg = 


(b ) Because the crane is lifting the 


9.81kN 
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load at constant speed, a = 0: 

(c) Because the acceleration of the 
load is downward, a is negative. 
Apply y F. = ma y to the load: 

Substitute numerical values in 
equation (1) and evaluate T : 


T - mg = ma y 


T= (1000 kg)(9.81 m/s 2 - 2 m/s 2 ) 
= 7.8 lkN 


52 •• 

Picture the Problem Draw a free-body diagram for each of the depicted situations and 
use the conditions for translational equilibrium to find the unknown tensions. 



I F x = 7)cos60° - 30 N = 0 
and 


T\ = (30 N)/cos60° 


60.ON 


I F y = risin60° - T 2 = 0 


and 

T 2 = risin60° 
m = T 2 /g = 


= 

52.ON 



5.30kg 



IF, = (80 N)cos60° - r!sin60° = 0 
and 


Ti = (80 N)cos607sin60° = 


46.2N 


IF, = (80 N)sin60° -T 2 - T x cos60° = 0 

T 2 = (80 N)sin60° - (46.2 N)cos60° 

= 46.2N 


m = T 2 !g = 


4.71kg 


(c) 


"LF X = -T\ cos60° + r 3 cos60° = 0 

and 

Ti = T 3 


HFy = 2risin60° - mg = 0 
and 

T X = T 2 = (58.9 N)/(2sin60°) 
= 34.ON 
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53 •• 

Picture the Problem Construct the free- 
body diagram for that point in the rope at 

which you exert the force F and choose the 
coordinate system shown on the FBD. We 
can apply Newton’s 2 nd law to the rope to 
relate the tension to F. 


y 

l 



(a) Noting that T\ - T 2 — T, apply 27sin#- F = ma v = 0 because the car’s 

^ F y = ma y to the car: acceleration is zero. 


Solve for and evaluate T: 


T = 


F 

2 sin# 


400 N 
2 sin 3° 


3.82 kN 


(. b ) Proceed as in part (a): 


600 N 
2 sin 4° 


4.30 kN 


Free-Body Diagrams: Inclined Planes and the Normal Force 


*54 • 

Picture the Problem The tree-body 
diagram shows the forces acting on the box 
as the man pushes it across the frictionless 
floor. We can apply Newton’s 2 nd law of 
motion to the box to find its acceleration. 


y 

I 



-X 


Apply ^ F x = ma x to the box: 
Solve for a x : 

Substitute numerical values and 
evaluate a x : 


F cos# = ma , 


a r = 


F cos# 


in 


a = 


(250N)cos35° 

20kg 


10.2 m/s 2 
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55 • 

Picture the Problem The tree-body 
diagram shows the forces acting on the box 
as the man pushes it up the ffictionless 
incline. We can apply Newton’s 2 nd law of 
motion to the box to determine the smallest 
force that will move it up the incline at 
constant speed. 



Apply ^ F x = ma x to the box as it 

moves up the incline with constant 
speed: 


Solve for F mm \ 


Substitute numerical values and 
evaluate F mm : 


F mm cos(40° - 0) - mg sin 0 = 0 


= 


mg sin 6 

(40° - e) 


cos 




(20kg)(9.81m/s 2 )_ 


cos25° 


56.ON 


56 • 

Picture the Problem Forces always occur in equal and opposite pairs. If object A exerts a 
force, F B A on object B, an equal but opposite force, F 4 B = -F B A is exerted by object B 
on objects. 


The forces acting on the box are its weight, 
W, and the nonnal reaction force of the 
inclined plane on the box, F n . The reaction 
forces are the forces the box exerts on the 
inclined plane and the gravitational force 
the box exerts on the earth. The reaction 
forces are indicated with primes. 



57 • 

Picture the Problem Because the block 
whose mass is m is in equilibrium, the sum 

of the forces F n , T, and mg must be zero. 
Construct the tree-body diagram for this 
object, use the coordinate system shown 
on the free-body diagram, and apply 
Newton’s 2 nd law of motion. 



Apply ^ F x = ma x to the block on 
the incline: 


T - 772gsin40° = ma x = 0 because the system 
is in equilibrium. 
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Solve for m: 


T 


m =- 

gsin40° 

The tension must equal the weight T= (3.5 kg)g 

of the 3.5-kg block because that and 

block is also in equilibrium: (3.5 kg)g 3.5kg 

m =-=- 

g sin 40° sin 40° 

Because this expression is not included in 
the list of solution candidates, 

( d ) is correct. 


Remarks: Because the object whose mass is m does not hang vertically, its mass 
must be greater than 3.5 kg. 

*58 • 

Picture the Problem The balance(s) indicate the tension in the string(s). Draw free-body 
diagrams for each of these systems and apply the condition(s) for equilibrium. 


(a) 


y 

I 

ivf 


6 


~T - mg = 0 
and 

T = mg = (l0kg)(9.81m/s 2 ) 


98.IN 


'' ™g 

( b ) 

*-◄-o-► 

t r 


Y^F x =T-T'= 0 

or, because T '= mg, 

T = T'= mg 

= (l0kg)(9.81m/s 2 ) = 


98.IN 


(c) 



Y J F y =2T-mg = 0 
and 

T = \mg 

= j(l0kg)(9.81m/s 2 ) = 


49.IN 


=T -mg sin 30° = 0 
and 

T = mg sin 30° 

= (l0kg)(9.81m/s 2 )sin30° 


49. IN 


id) 
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y 

/ 



Remarks: Note that (a) and (6) give the same answers ... a rather surprising result 
until one has learned to draw FBDs and apply the conditions for translational 
equilibrium. 


59 •• 

Picture the Problem Because the box is 
held in place (is in equilibrium) by the 
forces acting on it, we know that 

T + F n + W = 0 

Choose a coordinate system in which the 
positive x direction is in the direction of 

T and the positive y direction is in the 
direction of F n . Apply Newton’s 2 nd law 
to the block to obtain expressions for 
f and F n . 


X 

/ 



(a) Apply ^ F x = ma x to the box: 


T - mg sin 0 = 0 


Solve for T: 

Substitute numerical values and 
evaluate T: 

Apply ^ F = ma v to the box: 
Solve for F n : 

Substitute numerical values and 
evaluate F n : 


T = mg sin 0 


T 


(50kg)(9.81m/s 2 ) sin 60° 


425 N 


F n - mg cos 0 = 0 
F n = mg cos 0 

F n = (50kg)(9.81m/s 2 ) cos60° 
= 245 N 


r 90 = = mg sin 90° = 
and 

T n = mg sin 0° = 


(b ) Using the result for the tension 
from part (a) to obtain: 


0 


mg 
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60 •• 

Picture the Problem Draw a tree-body 
diagram for the box. Choose a coordinate 
system in which the positive x-axis is 
parallel to the inclined plane and the 
positive y-axis is in the direction of the 
normal force the incline exerts on the 
block. Apply Newton’s 2 nd law of motion 
to both the x and y directions. 



(a) Apply = ma y to the block: 

Solve for F n : 

Substitute numerical values and 
evaluate F n : 

(b) Apply I F x = ma x to the block: 
Solve for a\ 


F n - wgcos25°-(l00N)sin25° = 0 

F n = flzgcos25° + (l00N)sin25° 

F a =(l2kg)(9.81m/s 2 )cos25° 

+ (l00N)sin25° = 


149N 


(l00N)cos25°-/?zgsin25° = 

(100N)cos25 


ma 


in 


— g s i n 25° 


Substitute numerical values and 
evaluate a: 


*61 •• 

Picture the Problem The scale reading 
(the boy’s apparent weight) is the force the 
scale exerts on the boy. Draw a tree-body 
diagram for the boy, choosing a coordinate 
system in which the positive x-axis is 
parallel to and down the inclined plane and 
the positive y-axis is in the direction of the 
normal force the incline exerts on the boy. 
Apply Newton’s 2 nd law of motion in they 
direction. 


Jl00N)cos25° _( ^ 

12kg V ’ 

= 3.41m/s 2 


y 

/ 



Apply = ma Y to the boy to F n - W cos30° = 0 

find F„. Remember that there is no 
acceleration in the y direction: 
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Substitute for W to obtain: 

K 

Solve for F n \ 

K 

Substitute numerical values and 

F 

evaluate F n : 

n 


-mg cos 30° = 0 
= mg cos 30° 

= (65kg)(9.81m/s 2 )cos30° 
= 552N 


62 •• 

Picture the Problem The free-body 
diagram for the block sliding up the incline 
is shown to the right. Applying Newton’s 
2 nd law to the forces acting in the x 
direction will lead us to an expression for 
a x . Using this expression in a constant- 
acceleration equation will allow us to 
express h as a function of Vo and g. 


y \ 



The height h is related to the 
distance Ax traveled up the incline: 

Using a constant-acceleration 
equation, relate the final speed of the 
block to its initial speed, 
acceleration, and distance traveled: 

Solve for Ax to obtain: 


Apply I F x = ma x to the block and 
solve for its acceleration: 


Substitute these results in the 
equation for h and simplify: 


h = Ax sin 0 

v 2 = v 2 + 2a x Ax 
or, because v = 0, 
0 = Vq + 2a x Ax 


2a x 

-mg sin# = ma x 
and 

a x = -g sin# 


h = Axsin# = 


2 g sin 6 


sin# 



which is independent of the ramp’s angle 0. 
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Free-Body Diagrams: Elevators 

63 • 

Picture the Problem Because the elevator 
is descending at constant speed, the object 

is in equilibrium and T + mg = 0. Draw a 
tree-body diagram of the object and let the 
upward direction be the positive y 
direction. Apply Newton’s 2 nd law with a = 

0. 

Because the downward speed is T-?ng = 0 => T= mg 

constant, the acceleration is zero. and 

Apply ^F v = ma v and solve for 
T: 

64 • 

Picture the Problem The sketch to the 
right shows a person standing on a scale in 
a descending elevator. To its right is a free- 
body diagram showing the forces acting on 
the person. The force exerted by the scale 
on the person, >v app , is the person’s 

apparent weight. Because the elevator is 
slowing down while descending, the 
acceleration is directed upward. 


Apply ^ F = ma v to the person: w app - mg = ma y 

Solve for w app : w app = mg + ma , > mg 



{a) is correct. 


y 

l 

4 ? 


- 

y ntg 


The apparent weight will be higher. Because an upward acceleration is required 
to "slow" a downward velocity, the normal force exerted on you by the scale 
(your apparent weight ) must be greater than your weight. 


*65 • 

Picture the Problem The sketch to the 
right shows a person standing on a scale in 
the elevator immediately after the cable 
breaks. To its right is the free-body 
diagram showing the forces acting on the 
person. The force exerted by the scale on 
the person, m app , is the person’s apparent 
weight. 


y 



6 

w = mg 
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From the free-body diagram we can see that iv + mg = ma where g is the local 
gravitational field and a is the acceleration of the reference frame (elevator). When the 
elevator goes into free fall ( a = g ), our equation becomes w + mg = ma = mg. This 

tells us that w> = 0. 

app 


(e) is correct. 


66 • 

Picture the Problem The free-body 
diagram shows the forces acting on the 10- 
kg block as the elevator accelerates 
upward. Apply Newton’s 2 nd law of motion 
to the block to find the minimum 
acceleration of the elevator required to 
break the cord. 



Apply Y, F y = ma Y to the block: 


T — mg = ma y 


Solve for a v to determine the 
minimum breaking acceleration: 


T - mg 
m 


T 

- g 

m 


Substitute numerical values and 
evaluate a v : 


150N 

10kg 


9.81 m/s 2 


5.19m/s 2 


67 •• 

Picture the Problem The free-body 
diagram shows the forces acting on the 
2-kg block as the elevator ascends at a 
constant velocity. Because the acceleration 
of the elevator is zero, the block is in 
equilibrium under the influence of 

T and mg. Apply Newton’s 2 nd law of 
motion to the block to determine the scale 
reading. 



(a) Apply y F v = ma v to the block 

T - mg = ma 

(1) 

to obtain: 



For motion with constant velocity, 

T - mg = 0 and T = mg 

a y = 0: 

r = (2kg)(9.81m/s 2 ) = 


Substitute numerical values and 
evaluate T: 

19.6N 


(b) As in part (a), for constant 
velocity, a = 0: 


T -mg = ma 


and 

r = (2kg)(9.81m/s 2 ) 


19.6N 
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(c) Solve equation (1) for T and T = mg + ma y = m(g + a v ) (2) 

simplify to obtain: 


Because the elevator is ascending 
and its speed is increasing, we have 
a v = 3 m/s 2 . Substitute numerical 
values and evaluate T\ 

(i d) For 0 < t < 5 s: a y = 0 and 


T = (2kg)(9.81m/s 2 +3m/s 2 ) = 


25.6N 


0—»5s 


19.6 N 


Using its definition, calculate a for 
5 s < t < 9 s: 


Av 0-10m/s 

a = — =- 

At 4s 


-2.5 m/s 2 


Substitute in equation (2) and 7^ 9s = (2kg)(9.8lm/s 2 -2.5m/s 2 ) 

evaluate T: _ 


14.6N 


Free-Body Diagrams: Ropes, Tension, and Newton’s Third Law 

68 • 

Picture the Problem Draw a free-body diagram for each object and apply Newton’s 2 nd 
law of motion. Solve the resulting simultaneous equations for the ratio of 7j to T 2 . 


Draw the FBD for the box to the left 
and apply ^ F x = ma x : 


y 

I 




7j = 



'hs 


Draw the FBD for the box to the 
right and apply ^ F x = ma x : 


' '">2 8 

To — T \ = m 2 a 2 



The two boxes have the same a\ = a 2 

acceleration: 


T i _ m i 

T 2 ~T\ ™ 2 


Divide the second equation by the 
first: 
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Solve for the ratio T\/T 2 : 


ZL 

t 2 


m { 

m l + m 2 


and 


(d) is correct. 


69 •• 

Picture the Problem Call the common acceleration of the boxes a. Assume that box 1 
moves upward, box 2 to the right, and box 3 downward and take this direction to be the 
positive x direction. Draw free-body diagrams for each of the boxes, apply Newton’s 2 nd 
law of motion, and solve the resulting equations 
simultaneously. 

(a) ( b ) (c) 



l 

X 


(«) Apply YjK = ma x to the box 
whose mass is 7771 : 

Apply JV, = ma x to the box 
whose mass is m 2 : 

Noting that T 2 =T 2 , apply 
2A. = ma x to the box whose mass 
is m 2 . 

Add the three equations to obtain: 
Solve for a\ 

Substitute numerical values and 
evaluate a: 


T\- W\ = m,\a 


T 2 - T\ = m 2 a 


w 2 -T 2 = m 2 a 


W 3 - Wi = (m 1 + m 2 + m 2 )a 

a _ 

m x + m 2 + m, 

_ (2.5kg-1.5kg)(9.81m/s 2 ) 
1.5 kg+ 3.5 kg+ 2.5 kg 

= 1.31m/s 2 


Tx = 


16.7N 


and T 2 = 


21.3N 


(b ) Substitute for the acceleration in 
the equations obtained above to find 
the tensions: 
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*70 •• 

Picture the Problem Choose a coordinate 
system in which the positive x direction is 
to the right and the positive y direction is 

upward. Let F 2 1 be the contact force 

exerted by m 2 on andi 7 , 2 be the force 
exerted by m ] on m 2 . These forces are equal 
and opposite so F 21 = -F 1 2 . The tree- 

body diagrams for the blocks are shown to 
the right. Apply Newton’s 2 nd law to each 
block separately and use the fact that their 
accelerations are equal. 



(a) Apply ^ F x = ma x to the first F - F 2A = m l a l = m x a 

block: 


Ac 

1 r 


n,2 


b 


c, 


1,2 


m 2 

w 2 


Apply = ma x t0 second F X 2 - m 2 a 2 = m 2 a (1) 

block: 


Add these equations to eliminate F 2 ,i 
and F\ 2 and solve for 
a = a\= a 2 : 


a = 


F 

/«, + m 2 


Substitute your value for a into 
equation ( 1 ) and solve for C 12 : 


Fm 2 
m x + m 2 


(b) Substitute numerical values in 
the equations derived in part (a) and 
evaluate a and C lj2 : 


3.2N 


a = 


2 kg + 6kg 


and 


F U2 = 


(3.2N)(6kg) 


2 kg + 6kg 


0.400 m/s 2 



) 

2.40N 


Remarks: Note that our results for the acceleration are the same as if the force F 
had acted on a single object whose mass is equal to the sum of the masses of the two 
blocks. In fact, because the two blocks have the same acceleration, we can consider 
them to be a single system with mass ni\ + m 2 . 















Newton ’ s Laws 237 


71 • 

Picture the Problem Choose a coordinate 
system in which the positive x direction is 
to the right and the positive y direction is 

upward. Let F 2 1 be the contact force 

exerted by m 2 on m \ andi^ 2 be the force 
exerted by m ] on m 2 . These forces are equal 
and opposite so F 21 = -F l 2 . The ffee- 

body diagrams for the blocks are shown. 
We can apply Newton’s 2 nd law to each 
block separately and use the fact that their 
accelerations are equal. 



w 2 


i r w 2 



W| 

1 t vvj 


(a) Apply y F r = ma x to the first F - F l2 = m 2 a 2 = m 2 a 

block: 


Apply y = ma x to the second F 2 l = m l a l = m x a (1) 

block: 


Add these equations to eliminate 
7*2,1 and F\ 2 and solve for 
a = a\ = a 2 . 

Substitute your value for a into 
equation (1) and solve for F 2 j : 


a = 


F 

m x + m 2 


^ 2,1 = 


Fm ] 

m l + m 2 


(. b ) Substitute numerical values in 
the equations derived in part (a) and 
evaluate a &n&F 2 y. 


3.2N 
2kg + 6kg 


0.400 m/s 2 


and 

F v = 


(3.2NX2kg) 
2kg + 6kg 


0.800N 


Remarks: Note that our results for the acceleration are the same as if the force F had 
acted on a single object whose mass is equal to the sum of the masses of the two 
blocks. In fact, because the two blocks have the same acceleration, we can consider 
them to be a single system with mass ni\ + m 2 . 

72 •• 

Picture the Problem The free-body diagrams for the boxes and the ropes are below. 
Because the vertical forces have no bearing on the problem they have not been included. 
Let the numeral 1 denote the 100-kg box to the left, the numeral 2 the rope connecting the 
boxes, the numeral 3 the box to the right and the numeral 4 the rope to which the force 

F is applied. F 3 4 is the tension force exerted by m 2 on m 4 , F 4 3 is the tension force 
exerted by m 4 on m 3 , F 2 3 is the tension force exerted by m 2 on m 2 , F 3 2 is the tension 
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force exerted by m 2 on m 2 , F x 2 is the tension force exerted by rn , on m 2 , and F 2 , is the 
tension force exerted by m 2 on m ,. The equal and opposite pairs of forces are F 2 , = 

-F 12 , F 32 = - F 23 , and F 4 3 = -F 3 4 . We can apply Newton’s 2 nd law to each box and 
rope separately and use the fact that their accelerations are equal. 


_ ? 2 ,\ F \,2 F \2 

■<— 'tJMMJMMQ —► 
m 1 m 2 

Apply U = ma to the box whose 
mass is m p 

Apply = ma to the rope 
whose mass is m 2 . 

Apply = ma to the box whose 
mass is w 3 : 

Apply = ma to the rope 
whose mass is m 4 : 

Add these equations to eliminate 

F 2 ,U F U 2 , C 3 > 2 , F 2 , 3 , C 43 , and F 2A and 

solve for F: 

Use equation (1) to find the tension 
at point A: 

Use equation (2) to find the tension 
at point B: 


Use equation (3) to find the tension 
at point C: 


^2,3 Ct,3 


m 3 


Fi 


3,4 


F 


umimin m 

m 4 


F 2l = n\a x = m x a 


( 1 ) 


F 32 - F l2 = m 2 a 2 = m 2 a ( 2 ) 


F 4 3 - F 2 3 = m 3 a 3 = m 3 a (3) 


F - F 3 4 = m 4 a 4 = m 4 a 


F = (m l + m 2 + m 3 + m 4 )a 
= (202 kg)(l. 0 m/s 2 ) = 


202 N 


F 2l =(l00kg)(l.0rn/s 2 ) = 


100N 


F 32 — F X2 + m 2 a 


100 N + (lkg)(l.0m/s 2 ) 


= 101N 


F 4 3 = F 2 3 + m 3 a 

= 101N + (l00kg)(l.0m/s 2 ) 


201N 
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73 « 

Picture the Problem Because the 
distribution of mass in the rope is 
uniform, we can express the mass m' of 
a length x of the rope in terms of the 
total mass of the rope M and its length 
L. We can then express the total mass 
that the rope must support at a distance 
x above the block and use Newton’s 2 nd 
law to find the tension as a function of 
x. 



y 


1 


T 


W 


Set up a proportion expressing the 
mass in' of a length x of the rope as 
a function of M and L and solve for 
m'\ 

Express the total mass that the rope 
must support at a distance x above 
the block: 

Apply I F = ma y to the block 
and a length x of the rope: 


Solve for T to obtain: 


m' M . M 
— = — => m =—x 
x L L 


, M 

m + m = m H- x 

L 


T-w = T 


( M \ 

m H- x 

V L J 


g 


( M ^ 

m-\ - x 

V L ) 


a 


T = 


\a + g\m + —.x ^ 


*74 » 

Picture the Problem Choose a coordinate 
system with the positive y direction 
upward and denote the top link with the 
numeral 1, the second with the numeral 2, 
etc.. The tree-body diagrams show the 
forces acting on links 1 and 2. We can 
apply Newton’s 2 nd law to each link to 
obtain a system of simultaneous equations 
that we can solve for the force each li nk 
exerts on the link below it. Note that the 
net force on each link is the product of its 
mass and acceleration. 



(a) Apply Z F y = ma y to the top 
link and solve for F : 


F - 5mg = 5 ma 
and 

F = 5 m(g + a) 
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Substitute numerical values and 
evaluate F: 

(b) Apply Z F y = ma y to a single 
link: 

(c) Apply y^ i F v = ma y to the 1 st 
through 5 th links to obtain: 


Add equations (2) through (5) to 
obtain: 

Solve for F 2 to obtain: 

Substitute numerical values and 
evaluate F 2 : 


F = 5(0.1 kg)(9.81 m/s 2 + 2.5 m/s 2 ) 
= 6.16N 


^iiink = "hiink a = (0.1kg)(2.5m/s 2 ) 
= 0.250N 


F — F 2 — mg = ma , (1) 

F : - F 3 - mg = ma, (2) 

F 3 -F 4 - mg = ma, (3) 

F 4 -F 5 - mg = ma , and (4) 

F 5 - mg = ma (5) 


F 2 - 4mg = 4ma 

F 2 = 4 mg + 4 ma = 4 m(a + g) 

F 2 =4(0.1kg)(9.81m/s 2 +2.5m/s 2 ) 
= 4.92 N 


Substitute for F 2 to find F 2 , and then 
substitute for F 2 to find F 4 : 


f 2 = 


3.69N 


and F 4 = 


2.46 N 


Solve equation (5) for F 5 : 


F 5 =m(g + a ) 


Substitute numerical values and 
evaluate F s : 


F 5 = (0.1kg)(9.81m/s 2 +2.5 m/s 2 ) 
= 1.23N 


75 • 

Picture the Problem A net force is 
required to accelerate the object. In this 
problem the net force is the difference 

between T and W(= mg). The tree-body 
diagram of the object is shown to the right. 
Choose a coordinate system in which the 
upward direction is positive. 



Apply Zr = ma to the object to 
obtain: 

Solve for the tension in the lower 
portion of the rope: 


F ne t=T- W= T-mg 


T = F net + mg = ma + mg 
= m(a + g) 
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Using its definition, find the a = Av/A t = (3.5 m/s)/(0.7 s) 

acceleration of the object: = 5.00 m/s 2 


Substitute numerical values and 
evaluate T: 


T= (40 kg)(5.00 m/s 2 + 9.81 m/s 2 ) 
= 592 N and 


(a) is correct. 


76 • 

Picture the Problem A net force in the 
downward direction is required to 
accelerate the truck downward. The net 

force is the difference between W t and T. 

A tree-body diagram showing these forces 
acting on the truck is shown to the right. 
Choose a coordinate system in which the 
downward direction is positive. 


y 

I 

nf 

Q 


yfW t = m t g 


Apply ^ F v = ma y to the truck to T — m t g = m t a v 

obtain: 


Solve for the tension in the lower 
portion of the cable: 

Substitute to find the tension in the 
rope: 


T = 

T = 
and 


m t g + m t a y =m t (g + a y ) 

m t (g-0.lg)=0.9m t g 
(c) is correct. 


77 •• 

Picture the Problem Because the string does not stretch or become slack, the two objects 
must have the same speed and therefore the magnitude of the acceleration is the same for 
each object. Choose a coordinate system in which up the incline is the positive x direction 
for the object of mass mi and downward is the positive x direction for the object of mass 
m 2 . This idealized pulley acts like a piece of polished pipe; i.e., its only function is to 
change the direction the tension in the massless string acts. Draw a tree-body diagram for 
each of the two objects, apply Newton’s 2 nd law of motion to both objects, and solve the 
resulting equations simultaneously. 

(a) Draw the FBD for the object of 
mass m \: 



Apply = ma x to the object 

whose mass is m\. 


T — m\gsmd= m\a 
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Draw the FBD for the object of 
mass m 2 : 


“T 

o 


'' W 2 = m{g 


Apply = ma x to the object m ig - T - m 2 a 

whose mass is m 2 : 


Add the two equations and solve 
for a: 


Substitute for a in either of the 
equations containing the tension 
and solve for T: 

( b ) Substitute the given values 
into the expression for a: 

Substitute the given data into the 
expression for T: 


a = 


g(m 2 - m l sin 0 ) 


m l + m 2 


T = 


gm ] m 2 (l + sin <9) 


in , + m 2 


2.45 m/s 2 



36.8N 



78 • 

Picture the Problem The magnitude of the accelerations of Peter and the 
counterweight are the same. Choose a coordinate system in which up the incline is the 
positive x direction for the counterweight and downward is the positive x direction for 
Peter. The pulley changes the direction the tension in the rope acts. Let Peter’s mass be 
777 p . Ignoring the mass of the rope, draw tree-body diagrams for the counterweight and 
Peter, apply Newton’s 2 nd law to each of them, and solve the resulting equations 
simultaneously. 

(a) Using a constant-acceleration 
equation, relate Peter’s displacement 
to her acceleration and descent time: 


Solve for the common acceleration 
of Peter and the counterweight: 

Substitute numerical values and 
evaluate a: 


Ax = v 0 At + \a(Atf 
or, because vo = 0, 

Ax = \a(Atf 

2Ax 

a = (Tf 

^ _ 2(3.2 m) _ 1 32 m/s 2 












Draw the FBD for the 
counterweight: 
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Apply ^F x = ma x to the 
counterweight: 

Draw the FBD for Peter: 


Apply ^F x = ma x to Peter: 

Add the two equations and solve for 
m: 


Substitute numerical values and 
evaluate m: 


(b ) Substitute for m in the force 
equation for the counterweight and 
solve for T: 



T -mg sin50° = in a 


“ T 


»'p 8 


m P g - T = m P a 

>{g~a) 


in „ 


m = 


m = 


a + g sin 50° 

_ (50kg)(9.81m/s 2 - 1.32m/s 2 ) 
“ 1.32 m/s 2 +(9.81 m/s 2 )sin50° 


48.0kg 


T = m(a + g sin 50°) 


( b ) Substitute numerical values and evaluate T : 

T = (48.0 kg) [l.32 m/s 2 + (9.81m/s 2 ) sin50°] = 


424 N 


79 •• 

Picture the Problem The magnitude of the accelerations of the two blocks are the same. 
Choose a coordinate system in which up the incline is the positive x direction for the 8-kg 
object and downward is the positive x direction for the 10-kg object. The peg changes the 
direction the tension in the rope acts. Draw tree-body diagrams for each object, apply 
Newton’s 2 nd law of motion to both of them, and solve the resulting equations 
simultaneously. 
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(a) Draw the FBD for the 3-kg object: 


Apply ^F r = ma x to the 3-kg block: 
Draw the FBD for the 10-kg object: 


Apply X F x = ma x to the 10-kg block: 

Add the two equations and solve for 
and evaluate a: 


Substitute for a in the first of the 
two force equations and solve for T: 

Substitute numerical values and 
evaluate T: 


(b ) Because the system is in 
equilibrium, set a = 0, express the 
force equations in terms of m\ and 
m 2 , add the two force equations, and 
solve for and evaluate the ratio 
mi/mY- 


\ 



T-mg sin40° = m 3 a 



m iog sin50° - T = m l0 a 

_ g(m l0 sin50° - m % sin40°) 
m % + «10 
= 1.37 m/s 2 


T = m 8 gsin40° + m 8 a 

r = (8kg)[(9.81m/s 2 )sin40° 
+ 1.37 m/s 2 ] 

= 61.4N 


T- mg sin40° = 0 
mg sin50°- T = 0 
.'. mg sin50°- mg sin40° = 0 
and 

m ] _ sin 50° 
m 2 sin 40° 


1.19 
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80 « 

Picture the Problem The pictorial 
representations shown to the right 
summarize the information given in this 
problem. While the mass of the rope is 
distributed over its length, the rope and the 
6-kg block have a co mm on acceleration. 
Choose a coordinate system in which the 
direction of the 100-N force is the positive 
x direction. Because the surface is 
horizontal and frictionless, the only force 
that influences our solution is the 100-N 
force. 


m, 

m 2 100N 

6 kg ( ^mxvax arn 4 kg mm -► 

h-5m- 


Part (a) 


ni\ 

6 kg O 1 ^ 1 w vx mlmmmmmm— 

I 


Part (b) 


(a) Apply I F x = ma. to the 
objects shown for part (a): 
Solve for a to obtain: 


Substitute numerical values and 
evaluate a\ 


100 N = (m i + m 2 )a 


100N 

a = - 

m ] + m 2 


100N 

Tokg^ 


10.0m/s 2 


( b ) Let in represent the mass of a 
length x of the rope. Assuming that 
the mass of the rope is uniformly 
distributed along its length: 


Let T represent the tension in the 
rope at a distance x from the point at 
which it is attached to the 6-kg 

block. Apply ^F x = ma x to the 


system shown for part ( b ) and solve 
for T: 


m _ m,, 

X 4ope 

and 


4kg 

5m 


in = 


"4kg" 
v 5m y 


x 


T=( 

m i + m)a 

— 

6kg + 

i 

K 

bO 

M 

1 



v hm J 


(lOm/s 2 ) 


60 N + (8N/m)x 


*81 •• 

Picture the Problem Choose a coordinate 
system in which upward is the positive y 
direction and draw the free-body diagram 
for the frame-plus- painter. Noting that 

F = —T, apply Newton’s 2 nd law of 
motion. 


12r 

t m lM g 


( U ) Letting /U ln i m frame + ^painter? 


2 T- mtotg = m m a 
and 
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apply ^ F v = ma y to the frame- 
plus-painter and solve T: 

Substitute numerical values and 
evaluate T: 


T _ m tot (a + g) 

2 

_ (75kg)(0.8m/s 2 +9.81m/s 2 ) 
2 

= 398N 


Because F= T: 


( b ) Apply ^ F y = ma v with a = 0 
to obtain: 

Solve for T: 

Substitute numerical values and 
evaluate T: 


F = 


398N 


2T-m tot g = 0 


T = 7 "hot g 


T = y(75kg)(9.81m/s 2 ) = 


368N 


82 ••• 

Picture the Problem Choose a coordinate system in which up the incline is the positive x 
direction and draw tree-body diagrams for each block. Noting that a 20 = —a 10 , apply 

Newton’s 2 nd law of motion to each block and solve the resulting equations 
simultaneously. 


Draw a FBD for the 20-kg block: 


Apply ^ F x = ma x to the block to 
obtain: 

Draw a FBD for the 10-kg block. 
Because all the surfaces, including 
the surfaces between the blocks, are 
ffictionless, the force the 20-kg 
block exerts on the 10-kg block 
must be normal to their surfaces as 
shown to the right. 



\ 20° 
y 

-A 


1 r "*20 g 

T- 7772ogsin20° = m 2 oa2o 



Apply ^F x = ma x to the block to T- 772 10 gsin20° - m , n a tn 

obtain: 








Because the blocks are connected by a 
taut string: 
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a 20 —flio 


Substitute for a 2 o and eliminate T 
between the two equations to obtain: 


Substitute for either of the 
accelerations in the force equations 
and solve for T: 


a i0 — 

1.12m/s 2 


and 



a 20 = 

-1.12m/s 2 


T = 


44.8N 


83 ••• 

Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right and draw free-body diagrams for each block. Because of the pulley, the string 
exerts a force of 2 T. Apply Newton’s 2 nd law of motion to both blocks and solve the 
resulting equations simultaneously. 


(a) Noting the effect of the pulley, 
express the distance the 20-kg block 
moves in a time At: 

( b ) Draw a FBD for the 20-kg block: 


Ax 20 =yAx 5 =l(l0cm) = 


5.00 cm 




IT 

■—►-* 


#20 = m 208 


Apply ^ F x = ma x to the block to 
obtain: 

Draw a FBD for the 5-kg block: 

m 


2 T= m 2 oa 2 o 


| T 


I 

X 

Apply ^ F x = ma x to the block to m sg - T= m 5 a 5 

obtain: 


Using a constant-acceleration 
equation, relate the displacement of 
the 5-kg block to its acceleration 


Ax 5 =^a 5 (At) 2 
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and the time during which it is 
accelerated: 

Using a constant-acceleration 
equation, relate the displacement of 
the 20-kg block to its acceleration 
and the time during which it is 
accelerated: 

Divide the first of these equations 
by the second to obtain: 


Use the result of part (a) to obtain: 

Let a 20 = a. Then as = 2 a and the 
force equations become: 


Eliminate T between the two 
equations to obtain: 

Substitute numerical values and 
evaluate a 2 o and a 5 : 


Substitute for either of the 
accelerations in either of the force 
equations and solve for T: 


^■Uo 2 a 2o{^') 


Ax 5 ±a 5 {Atf a 5 
Ax 20 ja 20 (At) 2 a 20 

a 5 = 2 a 20 


2 T = m 20 a 
and 

m 5 g- T= nu{2a) 


m 5 g 


2m s + t m 20 


(5kg)(9.81m/s 2 ) 
020 = 2(5 kg)+ | (20 kg) 
and 

a 5 = 2(2.45 m/s 2 ) 


2.45 m/s 2 


4.91m/s 


T= 24.5 N 


Free-Body Diagrams: The Atwood’s Machine 

*84 •• 

Picture the Problem Assume that mi > m 2 . Choose a coordinate system in which the 
positive y direction is downward for the block whose mass is m \ and upward for the 
block whose mass is m 2 and draw tree-body diagrams for each block. Apply Newton’s 
2 nd law of motion to both blocks and solve the resulting equations simultaneously. 

Draw a FBD for the block whose mass 
is m 2 : 
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Apply y F v = ma v to this block: T mi S m iai 


Draw a FBD for the block whose 
mass is mi: 



’ g 
I 

y 


Apply ^F v = ma v to this block: m \g~ T-m\a\ 

Because the blocks are connected a = a\ = a 2 

by a taut string, let a represent their 
co mm on acceleration: 

Add the two force equations to m x g- m 2 g = m x a + m 2 a 

eliminate T and solve for a: and 

m | - nu 

a = - -g 

m } + m 2 


Substitute for a in either of the force 
equations and solve for T: 


T _ 2 m { m 2 g 
m j + m 2 


85 •• 

Picture the Problem The acceleration can be found from the given displacement during 
the first second. The ratio of the two masses can then be found from the acceleration 
using the first of the two equations derived in Problem 89 relating the acceleration of the 
Atwood’s machine to its masses. 


Using a constant-acceleration 
equation, relate the displacement of 
the masses to their acceleration and 
solve for the acceleration: 

Solve for and evaluate a\ 


Ay = v 0 t + ^-a(At) 
or, because vo = 0, 

At = y «(Af ) 2 


Solve for m\ in terms of m 2 using 
the first of the two equations given 
in Problem 84: 

Find the second mass for m 2 or 
mi = 1.2 kg: 


m l 


= m 2 


g + a 
g-a 


10.41m/s 2 

-— 

9.21 m/s 2 


1.13 m 2 


m 


2nd mass 


1.36kg or 1.06kg 
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86 •• 

Picture the Problem Let be the force 
the block of mass m 2 exerts on the pebble 
of mass 777. Because m 2 < m\, the block of 
mass 777 2 accelerates upward. Draw a tree- 
body diagram for the pebble and apply 
Newton’s 2 nd law and the acceleration 
equation given in Problem 84. 


y 


I k/r 

1 nr 



Apply ^F v = ma y to the pebble: 
Solve for Tv,: 

From Problem 84: 


Substitute for a and simplify to 
obtain: 


Fnm ~ mg = ma 
F nm =m(a + g) 


772, - 777, 

a= - g 

772, + 772 2 


F „ m = m 


, 772, + 777, 


-g + g 



2777,777 

J 

O 

772, + 772, 


87 

Picture the Problem Note from the free-body diagrams for Problem 89 that the net force 
exerted by the accelerating blocks is 2 T. Use this information, together with the 
expression for T given in Problem 84, to derive an expression for F = 2T. 


From Problem 84 we have: 


T _ 2 7771777 2 g 
777, + 777, 


The net force, F, exerted by the 
Atwood’s machine on the hanger is: 


4772,772,g 
772, + 772 2 


If 7771 = 7772 = 777, then: 4772 2 p- 

F = -= 2mg ... as expected. 

2/77 

If either in i or m 2 = 0, then: F = 0 ... also as expected. 

88 ••• 

Picture the Problem Use a constant-acceleration equation to relate the displacement of 
the descending (or rising) mass as a function of its acceleration and then use one of the 
results from Problem 84 to relate a to g. Differentiation of our expression for g will allow 
us to relate uncertainty in the time measurement to uncertainty in the measured value for 
g ... and to the values of m 2 that would yield an experimental value for g that is good to 
within 5%. 













(a) Use the result given in Problem 
84 to express g in terms of a: 

Using a constant-acceleration 
equation, express the displacement, 
L, as a function of t and solve for the 
acceleration: 


Substitute this expression for a: 


(. b ) Evaluate dg/dt to obtain: 


Divide both sides of this expression 
by g and multiply both sides by dt: 

(c) We have: 

Solve the second of these equations 
for t to obtain: 

Substitute in equation (2) to obtain: 

Solve equation (1) for m 2 to obtain: 


Evaluate m 2 with = 1 kg: 


Solve equation (1) for m x to obtain: 


Substitute numerical values to obtain: 
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Because the masses are interchangeable: _ 

///2 

*89 

Picture the Problem We can reason to this conclusion as follows: In the two extreme 
cases when the mass on one side or the other is zero, the tension is zero as well, because 
the mass is in free-fall. By symmetry, the maximum tension must occur when the masses 
on each side are equal. An alternative approach that is shown below is to treat the 
problem as an extreme-value problem. 

Express m 2 in terms of M and m \: 

Substitute in the equation from 
Problem 84 and simplify to obtain: 

Differentiate this expression with 
respect to ni\ and set the derivative 
equal to zero for extreme values: 

Solve for mi to obtain: 

Show that mi = Ml 2 is a maximum 
value by evaluating the second 
derivative of T with respect to m } at m\ 

= Ml2 : an d we have shown that 

T is a maximum when 
m l = m 2 = \M. 


m 2 = M — m\ 
r _ 2gm t ( M - m |) _ 


m x +M - m l 


2 g 


.2 A 


m | 
M 


dT 

dm. 


= 2 g 


1- 


2m x 

M 


= 0 for extreme values 


m l =\M 


d T 4n 

—j = —— < 0, independently of m x 


//m 


0.926kg or 1.08 kg 


Remarks: An alternative solution is to use a graphing calculator to show that T as a 
function of ni\ is concave downward and has its maximum value when 

nil = m i = Ml 2 . 


90 

Picture the Problem The free-body 
diagrams show the forces acting on the 
objects whose masses are m\ and m 2 . The 
application of Newton’s 2 nd law to these 
forces and the accelerations the net forces 
are responsible for will lead us to an 
expression for the tension in the string as a 
function of ni\ and m 2 . Examination of this 
expression as for m 2 » «?i will yield the 
predicted result. 



J 

1 r w,g 



J 


’ '">2g 

I 

y 


(a) Apply ^ F = ma v to the 

T\ ~ m x 

objects whose masses are m, and m 2 

and 

to obtain: 

m 2 g~ 
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Assume that the role of the pulley is 
simply to change the direction the 
tension acts. Then 7j = T 2 = T. 
Because the two objects have a 
common acceleration, let a = a\ = a 2 . 
Eliminate a between the two 
equations and solve for T to obtain: 

Divide the numerator and 
denominator of this fraction by m 2 : 


Take the limit of this fraction as 
m 2 —» go to obtain: 

( b ) Imagine the situation when 
m 2 » m\. 


Under these conditions, the net force 
acting on the object whose mass is 
m i is 777 ig and: 

General Problems 


2 777 j 77 7 2 
772 j + m 2 


T = 


l+ m L 

772 


T = 


2m x g 


Under these conditions, the object whose 
mass is m 2 is essentially in free- 
fall, so the object whose mass is 777! is 
accelerating upward with an acceleration 
of magnitude g. 

T - 777 ig = 777 ig => T = 2m ig. 

Note that this result agrees with that 
obtained using more analytical methods. 


91 • 

Picture the Problem Choose a coordinate system in which the force the tree exerts on 
the woodpecker’s head is in the negative-x direction and determine the acceleration of the 
woodpecker’s head from Newton’s 2 nd law of motion. The depth of penetration, under the 
assumption of constant acceleration, can be determined using a constant- acceleration 
equation. Knowing the acceleration of the woodpecker’s head and the depth of 
penetration of the tree, we can calculate the time required to bring the head to rest. 


(a) Apply Z F x = 7?2a t to the 
woodpecker’s head to obtain: 



772 


-6N 
0.060 kg 


-100m/s 2 


(b) Using a constant-acceleration 
equation, relate the depth-of- 
penetration into the bark to the 
acceleration of the woodpecker’s 
head: 


v 2 = Vq + 2aAx 
or, because v = 0, 
0 = Vg + 2a Ax 


Ax = zA = ~( 3 - 5lll/s ) 2 

2 a 2(-100m/s 2 ) 


6.13 cm 


Solve for and evaluate Ax: 
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(c) Use the definition of 
acceleration to express the time 
required for the woodpecker’s head 
to come to rest: 


Substitute numerical values and 
evaluate At: 


. v-v o 

At = -- 


or, because v = 0, 
* v-v o 

At = -- 


At = —^ 


-3.5 m/s 
-100m/s 2 


35.0ms 


*92 •• 

Picture the Problem The free-body y 

diagram shown to the right shows the 1 to 

forces acting on an object suspended from 7 

the ceiling of a car that is accelerating to 
the right. Choose the coordinate system 
shown and use Newton’s laws of motion 
and constant- acceleration equations in the 
determination of the influence of the forces 
on the behavior of the suspended object. 



The second free-body diagram shows the 
forces acting on an object suspended from 
the ceiling of a car that is braking while it 
moves to the right. 



—X 


In accordance with Newton's law of inertia, the object's displacement 
will be in the direction opposite that of the acceleration. 


( b ) Resolve the tension, T, into its 
components and apply ^ F = ma 
to the object: 


I/fr = 7sin 0 = ma 
and 

'ZF V = TcosO- mg= 0 


Take the ratio of these two 
equations to eliminate T and m: 


T sin 0 _ ma 
Tcosd mg 
or 


tan 6 = — => 
g 


a = g tan 0 


Because the acceleration is opposite the direction the car is moving, 
the accelerometer will swing forward. 
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Using a constant-acceleration 
equation, express the velocity of the 
car in terms of its acceleration and 
solve for the acceleration: 

Solve for a: 


Substitute numerical values and 
evaluate a: 


v 2 = + 2a Ax 


or, because v = 0 , 
0 = Vq + 2a Ax 



2Ax 


-(50 km/h) 2 
2(60 m) 


-1.61m/s 2 


Solve the equation derived in ( b ) for 
0\ 


0 = tan 


r \ 

a 


Substitute numerical values and 
evaluate 0: 



f 1.61 m/s 2 'I 



tan 


= 

9.32° 


9.81m/s 2 




93 •• 

Picture the Problem The tree-body 
diagram shows the forces acting at the top 
of the mast. Choose the coordinate system 
shown and use Newton’s 2 nd and 3 rd laws of 
motion to analyze the forces acting on the 
deck of the sailboat. 


Apply VF = ma x to the top of the 
mast: 


y 

l 



r F sin^ - T b sin^ = 0 


Find the angles that the forestay and 
backstay make with the vertical: 


Solve the x-direction equation for T B : 


0 ¥ = tan 


-i 


^3.6m^ 

12 m 


= 16.7 C 


and 


0 B = tan 1 


^6.4m^ 

v 12 m j 


= 28.l c 


T = 


, sin0 F 

F • A 

sint^ 


305 N 


(SOON)™ 16 ' 7 


sin28.1 


O 


O 


Find the downward forces that T B 
and Tf exert on the mast: 

Solve for F mast to obtain: F mast = T v cos 0 V + T B cos 0 B 


Z F v = F mas, - T f cos 0 v - T b cos 0 b =O 
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Substitute numerical values and evaluate C mast : 

F mast = (500N)cos 16.7° +(305N)cos28.1° - 748N 


The force that the mast exerts on the 
deck is the sum of its weight and the 
downward forces exerted on it by the 
forestay and backstay: 


"^mast on the deck “ 748N + 800N 
= 1.55kN 


94 •• 

Picture the Problem Let m be the mass of the block and M be the mass of the chain. 

The free-body diagrams shown below display the forces acting at the locations identified 
in the problem. We can apply Newton’s 2 nd law with a y = 0 to each of the segments of the 
chain to determine the tensions. 


(a) 



ring 


0 b ) 


y 






' Urn + '/2M)g 


' '(m + M)g 


(a) Apply X F y = ma y to the block 
and solve for T a : 


T a ~ m g = mCl v 

or, because a v = 0, 

T a = m g 


Substitute numerical values and 
evaluate T a : 


T a 


(50kg)(9.81m/s 2 ) = 


49 IN 


(b) Apply X F v = ma y to the block 
and half the chain and solve for T b \ 


Substitute numerical values and 
evaluate T b : 


r 


T b ~ 


M 


m H- s = ma, 

v 27 

or, because a v = 0, 

f M\ 
m H- 2 

V 2) 


T b = 


T b =( 50kg + 10kg)(9.81m/s 2 ): 


589N 


(c) Apply ^ F r = ma v to the block 
and chain and solve for T c : 


T c - (m + M)g = ma x 


or, because a v = 0, 
T c = (m + M)g 













Substitute numerical values and 
evaluate T c \ 
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T c =(50kg + 20kg)(9.81m/s 2 ) 
= 687 N 


*95 

Picture the Problem The free-body 
diagram shows the forces acting on the 
box as the man pushes it across a 
ffictionless floor. Because the force is 
time-dependent, the acceleration will be, 
too. We can obtain the acceleration as a 
function of time from the application of 
Newton’s 2 nd law and then find the 
velocity of the box as a function of time by 
integration. Finally, we can derive an 
expression for the displacement of the box 
as a function of time by integration of the 
velocity function. 


y 

Af 

1 n 


F 

-►-* 


t f mg 


(a) The velocity is related to the 
acceleration according to: 


dv 

— = a 
dt 


(0 


( 1 ) 


Apply Z F x = ma x to the box and 
solve for its acceleration: 


Because the box’s acceleration is a 
function of time, separate variables 
in equation (1) and integrate to find 
v as a function of time: 


Evaluate v at t = 3 s: 


(j b ) Integrate v = dx/dt between 0 
and 3 s to find the displacement of 
the box during this time: 


(c) The average velocity is given by: 


F = in a 
and 

F 

a = — = 
m 


(8N/s)f 

24kg 



t t 

v(t) = J a(t')dt'= (jm/s 3 )J t'dt ' 

0 0 

= (}m /s3 )y=({m / S 3 )f 2 


v (3s)=({m/s 3 )(3s) 2 


1.50m/s 


Ax 


3s 3s 

J v(t')dt' = (|m/s 3 )J t a dt' 


o 


0 



1.50 m 


Ax 1.5m 
At 3 s 


0.500 m/s 


T 7 ,, = ma„ 


Av 
= in — 
At 


(d) Use Newton’s 2 nd law to express 
the average force exerted on the box 
by the man: 
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Substitute numerical values and 
evaluate F m : 


F m ={ 24kg) L5m/s - Qm/s 


12.ON 


96 •• 

Picture the Problem The application of Newton’s 2 nd law to the glider and the hanging 
weight will lead to simultaneous equations in their common acceleration a and the 
tension T in the cord that connects them. Once we know the acceleration of this system, 
we can use a constant-acceleration equation to predict how long it takes the cart to travel 

1 m from rest. Note that the magnitudes of T and T' are equal. 


(a) The free-body diagrams are shown 
to the right, m , represents the mass of 
the cart and m 2 the mass of the hanging 
weight. 


(b) Apply ^ F x = ma x to the cart 
and the suspended mass: 



' ’"il8 


T -m x gsm 6 = m x a x 

and 

m 2 g - T = m 2 a 2 


t 


r 


f m 2g 

i 


X 


Letting a represent the common m-, - m ] sin 0 

accelerations of the two objects, a ~ . „„ & 

eliminate T between the two 
equations and solve a: 

Substitute numerical values and 
evaluate a\ 


i.e., the acceleration is down the incline. 


0.075kg - (0.270 kg)sin30° 
0.075kg + 0.270 kg 
x(9.81m/s 2 ) 

- 1.71m/s 2 


Substitute for a in either of the force 
equations to obtain: 


T = 


0.863N 


(c) Using a constant-acceleration 
equation, relate the displacement of 
the cart down the incline to its initial 
speed and acceleration: 


Ax = v 0 At + \ a (At)" 
or, because v 0 = 0, 

Ax = Ta(At)‘ 


Solve for At: 



2(l m) 

1.71 m/s 2 


1.08s 


Substitute numerical values and 
evaluate At: 
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97 •• 

Picture the Problem Note that, while the mass of the rope is distributed over its length, 
the rope and the block have a co mm on acceleration. Because the surface is horizontal 

and smooth, the only force that influences our solution is F . The figure misrepresents 
the situation in that each segment of the rope experiences a gravitational force; the 
combined effect of which is that the rope must sag. 


(a) Apply a = F net / m tot to the rope- 
block system to obtain: 


a = 


F 

m x + m 2 


(■ b ) Apply = ma to the rope, 

substitute the acceleration of the 
system obtained in ( a ), and simplify 
to obtain: 


/A, = ™ 2 a = »h 


F 


v m i +m 2j 


m~, 


m x + m 2 


-F 


(c) Apply I* = ma to the block, 

substitute the acceleration of the 
system obtained in (a), and simplify 
to obtain: 


T = m x a = m x 


f F A 
y m x +m 2 j 


m , 


m x + /«-, 


-F 


{(I) The rope sags and so F has both 
vertical and horizontal components; 
with its horizontal component being 

less than F. Consequently, a will be 
somewhat smaller. 



*98 •• 

Picture the Problem The free-body 
diagram shows the forces acting on the 
block. Choose the coordinate system 
shown on the diagram. Because the surface 
of the wedge is frictionless, the force it 
exerts on the block must be normal to its 
surface. 


y 



(a) Apply ^F v = ma v to the block F n sin 30° -w = ma y 

to obtain: or, because a y = 0 and w = mg, 

F n sin30 °-mg = 0 


or 
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Apply ^ F x = ma x to the block: 

Divide equation (2) by equation (1) 
to obtain: 

Solve for and evaluate a x : 


(. b ) An acceleration of the wedge 
greater than g cot30° would require 
that the normal force exerted on the 
body by the wedge be greater than 
that given in part (a); i.e., F n > 
mg/sin30°. 


F n sin 30° = mg 

(1) 

F n cos30° = ma x 

(2) 

— = cot30° 


g 


a x = g cot 30° = ( c 

).81m/s 2 )cot30 


17.0m/s 2 


Under this condition, there would 
be a net force in the y direction and 
the block would accelerate up the 
wedge. 


99 •• 

Picture the Problem Because the system 
is initially in equilibrium, it follows that T 0 
= 5mg. When one washer is removed on 
the left side, the remaining washers will 
accelerate upward (and those on the right 
side downward) in response to the net force 
that results. The free-body diagrams show 
the forces under this unbalanced condition. 
Applying Newton’s 2 nd law to each 
collection of washers will allow us to 
determine both the acceleration of the 
system and the mass of a single washer. 


y 

I 

A T 


nT 

6 


1 14 mg 


> r 5 mg 
I 

y 


(a) Apply ^ F v = ma y to the rising 

T-4mg = (4m)a (1) 

masses: 


Apply = ma y to the 

descending masses: 

5 mg — T = (5m)a (2) 

Eliminate T between these equations 
to obtain: 

<*=jg 

Use this acceleration in equation (1) 
or equation (2) to obtain: 

T 40 

1 =—mg 

9 

Express the difference between T (] 
and T and solve for nr 

40 

T a - T = 5mg - — mg = 0.3 N 


and 
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(b) Proceed as in (a) to obtain: 


Eliminate T and solve for a: 


Eliminate a in either of the motion 
equations and solve for T to obtain: 


Substitute numerical values and 
evaluate T: 


m = 


0.0550kg= 55.Og 


T - 3mg = 3ma 
and 

5mg- T = 5ma 


a = jg = j(9.81m/s 2 ) = 


2.45 m/s 2 


T 15 

1 = —mg 

4 S 

r = ^(0.0550kg)(9.81m/s 2 ) 
= 2.03N 


100 •• 

Picture the Problem The free-body 
diagram represents the Atwood’s machine 
with N washers moved from the left side to 
the right side. Application of Newton’s 2 nd 
law to each collection of washers will 
result in two equations that can be solved 
simultaneously to relate N, a, and g. The 
acceleration can then be found from the 
given data. 


y 

I 

▲ T 


A T 


▼ (5-AO mg 


i r(5 + N)mg 
I 

y 


Apply = ma v to the rising 

washers: 

Apply ^ F y = ma v to the 
descending washers: 

Add these equations to eliminate T: 

Simplify to obtain: 

Solve for N: 

Using a constant-acceleration 
equation, relate the distance the 
washers fell to their time of fall: 


T - (5 - N)mg = (5 - N)ma 

(5 +N)mg - T = (5 + N)ma 

(5 + N )mg - (5-N )mg 
= (5 — N)ma + (5 + N)ma 

2 Nmg = 10 ma 
N= 5 a/g 

Ay = v 0 A t + \ a{Atf 
or, because vo = 0, 

Ay = \a(Atf 
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Solve for the acceleration: 


Substitute numerical values and 
evaluate a: 


a = 


2Av 

M 


2(0.47 lm) 
(0.40 s) 2 


5.89m/s 2 


Substitute in the expression for N: 


f 

N = 5 ■ 

V 


5.89m/s 2 ^ 
9.81m/s 2 J 



101 •• 

Picture the Problem Draw the tree-body 
diagram for the block of mass m and apply -+ 

Newton’s 2 nd law to obtain the acceleration * 1 

of the system and then the tension in the ^ ( ■ 

rope connecting the two blocks. 


T 


(a) Letting T be the tension in the T - F\ = ma 

connecting string, apply 

2>, = ma x to the block of 
mass m: 

Apply ^ F r = ma x to both blocks F 2 -F x = (m + 2m)a = (3m)a 

to determine the acceleration of the 
system: 

Substitute and solve for a: a = (F 2 - F{)/3m 

Substitute for a in the first equation 
and solve for T: 


T = 


(F 2 +2F t ) 


(b) Substitute for F\ and F 2 in the 
equation derived in part (a): 

Evaluate this expression for T = T 0 
and t = to and solve for t 0 : 


T= (20 +20)13 = 40/3 


to ~ 


37; 

4C 
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*102 ••• 

Picture the Problem Because a constant- 
upward acceleration has the same effect as 
an increase in the acceleration due to 
gravity, we can use the result of Problem 
89 (for the tension) with a replaced by a + 
g. The application of Newton’s 2 nd law to 
the object whose mass is m 2 will co nn ect 
the acceleration of this body to tension 
from Problem 84. 


y 

J- 


In Problem 84 it is given that, when 
the support pulley is not 
accelerating, the tension in the rope 
and the acceleration of the masses 
are related according to: 

Replace a with a + g: 


Apply ^ F = ma v to the object 
whose mass is m 2 and solve for a 2 : 


Substitute for T and simplify to 
obtain: 


The expression for ci\ is the same as 
for a 2 with all subscripts 
interchanged (note that a positive 
value for a t represents acceleration 
upward): 


T 


2m, m 1 

- g 

m x + m 2 


r= Tvt( a+g) 

m, + m 2 


T - lmjg = m 2 a 2 
and 
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Chapter 5 

Applications of Newton’s Laws 

Conceptual Problems 


l 

Determine the Concept Because the 
objects are speeding up (accelerating), 
there must be a net force acting on them. 
The forces acting on an object are the 
normal force exerted by the floor of the 
truck, the weight of the object, and the 
friction force; also exerted by the floor of 
the truck. 


A f 

1 n 

7 

<-► 

yr iv 


Of these forces, the only one that acts in 
the direction of the acceleration (chosen 
to be to the right in the free-body 
diagram) is the friction force. 


The force of friction between the 
object and the floor of the truck 
must be the force that causes the 
object to accelerate. 


*2 • 

Determine the Concept The forces acting 
on an object are the normal force exerted 
by the floor of the truck, the weight of the 
object, and the friction force; also exerted 
by the floor of the truck. Of these forces, 
the only one that acts in the direction of the 
acceleration (chosen to be to the right in 
the free-body diagram) is the friction force. 
Apply Newton’s 2 nd law to the object to 
determine how the critical acceleration 
depends on its weight. 



7 

T-^ 

yr iv 


Taking the positive x direction to be 
to the right, apply I/y = ma x and 
solve for a x : 


f = // s w = ju s mg = ma x 
and 

a x = Msg 


Because a x is independent of in and 
w, the critical accelerations are the 
same. 


265 
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3 

Determine the Concept The forces acting 
on the block are the normal force F n 
exerted by the incline, the weight of the 
block mg exerted by the earth, and the 

static friction force f s exerted by an 
external agent. We can use the definition of 
/4 and the conditions for equilibrium to 
determine the relationship between // s and 
Q. 



Apply ^ F x = ma x to the block: f s - mgs'mO = 0 

Apply ^ F y = ma y in the y F n - mgcosO = 0 

direction: 


Divide equation (1) by equation (2) 
to obtain: 


tan# = 


A 


Substitute for f s (< ///’„): 


u F 

tan 0 < A s 11 = /u s 
F 


and 


(d) is correct. 


*4 . 

Determine the Concept The block is in 
equilibrium under the influence of F n , mg, 
and f s ; i.e., 


F n +mg + f=0 


We can apply Newton’s 2 nd law in the x 
direction to determine the relationship 
between/j and mg. 



Apply A F x = 6 to the block: 


f s - wgsin# = 0 


Solve for f: 


f s = mgstn 0 
and (d) is correct. 
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5 

Picture the Problem The forces acting on 
the car as it rounds a curve of radius R at 
maximum speed are shown on the free-body 
diagram to the right. The centripetal force is 
the static friction force exerted by the 
roadway on the tires. We can apply 
Newton’s 2 nd law to the car to derive an 
expression for its maximum speed and then 
compare the speeds under the two friction 
conditions described. 


A p 

1 n 


J s, max 

T- 

t f nig 


—x 


Apply 


= ma to the car: 


X F v = A max = m - 


R 


and 

E F y = F n~ = 0 


From they equation we have: 


F n = mg 


Express^ !max in terms of F n in the x 
equation and solve for v max ' 


v = 

max 


or 


= constant yf/u s 


Express v max for // s =f// s : 


= constant J— = .707v„_ ~71%v„ 


and 


( b ) is correct. 


*6 •• 

Picture the Problem The normal reaction 
force F n provides the centripetal force and 
the force of static friction, / 4 F n , keeps the 
cycle from sliding down the wall. We can 
apply Newton’s 2 nd law and the definition 
of/’.rnax to derive an expression for v min . 


y 



6-► -x 


' ' m R 


Apply Er = ma to the motorcycle: 


Yf =F 

x n 



and 
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For the minimum speed: 

Substitute for f, eliminate F n 
between the force equations, and 
solve for v min : 

Assume that S = 6m and /u s = 0.8 
and solve for v min : 


Z F v =/s ~mg = ° 


/s =f,n 


/4-Fn 



|(6m)(9.81m/s 2 



0.8 

8.58 m/s=30.9 km/h 


7 

Determine the Concept As the spring is extended, the force exerted by the spring on the 
block increases. Once that force is greater than the maximum value of the force of static 
friction on the block, the block will begin to move. However, as it accelerates, it will 
shorten the length of the spring, decreasing the force that the spring exerts on the block. 

As this happens, the force of kinetic friction can then slow the block to a stop, which starts 
the cycle over again. One interesting application of this to the real world is the bowing of 
a violin string: The string under tension acts like the spring, while the bow acts as the 
block, so as the bow is dragged across the string, the string periodically sticks and frees 
itself from the bow. 


8 

True. The velocity of an object moving in a circle is continually changing independently 
of whether the object’s speed is changing. The change in the velocity vector and the 
acceleration vector and the net force acting on the object all point toward the center of 
circle. This center-pointing force is called a centripetal force. 


9 


Determine the Concept A particle traveling in a vertical circle experiences a downward 
gravitational force plus an additional force that constrains it to move along a circular path. 
Because the net force acting on the particle will vary with location along its trajectory, 
neither ( b ), (c), nor ( d) can be correct. Because the velocity of a particle moving along a 


circular path is continually changing, ( a ) cannot be correct. 


(e) is correct. 


*10 • 

Determine the Concept We can analyze these demonstrations by drawing force diagrams 
for each situation. In both diagrams, h denotes "hand", g denotes "gravitational", m 
denotes "magnetic", and n denotes "normal". 







(a) Demonstration 1: 
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Demonstration 2: 


i: 


Magnet 


1^8 l 


Magnet 




Iron 


if* 


Iron 


k 


¥ 


( b ) Because the magnet doesn’t lift the iron in the first demonstration, the force exerted on 
the iron must be less than its (the iron’s) weight. This is still true when the two are falling, 
but the motion of the iron is not restrained by the table, and the motion of the magnet is 
not restrained by the hand. Looking at the second diagram, the net force pulling the 
magnet down is greater than its weight, implying that its acceleration is greater than g. 

The opposite is true for the iron: the magnetic force acts upwards, slowing it down, so its 
acceleration will be less than g. Because of this, the magnet will catch up to the iron piece 
as they fall. 


*11 ••• 

Picture the Problem The tree-body 
diagrams show the forces acting on the two 
objects some time after block 2 is dropped. 

Note that, while 7j ^ T 2 , 7) = T 2 . 



The only force pulling block 2 to the left is the horizontal component of the tension. 
Because this force is smaller than the magnitude of the tension, the acceleration of block 
1, which is identical to block 2, to the right ( 7) = T 2 ) will always be greater than the 
acceleration of block 2 to the left. 

Because the initial distance from block 1 to the pulley is the same as the initial 
distance of block 2 to the wall, block 1 will hit the pulley before block 2 hits 
the wall. 


12 • 

True. The terminal speed of an object is given by v, = (ing/hf", where b depends on the 

shape and area of the falling object as well as upon the properties of the medium in which 
the object is falling. 

13 • 

Determine the Concept The terminal speed of a sky diver is given by v t = (ing/b f ", 

where b depends on the shape and area of the falling object as well as upon the properties 
of the medium in which the object is falling. The sky diver’s orientation as she falls 
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determines the surface area she presents to the air molecules that must be pushed aside. 
( d ) is correct. 


14 •• 

Determine the Concept In your frame of 
reference (the accelerating reference frame 
of the car), the direction of the force must 
point toward the center of the circular path 
along which you are traveling; that is, in 
the direction of the centripetal force that 
keeps you moving in a circle. The friction 
between you and the seat you are sitting on 
supplies this force. The reason you seem 
to be "pushed" to the outside of the curve is 
that your body’s inertia "wants" , in 
accordance with Newton’s law of inertia, 
to keep it moving in a straight line-that is, 
tangent to the curve. 



*15 • 

Determine the Concept The centripetal force that keeps the moon in its orbit around the 
earth is provided by the gravitational force the earth exerts on the moon. As described by 
Newton’s 3 rd law, this force is equal in magnitude to the force the moon exerts on the 
earth. 


0 d ) is correct. 


16 • 

Determine the Concept The only forces acting on the block are its weight and the force 
the surface exerts on it. Because the loop-the-loop surface is frictionless, the force it exerts 
on the block must be perpendicular to its surface. 


Point A: the weight is downward Free-body diagram 3 

and the normal force is to the right. 

Point B: the weight is downward, Free-body diagram 4 

the normal force is upward, and the 

normal force is greater than the 

weight so that their difference is the 

centripetal force. 


Point C: the weight is downward and Free-body diagram 5 

the normal force is to the left. 


Point D: both the weight and the 
normal forces are downward. 


Free-body diagram 2 
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17 •• 

Picture the Problem Assume that the drag force on an object is given by the Newtonian 
formula F D = \CApv 1 , where A is the projected surface area, v is the object’s speed, p 
is the density of air, and C a dimensionless coefficient. 


Express the net force acting on the 
falling object: 

Substitute for F 0 under terminal 
speed conditions and solve for the 
terminal speed: 


F net = mg - F V) = ma 
mg -jCApVj = 0 


or 



Thus, the terminal velocity depends on the 
ratio of the mass of the object to its surface 
area. 


For a rock, which has a relatively small surface area compared to its mass, the terminal 
speed will be relatively high; for a lightweight, spread-out object like a feather, the 
opposite is true. 

Another issue is that the higher the terminal velocity is, the longer it takes for a falling 
object to reach terminal velocity. From this, the feather will reach its terminal velocity 
quickly, and fall at an almost constant speed very soon after being dropped; a rock, if not 
dropped from a great height, will have almost the same acceleration as if it were in free- 
fall for the duration of its fall, and thus be continually speeding up as it falls. 

An interesting point is that the average drag force acting on the rock will be larger than 
that acting on the feather precisely because the rock’s average speed is larger than the 
feather's, as the drag force increases as v 2 . This is another reminder that force is not the 
same thing as acceleration. 


Estimation and Approximation 

*18 • 

Picture the Problem The free-body 
diagram shows the forces on the Tercel as it 
slows from 60 to 55 mph. We can use 
Newton’s 2 nd law to calculate the average 
force from the rate at which the car’s speed 
decreases and the rolling force from its 
definition. The drag force can be inferred 
from the average and rolling friction forces 
and the drag coefficient from the defining 
equation for the drag force. 


y 

l 



(a) Apply ^ F x = ma x to the car to relate 

the average force acting on it to its average 
velocity: 


F , = ma.. 


Av 
= m — 
At 
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Substitute numerical values and evaluate F m : 


F„=(l020kg) 


mi km 

5 — x 1.609-x- 

h mi 3600s 

3.92s 


lh 1000m 


km 


581N 


( b ) Using its definition, express and 
evaluate the force of rolling friction: 


Assuming that only two forces are 
acting on the car in the direction of 
its motion, express their relationship 
and solve for and evaluate the drag 
force: 


(c) Convert 57.5 mi/h to m/s: 


Using the definition of the drag 
force and its calculated value from 
( b ) and the average speed of the car 
during this 5 mph interval, solve for 
C: 

Substitute numerical values and 
evaluate C: 


fr 


rolling 


Arolling^n — /Colling m § 

(0.02)(l 020 kg)(9.81 m/s 2 ) 
200 N 


F - F +F 

av drag rolling 


and 


F = F - F 

drag av rolling 


= 581N -200N = 

381N 


57.5 — 
h 


F = L 

1 drag 2 


__ ,mi 1.609km 

= 57.5 — x- 

h mi 

lh 10 3 m 

X_X_ 

3600s km 
= 25.7m/s 


2 F 

CpAv 2 => C = — 

pAv 2 


c _ 2(38 IN) _ 

(l .21 kg/m 3 )(l .91 nr)(25.7 m/s) 2 

= 0.499 


19 • 

Picture the Problem We can use the dimensions of force and velocity to determine the 
dimensions of the constant b and the dimensions of p, r, and v to show that, for n = 2, 
Newton’s expression is consistent dimensionally with our result from part (b). In parts (cf) 
and (e), we can apply Newton’s 2 nd law under terminal velocity conditions to find the 
terminal velocity of the sky diver near the surface of the earth and at a height of 8 km. 



v 


(a) Solve the drag force equation for 
b with n = 1: 














Substitute the dimensions of F d and 
v and simplify to obtain: 
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(. b ) Solve the drag force equation for 
b with n = 2: 


ML 

M-f 

T 


M_ 

T 


and the units of b are 


kg/s 



Substitute the dimensions of F A and 
v and simplify to obtain: 


(c) Express the dimensions of 
Newton’s expression: 


ML 



M_ 

L 


and the units of b are 


kg/m 


[F A ]=[\p7ir 2 v 2 




ML 

rj- t2 


From part ( b) we have: 


fa]=M= 


MY L 

V L j\i j 


ML 

rj-il 


(d) Letting the downward direction 
be the positive y direction, apply 
^F v = ma v to the sky diver: 

Solve for and evaluate v,\ 


1 2 2 A 

mg - j pm~ v t = 0 



v, = 


1 ■ 

2(56kg)(9.81m/s 2 ; 

1 

7r(( 

).514kg/m 3 )(0.3m 

i) ! 


86.9m/s 


(e) Evaluate v, at a height of 8 km: 












274 Chapter 5 


20 •• 

Picture the Problem From Newton’s 2 nd law, the equation describing the motion of 
falling raindrops and large hailstones is mg - F& = ma where F d = \ pft r~v 2 = bv 2 is the 

drag force. Under terminal speed conditions (a = 0), the drag force is equal to the weight 
of the falling object. Take the radius of a raindrop r r to be 0.5 mm and the radius of a 
golf-ball sized hailstone r h to be 2 cm. 

Using b = \npr 2 , evaluate b r and b h : b T = ±ft( 1.2kg/m 3 Jp.5 x 1CT 3 m) 2 

= 4.71xl0~ 7 kg/m 
and 

b h = j ft[\ .2 kg/m 3 x 10 2 m)~ 

= 7.54x10 4 kg/m 


Express the mass of a sphere in 
terms of its volume and density: 


m = pV = 


4a r 2 p 


Using p r = 10 3 kg/m 3 and a = 920 _ 4^(o.5 x 10 3 m) 3 (l0 3 kg/m 3 ) 

kg/m 3 , evaluate m x and m h : m ' 3 

= 5.24x10 7 kg 
and 

_ 4^(2x IQ - 2 m ) 3 (920 kg/m 3 ) 

VYl\ — 

3 

= 3.08x 10 -2 kg 


Express the relationship between v t 
and the weight of a falling object 
under terminal speed conditions and 
solve for v t : 

Use numerical values to evaluate v t , r 
and v t ,h- 


bv 2 = /ng=>v t = 



t,r 


and 


K t,h 


| (5.24xl0~ 7 kg)(9.81m/s 2 ) 

\ 4.71x 10 -7 kg/m 

3.30m/s 


l (3.08xlQ- 2 kg)(9.81m/s 2 ) 

V 7.54 xlO -4 kg/m 

20 . 0 m/s 












Applications of Newton’s Laws 275 


Friction 

*21 • 

Picture the Problem The block is in 
equilibrium under the influence of F n , 
mg, and / k ; i.e., 

K + mg + f k = 0 

We can apply Newton’s 2 nd law to 
determine the relationship between/ k , 9, 
and mg. 



Using its definition, express the 
coefficient of kinetic friction: 

Apply JV, = ma x to the block: 

Solve for f k : 

Apply X = ma v to the block: 
Solve for F n \ 

Substitute in equation (1) to obtain: 


74 =^ ( 1 ) 

f k - mgsmO = ma x = 0 because a x = 0 
fi = mgslnO 


Fn - mgcos 9 = ma Y = 0 because a y = 0 


F n = mgcos9 


mg sin 6 

H k = —--r = tan 0 


mg cos 6 


and 


(b) is correct. 


22 • 

Picture the Problem The block is in 
equilibrium under the influence of F n , 
mg, F w , and / k ; i.e., 

F n + mg + F app + j k = 0 

We can apply Newton’s 2 nd law to 
determine / k . 


/k 

Mr 



Apply X F v = mu . to the block: 


F a pp -/ k = ma x = 0 because a x = 0 


Solve for^: 


/ k = F a PP = 20 N 
and (e) is correct. 
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*23 • 

Picture the Problem Whether the friction 
force is that due to static friction or kinetic 
friction depends on whether the applied 
tension is greater than the maximum static 
friction force. We can apply the definition 
of the maximum static friction to decide 
whether/ Simax or T is greater. 


7 

A F 

1 n 


/ 

Mr 


- 


app 

“► — * 


W 


Calculate the maximum static / s , max = jU s F n = ju s w = (0.8)(20 N) = 16 N 

friction force: 


(a) Because/ S , max > T : 


/=/s 


T = 


15.ON 


(b) Because r>/ s , max : 


/=/k 


jU k w = (0.6)(20 N) 


12.ON 


24 • 

Picture the Problem The block is in 
equilibrium under the influence of the 
forces T, f k , and mg', i.e., 

T + f k + mg =0 

We can apply Newton’s 2 nd law to 
determine the relationship between T and 

A- 



Apply X C = ma x to the block: 


T cosd-ft = ma x = 0 because a x = 0 


Solve for^: 


fk - T cos 9 and 


(. b ) is correct. 


25 • 

Picture the Problem Whether the friction 
force is that due to static friction or kinetic 
friction depends on whether the applied 
tension is greater than the maximum static 
friction force. 


y 

I 




f 

■*- 


F 

'app 

—►-JC 


Calculate the maximum static 


,/s.nia x gf n 
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friction force: 


= (0.6)(100kg)(9.81 m/s 2 ) 
= 589 N 


Because // max > F app , the box does 
not move and : 


A app =/ s = 


500N 


26 • 

Picture the Problem Because the box is 
moving with constant velocity, its 
acceleration is zero and it is in equilibrium 

under the influence of F , F n , w, and 
7; i e., 

^app + F n + W+f =0 

We can apply Newton’s 2 nd law to 
determine the relationship between/and 
mg. 


y 





>—X 


The definition of // k is: 

Apply JV = ma v to the box: 
Solve for F n \ 

Apply X F v = ma x to the box: 
Solve for^k: 

Substitute to obtain p k : 



F n -w = ma y = 0 because a v = 0 
F n = w = 600 N 


IA = /-’ app -/= ma x = 0 because a x = 0 
A app =/ k = 250 N 


// k = (250 N)/(600 N) = 0.417 


27 • 

Picture the Problem Assume that the car 
is traveling to the right and let the positive 
x direction also be to the right. We can use 
Newton’s 2 nd law of motion and the 
definition of /u s to determine the maximum 
acceleration of the car. Once we kn ow the 
car’s maximum acceleration, we can use a 
constant-acceleration equation to determine 
the least stopping distance. 


y 


fs 

<- 


F 

1 n 


O -X 


w 
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(a) Apply ^ F x = ma x to the car: 

Apply = ma y to the car and 
solve for F n : 

Substitute (2) in (1) and solve for 

Ur, max- 


(b ) Using a constant-acceleration 
equation, relate the stopping 
distance of the car to its initial 
velocity and its acceleration and 
solve for its displacement: 

Substitute numerical values and 
evaluate Ax: 


/villax /C'n Til Cl x (1) 

F n -w = ma v = 0 
or, because a v = 0, 

Fn = mg (2) 

«x, max = M,g= (0.6)(9.81m/s 2 ) 
= -5.89m/s 2 


v 2 = Vg + 2aAx 
or, because v = 0, 



2 a 


. -(30 m/s) 2 

Ax = t -- = 

2(-5.89 m/s 2 ) 


76.4 m 


*28 • 

Picture the Problem The tree-body 
diagram shows the forces acting on the 
drive wheels, the ones we’re assuming 
support half the weight of the car. We can 
use the definition of acceleration and apply 
Newton’s 2 nd law to the horizontal and 
vertical components of the forces to 
determine the minimum coefficient of 
friction between the road and the tires. 


y 

i 

A/r 

1 n 

I 

- >-X 

y 1 '/2 mg 


(a) Because ju s > ju k ,f will be greater if the wheels do not slip. 


(b) Apply = ma x to the car: 


fs //7'n ma x 


( 1 ) 


Apply / , F v = ma y to the car and 
solve for F n : 


F n -\mg = ma y 

Because a v = 0, 

F n-\mg = 0^F n = j mg 


Find the acceleration of the car: 


_ Av _ (90km/h)(l000m/km) 
At 

= 2.08m/s 2 


12s 
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Solve equation (1) for ju s : 


ma r 2a 

A, = — = —- 

2 m g g 


Substitute numerical values and 
evaluate a x : 


2(2.08m/s 2 ) 

9.81m/s 2 


0.424 


29 • 

Picture the Problem The block is in 
equilibrium under the influence of the 
forces shown on the free-body diagram. 
We can use Newton’s 2 nd law and the 
definition of /4 to solve for/ s and F n . 


(a) Apply ' S ^ J F y = ma y to the block 
and solve for/ s : 


- f 

I 100 N 



/ s - mg = ma y 

or, because a v = 0, 
/ s - mg = 0 


Solve for and evaluate f s : 


f s = m g = (5kg)(9.81m/s 2 ) 
- 49.IN 


( b ) Use the definition of //, to „ / s max 

Z7 = —— 

express F n : ju s 


Substitute numerical values and 
evaluate F a : 


49. IN 
0.4 


123N 


30 • 

Picture the Problem The free-body 
diagram shows the forces acting on the 
book. The normal force is the net force the 
student exerts in squeezing the book. Let 
the horizontal direction be the x direction 
and upward they direction. Note that the 
normal force is the same on either side of 
the book because it is not accelerating in 
the horizontal direction. The book could be 
accelerating downward. We can apply 
Newton’s 2 nd law to relate the minimum 
force required to hold the book in place to 
its mass and to the coefficients of static 
friction. In part ( b ), we can proceed 
similarly to relate the acceleration of the 



—x 
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book to the coefficients of kinetic friction. 


(a) Apply X F = ma to the book: X F * = ^ 2 ,min - ^.m.n = 0 

and 

X F v = As.l^'.m.n + /4,2^2,min " ™g = 0 


Noting that/^ mjii = solve the 

v equation for F mm : 

Substitute numerical values and 
evaluate F min : 


(b) Apply X Fy = ma y 

book accelerating downward, to 
obtain: 

Solve for a to obtain: 


Substitute numerical values and 
evaluate a\ 


F = 

min 


mg 


M,i+Msa 


F. 


_ (l0.2kg)(9.81m/s 2 )_ 


0.32 + 0.16 


208 N 


X F v = Fk,x F + Fk2 F - m § = ma 


Fk. + Fk.i r 
a = - F-g 

m 


a = Q - 2 + 0 - 09 (195 N)-9.81 m/s 2 


10.2 kg 


= -4.27 m/s 2 


31 • 

Picture the Problem A tree-body diagram 
showing the forces acting on the car is 
shown to the right. The friction force that 
the ground exerts on the tires is the force/ s 
shown acting up the incline. We can use 
the definition of the coefficient of static 
friction and Newton’s 2 nd law to relate the 
angle of the incline to the forces acting on 
the car. 

Apply Z^ = ma to the car: 


Solve equation (1) for/I and 
equation (2) for F n : 



X F v = /. - mg sin0 = O 

(1) 

and 


X F v = F n ~ m S cos ^ = 0 

(2) 

f s = mg sin 0 



and 
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Use the definition of /j s to relate / 
and F n : 

Solve for and evaluate 6 : 


F n = mg cos 0 


A s = 


_ f s _ mg sin 0 


F n mg cos 6 


= tan 6 


0 = tan '(//,,) = tan '(0.08) = 


4.57° 


*32 • 

Picture the Problem The ffee-body 
diagrams for the two methods are shown to 
the right. Method 1 results in the box being 
pushed into the floor, increasing the normal 
force and the static friction force. Method 2 
partially lifts the box,, reducing the normal 
force and the static friction force. We can 
apply Newton’s 2 nd law to obtain 
expressions that relate the maximum static 
friction force to the applied force F. 



y 



j nig 
Method 2 


(a) 


Method 2 is preferable as it reduces F n and, therefore, / 


(b) Apply = ma x to the box: 

Method 1: Apply ^ F v = ma y to 
the block and solve for F n : 

Relate/ s , m ax to F n . 

Method 2: Apply ^ F v = ma v to 

the forces in the y direction and 
solve for F n : 

Relate 7^, m ax to F n . 

Express the condition that must be 
satisfied to move the box by either 
method: 

Method 1: Substitute (1) in (3) and 
solve for F: 


F cost?-/, = FcosO- jUFn = 0 

F n - mg - Asint? = 0 
.‘. F„ = mg + Esin 0 

/.max = jUsF n = jLl s (mg + Fs\nO) (1) 

F n - mg + Fsin^ = 0 
and 

F„ = mg - /Tint? 

/.max = ///*„ = Ms(mg - Esin 0) (2) 

/.max = FcO%6 (3) 


As mg 

cos 0-ju s sin 6 


(4) 
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Method 2: Substitute (2) in (3) and 
solve for F: 


f 2 = 


Ms m S 

cost? + /u s sin# 


(5) 


Evaluate equations (4) and (5) with 
9= 30°: 


c;(30 o ) = 
F 2 (30°) = 


520N 

252N 


Evaluate (4) and (5) with 9=0°: 


F,( 0°) 


F,(0°) = v.mg = 


294 N 


33 • 

Picture the Problem Draw a free-body 
diagram for each object. In the absence of 
friction, the 3-kg box will move to the 
right, and the 2-kg box will move down. 

The friction force is indicated by f without 

subscript; it is f s for (a) and f k for (b). For 

values of // s less than the value found in 
part (a) required for equilibrium, the system 
will accelerate and the fall time for a given 
distance can be found using a constant- 
acceleration equation. 




(a) Apply = ma x to the 3-kg T-f = 0 because a x = 0 (1) 

box: 


Apply = ma v to the 3-kg box, 
solve for F n 3 , and substitute in (1): 

Apply X 77 , = ma x to the 2-kg box: 


F n ,3 - m 3 g = 0 because a y = 0 


and 


T-/j s m 3 g = 0 

(2) 

mig -T= 0 because a x = 0 

(3) 


Solve (2) and (3) simultaneously 
and solve for /j s : 





0.667 


(. b ) The time of fall is related to the Ax = v 0 A t + ya(Ai) 2 

acceleration, which is constant: orj because v 0 =0, 

Av = \a(Atf 


Solve for At: 



(4) 
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Apply YjF* = ma x to each box: 


Add equations (5) and (6) and solve 
for a: 


T- /j k nug = m 2 a 

(5) 

and 


ni 2 g - T = m 2 a 

(6) 

a _ (m 2 -F k fih)g 



m 2 + m 3 


Substitute numerical values and 
evaluate a: 


Substitute numerical values in equation (4) 
and evaluate At: 


[2kg-0.3(3kg)](9.81m/s 2 ) 

2 kg + 3kg 

2.16m/s 2 


At= | 2(2m) , = 

1.36s 

V 2.16m/s 



34 •• 

Picture the Problem The application of Newton’s 2 nd law to the block will allow us to 
express the coefficient of kinetic friction in terms of the acceleration of the block. We can 
then use a constant-acceleration equation to determine the block’s acceleration. The 
pictorial representation summarizes what we know about the motion. 


/ 0 - o 

m 


*o = 0 
v 0 = v 

A tree-body diagram showing the 
forces acting on the block is shown 
to the right. 

Apply = ma x to the block: 

Apply = ma y to the block and 

solve for F n : 



X\ = d 

Vj = 0 


y 



-f k = -ju k F n = ma (1) 

F n - mg = 0 because a v = 0 
and 

F n = mg 


(2) 
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Substitute (2) in (1) and solve for // k : 

Using a constant-acceleration 
equation, relate the initial and final 
velocities of the block to its 
displacement and acceleration: 

Solve for a to obtain: 

Substitute for a in equation (3) to 
obtain: 


/4 = ~a/g (3) 

v 2 = v o + 2aAx 

or, because v\ = 0, Vo = v, and A x = d, 

0 = v 2 +2 ad 


a =- 

2d 



*35 •• 

Picture the Problem We can find the 
speed of the system when it has moved a 
given distance by using a constant- 
acceleration equation. Under the influence 
of the forces shown in the tree-body 
diagrams, the blocks will have a common 
acceleration a. The application of 
Newton’s 2 nd law to each block, followed 
by the elimination of the tension T and the 
use of the definition of/ k , will allow us to 
determine the acceleration of the system. 

Using a constant-acceleration 
equation, relate the speed of the 
system to its acceleration and 
displacement; solve for its speed: 

Apply F net = ma to the block whose 
mass is m\\ 

Using/ k = jLi k F n , substitute (3) in (2) 
to obtain: 

Apply = in a ,, to the block 
whose mass is m 2 \ 

Add the last two equations to 
eliminate T and solve for a to 



v 2 = Vq + 2aAx 
and, because v 0 = 0, 
v = yflaAx (1) 

~LF X = T-f k - m igsin30° = m i a (2) 

and 

2.F y = F n j - in igcos30° = 0 (3) 

T-ju k mig cos30° - 7«!gsin30 o = m { a 

ni 2 g - T = m 2 a 

_ (m 2 - n k m x cosSO 0 -/??, sin30°)g 
m x + m 2 
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obtain: 


Substitute numerical values and a = 1.16 m/s 2 

evaluate a: 


Substitute numerical values in 
equation (1) and evaluate v: 


v = -J2(l.l6m/s 2 )(0.3m) =0.835m/s 


and 


(a) is correct. 


36 •• 

Picture the Problem Under the influence 
of the forces shown in the tree-body 
diagrams, the blocks are in static 
equilibrium. While f can be either up or 
down the incline, the free-body diagram 
shows the situation in which motion is 
impending up the incline. The application 
of Newton’s 2 nd law to each block, 
followed by the elimination of the tension 
T and the use of the definition of f, will 
allow us to determine the range of values 
for m 2 . 



n T 


' 'm 2 g 
I 

X 


(a) Apply Lr = ma to the block 
whose mass is m\. 

Using/ s , max = jUsFn, substitute (2) in 
(1) to obtain: 

Apply X/ 7 ,. = ma x to the block 
whose mass is m 2 : 

Add equations (3) and (4) to 
eliminate T and solve for m 2 \ 

Evaluate (5) denoting the value of 
m 2 with the plus sign as m 2 l and the 
value of 777 2 with the minus sign as 
7 ? 7 2 ,. to determine the range of values 
of ?77 2 for which the system is in 
static equilibrium: 


ZF X =T± / s , max - 7?7 1 gsin30° = 0 
and 

(1) 

"LFy = A n , 1 - 777igCOS30° = 0 

(2) 

T ± // s /? 7 1 gcos 30 ° 

- /MjgsinSO 0 = 777,0 

(3) 

777 2 g ~ T = 0 

(4) 


m 2 = /77 1 (±// s cos30° + sin30°) 

= (4kg)[±(0.4)cos30° + sin30°] 

m 2 + = 3.39kg and m 2 _ = 0.614kg 
.'. 0.614kg < 7n 2 < 3.39kg 
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(. b ) With m 2 = 1 kg, the impending T +f - wjigsin30° = 0 (6) 

motion is down the incline and the 
static friction force is up the incline. 

Apply = ma x to the block 

whose mass is wip 


Apply = ma x to the block m^g - T = 0 (7) 

whose mass is m 2 : 


Add equations (6) and (7) and solve 
for and evaluate f : 


f = (»7isin30° - m 2 )g 
= [(4 kg)sin30° - 1 kg](9.81 m/s 2 ) 
= 9.81N 


37 •• 

Picture the Problem Under the influence 
of the forces shown in the free-body 
diagrams, the blocks will have a common 
acceleration a. The application of 
Newton’s 2 nd law to each block, followed 
by the elimination of the tension T and the 
use of the definition of/L will allow us to 
determine the acceleration of the system. 
Finally, we can substitute for the tension in 
either of the motion equations to determine 
the acceleration of the masses. 



n T 


' '"hg 
I 

x 


Apply ^F = ma to the block = T -/ k - m igsin30° = rn,a (1) 

, • and 

whose mass is m i: 

"LFy = F n ,i - »?igcos30° = 0 (2) 


Using f k = jUkF n , substitute (2) in (1) 
to obtain: 


T - /j k m t g cos30° 

-/n l gsin30° = m x a 


(3) 


Apply X 77 , = ma x to the block m 2 g - T = m 2 a (4) 

whose mass is m 2 : 


Add equations (3) and (4) to 
eliminate T and solve for a to 
obtain: 

Substituting numerical values and 
evaluating a yields: 


a = 


(m 2 - ju k m x cos 30° - m l sin 30°)g 


in ] + m 2 


a = 


2.36 m/s 2 












Substitute for a in equation (3) to 
obtain: 
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T = 


37.3N 


*38 •• 

Picture the Problem The truck will stop in 
the shortest possible distance when its 
acceleration is a maximum. The maximum 
acceleration is, in turn, determined by the 
maximum value of the static friction force. 
The free-body diagram shows the forces 
acting on the box as the truck brakes to a 
stop. Assume that the truck is moving in 
the positive x direction and apply Newton’s 
2 nd law and the definition of / s , ma x to find 
the shortest stopping distance. 


y 

i 

A f 

1 n 


fs 


s, max 

< -- - 


mg 


— x 


Using a constant-acceleration v 2 = v„ + 2aAx 

equation, relate the truck’s stopping ^ s i nce v = 0, 

distance to its acceleration and 

initial velocity; solve for the Ax = 

min 

stopping distance: 



Apply F net = ma to the block: 


T/f ,/s.max /UU rn ax 

and 

ZF y = F„ - mg = 0 


( 1 ) 

(2) 


Using the definition of/ s , max , solve 
equations (1) and (2) simultaneously 
for a: 


7s,max — F\F n 


and 


Omax = -/4g = - (0.3)(9.81 m/s 2 ) 
= -2.943 m/s 2 


Substitute numerical values and evaluate At mm : 


Ax 


I-(80 km/h) 2 (l 000km/m) (l h/3600s) 2 

V 2(- 2.943 m/s 2 ) 


9.16m 
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39 •• 

Picture the Problem We can find the 
coefficient of friction by applying 
Newton’s 2 nd law and determining the 
acceleration from the given values of 
displacement and initial velocity. We can 
find the displacement and speed of the 
block by using constant-acceleration 
equations. During its motion up the incline, 
the sum of the kinetic friction force and a 
component of the object’s weight will 
combine to bring the object to rest. When it 
is moving down the incline, the difference 
between the weight component and the 
friction force will be the net force. 


X 



x 0 = 0 
v 0 = 14 m /s 


(a) Draw a free-body diagram for 
the block as it travels up the incline: 


Apply I* = ma to the block: 


Substitute f k = / 4 F„ and F n from (2) 
in (1) and solve for // k : 



' 'nig 

Y.F X = -f k - mgsin37°= ma 
and 

T,F y = F n - mg cos37° = 0 


-gsin37°-a 

gcos37° 


= - tan 37° 


a 

gcos37° 


( 1 ) 

( 2 ) 

(3) 


Using a constant-acceleration vj 2 = vj + 2 a Ax 

equation, relate the final velocity of 
the block to its initial velocity, 
acceleration, and displacement: 

Solving for a yields: vj 2 - v 2 

2Ax 

(s.ZnVsMHm/s)* = _ la6m/s 

2(8 m) 


Substitute numerical values and 
evaluate a: 
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Substitute for a in (3) to obtain: 


/u k = -tan37° 


0.599 


-10.6m/s 2 

(9.81m/s 2 )cos37 0 


( b ) Use the same constant- 
acceleration equation used above but 
with V! = 0 to obtain: 

Solve for Ax to obtain: 


Substitute numerical values and 
evaluate Ax: 

(c) When the block slides down the 
incline, 7k is in the positive x 
direction: 

Solve for a as in part (a): 

Use the same constant-acceleration 
equation used in part ( b ) to obtain: 

Set v 0 = 0 and solve for v: 

Substitute numerical values and 
evaluate v: 


0 = Vg + 2aAx 


Ax- V ° 


2 a 


Ax= ~( 14m/s ) 

9.25 m 

2 -10.6 m/s 2 



IA = fk~ mgsin37°= ma 
and 

T,F y = F„ - ff?gcos37° = 0 
a = g(/u k cos37°-sin37°) = -1.21m/s 2 
v 2 = Vg + 2aAx 

v- V 2aAx 

v = V2(-1.2 1 m/s 2 )(-9.25m) 

= 1 4.73m/s 


40 •• 

Picture the Problem We can find the stopping distances by applying Newton’s 2 nd law 
to the automobile and then using a constant-acceleration equation. The friction force the 
road exerts on the tires and the component of the car’s weight along the incline combine 
to provide the net force that stops the car. The pictorial representation summarizes what 
we kn ow about the motion of the car. We can use Newton’s 2 nd law to determine the 
acceleration of the car and a constant-acceleration equation to obtain its stopping 
distance. 
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Jf 0 = 0 


v 0 = 30 m /s 


(a) Using a constant-acceleration 
equation, relate the final speed of 
the car to its initial speed, 
acceleration, and displacement; 
solve for its displacement: 

Draw the free-body diagram for the 
car going up the incline: 


Apply = ma to the car: 


Substitute f = // s F n and F n from 
(2) in (1) and solve for a: 

Substitute numerical values in the 
expression for Ax min to obtain: 

( b ) Draw the free-body diagram for 
the car going down the incline: 


vf =v 2 +2a max Ax min 
or, because v, = 0, 



ZF X = -/l,„ ax - mgsinl 5° = ma (1) 
and 

Y.F y = F„ - mgcos 15° = 0 (2) 

«max =~g(M s cos 15° +sin 15°) 

= -9.17 m/s 2 
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Apply 


= ma to the car: 


Proceed as in (a) to obtain a max : 


I/L = // max - 777gsinl5° = ma 
and 

~LF y = F„ - 777 geos 15° = 0 

72max = g(// s cos 15° - sin 15°) = 4.09m/s 2 


Again, proceed as in (a) to obtain the 
displacement of the car: 


Ax 


-v 0 2 

(30m/s) 

— —T -uA — 

110m 

2^ max 

2(4.09 m/s 2 ) 



41 •• 

Picture the Problem The friction force the road exerts on the tires provides the net force 
that accelerates the car. The pictorial representation summarizes what we know about the 
motion of the car. We can use Newton’s 2 nd law to determine the acceleration of the car 
and a constant-acceleration equation to calculate how long it takes it to reach 100 km/h. 



o 


7 o = 0 

* 0 = o 

v 0 = ° 

(a) Because 40% of the car’s weight 
is on its two drive wheels and the 
accelerating friction forces act just 
on these wheels, the free-body 
diagram shows just the forces acting 
on the drive wheels. 

Apply = ma to the car: 


Use the definition of / s . max in 
equation (1) and eliminate F n 
between the two equations to obtain: 

(b) Using a constant-acceleration 
equation, relate the initial and final 



^F x //max ma 

(1) 

and 


I.F y = F„ - QAmg = 0 

(2) 


a = 0.4ju s g = 0.4(0.7)(9.81m/s 2 ) 
= 2.75 m/s 2 


Vj = v 0 + a At 
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velocities of the car to its 
acceleration and the elapsed time; 
solve for the time: 


or, because Vo = 0 and At = t\. 



a 


Substitute numerical values and evaluate t \: 


h 


(l 00 km/h)(l h/3600 s)(l 000 m/km) 
2.75m/s 2 


10 .1s 


*42 •• 

Picture the Problem To hold the box in 
place, the acceleration of the cart and box 
must be great enough so that the static 
friction force acting on the box will equal 
the weight of the box. We can use 
Newton’s 2 nd law to determine the 
minimum acceleration required. 

(a) Apply Z p = ma to the box: 



1 'nig 


ZF X F n 

(i) 

and 


Fy ^/s, max ^ 

(2) 


Substitute juF n for/ smax in equation 
(2), eliminate F n between the two 
equations and solve for and evaluate 

min* 


and 


mg= 0, ju(ma min )-mg = 0 


g_ 

A 


9.81m/s 2 

06 


16.4m/s 2 


( b ) Solve equation (2) for^, max , and 
substitute numerical values and 
evaluate/ s , max : 

(c) If a is twice that required to hold 
the box in place, f will still have its 
maximum value given by: 


7s, max Fllg 

= (2 kg)(9.81 m/s 2 ) = 


19.6N 


/s. 


19.6N 


id) 


Because g/ju s is o min , the box will not fall if a ^g/F s - 


43 •• 

Picture the Problem Note that the blocks have a common acceleration and that 
the tension in the string acts on both blocks in accordance with Newton’s third 
law of motion. Let down the incline be the positive x direction. Draw the firee- 
body diagrams for each block and apply Newton’s second law of motion and the 
definition of the kinetic friction force to each block to obtain simultaneous 
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equations in a x and T. 

Draw the free-body diagram for the 
block whose mass is m \: 


'y 

/ 



Apply ^ F = ma to the upper block: 

YF X = -/ k ,i + T { + niigsind = m x a x 
and 

( 1 ) 


I A, = A n ,i - m igcos 0 = 0 

(2) 

The relationship between/J , x and A nJ 

fk, 1 = Ak,lA n ,l 

(3) 

is: 




Eliminate^,! and A nJ between (1), 
(2), and (3) to obtain: 

Draw the free-body diagram for the 
block whose mass is m 2 . 


Apply YjF = ma to the block: 


The relationship between/^ and 
A n ,2 is: 


-/ 4 ,iWigcos#+ T] + nggsinO = m x a x (4) 



IF V = -/ k ,2 - T 2 + m2 gsin0= m 2 a x (5) 
and 

XA V = A n ,2 - m 2 gcosO = 0 (6) 

fk, 2 = Fk,2^n,2 ( 7 ) 


Eliminate f, 2 and F n2 between (5), -jU^ 2 m 2 gcos6 - T 2 + m 2 gs\nO = m 2 a x (8) 

(6), and (7) to obtain: 
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Noting that T 2 = T\=T, add 
equations (4) and (8) to eliminate T 
and solve for a x : 

Substitute numerical values and 
evaluate a x to obtain: 


(b) Eliminate a x between equations 
(4) and (8) and solve for T= T\ = T 2 
to obtain: 


a r = 


sin 6 -cos 6 


m ] + m 2 


g 


-0.965 m/s 2 


where the minus 


sign tells us that the acceleration is directed 
up the incline. 


T = 


m x m 2 


(/ 4 , 2 -/ 4 ,i)g cos 0 


m ] + m 2 


Substitute numerical values and 
evaluate T: 


T = 


0.184N 


*44 .. 

Picture the Problem The tree-body 
diagram shows the forces acting on the 
two blocks as they slide down the 
incline. Down the incline has been 
chosen as the positive x direction. T is 
the force transmitted by the stick; it can 
be either tensile {T > 0) or compressive 
(T < 0). By applying Newton’s 2 nd law 
to these blocks, we can obtain equations 
in T and a from which we can eliminate 
either by solving them simultaneously. 
Once we have expressed T, the role of 
the stick will become apparent. 

(a) Apply Z* = ma to block 1: 


Apply Z* = ma to block 2: 


y 



Z F v = T i+ m xg sin 0 - / M = m x a 
and 

Z F v =F nX -m x gcos6 = 0 

X F v = m ig sin 0-T 2 - f k2 = m 2 a 
and 

= ^1,2 ~ m 2 gcos0 = 0 


Letting T\ = T 2 = T, use the 
definition of the kinetic friction 
force to eliminate fi^\ and F n l 
between the equations for block 1 
and^/kT and F n l between the 
equations for block 2 to obtain: 


m x a = m l gsin0+ T - J u l m l gcos0 (1) 

and 

m 2 a = m 2 g sin0 - T - ju 2 m 2 gcos6> (2) 
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Add equations (1) and (2) to 
eliminate T and solve for a: 


a= g 


f • a Mi m \ + Mi m 2 a 
sin 9 - -— 5 --—- cos 0 


m j + m 2 




(V) Rewrite equations (1) and (2) by 
dividing both sides of (1) by m\ and 
both sides of (2) by m 2 to obtain. 


T 

a = gsin$ h -//jg cos 6 

m ] 

and 

T 

a = g sin 0 - ju 2 g cos 6 

m. 


(3) 

(4) 


Subtracting (4) from (3) and 
rearranging yields: 


T = 


y m l - m 2 j 


(Ai - Mi )§ cos 0 


If //, = n 2 , T = 0 and the blocks move down the incline with the same 
acceleration of g(sin# - // co%6). Inserting a stick between them can't 
change this; therefore, the stick must exert no force on either block. 


45 •• 

Picture the Problem The pictorial 
representation shows the orientation of the 
two blocks on the inclined surface. Draw 
the tree-body diagrams for each block and 
apply Newton’s 2 nd law of motion and the 
definition of the static friction force to each 
block to obtain simultaneous equations in 
0 C and T. 



(a) Draw the free-body diagram for 
the lower block: 



Apply = in a to the block: 

I,F X = ffqgsin^c-/ s ,i -T= 0 
and 

(1) 


IT, = T nJ - m igcos 0 C = 0 

(2) 

The relationship between/ s j and F n ] 

II 

(3) 


is: 
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Eliminate f y i and F n} between (1), 

m\gsm9 c - /u<„\m\gcos9 c - T= 0 

(4) 

(2), and (3) to obtain: 




Draw the free-body diagram for the 


y 

/ 


upper block: 

A 2 

/ ? n,2 



V. 

/ 



A 

T x 




r ^2i 


Apply = in a to the block: 

1>F X =T + w^gs inl¬ 
and 

~fs,2 = 0 

(5) 


I/\ = F n? _ - m 2 gcos9 c = 0 

(6) 

The relationship between/ s>2 and F n2 

fs, 2 — Ms ,iF b ^ 


(7) 


is: 


Eliminate/ Sj2 and F nl between (5), 
(6), and (7) to obtain: 

Add equations (4) and (8) to 
eliminate T and solve for 9 C : 


(b) Because 0 C is greater than the 
angle of repose (tan '(/gj) = 
tan _1 (0.4) = 21.8°) for the lower 
block, it would slide if T= 0. Solve 
equation (4) for T: 


T + /n 2 gsin 0 C - // s ,2/7?2<gcosC = 0 (8) 


6„ = tan 


= tan 


/Ci m i +Ms2 n h 

m ] + m 2 


(0.4)(0.2kg)+(0.6)(0.1kg) ' 
0 .1kg + 0.2kg 


= 25.0° 


T = /«jg(sin Q c 



Substitute numerical values and evaluate T: 


T = (0.2kg)(9.81m/s 2 )[sin25 o -(0.4)cos25°] 


0.118N 
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46 •• 

Picture the Problem The pictorial 
representation shows the orientation of the 
two blocks with a common acceleration on 
the inclined surface. Draw the free-body 
diagrams for each block and apply 
Newton’s 2 nd law and the definition of the 
kinetic friction force to each block to 
obtain simultaneous equations in a and T. 



(a) Draw the free-body diagram for 

\ 



the lower block: 

K \ 




^ Ji 

X**" 

T 

\ fk, 1 
\ 




2^20° 



\ 

'm\g 


Apply F = ma to the lower 

'LF X = Wigsin20° -f A - T - m,a 

(1) 

block: 

and 




EF V = A n ,i - /77igcos20° = 0 

(2) 

Express the relationship between/ k , 

fk, i — /4,i F a ,\ 


(3) 

and F n j: 





Eliminate7k,i and Tv between (1), m 1 gsin20°-// k l /« 1 gcos20° 

(2), and (3) to obtain: - T = m { a 


Draw the free-body diagram for the 
upper block: 


Apply = ma to the upper 
block: 

Express the relationship between/ k 2 
and F n2 : 



' r ">2g 

XF x = T + »22gsin20° -/ k , 2 = m 2 a 

(5) 

and 

EA V = An,2 - 7772gCOS20° = 0 

(6) 

fk, 2 = Mk,lF„,2 

(7) 
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Eliminate f k i and A n;2 between (5), T + m 2 g sin 20° - Fk,i m 2 g cos 20° 

(2), and (7) to obtain: = m m 


Add equations (4) and (8) to 
eliminate T and solve for a: 

Substitute the given values and 
evaluate a: 

( b ) Substitute for a in either equation 
(4) or equation (8) to obtain: 

*47 •• 

Picture the Problem The vertical 
component of F reduces the normal force; 
hence, the static friction force between the 
surface and the block. The horizontal 
component is responsible for any tendency 
to move and equals the static friction force 
until it exceeds its maximum value. We can 
apply Newton’s 2 nd law to the box, under 
equilibrium conditions, to relate F to 9. 



compression. 



(a) The static-frictional force opposes the motion of the object, and the maximum value 
of the static-frictional force is proportional to the normal force A N . The normal force is 
equal to the weight minus the vertical component A v of the force F. Keeping the 
magnitude F constant while increasing 9 from zero results in a decrease in A v and thus a 
corresponding decrease in the maximum static-frictional force/ max . The object will begin 
to move if the horizontal component A H of the force F exceeds/ max . An increase in 9 
results in a decrease in A H . As 9 increases from 0, the decrease in A K is larger than the 
decrease in Ah, so the object is more and more likely to slip. However, as 9 approaches 
90°, A h approaches zero and no movement will be initiated. If A is large enough and if 9 
increases from 0, then at some value of 9 the block will start to move. 


C b ) Apply = ma to the block: 


Assuming that f s =f s , m a» eliminate f s 
and A n between equations (1) and 
(2) and solve for A: 


IA X =Acos6»-/ s =0 (1) 

and 

lF y = A n + Asint?- mg = 0 (2) 

p _ Fjng 

cos 6 + /u s sin# 
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Use this function with mg = 240 N to generate the table shown below: 


9 

(deg) 

0 

10 

20 

30 

40 

50 

60 

F 

(N) 

240 

220 

210 

206 

208 

218 

235 


The following graph of F(9) was plotted using a spreadsheet program. 



0 10 20 30 40 50 60 

theta (degrees) 


From the graph, we can see that the minimum value for F occurs when 9 ~ 32°. 

Remarks: An alternative to manually plotting F as a function of 9 or using a 
spreadsheet program is to use a graphing calculator to enter and graph the function. 

48 ••• 

Picture the Problem The ffee-body 
diagram shows the forces acting on the 
block. We can apply Newton’s 2 nd law, 
under equilibrium conditions, to relate A to 
9 and then set its derivative with respect to 
9 equal to zero to find the value of 9 that 
minimizes F. 

(a) Apply F = ma to the block: ZF X =Fcos9-f s = 0 (1) 

and 

I.F y = F„ + Us in (A mg = 0 (2) 


y 
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Assuming that f s =f s . max , eliminate f s p _ F s m § 

and F n between equations (1) and (2) cos 0 + ju s sin 0 

and solve for F : 


(3) 


To find 9 m differentiate F with respect to 9 and set the derivative equal to zero for 
extrema of the function: 


dF_ 

dO 


(cos 0 + jU s sin 9)-^- (pjng) jujng f (cos 0 + ju s sin 0) 
dO dO 


(cos 0 + jU s sin &) 2 (cos6+ /u s sin#)" 

/u s mg(- sin 0 + /u s cos 
(cos 0 + /j s sin d) 1 


0 ) 


= 0 for extrema 


Solve for 0 mm to obtain: 




tan 1 // s 


(h\ T Tcp* triiirtcrl^ clinwn Kplmxr H I71& 



(c) 

The coefficient of kinetic friction is less than the coefficient of static friction. 
An analysis identical to the one above shows that the minimum force one 
should apply to keep the block moving should be applied at an angle given by 
0 mtn = tan -1 /j k . Therefore, once the block is moving the coefficient of friction 
will decrease, so the angle can be decreased. 


49 •• 

Picture the Problem The vertical component of F increases the normal force and the 
static friction force between the surface and the block. The horizontal component is 
responsible for any tendency to move and equals the static friction force until it exceeds 
its maximum value. We can apply Newton’s 2 nd law to the box, under equilibrium 
conditions, to relate F to 9. 
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(a) As 9 increases from zero, F 
increases the normal force exerted by 
the surface and the static friction force. 
As the horizontal component of F 
decreases with increasing 9, one would 
expect A to continue to increase. 

(■ b ) Apply 27 = ma to the block: 


Assuming that f s =f^ max , eliminate f s 
and F n between equations (1) and 
(2) and solve for F: 


' r mg 


I F x =Fcos9-f s = 0 

(1) 

and 


TF y = F„ - Fsin9- mg = 0 

(2) 

F _ Fjng 

(3) 

cos 0-ju s sin^ 




Use this function with mg = 240 N to generate the table shown below. 


9 

(deg) 

0 

10 

20 

30 

40 

50 

60 

F 

(N) 

240 

273 

327 

424 

631 

1310 

very 

large 


The graph of A as a function of 9, plotted using a spreadsheet program, confirms our 
prediction that F continues to increase with 9. 




(a) From the graph we see that: 
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(. b ) Evaluate equation (3) for 0=0° 
to obtain: 


F = 


Ms™§ 

cosO °-jU s sin0° 


M s mg 


(c) 


You should keep the angle at 0°. 


Remarks: An alternative to the use of a spreadsheet program is to use a graphing 
calculator to enter and graph the function. 

50 •• 

Picture the Problem The forces acting on each of these masses are shown in the free- 
body diagrams below. m\ represents the mass of the 20-kg mass and m 2 that of the 100-kg 
mass. As described by Newton’s 3 ld law, the normal reaction force F nl and the friction 
force/ k j (=fk, 2 ) act on both masses but in opposite directions. Newton’s 2 nd law and the 
definition of kinetic friction forces can be used to determine the various forces and the 
acceleration called for in this problem. 


(a) Draw a free-body diagram 
showing the forces acting on the 
20-kg mass: 


y 

l 

/k. 1 

O-► -* 

' '"> 1 g 


Apply 


= ma to this mass: 


Solve equation (1) for/ k j: 


ZF X =/ k ,i = wifli 

(1) 

and 


’LF y = F^-m x g = 0 

(2) 


fk,i = mm = (20 kg)(4 m/s 2 ) = 


80.0 N 


(. b ) Draw a free-body diagram 
showing the forces acting on the 
100-kg mass: 



2 


fk.2 F 

< - >-x 


u ?n.i 


Apply Z F x = ma x to the 100-kg 
object and evaluate F net : 


F, 


m 2 a 2 

(l00kg)(6m/s 2 ) 


600 N 
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Express F in terms of F net and^: 


F = F net +/M = 600 N + 80 N = 


680N 


(c) When the 20-kg mass falls off, 
the 680-N force acts just on the 
100-kg mass and its acceleration is 
given by Newton’s 2 nd law: 

51 •• 

Picture the Problem The forces acting on 
each of these blocks are shown in the tree- 
body diagrams to the right, m \ represents 
the mass of the 60-kg block and m 2 that of 
the 100-kg block. As described by 
Newton’s 3 rd law, the normal reaction force 
F n ] and the friction forcc /u (=/k, 2 ) act on 
both objects but in opposite directions. 
Newton’s 2 nd law and the definition of 
kinetic friction forces can be used to 
determine the coefficient of kinetic friction 
and acceleration of the 100-kg block. 


(a) Apply y ^ = ma to the 60-kg 

£ F x = F - / kJ =m\a\ 

(1) 

block: 

and 



ZFy = An, 1 - M\g = 0 

(2) 

Apply y A =ma x to the 100-kg 

/k ,2 = m 2 a 2 

(3) 

block: 



Using equation (2), express the 

ll 

to 

ll 

ll 

■fc 

> 

ll 

Ak m,g (4) 


relationship between the kinetic 
friction forces f k , and f k 2 : 


y 

I 

If 


y 

I 

If 


A, i 

< -> 


n. I 


F 


n. 2 


A. 2 

-► -* 


W f 


' r m\g 


n. 1 


m 2S 


a = 


F net _ 680 N 


m 


100 kg 


6.80m/s - 


Substitute equation (4) into equation 
(1) and solve for // k : 


Ac 


F - m x a x 
m \g 


Substitute numerical values and 
evaluate /u k '. 


Ak 


320N-(60kg)(3m/s 2 ) 
(60 kg )(9.81 m/s 2 ) 


0.238 


(. b ) Substitute equation (4) into 
equation (3) and solve for ay. 


/V»i g 
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Substitute numerical values and 
evaluate af. 


*52 •• 

Picture the Problem The accelerations of 
the truck can be found by applying 
Newton’s 2 nd law of motion. The tree-body 
diagram for the truck climbing the incline 
with maximum acceleration is shown to the 
right. 

(a) Apply IT = ma to the truck 
when it is climbing the incline: 

Solve equation (2) for F n and use 
the definition of / s , ma x to obtain: 

Substitute equation (3) into equation 
(1) and solve for a: 

Substitute numerical values and 
evaluate a: 

(b ) When the truck is descending the 
incline with maximum acceleration, 
the static friction force points down 
the incline; i.e., its direction is 
reversed on the FBD. Apply 

F x = ma x to the truck under 

these conditions: 

Substitute equation (3) into equation 
(4) and solve for a: 

Substitute numerical values and 
evaluate a: 


(0.238)(60kg)(9.81m/s 2 ) 

100kg 

1.40 m/s 2 


y 

\ 



^F x = Amax - Wgsinl2° = ma 

(1) 

and 


HFy = F n - mgcos 12° = 0 

(2) 

.//max jU s mgCOS\2 

(3) 


a = g(M s cos 12°-sin 12°) 

a = (9.81m/s 2 )[(0.85)cosl2°-sinl2°] 
= 6.12m/s 2 


—Amax- wgsinl2° =ma (4) 


a = -g(// s cosl2° + sinl2°) 

a = (-9.81m/s 2 )[(0.85)cosl2° + sinl2 
= -10.2m/s 2 
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53 « 

Picture the Problem The forces acting on 
each of the blocks are shown in the tree- 
body diagrams to the right, m \ represents 
the mass of the 2-kg block and m 2 that of 
the 4-kg block. As described by Newton’s 
3 rd law, the normal reaction force F n ^ and 
the friction force//] (=// 2 ) act on both 
objects but in opposite directions. Newton’s 
2 nd law and the definition of the maximum 
static friction force can be used to 
determine the maximum force acting on the 
4-kg block for which the 2-kg block does 
not slide. 


y 


A T~ , 

n, 1 

4 1 

' r "'i g 


y 

l 


t f 

1 n 


n, 2 


4 2 

< - 


F 

-► 


r n, 1 


">2g 


(a) Apply = ma to the 2-kg 
block: 

Apply = ma to the 4-kg block: 

Using equation (2), express the 
relationship between the static 
friction forces / s l max and 

fs, 2,max * 


M 

II 

fs, 1 ,max m 

1*2 max 

(1) 

and 




SA„ = 

F n ,\~fn l g = 

= 0 

(2) 

II 

hT 

F fs, 2,max 

7722$ max 

(3) 

and 




2 Fy = 

F n ,2—Fn,\ ~ 

m 2 g = 0 

(4) 

fs, l,max 

./s,2,max /^s 

(5) 


Substitute (5) in (1) and solve for 

*2 max* 

Solve equation (3) for F = F max : 

Substitute numerical values and 
evaluate F max : 


( b ) Use Newton’s 2 nd law to express 
the acceleration of the blocks 
moving as a unit: 


flmax = Msg = (0.3)g = 2.94 m/s 2 

4nax =™2«max+/V4 g 

4.ax=( 4kg)(2.94m/s 2 )+(0.3)(2kg) 
x(9.81m/s 2 ) 

= 17.7N 


F 

a =- 

m j + m. 


f (l7.7N) 
2kg + 4kg 


1.47 m/s 2 


Substitute numerical values and 
evaluate a: 
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Because the friction forces are an 
action-reaction pair, the friction 
force acting on each block is given 
by: 

(c) If F = 2F max , then m x slips on m 2 
and the friction force (now kinetic) 
is given by: 

Use ^ F x = ma x to relate the 

acceleration of the 2-kg block to the 
net force acting on it and solve for 
a\\ 


f s = tv id = (2 kg)(1.47 m/s 2 ) 

= 2.94 N 


/=/k = IW\g 


fk = Hktn ig = tv\d\ 


and 


a i = //kg = (0.2)g = 


1.96 m/s 2 


Use ^ F x = ma x to relate the F - /j k tv { g = m 2 a 2 

acceleration of the 4-kg block to the 
net force acting on it: 


Solve for a 2 : 


Substitute numerical values and 
evaluate a 2 : 


d 2 


F~Mk m \g 

m 2 


a 2 


2(l7.7N)-(0.2)(2kg)(9.81m/s 2 ) 

4kg 

7.87m/s 2 


54 •• 

Picture the Problem Let the positive x 
direction be the direction of motion of 
these blocks. The forces acting on each of 
the blocks are shown, for the static friction 
case, on the free-body diagrams to the 
right. As described by Newton’s 3 ld law, 
the normal reaction force U n ,i and the 
friction force/ s ,i (=f, 2 ) act on both objects 
but in opposite directions. Newton’s 2 nd 
law and the definition of the maximum 
static friction force can be used to 
determine the maximum acceleration of the 
block whose mass is m\. 

(a) Apply = ma to the 2-kg 
block: 


y 



^F x // ] .max Wl l^max (1) 

and 
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I.F y = F n j-m t g = 0 

(2) 

Apply = ma to the 4-kg 

^F x T /s 5 2.max m 2 U max 

(3) 

block: 

and 



T.F y = F nl - F nl - iThg = 0 

(4) 

Using equation (2), express the 
relationship between the static 
friction forces / s l max and 2 max : 

fs, 1 ,max 7s,2,max /4 m 1,4 

(5) 

Substitute (5) in (1) and solve for 

^ max* 

amax = /4g = (0.6)g= 5.89m/s 2 


(. b ) Use ^ F = ma x to express the 

acceleration of the blocks moving 

as a unit: 

T =(m l + m 2 ) a max 

(6) 

Apply ^ F x = ma x to the object 
whose mass is my. 

m 3 g -T =m 3 flmax 

(7) 

Add equations (6) and (7) to 

m A Oh, +»h) _ ( 0 . 6 X 10 kg + 

5 kg) 

eliminate T and then solve for and 

3 l-// s 1-0.6 


evaluate my. 

= 22.5kg 


(c ) If mi = 30 kg, then m\ will slide 
on m 2 and the friction force (now 
kinetic) is given by: 

f=fk = Fv.m\g 


Use ^ F x = ma x to relate the 

acceleration of the 30-kg block to 
the net force acting on it: 

m 2 g - T = m 2 a 2 

(8) 

Noting that a 2 = a 2 and that the 

_ __ _g(”h-Hjn 1 ) 

Cl 2 Cl 3 


friction force on the body whose 

m 2 + m 3 


mass is m 2 is due to kinetic friction, 

(9.81m/s 2 )[30kg-(0.4)(5kg)l 

add equations (3) and (8) and solve 
for and evaluate the common 

10kg + 30kg 


acceleration: 

= 6.87m/s 2 


With block 1 sliding on block 2, the 

/ k =// k mig =mia x 

O') 
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friction force acting on each is 
kinetic and equations (1) and (3) 
become: 

Solve equation (L) for and evaluate 
a\\ 


T -fk = T-jU k m lg =m 2 a 2 (3') 


a \ = = (0- 4 )(9.8 1 m/s 2 ) 

= 3.92 m/s 2 


Solve equation (3') for T: 


T = m 2 a 2 + /u k m { g 


Substitute numerical values and evaluate T: 


T = (l0kg)(6.87m/s 2 )+(0.4X5kg)(9.81m/s 2 ) = 


88.3N 


55 • 

Picture the Problem Let the direction of 
motion be the positive x direction. The 
tree-body diagrams show the forces acting 
on both the block ( M) and the 

counterweight ( m ). While 7\ = T 2 . 

By applying Newton’s 2 nd law to these 
blocks, we can obtain equations in T and a 
from which we can eliminate the tension. 
Once we kn ow the acceleration of the 
block, we can use constant-acceleration 
equations to determine how far it moves in 
coming to a momentary stop. 


y 



T\ 


x 



(a) Apply = ma to the block 
on the incline: 

Apply = ma to the 
counterweight: 

Letting T\ = T 2 = T and using the 
definition of the kinetic friction 
force, eliminate/ k and F„ between 
the equations for the block on the 
incline to obtain: 

Eliminate T from equations (1) and 
( 2 ) by adding them and solve for a\ 


Z F v = 7j - Mg sin 0 — f k = Ma 
and 

Y J F y =F n -Mg cos# = 0 
X F v = m g ~ T 2 = ma (1) 

T -Mg sin 9-/j k Mg cos 6 = Ma (2) 

_ m -M( sin 0 + ju k cos 0) ^ 

CL 

m + M 
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Substitute numerical values and evaluate a: 


a = 


550kg- (1600kg) (sinl0 o + 0.15cosl0° 
550kg + 1600kg 


-(9.81m/s 2 ) = 


0.163 m/s 2 


(b) Using a constant-acceleration 
equation, relate the speed of the 
block at the instant the rope breaks 
to its acceleration and displacement 
as it slides to a stop. Solve for its 
displacement: 

The block had been accelerating up 
the incline for 3 s before the rope 
broke, so it has an initial speed of: 

From equation (2) we can see that, 
when the rope breaks (T= 0) and: 


Substitute in equation (3) and 
evaluate Ax: 

(c) When the block is sliding down 
the incline, the kinetic friction force 
will be up the incline. Express the 
block’s acceleration: 


v f = v i + 2a Ax 
or, because Vf = 0, 

— v 2 

Ax = —5- (3) 

2 a 

(0.163 m/s 2 )(3 s) = 0.489 m/s 

a = -g(sin 9 + /u k cos 9) 

= -(9.81m/s 2 )[sinl0° + (0.15)cosl0°] 
= -3.15m/s 2 

where the minus sign indicates that the 
block is being accelerated down the 
incline, although it is still sliding up the 
incline. 


Ar _ -(°- 489m/s ) _ 

0.0380 m 

2(-3.15m/s 2 ) 



a = -g(sin 9 - /u k cos 9) 

= -(9.81m/s 2 )[sinl0 o -(0.15)cosl0°] 
= -0.254 m/s 2 


56 ••• 

Picture the Problem If the 10-kg block is 
not to slide on the bracket, the maximum 

value for F must be equal to the maximum 
value of f s and will produce the maximum 
acceleration of this block and the bracket. 
We can apply Newton’s 2 nd law and the 
definition of / s , max to first calculate the 
maximum acceleration and then the 
maximum value of F. 


y 

I 


fs 


2 F 

-x 


"n. 2 


m 2 g 


y 

k f 

i 1 n, 2 


fs 

-► 


m 2 g 


(a) and ( b ) Apply y. F = ma to the 

10-kg block when it is experiencing 
its maximum acceleration: 


^F x //max F HCU 2.max (1) 

and 


£Fy = F n l - ni 2 g = 0 (2) 















310 Chapter 5 


Express the static friction force 
acting on the 10-kg block: 

Eliminate f s , max and F ni2 from 
equations (1), (2) and (3) to obtain: 

Apply JV, = ma x to the bracket 
to obtain: 


./s.max /4#n,2 (3) 

jU s m 2 g -F= zn 2 fl 2 ,max (4) 

2 F - ju s m 2 g = mia Umax (5) 


Because ai, max = 02 ,max, denote this 
acceleration by a max . Eliminate F 
from equations (4) and (5) and solve 
for a max - 

Substitute numerical values and 
evaluate a max : 


Solve equation (4) for F = F max : 

Substitute numerical values and 
evaluate F: 


FJ n iF 

m i + 2 m 2 


(0.4)(l0kg)(9.81m/s 2 ) 
5 kg+ 2(l 0 kg) 

1.57m/s 2 


F = // s m 2 g - rn 2 a mm = m 2 (// s g - a max ) 

F = (l0kg)[(0.4)(9.81m/s 2 )-1.57m/s 2 ] 
= 23.5N 


*57 

Picture the Problem The tree-body 
diagram shows the forces acting on the 
block as it is moving up the incline. By 
applying Newton’s 2 nd law, we can obtain 
expressions for the accelerations of the 
block up and down the incline. Adding and 
subtracting these equations, together with 
the data found in the notebook, will lead to 
values for g v and / 4 . 



Apply y F. = ma to the block when 

X F v = “A - m Sv sin 6 = ma up 


it is moving up the incline: 

and 



Yj F y =F n ~ m Sw cos 6 = 0 


Using the definition of /k, eliminate 

F n between the two equations to 
obtain: 

% =~^gv cos 6-g v sin# 

(1) 








When the block is moving down the 
incline,/; is in the positive x 
direction, and its acceleration is: 

Add equations (1) and (2) to obtain: 
Solve equation (3) for g v : 
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«down = /4&v cos 6 - g v sin e (2) 


% +«down =-2g v sin£ (3) 


gv 


°up + ^down 

- 2 sin 6 


(4) 


Determine 9 from the figure: 


6 = tan 1 


0.73glapp 

3.82glapp 


10 . 8 ° 


Substitute the data from the notebook in equation (4) to obtain: 


gv 


1.73 glapp/plipp 2 +1.42 glapp/plipp 2 
-2 sin 10.8° 


-8.41 glapp/plipp 2 


Subtract equation (1) from equation a down - a u =2 /u k g v cos 6 

(2) to obtain: 


Solve for // k : 


/4 = 


^down «up 

2g y COS 6 


Substitute numerical values and evaluate // k : 


-1.42 glapp/plipp 2 -1.73 glapp/plipp 2 
2(- 8.41 glapp/plipp 2 )cos 10.8° 


0.191 


*58 •• 

Picture the Problem The free-body 
diagram shows the block sliding down the 
incline under the influence of a friction 
force, its weight, and the normal force 
exerted on it by the inclined surface. We 
can find the range of values for m for the 
two situations described in the problem 
statement by applying Newton’s 2 nd law of 
motion to, first, the conditions under which 
the block will not move or slide if pushed, 
and secondly, if pushed, the block will 
move up the incline. 

(a) Assume that the block is sliding 
down the incline with a constant 
velocity and with no hanging weight 

(m = 0) and apply ^ F = ma to 



and 


^F v = F n -Mg cos# = 0 
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the block: 

Using / k = jU k F n , eliminate F n 
between the two equations and solve 
for the net force acting on the block: 

If the block is moving, this net force 
must be nonnegative and: 

This condition requires that: 

Because f\ = 0.2, this condition is 
satisfied and: 

To find the maximum value, note 
that the maximum possible value for 
the tension in the rope is mg. For 
the block to move down the incline, 
the component of the block’s weight 
parallel to the incline minus the 
frictional force must be greater than 
or equal to the tension in the rope: 

Solve for m max : 

Substitute numerical values and 
evaluate m max : 

The range of values for m is: 

(. b ) If the block is being dragged up 
the incline, the frictional force will 
point down the incline, and: 

Solve for and evaluate m mm : 


If the block is not to move unless 
pushed: 

Solve for and evaluate w max : 


F „ et = Mg cos Of Mg sin 0 

(- ju k cos 6 + sin 0)Mg > 0 
/j k <tan<9 = tan 18° = 0.325 

«min = 0 

Mgs in 0- /u k MgcosO > mg 


"Vax <M(sin#-// k cos6>) 

m,nax ^ (l00kg)[sinl8°-(0.2)cosl8' 
= 11.9kg 

0 <m< 11.9kg 

Mg sind?+ ju k Mg cos0< mg 

m m i„ > M( sin^+ // k cosff) 

= (100 kg)[sinl8° + (0.2)cosl8°] 
= 49.9kg 

Mg sint? + jU s Mg cos& > mg 

m max < M(sin^+ // s cosff) 

= (100 kg)[sinl8° + (0.4)cosl8°] 
= 68.9kg 


The range of values for m is: 


49.9kg < m < 68.9kg 
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59 ••• 

Picture the Problem The tree-body 
diagram shows the forces acting on the 0.5 
kg block when the acceleration is a 
minimum. Note the choice of coordinate 
system is consistent with the direction of 

F . Apply Newton’s 2 nd law to the block 
and solve the resulting equations for a mm 
and 6f m ax* 



(a) Apply ^ F = ma to the 0.5-kg 

XF V = A n sin0-/ S cos^= ma 

(1) 

block: 

and 



l,F y = F n cost? + / S sin0- mg = 0 

(2) 

Under minimum acceleration, 

./ZlTi aX F n 

(3) 


f =/s,max- Express the relationship 
between // rnax and F n : 

Substitute ^ max for/ s in equation (2) p _ _(ng_ 

and solve for F n : n cos 6 + /u & sin 6 


Substitute for F n in equation (1) and 
solve for a = a mn \ 


sin 6 - u cos 6 

«min =g - ■ a 

COS 0 + jU s sin 0 


Substitute numerical values and 
evaluate a m i n : 


(9.81 m/s 2 ) 


sin35° - (0.8)cos35° 
cos35° + (0.8)sin35 o 


-0.627 m/s 2 


Treat the block and incline as a 
single object to determine F min : 


F mm = = (2.5 kg)( -0.627 m/s 2 ) 

= -1.57N 


To find the maximum acceleration, 
reverse the direction of f s and apply 

= mu to the block: 


1,F X = F n sin0 + f s cos 6 = ma (4) 

and 

"LFy = F n cos&-f s sm0- mg = 0 (5) 



Proceed as above to obtain: 


Substitute numerical values and 
evaluate a max : 


sin^T cos0 

«m ax =g - a - 

cos a-ju s sin 0 


(9.81m/s 2 ) 


sin35° + (0.8)cos35° 
cos35°-(0.8)sin35 o 


33.5 m/s 2 
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Treat the block and incline as a single 
object to determine F max : 


Cnax /7?tot^max (2.5 kg)(33.5 tTl/S) 
= 83.8N 


(b) Repeat (a) with /j s = 0.4 to obtain: 


= 


5.75N 


and F„ 


37.5N 


60 • 

Picture the Problem The kinetic friction 
force 7k is the product of the coefficient of 
sliding friction ju k and the normal force F n 
the surface exerts on the sliding object. By 
applying Newton’s 2 nd law in the vertical 
direction, we can see that, on a horizontal 
surface, the normal force is the weight of 
the sliding object. Note that the 
acceleration of the block is opposite its 
direction of motion. 



(a) Relate the force of kinetic 
friction to // k and the normal force 
acting on the sliding wooden object: 


A = = 


0.11 


(l + 2.3xl(T 4 v 2 ) 


-mg 


Substitute v = 10 m/s and evaluate 

A: 


A 


0.1l(l00kg)(9.81m/s 2 ) 
(l + 2.3xl0~ 4 (l0m/s) 2 ) 2 


103N 


(b) Substitute v = 20 m/s and 
evaluate / k : 


_ 0.1l(l00kg)(9.81m/s 2 ) 
(l + 2.3xl0~ 4 (20m/s) 2 ) 2 
= 90.5N 


61 •• 

Picture the Problem The pictorial representation shows the block sliding from left to 
right and coming to rest when it has traveled a distance Ax. Note that the direction of the 
motion is opposite that of the block’s acceleration. The acceleration and stopping 
distance of the blocks can be found from constant-acceleration equations. Let the 
direction of motion of the sliding blocks be the positive x direction. Because the surface 
is horizontal, the normal force acting on the sliding block is the block’s weight. 

n F 

1 n 


v = 0 
x = Ax 
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(a) Using a constant-acceleration 
equation, relate the block’s stopping 
distance to its initial speed and 
acceleration; solve for the stopping 
distance: 

Apply = ma x to the sliding 

block, introduce Konecny’s 
empirical expression, and solve for 
the block’s acceleration: 


Evaluate a with m = 10 kg: 


Substitute in equation (1) and 
evaluate the stopping distance when 
Vo = 10 m/s: 

(b ) Proceed as in (a) with 
m = 100 kg to obtain: 


Find the stopping distance as in (a): 


v 2 = vl + 2aAx 
or, because v = 0, 

Ax = ^- (1) 

2 a 


F 


a = 


net,* 

m 


~k 


0.4(mg] 


m 

. 0.91 


m 


Q.4F n 091 

m 


(0.4)[(l0kg)(9.81m/s 2 )] Q91 

10 kg 

-2.60 m/s 2 


. -(lOm/s) 2 

Ax = t —- 

2 (- 2.60 m/s 2 ) 


19.2m 


(Q.4)[(lOOkg)(9.81m/s 2 )] 091 

100 kg 

-2.1 lm/s 2 


, -(lOm/s) 2 

Ax = 7 -- 

2 (-2.11m/s 2 ) 


23.7 m 


*62 ••• 

Picture the Problem The kinetic friction force /k is the product of the coefficient of 
sliding friction // k and the normal force F n the surface exerts on the sliding object. By 
applying Newton’s 2 nd law in the vertical direction, we can see that, on a horizontal 
surface, the normal force is the weight of the sliding object. We can apply Newton’s 2 nd 
law in the horizontal (x) direction to relate the block’s acceleration to the net force acting 
on it. In the spreadsheet program, we’ll find the acceleration of the block from this net 
force (which is velocity dependent), calculate the increase in the block’s speed from its 
acceleration and the elapsed time and add this increase to its speed at end of the previous 
time interval, determine how far it has moved in this time interval, and add this distance 
to its previous position to find its current position. We’ll also calculate the position of the 
block X 2 , under the assumption that // k = 0.11, using a constant-acceleration equation. 
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J 

if 

1 n 


_J 

- 1 


r - 

w. - 


^ _l 

1 

-^ _ A 

1 ^ 


o 

II 

A 


t 


X 

II 

o 

y 

\ nig x 



v 0 = o v 


The spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

C9 

C8+$B$6 

t + A t 

D9 

D8+F9*$B$6 

v + a At 

E9 

$B$5-($B$3)*($B$2)*$B$5/ 

(1+$B$4*D9 A 2) A 2 

F /4 m § 

(l + 2.34xl0 _4 v 2 ) 2 

F9 

E10/$B$5 


G9 

G9+D10*$B$6 

x + vAt 

K9 

0.5*5.922*I10 A 2 

\at 2 

L9 

J10-K10 

x-x 2 



A 

B 

C 

D 

E 

F^ 

G 

H 

I 

J 

1 

g= 

9.81 

m/s A 2 








2 

Coeffl= 

0.11 









3 

Coeff2= 

2.30E- 

04 









4 

Mass= 

10 

kg 








5 

Applied 

Force= 

70 

N 








6 

Time 

step= 

0.05 

s 




t 

X 

x2 

x-x2 

7 











8 











9 

t 

V 

Net 

force 

a 

X 



mu=variable 

mu=constant 


10 


0.00 



0.00 


0.00 

0.00 

0.00 

0.00 

11 


0.30 

59.22 

5.92 

0.01 


0.05 

0.01 

0.01 

0.01 

12 


0.59 

59.22 

5.92 

0.04 


0.10 

0.04 

0.03 

0.01 

13 

0.15 

0.89 

59.22 

5.92 

0.09 


0.15 



0.02 

EH 


1.18 

59.22 

5.92 

0.15 


0.20 

0.15 



m 


1.48 

59.23 

5.92 

0.22 


0.25 

0.22 















9.75 

61.06 

66.84 

6.68 

292.37 


9.75 

292.37 




9.80 

61.40 

66.88 

6.69 

295.44 


9.80 

295.44 
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207 

9.85 

61.73 

66.91 

6.69 

298.53 


9.85 

298.53 

287.28 

11.25 

208 

9.90 

62.07 

66.94 

6.69 

301.63 


9.90 

301.63 

290.21 

11.42 

209 

9.95 

62.40 

66.97 

6.70 

304.75 


9.95 

304.75 

293.15 

11.61 

210 

10.00 

62.74 

67.00 

6.70 

307.89 


10.00 

307.89 

296.10 

11.79 


The displacement of the block as a function of time, for a constant coefficient of friction 
(/4 = 0.11) is shown as a solid line on the graph and for a variable coefficient of friction, 
is shown as a dotted line. Because the coefficient of friction decreases with increasing 
particle speed, the particle travels slightly farther when the coefficient of friction is 
variable. 



The velocity of the block, with variable coefficient of kinetic friction, is shown below. 
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63 •• 

Picture the Problem The tree-body 
diagram shows the forces acting on the 
block as it moves to the right. The kinetic 
friction force will slow the block and, 
eventually, bring it to rest. We can relate 
the coefficient of kinetic friction to the 
stopping time and distance by applying 
Newton’s 2 nd law and then using constant- 
acceleration equations. 



(a) Apply Ir = ma to the block 
of wood: 

Using the definition of / k , eliminate 
F n between the two equations to 
obtain: 

Use a constant-acceleration equation 
to relate the acceleration of the 
block to its displacement and its 
stopping time: 

Relate the initial speed of the block, 
Vo, to its displacement and stopping 
distance: 


X F v = "A = ma 
and 

X F v = F n ~mg = 0 
« = -/4 g (!) 


Ax = v 0 At + j a(At)~ (2) 


Ax = v At = V ° + - At 

av 2 (3) 

= |v 0 A t since v = 0. 


Use this result to eliminate vo in 
equation (2): 


Ax = -\a(At)~ 


Substitute equation (1) in equation 
(4) and solve for // k : 


2Ax 

M,= lM 


(4) 


Substitute for Ax = 1.37 m and 
At = 0.97 s to obtain: 


M k 


2(1.37 m) 

(9.81 m/s 2 )(0.97 s) 2 


0.297 


2Ax _ 2(l.37 m) 
At 


2.82m/s 


(b) Use equation (3) to find vq: 


0.97s 
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*64 

Picture the Problem The tree-body 
diagram shows the forces acting on the 
block as it slides down an incline. We can 
apply Newton’s 2 nd law to these forces to 
obtain the acceleration of the block and 
then manipulate this expression 
algebraically to show that a graph of a/cos 6 
versus tan 6? will be linear with a slope 
equal to the acceleration due to gravity and 
an intercept whose absolute value is the 
coefficient of kinetic friction. 

0) Apply Z* = ma to the block 
as it slides down the incline: 

Substitute jLi k F n for/ k and eliminate 
F n between the two equations to 
obtain: 

Divide both sides of this equation by 
cos 6 to obtain: 

Note that this equation is of the form 
y = mx + b : 


y 



= mg sin 6 - f k =ma 
and 

^F y = F n - mg cos# = 0 
a = g(sin 0 - ju k cos 0) 

—^— = gtan0-g/u k 
cos 0 

Thus, if we graph a/cosd versus tan 0, we 
should get a straight line with slope g and 
y -intercept -g/A. 


(.b ) A spreadsheet solution is shown below. The formulas used to calculate the quantities 
in the columns are as follows: 


Cell 

Formula/C ontent 

Algebraic Form 

C7 

e 


D7 

a 


E7 

TAN(C7*PI()/180) 

tan 

( n ^ 

0x - 

l 180; 


F7 

D7/COS(C7*PI()/180) 

cos 

a 

Ox - 

l 180; 




C 

D 

E 

F 

6 

theta 

a 

tan(theta) 

a/cos(theta) 

7 

25 

1.691 

0.466 

1.866 

8 

27 

2.104 

0.510 

2.362 

9 

29 

2.406 

0.554 

2.751 
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10 

31 

2.888 

0.601 

3.370 

11 

33 

3.175 

0.649 

3.786 

12 

35 

3.489 

0.700 

4.259 

13 

37 

3.781 

0.754 

4.735 

14 

39 

4.149 

0.810 

5.338 

15 

41 

4.326 

0.869 

5.732 

16 

43 

4.718 

0.933 

6.451 

17 

45 

5.106 

1.000 

7.220 


A graph of al cost? versus tan 0 is shown below. From the curve fit (Excel’s Trendline 
, 2.62 m/s 2 

was used), g = 9.77 m/s“ and ju k =- T = 0.268. 

9.77 m/s' 

The percentage error in g from the commonly accepted value of 9.81 m/s 2 is 


100 


9.81m/s -9.77m/s 
9.81m/s 2 


2 A 


0.408% 
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Motion Along a Curved Path 

65 • 

Picture the Problem The tree-body 
diagram showing the forces acting on the 
stone is superimposed on a sketch of the 
stone rotating in a horizontal circle. The 
only forces acting on the stone are the 
tension in the string and the gravitational 
force. The centripetal force required to 
maintain the circular motion is a 
component of the tension. We’ll solve the 
problem for the general case in which the 
angle with the horizontal is 9 by applying 
Newton’s 2 nd law of motion to the forces 
acting on the stone. 



Apply Z* = ma to the stone: 


Use the right triangle in the diagram 
to relate r, L, and 9: 

Eliminate T and r between equations 
(1), (2) and (3) and solve for v 2 : 

Express the velocity of the stone in 
terms of its period: 

Eliminate v between equations (4) 
and (5) and solve for 9 : 


Y.F X = Tcos9 = ma c = mv 2 /r 

(1) 

and 


'LF y = Tsm9-mg = 0 

(2) 

r =Lcos9 

(3) 

v 2 = gL cot 6 cos 6 

(4) 


2 7TT 


V = ■ 


(5) 


Mrev 


6 = sin 1 


f g*iU A 

v 4 ^y 


0 = sin 1 


(9.81m/s 2 )(l.22s) 2 

4ji 2 (0.85m) 


Substitute numerical values and 
evaluate 9: 


and 


(c) is correct. 


= 25.8° 
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66 • 

Picture the Problem The tree-body 
diagram showing the forces acting on the 
stone is superimposed on a sketch of the 
stone rotating in a horizontal circle. The 
only forces acting on the stone are the 
tension in the string and the gravitational 
force. The centripetal force required to 
maintain the circular motion is a 
component of the tension. We’ll solve the 
problem for the general case in which the 
angle with the horizontal is 0 by applying 
Newton’s 2 nd law of motion to the forces 
acting on the stone. 

Apply Zr = ma to the stone: 


Use the right triangle in the diagram 
to relate r, L, and &. 

Eliminate T and r between equations 
(1), (2), and (3) and solve for v: 

Substitute numerical values and 
evaluate v: 


Q 

11 mg 

Y,F X = TcosO = ma c = mv 2 /r (1) 
and 

Z Fy — TsmO- mg = 0 (2) 

r = LcosO (3) 

v = y/gL cot 6 cos 6 

v = -^(9.81m/s 2 )(0.8m)cot20°cos20° 
= 4.50m/s 



67 

Picture the Problem The tree-body 
diagram showing the forces acting on the 
stone is superimposed on a sketch of the 
stone rotating in a horizontal circle. The 
only forces acting on the stone are the 
tension in the string and the gravitational 
force. The centripetal force required to 
maintain the circular motion is a 
component of the tension. We’ll solve the 
problem for the general case in which the 
angle with the vertical is 9 by applying 
Newton’s 2 nd law of motion to the forces 
acting on the stone. 

(a) Apply Zr = ma to the stone: 



TF X = Tsin0= ma c = mv 2 /r (1) 
and 
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'LF y = TcosO - mg = 0 (2) 


Eliminate T between equations (1) 
and (2) and solve for v: 

v = y/rg tan 0 

Substitute numerical values and 

evaluate v: 

v = ^(0.35m)(9.81m/s 2 )tan30° 

= 1.41m/s 


(. b ) Solve equation (2) for T: j _ tng 

cos# 


Substitute numerical values and 
evaluate T: 


r _ (0.75kg)(9.81m/s 2 ) 

cos30° 


8.50N 


*68 •• 

Picture the Problem The sketch shows the 
forces acting on the pilot when her plane is 

at the lowest point of its dive. F n is the 
force the airplane seat exerts on her. We’ll 
apply Newton’s 2 nd law for circular motion 
to determine F n and the radius of the 
circular path followed by the airplane. 

(a) Apply ^F v = ma x to the pilot: 



F n - mg = ma c 


Solve for and evaluate F n : F n = mg + ma c = m(g + a c ) 

= m(g + 8.5g) = 9.5mg 
= (9.5) (50 kg) (9.81 m/s 2 ) 
= 4.66 kN 


( b ) Relate her acceleration to her v 2 v 2 

a = — => r = — 

velocity and the radius of the c /- a 

circular arc and solve for the radius: 


Substitute numerical values and evaluate r : 

_ [(345km/h)(lh/3600s)(l000m/km)] 2 
8.5(9.81m/s 2 ) 
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69 •• 

Picture the Problem The diagram shows 
the forces acting on the pilot when her 
plane is at the lowest point of its dive. 

F n is the force the airplane seat exerts on 
her. We’ll use the definitions of centripetal 
acceleration and centripetal force and apply 
Newton’s 2 nd law to calculate these 
quantities and the normal force acting on 
her. 

(a) Her acceleration is centripetal 
and given by: 

Substitute numerical values and 
evaluate a c : 


(b) The net force acting on her at the 
bottom of the circle is the force 
responsible for her centripetal 
acceleration: 

(c) Apply = ma v to the pilot: 

Solve for F n : 

Substitute numerical values and 
evaluate F n : 

70 •• 

Picture the Problem The tree-body 
diagrams for the two objects are shown to 
the right. The hole in the table changes the 
direction the tension in the string (which 
provides the centripetal force required to 
keep the object moving in a circular path) 
acts. The application of Newton’s 2 nd law 
and the definition of centripetal force will 
lead us to an expression for r as a function 
of m m 2 , and the time T for one 
revolution. 



a c = upward 
r 

[(I80km/h)(lh/3600s)(l0 3 /km)] 2 
300m ^ 

= 8.33m/s 2 , upward 

^„et = ma c =(65kg)(8.33m/s 2 ) 

= 54 IN, upward 


F n - mg = ma c 

F„ = mg + ma c = m(g + a c ) 

F n = (65 kg)(9.81 m/s 2 + 8.33 m/s 2 ) 
= 1.18 kN, upward 


y 

kp 

1 n 
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Apply JVv = ma x to both objects 

and use the definition of centripetal 
acceleration to obtain: 


ni2g - F 2 = 0 
and 

F\ = m ia c = m i v 2 /r 


Because F\ = F 2 we can eliminate 
both of them between these 
equations to obtain: 

Express the speed v of the object in 
terms of the distance it travels each 
revolution and the time T for one 
revolution: 

Substitute to obtain: 


Solve for r. 


m 2 g-m i 


= 0 


2m• 

v =- 

T 


ig~ m x 


An 2 r 2 
rT 2 


= 0 


An 2 ! 


r = 


m 2 gT 2 
An 2 m l 


*71 •• 

Picture the Problem The tree-body 
diagrams show the forces acting on each 
block. We can use Newton’s 2 nd law to 
relate these forces to each other and to the 
masses and accelerations of the blocks. 



Apply JV, = ma x to the block 
whose mass is ni\\ 


T 1 ~T 2 =m l -L 
A 


Apply XA = ma x to the block 
whose mass is m 2 : 


T 2 = 1)1 j 


A T Li 


Relate the speeds of each block to 
their common period and their 
distance from the center of the 


2 nL, 2n(L + Z,) 

Vj = — and v 2 = ——— 
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circle: 

Solve the first force equation for T 2 , 
substitute for v 2 , and simplify to 
obtain: 

Substitute for T 2 and v\ in the first 
force equation to obtain: 


T = 
1 2 


f 

1 CN _ 

[t J 



Ty = 


[m 2 (L l + L 2 ) + m ] L ] ] 


r 2 

2 

[t ) 



*72 •• 

Picture the Problem The path of the 
particle and its position at 1-s intervals are 
shown. The displacement vectors are also 
shown. The velocity vectors for the 
average velocities in the first and second 
intervals are along r 01 and f n , respectively, 

and are shown in the lower diagram. 

A v points toward the center of the circle. 

Use the diagram to the right to find A r. 





A r = 2rsin22.5°= 2(4 cm) sin22.5° 
= 3.06 cm 


Find the average velocity of the 
particle along the chords: 

Using the lower diagram and the 
fact that the angle between 
v, and v 2 is 45°, express Av in 

terms of (= v 2 ): 

Evaluate Av using v av as vp 
Now we can determine a = Av/A t: 


v av = Ar/At = (3.06 cm)/(l s) 
= 3.06 cm/s 

Av = 2visin22.5° 


Av = 2(3.06 cm/s)sin22.5° = 2.34 cm/s 


2.34 cm/s 


a = 


Is 


2.34 cm/s‘ 
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Find the speed v (= vi = V 2 ...) of the 
particle along its circular path: 


v= 2^ = &(4cm) = 314cm/s 
T 8s 


Calculate the radial acceleration of 
the particle: 



(3.14cm/s) 2 
4 cm 


2.46 cm/s 2 


Compare a c and a by taking their 
ratio: 


a c _ 2.46cm/s^ 
a 2.34cm/s 2 
or 

a c = 1.05a 


73 •• 

Picture the Problem The diagram to the 
right has the free-body diagram for the 
child superimposed on a pictorial 
representation of her motion. The force her 
father exerts is F and the angle it makes 
with respect to the direction we’ve chosen 
as the positive y direction is 6. We can 
infer her speed from the given information 
concerning the radius of her path and the 
period of her motion. Applying Newton’s 
2 nd law as it describes circular motion will 
allow us to find both the direction and 
magnitude of F. 



Apply Z^ = ma to the child: 


Z/f = Fsind= mv 2 /r 
and 

TFy = Fcos 6 - mg = 0 


Eliminate F between these equations 
and solve for 6 : 


0 = tan 1 



Express v in terms of the radius and _ 2;zr 

period of the child’s motion: T 


0 = tan 1 


An 2 r 

w 


Substitute for v in the expression for 
dto obtain: 
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Substitute numerical values and 
evaluate 9: 


6 = tan 1 


4?r 2 (0.75 m) 
(9.81 tn/s 2 )(l ,5s) 2 


53.3° 


Solve the y equation for F: 


F = J^S_ 

cos 6 


Substitute numerical values and 
evaluate F: 


F _ (25kg)(9.81m/s 2 ) 

cos53.3° 


410N 


74 •• 

Picture the Problem The diagram to the 
right has the tree-body diagram for the bob 
of the conical pendulum superimposed on a 
pictorial representation of its motion. The 
tension in the string is F and the angle it 
makes with respect to the direction we’ve 
chosen as the positive x direction is 9. We 
can find 9 from they equation and the 
information provided about the tension. 
Then, by using the definition of the speed 
of the bob in its orbit and applying 
Newton’s 2 nd law as it describes circular 
motion, we can find the period T of the 
motion. 



mg 


Apply = ma to the pendulum 
bob: 

Using the given information that 
F = 6mg, solve the y equation for 9. 

With F = 6mg, solve the x equation 
for v: 


I/y = Fcos9= mv 2 /r 
and 

TFy = Fsin9 - mg = 0 


( m g 1 • -1 

—— = sin 

r \ 

mg 

{f ) 

16 mg) 


v = yf&rgcosO 


Relate the period T of the motion to 
the speed of the bob and the radius 
of the circle in which it moves: 


2tc r 2 7rr 

v yj6rg cos 9 


From the diagram, one can see that: 


r =Tcos 9 
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Substitute for r in the expression for 
the period to obtain: 



Substitute numerical values and 
evaluate T: 


T = In 


0.5 m 

6(9.81 m/s 2 ) 


0.579s 


75 •• 

Picture the Problem The static friction 
force f s is responsible for keeping the coin 
from sliding on the turntable. Using 
Newton’s 2 nd law of motion, the definition 
of the period of the coin’s motion, and the 
definition of the maximum static friction 
force, we can find the magnitude of the 
friction force and the value of the 
coefficient of static friction for the two 
surfaces. 


y 

i 

n F 

* n 


fs 

X— <■ 


-o 


mg 


(a) Apply YjF 


= ma to the coin: 


If T is the period of the coin’s 
motion, its speed is given by: 

Substitute for v in the force equation 
and simplify to obtain: 

Substitute numerical values and 
evaluate// 


2A=/, 



and 

X F v = F n -mg = 0 


2 7TT 
V = - 

T 


fs = 


An 2 mr 

rj - t2 


fs = 


47t 2 ((0.1kg)(0.1m) 

If/ 


0.395 N 


(b ) Determine F n from the y F a = mg 

equation: 


A s = 




4 7t 2 mr 
T 2 _ 4n 2 r 
mg gT 2 


If the coin is about to slide at 
r= 16 cm, f s =/ s , max . Solve for // s in 
terms of/ s , max and F n : 
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Substitute numerical values and 
evaluate // s : 


Ms 


47i 2 (0.16m) 
(9.81 m/s 2 )(l s) 2 


0.644 


76 •• 

Picture the Problem The forces acting on 
the tetherball are shown superimposed on a 
pictorial representation of the motion. The 
horizontal component of T is the 
centripetal force. Applying Newton’s 2 nd 
law of motion and solving the resulting 
equations will yield both the tension in the 
cord and the speed of the ball. 



(a) Apply ^ F = ma to the tetherball: 

2 

YF x = T sin 20° = m — 

^ r 


and 

'Y j F v = T cos 20° -mg = 

Solve they equation for T: 

T _ m s 

cos 20° 

Substitute numerical values and 

evaluate T: 

r _(0.25kg)(9.81m/s 2 ) 
cos20° 

( b ) Eliminate T between the force 
equations and solve for v: 

v = yjrg tan 20° 

Note from the diagram that: 

r = Tsin20° 

Substitute for r in the expression for 
v to obtain: 

v = yjgL sin 20° tan 20° 


- -^/(9.81 m/s 2 ](l .2 m)sin20° tan 20° 
= 1.21m/s 


Substitute numerical values and 
evaluate v: 


v 
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*77 •• 

Picture the Problem The diagram 
includes a pictorial representation of the 
earth in its orbit about the sun and a force 
diagram showing the force on an object at 
the equator that is due to the earth’s 
rotation, F R , and the force on the object 
due to the orbital motion of the earth about 
the sun, F o . Because these are centripetal 

forces, we can calculate the accelerations 
they require from the speeds and radii 
associated with the two circular motions. 



Express the radial acceleration due v 2 

a R = — 

to the rotation of the earth: R 


Express the speed of the object on 
the equator in terms of the radius of 
the earth R and the period of the 
earth’s rotation T R : 

Substitute for v R in the expression 
for a R to obtain: 


2 nR 
T 


a R 


4 n 2 R 
T 2 

1 R 


Substitute numerical values and n _4 n (6370 km)(l 000 m/km) 

evaluate a R : 


= 3.37 xlO -2 m/s 2 


Express the radial acceleration due 
to the orbital motion of the earth: 


3.44xl0' 3 g 


(24 h) 


'3600s'' 

lh 


Express the speed of the object on _ r 

the equator in terms of the earth-sun 
distance r and the period of the 
earth’s motion about the sun T a : 


T 
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Substitute for v G in the expression 
for a 0 to obtain: 


An 1 r 

rp 2 

± O 


Substitute numerical values and 
evaluate a c : 


4^- 2 (l.5xlQ 11 m) 


tlbSd j 

( 24h^| 

f 3600 sV 

\ U U J 

l Id J 

l lh JJ 


5.95x 10 3 m/s 2 


6.07x10 4 g 


78 • 

Picture the Problem The most significant 
force acting on the earth is the gravitational 
force exerted by the sun. More distant or 
less massive objects exert forces on the 
earth as well, but we can calculate the net 
force by considering the radial acceleration 
of the earth in its orbit. Similarly, we can 
calculate the net force acting on the moon 
by considering its radial acceleration in its 
orbit about the earth. 



(a) Apply Yj F ,- = ma r to the earth: 


F, 


on earth 



Express the orbital speed of the 
earth in terms of the time it takes to 
make one trip around the sun (i.e., 
its period) and its average distance 
from the sun: 

Substitute for v to obtain: 


2 nr 

v = - 

T 


F 


on earth 


4 7V 1 mr 

rp r2 


Substitute numerical values and evaluate F. 


on earth* 


F. 


earth 


4^- 2 (5.98 x 10 24 kg)(l .496 x 1Q 11 m) 

' 24h 3600s ^ 

365.24dx-x 


V 


h 


3.55x10 22 N 


J 


(b) Proceed as in (a) to obtain: 


F„, 


_ 4;r 2 (7.35xl0 22 kg)(3.844xl0 8 m)_ 

24 h 3600s V 
27.32dx-x- 

l d h J 


2.00 xlO 20 N 
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79 « 

Picture the Problem The semicircular 
wire of radius 10 cm limits the motion of 
the bead in the same manner as would a 
10-cm string attached to the bead and fixed 
at the center of the semicircle. The 
horizontal component of the normal force 
the wire exerts on the bead is the 
centripetal force. The application of 
Newton’s 2 nd law, the definition of the 
speed of the bead in its orbit, and the 
relationship of the frequency of a circular 
motion to its period will yield the angle at 
which the bead will remain stationary 
relative to the rotating wire. 



Apply IT = ma to the bead: 


Eliminate F n from the force 
equations to obtain: 

The frequency of the motion is the 
reciprocal of its period T. Express 
the speed of the bead as a function 
of the radius of its path and its 
period: 

Using the diagram, relate r to L and 
#: 


Y J F x =F n sin0 = 



and 

^ F y = F n cos# - mg = 0 


tan# = — 
rg 


2m 

v =- 

T 


r = L sin # 


Substitute for r and v in the 
expression for tan#and solve for #: 


# = cos 1 


gT 2 
\n 2 L 


Substitute numerical values and 
evaluate #: 


# = cos 1 


(9.81m/s 2 )(0.5s) 2 

47r 2 (0.1m) 


51.6° 
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80 «• 

Picture the Problem Note that the 
acceleration of the bead has two 
components, the radial component 
perpendicular to V, and a tangential 

component due to friction that is opposite 
to v. The application of Newton’s 2 nd law 
will result in a differential equation with 
separable variables. Its integration will lead 
to an expression for the speed of the bead 
as a function of time. 



Apply = ma to the bead in the 
radial and tangential directions: 


Z F r= F - 



and 

Vi 7 = -f k = ma = ill — 
^ ‘ Jk 1 dt 


Express f k in terms of ju k and F n : 


fk = jU k F n 


Substitute for F n and / k in the _ _/A_ 2 

tangential equation to obtain the dt r 

differential equation: 


Separate the variables to obtain: 


v r 


Express the integral of this equation 
with the limits of integration being 
from vo to v on the left-hand side 
and from 0 to t on the right-hand 
side: 

Evaluate these integrals to obtain: 



r \ V 


v v v oy 


"/V 

v r 



Solve this equation for v: 
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81 ••• 

Picture the Problem Note that the 
acceleration of the bead has two 
components-the radial component 
perpendicular to V, and a tangential 
component due to friction that is opposite 
to v. The application of Newton’s 2 nd law 
will result in a differential equation with 
separable variables. Its integration will lead 
to an expression for the speed of the bead 
as a function of time. 



(a) In Problem 81 it was shown that: 


v = v r 


1 + 


W 
\ r J 


Express the centripetal acceleration 
of the bead: 


(b) Apply Newton’s 2 nd law to the 
bead: 


Eliminate F n and /k to rewrite the 
radial force equation and solve for 
a,: 

(c) Express the resultant 
acceleration in terms of its radial 
and tangential components: 


v 2 _ 

v 0 2 

1 

2 

r 

r 

1 + 

(/vO 

t 

J 

V r j 


Yf=f 

r n 



and 

2>,=-a = 


ma, = m - 


dv 

dt 



-/4«c 


a = 


V a] Fa] = Mk a c ) 2 +a c 

a c^ + Fk 
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Concepts of Centripetal Force 

*82 • 

Picture the Problem The diagram depicts 
a seat at its highest and lowest points. Let 
"t" denote the top of the loop and "b" the 
bottom of the loop. Applying Newton’s 2 nd 
law to the seat at the top of the loop will 
establish the value of mv 2 /r ; this can then 
be used at the bottom of the loop to 
determine F nb . 





Apply Y F r = ma r to the seat at the mg +F n ± = 2mg = ma T = mv 2 /r 

top of the loop: 

Apply Y F >- = ma r to the seat at the F nb - mg = mv /r 

bottom of the loop: 

Solve for F nh and substitute for F nb = 2 mg and 

mv 2 /r to obtain: 


(i d ) is correct. 


83 • 

Picture the Problem The speed of the 
roller coaster is imbedded in the expression 
for its radial acceleration. The radial 
acceleration is determined by the net radial 
force acting on the passenger. We can use 
Newton’s 2 nd law to relate the net force on 
the passenger to the speed of the roller 
coaster. 

Apply Yj ^radial = "^radial t0 the ™g + 0Am g = /r 

passenger: 

Solve for v: v = ^1 Agr 

v = A /l.4(9.81m/s 2 )(l2.0m) 


v 



Substitute numerical values and 
evaluate v: 


12.8m/s 
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84 • 

Picture the Problem The force F the 
passenger exerts on the armrest of the car 
door is the radial force required to maintain 
the passenger’s speed around the curve and 
is related to that speed through Newton’s 
2 nd law of motion. 



Apply JV = ma x to the forces 
acting on the passenger: 


F = m — 
r 


Solve this equation for v: 



Substitute numerical values and 
evaluate v: 


p) m )(220N) 

V VO kg 


and 


(a) is correct. 


15.9m/s 


*85 ••• 

Picture the Problem The forces acting on 
the bicycle are shown in the force diagram. 
The static friction force is the centripetal 
force exerted by the surface on the bicycle 
that allows it to move in a circular path. 

F n + f s makes an angle 0 with the vertical 

direction. The application of Newton’s 2 nd 
law will allow us to relate this angle to the 
speed of the bicycle and the coefficient of 
static friction. 



(a) Apply ^F 


= ma to the bicycle: 



= /.= 


mv 2 

r 


and 

Yj F y =Fn~mg = 0 


mv 



F n mg rg 


Relate F n and f to 9 : 


tan 6 
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Solve for v: 

Substitute numerical values and 
evaluate v: 


v = -Jrg tan 0 

v = ,/(20 m )(9.81 m/s 2 ) tan 15° 
= 7.25m/s 


(b) Relate f s to /u s and F n : 


fs = i/s, max = m § 


Solve for /j s and substitute for f s to 
obtain: 


2 f 2v 2 

F s = — = - 

mg rg 


Substitute numerical values and 
evaluate /4 


2(7.25 m/s) 2 
^ s (20m)(9.81m/s 2 ) 


0.536 


86 •• 

Picture the Problem The diagram shows 
the forces acting on the plane as it flies in a 
horizontal circle of radius R. We can apply 
Newton’s 2 nd law to the plane and 
eliminate the lift force in order to obtain an 
expression for R as a function of v and 9. 


y 

I 



Apply U — ma to the plane: 


Eliminate C lift between these 
equations to obtain: 

Solve for R: 


XZ = /in sin Q = m V — 
and 

Tj F y =F lift cos 0 — mg — 0 


tan 6 = -— 

Rg 


gt&nO 


R = 


f km lh ^ 

480-x- 

h 3600 s j 

(9.81 m/s 2 )tan40° 


2.16km 


Substitute numerical values and 
evaluate R: 
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87 • 

Picture the Problem Under the conditions 
described in the problem statement, the 
only forces acting on the car are the normal 
force exerted by the road and the 
gravitational force exerted by the earth. 

The horizontal component of the normal 
force is the centripetal force. The 
application of Newton’s 2 nd law will allow 
us to express # in terms of v, r, and g. 



Apply y" / 7 = mil to the car: 

2 

X F v = F n sin# = m — 
r 

and 

^F y = F n cos 6-mg = 0 

Eliminate F„ from the force 
equations to obtain: 

2 

tan# = — 
i'g 

Solve for 6 : 

6 = tan 1 — 
i'g 


Substitute numerical values and evaluate &. 


6 = tan 1 


| [(90km/h)(lh/3600s)(l000m/km)] 2 

I (l60m)(9.81m/s 2 ) 


21.7° 


*88 •• 

Picture the Problem Both the normal 
force and the static friction force contribute 
to the centripetal force in the situation 
described in this problem. We can apply 
Newton’s 2 nd law to relate f s and F n and 
then solve these equations simultaneously 
to determine each of these quantities. 


y 

I 
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(a) Apply YjF 


= ma to the car: 


Multiply the x equation by sin# and 
the y equation by cos # to obtain: 


Add these equations to eliminate/ s : 


Solve for F n : 


v 

r 


X F x = F n sin 6 + fs cos o = m - 
and 

X F y = F n cos 0- f s smO-mg = 0 


v 2 . 


/sSin^cos^ + i^skr # = m —sin# 

r 

and 

F a cos 2 6 - f s sin 6 cos 6 - mg cos 6 = 0 


2 

F n - mg cos# = m —sin# 
r 


2 

F n = mg cos # + /n—sin # 
r 

( v 2 A 

= m g cos#H -sin# 

l r y 


Substitute numerical values and evaluate F n : 


F n = (800kg) 


(9.81m/sdcoslO° + (85knl/h h 1000llVkm h lh/3600s ) : 


150 m 


sinlO c 


8.25 kN 


(/;) Solve the y equation for /j: 


fs = 


F n cos # - mg 
sin# 


Substitute numerical values and evaluate f s : 


f,= 


(8.25kN)cosl0°-(800kg)(9.81m/s 2 ) 
sin 10° 


1.59kN 


(c) Express /4 >m in in terms of / s and 
F n : 


F, 



F 


Substitute numerical values and 
evaluate // S4 „ in : 




s,min 


1.59 kN 
8.25 kN 


0.193 
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Picture the Problem Both the normal 
force and the static friction force contribute 
to the centripetal force in the situation 
described in this problem. We can apply 
Newton’s 2 nd law to relate f s and F„ and 
then solve these equations simultaneously 
to determine each of these quantities. 

(a) Apply = ma to the car: 


y 

'I 



Z F v = K sin 0 + f s cos 0 = m — 

r 

^ F v = F n cos# - f s sin 6 - mg = 0 


Multiply the x equation by sin^ and 
the v equation by cos 9 : 


2 V 

/ s sin 0 cos 9 + F n sin 9 = m —sin^ 

r 

F n cos 2 0- f s sin 6 cos 6 - mg cos 0 = 0 


Add these equations to eliminate f s : 


Solve for F n : 


F n - mg cos 0 = m —sin 0 
r 


F n = mg cos0 + m —sin 0 
r 

f i \ 


= m 


v 


g cos6M-sin^ 


v 


Substitute numerical values and evaluate F n : 


F,= (800kg) 


(<I S I m s Icos 1 O'- 


+ 


(38 km/h) 1 (l000 m/km) 2 (l h/3600 s) qo 

150 m 


7.832 kN 


(b) Solve the v equation for f s : 


fs = 


F n cos 0 - mg 
sin0 


= F n cot 0 


mg 

sin# 


Substitute numerical values and evaluate f: 
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/,= 


= (7.832kN)cotl0°- < 800k «H 9 - 81m/s l 
v ’ sin 10° 


-777N 


The negative sign tells us that f points upward along the inclined plane rather than as 
shown in the force diagram. 


*90 ••• 

Picture the Problem The tree-body diagram to the left is for the car at rest. The static 
friction force up the incline balances the downward component of the car’s weight and 
prevents it from sliding. In the tree-body diagram to the right, the static friction force 
points in the opposite direction as the tendency of the moving car is to slide toward the 
outside of the curve. 



Apply = ma to the car that is 
at rest: 


^ F y = F n cos 6 + / s sin 0 - mg = 0 (1) 
and 

Z F x = F n sin0-/ g cos0 = O (2) 


Substitute f =/ s>max = AC, in 
equation (2) and solve for and 
evaluate the maximum allowable 
value of &. 

Apply Y F = ma to the car that is 
moving with speed v: 


Substitute f s = pu,F n in equations (3) 
and (4) and simplify to obtain: 


0 = tan '(// s )=tan 1 (0.08) 


4.57° 


Yj F y = F n cos# - / s sin 8-mg = 0 (3) 

. . v 2 

V F x = F n sin 0 + f s cos 6 = m — (4) 

^ r 

F n (cos 6 - ju s sin $) = mg (5) 

F n ( ju s cos 6 + sin 6) = m — (6) 


Substitute numerical values into (5) 


0.9904F n = mg 
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and (6) to obtain: 


Eliminate F n and solve for r: 


Substitute numerical values and 
evaluate r. 


and 

2 

0.1595 F n =m — 
r 


0.1610 g 

(60 km /h x 1 h/3600 s x 1000 m/km)“ 
0.1610(9.81 m/s 2 ) 

176 m 


91 ••• 

Picture the Problem The tree-body diagram to the left is for the car rounding the curve 
at the minimum (not sliding down the incline) speed. The static friction force up the 
incline balances the downward component of the car’s weight and prevents it from 
sliding. In the tree-body diagram to the right, the static friction force points in the 
opposite direction as the tendency of the car moving with the maximum safe speed is to 
slide toward the outside of the curve. Application of Newton’s 2 nd law and the 
simultaneous solution of the force equations will yield v min and v max . 



Apply = ma to a car traveling 

around the curve when the 
coefficient of static friction is zero: 


Vf, = F n sin 9 = m 
^ ' r 

and 

X F y = F n cos 6 - mg =0 


Divide the first of these equations 
by the second to obtain: 


tan 6 



6 = tan 1 


( 2A 

v 


Substitute numerical values and evaluate the banking angle: 
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0 = tan 1 


(40 km/h) 1 (l 000 m/km)" (lh/3600 s 2 ) 
(30 m )( c ).81 m/s 2 ) 


22 . 8 ° 


Apply X, = t0 car 

traveling around the curve at 
minimum speed: 


VF x = F n sin 9- f cos# = 

r 

and 

'Y_,F y = F n cos0 + / S sin#-/ng =0 


Substitute f =/s, ma x = /4# n in the 
force equations and simplify to 
obtain: 


F n (// s cos 6 - sin #) = m — 
and 

F n (cos 6 + /u s sin #) = mg 


Evaluate these equations for 
6 = 22.8° and ju s = 0.3: 


Eliminate F n between these two 
equations and solve for v m i n : 

Substitute numerical values and 
evaluate v min : 


0.1102F n =m^in- 

r 

and 

1.038/*',, = mg 
V min = A JOA06rg 

v min = >.106(30m)(9.81m/s 2 ) 
= 5.59m/s = 20.1 km/h 


Apply = ma to the car 

traveling around the curve at 
maximum speed: 

Substitute f =/ s , ma x = AsC, in the 
force equations and simplify to 
obtain: 


Evaluate these equations for 
9 = 22.8° and ju s = 0.3: 


V F x = F n sin# + f s cos# = m -^ ma2L 

^ r 

and 

X F y = F n cos # - f s sin # - mg =0 

2 

F n (// s cos 6 + sin #) = m 

r 

and 

F n (cos 0-ju s sin 0 ) = mg 

0.664 \F n =m — 
and 

0.8056F n = mg 


r 
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Eliminate F„ between these two v max = ^/0.8243 rg 

equations and solve for v max : 


Substitute numerical values and 
evaluate v max : 


v„„=V( 0 8 2 «)(30m)(9.81m/s 2 ) 
= 15.6 m/s = 56.1 km/h 


Drag Forces 

92 • 

Picture the Problem We can apply Newton’s 2 nd law to the particle to obtain its 
equation of motion. Applying terminal speed conditions will yield an expression for b 
that we can evaluate using the given numerical values. 

Apply ^ F, = ma y to the particle: mg — bv = ma v 

When the particle reaches its mg — bv t = 0 

terminal speed v = v t and a y = 0: 


Solve for b to obtain: 


Substitute numerical values and 
evaluate b: 


b = 


mg 


(lO l3 kg)(9.81m/s 2 ) 
3x 1(T 4 m/s 

= 3.27 xl(T 9 kg/s 


93 • 

Picture the Problem We can apply Newton’s 2 nd law to the Ping-Pong ball to obtain its 
equation of motion. Applying terminal speed conditions will yield an expression for b 
that we can evaluate using the given numerical values. 

Apply ^ A = ma y to the Ping- mg-bv 2 = ma y 

Pong ball: 

When the Ping-Pong ball reaches its mg — bv 2 = 0 

terminal speed v = v t and a y = 0: 

wg 

2 

V t 


Solve for b to obtain: 
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Substitute numerical values and 
evaluate b\ 


(2.3x10 3 kg)(9.81m/s 2 ) 
(9 m/s) 2 

= 2.79 xl0~ 4 kg/m 


*94 • 

Picture the Problem Let the upward direction be the positive y direction and apply 
Newton’s 2 nd law to the sky diver. 


{a) Apply ^F v = ma v to the sky 
diver: 


F d -mg = ma 
or, because a v = 0, 

F d = mg (1) 


Substitute numerical values and 
evaluate F d : 

(. b ) Substitute F d = b v t 2 in equation 
(1) to obtain: 


F d =(60kg)(9.81m/s 2 ) 


589N 


hv 2 = mg 


Solve for b: 




Substitute numerical values and 
evaluate b\ 


589N 
(25 m/s) 2 


0.942 kg/m 


95 •• 

Picture the Problem The tree-body 
diagram shows the forces acting on the car 
as it descends the grade with its terminal 
velocity. The application of Newton’s 2 nd 
law with u — 0 and F d equal to the given 
function will allow us to solve for the 
terminal velocity of the car. 



Apply ^ F x = ma x to the car: mg sin 9- F d = ma x 

or, because v = v t and a x = 0, 
mg sin 9-F d = 0 

/ngsin/Z-lOON -(l.2N -s 2 / m 2 )v t 2 = 0 


Substitute for F d to obtain: 
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Solve for v t : 


I mg sin 0- 100 N 

\ 1.2N-s 2 /m 2 


Substitute numerical values and 
evaluate v t : 


1 (800 kg)(9.81m/s 2 )sin6°-100N 
\ 1.2N -s 2 /m 2 


= 24.5m/s 


88.2 km/h 


96 ••• 

Picture the Problem Let the upward direction be the positive y direction and apply 
Newton’s 2 nd law to the particle to obtain an equation from which we can find the 
particle’s terminal speed. 

(a) Apply 'YjFy = ma y to a ~ ^ K7 l rv = ma y 

pollution particle: or, because a y = 0, 

mg - 6 nrprv x = 0 


Solve for v t to obtain: 


v . 


mg 

6nr/r 


Express the mass of a sphere in 
terms of its volume: 


m = pV = p 

v 


4 nr^ ' 


Substitute for m to obtain: 


Substitute numerical values and 
evaluate v t : 


_ 2r 2 pg 

' 9ri 

2(l0 5 m) 2 (2000kg/m 3 V9.8 lm/s 2 ) 
V ‘ ~ 9(1.8x10 5 N-s/m 2 ) 

= 2.42cm/s 


(. b ) Use distance equals average 
speed times the fall time to find the 
time to fall 100 m at 2.42 cm/s: 


10 4 cm 

t = - 

2.42cm/s 


4.13x 10 3 s 


1.15 h 


*97 ■■■ 

Picture the Problem The motion of the centrifuge will cause the pollution particles to 
migrate to the end of the test tube. We can apply Newton’s 2 nd law and Stokes’ law to 
derive an expression for the terminal speed of the sedimentation particles. We can then 
use this terminal speed to calculate the sedimentation time. We’ll use the 12 cm distance 
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from the center of the centrifuge as the average radius of the pollution particles as they 
settle in the test tube. Let R represent the radius of a particle and r the radius of the 
particle’s circular path in the centrifuge. 


Express the sedimentation time in 
terms of the sedimentation speed v t : 

Apply 

“^radial = "^radial *> a 

pollution particle: 

Express the mass of the particle in 
terms of its radius R and density p: 

Express the acceleration of the 
pollution particles due to the motion 
of the centrifuge in terms of their 
orbital radius r and period T: 

Substitute for m and a c and simplify 
to obtain: 


Solve for v t : 


Find the period T of the motion from 
the number of revolutions the 
centrifuge makes in 1 second: 


Substitute numerical values and 
evaluate v t : 


At 


sediment 


Ax 


6 7TTjRv t = ma c 


m = pV = j7rR 3 p 



r 2 nr'' 1 
r 


4n 1 r 

rj~<2 


f 

6 7TT)Rv t = jftR'p 

V 


4 n 2 r 

rj-i2 


\ 

) 


16 rf prR? 

3 Y 1 


8 K 2 prR 2 

v t =- i — 

‘ 9 r/T 2 

T = ---= 1.25x10 3 min/rev 

800 rev/ min 

= 1.25x10^’min/rev x 60 s/min 
= 75.0x10 3 s/rev 

; _ 8^- 2 (2000kg/m 3 )(0.12 m K 5 m ) 
9(l.8xl0 5 N-s/m 2 )(75xl0^ 3 s) 2 
= 2.08m/s 


Find the time it takes the particles to 
move 8 cm as they settle in the test 
tube: 


At 


sediment 


Ax _ 8 cm 

v 208cm/s 


38.5 ms 
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In Problem 96 it was shown that the 
rate of fall of the particles in air is 
2.42 cm/s. Find the time required to 
fall 8 cm in air under the influence 
of gravity: 

Find the ratio of the two times: 


Ax _ 8 cm 

v 2.42cm/s 

3.31s 


A?aii/At se( |iment ' 


100 


Euler’s Method 


98 •• 

Picture the Problem The tree-body 
diagram shows the forces acting on the 
baseball sometime after it has been thrown 
downward but before it has reached its 
terminal speed. In order to use Euler’s 
method, we’ll need to determine how the 
acceleration of the ball varies with its 
speed. We can do this by applying 
Newton’s 2 nd law to the ball and using its 
terminal speed to express the constant in 
the acceleration equation in terms of the 
ball’s terminal speed. We can then use 
v n +\ = V „ + a ,A t t0 find the speed of the 
ball at any given time. 


t 


bv 2 


y 1 mg 
I 

x 


Apply Newton’s 2 nd law to the ball 
to obtain: 


mg - bv ' 


dv 
m — 
dt 


Solve for dv/dt to obtain: 


dv b 2 

-T = g - v 

dt m 


When the ball reaches its terminal 
speed: 



m 



g 


Substitute to obtain: 


dv 

dt 


= g 



Express the position of the ball to 
obtain: 


x„ + i = x„ + 


V|l+1 + — At 


Letting a„ be the acceleration of the 
ball at time t n , express its speed 
when t = t n + 1: 


W+i = v n+a,At 


where 

f 

2 A 

=g 

1- 

V n 

,,2 


V 

V t ) 
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and At is an arbitrarily small interval of 
time. 

A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

A10 

B9+$B$1 

t + At 

B10 

B9+0.5*(C9+C10)*$B$1 

v , + V 

x ll+l =x„+^-^A t 

CIO 

C9+D9*$B$1 

v„+i = v„+ a„At 

D10 

$B$4*(1-C10 A 2/$B$5 A 2) 

=g 1-^r 

l v t ) 



A 

B 

C 

D 

1 

At= 

0.5 

s 


2 

x0= 

0 

m 


3 

v0= 

9.722 

m/s 


4 

a0= 

9.81 

m/s A 2 


5 

vt= 

41.67 

m/s 


6 





7 

t 

X 

V 

a 

8 

(S) 

(m) 

(m/s) 

(m/s A 2) 

9 

0.0 

0 

9.7 

9.28 

10 

0.5 

6 

14.4 

8.64 

11 

1.0 

14 

18.7 

7.84 

12 

1.5 

25 

22.6 

6.92 






28 

9.5 

317 

41.3 

0.17 

29 

10.0 

337 

41.4 

0.13 

30 

10.5 

358 

41.5 

0.10 






38 

14.5 

524 

41.6 

0.01 

39 

15.0 

545 

41.7 

0.01 

40 

15.5 

566 

41.7 

0.01 

41 

16.0 

587 

41.7 

0.01 

42 

16.5 

608 

41.7 

0.00 


From the table we can see that the speed of the ball after 10 s is approximately 
41.4 m/s. We can estimate the uncertainty in this result by halving At and 


recalculating the speed of the ball at t = 10 s. Doing so yields v(10 s) ~ 41.3 m/s, a 
difference of about 0.02%. 


The graph shows the velocity of the ball thrown straight down as a function of time. 
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Reset A t to 0.5 s and set v 0 = 0. Ninety-nine percent of 41.67 m/s is approximately 41.3 
m/s. Note that the ball will reach this speed in about 


10.5s 


and that the distance it 


travels in this time is about 


322 m. 


The following graph shows the distance traveled by 


the ball dropped from rest as a function of time. 



*99 .. 

Picture the Problem The tree-body 
diagram shows the forces acting on the 
baseball after it has left your hand. In order 
to use Euler’s method, we’ll need to 
detennine how the acceleration of the ball 
varies with its speed. We can do this by 
applying Newton’s 2 nd law to the baseball. 
We can then use v n+1 = v n + a n At and 

x n+ 1 = x n + v n At to find the speed and 


y 


o 

"bv 2 


T mg 
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position of the ball. 

Apply ^ F v = ma v to the baseball: 


Solve for dv/dt : 


Under terminal speed conditions 

(|v| = —v t ): 


Substitute to obtain: 


Letting a„ be the acceleration of the 
ball at time t,„ express its position 
and speed when t = t„+ 1: 


- hv|v| - mg = m 

where |v| = v for the upward part of the 
flight of the ball and |v| = —v for the 
downward part of the flight. 

v 

o = -g+—v; 

m 
and 

A = JL 

m v t 2 


dv b | 

~T = - g — v 
dt m 


dv 

dt 


g_ 

2 


’M = 

r vivh 
1+4 1 


i v t) 


y„ + i =L„+i(v„+v„_ 1 )At 
and 

Urn = K, + <* n At 
where 


= ~8 


v v 

l + _«|«l 


K t j 


and A t is an arbitrarily small interval of 
time. 


A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

Dll 

D10+$B$6 

t + At 

E10 

41.7 

Vo 

Ell 

E10-$B$4* 

(1+E10*ABS(E10)/($B$5 A 2))*$B$6 

V n + l= V n+ a ,A t 

F10 

0 

To 

FI 1 

F10+0.5*(E10+E11)*$B$6 

y n+ i =T„+i(v„+v„_ 1 )At 

G10 

0 

To 

Gil 

$E$10*D11-0.5*$B$4*D11 A 2 

V“2 g* 2 
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A 

B 

C 

D 

E 

F 

G 

4 

g= 

9.81 

m/s A 2 





5 

vt= 

41.7 

m/s 





6 

At= 

0.1 

s 





7 








8 








9 




t 

V 

y 

y no drag 

10 




0.0 

41.70 

0.00 

0.00 

11 




0.1 

39.74 

4.07 

4.12 

12 




0.2 

37.87 

7.95 

8.14 









40 




3.0 

3.01 

60.13 

81.00 

41 




3.1 

2.03 

60.39 

82.18 

42 




3.2 

1.05 

60.54 

83.26 

43 




3.3 

0.07 

60.60 

84.25 

44 




3.4 

-0.91 

60.55 

85.14 

45 




3.5 

-1.89 

60.41 

85.93 

46 




3.6 

-2.87 

60.17 

86.62 









78 




6.8 

-28.34 

6.26 

56.98 

79 




6.9 

-28.86 

3.41 

54.44 

80 




7.0 

-29.37 

0.49 

51.80 

81 




7.1 

-29.87 

-2.47 

49.06 


From the table we can see that, after 3.5 s, the ball reaches a height of about 
reaches its peak a little earlier-at about 
The ball hits the ground at about t = 


60.4 m. 


It 


3.3s, 


and its height at t = 3.3 s is 


60.6 m. 


7s 


-so it spends a little longer coming down than 


going up. 


The solid curve on the following graph shows y(t) when there is no drag on the baseball 
and the dotted curve shows y{t) under the conditions modeled in this problem. 
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100 •• 

Picture the Problem The pictorial representation shows the block in its initial position 
against the compressed spring, later as the spring accelerates it to the right, and finally 
when it has reached its maximum speed at x f = 0. In order to use Euler’s method, we’ll 
need to determine how the acceleration of the block varies with its position. We can do 
this by applying Newton’s 2 nd law to the box. We can then use v K+1 = v n + a n At and 

x n+\ = x n + v , A t to find the speed and position of the block. 


k 



x q ~ 0 jr n jCf=0.3m 

v O = 0 v n V f =V max 


a 0 = k /m (0.3 m) 


Apply XT' = ma x to the block: 
Solve for a n \ 


a n = k /m (0.3 - x n ) a f = 0 

i(0.3m-xj= ma„ 
k 

a n =— (0.3m-xj 
m 


Express the position and speed of 
the block when t = t n + 1: 


X n + l= X n +V A t 

and 

W + i =v n +a„At 
where 

a „ =~ (0.3m-x„) 
m 

and At is an arbitrarily small interval of 
time. 


A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the column s are as follows: 
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Cell 

Formula/Content 

Algebraic Form 

A10 

A9+$B$1 

t + At 

B10 

B9+C10*$B$1 

x n +v n At 

CIO 

C9+D9*$B$1 

v n + a ,At 

D10 

($B$4/$B$5)*(0.3-B 10) 

~ (0.3-xj 

m 



A 

B 

C 

D 

1 

At= 

0.005 

s 


2 

x0= 

0 

m 


3 

v0= 

0 

m/s 


4 

k = 

50 

N/m 


5 

m = 

0.8 

kg 


6 





7 

t 

X 

V 

a 

8 

(s) 

(m) 

(m/s) 

(m/s A 2) 

9 

0.000 

0.00 

0.00 

18.75 

10 

0.005 

0.00 

0.09 

18.72 

11 

0.010 

0.00 

0.19 

18.69 

12 

0.015 

0.00 

0.28 

18.63 






45 

0.180 

0.25 

2.41 

2.85 

46 

0.185 

0.27 

2.42 

2.10 

47 

0.190 

0.28 

2.43 

1.34 

48 

0.195 

0.29 

2.44 

0.58 

49 

0.200 

0.30 

2.44 

-0.19 


From the table we can see that it took about 


0.200s 


for the spring to push the block 30 


cm and that it was traveling about 


2.44 m/s 


at that time. We can estimate the 


uncertainty in this result by halving At and recalculating the speed of the ball at t = 10 s. 
Doing so yields v(0.200 s) « 2.41 m/s, a difference of about 1.2%. 
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General Problems 


101 • 

Picture the Problem The forces that act 
on the block as it slides down the incline 
are shown on the tree-body diagram to the 
right. The acceleration of the block can be 
determined from the distance-and-time 
information given in the problem. The 
application of Newton’s 2 nd law to the 
block will lead to an expression for the 
coefficient of kinetic friction as a function 
of the block’s acceleration and the angle of 
the incline. 



Apply F = ma to the block: 


Sct / k = // k F n , F n between the two 
equations, and solve for // k : 

Using a constant-acceleration 
equation, relate the distance the 
block slides to its sliding time: 

Solve for a: 


Substitute numerical values and 
evaluate a: 


Find//k fora = 0.1775 m/s^ and 
0 =28°: 


Z/y = mgsmO —fy = ma 
and 

'ZFy = F n - mg = 0 


/4 = 


gsmO-a 
g cos# 


Ax = v 0 At + \a{/S.tf where v 0 = 0 


2Ax 

a = 2( 2 ' 4r ^) = 0.1775 m/s 2 
(5.2s) 2 

_ (9.81m/s 2 )sin28°-0.1775m/s 2 
( c ).81 m/s 2 ) cos28° 

= 0.511 
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Picture the Problem The tree-body 
diagram shows the forces acting on the 
model airplane. The speed of the plane can 
be calculated from the data concerning the 
radius of its path and the time it takes to 
make one revolution. The application of 
Newton’s 2 nd law will give us the tension F 
in the string. 


F 

-►-x 

^ r mg 


(a) Express the speed of the airplane 
in terms of the circumference of the 
circle in which it is flying and its 
period: 

Substitute numerical values and 
evaluate v: 


v = 


2 70 ’ 

T 


27i(5.7 m) 
4 

—s 

1.2 


10.7m/s 


(b) Apply JV = ma x to the model ^ v 2 

airplane: r 


Substitute numerical values and 
evaluate F : 


F = (0.4kg) 


(l0.7m/sy 

5.7 m 


8.03N 
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Picture the Problem The tree-body 
diagram shows the forces acting on the 
box. If the student is pushing with a force 
of 200 N and the box is on the verge of 
moving, the static friction force must be at 
its maximum value. In part ( b ), the motion 
is impending up the incline; therefore the 
direction of /L„ ax is down the incline. 



(a) Apply = ma to the box: 


=f s + F ~ m g^0 = O 
and 

^ F y = F n - mg cos 0 = 0 
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Substitute f =/ s , max = jU s F n , eliminate 
F n between the two equations, and 
solve for /j s : 


/u s = tan 6 


F 

mg cos 0 


Substitute numerical values and 
evaluate // s : 


/u s = tan 30° 


200N 

(800N)cos30° 


0.289 


(. b ) Find / s , max from the x-direction 
force equation: 

Substitute numerical values and 
evaluate/ s , max : 


/ s ,max = mgsm0-F 

/ s ,max=(800N)sin30°-200N 
= 200 N 


If the block is on the verge of - / s , ma x + F - mg sin 6 = 0 

sliding up the incline,/ s , max must act 
down the incline. The x-di recti on 
force equation becomes: 

Solve the x-direction force equation F = mg sin 6 + f max 

for F: 


evaluate F: 


Substitute numerical values and 


F = (800 N)sin30° + 200 N = 


600 N 
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Picture the Problem The path of the particle is a circle if r is a constant. Once we have 
shown that it is, we can calculate its value from its components. The direction of the 
particle’s motion can be determined by examining two positions of the particle at times 
that are close to each other. 


(a) and ( b ) Express the magnitude of 
r in terms of its components: 

Evaluate r with r x = -10 m cos cot and 
r y = 10m sinutf: 


/ 2 . 2 

r = yJ r x +r v 

r = a/[(- 10 m)cosru/] 2 + [(l 0 m)sin cot] 1 
= yj 100(cos 2 cot + sin 2 cot )m 
= 10.0m 
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(c) Evaluate r x and r v at t = 0 s: 


Evaluate r x and r y at t = At, where At 
is small: 


(cl) Differentiate r with respect to 
time to obtain v : 

Use the components of v to find its 
speed: 


( e ) Relate the period of the particle’s 
motion to the radius of its path and 
its speed: 


r x = -(l 0 m)cos 0° = -10 m 
r y = (l0m)sin0° = 0 


r x = -(l0m)cos<yAt « -(l0m)cos0 c 
= -10m 

r v = (l 0 in) sin coAl 

= Ay where Ay is positive 
and 


the motion is clockwise 


v = dr / dt 

= [(10<ysin<»t)/n] i +[(lO<ycos<yt)/n]y 

/ 2 , 2 

V = \ + V y 

= y][(\0a>sin(ot)m] 2 + [(lO<»cosnrf)m]- 
= (l 0 m )a> = (l 0 m)(2 s 1 ) 

= 20.0m/s 



2^-(l0m) 

20m/s 
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Picture the Problem The tree-body 
diagram shows the forces acting on the 
crate of books. The kinetic friction force 
opposes the motion of the crate up the 
incline. Because the crate is moving at 
constant speed in a straight line, its 
acceleration is zero. We can determine F 
by applying Newton’s 2 nd law to the crate, 
substituting for f k , eliminating the normal 
force, and solving for the required force. 

Apply = ma to the crate, with 

both a x and a v equal to zero, to the 
crate: 



Y J F X =F cos 6- f k - mg sin 6 = 0 
and 

^ F y = F n -F sin 6 - mg cos 6 = 0 
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Substitute fjJF n for/ k and eliminate p _ mg (sin 6 + // k cos 0) 

F n to obtain: cos 0 — ju k sin 6 


Substitute numerical values and evaluate F: 


_ (lOO kg)(9.81 m/s 2 )(sin30° + (0.5)cos30°) 
cos30° - (0.5)sin30° 


1.49 kN 
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Picture the Problem The tree-body 
diagram shows the forces acting on the 
object as it slides down the inclined plane. 
We can calculate its speed at the bottom of 
the incline from its acceleration and 
displacement and find its acceleration from 
Newton’s 2 nd law. 



Using a constant-acceleration 
equation, relate the initial and final 
velocities of the object to its 
acceleration and displacement: solve 
for the final velocity: 

Apply = ma to the sliding 
object: 

Solve the y equation for F n and 
using / k = /JkF n , eliminate both F n 
and /k from the x equation and solve 
for a: 

Substitute equation (2) in equation 
(1) and solve for v: 


v 7 = vj + 2aAx 

Because v 0 = 0, v = -j2aAx (1) 


X F v = ~/k + m § sin 6 = ma 
and 

X F y = F n - mg cos 6 = 0 
a = g(sin^-// k COS6 1 ) (2) 


v = ^2g(sin0 - ju k cos 0)Ax 


Substitute numerical values and evaluate v: 


v = ^2(9.81rrbs 2 )(sin30°-(0.35)cos30°)(72m) = 16.7 m/s and 


(i d ) is correct. 
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Picture the Problem The tree-body 
diagram shows the forces acting on the 
brick as it slides down the inclined plane. 
We’ll apply Newton’s 2 nd law to the brick 
when it is sliding down the incline with 
constant speed to derive an expression for 
/4 in terms of do- We’ll apply Newton’s 2 nd 
law a second time for 0= 0\ and solve the 
equations simultaneously to obtain an 
expression for a as a function of do and d\. 



Apply = ma to the brick 

when it is sliding with constant 
speed: 

Solve the y equation for F„ and 
using f k = /u k F n , eliminate both F n 
and / k from the x equation and solve 
for /a: 

Apply = ma to the brick when 
d= d t : 


Solve the v equation for F n , use 
/k = jiivF'n to eliminate both F n and/ k 
from the x equation, and use the 
expression for // k obtained above to 
obtain: 


2X ="/k + mg sin 0 O =0 
and 

X F y =F n -mg cos 0 O =0 
A k = tan 0 0 

X F v =~f k +mgsmd l = ma 
and 

X F v = F n — mg cos d l =0 
a = g(sin 0 X - tan 6 0 cos 6 X ) 


108 

Picture the Problem The fact that the object is in static equilibrium under the influence 
of the three forces means that F x + F 2 + F :] =0. Drawing the corresponding force 

triangle will allow us to relate the forces to the angles between them through the law of 
sines and the law of cosines. 
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(a) Using the fact that the object is 
in static equilibrium, redraw the 
force diagram connecting the forces 
head-to-tail: 


Apply the law of sines to the 
triangle: 


Use the trigonometric identity 
sin(;r- a ) = sina to obtain: 

( b ) Apply the law of cosines to the 
triangle: 

Use the trigonometric identity 
cos(;r- a) = -cos a to obtain: 
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Picture the Problem We can calculate the 
acceleration of the passenger from his/her 
speed that, in turn, is a function of the 
period of the motion. To determine the 
longest period of the motion, we focus our 
attention on the situation at the very top of 
the ride when the seat belt is exerting no 
force on the rider. We can use Newton’s 
2 nd law to relate the period of the motion to 
the acceleration and speed of the rider. 

(a) Because the motion is at 
constant speed, the acceleration is 
entirely radial and is given by: 

Express the speed of the motion of 
the ride as a function of the radius 
of the circle and the period of its 
motion: 


✓ 



sin ^ sin 6 n sin<9 12 


F\ = + F 3 2 - 2F 2 F i cos(;r - # 23 ) 


F 1 2 =F 2 2 +F3 2 +2F 2 F 3 cos^3 



v 2 

a c= — 

r 


2k r 


T 












Substitute in the expression for a c to 
obtain: 
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Substitute numerical values and 
evaluate a c : 


( b ) Apply Zf = ma to the 

passenger when he/she is at the top 
of the circular path and solve for a c : 

Relate the acceleration of the 
motion to its radius and speed and 
solve for v: 

Express the period of the motion as 
a function of the radius of the circle 
and the speed of the passenger and 
solve for T m : 

Substitute numerical values and 
evaluate T m : 


4 n 2 r 
T 2 


4 n 2 (5 m) 

"W 


49.3 m/s 2 


X F r = m S = ma c 
and 

«c =g 




= 2 tv. 


5m 


9.81m/s _ 


4.49s 


Remarks: The rider is "weightless" under the conditions described in part (6). 
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Picture the Problem The pictorial 
representation to the right shows the cart 
and its load on the inclined plane. The load 
will not slip provided its maximum 
acceleration is not exceeded. We can find 
that maximum acceleration by applying 
Newton’s 2 nd law to the load. We can then 
apply Newton’s 2 nd law to the cart-plus- 
load system to determine the tension in the 
rope when the system is experiencing its 
maximum acceleration. 
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Draw the free-body diagram for the 
cart and its load: 


Apply JV, = ma x to the cart plus 
its load: 



T - (/n, + m 2 )g sin 6 = (/«, + nu )a max 


Draw the free-body diagram for the 
load of mass m 2 on top of the cart: 


Apply = ma to the load on 
top of the cart: 


Using / s , max = jUsF n , 2 , eliminate /y 2 
between the two equations and solve 
for the maximum acceleration of the 
load: 

Substitute equation (2) in equation 
(1) and solve for T : 



Z = /s,max - n h§ S in 6 = max 

and 

Z F v = F n ,2 ~m 2 g cos 6 = 0 

«max =gC“s COSsin 6>) 


T = 


(m ] + m 2 


)g// s cos^ 
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Picture the Problem The free-body 
diagram for the sled while it is held 
stationary by the static friction force is 
shown to the right. We can solve this 
problem by repeatedly applying Newton’s 
2 nd law under the conditions specified in 
each part of the problem. 
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(a) Apply ^ F y = ma v to the sled: 
Solve for F n y 

Substitute numerical values and 
evaluate F„y 

(b) Apply ^ F = ma x to the sled: 


F n i -m^g cos 6 = 0 
F n,i =m i g cos 0 
F nl =(200N)cosl5° 


193N 


/ s -m i gsm0 = O 


Solve for^: 

Substitute numerical values and 
evaluate / s : 


fs = n h§ sin# 


f s =(200N)sinl5° 


51.8N 


(c) Draw the tree-body diagram for 
the sled when the child is pulling on 
the rope: 


Apply I* = ma to the sled to 
determine whether it moves: 


Solve the indirection equation for 
F n y 


Substitute numerical values and 
evaluate F n y 




= F cos 30° - m x g sin 6 - f s max 
and 

^ F y = F n j + F sin 30° - m x g cos 6 = 0 
F nl =-Fsin30° + /n 1 gcos^ 

F ni =-(l00N)sin30° + (200N)cosl5° 


= 143N 


Express/ Si niax. ,/sjnax F$Fn,\ (0.5)( 143 N) 

= 71.5 N 

Use the x-direction force equation to F net = (100 N)cos30° - (200 N)sinl5° 

evaluate F net : - 71.5 N 


= -36.7 N 
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Because the net force is negative, 

f k is undetermined 


the sled does not move: 

(i d) Because the sled does not move: 

ju k is undetermined 

( e ) Draw the FBD for the child: 




k 

? „,2 

^ JC 


30® > 

'f 7 



^ J s. max 


7/ 

\ 



j-\5° 
f ' 



Express the net force F c exerted on 

f = If 2 + f 2 

c A/ n2 J s,max 

(1) 

the child by the incline: 

Noting that the child is stationary, 

Z F v =/s,max-^cos30 0 -/n 2 gsinl5 0 

apply 'y F = ma to the child: 

= 0 

and 



'Y_ l F y = F nl -m 2 gsinl5°-Fsin30° = 

Solve the x equation for f max and the 

/ s ,max =i 7 cos30° + /n 2 gsinl5 o 

y equation for F n2 : 

and 



F nl = m 2 gsinl5° + i 7 sin30° 

Substitute numerical values and 

/ s ,max =(500 N )cos30° + (l00N)sinl5 

evaluate F x and F nl : 

= 459 N 

and 



F n2 =(l00N)sinl5° 
= 276N 

+ (500N)sin30° 

Substitute numerical values in 

F c = J( 276 N) 2 + (459 N) 2 = 536 N 

equation (1) and evaluate F: 


112 • 

Picture the Problem Let v represent the speed of rotation of the station, and r the 
distance from the center of the station. Because the O’Neill colony is, presumably, in 
deep space, the only acceleration one would experience in it would be that due to its 
rotation. 
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(a) Express the acceleration of a = v 2 /r 

anyone who is standing inside the 

station: 


This acceleration is directed toward the axis of rotation. If someone inside the station 
drops an apple, the apple will not have any forces acting on it once released, but will 
move along a straight line at constant speed. However, from the point of view of our 
observer inside the station, if he views himself as unmoving, the apple is perceived to 
have an acceleration of mv 2 /r directed away from the axis of rotation (a "centrifugal" 
force). 


( b ) Each deck must rotate the central 
axis with the same period T. Relate 
the speed of a person on a particular 
deck to his/her distance r from the 
center: 

Express the "acceleration of 
gravity" perceived by someone a 
distance r from the center: 


(c) Relate the desired acceleration 
to the radius of Babylon 5 and its 
period: 

Solve for T: 


Substitute numerical values and 
evaluate T: 


Take the reciprocal of this time to 
find the number of revolutions per 
minute Babylon 5 has to make in 
order to provide this "earth-like" 
acceleration: 


2 nr 

v = - 

T 


v 2 4n 2 r 



i.e., the "acceleration due to 
gravity" decreases as r decreases. 


4 n 2 r 


_ 1 4n 2 r 

V a 



fojmix 1 ' 6091 ™) 

V mi J 

9.8m/s 2 


= 44.1s = 0.735 min 


T 1 


1.36 rev/ min 
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Picture the Problem The tree-body 
diagram shows the forces acting on the 
child as she slides down the incline. We’ll 
first use Newton’s 2 nd law to derive an 
expression for // k in terms of her 
acceleration and then use Newton’s 2 nd law 
to find her acceleration when riding the 
frictionless cart. Using a constant- 
acceleration equation, we’ll relate these 
two accelerations to her descent times and 
solve for her acceleration when sliding. 
Finally, we can use this acceleration in the 
expression for // k . 



Apply Sr = ma to the child as 
she slides down the incline: 


Yj F ,= m S sin 30° - f k = ma, 
and 

^ F y = F n - mg cos30° = 0 


Using / k = ju k F n , eliminate / k and F n 
between the two equations and solve 
for ju k : 


/u k = tan 30° 


a \ 

gcos30° 


( 1 ) 


Apply Yj F * = ma x to the child as 

she rides the frictionless cart down 
the incline and solve for her 
acceleration a 2 : 

Letting 5 represent the distance she 
slides down the incline, use a 
constant-acceleration equation to 
relate her sliding times to her 
accelerations and distance traveled 
down the slide : 

Equate these expressions, substitute 
t 2 = \ t\ and solve for ap 


mg sin 30° = ma 2 
and 

a 2 = gsin30° 

= 4.91m/s 2 

s = V(/j + \a x t] where v 0 = 0 
and 

s = v 0 t 2 + \a 2 tl where v 0 = 0 


a \ ~\ a i = T&si^O 0 = 1.23m/s 2 
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Evaluate equation (1) with 
ci\ = 1.23 m/s 2 : 


/u k = tan 30° 


1.23 m/s 2 

(9.81m/s 2 )cos30° 


0.433 


*114 « 

Picture the Problem The path of the particle is a circle if r is a constant. Once we have 
shown that it is, we can calculate its value from its components and determine the 
particle’s velocity and acceleration by differentiation. The direction of the net force 
acting on the particle can be determined from the direction of its acceleration. 


(a) Express the magnitude of r in 
terms of its components: 

Evaluate r with r x = Rsmcot and 
r y = Rcoscot'. 


(b ) Differentiate r with respect to 
time to obtain v : 


Express the ratio 


v„ 


Express the ratio 



r = \ 

l[R sin cot\ 1 + [R cos cot] 



R 2 (sin 2 cot + cos 2 cot ) = R = 4.0m 

the path of the particle is a circle 
centered at the origin. 

v = dr /dt = \Rcocoscot\ i 


+ 

-Rcosincot]j 


= 

[(8;rcos2;r/)m/s] i 
- [(8;r sin 2 n t)m/s]y 



V r $71 COSCOt 

— = -= - cot CO t 

v„ -8;rsin cot 

y 

v Rcoscot 

-— = -= -cot cot 

x R sin cot 



(c) Differentiate v with respect to 
time to obtain a : 


a = dv / dt 

[(- 167r 2 m/s 2 )sinn>/J/ 

+ [(-16^- 2 m/s 2 )cos cot\j 
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Factor -4;r/s 2 from a to obtain: 


Find the ratio —: 

r 


a = (-4;r 2 / s 1 ) (4sinnfr)i + (4cosnfr)yJ 
(-4;r 2 /s 2 )f 


Because a is in the opposite direction from 
r, it is directed toward the center of the 

circle in which the particle is traveling. 


r 


{$7t m/s) 2 
4 m 


16;r 2 m/s 2 = a 


(d) Apply I* = md to the particle: F net = ma = (0.8kg)(l6;r 2 m/s 1 ) 

= 12.8tt 2 N 


Because the direction of F net is the 
same as that of a : 


F net is toward the center of the circle. 
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Picture the Problem The free-body 
diagram showing the forces acting on a 
rider being held in place by the maximum 
static friction force is shown to the right. 
The application of Newton’s 2 nd law and the 
definition of the maximum static friction 
force will be used to determine the period T 
of the motion. The reciprocal of the period 
will give us the minimum number of 
revolutions required per unit time to hold 
the riders in place. 


y 



max 


6 —► — x 


▼ mg 


Apply I ' 7 = md to the riders 

while they are held in place by 
friction: 




and 

Z F v =/ S , max ~mg = 0 


2n r 

Using / smax = fi f, and v = 

eliminate F n between the force 
equations and solve for the period of 
the motion: 


. [Jv 
V s 
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Substitute numerical values and 
evaluate T: 


T = 2tv 


(0.4X4 m) 
9.81m/s 2 


= 2.54s = 0.00423 min 


The number of revolutions per 
minute is the reciprocal of the period 
in minutes: 


23.6rev/min 
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Picture the Problem The tree-body 
diagrams to the right show the forces 
acting on the blocks whose masses are m \ 
and m 2 . The application of Newton’s 2 nd 
law and the use of a constant-acceleration 
equation will allow us to find a relationship 
between the coefficient of kinetic friction 
and /77 1 . The repetition of this procedure 
with the additional object on top of the 
object whose mass is 777 ! will lead us to a 
second equation that, when solved 
simultaneously with the former equation, 
leads to a quadratic equation in 777 h Finally, 
its solution will allow us to substitute in an 
expression for // k and determine its value. 


y 

I 

A p 

1 11 


n, I 


A 

-* -X 


™\g 



Using a constant-acceleration 
equation, relate the displacement of 
the system in its first configuration 
as a function of its acceleration and 
fall time: 


Ax = v 0 At + j a x (A if 
or, because vo = 0, 

Ax = \a x (At) 2 


Solve for ap 


Substitute numerical values and 
evaluate a 1 : 


2Ax 

l= W 

2(L5m| = 4 46 m/s 2 
(0.82s) 2 


Apply = ma x to the object 

whose mass is m 2 and solve for 7j: 


m 2 g - 7j = m 2 a { 
and 

T i = m 2 (g~ a ) 
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Substitute numerical values and 
evaluate 7\: 


7j =(2.5kg)(9.81 m/s 2 -4.46m/s 2 ) 
= 13.375N 


Apply = in a to the object 
whose mass is m p 


= T i “A = "Vh 
and 

Z F v =Ki- m ig = ° 


Using/ k = // k /\„ eliminate F n 
between the two equations to obtain: 

Find the acceleration a 2 for the 
second run: 

Evaluate T 2 : 


Apply = ma x to the 1.2-kg 

object in place: 


T i ~^ m \g = m 1 a l (1) 


d 2 


2Ax. 

04 


2(1.5 m) 

(1.3 s) 2 


1.775 m/s 2 


T i =™ 2 (g-a) 

= (2.5kg)(9.81 m/s 2 -1.775m/s 2 ) 
= 20. IN 


r 2 -/4(m, +1.2kg)g 

= (m x + 1.2 kg )a 2 


( 2 ) 


Solve equation (1) for // k : 


/4 = 


7j - m x a x 
m x g 


(3) 


Substitute for // k in equation (2) and 2.685 m x + 9.947m, -16.05 = 0 

simplify to obtain the quadratic 
equation in m\. 


obtain: 


Solve the quadratic equation to 


m. 


= (-1.85±3.07)kg 


1.22 kg 


13.375N-(l.22kg)(4.66m/s 2 ) 

(l.22kg)(9.81m/s 2 ) 

0.643 I 


Substitute numerical values in 
equation (3) and evaluate // k : 
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Picture the Problem The diagram shows a 
point on the surface of the earth at latitude 
0. The distance R to the axis of rotation is 
given by R= rcosO. We can use the 
definition of centripetal acceleration to 
express the centripetal acceleration of a 
point on the surface of the earth due to the 
rotation of the earth. 

(a) Referring to the figure, express 
a c for a point on the surface of the 
earth at latitude 6 : 

Express the speed of the point due 
to the rotation of the earth: 

Substitute for v in the expression for 
a c and simplify to obtain: 

Substitute numerical values and 
evaluate a c : 



v 

a n = —where R = rcos& 
c R 

2nR 

v = - 

T 

where T is the time for one revolution. 


4n^rcos6 



_ 4;r 2 (6370km)cos# 
c ~ [(24h)(3600s/h)] 2 

(3.37cm/s 2 )cos6 l , toward the 
earth's axis. 


(.b) _ 

A stone dropped from a hand at a location on earth. The effective weight of 
the stone is equal to m« st sur( , where a st surf is the acceleration of the falling stone 
(neglecting air resistance) relative to the local surface of the earth. The 
gravitational force on the stone is equal to where fl st iner is the 

acceleration of the local surface of the earth relative to the inertial frame 
(the acceleration of the surface due to the rotation of the earth). Multiplying 
through this equation by m and rearranging gives ma st sur{ = ma st ine[ - ma suri;incr , 
which relates the apparent weight to the acceleration due to gravity and the 
acceleration due to the earth's rotation. A vector addition diagram can be used 
to show that the magnitude of ma stsurf is slightly less than that of ma st iner . 
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(c) At the equator, the gravitational 
acceleration and the radial 
acceleration are both directed 
toward the center of the earth. 
Therefore: 

At latitude 9 the gravitational 
acceleration points toward the 
center of the earth whereas the 
centripetal acceleration points 
toward the axis of rotation. Use the 
law of cosines to relate g e f& g, and 
a c : 


g = g ef f + “ c 

= 978cm/s 2 +(3.37 cm/s 2 )cosO° 
= 981.4cm/s 2 


gl ff =g 2 + a 2 -2 ga c cos 6 


Substitute for 6, g e n, and a c and g 2 - (4.75 cm/s 2 )g - 962350cm 2 /s 4 = 0 

simplify to obtain the quadratic 

equation: 


Solve for the physically meaningful 
(i.e., positive) root to obtain: 


g = 


983 cm/s 2 
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Picture the Problem The diagram shows 
the block in its initial position, an 
intermediate position, and as it is 
separating from the sphere. Because the 
sphere is frictionless, the only forces acting 
on the block are the normal and 
gravitational forces. We’ll apply Newton’s 
2 nd law and set F n equal to zero to 
determine the angle 9 C at which the block 
leaves the surface. 



Taking the inward direction to be 
positive, apply ^ F r = ma r to the 
block: 

Apply the separation condition to 
obtain: 

Solve for cost? c : 


mg cos 9 - F n =m — 
R 


mg cos 9 C = m 


R 


cos 9, = — 
gR 


mg sin 9 = ma t 


( 1 ) 


Apply X / 7 , = / na t to the block: 


or 
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Multiply the left-hand side of the 
equation by one in the form of 
dO/dd and rearrange to obtain: 


Relate the arc distance s the block 
travels to the angle 6 and the radius 
R of the sphere: 

Substitute to obtain: 


Separate the variables and integrate 
from V = 0 to v and 6= 0 to ft: 


Substitute in equation (1) to obtain: 


a t = — = g sin 6 
‘ dt 

Note that a is not constant and, hence, we 
cannot use constant-acceleration equations. 


dv d6 . _ 

-= gsin# 

dt d6 
and 

dd dv . . 

-= g sin 0 

dt dO 


n s , dO 1 ds v 

U = — and -=-= — 

R dt R dt R 

where v is the block’s instantaneous speed. 
v dv 

-= 2 sin 0 

R dd 


v iv c 

| v 'dv ’ = gR J sin 6d 0 


or 

,.2 


= 2gi?(l-cos6* c ) 


2gi?(l-cos6* c ) 
cos ft = -— 

gR 

= 2(l-cos6 l c ) 


ft = cos - 






48.2 C 


Solve for and evaluate ft: 


i 
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Chapter 6 
Work and Energy 


Conceptual Problems 


*1 • 

Determine the Concept A force does work on an object when its point of application 
moves through some distance and there is a component of the force along the line of 
motion. 

(a) False. The net force acting on an object is the vector sum of all the forces acting on 
the object and is responsible for displacing the object. Any or all of the forces 
contributing to the net force may do work. 

( b ) True. The object could be at rest in one reference frame and moving in another. If we 
consider only the frame in which the object is at rest, then, because it must undergo a 
displacement in order for work to be done on it, we would conclude that the statement is 
true. 

(c) True. A force that is always perpendicular to the velocity of a particle changes neither 
it’s kinetic nor potential energy and, hence, does no work on the particle. 


2 


Determine the Concept If we ignore the work that you do in initiating the horizontal 
motion of the box and the work that you do in bringing it to rest when you reach the 
second table, then neither the kinetic nor the potential energy of the system changed as 
you moved the box across the room. Neither did any forces acting on the box produce 
displacements. Hence, we must conclude that the minimum work you did on the box is 
zero. 

3 

False. While it is true that the person’s kinetic energy is not changing due to the fact that 
she is moving at a constant speed, her gravitational potential energy is continuously 
changing and so we must conclude that the force exerted by the seat on which she is 
sitting is doing work on her. 

*4 . 

Determine the Concept The kinetic energy of any object is proportional to the square of 
its speed. Because if = \mv 2 , replacing v by 2v yields 

K' = \m(2v\ =4 = 4K. Thus doubling the speed of a car quadruples its kinetic 



energy. 
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5 

Determine the Concept No. The work done on any object by any force F is defined as 
dW = F ■ dr . The direction of F net is toward the center of the circle in which the object 
is traveling and dr is tangent to the circle. No work is done by the net force because 
F net and dr are perpendicular so the dot product is zero. 


6 • 

Determine the Concept The kinetic energy of any object is proportional to the square of 
its speed and is always positive. Because K = \mv 2 , replacing v by 3v yields 

K' = \m(3vy = 9 (jtnv 2 ) = 9 K. Hence tripling the speed of an object increases its 


kinetic energy by a factor of 9 and (d) is correct. 


*7 ■ 

Determine the Concept The work required to stretch or compress a spring a distance x is 
given by W = \kx 2 where k is the spring’s stiffness constant. Because W cc x 2 , doubling 

the distance the spring is stretched will require four times as much work. 

8 

Determine the Concept No. We know that if a net force is acting on a particle, the 
particle must be accelerated. If the net force does no work on the particle, then we must 
conclude that the kinetic energy of the particle is constant and that the net force is acting 
perpendicular to the direction of the motion and will cause a departure from straight-line 
motion. 


9 

Determine the Concept We can use the definition of power as the scalar product of 
force and velocity to express the dimension of power. 


Power is defined as: 

Express the dimension of force: 

Express the dimension of velocity: 

Express the dimension of power in 
terms of those of force and velocity: 


P= F v 


[M][L/T 2 ] 


[LIT] 


[M\[LIT-][LIT] = [M]l 
and ( d ) is correct. 


X] 2 /[7] 3 
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10 • 

Determine the Concept The change in gravitational potential energy, over elevation 
changes that are small enough so that the gravitational field can be considered constant, is 
mgAh, where Ah is the elevation change. Because Ah is the same for both Sal and Joe, 


their gains in gravitational potential energy are the same, (c) is correct. 


11 • 

(a) False. The definition of work is not limited to displacements caused by conservative 
forces. 


(b) False. Consider the work done by the gravitational force on an object in freefall. 

(c) True. This is the definition of work done by a conservative force. 


*12 •• 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x ; i.e., F x = -dU/dx. 


(a) Examine the slopes of the curve at 
each of the lettered points, remembering 
that F x is the negative of the slope of the 
potential energy graph, to complete the 
table: 


(b) Find the point where the slope is 
steepest: 


Point 

dU/dx 

F x 

A 

+ 

— 

B 

0 

0 

C 

— 

+ 

D 

0 

0 

E 

+ 

— 

F 

0 

0 


At point C F x is greatest. 


(c) If d 2 Uldx 2 < 0, then the curve is 
concave downward and the 
equilibrium is unstable. 

If d 2 Uldx > 0, then the curve is 
concave upward and the equilibrium 
is stable. 


At point B the equilibrium is unstable. 



At point D the equilibrium is stable. 



Remarks: At point F, d 1 U!dx 2 = 0 and the equilibrium is neither stable nor unstable ; 
it is said to be neutral. 
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13 • 

(a) False. Any force acting on an object may do work depending on whether the force 
produces a displacement... or is displaced as a consequence of the object’s motion. 

( b ) False. Consider an element of area under a force-versus-time graph. Its units are N-s 
whereas the units of work are N-m. 


14 


Determine the Concept Work dwi= F -ds) is done when a force F produces a 
displacement ds. Because F -ds = Fds cos 6 = {F cos 0^)ds, W will be negative if the 


value of 0is such that Ceos 6 is negative, (d) is correct. 


Estimation and Approximation 

*15 •• 

Picture the Problem The diagram depicts the situation when the tightrope walker is at 
the center of rope. M represents her mass and the vertical components of tensions 

7j and T 2 , equal in magnitude, support her weight. We can apply a condition for static 
equilibrium in the vertical direction to relate the tension in the rope to the angle 9 and use 
trigonometry to find 5 as a function of 9. 



(a) Use trigonometry to relate the 
sag s in the rope to its length L and 


9: 


s L 

tan 0 = — and s = — tan 0 
\L 2 


Apply X F v = 0 to the tightrope 

walker when she is at the center of 
the rope to obtain: 

Solve for 9 to obtain: 


Substitute numerical values and 
evaluate 9: 


2T sin 6 — Mg = 0 where T is the 
magnitude of 7j and T 2 . 


0 = sin 1 


'Mg' 

l 2 T) 


0 = sin 1 


(50kg)(9.81m/s 2 ) 
2(5000 N) 


2.81° 
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Substitute to obtain: 


s = 


10 m 

~Y~ 


tan 2.81° 


0.245 m 


(b ) Express the change in the 
tightrope walker’s gravitational 
potential energy as the rope sags: 

Substitute numerical values and 
evaluate AU: 


AU = t/ atcenter - U end = Mg Ay 

A U = (50kg)(9.81 m/s 2 )(-0.245 m) 
= -120J 


16 • 

Picture the Problem You can estimate your change in potential energy due to this 
change in elevation from the definition of AU. You’ll also need to estimate the height of 
one story of the Empire State building. We’ll assume your mass is 70 kg and the height of 
one story to be 3.5 m. This approximation gives us a height of 1170 ft (357 m), a height 
that agrees to within 7% with the actual height of 1250 ft from the ground floor to the 
observation deck. We’ll also assume that it takes 3 min to ride non-stop to the top floor in 
one of the high-speed elevators. 


(a) Express the change in your 
gravitational potential energy as you 
ride the elevator to the 102 nd floor: 

Substitute numerical values and 
evaluate AU: 


AU = mg Ah 

AU = (70kg)(9.81m/s 2 )(357tn) 
= 245 kJ 


(b ) Ignoring the acceleration 
intervals at the beginning and the 
end of your ride, express the work 
done on you by the elevator in terms 
of the change in your gravitational 
potential energy: 

Solve for and evaluate F: 


(c) Assuming a 3 minute ride to the 
top, express and evaluate the 
average power delivered to the 
elevator: 


W = Fh = AU 



245 kJ 
357 m 


686 N 


AU _ 245 kJ 

At (3min)(60s/min) 

1.36kW 
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17 • 

Picture the Problem We can find the kinetic energy K of the spacecraft from its 
definition and compare its energy to the annual consumption in the U.S. JVby examining 
the ratio K/W. 


Using its definition, express and 
evaluate the kinetic energy of the 
spacecraft: 


K = jtnv 2 = y( 1 0000kg)(3x 10 7 m/s) 2 
= 4.50x 10 18 J 


Express this amount of energy as a 
percentage of the annual 
consumption in the United States: 


K ^ 4.50xlQ 18 J 
~E~ 5 x 10 20 J 



*18 •• 

Picture the Problem We can find the orbital speed of the Shuttle from the radius of its 
orbit and its period and its kinetic energy from K = \mv 2 . We’ll ignore the variation in 

the acceleration due to gravity to estimate the change in the potential energy of the orbiter 
between its value at the surface of the earth and its orbital value. 


(a) Express the kinetic energy of the K = \ mv 2 

orbiter: 


Relate the orbital speed of the _ r 

orbiter to its radius r and period T: T 


Substitute and simplify to obtain: 


K = 7 in 


2 2 nr 


n_2 2 

2 n mr 


Substitute numerical values and evaluate K : 


2 n 2 (8 x 10 4 kg)[(200 mi + 3960 mi)(l .609 km/mi)] 2 
P min)(60s/ min)] 2 


2.43 TJ 


(b ) Assuming the acceleration due AU = mgh 

to gravity to be constant over the 

200 mi and equal to its value at the 

surface of the earth (actually, it is 

closer to 9 m/s 2 at an elevation of 

200 mi), express the change in 

gravitational potential energy of the 

orbiter, relative to the surface of the 

earth, as the Shuttle goes into orbit: 
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Substitute numerical values and A U = (8xl0 4 kg)(9.81m/s 2 ) 

evaluate AU: x(200mi)(l.609km/mi) 

= 0.253TJ 


No, they shouldn’t be equal because there is more than just the force of 
gravity to consider here. When the shuttle is resting on the surface of 
the earth, it is supported against the force of gravity by the normal force 
the earth exerts upward on it. We would need to take into consideration 
the change in potential energy of the surface of earth in its deformation 
under the weight of the shuttle to find the actual change in potential energy. 


19 • 

Picture the Problem Let’s assume that the width of the driveway is 18 ft. We’ll also 
assume that you lift each shovel full of snow to a height of 1 m, carry it to the edge of the 
driveway, and drop it. We’ll ignore the fact that you must slightly accelerate each shovel 
full as you pick it up and as you carry it to the edge of the driveway. While the density of 
snow depends on the extent to which it has been compacted, one liter of freshly fallen 
snow is approximately equivalent to 100 mL of water. 


Express the work you do in lifting W = A U = mgh = p V, gh 

the snow a distance h: , . ^ , 

where p is the density ot the snow. 


Using its definition, express the 
densities of water and snow: 

Divide the first of these equations 
by the second to obtain: 


A, 


m v 


F 


and Uwater = 




F„ 


o V 

/“snow _ water 


P, 




or Anew = A 


F„ 


F 


Substitute and evaluate the p snow : 


Anew = (lO 3 kg/m 3 ) 1Q ° L mL = 100 kg/m 


Calculate the volume of snow 
covering the driveway: 


Substitute numerical values in the 
expression for W to obtain an 
estimate (a lower bound) for the 
work you would do on the snow in 
removing it: 


f ip A 

L».=(50ft)(l8ft)^ft 

28.32 L lO-’m 1 
ft 3 L 

= 21.2m 3 

W = (l 00 kg/m 3 )(21.2 m 3 )(9.81 m/s 2 )(l m) 
= 20.8kJ 














378 Chapter 6 

Work and Kinetic Energy 

*20 • 

Picture the Problem We can use \mv 2 to find the kinetic energy of the bullet. 

(a) Use the definition of K: K = \ mv 2 

= y(0.015kg)(l.2xl0 3 m/s) 2 
= 10.8kJ 


( b ) Because K x v 2 : 


K' = \K = 


2.70kJ 


(c) Because K x v 2 : 


K' = 4K = 


43.2kJ 


21 • 

Picture the Problem We can use \mv 2 to find the kinetic energy of the baseball and the 
jogger. 

(a) Use the definition of if: K = {mv 2 = 4(0.145kg)(45m/s) 2 

= 147 J 


(b ) Convert the jogger’s pace of 


f lining 

f 1609m^| 

9 min/mi into a speed: 

v 9min y 

V y 

l lmi J 


= 2.98 m/s 


Use the definition ofW K = \mv 2 = 4 (60 kg)(2.98m/s) 2 

= 266 J 


22 • 

Picture the Problem The work done in raising an object a given distance is the product 
of the force producing the displacement and the displacement of the object. Because the 
weight of an object is the gravitational force acting on it and this force acts downward, 
the work done by gravity is the negative of the weight of the object multiplied by its 
displacement. The change in kinetic energy of an object is equal to the work done by the 
net force acting on it. 


(a) Use the definition of W: 


W = F ■ Ay = F Ay 
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= (80 N)(3 m) = 


240 J 


0 b ) Use the definition of W: W = F ■ Ay = -mgAy, because F and 

Ay are in opposite directions. 

.'. W = - (6 kg)(9.81 m/s 2 )(3 m) 

= -177 J 


(c) According to the work-kinetic 
energy theorem: 


K=W+W g = 240 J + (-177 J) 

= 63.0J 


23 • 

Picture the Problem The constant force of 80 N is the net force acting on the box and 
the work it does is equal to the change in the kinetic energy of the box. 

Using the work-kinetic energy W = K f - K { = - v 2 ) 

theorem, relate the work done by the 
constant force to the change in the 
kinetic energy of the box: 

Substitute numerical values and W = j- (5 kg) [(68 m/s) 2 - (20 m/s) 2 ] 

evaluate W: [777771 


*24 •• 

Picture the Problem We can use the definition of kinetic energy to find the mass of your 
friend. 


Using the definition of kinetic 
energy and letting " 1" denote your 
mass and speed and "2" your 
girlfriend’s, express the equality of 
your kinetic energies and solve for 
your girlfriend’s mass as a function 
of both your masses and speeds: 


2 m \vl = \m 2 vl 


and 


f V 

v, 


V v 2 7 


Express the condition on your speed V 2 = 1.25vi 

that enables you to run at the same 
speed as your girlfriend: 


( 1 ) 


(2) 
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Substitute equation (2) in equation 
( 1 ) to obtain: 


f \ 


v v 2 y 


= (85kg) 


1.25 


Y 


54.4kg 


Work Done by a Variable Force 

25 •• 

Picture the Problem The pictorial representation shows the particle as it moves along 
the positive x axis. The particle’s kinetic energy increases because work is done on it. We 
can calculate the work done on it from the graph of F x vs. x and relate its kinetic energy 
when it is at x = 4 m to its kinetic energy when it was at the origin and the work done on 
it by using the work-kinetic energy theorem. 

-1-1- x, m 

0 4 

x () = 0 x 4 = 4 m 

v 0 = 2 m /s v 4 = ? 

(a) Calculate the kinetic energy of 
the particle when it is atx = 0 : 


(. b ) Because the force and 
displacement are parallel, the work 
done is the area under the curve. 
Use the formula for the area of a 
triangle to calculate the area under 
the F as a function of x graph: 


(c) Express the kinetic energy of the 
particle at x = 4 m in terms of its 
speed and mass and solve for its 
speed: 



K 0 = j rfflv 2 = T(3kg)(2m/s ) 2 
= 6.00J 


1 Pq _ > 4 = \ (base) (altitude) 
= i(4m)(6N) 

= 12.0 J 


Using the work-kinetic energy Wo ->4 = K 4 - K 0 

theorem, relate the work done on the K 4 = K 0 + W 0 )f1 = 6.00J + 12.0J 

particle to its change in kinetic = 18.0 J 

energy and solve for the particle’s 

kinetic energy at x = 4 m: 
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Substitute numerical values in 
equation ( 1 ) and evaluate V 4 : 


V 4 


1 2(18.0J) 
\ 3kg 


3.46 m/s 


*26 •• 

Picture the Problem The work done by this force as it displaces the particle is the area 
under the curve of F as a function ofx. Note that the constant C has units of N/m 3 . 


Because F varies with position non- 
linearly, express the work it does as 
an integral and evaluate the integral 
between the limits x - 1.5 m and 
x = 3 m: 


3m 

W = (CN/m 3 ) f x' 3 dx' 

1.5m 


=(cnw)[h:: 



19CJ 


27 •• 

Picture the Problem The work done on the dog by the leash as it stretches is the area 
under the curve of F as a function of x. We can find this area (the work Lou does holding 
the leash) by integrating the force function. 

Because F varies with position non- 
linearly, express the work it does as 
an integral and evaluate the integral 
between the limits x = 0 and x = xp 


x \ 

W = J (- kx'-ax' 2 )dx' 

0 



- \ kxf -\axl 


28 •• 

Picture the Problem The work done on an object can be determined by finding the area 
bounded by its graph of F x as a function of x and the x axis. We can find the kinetic 
energy and the speed of the particle at any point by using the work-kinetic energy 
theorem. 

(a) Express W, the area under the W=n A square 

curve, in terms of the area of one 
square, T squ arc, and the number of 
squares n: 

Determine the work equivalent of W= (0.5 N)(0.25 m) = 0.125 J 

one square: 








382 Chapter 6 


Estimate the number of squares 
under the curve between x = 0 and 
x = 2 m: 


Substitute to determine W: 


(b ) Relate the kinetic energy of the 
object at x = 2 m, K 2 , to its initial 
kinetic energy, K 0 , and the work that 
was done on it between x = 0 and 
i=2m: 


(c) Calculate the speed of the object 
at x = 2 m from its kinetic energy at 
the same location: 

(d) Estimate the number of squares 
under the curve between x = 0 and 
x = 4 m: 


Substitute to determine W: 


n ~ 22 


W= 22(0.125 J) 


2.75 J 


k 2 =k 0 +w 0 ^ 2 

= j(3kg)(2.40 m/s) 2 +2.75 J 
= 11.4 J 


v \ 2K 2 1 2(H.4J) 

2.76m/s 

V m \ 3 kg 



n « 26 


W = 26(0.125 J) 


3.25 J 


( e ) Relate the kinetic energy of the 
object at x = 4 m, K 4 , to its initial 
kinetic energy, K 0 , and the work that 
was done on it between x = 0 and 
x = 4 m: 

Calculate the speed of the object at 
x = 4 m from its kinetic energy at 
the same location: 


k 4 =k 0 +w 0 ^ 

= j(3kg)(2.40 m/s) 2 +3.25 J 
= 11.9 J 


v 2K 4 /2(l 1.9 J) 

2.82 m/s 

V m V 3 kg 



*29 •• 

Picture the Problem We can express the mass of the water in Margaret’s bucket as the 
difference between its initial mass and the product of the rate at which it loses water and 
her position during her climb. Because Margaret must do work against gravity in lifting 
and carrying the bucket, the work she does is the integral of the product of the 
gravitational field and the mass of the bucket as a function of its position. 

(a) Express the mass of the bucket m (y) = 40 kg — ry 

and the water in it as a function of 















its initial mass, the rate at which it is 
losing water, and Margaret’s 
position, y, during her climb: 
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• , , Am . 

Find the rate, r =-, at which 

Ay 

Margaret’s bucket loses water: 



20 kg 
20tn 


= 1 kg/m 


Substitute to obtain: 


m {y) = 40 kg — ry 


40 kg 


lkg 

—y 

m 


( b ) Integrate the force Margaret exerts on the bucket, m(y)g, between the limits of y = 0 
and v = 20 m: 

20m /■ . - \ _ 


0 V / 

Remarks: We could also find the work Margaret did on the bucket, at least 
approximately, by plotting a graph of m(y)g and finding the area under this curve 
between y = 0 and y = 20 m. 

Work, Energy, and Simple Machines 

30 • 

Picture the Problem The ffee-body 
diagram shows the forces that act on the 
block as it slides down the ffictionless 
incline. We can find the work done by 
these forces as the block slides 2 m by 
finding their components in the direction 
of, or opposite to, the motion. When we 
have determined the work done on the 
block, we can use the work-kinetic energy 
theorem or a constant-acceleration equation 
to calculate its kinetic energy and its speed 
at any given location. 



W = g 


40 kg-V 


dV = (9.81m/s 2 )[(40kg)y’-|(lkg/m)y’ 2 ]' 


5.89kJ 
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(a) 


From the free - body diagram, we see that the forces acting on the block are 
a gravitational force that acts downward and the normal force that the incline 
exerts perpendicularly to the incline. 


Identify the component of mg that 
acts down the incline and calculate 
the work done by it: 

Express the work done by this force: 

Substitute numerical values and 
evaluate W: 

Remarks: F„ and mgcos60°, being 
perpendicular to the motion, do no 
work on the block 

(. b ) The total work done on the block 
is the work done by the net force: 


(c) Express the change in the kinetic 
energy of the block in terms of the 
distance, Ax, it has moved down the 
incline: 

Relate the speed of the block when it 
has moved a distance Ax down the 
incline to its kinetic energy at that 
location: 

Determine this speed when 
Ax = 1.5 m: 

(d) As in part (c), express the 
change in the kinetic energy of the 
block in terms of the distance, Ax, it 
has moved down the incline and 


F x = mg sin 60° 


W = F x Ax = mgAx sin 60° 

W = (6kg)(9.81m/s 2 ) (2 m)sin 60° 
= 1 102 J I 


W = F net Ax = mg At sin 60° 

= (6kg)(9.81m/s 2 )(2 m)sin 60° 
= 1 102 J I 


A K = K f - K, = W = (mgsin60°)Ax 
or, because K = 0, 

Kf = W = (zwgsin60°)Ax 


2 K _ 12 mg Ax sin 60° 
m V m 
= -sjlg/Ax sin60° 

v = -^2(9.81m/s 2 )(l.5m)sin60° 
= 5.05m/s 


AK = Kf-K 
= W 

= (mg sin 60°)Ax 
and 
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solve for K{. K t - = (mg sin 60°)Ax + Aj 

Substitute for the kinetic energy Vf = ^2gsin60°Ax + vf 

terms and solve for v f to obtain: 

Substitute numerical values and evaluate v f : 


v f = ^2(9.81 m/s 2 )(l ,5 m) sin60° + (2m/s) 2 


5.43m/s 


31 • 

Picture the Problem The tree-body 
diagram shows the forces acting on the 
object as in moves along its circular path 
on a ffictionless horizontal surface. We can 
use Newton’s 2 nd law to obtain an 
expression for the tension in the string and 
the definition of work to determine the 
amount of work done by each force during 
one revolution. 




(a) Apply I* = ma T to the 2-kg T = m ^L = ( 2kg ) ( 2 ' 5m/s ) 2 

object and solve for the tension: r 3 m 

= 4.17N 


(. b ) From the FBD we can see that the 
forces acting on the object are: 


7\F,andF 


Because all of these forces act 
perpendicularly to the direction 
of motion of the object, none 
of them do any work. 
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*32 • 

Picture the Problem The tree-body 

diagram, with F representing the force 
required to move the block at constant 
speed, shows the forces acting on the 
block. We can apply Newton’s 2 nd law to 
the block to relate F to its weight w and 
then use the definition of the mechanical 
advantage of an inclined plane. In the 
second part of the problem we’ll use the 
definition of work. 


y 

/ 



(a) Express the mechanical 
advantage M of the inclined plane: 

Apply ^ F x = ma x to the block: 
Solve for F and substitute to obtain: 

Refer to the figure to obtain: 


w 

M = — 

F 

F - wsin # = 0 


M = 


w 


w sin # 


because a x = 0. 

1 

sin# 


• o H 
sin # = — 

L 


Substitute to obtain: 


M = 


1 _ L 

sin# H 


(b) Express the work done pushing \y = FL = mgL sin # 

ramp o 

the block up the ramp: 


Express the work done lifting the 
block into the truck: 


lifting =mgH = mgL sin# 
and 


IE = W, 


ramp 


lifting 


33 • 

Picture the Problem We can find the work done per revolution in lifting the weight and 
the work done in each revolution of the handle and then use the definition of mechanical 
advantage. 

Express the mechanical advantage of 
the jack: 

Express the work done by the jack in 
one complete revolution (the weight 
W is raised a distance p)\ 

Express the work done by the force 
F in one complete revolution: 


F 

lifting = W P 

^turning = 2n RF 








Equate these expressions to obtain: 
Solve for the ratio of W to F : 


Wp = 2nRF 


Work and Energy 387 


2k R 

F p 

Remarks: One does the same amount of work turning as lifting; exerting a smaller 
force over a greater distance. 

34 • 

Picture the Problem The object whose weight is w is supported by two portions of the 
rope resulting in what is known as a mechanical advantage of 2. The work that is done 
in each instance is the product of the force doing the work and the displacement of the 
object on which it does the work. 


(a) If w moves through a distance h : 


F moves a distance 



( b ) Assuming that the kinetic energy 
of the weight does not change, relate 
the work done on the object to the 
change in its potential energy to 

obtain: 

W = A17 = wh cos 0 - wh 

(c) Because the force you exert on the 
rope and its displacement are in the 
same direction: 

W = F{2h)cos0 = F{2h) 

Determine the tension in the ropes 
supporting the object: 

X Vertical = 2F ~ W = 0 
and 

F = jw 

Substitute for F: 

W = F(2h) = \w(2h) = wh 

(d) The mechanical advantage of the 
inclined plane is the ratio of the 
weight that is lifted to the force 
required to lift it, i.e.: 

M = — = = 2 

F jw 


Remarks: Note that the mechanical advantage is also equal to the number of ropes 
supporting the load. 
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Dot Products 


*35 • 

Picture the Problem Because A- B = AB cos 6 we can solve for cos 6 and use the fact 
that A - B = —AB to find 6. 

Solve for 6 : - , A-B 

9 = cos - 

AB 


Substitute for A B and evaluate 9 : 


6 = cos 1 (-1) = 


180° 


36 • 

Picture the Problem We can use its definition to evaluate A- B . 


Express the definition of A B . 

Substitute numerical values and 
evaluate A- B : 


A -B = AB cos 6 

AB = (6m)(6m)cos60° 
= 18.0m 2 


37 • 

Picture the Problem The scalar product of two-dimensional vectors A and B is A X B X + 
AyBy. 


(a) For A = 3 i - 6 j and 
B = -4 i + 2 j : 


A - B = (3)( -4) + (—6)(2) = 


24 


(. b ) For A = 5 i +5 j and 
B = 2 i -4 j : 


A 


B = ( 5)(2) + (5)( -4) = 



(c) For A = 61 +4 j and B = 4 i - 6 j : 


A B = (6)(4) + (4)( -6) = 
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Picture the Problem The scalar product of two-dimensional vectors A and B is AB cos 9 
= A X B X + AyB v . Hence the angle between vectors A and B is given by 

, A B + A B 

e = cos x ^^ - y -^~. 

AB 


(a) For A = 3 i - 6 j and 
B = -Ai + 2j. 


AB = (3)( -4) + (— 6)(2) = -24 

A = = V45 

B = V(- 4 ) 2 +(2) 2 = V20 


and 

6 = cos 1 


-24 

V45V20 


143° 


(b ) For A = 5 i +5 j and 

A ■ B = (5)(2) + (5)(-4) = -10 

II 

K> 

**“•> 

1 

H = V(5) 2 +(5) 2 =V50 


•B = V( 2 T +(- 4 ) 2 = 

V20 


and 



, -10 



<9 = cos ,— ,— = 

V50V20 

108 u 


(c) For 4 = 6 1 + 4 j and B = 4 i - 6 j: 


A B = (6)(4) + (4)( -6) 


0 


H = V(6) 2 +(4) 2 =V52 
5 = V( 4 ) 2 +(-6) 2 =V52 


and 


# = cos 


V52V52 


90.0° 


39 • 

Picture the Problem The work IT done by a force Z 7 during a displacement A s for 
which it is responsible is given by F -A s. 
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(a) Using the definitions of work and 
the scalar product, calculate the work 
done by the given force during the 
specified displacement: 


( b ) Using the definition of work that 
includes the angle between the force 
and displacement vectors, solve for 
the component of F in the direction 
of As : 

Substitute numerical values and 
evaluate Ceos 6 : 


W = F -As 

= (2 N / -1N j + mk) 

•(3 mi + 3my-2m&) 

= [(2)(3)+(-l)(3)+(l)(-2)]N-m 
- 1.00J 

W = FAs cos 0 = {F cos 6)A s 
and 

W 

Fcos 0 = — 

Av 

n 1J 

F cos 0 = , 

-y/i(3 m) 2 + (3 m) 2 + (- 2 m)" 
= 0.213N 


40 •• 

Picture the Problem The component of a vector that is along another vector is the scalar 
product of the former vector and a unit vector that is parallel to the latter vector. 


(a) By definition, the unit vector 
that is parallel to the vector A is: 


(b) Find the unit vector parallel to B : 


The component of A along B is: 

= 0.400 


U A = 


A A 

J+ A J+ 

A V 

T 2 + 4+T 


„ B 3/ + 4 j 3 c 4 - 

U R = - = , ” = = —l+—l 

B WW 5 5 


Au e = (2i-j-k)\-i+-j 




*41 •• 

Picture the Problem We can use the definitions of the magnitude of a vector and the dot 


product to show that if 


A + B 


A-B 


then A A B . 
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Express 

Express 


A + B 

A-B 


Equate these expressions to obtain: 

Expand both sides of the equation to 
obtain: 

Simplify to obtain: 


2 


A + B 



A-B 


2 



(. A + B ) 2 = {a-b ) 2 

A 2 +2A-B + B 2 = A 2 -2A-B + B 2 


4A-B = 0 
or 

A B = 0 


From the definition of the dot 
product we have: 

Because neither A nor B is the zero 
vector: 

42 « 

Picture the Problem The diagram shows 

/V 

the unit vectors A and B arbitrarily 
located in the 1 st quadrant. We can express 
these vectors in terms of the unit vectors 

i and j and their x and y components. We 
can then form the dot product of 
Aa.n<\B to show that 
cos(#i - 02 ) = eos#iCOS#> + sin#isint%. 


AB = AB cos 6 

where #is the angle between A and B. 
cos 6 = 0 => 6 = 90° and A _L B. 


y 



(a) Express A in terms of the unit 
vectors i and j : 


Proceed as above to obtain: 


(b ) Evaluate A - B . 


A=A x i +A y j 
where 
A, = 


cos#, 


and A„ = 


sin#, 


B=BJ +B y j 

where 


B = 


COS #0 


and S = 


sin#. 


/V /V / /V /V \ 

A B = ^cos #,* + sin OJ J 


■ (cos 64 + sin 0 2 j ) 

= cos #, cos # 2 + sin #, sin # 2 


From the diagram we note that: 


A - B = cos(#, - # 2 ) 
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Substitute to obtain: 


cos(6*| - 6 

2 ) = cos 6 X cos 0 2 


+ sin 6 X sin 0 2 


43 • 

Picture the Problem In (a) we’ll show that it does not follow that B = C by giving a 
counterexample. 


Let A = i ,B = 3i + 4j and 
C = 3/ — 4 j. Form A ■ B and A ■ C : 


A- B = i - {ii + 4_ 

/)=3 

and 


^•C = /-(3/-4. 

/)= 3 


No. We've shown by a counter - 
example that B is not necessarily 
equal to C. 


44 •• 

Picture the Problem We can form the dot product of A and r and require that 
A ■ r = 1 to show that the points at the head of all such vectors r lie on a straight line. 

We can use the equation of this line and the components of A to find the slope and 
intercept of the line. 

(a) Let A = a x i + a j . Then: 


A-r = [a x i + a y j)\xi+yj) 
= a x x + a v y = 1 


Solve for y to obtain: 


which is of the form y = mx + b 
and hence is the equation of a line. 


m = - 



and 


_ 2 _ 

^3 


2 

3 




-3 


]_ 

3 


(b ) Given that A = 2 i - 3j: 
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(c) The equation we obtained in (a) 
specifies all vectors whose component 

parallel to A has constant magnitude; 
therefore, we can write such a vector as 

A ~ 

r = —— + B , where B is any vector 

A 

perpendicular to A. This is shown 
graphically to the right. 



Because all possible vectors B lie in a 
plane, the resultant r must lie in a plane as 
well, as is shown above. 


*45 •• 

Picture the Problem The rules for the differentiation of vectors are the same as those for 
the differentiation of scalars and scalar multiplication is commutative. 

(a) Differentiate r ■ r = r 2 = constant: t/ /_ _ dr dr _ , _ _ 

— I r • r) = r -H- r = 2 v • r 

dt dt dt 


d_ 

dt 


(constant) = 0 


Because v r = 0 : 

v T r 


( b ) Differentiate v ■ v = v 2 = constant 

d _ 

\ _ dv dv _ 

with respect to time: 

dt 

dt dt 



= (constant) = 0 


Because a ■ v = 0 : 


a i v 


The results of (a) and ( b ) tell us that 
a is perpendicular to r and and 
parallel (or antiparallel) to r. 


d / —. —* \ _ dr _ dv 

— (v r ) = v - hr - 

dt dt dt 

= v 2 +r a =— (0) = 0 
dt 


(c) Differentiate v f = 0 with 
respect to time: 
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Because v 2 +f -a = 0: 


Express a r in terms of 0, where 6 is 
the angle between r and a : 

Express r ■ a : 

Substitute in equation (1) to obtain: 
Solve for a r : 


r ■ a = -v 2 


( 1 ) 


a r = a cos0 


r a = ra cos 6 = ra T 



Power 


46 •• 


Picture the Problem The power delivered by a force is defined as the rate at which the 


force does work; i.e., 


P = 


dW 

dt 


Calculate the rate at which force A 
does work: 


P' = — = 0.5W 
A 10s 


Calculate the rate at which force B 
does work: 


P B = — = 0.6 W and 
5s 


P > P 

1 B ^ 1 A 


47 • 

Picture the Problem The power delivered by a force is defined as the rate at which the 


force does work; i.e., P = 


dW 

dt 


= F v. 


(a) If the box moves upward with a 
constant velocity, the net force 
acting it must be zero and the force 
that is doing work on the box is: 

The power input of the force is: 

Substitute numerical values and 
evaluate P: 


F = mg 


P = Fv = mgv 


P = (5kg)(9.81m/s 2 )(2m/s) 


98.1W 









(. b ) Express the work done by the 
force in terms of the rate at which 
energy is delivered: 
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W = Pt = (98.1 W) (4 s) = 


392 J 


48 

Picture the Problem The power delivered by a force is defined as the rate at which the 


force does work; i.e., P = 


dW 

dt 


= F v. 


(a) Using the definition of power, 
express Fluffy’s speed in terms of the 
rate at which he does work and the 
force he exerts in doing the work: 

(. b ) Express the work done by the 
force in terms of the rate at which 
energy is delivered: 



6 W 
3N 


2m/s 


W = Pt = (6 W) (4 s) = 


24.0 J 


49 • 

Picture the Problem We can use Newton’s 2 nd law and the definition of acceleration to 
express the velocity of this object as a function of time. The power input of the force 
accelerating the object is defined to be the rate at which it does work; i.e., 

P = dW/dt = F v. 


(a) Express the velocity of the object v = at 

as a function of its acceleration and 

time: 

Apply = md to the object: a - F/m 


Substitute for a in the expression for 

F 5N 

v = —t = - 1 = 

m 8 kg 

(l 

m/s 2 

) { 


V. 





( b ) Express the power input as a 

p = Fv = ( 5N)(fm/s : 

>= 

3.13/W/s 

function of F and v and evaluate P: 






(c) Substitute t = 3 s: 

P = (3.13W/s)(3s) = 

9.38W 
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50 • 

Picture the Problem The power delivered by a force is defined as the rate at which the 


force does work; i.e., P =-= F ■ v. 

dt 

(a) For F = 4 N* + 3 N k and 
v = 6 m/s i : 

( b ) For F = 6 N * - 5 N j and 
v = - 5 m/s i + 4 m/s j : 

(c) For F = 3 N i + 6 N j 
and v = 2 m/s i + 3 m/s j : 


i 5 = J F-v = (4N/ + 3N^) - (6m/si) 
= 24.0 W 


P = F-v 

= (6 N i - 5 N jj ■ (- 5 m/s i + 4 m/s /) 
= -50.0 W 

P = F -v 

= (3 N i + 6N y)-(2m/si +3m/s jj 
= 24.0 W 


*51 • 

Picture the Problem Choose a coordinate system in which upward is the positive y 
direction. We can find P n from the given information that P ml = 0.27 P m . We can express 

P out as the product of the tension in the cable T and the constant speed v of the 

dumbwaiter. We can apply Newton’s 2 nd law to the dumbwaiter to express T in terms of 
its mass m and the gravitational field g. 


Express the relationship between the 
motor’s input and output power: 


Express the power required to move 
the dumbwaiter at a constant speed 
v: 

Apply ^ F v = ma, to the 
dumbwaiter: 

Substitute to obtain: 

Substitute numerical values and 
evaluate P m \ 


P 0 « = 0-27 P m 
or 

4=3-7P out 

^out = Tv 

T - mg = ma y 

or, because a y = 0, 

T = mg 

P m = 3.77V = 2>.lmgv 

P m =3.7(35kg)(9.81m/s 2 )(0.35m/s) 
= 445 W 
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52 •• 

Picture the Problem Choose a coordinate system in which upward is the positive y 
direction. We can express P Amg as the product of the drag force F drag acting on the 
skydiver and her terminal velocity v t . We can apply Newton’s 2 nd law to the skydiver to 
express E drag in terms of her mass m and the gravitational field g. 


(a) Express the power due to drag 
force acting on the skydiver as she 
falls at her terminal velocity v t : 


P =F v 

drag drag t 

or, because E drag and v t are antiparallel, 
P = -F v 

drag drag t 


Apply ^F v = ma y to the skydiver: 


^drag - mg = ma y 
or, because a v = 0, 

F drag = ™g 


Substitute to obtain, for the 
magnitude of .P drag : 

Substitute numerical values and evaluate P: 


p daf ,=\-Jngv t \ 


( 1 ) 


P = 

drag 


, rr , wrio1 lh 1.609km. 

■ (55 kg) (9.81 m/s 2 ) (120 — x —— x- : -) 

h 3600s mi 


2.89x 10 W 


( b ) Evaluate equation (1) with v = 15 mi/h: 
-(55kg )(9.81 m/s 2 ) 


p = 

drag 


V h j 


lh 1.609 km. 

^^_j 

3600s mi 


3.62 kW 


*53 •• 

Picture the Problem Because, in the absence of air resistance, the acceleration of the 
cannonball is constant, we can use a constant-acceleration equation to relate its velocity 
to the time it has been in flight. We can apply Newton’s 2 nd law to the cannonball to find 

the net force acting on it and then form the dot product of F and V to express the rate at 
which the gravitational field does work on the cannonball. Integrating this expression 
over the time-of-flight T of the ball will yield the desired result. 


Express the velocity of the 
cannonball as a function of time 
while it is in the air: 

Apply = ma to the 

cannonball to express the force 
acting on it while it is in the air: 

Evaluate Fv. 


v(0 = 0i + (v 0 -^)y 


F =-mg j 


F v = -mg j ■ (v 0 - gt )j 
= -mgv o + mg 2 1 
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Relate F v to the rate at which 
work is being done on the 
cannonball: 

Separate the variables and integrate 
over the time T that the cannonball 
is in the air: 


Using a constant-acceleration 
equation, relate the speed v of the 
cannonball when it lands at the 
bottom of the cliff to its initial speed 
v 0 and the height of the cliff H: 

Solve for v to obtain: 


Using a constant-acceleration 
equation, relate the time-of-flight T 
to the initial and impact speeds of 
the cannonball: 

Solve for T to obtain: 


Substitute for T in equation (1) and 
simplify to evaluate W\ 


dW - 2 

-= r v = -mgv 0 + mg t 

dt 


T 

W = J (- mgv 0 + mg 2 t ) dt 


1 2 rr1 2 rji 

= 2 mg T -mgv 0 T 


( 1 ) 


v 2 = Vq + 2 a Ay 

or, because a = g and Ay = H, 

v 2 =v;+2gH 


v = 


V v 0 2 +2gH 


v = v o~ gT 


T . V Q- V 

g 


, 2 - 2vv 0 + v 

W = \mg 2 —-/- 


-mgv 0 


g 

f \ 


g ) 


i 2 i 2 

= \mv -\mv 0 = 


A K 


54 « 

Picture the Problem If the particle is acted on by a single force, that force is the net 
force acting on the particle and is responsible for its acceleration. The rate at which 
energy is delivered by the force is P = F v. 

Express the rate at which this force P = F v 

does work in terms of F and v : 

The velocity of the particle, in terms v = at 

of its acceleration and the time that 
the force has acted is: 
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Using Newton’s 2 nd law, substitute 
for a : 


v = 


F 

— t 


m 


Substitute for v in the expression 
for P and simplify to obtain: 


P = 



m 


F F 

- 1 = 


m 



Potential Energy 

55 

Picture the Problem The change in the gravitational potential energy of the earth-man 
system, near the surface of the earth, is given by AU = mgAh, where Ah is measured 
relative to an arbitrarily chosen reference position. 


Express the change in the man’s 
gravitational potential energy in 
terms of his change in elevation: 

Substitute for m, g and Ah and 
evaluate AU: 


AU = mgAh 


AU = (80kg)(9.81m/s 2 )(6m) 
= 4.71kJ 


56 • 

Picture the Problem The water going over the falls has gravitational potential energy 
relative to the base of the falls. As the water falls, the falling water acquires kinetic 
energy until, at the base of the falls; its energy is entirely kinetic. The rate at which 
energy is delivered to the base of the falls is given by P = dW / dt = —dXJ / dt. 


Express the rate at which energy is 
being delivered to the base of the 
falls; remembering that half the 
potential energy of the water is 
converted to electric energy: 

Substitute numerical values and 
evaluate P: 


_ dW _ dU 
dt dt 

E = -^(9.81m/s 2 )(-128m) 
x(l.4xl0 6 kg/s) 

= 879 MW 
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57 • 

Picture the Problem In the absence of 
friction, the sum of the potential and kinetic 
energies of the box remains constant as it 
slides down the incline. We can use the 
conservation of the mechanical energy of 
the system to calculate where the box will 
be and how fast it will be moving at any 
given time. We can also use Newton’s 2 nd 
law to show that the acceleration of the box 
is constant and constant-acceleration 
equations to calculate where the box will be 
and how fast it will be moving at any given 
time. 



(a) Express and evaluate the 
gravitational potential energy of the 
box, relative to the ground, at the top 
of the incline: 

( b ) Using a constant-acceleration 
equation, relate the displacement of 
the box to its initial speed, 
acceleration and time-of-travel: 

Apply ^ F x = ma x to the box as it 

slides down the incline and solve for 
its acceleration: 

Substitute for a and evaluate 
A x(t = 1 s): 


Using a constant-acceleration 
equation, relate the speed of the box 
at any time to its initial speed and 
acceleration and solve for its speed 
when t = 1 s: 


Ui = mgh = (2 kg) (9.81 m/s 2 ) (20 m) 
= 392 J 


Ax = v 0 A/ + \a{/S.t) 2 
or, because v 0 = 0, 

Ax = \a{At)" 

mg sin 6 = ma => a = g sin 6 


Ax(l s) = } (g sin #)(A/y 

= 4(9.81m/s 2 )(sin30°)(ls) 2 
= 2.45 m 


v = v 0 + at where v 0 = 0 
and 

v(l s) — a At = (g sin 6)At 

= (9.81m/s 2 )(sin30°)(ls) 
= 4.91m/s 
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(c) Calculate the kinetic energy of 
the box when it has traveled for 1 s: 


K = \mv 2 = |(2kg)(4.91m/s) 2 
= 24.1J 


Express the potential energy of the 
box after it has traveled for 1 s in 
terms of its initial potential energy 
and its kinetic energy: 

(d) Express the kinetic energy of the 
box at the bottom of the incline in 
terms of its initial potential energy 
and solve for its speed at the bottom 
of the incline: 

Substitute numerical values and 
evaluate v: 


U = U i —K = 392 J - 24.1J 
= 368 J 


K = U j = \mv 2 


and 



392 J 


1 2(392 J) 

i 2k g 


19.8m/s 


58 • 

Picture the Problem The potential energy function U (x) is defined by the equation 

X 

U{x ) — U(x 0 ) = - J Fdx. We can use the given force function to determine U{x) and then 

x 0 

the conditions on U to determine the potential functions that satisfy the given conditions. 


(a) Use the definition of the potential 
energy function to find the potential 
energy function associated with F x : 


(,b ) Use the result obtained in (a) to 
find U (x) that satisfies the condition 
that (7(4 m) = 0: 


U{x) = (7(x 0 ) - J F x dx 

*0 
X 

= (7(x 0 )- J (6N)7x' 

X 0 


because 

U( 4 m )=_(6N)(4 m - x 0 ) 
= 0 => x 0 = 4 m 
and 

U{x)= -(6N)(jc-4m) 

= 24J-(6N)x 


~(6N)(x-x 0 ) 
U(x 0 ) = 0. 
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(c) Use the result obtained in (a) to 
find U that satisfies the condition that 
(7(6 m) = 14 J: 


(7(6 m) = -(6N)(6m-x 0 ) 
= 14J =^> x 0 = 50m 
and 

( 25 ^ 

U(x) = -(6N) x-m 

V 3 ) 

= 50J-(6N)x 


59 

Picture the Problem The potential energy of a stretched or compressed ideal spring U s is 
related to its force (stiffness) constant k and stretch or compression Ax by U s = \kx 2 . 


(a) Relate the potential energy stored 
in the spring to the distance it has 
been stretched: 

Solve for x: 


U s =\kx 2 



Substitute numerical values and 
evaluate x: 


I 2(50 J) 
\ 10 4 N/m 


0.100 m 


(b) Proceed as in (a) with U s = 100 J: 


I 2(100 J) 
]j 10 4 N/m 


0.141m 


*60 •• 

Picture the Problem In a simple Atwood’s machine, the only effect of the pulley is to 
connect the motions of the two objects on either side of it; i.e., it could be replaced by a 
piece of polished pipe. We can relate the kinetic energy of the rising and falling objects to 
the mass of the system and to their co mm on speed and relate their accelerations to the 
sum and difference of their masses ... leading to simultaneous equations in m i and m 2 . 

Use the definition of the kinetic 
energy of the system to determine 
the total mass being accelerated: 


m , - m ■, 
a = - g 

m x + ffi, 


K = \{m x +m 2 )v 2 
and 

2 K 2(80 j) ^ 

m l +m 2 = —= ^-U_A = 10.0kg (1) 


In Chapter 4, the acceleration of the 
masses was shown to be: 
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Because v(t) = at, we can eliminate 
a in the previous equation to obtain: 

/ \ m. -m 2 
v(t)= ~ gt 

m x + m 2 

Solve for m l - m 2 : 

(m, + m 2 )v(t) 

m , - nu = - 

gt 

Substitute numerical values and 
evaluate m l — m 2 : 


Solve equations (1) and (2) 
simultaneously to obtain: 

/«, = 5.68kg and m 2 = 4.32kg 


61 •• 

Picture the Problem The gravitational potential energy of this system of two objects is the 
sum of their individual potential energies and is dependent on an arbitrary choice of where, 
or under what condition(s), the gravitational potential energy is zero. The best choice is 
one that simplifies the mathematical details of the expression of U. In this problem let’s 
choose U = 0 where 0=0. 


( a ) Express U for the 2-object system 
as the sum of their gravitational 
potential energies; noting that 
because the object whose mass is m 2 
is above the position we have chosen 
for (7=0, its potential energy is 
positive while that of the object 
whose mass is m\ is negative: 

u{o)= U 1 + U 2 

= m 2 gl 2 sm6 -m^gl^ sin 6 
= (m 2 l 2 - m x i [ )g sin 9 

(b ) Differentiate U with respect to 0 
and set this derivative equal to zero 
to identify extreme values: 

A a = ( m 2 l 2 m / 1 )& cos 9 = 0 
d9 

from which we can conclude that 

cos0= 0 and 0= cos~'0. 

To be physically meaningful, 

— nj 2 <6 < n/2 : 

:.9 = ±7rl 2 

Express the 2 nd derivative of U with 
respect to 6 and evaluate this 
derivative at 0 = +7t /2 : 

W 2 = ( fn 2 p 2 m t £ t )gsm9 
d9 
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If we assume, in the expression for U 
that we derived in (a), that 
m 2 £ 2 -mih >0, then U(9) is a sine 
function and, in the interval of 
interest, - n/2 <6 < n)2 , takes on 

its minimum value when 9 = -n!2: 


d 2 U 


dO 


and 


>0 


-71 12 


C/ is a minimum at 6* = -nj2 


d U 


d6 

and 


<0 


nj2 


U is a maximum at 6* = n/2 


(c) If mdi = m 2 l 2 , then 


(m 2 l 2 - md\) = 0 


and 


U = 0 independently of 6. 


Remarks: An alternative approach to establishing the U is a maximum at 
9= jd 2 is to plot its graph and note that, in the interval of interest, U is concave 
downward with its maximum value at 9= ril. 

Force, Potential Energy, and Equilibrium 

62 • 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, that is, F x = —dUjdx. Consequently, given U as a function of 

x, we can find F x by differentiating U with respect to x. 


(a) Evaluate F x = 


dU 

dx 


F = 



-4 Ax 3 


(b) Set F x = 0 and solve for x: 


F = 0 


x - 0 


63 •• 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, that is F v = -dU/dx. Consequently, given U as a function of 

x, we can find F x by differentiating U with respect to x. 


(a) Evaluate F v = 


dU . 
dx 


d 

(c^ 


C 

dx 

Kxj 


2 

X 


F x is positive for x ^ 0 and therefore 
F is directed away from the origin. 


(b) Because C > 0: 
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(c) Because U is inversely 
proportional to x and C > 0: 

(cl) With C< 0: 

Because U is inversely proportional to 
x and C < 0, U(x) becomes less 
negative as x increases: 


U{x) decreases with increasing x. 




F x is negative for x ^ 0 and therefore 

F is directed toward from the origin. 



t/(x) increases with increasing x. 



*64 •• 

Picture the Problem F y is defined to be the negative of the derivative of the potential 
function with respect toy, i.e. F y = -dUfdy. Consequently, we can obtain F y by 

examining the slopes of the graph of U as a function of y. 


The table to the right summarizes 
the information we can obtain from 
Figure 6-40: 



Slope 

F v 

Interval 

(N) 

(N) 

A^B 

-2 

2 

B^C 

transitional 

-2 —» 1.4 

C— 

1.4 

-1.4 


The graph of F as a function of y is 
shown to the right: 



65 •• 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F x = - dU / dx . Consequently, given F as a function of x, 

we can find U by integrating F x with respect to x. 


Evaluate the integral of F x with 
respect to x: 


U(x) = -J F(x)dx= — j" —y dx 

X 


a TT 

—I -U n 


where U 0 is a constant determined by 
whatever conditions apply to U. 
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66 •• 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, that is, F x = - dU/dx . Consequently, given U as a function 

of x, we can find F x by differentiating U with respect to x. To determine whether the 
object is in stable or unstable equilibrium at a given point, we’ll evaluate d 2 U / dx 2 at 
the point of interest. 


„ dU 

(a) Evaluate F r =-: 

x dx 


F v =- —(3x 2 -2x 3 ) = 6x(x-l) 


( b ) We know that, at equilibrium, 
F x = 0: 


When F x =0, 6x(x - 1) = 0. Therefore, the 
object is in equilibrium 



at x 

(c) To decide whether the 

dU 

equilibrium at a particular point is 

dx 

stable or unstable, evaluate the 2 nd 

and 

derivative of the potential energy 

d 2 U 

function at the point of interest: 

dx 2 

d 2 U 

d 2 U 

Evaluate -— at x = 0: 

dx 2 

dx 2 


=> 

d 2 U 

d 2 U 

Evaluate - r-atx= 1 m: 

dx 

dx 2 


— (3x 2 -2x 3 ) = 6x-6x 2 


= 6-12x 


= 6 > 0 


x=0 


stable equilibrium at x = 0 


= 6 - 12 < 0 


x=\ m 


unstable equilibrium at x = 1 m 


67 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F x = - dU / dx . Consequently, given U as a function of x, 

we can find F x by differentiating U with respect to x. To determine whether the object is 
in stable or unstable equilibrium at a given point, we’ll evaluate d 2 U / dx 2 at the point of 
interest. 
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(a) Evaluate the negative of the 
derivative of U with respect to x: 


(b) The object is in equilibrium 
wherever F ae , = F X = 0: 


(c) To decide whether the 
equilibrium at a particular point is 
stable or unstable, evaluate the 2 nd 
derivative of the potential energy 
function at the point of interest: 

, d 2 U 

Evaluate- 7 - at x = -2 m: 

dx 


Evaluate 


d 2 U 
dx 2 


atx = 0 : 


dU 

dx 

-—(Sx 2 -x 4 ) = 4x 3 -16x 
dx ' 

4x(x + 2)(x-2) 


4x(x + 2)(x -2) = 0 => the equilibrium 
points are x = -2 m, 0 , and 2 m. 


d U = — (l6x-4x 3 ) = 16-12x 2 
dx" dx 


d 2 U 

dx 2 


x=-2m 


-32 <0 


unstable equilibrium 
at x = -2 m 


d 2 U 



= 16 > 0 


stable equilibrium at x = 0 


Evaluate 


d 2 U 

-i-atx = 2 m: 

dx 2 


d 2 U 


dx 1 


rim 


-32 <0 


unstable equilibrium 
at x = 2 m 


Remarks: You could also decide whether the equilibrium positions are stable or 
unstable by plotting F(x) and examining the curve at the equilibrium positions. 


68 •• 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F x = -dU/dx . Consequently, given F as a function of x, 

we can find U by integrating F x with respect to x. Examination of d~U / dx" at extreme 
points will determine the nature of the stability at these locations. 
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Determine the equilibrium locations 
by setting F nct = F(x) = 0: 


Evaluate the negative of the integral 
of F(x) with respect to x : 


Differentiate U(x) twice: 


Evaluate 


d 2 U 

-— at jc = 

dx" 


- 2 : 


Evaluate 


d 2 U 

dx 2 


atx = 0: 


Evaluate 


d 2 U 

dx 2 


atx 


= 2 : 


F(x) = x 3 — 4x = x(x 2 - 4) = 0 

the positions of stable and unstable 


equilibrium are at x = -2,0 and 2 


£/(x) = -j>(x) 

= -J (x 3 - 4 x)dx 

= -— + 2x 2 +U 0 
4 0 

where Uo is a constant whose value is 
determined by conditions on U(x). 


dU 

dx 

and 

d 2 U 

dx 2 


F x = -x 3 + 4x 


-3x 2 + 4 


d 2 U 


dx 2 


x=-2 


-8 < 0 


the equilibrium is unstable at x = - 2 


d 2 U 



= 4 > 0 


the equilibrium is stable at x = 0 


d 2 U 



-8 < 0 


the equilibrium is unstable at x = 2 


Thus U(x) has a local minimum atx = 0 and 
local maxima atx = ±2. 


69 •• 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F x = — dU / dx. Consequently, given U as a function of x, 

we can find F, by differentiating U with respect to x. To determine whether the object is 
in stable or unstable equilibrium at a given point, we can examine the graph of U. 
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(a) Evaluate F x = 


dU 

dx 


forx < 3 m: 


F x = —— (3x 2 - x 3 ) = 3x(2 - x ) 
dx 


Set F x = 0 to identify those values of 
x for which the 4-kg object is in 
equilibrium: 

dU 

Evaluate F r =-for x > 3 m: 

dx 


When F x = 0, 3x(2 - x) = 0. 

Therefore, the object is in equilibrium 
at x = 0andx = 2m. 

F x = 0 

because (7=0. 

Therefore, the object is in 
neutral equilibrium for x > 3 m. 


(b) A graph of U(x) in the interval 
-1 m < x < 3 m is shown to the 
right: 


(c) From the graph, U(x) is a 
minimum atx = 0: 



From the graph, U(x) is a maximum 
at x = 2 m: 

(d) Relate the kinetic energy of the 
object to its total energy and its 
potential energy: 

Solve for v: 


Evaluate U(x = 2 m): 

Substitute in the equation for v to 
obtain: 


unstable equilibrium at x = 2tn 
K = \mv 2 =E-U 


v=JMzT) 

V m 

(7(x = 2 m) = 3(2) 2 - (2) 3 = 4 J 

v = | 2 ( 12J ~ 4J ) = | 2.00m/s 

V 4kg - 
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70 « 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, that is F x =-dUjdx . Consequently, given F as a function of 

x, we can find U by integrating F x with respect to x. 


(a) Evaluate the negative of the 
integral of F(x) with respect to x: 


For x > 0: 


U (x) = -J F(x) = -J Ax~ 


'dx 


1 A TT 

— - -V + U n 


2 x 

where U 0 is a constant whose value is 
determined by conditions on U(x). 


U decreases as x increases 


(. b ) As x —> oo, 


LA 

YA 


—> 0 : 


Co = 0 

and 


U(x)= —-y 
W 2 x 2 


1 8 N • m 3 

2 x 2 


"T N ■ m 3 


(c) The graph of U(x) is shown to the 
right: 



*71 — 

Picture the Problem Let L be the total length of one cable and the zero of gravitational 
potential energy be at the top of the pulleys. We can find the value of y for which the 
potential energy of the system is an extremum by differentiating U(y) with respect to y 
and setting this derivative equal to zero. We can establish that this value corresponds to a 
minimum by evaluating the second derivative of U(y) at the point identified by the first 
derivative. We can apply Newton’s 2 nd law to the clock to confirm the result we obtain by 
examining the derivatives of U(y). 

(a) Express the potential energy of u{y) = C clock (y) +C wcighls (y) 

the system as the sum of the 
potential energies of the clock and 
counterweights: 


U(y) = 


~ mgy - 



v 

2 


Substitute to obtain: 
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(b) Differentiate U(y) with respect 
toy: 


Solve fory' to obtain: 


Find 


dy 2 


Evaluate 


d'-u(y) 

dy 2 


aty = y': 


dU (v) 

dy 


d_ 

dy 


mgy + 2Mg\L 



mg - 2Mg — 7 

4y +d 2 


or 


mg - 2Mg , • = 0 for extrema 

4y ,2 +d 2 


y’ = d i 


nr 


4 M 2 -m 2 


d 2 U{y) d 


dy 2 


mg - 2 Mg 


y 


d 2 U(y) 


dy 2 


dy 

i_ 

2 Mgd 2 

2 Mgd 2 


4y 2 +d‘ 


(r+d‘f 


:/2 


2 Mgd 


r nr 


x3/2 


+ 1 

v 4M'-nr y 


>0 

and the potential energy is a minimum at 

y = 


d, 


m 

— 2 


4 M - m 


(c ) The FBD for the clock is shown to 
the right: 


Apply Z F v = 0 to the clock: 



m 

2 M 


sin# = 
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Express sin 6 in terms of v and d\ . y 

sin 6 = — ' 

47EE 


Substitute to obtain: 


m _ y 

2 M 

which is equivalent to the first equation in 
part ( b ). 


This is a point of stable equilibrium. Ifthe clock is displaced downward, 0 
increases, leading to a larger upward force on the clock. Similarly, if the 
clock is displaced upward, the net force from the cables decreases. 
Because of this, the clock will be pulled back toward the equilibrium 
point if it is displaced away from it. 


Remarks: Because we’ve shown that the potential energy of the system is a 
minimum aty =y '(i.e., U(y) is concave upward at that point), we can conclude that 
this point is one of stable equilibrium. 

General Problems 

*72 • 

Picture the Problem 25 percent of the electrical energy generated is to be diverted to do 
the work required to change the potential energy of the American people. We can 
calculate the height to which they can be lifted by equating the change in potential energy 
to the available energy. 

Express the change in potential AU = Nmgh 

energy of the population of the 
Linked States in this process: 

Letting E represent the total energy Nmgh = 0.25 E 

generated in February 2002, relate 
the change in potential to the energy 
available to operate the elevator: 


0.25 E 
Nmg 


Solve for h: 










Substitute numerical values and 
evaluate h: 


Work and Energy 413 


h = 


(0.25)(60.7xl0 9 kW 

•h) 

f 3600 s 

l lh J 


287xl0 6 )(60kg)(9.81m/s 2 



323 km 


73 • 

Picture the Problem We can use the definition of the work done in changing the 
potential energy of a system and the definition of power to solve this problem. 


(a) Find the work done by the crane 
in changing the potential energy of 
its load: 


W= mgh 

= (6xl0 6 kg) (9.81 m/s 2 ) (12 m) 
= 706 MJ 


(. b ) Use the definition of power to 
find the power developed by the 
crane: 


dW _ 706 MJ 
dt 60s 


11.8 MW 


74 • 

Picture the Problem The power P of the engine needed to operate this ski lift is related 
to the rate at which it changes the potential energy U of the cargo of the gondolas 
according to P = AU/At. Because as many empty gondolas are descending as are 
ascending, we do not need to know their mass. 


Express the rate at which work is p _ AU 

done as the cars are lifted: At 


Letting N represent the number of AU = NMgAh 

gondola cars and M the mass of 

each, express the change in U as 

they are lifted a vertical 

displacement Ah: 

Substitute to obtain: p _ AU _ NMgAh 

At At 


Relate Ah to the angle of ascent 6 Ah = LdmO 

and the length L of the ski lift: 


p _ NMgL sin 6 
At 


Substitute for Ah in the expression 
for P: 
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Substitute numerical values and evaluate P: 


_ 12(550 kg)(9.81 m/s 2 )(5.6km)sin30° 
(60min)(60s/min) 


50.4kW 


75 

Picture the Problem The application of 
Newton’s 2 nd law to the forces shown in 
the free-body diagram will allow us to 
relate R to T. The unknown mass and 
speed of the object can be eliminated by 
introducing its kinetic energy. 

Apply I ■^radial = radial the ° b j eCt 
and solve for R: 

Express the kinetic energy of the 
object: 

Eliminate mv 2 between the two 
equations to obtain: 

Substitute numerical values and 
evaluate R\ 



360 N 


*76 • 

Picture the Problem We can solve this problem by equating the expression for the 
gravitational potential energy of the elevated car and its kinetic energy when it hits the 
ground. 

Express the gravitational potential ^ = m S^ 

energy of the car when it is at a 
distance h above the ground: 

Express the kinetic energy of the car K = |mv 2 

when it is about to hit the ground: 

Equate these two expressions v 2 

(because at impact, all the potential 2 g 

energy has been converted to kinetic 
energy) and solve for h: 
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Substitute numerical values and 
evaluate h : 


_ [(l00km/h)(lh/3600s)] 2 
2(9.81 m/s 2 ) 


39.3 m 


77 ••• 

Picture the Problem The free-body 
diagram shows the forces acting on one of 
the strings at the bridge. The force whose 
magnitude is F is one-fourth of the force 
(103 N) the bridge exerts on the strings. 

We can apply the condition for equilibrium 
in the y direction to find the tension in each 
string. Repeating this procedure at the site 
of the plucking will yield the restoring 
force acting on the string. We can find the 
work done on the string as it returns to 
equilibrium from the product of the 
average force acting on it and its 
displacement. 


y 



(a) Noting that, due to symmetry, 

T = T, apply F y = 0 to the string 

at the point of contact with the 
bridge: 

Solve for and evaluate T: 


(j b ) A free-body diagram showing 
the forces restoring the string to its 
equilibrium position just after it has 
been plucked is shown to the right: 

Express the net force acting on the 
string immediately after it is 
released: 

Use trigonometry to find 9. 


i 7 - 2rsinl8° = 0 


T 


F 

2 sin 18° 


{(103N) 
2 sin 18° 


41.7N 



6 = tan 1 


16.3 cm 10 mm 

-x- 

4 mm cm 


88 . 6 ° 


Substitute and evaluate F net : 


A 


2(34.4N)cos88.6° 


1.68N 
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(c) Express the work done on the dW = Fdx' 

string in displacing it a distance dx'\ 


If we pull the string out a distance 
x’, the magnitude of the force 
pulling it down is approximately: 


f = (2 r)— 

v ’ L/2 


AT , 

— x 
L 


Substitute to obtain: 


dW = 


— x'dx' 
L 


Integrate to obtain: 


Substitute numerical values to obtain: 


W = f x'dx'= —— x 

L J T 


2 T 2 


L 


where x is the final displacement of the 
string. 


W = 


2(41.7 N) 


32.6x10 - 

m 

4.09 mJ 



(4x10 3 m) 2 


78 •• 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, that is F x = -dU/dx . Consequently, given F as a function of 

x, we can find U by integrating F x with respect to x. 

Evaluate the integral of F x with U (x) = -J F{x)dx = - J (- ax 2 )dx 

respect to x: , , 

= {ax +f7 0 


Apply the condition that (7(0) = 0 to 
determine Uq. 


(7(0) = 0 + (7 0 = 0 

:.u(x) = 


(7n = 0 


{ax 3 



The graph of (7(x) is shown to the right: 
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*79 •• 

Picture the Problem We can use the definition of work to obtain an expression for the 
position-dependent force acting on the cart. The work done on the cart can be calculated 
from its change in kinetic energy. 


(a) Express the force acting on the 
cart in terms of the work done on it: 


F(x) 


dW 

dx 


Because U is constant: 


F(x) = — (j mv 2 ) = — j m(Cx ) 


d 


dx 


dx 


mC x 


(b) The work done by this force 
changes the kinetic energy of the 
cart: 


W = AK = j mv 2 - j mVg 
= jinvf -0 = \m(Cx l ) 2 
= \mC 2 x; 


80 •• 

Picture the Problem The work done by F depends on whether it causes a displacement 
in the direction it acts. 


(a) Because F is along x-axis and 
the displacement is along v-axis: 


W=\F-ds = 


(. b ) Calculate the work done by 
F during the displacement from 
x = 2 m to 5 m: 


5 m 

W = ^F-ds= J(2N/m 2 )x 2 dx 

2m 



78.0 J 


81 « 

Picture the Problem The velocity and acceleration of the particle can be found by 
differentiation. The power delivered to the particle can be expressed as the product of its 
velocity and the net force acting on it, and the work done by the force and can be found 
from the change in kinetic energy this work causes. 

In the following, if t is in seconds and m is in kilograms, then v is in m/s, a is in m/s 2 , P is 
in W, and W is in J. 
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(a) The velocity of the particle is 
given by: 


The acceleration of the particle is 
given by: 


^3 ^ 

II 

1 ' 

lt 2 -4t 2 ) 


6t 2 - St 


dv d 

dt dt 

6t 2 -St) 

(l2f-8) 



( b ) Express and evaluate the rate at 
which energy is delivered to this 
particle as it accelerates: 


P = Fv = mav 

= m(l2t-8)(6r-8t) 
= 8mt(9t 2 -18t+ 8) 


(c) Because the particle is moving in 
such a way that its potential energy 
is not changing, the work done by 
the force acting on the particle 
equals the change in its kinetic 
energy: 


W = AK = K l -K 0 
= 2 m [( v (h )) 2 - ( v (°)) 2 ] 

= \m[(etl- 8h)] 2 -0 
= 2mtf (.3/, -4) 2 


Remarks: We could also find IF by integrating P(t) with respect to time. 


82 

Picture the Problem We can calculate the work done by the given force from its 
definition. The power can be determined from P = F v and v from the change in kinetic 
energy of the particle produced by the work done on it. 

(a) Calculate the work done from its 
definition: 

o 

3m 

- 9.00J 

0 

( b ) Express the power delivered to P = F v = F x=Jm v 

the particle in terms of F x - 3 m and its 
velocity: 

Relate the work done on the particle W = AK = if final = \mv 2 since v 0 = 0 

to its kinetic energy and solve for its 
velocity: 


6x + 


4x 2 3x 


W = J F -ds = J(6 + 4x- 3x^ )dx 
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Solve for and evaluate v: 


Evaluate F x = 3 m : 

Substitute for F x = 3 m and v: 




2.45 m/s 


F „ Jm =6 + 4 ( 3 )- 3 ( 3) 2 

P = (-9N)(2.45m/s) = 


-9N 

-22.1W 


*83 •• 

Picture the Problem We’ll assume that the firing height is negligible and that the bullet 
lands at the same elevation from which it was fired. We can use the equation 
R = (v 0 2 /g)sin 26 to find the range of the bullet and constant-acceleration equations to 

find its maximum height. The bullet’s initial speed can be determined from its initial 
kinetic energy. 


Express the range of the bullet as a 
function of its firing speed and angle 
of firing: 


R = —sin 2# 
g 


Rewrite the range equation using the 
trigonometric identity 
sin20= 2sin6?cosft 

Express the position coordinates of 
the projectile along its flight path in 
terms of the parameter t : 


Vq sin 26 2vq sin 6 cos 6 
K =-=- 

g g 

X = (v 0 cos 6^ 
and 

y = ( v 0 sin d)t-\gt 2 


Eliminate the parameter t and make 
use of the fact that the maximum 
height occurs when the projectile is 
at half the range to obtain: 

Equate R and h and solve the 
resulting equation for &. 

Relate the bullet’s kinetic energy to 
its mass and speed and solve for the 
square of its speed: 


h _ (v 0 sin Of 
2 g 


tan 6 = 4 => 6 = tan 1 4 = 76.0° 


„ , 2.2 2 K 

K = f mv 0 and v 0 =- 

m 


Substitute for vy and 6 and evaluate 
R: 


R = 


2(l200 j) 

(0.02 kg)(9.81 m/s 2 ) 


sin. 


2(76°) 


5.74km 
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84 •• 

Picture the Problem The work done on the particle is the area under the force-versus- 
displacement curve. Note that for negative displacements, F is positive, so W is negative 
for x < 0. 


(a) Use either the formulas for the 
areas of simple geometric figures or 
counting squares and multiplying by 
the work represented by one square 
to complete the table to the right: 


(. b ) Choosing U( 0) = 0, and using 
the definition of A U--W, complete 
the third column of the table to the 
right: 


X 

W 

(m) 

(J) 

-4 

-11 

-3 

-10 

-2 

-7 

-1 

-3 

0 

0 

1 

1 

2 

0 

3 

-2 

4 

-3 


X 

W 

A U 

(m) 

(J) 

(J) 

-4 

-11 

11 

-3 

-10 

10 

-2 

-7 

7 

-1 

-3 

3 

0 

0 

0 

1 

1 

-1 

2 

0 

0 

3 

-2 

2 

4 

-3 

3 



The graph of U as a function of x is 
shown to the right: 
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Picture the Problem The work done on the particle is the area under the force-versus- 
displacement curve. Note that for negative displacements, F is negative, so W is positive 
for x < 0. 


(a) Use either the formulas for the 
areas of simple geometric figures or 
counting squares and multiplying by 
the work represented by one square 
to complete the table to the right: 


(. b ) Choosing U( 0) = 0, and using 
the definition of A U--W, complete 
the third column of the table to the 
right: 


X 

W 

(m) 

(J) 

-4 

6 

-3 

4 

-2 

2 

-1 

0.5 

0 

0 

1 

0.5 

2 

1.5 

3 

2.5 

4 

3 


X 

W 

A U 

(m) 

(J) 

(J) 

-4 

6 

-6 

-3 

4 

-4 

-2 

2 

-2 

-1 

0.5 

-0.5 

0 

0 

0 

1 

0.5 

-0.5 

2 

1.5 

-1.5 

3 

2.5 

-2.5 

4 

3 

-3 



The graph of U as a function of x is 
shown to the right: 
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86 •• 

Picture the Problem The pictorial 
representation shows the box at its initial 
position 0 at the bottom of the inclined 
plane and later at position 1. We’ll assume 
that the block is at position 0. Because the 
surface is frictionless, the work done by the 
tension will change both the potential and 
kinetic energy of the block. We’ll use 
Newton’s 2 nd law to find the acceleration of 
the block up the incline and a constant- 
acceleration equation to express v in terms 
of T, x, M, and 6. Finally, we can express 
the power produced by the tension in terms 
of the tension and the speed of the box. 



(a) Use the definition of work to 
express the work the tension T does 
moving the box a distance x up the 
incline: 

( b ) Apply Yj F x = Ma x to the box: 
Solve for a x \ 



T - Mg sin 0 = Ma x 


T - Mg sin 6 
M 


T 

- g sin 0 

M 


Using a constant-acceleration 
equation, express the speed of the 
box in terms of its acceleration and 
the distance x it has moved up the 
incline: 

Substitute for a x to obtain: 


v' = vj +2 a x x 
or, because v 0 = 0, 
v = x j2a x x 




f T . > 



2 

- g sin 0 

X 



km & ) 



(c) The power produced by the 


( T . S] 


P — Tv — 

tension in the string is given by: r 1V 


2-gsin# 

l M & ) 

X 
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87 ••• 

Picture the Problem We can use the definition of the magnitude of vector to show that 
the magnitude of F is F 0 and the definition of the scalar product to show that its direction 
is perpendicular to r . The work done as the particle moves in a circular path can be found 
from its definition. 


( a ) Express the magnitude of F : 


Form the scalar product of F and r : 




f F \ 2 r T7 \ 2 


—y 

V r ) 


+ 


-Z.X 


r 


x- + y 2 


1 2 . 2 


F, i — - 7 F, 


Jx +y : 

F 

= —A +/ =—r = 

r r 

F, 


f F ^ 


F r = 


o 


V r J 
f F ^ 


V r ) 


{yi-xj)\xi+yj) 
[xy-xy) = 0 


(b) Because F lr , F is tangential 
to the circle and constant. At (5 m, 

0), F points in the — j direction. If 
ds is in the - j direction, dW > 0. 
The work it does in one revolution is: 


Because F ■ r 


= 0, 


F IF 


W = F 0 (2k r)= 2ft(5 m)F 0 
= (I Oft m )/ 7 ,, if the rotation 

is clockwise 
and 

W = (-10^m)F 0 if the rotation is 
counterclockwise. 


W = ( 1 On: m)F 0 if the rotation is clockwise, - ( 1 On: m)F 0 if the rotation is 
counterclockwise. Because W ^ 0 for a complete circuit, F is not conservative. 


*88 — 

Picture the Problem We can substitute for r and xi + yj ini 7 to show that the 
magnitude of the force varies as the inverse of the square of the distance to the origin, and 
that its direction is opposite to the radius vector. We can find the work done by this force 
by evaluating the integral of F with respect to x from an initial position x = 2 m, v = 0 m 
to a final position x = 5 m, v = 0 m. Finally, we can apply Newton’s 2 nd law to the particle 
to relate its speed to its radius, mass, and the constant b. 
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(a) Substitute for r and 
xi + y j in F to obtain: 


Simplify to obtain: 


(i b ) Find the work done by this force 
by evaluating the integral of F with 
respect to x from an initial position 
x = 2 m, v = 0 m to a final position 
i = 5m,y = 0m: 


F = - 


( 2 2 V 

(x + y ) 


2 V / 2 




x 2 +y 2 r 


where r is a unit vector pointing from the 
origin toward the point of application of 

F. 


I 1 1 


1 

0 

s> 

U 2 +/J 


r 2 


i.e., the magnitude of the force varies as the 
inverse of the square of the distance to the 
origin, and its direction is antiparallel 

(opposite) to the radius vectors = xi + yj. 



3 N • m 2 

( 1 1 | 

- 0.900 J 


l5m 2mJ 



(c) 


No work is done as the force is perpendicular to the velocity. 


( d) Because the particle is moving in 
a circle, the force on the particle 
must be supplying the centripetal 
acceleration keeping it moving in 
the circle. Apply ^F ( . =ma c to 
the particle: 

Solve for v: 



Substitute numerical values and 
evaluate v: 


v = 


| 3 N • m 2 


0.463 m/s 

(2 keV7 m) 


89 ••• 

Picture the Problem A spreadsheet program to calculate the potential is shown below. 
The constants used in the potential function and the formula used to calculate the ''6-12'' 
potential are as follows: 


Cell 

Content/Formula 

Algebraic Form 

B2 

1.09x10 7 

a 

B3 

6.84x10 5 

b 
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D8 

$B$2/C8 A 12-$B$3/C8 A 6 

a b 

12 6 

r r 

C9 

C8+0.1 

r + A r 


(a) 



A 

B 

C 

D 

1 





2 

a = 

1.09E-07 



3 

b = 

6.84E-05 



4 





5 





6 





7 



r 

U 

8 



3.00E-01 

1.11E-01 

9 



3.10E-01 

6.13E-02 

10 



3.20E-01 

3.08E-02 

11 



3.30E-01 

1.24E-02 

12 



3.40E-01 

1.40E-03 

13 



3.50E-01 

-4.95E-03 






45 



6.70E-01 

-7.43E-04 

46 



6.80E-01 

-6.81E-04 

47 



6.90E-01 

-6.24E-04 

48 



7.00E-01 

-5.74E-04 


The graph shown below was generated from the data in the table shown above. Because 
the force between the atomic nuclei is given by F = —(clU/dr), we can conclude that the 
shape of the potential energy function supports Feynman’s claim. 


"6-12" Potential 



(b ) The minimum value is about -0.0107 eV, occurring at a separation of approximately 
0.380 nm. Because the function is concave upward (a potential ''well") at this separation, 
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this separation is one of stable equilibrium, although very shallow. 

(c) Relate the force of attraction 
between two argon atoms to the 
slope of the potential energy 
function: 


Substitute numerical values and evaluate F( 5 A) 

f= 12jj-09xl0i _ 6Mxl0^) = ^ lgxl0 ^£ Lx 1.6xl0-”J x J^ 
(0.5nm) (0.5nm) nm eV 10 m 

= -6.69x10 12 N 

where the minus sign means that the force is attractive. 

Substitute numerical values and evaluate F( 3.5 A): 

^ 12(l.09xl0 7 ) 6(6.84x10 5 ) . 1Al eV 1.6xlO“ 19 J lnm 

F = -A-—A )- —d = 4.68x10 x-x — 

(0.35 nm) 13 (0.35nm) 7 nm eV 10 9 m 

= 7.49x10“" N 

where the plus sign means that the force is repulsive. 

*90 ••• 

Picture the Problem A spreadsheet program to plot the Yukawa potential is shown 
below. The constants used in the potential function and the formula used to calculate the 
Yukawa potential are as follows: 


dU _ d a b 
dr dr _r n r 6 
12 a 6b 


Cell 

C ontent/Formula 

Algebraic Form 

B1 

4 

Co 

B2 

2.5 

a 

D8 

-$B$ 1 *($B$2/C9)*EXP(-C9/$B$2) 

f a \ 

-U 0 — e- r,a 
\ r ) 

CIO 

C9+0.1 

r + A r 


(a) 



A 

B 

C 

D 

1 

U0= 

4 

pj 


2 

a= 

2.5 

fm 


3 










7 





8 



r 

U 

9 



0.5 

-16.37 

10 



0.6 

-13.11 
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Evaluate F(a): 

Express the ratio F(2a)/F(a): 


(i d) Evaluate F(5a): 

Express the ratio F(5a)/F(a): 





Chapter 7 

Conservation of Energy 

Conceptual Problems 


*1 • 

Determine the Concept Because the peg is frictionless, mechanical energy is conserved 
as this system evolves from one state to another. The system moves and so we know that 
A K > 0. Because A K + A U = constant , AU < 0. 


(o) is correct. 


Determine the Concept Choose the zero of gravitational potential energy to be at ground 
level. The two stones have the same initial energy because they are thrown from the same 
height with the same initial speeds. Therefore, they will have the same total energy at all 
times during their fall. When they strike the ground, their gravitational potential energies 
will be zero and their kinetic energies will be equal. Thus, their speeds at impact will be 
equal. The stone that is thrown at an angle of 30° above the horizontal has a longer flight 
iward velocity and so they do not strike the ground at the same 


time due to its initial u 
time. 


(c) is correct. 


3 • 

(a) False. Forces that are external to a system can do work on the system to change its 
energy. 

( b ) False. In order for some object to do work, it must exert a force over some distance. 
The chemical energy stored in the muscles of your legs allows your muscles to do the 
work that launches you into the air. 

4 

Determine the Concept Your kinetic energy increases at the expense of chemical 
energy. 

*5 • 

Determine the Concept As she starts pedaling, chemical energy inside her body is 
converted into kinetic energy as the bike picks up speed. As she rides it up the hill, 
chemical energy is converted into gravitational potential and thermal energy. While 
freewheeling down the hill, potential energy is converted to kinetic energy, and while 
braking to a stop, kinetic energy is converted into thermal energy (a more random form of 
kinetic energy) by the frictional forces acting on the bike. 

*6 • 

Determine the Concept If we define the system to include the falling body and the earth, 
then no work is done by an external agent and A K + A U g + AE^em^ 0. Solving for the 
change in the gravitational potential energy we find AU g = -(A K + friction energy). 
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(ib ) is correct. 

7 

Picture the Problem Because the constant friction force is responsible for a constant 
acceleration, we can apply the constant-acceleration equations to the analysis of these 
statements. We can also apply the work-energy theorem with friction to obtain 
expressions for the kinetic energy of the car and the rate at which it is changing. Choose 
the system to include the earth and car and assume that the car is moving on a horizontal 
surface so that AU = 0. 


(a) A constant frictional force 

causes a constant acceleration. The 

stopping distance of the car is 
related to its speed before the brakes 
were applied through a constant- 
acceleration equation. 

v 2 = Vg + 2aAs where v = 0. 

2 

.'. As = —— where a < 0. 

2 a 

Thus, As oc v 2 and statement (a) is false. 

( b ) Apply the work-energy theorem 
with friction to obtain: 

AK = —W f = -jU k mgAs 

Express the rate at which K is 
dissipated: 

A K As 

A = /4 mg * 

At At 

, AK 

Thus, - oc v and therefore not constant. 

At 

Statement ( b ) is false. 

(c) In part ( b ) we saw that: 

K cc As 

Because As cc At: 

K x At and statement (c) is false. 

Because none of the above are correct: 

(i d ) is correct. 


8 

Picture the Problem We’ll let the zero of potential energy be at the bottom of each ramp 
and the mass of the block be m. We can use conservation of energy to predict the speed 
of the block at the foot of each ramp. We’ll consider the distance the block travels on 
each ramp, as well as its speed at the foot of the ramp, in deciding its descent times. 


Use conservation of energy to find 
the speed of the blocks at the bottom 
of each ramp: 

AK + AU = 0 

or 

^bo t -^top+^bo t -^top=0 
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Because K top = C/ bot = 0: 

O 

1 

c: 

•§ 

11 

0 

Substitute to obtain: 

2 mv Lt - m s H = 0 

Solve for v bot : 

v bot = yj2gH independently of the shape of 


the ramp. 


Because the block sliding down the circular arc travels a greater distance (an arc length is 
greater than the length of the chord it defines) but arrives at the bottom of the ramp with 
the same speed that it had at the bottom of the inclined plane, it will require more time to 


arrive at the bottom of the arc. 


(. b ) is correct. 


9 •• 

Determine the Concept No. From the work-kinetic energy theorem, no total work is 
being done on the rock, as its kinetic energy is constant. However, the rod must exert a 
tangential force on the rock to keep the speed constant. The effect of this force is to 
cancel the component of the force of gravity that is tangential to the trajectory of the 
rock. 


Estimation and Approximation 

*10 •• 

Picture the Problem We’ll use the data for the "typical male" described above and 
assume that he spends 8 hours per day sleeping, 2 hours walking, 8 hours sitting, 1 hour 
in aerobic exercise, and 5 hours doing moderate physical activity. We can approximate 
his energy utilization using E activity = 4E ctivjty A/ act]vjly , where 4 is the surface area of his 

body, P activity is the rate of energy consumption in a given activity, and A/ actlvlty is the time 
spent in the given activity. His total energy consumption will be the sum of the five terms 
corresponding to his daily activities. 


(a) Express the energy consumption 
of the hypothetical male: 


F = F + F + F 

sleeping walking sitting 

+ E + E 

mod. act. aerobic act. 


Evaluate keeping: 


''sleeping 


= ^s.eeping^ 


sleeping 


= (2 m 2 )(40 W/m 2 )(8 h)(3600 s/h) 
= 2.30xl0 6 J 


Evaluate f? walking : E waiking = AP waikmg At walking 

= (2 m 2 )(l 60 W/m 2 )(2 h)(3600 s/h) 
= 2.30x 10 6 J 

Evaluate flitting! E = AP At 

^sitting sitting * sitting 

= (2 m 2 )(60 W/m 2 )(8 h)(3600 s/h) 

= 3.46xl0 6 J 
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Evaluate E mod . act : 


Evaluate -//aerobic act.* 


Substitute to obtain: 


F _ A p A f 

^ mod. act. ^^mod. act. ^ mod. act. 


= (2 m 2 )(l 75 W/m 2 )(5 h)(3600 s/h) 
= 6.30x10 s J 


E 


aerobic act. 


- AP A t 

~ 111 aerobic act.^* 


aerobic act. 


= (2 m 2 )(300 W/m 2 )(l h)(3600 s/h) 
= 2.16xl0 6 J 


E = 2.30 x 10 6 J + 2.30 x 10 6 J + 3.46 x 10 6 J 
+ 6.30 x10 6 J + 2.16x 10 6 J 
= 16.5 x 10 6 J 


Express the average metabolic rate 
represented by this energy 
consumption: 


E_ 

At 


16.5xlQ 6 J 
(24h)(3600s/h) 


191W 


or about twice that of a 100 W light bulb. 


( b ) Express his average energy 
consumption in terms of kcal/day: 


16.5 x IQ 6 J/day 
4190 J/kcal 


3 940 kcal/day 


(c) 


3940 kcal 
1751b 


= 22.5kcal/lb is higher than the estimate given in the statement of the 


problem. However, by adjusting the day's activities, the metabolic rate can vary by more 
than a factor of 2. 


11 • 

Picture the Problem The rate at which you expend energy, i.e., do work, is defined as 
power and is the ratio of the work done to the time required to do the work. 


Relate the rate at which you can 
expend energy to the work done in 
running up the four flights of stairs 
and solve for your running time: 

Express the work done in climbing 
the stairs: 


AW . AW 

-=> A t = - 

At P 


AW = mgh 


Substitute for AW to obtain: 


At = 


mgh 


P 
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Assuming that your weight is 600 
N, evaluate At: 


(600 N)(4x 3.5 m) 
250 W 


33.6s 


12 • 

Picture the Problem The intrinsic rest energy in matter is related to the mass of matter 
through Einstein’s equation E 0 = me 2 . 


(a) Relate the rest mass consumed to 
the energy produced and solve for 
and evaluate m: 


E 0 = me 2 => m = -j- 


1J 


m = 


(2.998x 10 8 m/s) 2 


( 1 ) 


1.11x10 17 kg 


(b) Express the energy required as a 
function of the power of the light 
bulb and evaluate E: 


E = 3Pt 

= 3(l00 W)(l0y) 


f 365.24d^| 

f 24h^| 

f 3600 s 

l y J 

l d J 

l h J 


= 9.47 x 10 10 J 


Substitute in equation (1) to obtain: 


m = 


9.47xlQ 10 J 
(2.998 xlO 8 m/s) 2 


1.05//g 


*13 • 

Picture the Problem There are about 3xl0 8 people in the United States. On the 
assumption that the average family has 4 people in it and that they own two cars, we have 
a total of 1.5xl0 8 automobiles on the road (excluding those used for industry). We’ll 
assume that each car uses about 15 gal of fuel per week. 


Calculate, based on the assumptions identified above, the total annual consumption of 
energy derived from gasoline: 



gal 


V 2 weeks 

A y j 


auto • week 


v J A 


2.6x10 
V § al 2 


3.04 x 10 19 J/y 


Express this rate of energy use as a 
fraction of the total annual energy use by 
the US: 


3.04 xlO 19 J/y 
5 x 10 2 ° J/y 


6% 


Remarks: This is an average power expenditure of roughly 9xlO u watt, and a total 
cost (assuming $1.15 per gallon) of about 140 billion dollars per year. 


14 • 

Picture the Problem The energy consumption of the U.S. works out to an average power 
consumption of about 1.6xl0 13 watt. The solar constant is roughly 10 3 W/m 2 (reaching 
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the ground), or about 120 W/m 2 of useful power with a 12% conversion efficiency. 
Letting P represent the daily rate of energy consumption, we can relate the power 
available at the surface of the earth to the required area of the solar panels using P = IA. 


Relate the required area to the 
electrical energy to be generated by 
the solar panels: 

Solve for and evaluate A: 


Find the side of a square with this 
area: 


P = IA 

where / is the solar intensity that reaches the 
surface of the Earth. 

P _ 2 (l. 6 xl 0 13 w) 

~ I ~ 120 W/m 2 

= 2.67 x 10 11 m 2 

where the factor of 2 comes from the fact that 
the sun is only up for roughly half the day. 


5 = A /2.67xl0 11 m 2 


516km 


Remarks: A more realistic estimate that would include the variation of sunlight over 
the day and account for latitude and weather variations might very well increase the 
area required by an order of magnitude. 

15 • 

Picture the Problem We can relate the energy available from the water in terms of its 
mass, the vertical distance it has fallen, and the efficiency of the process. Differentiation 
of this expression with respect to time will yield the rate at which water must pass 
through its turbines to generate Floover Dam’s annual energy output. 


Assuming a total efficiency 77 , use 
the expression for the gravitational 
potential energy near the earth’s 
surface to express the energy 
available from the water when it has 
fallen a distance h: 

Differentiate this expression with 
respect to time to obtain: 

Solve for dV/dt: 


Using its definition, relate the dam’s 
annual power output to the energy 
produced: 

Substitute numerical values to 
obtain: 


E = rjmgh 


P = 


~ \pmgh\ = rjgh 


dm 

dt 


= VPg h 


dV 

dt 


dV _ P 
dt rjpgh 


( 1 ) 


P = 


A E 

At 


4xl0 9 kW -h 
(365.24d)(24h/d) 


4.57 x 10 8 W 







Substitute in equation (1) and 
evaluate dV/dt : 


Conservation of Energy 443 


dV _ 4.57 x 10 8 W 

dt ~ 0.2(lkg/L)(9.81m/s 2 )(211m) 

= 1.10x10 6 L/s 


The Conservation of Mechanical Energy 

16 • 

Picture the Problem The work done in compressing the spring is stored in the spring as 
potential energy. When the block is released, the energy stored in the spring is 
transformed into the kinetic energy of the block. Equating these energies will give us a 
relationship between the compressions of the spring and the speeds of the blocks. 

Let the numeral 1 refer to the first 
case and the numeral 2 to the second 
case. Relate the compression of the 
spring in the second case to its 
potential energy, which equals its 
initial kinetic energy when released: 

Relate the compression of the spring 
in the first case to its potential 
energy, which equals its initial 
kinetic energy when released: 

Substitute to obtain: 


Solve for xi. 


17 • 

Picture the Problem Choose the zero of gravitational potential energy to be at the foot of 
the hill. Then the kinetic energy of the woman on her bicycle at the foot of the hill is equal 
to her gravitational potential energy when she has reached her highest point on the hill. 

Equate the kinetic energy of the 
rider at the foot of the incline and 
her gravitational potential energy 
when she has reached her highest 
point on the hill and solve for h\ 


jfflv 2 = mgh => h = — 
2g 


\kx 2 =\m 2 v 2 


= j{4m i)(3vi) 2 
= 18/77, V, 2 


\kx , = 1/7/jVf 
or 

777, Vf = kx\ 
jkxl = 18£xf 


6 x, 


Relate her displacement along the 


d = ht sind? 
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incline d to h and the angle of the 
incline: 


Substitute for h to obtain: 


Solve for d : 


dsmO 



d = 


Igsind 


Substitute numerical values and 

d = 

(10 m/s) 2 


evaluate d: 

2(9.81m/s 2 )sin3° 


and 

(c) is correct. 



*18 • 

Picture the Problem The diagram shows 
the pendulum bob in its initial position. Let 
the zero of gravitational potential energy be 
at the low point of the pendulum’s swing, 
the equilibrium position. We can find the 
speed of the bob at it passes through the 
equilibrium position by equating its initial 
potential energy to its kinetic energy as it 
passes through its lowest point. 



Equate the initial gravitational 
potential energy and the kinetic 
energy of the bob as it passes 
through its lowest point and solve 
for v: 


mg Ah = \ m v 2 
and 

v = y[2~gAh 


Express Ah in terms of the length L 
of the pendulum: 


Ah = 


L 

~4 


Substitute and simplify: 



19 • 

Picture the Problem Choose the zero of gravitational potential energy to be at the foot 
of the ramp. Let the system consist of the block, the earth, and the ramp. Then there are 
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no external forces acting on the system to change its energy and the kinetic energy of the 
block at the foot of the ramp is equal to its gravitational potential energy when it has 
reached its highest point. 

Relate the gravitational potential mgh = \ mv~ 

energy of the block when it has 

reached h, its highest point on the 

ramp, to its kinetic energy at the foot 

of the ramp: 


Solve for h: 


Relate the displacement d of the 
block along the ramp to h and the 
angle the ramp makes with the 
horizontal: 

Substitute for Jr. 


Solve for d\ 

Substitute numerical values and 
evaluate d: 



2 g 


d = hlsmd 


dsinO 


v 


2 


2 g 


d 

d 


2gsm0 

(7 m/s) 2 

2(9.81 m/s 2 )sin40° 


3.89 m 


20 • 

Picture the Problem Let the system consist of the earth, the block, and the spring. With 
this choice there are no external forces doing work to change the energy of the system. Let 
C/ g = 0 at the elevation of the spring. Then the initial gravitational potential energy of the 
3-kg object is transformed into kinetic energy as it slides down the ramp and then, as it 
compresses the spring, into potential energy stored in the spring. 


(a) Apply conservation of energy to 
relate the distance the spring is 
compressed to the initial potential 
energy of the block: 


W ext = AK + AU = 0 

and, because A K = 0, 
-mgh + \kx 2 = 0 


Solve for x: 
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Substitute numerical values and 
evaluate x: 


( b ) The energy stored in the 
compressed spring will accelerate 
the block, launching it back up the 
incline: 

21 • 

Picture the Problem With U s chosen to be zero at the uncompressed level of the spring, 
the ball’s initial gravitational potential energy is negative. The difference between the 
initial potential energy of the spring and the gravitational potential energy of the ball is 
first converted into the kinetic energy of the ball and then into gravitational potential 
energy as the ball rises and slows ... eventually coming momentarily to rest. 


/ 2(3kg)(9.81m/s 2 )(5 

m ) 

\ 400 N/m 

0.858m 


The block will retrace its path, 
rising to a height of 5 m. 


Apply the conservation of energy to — mgx + j kx 2 = nigh 

the system as it evolves from its 
initial to its final state: 


Solve for Jr. 


Substitute numerical values and 
evaluate h: 


, kx 2 

h =-x 

2mg 

(600N/m)(0.05m) 2 

n — —t -fy-r'v — u.Ujm 

2(0.015 kg)(9.81m/s‘) 

= 5.05m 


22 • 

Picture the Problem Let the system include the earth and the container. Then the work 
done by the crane is done by an external force and this work changes the energy of the 
system. Because the initial and final speeds of the container are zero, the initial and final 
kinetic energies are zero and the work done by the crane equals the change in the 
gravitational potential energy of the container. Choose U e = 0 to be at the level of the 
deck of the freighter. 


Apply conservation of energy to the W ext - AZs — AK + A U 

system: 


Because A K= 0: 


W ext = AU = mg Ah 
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Evaluate the work done by the crane: ^K xt ~ tngAh 

= (4000kg)(9.81m/s 2 )(-8 m) 
= -314kJ 


23 • 

Picture the Problem Let the system 
consist of the earth and the child. Then 
W ex t = 0. Choose U gg = 0 at the child’s 
lowest point as shown in the diagram to the 
right. Then the child’s initial energy is 
entirely kinetic and its energy when it is at 
its highest point is entirely gravitational 
potential. We can determine h from energy 
conservation and then use trigonometry to 
determine 9. 

Using the diagram, relate 9 to h and 
L: 

Apply conservation of energy to the 
system to obtain: 



(L-h) 




= cos 

1 — 

l L ) 


l LJ 


j/nvf -mgh = 0 


Solve for h: 


Substitute to obtain: 


Substitute numerical values and 
evaluate 9: 


h = ^~ 


2 g 


6 = cos - 


f \ 

1 — 


2gL 


6 = cos 


-1 


1 - 


(3.4 m/s) 
2(9.81 m/s 2 )(6m) 


2 > 

J 


= 25.6° 


*24 •• 

Picture the Problem Let the system include the two objects and the earth. Then W ext = 0. 
Choose U g = 0 at the elevation at which the two objects meet. With this choice, the initial 
potential energy of the 3-kg object is positive and that of the 2-kg object is negative. 
Their sum, however, is positive. Given our choice for U g = 0, this initial potential energy 
is transformed entirely into kinetic energy. 


W ext = AK + At7 g = 0 
or, because W ext = 0, 


Apply conservation of energy: 
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A K = -AC g 

Substitute for A K and solve for v f ; 
noting that m represents the sum of 
the masses of the objects as they are 
both moving in the final state: 

Express and evaluate A U g \ At/ g = U g{ - U gi 

= 0 - (3 kg - 2 kg)(0.5 m) 
x ( 9 . 8 1 m/s 2 ) 

= -4.91 J 


{mv f 2 -\invf = -AU g 
or, because v; = 0, 



Substitute and evaluate v f : 


= /—2(—4.91 J) = 

1.40 m/s 

i 5k g 



25 •• 

Picture the Problem The tree-body 
diagram shows the forces acting on the 
block when it is about to move. F sp is the 
force exerted by the spring and, because 
the block is on the verge of sliding,/j = 
Ts.max- We can use Newton’s 2 nd law, under 
equilibrium conditions, to express the 
elongation of the spring as a function of m, 
k and 9 and then substitute in the 
expression for the potential energy stored 
in a stretched or compressed spring. 

Express the potential energy of the 
spring when the block is about to 
move: 

Apply Zr = ma, under equilibrium 
conditions, to the block: 

Using/ Siltiax = jU s Fn and F sp = kx, 
eliminate/ s , max and F sp from the x 
equation and solve for x: 



U = \kx 2 


X F v = ^sp -/s,max ~ mg SlU 9 = 0 

and 

X F y = F n - mg cos 6 = 0 
_ mg(sin& + /j s cos 9) 

.X* — 

k 
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Substitute for x in the expression 
for U: 


U = \k 


mg (sin 9 + ju s cos 8) 


[mg(sin 0 + ju s cos &)] ‘ 
2k 


26 •• 

Picture the Problem The mechanical 
energy of the system, consisting of the 
block, the spring, and the earth, is initially 
entirely gravitational potential energy. Let 
U g = 0 where the spring is compressed 
15 cm. Then the mechanical energy when 
the compression of the spring is 15 cm will 
be partially kinetic and partially stored in 
the spring. We can use conservation of 
energy to relate the initial potential energy 
of the system to the energy stored in the 
spring and the kinetic energy of block 
when it has compressed the spring 15 cm. 



Apply conservation of energy to 
the system: 


AU + AK = 0 


or 


Urt-U t ,+U',-U',+K f -K i =0 


Because U g j- = £/ s j = K x = 0: - U gi + U s { + K f - 0 

Substitute to obtain: - mg(h + x) + \ kx 2 + \ mv 2 = 0 


Solve for v: 


' = J2g(/7 + x)- 


kx 2 


m 


Substitute numerical values and evaluate v: 


v = 



(3955 N/m)(0.15 m) 2 
2.4kg 


8.00 m/s 
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*27 •• 

Picture the Problem The diagram 
represents the ball traveling in a circular 
path with constant energy. U g has been 
chosen to be zero at the lowest point on the 
circle and the superimposed tree-body 
diagrams show the forces acting on the ball 
at the top and bottom of the circular path. 
We’ll apply Newton’s 2 nd law to the ball at 
the top and bottom of its path to obtain a 
relationship between T t and T B and the 
conservation of mechanical energy to 
relate the speeds of the ball at these two 
locations. 



Apply £ 

■^radial = radial t0 the bal1 

at the bottom of the circle and solve 
for T b : 


Apply Yj Radial = "^radial *> the ball 
at the top of the circle and solve for 
T t : 


Subtract equation (2) from equation 
(1) to obtain: 


Using conservation of energy, relate 
the mechanical energy of the ball at 
the bottom of its path to its 

mechanical energy at the top of the 

2 2 

V R V T 

circle and solve for m - m —: 

R R 

Substitute in equation (3) to obtain: 


T V B 

T b - mg ~m — 
and 

2 

T B =mg + m ^ (1) 

K 

T Vj 

l T + mg = m — 
r s R 

and 

2 

T\ = -mg + m ^ (2) 

2 

T b -T t = mg+ m X TT 
K 

v T 

- - mg + m — 

v R J 

2 2 

= m — - m — + 2 mg (3) 
R R 

jfflvg = y m y.| +mg(2R) 

2 2 

V D V T 

m — — m — = 4mg 
RR 


-T = 


6 mg 
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Picture the Problem Let U g = 0 at the 
lowest point in the girl’s swing. Then we 
can equate her initial potential energy to 
her kinetic energy as she passes through 
the low point on her swing to relate her 
speed v to R. The FBD show the forces 
acting on the girl at the low point of her 
swing. Applying Newton’s 2 nd law to her 
will allow us to establish the relationship 
between the tension T and her speed. 



Apply X Radial = radial the girl 
at her lowest point and solve for T: 


T - mg = m — 
R 

and 


T = mg + m — 
R 


Equate the girl’s initial potential 
energy to her final kinetic energy 

and solve for — : 

R 


R , , v 2 

mg— = \_mv-^ — = g 
Z K 


Substitute for v 2 /R 2 and simplify to 
obtain: 


T = mg + mg 


2 mg 


29 •• 

Picture the Problem The tree-body 
diagram shows the forces acting on the car 
when it is upside down at the top of the 
loop. Choose U s = 0 at the bottom of the 
loop. We can express F n in terms of v and 
R by apply Newton’s 2 nd law to the car and 
then obtain a second expression in these 
same variables by applying the 
conservation of mechanical energy. The 
simultaneous solution of these equations 
will yield an expression for F n in terms of 
known quantities. 





t 1 


mg 


Apply 

“^radial = ^radial t0 the Car 

at the top of the circle and solve for 


F n + m g = fn — 
R 


and 
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Using conservation of energy, relate 
the energy of the car at the 
beginning of its motion to its energy 
when it is at the top of the loop: 

2 

V 

Solve for m —: 

R 


mgH = \mV +mg(lR ) 


m — = 2 mg 
R 


H 

R 


\ 

2 


Substitute equation (2) in equation 
(1) to obtain: 


F n = 2 mg 

f 

= mg 

V 


f— 

2 H 
R 



J 


5 


J 


( 2 ) 


Substitute numerical values and evaluate F n : 


F = 


(1500kg) (9.81 m/s 2 ) 


_ 2(23m) " 

= 1.67xl0 4 N => 

(c) is correct. 

7.5m 




30 • 

Picture the Problem Let the system 
include the roller coaster, the track, and the 
earth and denote the starting position with 
the numeral 0 and the top of the second hill 
with the numeral 1. We can use the work- 
energy theorem to relate the energies of the 
coaster at its initial and final positions. 


1 



(a) Use conservation of energy to JU ext = A E s s = A K + AU 

relate the work done by external 
forces to the change in the energy of 
the system: 

Because the track is ffictionless, A K + AU = 0 

Wex t = 0: and 

K i -K o +U l -U o =0 


Substitute to obtain: 
Solve for v 0 : 


\mv 2 - \mv\ + mgh l - mgh 0 = 0 
v o = V v i 2 +2 g{K-h 0 ) 
v 0 = pg{h l -h 0 ) 


If the coaster just makes it to the top 
of the second hill, iq = 0 and: 


















Substitute numerical values and 
evaluate v 0 : 
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v 0 = ^2(9.81 m/s 2 )(9.5 m - 5 m) 


9.40 m/s 


No. Note that the required speed depends only on the difference 
in the heights of the two hills. 

31 •• 

Picture the Problem Let the radius of the ' 

loop be R and the mass of one of the riders 



be m. At the top of the loop, the centripetal 
force on her is her weight (the force of 


gravity). The two forces acting on her at 


the bottom of the loop are the normal force 
exerted by the seat of the car, pushing up, 


and the force of gravity, pulling down. We 
can apply Newton’s 2 nd law to her at both 
the top and bottom of the loop to relate the 
speeds at those locations to m and R and, at 
b, to F, and then use conservation of 
energy to relate v, and v b . 


Apply ^radial = Md radial *0 the 


F - mg = m 


rider at the bottom of the circular 
arc: 


Solve for F to obtain: 


_ v . 

r = mg + m — 


( 1 ) 



mg = in — 


rider at the top of the circular arc: 


2 

Solve for v t : 



Use conservation of energy to relate 
the energies of the rider at the top 
and bottom of the arc: 



Substitute to obtain: 


Solve for : 



Substitute in equation (1) to obtain: 


F = mg + m = 6 mg 


i.e., the rider will feel six times heavier 
than her normal weight. 
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*32 •• 

Picture the Problem Let the system 
consist of the stone and the earth and 
ignore the influence of air resistance. Then 
W ex t = 0. Choose U g = 0 as shown in the 
figure. Apply the law of the conservation 
of mechanical energy to describe the 
energy transformations as the stone rises to 
the highest point of its trajectory. 



Apply conservation of energy: 


Because Uo = 0: 

Substitute to obtain: 

In the absence of air resistance, the 
horizontal component of v is 
constant and equal to v x = vcosd. 
Hence: 

Solve for v: 


Substitute numerical values and 
evaluate v: 


W ext = AK + AU = 0 
and 

Ki-K q +U 1 -U q = 0 
K l -K 0 +U l = 0 
\mv 2 -\mv 2 +mgH = 0 
\m{y cos 0\ —\mv 2 +mgH = 0 



33 •• 

Picture the Problem Let the system 
consist of the ball and the earth. Then 
If ext = 0. The figure shows the ball being 
thrown from the roof of a building. Choose 
U g = 0 at ground level. We can use the 
conservation of mechanical energy to 
determine the maximum height of the ball 
and its speed at impact with the ground. 

We can use the definition of the work done 
by gravity to calculate how much work was 
done by gravity as the ball rose to its 
maximum height. 


y 



W ext =AK + AU = 0 


(a) Apply conservation of energy: 
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or 


K 2 -K l +U 2 -U x =0 

Substitute for the energies to obtain: 

\mv] -\mv[ +mgh 2 - mgh ] = 0 

Note that, at point 2, the ball is 

v 2 = Vj cos 0 

moving horizontally and: 


Substitute for v 2 and h 2 : 

\m(v x cos6*y -\mv\ + mgH 


- mgh l = 0 

Solve for H\ 



H = h, -(cos 2 ^-!) 


2g V ’ 

Substitute numerical values and 

H = 12 m ( 3Qm/s ) . ( cos 2 40 ° i) 

evaluate H\ 

2(9.81m/s 2 ) V ; 


= 31.0m 

(,b ) Using its definition, express the 

W t =-AU=-(u„-U h ) 

work done by gravity: 

= -{mgH - mgh ] ) = -mg(H - h t ) 

Substitute numerical values and 
evaluate W g : 

W & = -(0.17 kg)(9.81 m/s 2 )(31 m -12 m 

= -31.7 J 


(c ) Relate the initial mechanical 

j mv\ + mgk = j mVf 

energy of the ball to its just-before- 


impact energy: 


Solve for vf. 

v f = Jvr +2gh i 

Substitute numerical values and 

v f = -J(30m/s) 2 +2(9.81 m/s 2 )(l2m) 

evaluate Vf 

= 33.7m/s 
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34 •• 

Picture the Problem The figure shows the 
pendulum bob in its release position and in 
the two positions in which it is in motion 
with the given speeds. Choose U g = 0 at 
the low point of the swing. We can apply 
the conservation of mechanical energy to 
relate the two angles of interest to the 
speeds of the bob at the intermediate and 
low points of its trajectory. 

(a) Apply conservation of energy: W exi = A K + A U = 0 

or 

K f -K { +U { -U- =0 
where U { and K { equal zero. 
:.K { -U x = 0 

Express U { \ U t = mgh = mgL{\ - cos 6 () ) 



Substitute for K, and U,\ 


\ mv\ - mgL{\ - cos 6 0 ) = 0 


Solve for 9g. 


0^ = cos 


.2 A 


2gL 


Substitute numerical values and 
evaluate dg. 


6 0 = cos 1 1 


(2.8 m/s) 2 

2(9.81 m/s 2 )(0.8m) 


60.0° 


(. b ) Letting primed quantities 
describe the indicated location, use 
the law of the conservation of 
mechanical energy to relate the 
speed of the bob at this point to 9 : 

Express U/: 

Substitute for K/, U/ and U I : 


K/-K 1 +U { '-U I =0 
where K i = 0. 

:.K t ' + U t ’-U i =0 

U/ = mgh = mgL( 1 - cos 6) 

+ mgL(\ - cos 6) 

- mgL{ 1 - cos 6 0 ) = 0 
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Solve for 6 : 


6 = cos 1 



+ cos 9 0 


Substitute numerical values and 
evaluate 9: 


6 = cos 1 


(l .4 m/s) 2 

2(9.81m/s 2 )(0.8m) 


+ cos60 c 


51.3 C 


*35 •• 

Picture the Problem Choose U g = 0 at 
the bridge, and let the system be the earth, 
the jumper and the bungee cord. Then 
W ext = 0. Use the conservation of 
mechanical energy to relate to relate her 
initial and final gravitational potential 
energies to the energy stored in the 
stretched bungee, U s cord. In part ( b ), 
we’ll use a similar strategy but include a 
kinetic energy term because we are 
interested in finding her maximum speed. 


Bridge 



I U ,-0 


Final position 


(a) Express her final height h above 
the water in terms of L, d and the 
distance x the bungee cord has 
stretched: 

Use the conservation of mechanical 
energy to relate her gravitational 
potential energy as she just touches 
the water to the energy stored in the 
stretched bungee cord: 

Solve for k\ 

Find the maximum distance the 
bungee cord stretches: 

Evaluate k: 


h = L — d —x (1) 


W ext = AK + AU = 0 

Because AK = 0 and AU= AU g + AU S , 
- mgL + j kx~ = 0, 

where x is the maximum distance the 
bungee cord has stretched. 

2 mgL 

x = 310m-50m = 260 m. 

. _ 2(60kg)(9.81 m/s 2 )(310m) 
(260m) 2 


= 5.40 N/m 
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Express the relationship between the 
forces acting on her when she has 
finally come to rest and solve for x: 

Evaluate x: 


Ket = kx - m g = 0 

and 

x = ^ 
k 

t = (60kg)(9.81m/r) = 109m 
5.40 N/m 


Substitute in equation (1) and 
evaluate Jr. 


h 


= 310 m-50m-109m = 


151m 


(. b ) Using conservation of energy, E = K + U g +U s =E i =0 

express her total energy E: 


Because v is a maximum when AT is K — —U g - U s 

a maximum, solve for K:: = mg (d + x )-\kx 2 


( 1 ) 


Use the condition for an extreme 
value to obtain: 


dK 

— = mg 
dx 


lex = 0 for extreme values 


Solve for and evaluate x: 


mg = (60kg)(9.81m/s 2 ) = 1Q9m 
k 5.40 N/m 


From equation (1) we have: 


- mv 


= mg{d + x)-\kx 2 


Solve for v to obtain: 



kr_ 

m 


Substitute numerical values and evaluate v for x = 109 m: 


v = 



(5.4 N/m) (l 09 m) 2 
60 kg 


45.3m/s 


d 2 K 

dx 2 


Because 


k < 0, x = 109 m corresponds to K m!a and so v is a maximum. 
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36 •• 

Picture the Problem Let the system be the 
earth and pendulum bob. Then W ext = 0. 
Choose U s = 0 at the low point of the bob’s 
swing and apply the law of the 
conservation of mechanical energy to its 
motion. When the bob reaches the 30° 
position its energy will be partially kinetic 
and partially potential. When it reaches its 
maximum height, its energy will be 
entirely potential. Applying Newton’s 2 nd 
law will allow us to express the tension in 
the string as a function of the bob’s speed 
and its angular position. 

(a) Apply conservation of energy to 
relate the energies of the bob at 
points 1 and 2: 

Because U\ = 0: 

Express U 2 : 

Substitute for U 2 to obtain: 

Solve for v 2 : 



W ext =AK + AU = 0 
or 

K 2 -K l +U 2 -U l = 0 

j mv 2 - j mv \ + U 2 = 0 
U 2 = mgL(\ - cos 0) 

jmv 2 - j mv j 2 + mgL(\ - cos 0) = 0 
v 2 = yjv j 2 - 2gL( \ - cos 6) 


Substitute numerical values and evaluate v 2 : 


Vt = 


J (4.5 m/s) 1 - 2(9.81 m/s 1 )(3 m)(l - cos30°) 


3.52m/s 


( b ) From (a) we have: 

Substitute numerical values and 
evaluate U 2 : 

(c ) Apply Y, ■^radial = m «radial t0 the b ° b t0 
obtain: 

Solve for T: 


U 2 = mg L (1 -cosO) 

U 2 = (2kg)(9.81m/s 2 )(3m)(l-cos30°) 


7.89J 


T - mg cos 6 = m -j- 


T = m 


gcos6* + 


.2 A 


T 
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Substitute numerical values and evaluate T: 


T = (2 kg{ (9.81 m/s 2 )cos30° + ( 3 - 52lll/s ) 

3m 


25.3N 


(d) When the bob reaches its greatest 

u = u m ., = mgi{\ - cos 9 mm ) 

height: 

and 


^l+^nax=0 

Substitute for K\ and (7 max 

- \ mv] + mgL (l - cos 0 max ) = 0 

Solve for 0 rmx : 

f 2 ^ 

0 max = cos' 1 - 

l 2 S L ) 


Substitute numerical values and 
evaluate 9 max : 




- cos 


(4.5 m/s) 2 
2(9.81 m/s 2 )(3m) 


49.0° 


37 •• 

Picture the Problem Let the system 
consist of the earth and pendulum bob. 
Then W ext = 0. Choose U s = 0 at the bottom 
of the circle and let points 1, 2 and 3 
represent the bob’s initial point, lowest 
point and highest point, respectively. The 
bob will gain speed and kinetic energy 
until it reaches point 2 and slow down until 
it reaches point 3; so it has its maximum 
kinetic energy when it is at point 2. We can 
use Newton’s 2 nd law at points 2 and 3 in 
conjunction with the law of the 
conservation of mechanical energy to find 
the maximum kinetic energy of the bob and 
the tension in the string when the bob has 
its maximum kinetic energy. 



(a) Apply 

^ j “^radial = "^radial *> the mg = m i 

bob at the top of the circle and solve L 

for v 2 : and 

C = gL 
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Use conservation of energy to 
express the relationship between K 2 , 
K 2 and Ui and solve for K 2 : 


Substitute for v 3 and simplify to 
obtain: 

(b) Apply 

"^radial = ^radial t0 the 

bob at the bottom of the circle and 
solve for T 2 : 


K 3 -K 2 + U 3 -U 2 = 0 where U 2 = 0 
Therefore, 

K 2 =K max =K 3 +U 3 
= \mv 3 + mg\2L) 


^max =\m{gL)+2mgL 


f nigL 


77 T’ V 2 

F n« = T i ~mg = vi¬ 
and 

T 4- V 2 

1 2 = mg + m — 


( 1 ) 


Use conservation of energy to relate 
the energies of the bob at points 2 
and 3 and solve for K 2 : 


K 3 -K 2 +U 3 -U 2 = 0 where U 2 = 0 

k 2 =k 3 +u 3 

= \mv] +mg(2L ) 


Substitute for v 3 and K 2 and solve \ mv \ ~ \m(gL) + m g(2L) 

for v,: and 

v 2 2 =5 gL 


Substitute in equation (1) to obtain: 


T = 
1 2 


6mg 


38 •• 

Picture the Problem Let the system 
consist of the earth and child. Then 
(Text = 0. In the figure, the child’s initial 
position is designated with the numeral 1 ; 
the point at which the child releases the 
rope and begins to fall with a 2 , and its 
point of impact with the water is identified 
with a 3. Choose U g = 0 at the water level. 
While one could use the law of the 
conservation of energy between points 1 
and 2 and then between points 2 and 3, it is 
more direct to consider the energy 
transformations between points 1 and 3. 
Given our choice of the zero of 
gravitational potential energy, the initial 
potential energy at point 1 is transformed 
into kinetic energy at point 3. 



T 

h 

i 
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Apply conservation of energy to the 
energy transformations between 
points 1 and 3: 

Substitute for /C and U\, 

Solve for V 3 : 


W ext = AX + AU = 0 
K.-K.+U.-U^O 
where U 2 and if,are zero. 

4- mV, - mg[h + L{\ - cos 6*)] = 0 
v 3 = sj2g\h + Z(l - cos 0 )J 


Substitute numerical values and evaluate V 3 : 


V 2 

9.81m/s 2 ) 

3.2m + (l0.6m)(l-cos23°)] = 

8.91m/s 


*39 •• 

Picture the Problem Let the system 
consist of you and the earth. Then there are 
no external forces to do work on the system 
and W ext = 0. In the figure, your initial 
position is designated with the numeral 1 , 
the point at which you release the rope and 
begin to fall with a 2 , and your point of 
impact with the water is identified with a 3. 
Choose C/ g = 0 at the water level. We can 
apply Newton’s 2 nd law to the forces acting 
on you at point 2 and apply conservation of 
energy between points 1 and 2 to determine 
the maximum angle at which you can begin 
your swing and then between points 1 and 
3 to determine the speed with which you 
will hit the water. 



(a) Use conservation of energy to 
relate your speed at point 2 to your 
potential energy there and at point 1 : 

Because K\ = 0: 


W ext = AK + AU = 0 
or 

K 2 - K x + U 2 - U x = 0 
4- mv 2 + mgh 

- [mgL( 1 - cos 6) + mgh\ = 0 


Solve this equation for 6 : 


6 = cos - 


1- V2 


2gL 


Apply 

“^radial = "^radial *> 


rji V 2 

1 - mg = m -j- 


CD 
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yourself at point 2 and solve for T: 


Because you’ve estimated that the 
rope might break if the tension in it 
exceeds your weight by 80 N, it 
must be that: 


Let’s assume your weight is 650 N. 
Then your mass is 66.3 kg and: 

Substitute numerical values in 
equation (1) to obtain: 


and 

2 

rji , Vj 

1 = mg + in -j- 


m — = 80N 


L 


or 


_ (SON)! 


m 


_ (80N)(4.6m)_ 


66.3kg 


= 5.55 nr/s 


2/„2 


6 = cos 1 


1 - 


5.55m 2 /s 2 


2(9.81 m/s 2 )(4.6 m) 


= 20.2 C 


(b) Apply conservation of energy to 
the energy transformations between 
points 1 and 3: 

Substitute for and U\ to obtain: 
Solve for v 3 : 


W ext =AK + AU = 0 

K 3 - K\ +U 3 - U l =0 where U 3 and 

ifj are zero 

jmv\ - ing[h + L{\ - cos 6 f\ = 0 
v 3 = y[2g h + Z(l - cos 9) 


Substitute numerical values and evaluate v 3 : 


V 2 I 

(9.81m/s 2 ) 

1.8m + (4.6m)(l-cos20.2°)] = 

6.39m/s 
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40 •• 

Picture the Problem Choose U g = 0 at 
point 2, the lowest point of the bob’s 
trajectory and let the system consist of the 
bob and the earth. Given this choice, there 
are no external forces doing work on the 
system. Because 6« 1, we can use the 
trigonometric series for the sine and cosine 
functions to approximate these functions. 
The bob’s initial energy is partially 
gravitational potential and partially 
potential energy stored in the stretched 
spring. As the bob swings down to point 2 
this energy is transformed into kinetic 
energy. By equating these energies, we can 
derive an expression for the speed of the 
bob at point 2. 

Apply conservation of energy to the 
system as the pendulum bob swings 
from point 1 to point 2: 

Note, from the figure, thatx ~ LsinO 
when 9 « 1: 

Also, when 9« 1: 



\mv\ =jkx 2 +mgL( 1-cos#) 

\mv\ = \k(LsmO) 2 + mgZ(l-cos#) 
sin# « 6 and cos 6 » 1 -y# 2 



Substitute, simplify and solve for V 2 '. 







Conservation of Energy 465 


41 ••• 

Picture the Problem Choose U g = 0 at 
point 2, the lowest point of the bob’s 
trajectory and let the system consist of 
the earth, ceiling, spring, and pendulum 
bob. Given this choice, there are no 
external forces doing work to change 
the energy of the system. The bob’s 
initial energy is partially gravitational 
potential and partially potential energy 
stored in the stretched spring. As the 
bob swings down to point 2 this energy 
is transformed into kinetic energy. By 
equating these energies, we can derive 
an expression for the speed of the bob 
at point 2. 

Apply conservation of energy to the 
system as the pendulum bob swings 
from point 1 to point 2: 



\mv 2 =\kx 1 + /?zgZ(l-cos#) (1) 


Apply the Pythagorean theorem to the 


(x + |z ) 2 = Z 2 sin 2 # + (-§■ cos#) 2 J = 


lower triangle in the diagram to obtain: 
Z 2 [sin 2 6* +1 - 3 cos 6* + cos 2 #] = Z 2 (^- 


3 cos#) 


Take the square root of both sides of x + \L = 3 cos 6*) 

the equation to obtain: 


Solve forx: 


x = z[ A /(^- 3cos#)-|] 


Substitute forx in equation (1): 


\mvl = f kL 


3 cos#)-! +mgL (1 -cos#) 


Solve for v 2 to obtain: 


2 gZ(l-cos#)+— Z 2 Jjy-3cos# -j 
m 

= Z 2 2—(l-cos#)+—(j^--3cos# -|) 
Z m vv ’ 
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Finally, solve for V 2 : 


v 


2 
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42 • 

Picture the Problem The energy of the eruption is initially in the form of the kinetic 
energy of the material it thrusts into the air. This energy is then transformed into 
gravitational potential energy as the material rises. 

(a) Express the energy of the E = mgAh 

eruption in terms of the height Ah to 
which the debris rises: 


Relate the density of the material to 
its mass and volume: 


m 



Substitute for m to obtain: 


E = pVgAh 


Substitute numerical values and evaluate E : 


E = (l600kg/m 3 )(4km 3 )(9.81m/s 2 )(500m) 


3.14xlO l6 J 


( b ) Convert 3.13xl0 16 J to megatons of TNT: 


3.14x10 16 J = 3.14x10 16 Jx 


lMton TNT 
4.2 x IO 13 J 


7.48Mton TNT 


43 •• 

Picture the Problem The work done by the student equals the change in his/her 
gravitational potential energy and is done as a result of the transformation of metabolic 
energy in the climber’s muscles. 


A U = mgAh 

= (80kg)(9.81m/s 2 )(l20 m) 
= 94.2kJ 


(a) The increase in gravitational 
potential energy is: 
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The energy required to do this work comes from chemical energy stored in 
the body. 




(c) Relate the chemical energy 
expended by the student to the 
change in his/her potential energy 

and solve for E: 

0.2E = AU 

and 

E = 5AU = 5(94.2 kj)= 471kJ 

Kinetic Friction 



44 • 

Picture the Problem Let the car and the earth be the system. As the car skids to a stop on 
a horizontal road, its kinetic energy is transformed into internal (i.e., thermal) energy. 
Knowing that energy is transformed into heat by friction, we can use the definition of the 
coefficient of kinetic friction to calculate its value. 


(a) The energy dissipated by friction 
is given by: 

fa = ^t hem 

Apply the work-energy theorem for 
problems with kinetic friction: 

K, = A^mech + ^hherm = '^mech + 

or, because AE mech = AK = -K { and 

w ex t = 0, 

0 = -\mv\ + fAs 

Solve for fAs to obtain: 

fAs = 

Substitute numerical values and 

evaluate fAs: 

fAs =\ (2000 kg)(25 m/s) 2 = 625 kJ 

(b ) Relate the kinetic friction force to 

the coefficient of kinetic friction and 
the weight of the car and solve for 

the coefficient of kinetic friction: 

f 

k = Ac mg => Ac = — 
mg 

Express the relationship between the 
energy dissipated by friction and the 
kinetic friction force and solve f: 

A f 

AE therm = f k As => / k = — 

Ax 

Substitute to obtain: 

jj _ ^^therm 

mgAs 
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Substitute numerical values and 
evaluate // k : 


625 kJ 

“ (2000 kg)(9.81 m/s 2 )(60 m) 

= 0.531 


45 • 

Picture the Problem Let the system be the 
sled and the earth. Then the 40-N force is 
external to the system. The tree-body 
diagram shows the forces acting on the sled 
as it is pulled along a horizontal road. The 
work done by the applied force can be 
found using the definition of work. To find 
the energy dissipated by friction, we’ll use 
Newton’s 2 nd law to determine/ k and then 
use it in the definition of work. The change 
in the kinetic energy of the sled is equal to 
the net work done on it. Finally, knowing 
the kinetic energy of the sled after it has 
traveled 3 m will allow us to solve for its 
speed at that location. 



(a) Use the definition of work to 
calculate the work done by the 
applied force: 


W ext = F -s = Fs cos 6 
= (40N)(3m)cos30° 


104 J 


( b ) Express the energy dissipated by A^therm = /At = / 4 C n Ax 

friction as the sled is dragged along 
the surface: 


Apply ^F v = ma v to the sled and 
solve for F n : 

Substitute to obtain: 

Substitute numerical values and 
evaluate A/Cicm.: 


F n + F sin 6* - mg = 0 
and 

F n = mg ~ F sin 6 

A^therm = ~ F sin 6) 

A^ them = (0.4)(3m)[(8kg)(9.81m/s 2 ) 
-(40N)sin30 o ] 

= 70.2 J 


(c) Apply the work-energy theorem 


^ext = A^mech + A^ therm = A£ mech + fAs 
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for problems with kinetic friction: 


or, because Ais mech = A K + A U and 


AU= 0, 

W ext =AK + AE t 


therm 


Solve for and evaluate A K to obtain: 


= W ext - A£’ therm = 104 J - 70.2 J 


therm 


33.8 J 


(d) Because K, = 0: 


K f =AK = \mv~ 


Solve for v f : 



2A K 


m 


Substitute numerical values and 
evaluate 



2(33.8J) 
8 kg 


2.91m/s 


*46 • 

Picture the Problem Choose U g = 0 at the foot of the ramp and let the system consist of 
the block, ramp, and the earth. Then the kinetic energy of the block at the foot of the 
ramp is equal to its initial kinetic energy less the energy dissipated by friction. The 
block’s kinetic energy at the foot of the incline is partially converted to gravitational 
potential energy and partially dissipated by friction as the block slides up the incline. The 
free-body diagram shows the forces acting on the block as it slides up the incline. 
Applying Newton’s 2 nd law to the block will allow us to determine fy and express the 
energy dissipated by friction. 


\ 



x 



(a) Apply conservation of energy to 
the system while the block is 
moving horizontally: 


^Kxt — AEjnech + Afi therm 


therm 


= AK + AU + fAs 


or, because A U= W ext = 0, 

0 = AK + fAs = K { -K t + fAs 


Solve for K { : 


K { = K t - fAs 
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Substitute for K { , K { , and fAs to |/nv f 2 = \mvf - ju k mgAx 

obtain: 


Solving for Vf yields: 


<Jv?-2/u k gAx 


Substitute numerical values and 
evaluate v f : 


v f = ^l(7m/s) 2 -2(0.3)(9.81m/s 2 )(2m) 
= 6.10m/s 


( b ) Apply conservation of energy to 
the system while the block is on the 
incline: 

Apply I F y = ma v to the block 
when it is on the incline: 

Express fAs: 

The final potential energy 
of the block is: 

Substitute for Uf, U\, and fAs to 
obtain: 

Solving for L yields: 


Substitute numerical values and 
evaluate L\ 


^Kxt — A^mech + therm 

= AK + AU + fAs 

or, because K { = W ext = 0, 

0 = -K i +AU + fAs 

F n - mg cos 0 = 0 => F n = mg cos 6 

,/A.v = f L = /j k F n L = jU k mgL cos 6 
U f = mgL sin 6 

0 = -K x + mgL sin 6 + /u k mgL cos 6 


g(sin6 , + /j k cos 6) 

\ (6.10 m/s) 2 

(9.81 m/s 2 )(sin40 o + (0.3)cos40°) 

= 2.17m 


47 • 

Picture the Problem Let the system include the block, the ramp and horizontal surface, 
and the earth. Given this choice, there are no external forces acting that will change the 
energy of the system. Because the curved ramp is frictionless, mechanical energy is 
conserved as the block slides down it. We can calculate its speed at the bottom of the 
ramp by using the law of the conservation of energy. The potential energy of the block at 
the top of the ramp or, equivalently, its kinetic energy at the bottom of the ramp is 
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converted into thermal energy during its slide along the horizontal surface. 


(a) Choosing U g = 0 at point 2 and 
letting the numeral 1 designate the 
initial position of the block and the 
numeral 2 its position at the foot of 
the ramp, use conservation of 
energy to relate the block’s potential 
energy at the top of the ramp to its 
kinetic energy at the bottom: 

Solve for V 2 to obtain: 


W = AE . + A E th 

ext mech therm 


or, because W ext = K i = U f = AE therm = 0, 
0 = \ m vl - mgAh = 0 


v 2 =^|2gAh 


Substitute numerical values and 
evaluate v 2 : 


^2 


yj 2(9.81 m/s 2 )(3m) 


7.67 m/s 


(. b ) The energy dissipated by friction 
is responsible for changing the 
thermal energy of the system: 

Because AK = 0 for the slide: 

Substitute numerical values and 
evaluate W{. 


W f + AK + AU = AE therm + AK + AU = 0 

W { =-A U = -(U 2 -U 1 ) = U 1 

W f = mgAh = (2kg)(9.81m/s 2 ](3m) 

= 58.9J 


(c) The energy dissipated by friction ^therm ~ ~ E\„ mg Ax 

is given by: 


Solve for ju k : 




AE 


therm 


mgAx 


Substitute numerical values and 
evaluate /u k . 




58.9 J 

(2kg)(9.81m/s 2 )(9 m) 


0.333 


48 •• 

Picture the Problem Let the system consist of the earth, the girl, and the slide. Given 
this choice, there are no external forces doing work to change the energy of the system. 
By the time she reaches the bottom of the slide, her potential energy at the top of the slide 
has been converted into kinetic and thermal energy. Choose 

U g = 0 at the bottom of the slide and denote the top and bottom of the slide as shown in 
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the figure. We’ll use the work-energy theorem with friction to relate these quantities and 
the forces acting on her during her slide to determine the friction force that transforms 
some of her initial potential energy into thermal energy. 



(a) Express the work-energy 
theorem: 

W ext =AK + AU + AE therm =0 

Because U 2 = K t = W ext = 0: 

0 = K 2 -U l +AE therm =0 


or 


ACtherm = U X -K 2 = mgAh-\mv\ 


Substitute numerical values and evaluate AE theim : 


A^therm = (20 l<g)(9.81 m/s 2 )(3.2 m)—£(20 kg)(l .3 m/s) 2 


611J 


( b ) Relate the energy dissipated by 
friction to the kinetic friction force 
and the distance over which this 
force acts and solve for // k : 


A^therm = = M^As 

and 


/4 = 


A E, 


therm 


FAs 


Apply ^ F, = ma v to the girl and F n - mg cos 6 = 0^>F n = mg cos # 

solve for F n : 


Referring to the figure, relate Ah to 
As and &. 


As 


Ah 

sin# 


Substitute for As and F n to obtain: 


/4 


A E 


therm 


Ah 

mg -cos # 

sin# 


A E 


therm tan g 

mgAh 


Substitute numerical values and evaluate /a: 
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(611j)tan20° 

^ k (20 kg)(9.81m/s 2 )(3.2 m) 


0.354 


49 •• 

Picture the Problem Let the system consist of the two blocks, the shelf, and the earth. 
Given this choice, there are no external forces doing work to change the energy of the 
system. Due to the friction between the 4-kg block and the surface on which it slides, not 
all of the energy transformed during the fall of the 2-kg block is realized in the form of 
kinetic energy. We can find the energy dissipated by friction and then use the work- 
energy theorem with kinetic friction to find the speed of either block when they have 
moved the given distance. 


(a) The energy dissipated by friction 

^therm = f As = /V«l ST 

when the 2-kg block falls a distance 



y is given by: 



Substitute numerical values and 

A£* m =(0.35X4kgX9.81m/s ! )b 

evaluate AL thcriT1 : 

= (13.7N )y 


(b ) From the work-energy theorem 

W =AE . + A E th 

ext ^^mech therm 

with kinetic friction we have: 

or, because W ext = 0, 



^^mech = ~^^therm = 

-(13.7N )y 

(c) Express the total mechanical 

t(/h, +m 2 )v 2 -m 2 gy 

- _A f 

' thenn 

energy of the system: 



Solve for v to obtain: 

12(m 2 gy - A£ , therm ) 


( 1 ) 


Substitute numerical values and evaluate v: 


v = . 


(2kg)(9.81m/s 2 )(2m)-(l3.73N)(2m) 


4kg + 2kg 




= 

1.98 m/s 


*50 •• 

Picture the Problem Let the system consist of the particle, the table, and the earth. Then 
(Text = 0 and the energy dissipated by friction during one revolution is the change in the 
thermal energy of the system. 

(a) Apply the work-energy theorem W ext = A K + AU + A E thenn 
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with kinetic friction to obtain: 


Substitute for A K { and simplify to 
obtain: 


(b) Relate the energy dissipated by 
friction to the distance traveled and 
the coefficient of kinetic friction: 


or, because A U= W ext = 0, 


0 


AK + AE 


therm 


A E 


therm 


= “(i tn Vf - j mv \) 

= -[>(ivo) 2 -4m(v 0 ) 2 ] 


8 rn v 0 


A^therm = f&s = jU k mgAs = /u k mg{lnr) 


Substitute for A E and solve for // k to 
obtain: 


/4 


_ ^gtherm _ I _ 

2 mngr 2migr 


3 v n 2 


16;zgr 


Because it lostin one revolution, it will only require another 1/3 
revolution to lose the remaining \K { . 


51 •• 

Picture the Problem The box will slow 
down and stop due to the dissipation of 
thermal energy. Let the system be the 
earth, the box, and the inclined plane and 
apply the work-energy theorem with 
friction. With this choice of the system, 
there are no external forces doing work to 
change the energy of the system. The free- 
body diagram shows the forces acting on 
the box when it is moving up the incline. 

Apply the work-energy theorem 
with friction to the system: 

Substitute for A K, A U, and AL/herm to 
obtain: 

Referring to the FBD, relate the 
normal force to the weight of the 
box and the angle of the incline: 

Relate Ah to the distance L along the 


y 

\ 



^ — AEmech + AE ±erm 
= AK + AU + AE thenn 

0 = 4 mv\ - j mvg + mg Ah + ju k F n L (1) 


F n = mg cos 6 


Ah = L sin 0 
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incline: 

Substitute in equation (1) to obtain: 


Solving equation (2) for L yields: 


Substitute numerical values and 
evaluate L: 


Let v f represent the box’s speed as it 
passes its starting point on the way 
down the incline. For the block’s 
descent, equation (2) becomes: 

Set vi = 0 (the block starts from rest 
at the top of the incline) and solve 
for Vf: 


ju k mgL cos 6 + \ mv] - \ mv] 

+ mgL sin 6 = 0 


2 g(// k cos 6 + sin 0) 

(3.8 m/s) 2 

~ 2(9.81 m/s 2 |(0.3)cos37 o + sin37°] 
= 0.875 m 


ju k mgL cos 0 + \ mv] - \ mv] 

- mgL sin 0 = 0 


w = 


y]2gL (sin 9- ii k cos 6) 


Substitute numerical values and evaluate v f : 


v f 


72(9.8 lm/s 2 )(0.8 75 m)[sin3 7° - (OjjcosST 3 ]] 


2.49m/s 


52 ••• 

Picture the Problem Let the system 
consist of the earth, the block, the incline, 
and the spring. With this choice of the 
system, there are no external forces doing 
work to change the energy of the system. 
The tree-body diagram shows the forces 
acting on the block just before it begins to 
move. We can apply Newton’s 2 nd law to 
the block to obtain an expression for the 
extension of the spring at this instant. 
We’ll apply the work-energy theorem with 
friction to the second part of the problem. 

(a) Apply Zr = ma to the block 



Z F x = Spring - /s,max “ ^0 = 0 
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when it is on the verge of sliding: and 

'Y j F y = F n - mg cos 6 = 0 


Eliminate C n ,/ S , max , and F spdng 
between the two equations to 
obtain: 

Solve for and evaluate d : 


kd - jU s mg cos 6 - mg sin 0 = 0 


d = 


ni ^- (sin 0 + ju s cos 6) 
k 


( b ) Begin with the work-energy 
theorem with friction and no work 
being done by an external force: 

Because the block is at rest in both 
its initial and final states, A K = 0 
and: 

Let U g = 0 at the initial position of 
the block. Then: 

Express the change in the energy 
stored in the spring as it relaxes to 
its unstretched length: 

The energy dissipated by friction is: 


Substitute in equation (1) to obtain: 


K, — ^hnech + ^hheim 

= AK + AU g +AU s +AE thenn 
AU g +AU s + AE them = 0 (1) 


AU g = U g ,final “^.initial = ™g h ~ 0 

= mgd sin 6 

AU =U r =0 -\kd 2 

s s,final s, initial 2 

= -\kd 2 

^therm = = ~A d = 

= ~/j k mgd cos 6 

mgd sin 6 - \ kd 2 - /u k mgd cos 6 = 0 


Finally, solve for // k : 


Fk = 


i(tan 0~/u s ) 


Mass and Energy 

53 • 

Picture the Problem The intrinsic rest energy in matter is related to the mass of matter 
through Einstein’s equation E 0 = me 2 . 




(a) Relate the rest mass consumed 
to the energy produced and solve 
for and evaluate m: 
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E 0 = me 1 

= (lxl(T 3 kg)(3xl0 8 m/s) 2 
= 9.00 x10 13 J 


(b) Express kW-h in joules: 


Convert 9xl0 13 J to kW-h: 


Determine the price of the electrical 
energy: 


1 kW • h = (l x 10 3 J/s)(l h)(3600 s/h) 
= 3.60xl0 6 J 


9x10 13 J 


(9xl0 13 j) 


lkW-h 
3.60xl0 6 J 


2.50xl0 7 kW-h 


J 


Price = 



$ 0 . 10 ^ 
kW -h y 


$2.5xl0 6 


(c) Relate the energy consumed to 

II 

its rate of consumption and the time 

and 

and solve for the latter: 

E _ 9xl0 13 J 


P 100W 
9x10“ s = 28,500y 


54 • 

Picture the Problem We can use the equation expressing the equivalence of energy and 
matter, E = me 2 , to find the mass equivalent of the energy from the explosion. 


Solve E = me 2 for nr 


E 



Substitute numerical values and 
evaluate m: 


m = 


5xl0 12 J 

(2.998 xlO 8 m/s) 2 
5.56x10 5 kg 


55 • 

Picture the Problem The intrinsic rest energy in matter is related to the mass of matter 
through Einstein’s equation E 0 = me 2 . 


m 0 


E 


c 


2 


Relate the rest mass of a muon to its 
rest energy: 
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Express 1 MeV in joules: 1 MeV = 1.6x10 13 J 

Substitute numerical values and (l 05.7 MeV)(l .6 xl 0 13 J/Mev) 

evaluate m 0 : ° (3xl0 8 m/s) 2 

= 1.88x10 28 kg 


*56 • 

Picture the Problem We can differentiate the mass-energy equation to obtain an 
expression for the rate at which the black hole gains energy. 


Using the mass-energy relationship, 
express the energy radiated by the 
black hole: 

Differentiate this expression to 
obtain an expression for the rate at 
which the black hole is radiating 
energy: 

Solve for dm/dt: 


Substitute numerical values and 
evaluate dm/dt\ 


E = 0.0b nc 1 

*^[ 0 . 01 , 40 . 01 ,= * 

dt dt dt 

dm _ dE/dt 
dt 0.01c 2 

dm _ 4xlO J 'watt 
dt (0.0l)(2.998xl0 8 m/s) 2 
= 4.45 xlO 16 kg/s 


57 • 

Picture the Problem The number of reactions per second is given by the ratio of the 
power generated to the energy released per reaction. The number of reactions that must 
take place to produce a given amount of energy is the ratio of the energy per second 
(power) to the energy released per second. 

17.59 MeV = (17.59 MeV) 

x(l.6xl0“ 19 J/ev) 

= 28.1x10 13 J 

The number of reactions per second is: 1000 J/s 

28.1 x 10~ 13 J/reaction 

= 3.56x 10' 4 reactions/s 


In Example 7-15 it is shown that the 
energy per reaction is 17.59 MeV. 
Convert this energy to joules: 
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58 • 

Picture the Problem The energy required for this reaction is the difference between the 
rest energy of 4 He and the sum of the rest energies of 3 He and a neutron. 

Express the reaction: 4 He—» 3 He + n 

The rest energy of a neutron 939.573 MeV 

(Table 7-1) is: 

The rest energy of 4 He 3727.409 MeV 

(Example 7-15) is: 

The rest energy of 3 He is: 2808.432 MeV 

Substitute numerical values to find the difference in the rest energy of 4 He and the sum of 
the rest energies of 3 He and n: 

E = [3727.409-(2808.41 + 939.573)] MeV = 


20.574 MeV 


59 • 

Picture the Problem The energy required for this reaction is the difference between the 
rest energy of a neutron and the sum of the rest energies of a proton and an electron. 

The rest energy of a proton (Table 938.280 MeV 

7-1) is: 

The rest energy of an electron 0.511 MeV 

(Table 7-1) is: 

The rest energy of a neutron (Table 939.573 MeV 

7-1) is: 

Substitute numerical values to find 
the difference in the rest energy of a 
neutron and the sum of the rest 
energies of a positron and an 
electron: 

60 •• 

Picture the Problem The reaction is 2 H+~H—» 4 He + E . The energy released in this 
reaction is the difference between twice the rest energy of 2 H and the rest energy of 4 He. 


E = [939.573 -(938.280 + 0.511)] MeV 
= 0.782 MeV 
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The number of reactions that must take place to produce a given amount of energy is the 
ratio of the energy per second (power) to the energy released per reaction. 


(a) The rest energy of 4 He 
(Example 7-14) is: 

The rest energy of a deuteron, 2 H, 
(Table 7-1) is: 

The energy released in the reaction 
is: 

( b ) The number of reactions per 
second is: 


3727.409 MeV 

1875.628 MeV 

E = [2(l875.628)-3727.409] MeV 
= 23.847MeV = 3.816x10 12 J 

1000 J/s 

3.816 x 10~ 12 J/reaction 

= 2.62 x 10 14 reactions/s 


61 •• 

Picture the Problem The annual consumption of matter by the fission plant is the ratio 
of its annual energy output to the square of the speed of light. The annual consumption 
of coal in a coal-burning power plant is the ratio of its annual energy output to energy 
per unit mass of the coal. 


(a) Express m in terms of E : 


Assuming an efficiency of 33 
percent, find the energy produced 
annually: 


Substitute to obtain: 


( b ) Assuming an efficiency of 38 
percent, express the mass of coal 
required in terms of the annual 
energy production and the energy 
released per kilogram: 


E 

m = — 
c 

E = 3PAt = 3(3 xlO 9 J/s)(ly) 
= 3(3 xlO 9 J/s)(3600s/h) 
x(24h/d)(365.24d) 

= 2.84xl0 17 J 


m 


2.84xlQ 17 J 
(3xl0 8 m/s) 2 


3.16kg 


m, 


coal 


£ann Ual _ 9.4 7 xlQ 16 J 

0.38 (Elm) 0.38(3.lxlO 7 J/kg) 
8.04 xlO 9 kg 
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General Problems 


*62 •• 

Picture the Problem Let the system 
consist of the block, the earth, and the 
incline. Then the tension in the string is an 
external force that will do work to change 
the energy of the system. Because the 
incline is ffictionless; the work done by 
the tension in the string as it displaces the 
block on the incline is equal to the sum of 
the changes in the kinetic and 
gravitational potential energies. 



Relate the work done by the tension JE tension force = ^Kxi = AC + AK 

force to the changes in the kinetic 
and gravitational potential energies 
of the block: 


Referring to the figure, express the 
change in the potential energy of the 
block as it moves from position 1 to 
position 2: 

Because the block starts from rest: 
Substitute to obtain: 


A U = mg Ah = ingL sin 0 


AK = K 2 = \mv 2 


W 

tension force 

and 


= mgL sin 0 + \ mv 2 


(c) is correct. 


63 •• 

Picture the Problem Let the system 
include the earth, the block, and the 
inclined plane. Then there are no external 
forces to do work on the system and 
W ext = 0. Apply the work-energy theorem 
with friction to find an expression for the 
energy dissipated by friction. 

Express the work-energy theorem 
with friction: 



W ext =AK + AU + AE therm =0 
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Because the velocity of the block is 
constant, AK = 0 and: 

^therm = ~ AU = ~mgAk 

In time At the block slides a 
distance vAt . From the figure: 

Ah = vAt sin 6 

Substitute to obtain: 

^therm = - m gvAt sin 6 


and ( b ) is correct. 

64 • 

Picture the Problem Let the system include the earth and the box. Then the applied 
force is external to the system and does work on the system in compressing the spring. 
This work is stored in the spring as potential energy. 


Express the work-energy theorem: 

W ext = AK + A U g + A U s + AE therm 

Because AK = A U g = AE therm = 0 : 

Kn = A U s 

Substitute for W ext and AU S : 

Fx = \kx 2 

Solve for x: 

2 F 

x =- 

k 

Substitute numerical values and 

evaluate x: 

,= 2(7 ° N) = 2.06cm 

6800 N/m - 


*65 • 

Picture the Problem The solar constant is the average energy per unit area and per unit 
time reaching the upper atmosphere. This physical quantity can be thought of as the 
power per unit area and is known as intensity. 


Letting / sur f aC e represent the intensity 
of the solar radiation at the surface 

of the earth, express / sur face as a 
function of power and the area on 
which this energy is incident: 

P _ AE / At 

1 surface ^ ^ 

Solve for A E: 

AS = /surface^ A/ 






Substitute numerical values and 

evaluate A E: 
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A E = (lkW/m 2 )(2m 2 )(8h)(3600s/h) 

= 57.6MJ 

66 •• 



Picture the Problem The luminosity of the sun (or of any other object) is the product of 
the power it radiates per unit area and its surface area. If we let L represent the sun’s 
luminosity, / the power it radiates per unit area (also known as the solar constant or the 
intensity of its radiation), and A its surface area, then 

L = IA. We can estimate the solar lifetime by dividing the number of hydrogen nuclei in 
the sun by the rate at which they are being transformed into energy. 


(a) Express the total energy the sun 
radiates every second in terms of the 
solar constant: 

3 

ll 

Letting R represent its radius, 
express the surface area of the sun: 

A = 4 ttR 2 

Substitute to obtain: 

L = 4 ttR 2 I 

Substitute numerical values and 
evaluate L: 

L = 4;r(l .5 x 10 11 m) 2 (l .35 kW/m 2 ) 

= 3.82 xlO 26 watt 

Note that this result is in good agreement 
with the value given in the text of 3.9x10 26 
watt. 

(b ) Express the solar lifetime in 
terms of the mass of the sun and the 
rate at which its mass is being 
converted to energy: 

t _ nuclei _ M l m 

solai An/At An/At 

where M is the mass of the sun, m the mass 
of a hydrogen nucleus, and n is the number 
of nuclei used up. 

Substitute numerical values to obtain: 

1.99xl0 30 kg 

1.67 x 1 (T 27 kg/H nucleus 
solar “ An/At 

1.19 x 10 57 H nuclei 

An/At 

For each reaction, 4 hydrogen 
nuclei are "used up"; so: 

An _ 4(3.82xl0 26 J/s) 

At ~ 4.27x10 12 J 

= 3.57x10 3 V 
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Because we’ve assumed that the sun 
will continue burning until roughly 
10 % of its hydrogen fuel is used up, 
the total solar lifetime should be: 


^solar — 0-1 


1.19 x 10" 7 H nuclei 


38 -1 


3.57x10 s 


= 3.33xl0 17 s = 


1.06xl0 10 y 


67 • 

Picture the Problem Let the system include the earth and the Spirit of America. Then 
there are no external forces to do work on the car and W ext = 0. We can use the work- 
energy theorem to relate the coefficient of kinetic friction to the given information. A 
constant-acceleration equation will yield the car’s velocity when 60 s have elapsed. 


(a) Apply the work-energy theorem 
with friction to relate the coefficient 
of kinetic friction // k to the initial 
and final kinetic energies of the car: 


\mv 2 -\mvl + ju k mgAs = 0 
or, because v = 0, 

-\mvl + ju k mg As = 0 


Solve for // k : 


Mk = 


2gAs 


Substitute numerical values and 
evaluate // k : 


[(708km/h)(l h/3600 s)] 2 
^ 2(9.81 m/s 2 )(9.5 km) 


0.208 


( b ) Express the kinetic energy of the K = \ m v 1 (1) 

car: 


Using a constant-acceleration v = v 0 + aAt 

equation, relate the speed of the car 
to its acceleration, initial speed, and 
the elapsed time: 

Express the braking force acting on F net = —f k = —jU k mg = ma 

the car: 


Solve for a: a - ~M\S 

Substitute for a to obtain: v = v 0 - jU k gAt 


Substitute in equation (1) to obtain: 


K = fm(v 0 -jU k gAtf 


Substitute numerical values and evaluate K: 
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K = f (l250kg)[708x!0 3 m/h-(0.208)(9.81m/s 2 )(60s)] 


3.45 MJ 


68 •• 

Picture the Problem The free-body 
diagram shows the forces acting on the 
skiers as they are towed up the slope at 
constant speed. Because the power 
required to move them is F v, we need to 
find F as a function of m loh 9, and /u k . We 
can apply Newton’s 2 nd law to obtain such 
a function. 



Express the power required as a 
function of force on the skiers and 
their speed: 

Apply = ma to the skiers: 


Eliminate f k = ju k F n and F„ between 
the two equations and solve for F: 

Substitute in equation (1) to obtain: 


P = Fv (1) 


Z F ' = F ~ k - "Vgsin 9 = 0 

and 

Tj F v = F n -m tot gcos9 = 0 
F = mtotg sin 0 + M k m tot g cos 9 

p = ("hot g sin o + M k m tot g cos 9)v 
= m tot gv(sin9 + /u k cos 9) 


Substitute numerical values and evaluate P: 


E = 80(75kg)(9.81m/s 2 )(2.5m/s)[sinl5° + (0.06)cosl5°] 


46.6 kW 
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69 •• 

Picture the Problem The free-body 
diagram for the box is superimposed on the 
pictorial representation shown to the right. 
The work done by friction slows and 
momentarily stops the box as it slides up 
the incline. The box’s speed when it 
returns to bottom of the incline will be less 
than its speed when it started up the incline 
due to the energy dissipated by friction 
while it was in motion. Let the system 
include the box, the earth, and the incline. 
Then W ext = 0. We can use the work-energy 
theorem with friction to solve the several 
parts of this problem. 


x 



V, = 3 m /s 


(a) 


From the FBD we can see that the forces acting on the box are the 
normal force exerted by the inclined plane, a kinetic friction force, and 
the gravitational force (the weight of the box) exerted by the earth. 


(. b ) Apply the work-energy theorem with - f mv\ + mgAh + ju k mgAx cos 0 = 0 

friction to relate the distance Ax the box 

slides up the incline to its initial kinetic 

energy, its final potential energy, and the 

work done against friction: 

Referring to the figure, relate Ah to Ax to Ah = Ax sin 6 
obtain: 

Substitute for Ah to obtain: - \ mv , 2 + mg Ax sin 0 

+ ju k mgAx cos 0 = 0 


Solve for Ax: 


Ax = 


v 


2 

1 


2 g(sin# + // k cos#) 


Substitute numerical values and evaluate 
Ax: 


Ax- (3 m/s) 2 

2(9.81 m/s 2 |sin60 0 + (0.3)cos60 0 ] 


0.451m 
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(c) Express and evaluate the energy dissipated by friction: 

^thenn = /k^ = F k mgAxCOS0 

(i d) Use the work-energy theorem with JV ext = A K + A U + A E therm = 0 

friction to obtain: nr 


= (0.3)(2kg)(9.81m/s 2 )(0.451 m)cos60° = 


1.33 J 


K l -K 2+ U 1 -U 2 +AE iherm = 0 

Because K 2 = U\ = 0 we have: K l —U 2 + A E thenn = 0 

or 

\ mv 2 - mg Ax sin 0 

+ /u k mgAx cos 0 = 0 

Solve for vp v { = A /2gAx(sin 6 - ju k cos 6) 

Substitute numerical values and evaluate vp 

Vj = -J2(9.81 m/s 2 )(0.451 m)[sin60° - (0.3)cos60°] = 


2.52m/s 


*70 • 

Picture the Problem The power provided by a motor that is delivering sufficient energy 
to exert a force F on a load which it is moving at a speed v is Fv. 


The power provided by the motor is 
given by: 

Because the elevator is ascending 
with constant speed, the tension in 
the support cable(s) is: 

Substitute for F to obtain: 

Substitute numerical values and 
evaluate P: 


P = Fv 

F = + m kad )g 

P = (m dcv + m ]0 Jgv 

P = (2000kg)(9.81m/s 2 )(2.3m/s) 
= 45.1kW 
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71 •• 

Picture the Problem The power a motor must provide to exert a force F on a load that it 
is moving at a speed v is Fv. The counterweight does negative work and the power of the 
motor is reduced from that required with no counterbalance. 

The power provided by the motor is P = Fv 

given by: 

Because the elevator is 
counterbalanced and ascending with 
constant speed, the tension in the 
support cable(s) is: 


Substitute and evaluate P: 

p = (m c]c , + m ]oad -m cw )gv 

Substitute numerical values and 

evaluate P: 

P = (500kg)(9.81m/s 2 )(2.3m/s) 

= 11.3 kW 

Without a load: 

F = (™elev-™cwfe 


and 

P = {m Aev -m^)gv 
= (-300kg)(9.81m/s 2 )(2.3m/s) 
= -6.77kW 


F = (m dcv + m kad - m cw )g 


72 •• 

Picture the Problem We can use the work-energy theorem with friction to describe the 
energy transformation within the dart-spring-air-earth system. With this choice of the 
system, there are no external forces to do work on the system; i.e., W ext = 0. Choose U g = 
0 at the elevation of the dart on the compressed spring. The energy initially stored in the 
spring is transformed into gravitational potential energy and thermal energy. During the 
dart’s descent, its gravitational potential energy is transformed into kinetic energy and 
thermal energy. 

Apply conservation of energy W ext = A K + AU + AC lherm = 0 

during the dart’s ascent: or , because AK = 0, 

U &i -U &1 +U s ;-U s ,+AE xherm = 0 

Because U gi = U s t = 0: U &{ - U s - + A E them = 0 
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Substitute for U„ A and C/ S , f and solve = U si - U f = \kx 2 -mgh 

for A^therml 


Substitute numerical values and 
evaluate AT thcrm : 


A^ them =i(5000N/m)(0.03m) 2 

- (0.007 kg)(9.81 m/s 2 \lA m) 
= 0.602 J 


Apply conservation of energy 
during the dart’s descent: 


Substitute for K t and C/ g ,i to obtain: 


Solve for v f : 


W ext =AK + AU + AE thenn = 0 

or, because K[ = U & t = 0, 

K { - U % i + AE theim = 0 


2 mv t - mgh + AE thenn = 0 


_ /2(fflg/?-AC the ~J 


m 


Substitute numerical values and evaluate v£ 


(0.007 kg)(9.81 m/s 2 \lA m)- 0.602 J 


0.007kg 





17.3 m/s 



*73 •• 

Picture the Problem Let the system consist of the earth, rock and air. Given this choice, 
there are no external forces to do work on the system and W ext = 0. Choose U g = 0 to be 
where the rock begins its upward motion. The initial kinetic energy of the rock is partially 
transformed into potential energy and partially dissipated by air resistance as the rock 
ascends. During its descent, its potential energy is partially transformed into kinetic 
energy and partially dissipated by air resistance. 

(a) Using the definition of kinetic \ mv~ = \ (2 kg)(40 m/s) 2 

energy, calculate the initial kinetic | . 

= 1.60 kJ 

energy of the rock: - 

(b) Apply the work-energy theorem A K + A U + A£' thcrm = 0 

with friction to relate the energies of 

the system as the rock ascends: 

Because K ( = 0: - K l + A U + AZi themi = 0 

and 

AE theim =K l -AU 
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Substitute numerical values and 
evaluate AChem.: 


AiWm = 1600J-(2kg)(9.81m/s 2 )(50m) 
= 619 J 


(c) Apply the work-energy theorem A K + AU + 0.7 AE therm = 0 

with friction to relate the energies of 
the system as the rock descends: 

Because K\= U{ = 0: K f —U- + 0.7AC thcrm = 0 


Substitute for the energies to obtain: \mv] - mgh + 0.7A£j hcrm = 0 


Solve for Vf: 


v f 


]lgh 

V m 


Substitute numerical values and 
evaluate vp 


v f = ^2(9.81 m/s 2 )(50 m) - 
= 23.4m/s 


74 •• 

Picture the Problem Let the distance the block slides before striking the spring be L. 
The pictorial representation shows the block at the top of the incline (1), just as it strikes 
the spring (2), and the block against the fully compressed spring (3). Let the block, 
spring, and the earth comprise the system. Then W ext = 0. Let U g = 0 where the spring is 
at maximum compression. We can apply the work-energy theorem to relate the energies 
of the system as it evolves from state 1 to state 3. 



AK + AU+ AU = 0 

& 

or 

^k+u s ,-u sA +u s ,-u s ,=o 


Express the work-energy theorem: 
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Because A K = U & 3 = C/ s , 1 = 0: 


^g,l+^s,3=0 


Substitute for each of these energy 
terms to obtain: 


mgh x + jkx 1 = 0 


Substitute for lu and h\\ 


-m. 


\g{L + x)sin6* + \kx 2 =0 


Rewrite this equation explicitly as a 
quadratic equation: 



2 mg sin 6 


2 mgL sin 6 


k 


Solve this quadratic equation to obtain: 



Note that the negative sign between the two terms leads to a non-physical solution. 


*75 • 


Picture the Problem We can find the work done by the girder on the slab by calculating 
the change in the potential energy of the slab. 


(a) Relate the work the girder does W = A U = mgAh 

on the slab to the change in 
potential energy of the slab: 


W = (l.5xl0 4 kg)(9.81m/s 2 )(0.001m) 


Substitute numerical values and 
evaluate W\ 


147 J 


The energy is transferred to the girder from its surroundings, which are 
warmer than the girder. As the temperature of the girder rises, the atoms 
in the girder vibrate with a greater average kinetic energy, leading to a 
larger average separation, which causes the girder’s expansion. 

76 •• 

Picture the Problem The average power delivered by the car’s engine is the rate at 
which it changes the car’s energy. Because the car is slowing down as it climbs the hill, 
its potential energy increases and its kinetic energy decreases. 

Express the average power delivered p _ A E 

by the car’s engine: " At 
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Express the increase in the car’s 
mechanical energy: 


AE = AK + AU 

= K tov - K bot + U tov - U bot 

= \ mv l v +mgAh 

= l /tt ( v top- v bot +2gAh) 


Substitute numerical values and evaluate AE: 

AE = j (l 500 kg)[(l 0 m/s) 2 - (24 m/s) 2 + 2 ( 9.81 m/s 2 )(l20 m)J= 1 .4 1 MJ 


Assuming that the acceleration of 
the car is constant, find its average 
speed during this climb: 


V top + V bo, 


2 


= 17m/s 


Using the v av , find the time it takes 
the car to climb the hill: 



2000 m 
17m/s 


118s 


Substitute to determine P dV : 


1.41MJ 

118s 


11.9kW 


*77 « 

Picture the Problem Given the potential energy function as a function of y, we can find 
the net force acting on a given system from/ 7 = —dU / dy . The maximum extension of 

the spring; i.e., the lowest position of the mass on its end, can be found by applying the 
work-energy theorem. The equilibrium position of the system can be found by applying 
the work-energy theorem with friction ... as can the amount of thermal energy produced 
as the system oscillates to its equilibrium position. 

(a) The graph of U as a function of v is shown to the right. Because k and m are not 
specified, k has been set equal to 2 and mg to 1. The spring is unstretched when y = vo = 
0. Note that the minimum value of U (a position of stable equilibrium) occurs near v = 5 
m. 
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( b) Evaluate the negative of the 
derivative of U with respect to y: 


dU 

dy 



-ky + mg 



(c) Apply conservation of energy to 
the movement of the mass from y = 
0 toy = y max : 

Because A K = 0 (the object starts 
from rest and is momentarily at rest 
at y = y max ) and Anthem = 0 (no 
friction), it follows that: 

Because (7(0) = 0: 

Solve for y m a X : 


AK + AU + AE therm =0 

A U= C'O’max ) - U( 0) = 0 

u (y m ax) = o => |^y; ax -mgy max - 0 
2 mg 


(d) Express the condition of F at 
equilibrium and solve fory eq : 


F eq = 0^ -ky eq +mg = 0 


and 

Eeq 


mg 

k 


( e ) Apply the conservation of energy A K + A U + AE [hcrm = 0 

to the movement of the mass from y or ^ because A K = 0. 

= 0 toy = y eq and solve for AE lttcrm : AZ7 lhcnn = -AU =U i -U f 
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Because U i =U(0) = 0: A£ therm =-U f =-{\ky 2 eq -mgy eq ) 


Substitute for y eq and simplify to 
obtain: 


A E, 


therm 


2 2 

m g 

2k 


78 •• 

Picture the Problem The energy stored in the compressed spring is initially transformed 
into the kinetic energy of the signal flare and then into gravitational potential energy and 
thermal energy as the flare climbs to its maximum height. Let the system contain the 
earth, the air, and the flare so that W ext = 0. We can use the work-energy theorem with 
friction in the analysis of the energy transformations during the motion of the flare. 


(a) The work done on the spring in 
compressing it is equal to the kinetic 
energy of the flare at launch. 
Therefore: 


W. =K 


i, flare 


}mv 


2 

0 


(b) Ignoring changes in gravitational 
potential energy (i.e., assume that 
the compression of the spring is 
small compared to the maximum 
elevation of the flare), apply the 
conservation of energy to the 
transformation that takes place as 
the spring decompresses and gives 
the flare its launch speed: 


Because K, = A U % = U s y. 


Substitute for K f and U s; : 


AK + AU s =0 


or 

K { -K^+U s{ -U si = 0 


K t ~U s ,= 0 

\mv\ -\kd 2 = 0 


Solve for k to obtain: 



(c) Apply the work-energy theorem A K + A U g + AC thcrm = 0 

with friction to the upward 
trajectory of the flare: 
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Solve for AE them : 

Because K t = U\ = 0: 


A£ therm = -A^-A U 


= K i -K { +U i -U f 


A E, 


therm 


j in v (l —mgh 


79 •• 

Picture the Problem Let Uq = 0. Choose 
the system to include the earth, the track, 
and the car. Then there are no external 
forces to do work on the system and 
change its energy and we can use 
Newton’s 2 nd law and the work-energy 
theorem to describe the system’s energy 
transformations to point G ... and then the 
work-energy theorem with friction to 
determine the braking force that brings the 
car to a stop. The free-body diagram for 
point C is shown to the right. 


y 

/ 



The free-body diagram for point D is 
shown to the right. 


The free-body diagram for point 
F is shown to the right. 


y 

I 



— -V 


y 




mg 


(a) Apply the work-energy theorem 
to the system’s energy 
transformations between A and B: 

If we assume that the car arrives at 
point B with v B = 0, then: 


AK + AU = 0 
or 

k b -k a +u b -u a =o 

-\mv\ + mgAh = 0 

where Ah is the difference in elevation 
between A and B. 
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Solve for and evaluate Ah: 


The height above the ground is: 


(. b ) If the car just makes it to point 
B; i.e., if it gets there with v B = 0, 
then the force exerted by the track 
on the car will be the normal force: 

(c) Apply = ma x to the car at 

point C (see the FBD) and solve for 
a: 


(d) Apply ^ F y = ma v to the car at 

point D (see the FBD) and solve for 
F n : 


Apply the work-energy theorem to 
the system’s energy transformations 
between B and D: 

Because K b = Ud = 0: 

Substitute to obtain: 

Solve for vj): 

Substitute to find F n : 


. , v\ (l2m/s) 2 

Ah = — = -4-^ = 7.34m 

2g 2(9.81m/s 2 ) 


h + Ah = 10m + 7.34m = 


17.3 m 


^track on car = F n = ™g 

= (500kg)(9.81m/s 2 ) 


= 4.9 lkN 


mg sin 0 = ma 
and 

a = gsin^ = (9.81m/s 2 )sin30 o 


4.91m/s" 


77 

F - mg = m — 
R 


and 

2 

F n = mg + m — 


AK + AU = 0 
or 

K d -K b +U d -U b = 0 

^D-^B=0 

j fflVp - mg(h + Ah) = 0 

V D = 2 §{ h + Ah ) 

2 

F n = mg + m ~r~ 

K. 

2 g(h + Ah) 
= mg + m ——- 1 

1+ 2(A + A*)1 


= mg 


R 





Substitute numerical values and 
evaluate F n : 
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F = 


(500kg)(9.81m/s 2 ) 1 


+ 


2(17.3 m) 
20 m 


13.4kN, directed upward. 


(e) F has two components at point F; 
one horizontal (the inward force that 
the track exerts) and the other 
vertical (the normal force). Apply 
^ F = ma to the car at point F: 


Yj F v = F n - m g = 0 => F n = mg 
and 




in - 


R 


Express the resultant of these two 
forces: 




f . .2\ 


111 - 


R 


+ {mg) 2 


= nu 


F +g 2 


R 


Substitute numerical values and 
evaluate F: 


Find the angle the resultant makes 
with thex axis: 


F = (500kg)^!lA-tA + (9.81m/s 2 ) 2 
= 5.46kN I 


6 = tan 1 

( F \ j 

( gR" 

— = tan 


[ F c) 

l V F j 


= tan - 


(9.81m/s 2 )(30m) 

(l2m/s) 2 


63.9° 


(/) Apply the work-energy theorem 

-K g + AF therm - 0 

with friction to the system’s energy 

and 

transformations between F and the 

car’s stopping position: 

A^therm = = 2 mV G 

The work done by friction is also 

^therm = = ^brake^ 

given by: 

where d is the stopping distance. 


"V p 

2 ~d 


Equate the two expressions for 
AFtherm and solve for F brake : 
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Substitute numerical values and 
evaluate C brake : 


K 


brake 


(5 00 kg )(l 2 m/s) 2 
2(25 m) 


1.44 kN 


*80 • 

Picture the Problem The rate of 
conversion of mechanical energy can be 
determined ffomP — F v. The pictorial 
representation shows the elevator moving 
downward just as it goes into freefall as 
state 1. In state 2 the elevator is moving 
faster and is about to strike the relaxed 
spring. The momentarily at rest elevator on 
the compressed spring is shown as state 3. 
Let Ug — 0 where the spring has its 
maximum compression and the system 
consist of the earth, the elevator, and the 
spring. Then W ext = 0 and we can apply the 
conservation of mechanical energy to the 
analysis of the falling elevator and 
compressing spring. 




(a) Express the rate of conversion of P = taking v o 

mechanical energy to thermal 

energy as a function of the speed of 

the elevator and braking force 

acting on it: 

Because the elevator is moving with ^braking = Mg 

constant speed, the net force acting 
on it is zero and: 


Substitute for F brikmg and evaluate P: P — Mgv 0 

= (2000kg)(9.81m/s 2 )(l.5m/s) 
= 29.4 kW 


(b) Apply the conservation of 
energy to the falling elevator and 
compressing spring: 

Because K 3 = U & 3 = (7 s ,i = 0: 


AK + AU a + AU=0 

b S 

or 

k 3 -k 1 + u s ,-u & 1 +u s ,-u s ,=o 

-\Mv\ -Mg(d + Ay)+\k(Ayf = 0 
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Rewrite this equation as a quadratic 
equation in Ay, the maximum compression 
of the spring: 

Solve for Ay to obtain: 


(Ay) 2 - 


2 Mg 


Ay-y(2gc/ + v 0 2 )=0 




Substitute numerical values and evaluate Av: 

(2000kg)(9.81m/s 2 ) 

- V “ 1.5xl0 4 N/m 


(2000 kg) 2 

9.81 m/s 2 )" 

1 

1.5x10 

4 N/m^ 

2 


5.19m 


81 • 

Picture the Problem We can use Newton’s 2 nd law to determine the force of friction as a 
function of the angle of the hill for a given constant speed. The power output of the 
engine is given by P = F f • v . 

FBD for (a): FBD for (b): 

y y 

\ \ 




(a) Apply V' F x = ma x to the car: mg sin 6 —F f = 0 => F f = mg sin 6 

Evaluate F f for the two speeds: F 20 = (l000kg)(9.81m/s“]sin2.87° 

= 49 IN 
and 

F 30 = (I000kg)(9.81m/s 2 )sin5.74° 
= 98 IN 


(. b ) Express the power an engine 
must deliver on a level road in order 


P = F f v 


P 20 = (491 N)(20m/s) = 


9.82 kW 
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to overcome friction loss and 
evaluate this expression for 
v = 20 m/s and 30 m/s: 


and 

P 20 =(981 N)(30 m/s) = 


29.4 kW 


(c) Apply = ma x to the car: 


^ F x = F - mg sin (9 - F f = 0 


Relate F to the power output of the 
engine and the speed of the car: 


P 

Since P = Fv, F = — 
v 


Substitute for F and solve for 9 : 


9 = sin 1 



v 


mg 


Substitute numerical values and 
evaluate 9: 


(d) Express the equivalence of the 
work done by the engine in driving 
the car at the two speeds: 

Let AV represent the volume of fuel 
consumed by the engine driving the 
car on a level road and divide both 
sides of the work equation by A V to 
obtain: 


Solve for 


(/^Lo 

AV 


Substitute numerical values and 
(Ax) 3 


evaluate 


/ 30 


AV 


9 = sin 


40 kW 

-——-49 IN 
20m/s 

(l000kg)(9.81m/s 2 ) 


= 8.85 c 


^engine - ^20 (^’Lo “ ^30 Lo 


(Ax) 20 _ p (^)30 
AV AV 


(^ y ) 3 o _ -^20 1^)20 
AV F 30 AV 


0^)30 

AV 


49 IN 
98 IN 


(I2.7km/L) 


6.36km/L 


82 •• 

Picture the Problem Let the system include the earth, block, spring, and incline. Then 
W ext = 0. The pictorial representation to the left shows the block sliding down the incline 
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and compressing the spring. Choose U s = 0 at the elevation at which the spring is fully 
compressed. We can use the conservation of mechanical energy to determine the 
maximum compression of the spring. The pictorial representation to the right shows the 
block sliding up the rough incline after being accelerated by the fully compressed spring. 
We can use the work-energy theorem with friction to determine how far up the incline the 
block slides before stopping. 



(a) Apply conservation of A K + A U % + At/, = 0 

mechanical energy to the system as or 

it evolves from state 1 to state 3: K - K _tj _tj 

- fv l T *-'g,3 u g,l 

+ u s ,-u s ,=o 


Because 

*3=*i=tf*3=tfM= 0: 


Relate Ah to L+x and 0 and 
substitute to obtain: 

Rewrite this equation in the form of 
an explicit quadratic equation: 

Substitute for k, m, g, 0 and L to 
obtain: 

Solve for the physically meaningful 
(i.e., positive) root: 

(. b ) Proceed as in (a) but include 
energy dissipated by friction: 

The mechanical energy transformed 
to thermal energy is given by: 


-u g ,+u s ,= 0 

or 

-mgAh + \kx 2 =0 

Ah = {L + x)sm6 
.’. j kx 2 - mg(L + x)sin 6 = 0 

\kx 2 — (mg sin 0)x - mgL sin 6 = 0 

N 

50— x 2 -(9.81N)x-39.24J = 0 
x = 0.989 m 

-U s , l +U s ,+AE theim =0 

A^therm = F f (L + x) = /J y F n (I + x) 

= ju k mg cos 0(L + x) 




502 Chapter 7 


Substitute for Ah and AL [h erm to 

obtain: 

- mg{L + x)sin 0 + \kx 1 
+ ju k mg cos Oil, + x) = 0 

Substitute for k, m, g, 9, /4 and L to 
obtain: 

( T\T 3 

50— x 2 -(6.41N)x-25.65J = 0 

l m J 

Solve for the positive root: 

x = 0.783 m 

(c) Apply the work-energy theorem 
with friction to the system as it 

evolves from state 3 to state 4: 

K 4 -K 3 +U gA -U g , 

+ U sA -U s ,+AE theim =0 

Because 

K 4 = = t/ g 3 = U sA = 0: 

U gA - U s 3 + AE thenn = 0 

)r 

- mg Ah'+ j kc + A£ therm = 0 

Substitute for Ah' and AE ti)Crm to 

obtain: 

- /77g(Z'+x)sin 0 + \ kx 2 
+ /u k mg cos 9(L'+x) = 0 

Solve for L' with x = 0.783 m: 

L'= 1.54 m 


83 •• 

Picture the Problem The work done by the engines maintains the kinetic energy of the 
cars and overcomes the work done by frictional forces. Let the system include the earth, 
track, and the cars but not the engines. Then the engines will do external work on the 
system and we can use this work to find the power output of the train’s engines. 


(a) Use the definition of kinetic 

energy: 

K = \mv 2 

= y (2 x io 6 k g f 15 km • 111 T 

2V \ h 3600sJ 

= 17.4MJ 

( b ) The change in potential energy 
of the train is: 

AU = mg Ah 

= (2 x 10 6 kg)(9.81 m/s 2 \l07 m) 

= 1.39 x 10 10 J 


(c) Express the energy dissipated by 
kinetic friction: 


A^thera, = ft* 
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Express the frictional force: 


/ = 0.008nzg 


Substitute for/ and evaluate AE lh „ m : 


A E 


therm 


0.008/ngAs = 0.008(2 xl0 6 kg)(9.81 m/s 2 )(62 km) 


9.73x 10 9 J 


(d) Express the power output of the p _ AW 

train’s engines in terms of the work At 

done by them: 


Use the work-energy theorem with 
friction to find the work done by the 
train’s engines: 


We Xt =AK + AU + AE thenn 

or, because A K = 0, 

W t = AU + AE t , 

ext therm 


Find the time during which the 
engines do this work: 



v 


Substitute in the expression for P to p _ (AU + AE therm ^ 

obtain: As 


Substitute numerical values and evaluate P: 




(l.39xl0 10 J + 9.73xl0 9 j)^ 1 3600sJ _ 


1.59MW 

62 km 



*84 •• 

Picture the Problem While on a horizontal surface, the work done by an automobile 
engine changes the kinetic energy of the car and does work against friction. These 
energy transformations are described by the work-energy theorem with friction. Let the 
system include the earth, the roadway, and the car but not the car’s engine. 

(a ) The required energy equals the 
change in the kinetic energy of the 
car: 


A K = \mv~ 


=1(1200 kgUo^.UU 


= 116kJ 


(. b ) The required energy equals the 


A£ t henn = 
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work done against friction: 


Substitute numerical values and 
evaluate AChc rm : 

(c) Apply the work-energy theorem 
with friction to express the required 
energy: 

Divide both sides of the equation by 
E to express the ratio of the two 
energies: 


A£«™=(300NX300m) = 


90.0kJ 


E'= W ext = AK + AE 
= AK + 0.75E 


therm 


E' 

E 


AK 

E 


+ 0.75 


Substitute numerical values and 
evaluate E7E\ 


E' 

E 


116kJ 
90 kJ 


+ 0.75 


2.04 


*85 ••• 

Picture the Problem Assume that the bob 
is moving with speed v as it passes the top 
vertical point when looping around the peg. 
There are two forces acting on the bob: the 
tension in the string (if any) and the force 
of gravity, Mg; both point downward when 
the ball is in the topmost position. The 
minimum possible speed for the bob to 
pass the vertical occurs when the tension is 
0; from this, gravity must supply the 
centripetal force required to keep the ball 
moving in a circle. We can use 
conservation of energy to relate v to L and 
R. 



Express the condition that the bob v 2 

swings around the peg in a full Af — > Mg 

circle: 


Simplify to obtain: 


Use conservation of energy to relate 
the kinetic energy of the bob at the 
bottom of the loop to its potential 
energy at the top of its swing: 

Solve for v 2 : 


— > 
R 


g 


\Mv 2 =Mg{L-2R) 


v 2 =2g(L-2R) 


Substitute to obtain: 


2g(L-2R) 


>g 


R 
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Solve for R: 



86 •• 

Picture the Problem If the wood exerts an average force F on the bullet, the work it does 
has magnitude FD. This must be equal to the change in the kinetic energy of the bullet, 
or because the final kinetic energy of the bullet is zero, to the negative of the initial 
kinetic energy. We’ll let m be the mass of the bullet and v its initial speed and apply the 
work-kinetic energy theorem to relate the penetration depth to v. 


Apply the work-kinetic energy 
theorem to relate the penetration 
depth to the change in the kinetic 
energy of the bullet: 


W total =AK = K t -K i 
or, because K { = 0, 

^total = -*i 


Substitute for PV u , ia] and K, to obtain: 
Solve for D to obtain: 


FD = -\mv 2 


D = 


2 

mv 

~2F 


For an identical bullet with twice 

FD'=-hn( 2v) 2 

the speed we have: 

2 V / 

Solve for D' to obtain: 

( 2^ 


v 2 F j 


= 4 D 


and 


(c) is correct. 


87 •• 

Picture the Problem For part (a), we’ll let the system include the glider, track, weight, 
and the earth. The speeds of the glider and the falling weight will be the same while they 
are in motion. Let their common speed when they have moved a distance The v and let 
the zero of potential energy be at the elevation of the weight when it has fallen the 
distance Y. We can use conservation of energy to relate the speed of the glider (and the 
weight) to the distance the weight has fallen. In part ( b ), we’ll let the direction of motion 
be the x direction, the tension in the connecting string be T, and apply Newton’s 2 nd law 
to the glider and the weight to find their common acceleration. Because this acceleration 
is constant, we can use a constant-acceleration equation to find their common speed when 
they have moved a distance Y. 


(a) Use conservation of energy to 
relate the kinetic and potential 
energies of the system: 


AK + AU = 0 
or 

K f -K t +U f -U t =0 


Because the system starts from rest k - jj = 0 

and U(= 0: 


jinv^ + - mgY = 0 


Substitute to obtain: 
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Solve for v: 


( b ) The tree-body diagrams for the 
glider and the weight are shown to 
the right: 


Apply Newton’s 3 rd law to obtain: 
Apply X C = ma to the glider: 

Apply X/7 = ma to the weight: 

Add these equations to eliminate T 
and obtain: 

Solve for a to obtain: 


Using a constant-acceleration 
equation, relate the speed of the 
glider to its initial speed and to the 
distance that the weight has fallen: 

Substitute for a and solve for v to 
obtain: 



2 mgY 

i 

M + m 


y 

i 

A/7 
1 o 




T = Ma 


= T 



' 1 mg 
I 

x 


mg - T = ma 
mg = Ma + ma 


a = g 


m 

m+M 


v 2 = vl + 2 aY 
or, because vo = 0, 
v 2 =2aY 


v = 



2 mgY 

i 

M + m 


, the same result we 


obtained in part (a). 


*88 •• 

Picture the Problem We’re given P = dW / dt and are asked to evaluate it under the 
assumed conditions. 


Express the rate of energy 
expenditure by the man: 

Express the rate of energy 
expenditure P' assuming that his 


P = 3 mv 2 = 3(l0 kg)(3 m/s) 2 
= 270 W 

P = \P' 
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muscles have an efficiency of 20%: 


Solve for and evaluate P'\ 


P' = 5P = 5(270 W) = 


1.35kW 


89 •• 

Picture the Problem The pictorial 
representation shows the bob swinging 
through an angle 6 before the thread is cut 
and it is launched horizontally. Let its 
speed at position 1 be v. We can use 
conservation of energy to relate v to the 
change in the potential energy of the bob as 
it swings through the angle 0. We can find 
its flight time At from a constant- 
acceleration equation and then express D as 
the product of v and At. 


y 

l 



Relate the distance D traveled 
horizontally by the bob to its launch 
speed v and time of flight At: 

Use conservation of energy to relate 
its launch speed v to the length of 
the pendulum L and the angle 6 : 

Substitute to obtain: 

Solving for v yields: 

In the absence of air resistance, the 
horizontal and vertical motions of 
the bob are independent of each 
other and we can use a constant- 
acceleration equation to express the 
time of flight (the time to fall a 
distance H ): 

Solve for At to obtain: 

Substitute in equation (1) and 
simplify to obtain: 


D = vAt (1) 

K l -K 0 +U l -U 0 = 0 

or, because U\=K 0 = 0, 

K,-U 0 =0 

\mv 2 - mgL(\ - cost?) = 0 

v = yj2gL(l- cos#) 

At = v 0y At + \a y {/Atf 

or, because Ay = -H, a v = -g, and v 0v = 0, 

-H = -\g{At) 2 

At = ^2H/g 


D = ^2gL{\ - cost?) i 


1 2 H 


2^HL{\ - cos#) 


which shows that, while D depends on 9, it 
is independent of g. 
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90 •• 

Picture the Problem The pictorial representation depicts the block in its initial position 
against the compressed spring (1), as it separates from the spring with its maximum 
kinetic energy (2), and when it has come to rest after moving a distance x + d. Let the 
system consist of the earth, the block, and the surface on which the block slides. With this 
choice, W ex t = 0. We can use the work-energy theorem with friction to determine how far 
the block will slide before coming to rest. 



1 

X| = 0 


v | = 0 



4 - 

3 

x 3 =x + d 
v 3 = 0 


0) The work done by the spring on JV spring = AC spnng =\kx 2 

the block is given by: 


Substitute numerical values and 
evaluate tf spring : 


W m 


j(20N/cm)(3cm) 2 


0.900J 


( b ) The energy dissipated by friction 
is given by: 

Substitute numerical values and 
evaluate AEtherm: 

(c) Apply the conservation of 
energy between points 1 and 2: 

Because K\ = C/ s , 2 = 0: 

Substitute to obtain: 

Solve for v 2 : 


Substitute numerical values and 
evaluate v 2 : 


A/ hherm = = 74 ™gl±X 

A^ = (0.2X5kg)(9.81m/s ! )(0.03m) 

= 0.294 J 

K 2 -K 1+ U sa -U sA +AE tberm =0 

K 2 -U s ,+AE thenn =0 

>v 2 2 -{fa 2 +A£ lhcnn =0 

v,=S 

V m 

| (20N/cm)(3cm) 2 -2(0.294j) 

V2 i 5k g 


0.492 m/s 
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(, d) Apply the conservation of energy 
between points 1 and 3: 

Because A K = t / s ,3 = 0: 

Solve for d: 

Substitute numerical values and 
evaluate d : 


AK + U s ,-U s ,+AE themi = 0 


U sA + AEtherm ~ 0 

or 

- \kx 2 + ju k mg(x + d) = 0 

, kx 1 

a =- x 

2 M k mg 

_ (20 N/cm)(3 cm) 2 

d 7 w \T \ u.Uj m 

2(0.2)(5kg)(9.81m/s 2 ) 

= 6.17cm 


91 •• 

Picture the Problem The pictorial 
representation shows the block initially at 
rest at point 1 , falling under the influence 
of gravity to point 2 , partially compressing 
the spring as it continues to gain kinetic 
energy at point 3, and finally coming to 
rest at point 4 with the spring fully 
compressed. Let the system consist of the 
earth, the block, and the spring so that 
W ext = 0. Let U g = 0 at point 3 for part (a) 
and at point 4 for part ( b ). We can use the 
work-energy theorem to express the kinetic 
energy of the system as a function of the 
block’s position and then use this function 
to maximize K as well as determine the 
maximum compression of the spring and 
the location of the block when the system 
has half its maximum kinetic energy. 


1 



X| = 0 
V| = 0 


2 x 2 = h 


3 a! x i = h + * 


7 


x 4 = h +x max 
v 4 = 0 


(a) Apply conservation of A K + A U g + A U s — 0 

mechanical energy to describe the or 

energy transformations between K 3 - K { + U 3 - U , + U s 3 - U s , = 0 

state 1 and state 3: 


k 3 -u &1 +u s ,=o 


Because K\ = U g j = 64 ,1 = 0: 
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Differentiate K with respect to x and 
set this derivative equal to zero to 
identify extreme values: 

Solve for x : 


Evaluate the second derivative of K 
with respect to x: 


Evaluate K for x = mg/k: 


(b ) The spring will have its 
maximum compression at point 4 
where K= 0: 


and 

K 3 = K = mg{h + x)-\kx 2 


dK 

dx 


= mg - kx = 0 for extreme values. 


x 


mg 

k 


d 2 K 

dt 2 


-k< 0 


=^> x =-maximizes if. 

k 


^max = mgh + mg 


^ mg ' 

- yA: 

f fflg" 

v k , 

2 

v * v 


mgh + 


2 2 

m g 

2k 


mg{h + x m ax )-T^ix =0 
or 

2 _2™g 2mgh - 0 

*^max *^max ^ ^ 


Solve for x and keep the physically 
meaningful root: 


mg | 
k 



+ 


2 mgh 
k 


(c) Apply conservation of 
mechanical energy to the system as 
it evolves from state 1 to the state in 


which K = \K X 


AK + AU e + A17 = 0 
or 

k-k 1 + u s3 - u &l +u s , -t/ M =o 

^-^ g .l+^ s ,3=0 

and 

K = mg(h + x)-\kx 2 


Because K\ = U g j = E/ S ,i = 0: 
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Substitute for K to obtain: 


mgh + 


2 2 A 

m g 

2k 


= mg(h + x)-\kx 2 


Express this equation in quadratic form: 


2 2 mg 

x"-— x + 


f 2 2 , A 

m g mgh 

2 k 2 ~T~ 


= 0 


Solve for the positive value of x: 


x = 


mg _ 

2m 1 g 1 4 mgh 

k \ 

k 1 k 


92 ••• 

Picture the Problem The free-body 
diagram shows the forces acting on the 
pendulum bob. The application of 
Newton’s 2 nd law leads directly to the 
required expression for the tangential 
acceleration. Recall that, provided 0is in 
radian measure, s = LB. Differentiation 
with respect to time produces the result 
called for in part ( b ). The remaining parts 
of the problem simply require following 
the directions for each part. 

(a) Apply I F x = ma x to the bob: 

Solve for a tan : 



^ = -mg sin 6 = ma lm 


a tan = dv! dt = -g sin 6 


(b ) Relate the arc distance s to the 
length of the pendulum L and the 
angle 6\ 

Differentiate with respect to time: 


s = LO 


ds / dt = 


v = Ld6 / dt 


dv d6 

(c) Multiply — by — and 
dt d6 

d0 

substitute for-from part ( b ): 

dt 


dv _dv dO _ dv d6 
dt dt d6 dO dt 


dv 

M 

d9 

kl) 
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(d) Equate the expressions for dv/dt 
from (a) and (c): 


dv_fv^ 
d6 k L y 


-g sin 0 


Separate the variables to obtain: 

(e) Integrate the left side of the 
equation in part (d) from v = 0 to the 
final speed v and the right side from 
0 = 0 O to 6 = 0: 

Evaluate the limits of integration to 
obtain: 


vdv = -gLsinOdO 

v 0 

Jv'< dv' = J- gLsmO' dO' 

o 0 O 


jv 2 =gL( l-cos^J 


Note, from the figure, that 
h = L{\ - cos ft). Substitute and 
solve for v: 



93 ••• 

Picture the Problem The potential energy of the climber is the sum of his gravitational 
potential energy and the potential energy stored in the spring-like bungee cord. Let 6?be 
the angle which the position of the rock climber on the cliff face makes with a vertical 
axis and choose the zero of gravitational potential energy to be at the bottom of the cliff. 
We can use the definitions of U g and tA, pnng to express the climber’s total potential 
energy. 


(a) Express the total potential 
energy of the climber: 

Substitute to obtain: 


t/(x) — f/bungeecori + 


U (s) = jk(s-if +Mgy 

= \k(s-L) 2 +MgH cos0 

f 

= j-k(s-L) 2 + MgH cos ■ 

V 


s 

H 


J 


A spreadsheet solution is shown below. The constants used in the potential energy 
function and the formulas used to calculate the potential energy are as follows: 


Cell 

Content/Formula 

Algebraic Form 

B3 

300 

H 

B4 

5 

k 

B5 

60 

L 

B6 

85 

M 

B7 

9.81 

Z 

Dll 

60 

s 

D12 

D11+1 

5+1 
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The following graph was plotted using the data from columns D (s) and E ( U(s )). 
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*94 ••• 

Picture the Problem The diagram shows the forces each of the springs exerts on the 
block. The change in the potential energy stored in the springs is due to the elongation of 
both springs when the block is displaced a distance x from its equilibrium position and 

we can find A U using4k(AC)~. We can find the magnitude of the force pulling the block 

back toward its equilibrium position by finding the sum of the magnitudes of the y 
components of the forces exerted by the springs. In Part (d) we can use conservation of 
energy to find the speed of the block as it passes through its equilibrium position. 

y 

I 

I 



(a) Express the change in the AU = 2|l£(AL) 2 1 = k(AL) 2 

potential energy stored in the 

springs when the block is displaced where AL is the chan § e in len § th of a 

a distance x: spring. 


Referring to the force diagram, ^ + ^2 _ ^ 

express AL: 


Substitute to obtain: 


A U = 


L 2 +x 2 -L 


(b ) Sum the forces acting on the 
block to express F re stor mg: 


F 


restoring 


= 2 F cos 6 = 2k/SL cos 0 


= 2kAL 



Substitute for AL to obtain: 


Restoring = 2kW + X* -L 


■\Il 2 +x 2 



(c) A spreadsheet program to calculate U(x ) is shown below. The constants used in the 
potential energy function and the formulas used to calculate the potential energy are as 
follows: 


Cell 

Content/Formula 

Algebraic Form 

B1 

1 

L 

B2 

1 

k 

B3 

1 

M 

C8 

C7+0.01 

X 

D7 

$B$2*((C7 A 2+$B$1 A 2) A 0.5-$B$1) A 2 

U(x) 
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A 

B 

C 

D 

1 

L = 

0.1 

m 


2 

k = 

1 

N/m 


3 

M = 

1 

kg 


4 





5 





6 



X 

U(x) 

7 



0 

0 

8 



0.01 

2.49E-07 

9 



0.02 

3.92E-06 

10 



0.03 

1.94E-05 

11 



0.04 

5.93E-05 

12 



0.05 

1.39E-04 






23 



0.16 

7.86E-03 

24 



0.17 

9.45E-03 

25 



0.18 

1.12E-02 

26 



0.19 

1.32E-02 

27 



0.20 

1.53E-02 


The following graph was plotted using the data from columns C ( x ) and D (U(x)). 



(d) Use conservation of energy to K = A U 

.... » equilibrium 

relate the kinetic energy of the block 

as it passes through the equilibrium ( , 

position to the change in its jMv = AU 

potential energy as it returns to its 

equilibrium position: 
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Solve for v to obtain: 



Substitute numerical values and evaluate v: 





Chapter 8 

Systems of Particles and Conservation of 
Momentum 


Conceptual Problems 


l 

Determine the Concept A doughnut. The definition of the center of mass of an object 
does not require that there be any matter at its location. Any hollow sphere (such as a 
basketball) or an empty container with any geometry are additional examples of three- 
dimensional objects that have no mass at their center of mass. 


*2 

Determine the Concept The center of mass is midway between the two balls and is in 
free-fall along with them (all forces can be thought to be concentrated at the center of 
mass.) The center of mass will initially rise, then fall. 


Because the initial velocity of the center of mass is half of the initial velocity of the ball 
thrown upwards, the mass thrown upwards will rise for twice the time that the center of 
mass rises. Also, the center of mass will rise until the velocities of the two balls are equal 


but opposite. 


(. b ) is correct. 


3 

Determine the Concept The acceleration of the center of mass of a system of particles is 
described by F netext = ^ F t ext = Ma cm , where M is the total mass of the system. 


Express the acceleration of the 
center of mass of the two pucks: 


net,ext 

M 


m ] + m 2 


and 


( b ) is correct. 


4 

Determine the Concept The acceleration of the center of mass of a system of particles 
is described by F netext = ^ F t exl = Ma cm , where Mis the total mass of the system. 

i 

Express the acceleration of the F t F, 

a cm = - 1 - = - - - 

center of mass of the two pucks: M m x + nu 

because the spring force is an internal 
force. 

0 b ) is correct. 
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*5 • 

Determine the Concept No. Consider a 1-kg block with a speed of 1 m/s and a 2- kg 
block with a speed of 0.707 m/s. The blocks have equal kinetic energies but momenta of 
magnitude 1 kg-m /s and 1.414 kg-m/s, respectively. 

6 • 

(a) True. The momentum of an object is the product of its mass and velocity. Therefore, 
if we are considering just the magnitudes of the momenta, the momentum of a heavy 
object is greater than that of a light object moving at the same speed. 

( b ) True. Consider the collision of two objects of equal mass traveling in opposite 
directions with the same speed. Assume that they collide inelastically. The mechanical 
energy of the system is not conserved (it is transformed into other forms of energy), but 
the momentum of the system is the same after the collision as before the collision, i.e., 
zero. Therefore, for any inelastic collision, the momentum of a system may be conserved 
even when mechanical energy is not. 

(c) True. This is a restatement of the expression for the total momentum of a system of 
particles. 

7 

Determine the Concept To the extent that the system in which the rifle is being fired is 
an isolated system, i.e., the net external force is zero, momentum is conserved during its 
firing. 

Apply conservation of momentum /f llle + p bullet = 0 

to the firing of the rifle: or 

P rifle /^bullet 


*8 • 

Determine the Concept When she jumps from a boat to a dock, she must, in order for 
momentum to be conserved, give the boat a recoil momentum, i.e., her forward 
momentum must be the same as the boat’s backward momentum. The energy she 
imparts to the boat is E hmt = pl mt /2rn hmt . 


When she jumps from one dock to another, the mass of the dock plus the 
earth is so large that the energy she imparts to them is essentially zero. 


*9 » 

Determine the Concept Conservation of momentum requires only that the net external 
force acting on the system be zero. It does not require the presence of a medium such as 
air. 
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10 • 

Determine the Concept The kinetic energy of the sliding ball isy/«v c 2 m . The kinetic 
energy of the rolling ball is \ tnv 2 cm + K rel , where its kinetic energy relative to its center 
of mass is K kX . Because the bowling balls are identical and have the same velocity, the 
rolling ball has more energy. 

11 • 

Determine the Concept Think of someone pushing a box across a floor. Her push on 
the box is equal but opposite to the push of the box on her, but the action and reaction 
forces act on different objects. You can only add forces when they act on the same 
object. 

12 

Determine the Concept It’s not possible for both to remain at rest after the collision, as 
that wouldn't satisfy the requirement that momentum is conserved. It is possible for one 
to remain at rest: This is what happens for a one-dimensional collision of two identical 
particles colliding elastically. 

13 • 

Determine the Concept It violates the conservation of momentum! To move forward 
requires pushing something backwards, which Superman doesn’t appear to be doing 
when flying around. In a similar manner, if Superman picks up a train and throws it at 
Lex Luthor, he (Superman) ought to be tossed backwards at a pretty high speed to satisfy 
the conservation of momentum. 

*14 •• 

Determine the Concept There is only one force which can cause the car to move 
forward-the friction of the road! The car’s engine causes the tires to rotate, but if the 
road were frictionless (as is closely approximated by icy conditions) the wheels would 
simply spin without the car moving anywhere. Because of friction, the car’s tire pushes 
backwards against the road-from Newton’s third law, the frictional force acting on the 
tire must then push it forward. This may seem odd, as we tend to think of friction as 
being a retarding force only, but true. 

15 •• 

Determine the Concept The friction of the tire against the road causes the car to slow 
down. This is rather subtle, as the tire is in contact with the ground without slipping at all 
times, and so as you push on the brakes harder, the force of static friction of the road 
against the tires must increase. Also, of course, the brakes heat up, and not the tires. 

16 • 

Determine the Concept Because A p = FAt is constant, a safety net reduces the force 
acting on the performer by increasing the time At during which the slowing force acts. 

17 • 

Determine the Concept Assume that the ball travels at 80 mi/h « 36 m/s. The ball stops 
in a distance of about 1 cm. So the distance traveled is about 2 cm at an average speed of 
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about 18 m/s. The collision time is 


0.02 m 

-« 1 ms . 

18 m/s 


18 • 

Determine the Concept The average force on the glass is less when falling on a carpet 
because At is longer. 

19 • 

(a) False. In a perfectly inelastic collision, the colliding bodies stick together but may or 
may not continue moving, depending on the momentum each brings to the collision. 

( b ) True. In a head-on elastic collision both kinetic energy and momentum are 
conserved and the relative speeds of approach and recession are equal. 

(c) True. This is the definition of an elastic collision. 

*20 •• 

Determine the Concept All the initial kinetic energy of the isolated system is lost in a 
perfectly inelastic collision in which the velocity of the center of mass is zero. 

21 •• 

Determine the Concept We can find the loss of kinetic energy in these two collisions 
by finding the initial and final kinetic energies. We’ll use conservation of momentum to 
find the final velocities of the two masses in each perfectly elastic collision. 

(a) Letting V represent the velocity 
of the masses after their perfectly 
inelastic collision, use conservation 
of momentum to determine V: 

Express the loss of kinetic energy 
for the case in which the two objects 
have oppositely directed velocities 
of magnitude v/2: 

Letting V represent the velocity of 
the masses after their perfectly 
inelastic collision, use conservation 
of momentum to determine V: 


/^before Pafter 


or 


mv - mv = 2m V => V = 0 


A K = K r -K, =0-2 jm 


f , x2A 

V 




mv 


/^before Rafter 


or 


mv = 2 mV => V = \v 
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Express the loss of kinetic energy 
for the case in which the one object 
is initially at rest and the other has 
an initial velocity v: 


(. b ) Express the percentage loss for 
the case in which the two objects 
have oppositely directed velocities 
of magnitude v/2: 

Express the percentage loss for the 
case in which the one object is 
initially at rest and the other has an 
initial velocity v: 


A K = K t -K. 


= i(2 m) 




-\mv 2 




mv 1 

~4~ 


The loss of kinetic energy 
is the same in both cases. 


A K 

"^before 


\mv 2 

\mv 2 


= 100 % 


A K 

"^before 


1 2 
j mv 

2 mv 2 


= 50% 


The percentage loss is greatest for 
the case in which the two objects 
have oppositely directed velocities 
of magnitude v/2. 


*22 •• 

Determine the Concept A will travel farther. Both peas are acted on by the same force, 
but pea A is acted on by that force for a longer time. By the impulse-momentum 
theorem, its momentum (and, hence, speed) will be higher than pea B’s speed on leaving 
the shooter. 

23 •• 

Determine the Concept Refer to the particles as particle 1 and particle 2. Let the 
direction particle 1 is moving before the collision be the positive x direction. We’ll use 
both conservation of momentum and conservation of mechanical energy to obtain an 
expression for the velocity of particle 2 after the collision. Finally, we’ll examine the 
ratio of the final kinetic energy of particle 2 to that of particle 1 to determine the 
condition under which there is maximum energy transfer from particle 1 to particle 2. 

Use conservation of momentum to m \ v \,\ = m \ v i,f + m 2 v 2 ,f (1) 

obtain one relation for the final 

velocities: 

Use conservation of mechanical v 2 f - v l f = —(v 2ji - v u ) = v l{ (2) 

energy to set the velocity of 
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recession equal to the negative of 
the velocity of approach: 

To eliminate viy, solve equation (2) 
for v\f, and substitute the result in 
equation (1): 

Solve for V 2 + 


Express the ratio R of K 2 j to K ] a in 
terms of m ] and m 2 : 


Differentiate this ratio with respect 
to m 2 , set the derivative equal to 
zero, and obtain the quadratic 
equation: 

Solve this equation for m 2 to 
determine its value for maximum 
energy transfer: 


V l,f =V 2,f + V l,i 

m i V l.i = /7Z l ( V 2,f _ V l,i)+ /tt 2 V 2,f 


2m, 


m , + m 2 


2 m 2 


R = 


2 m, 


y m, +m 2 j 


K 2S 


K U 


m 2 4m, 


m, 


(m,+m 2 ) 2 


m; 


m, 


+ 1 = 0 


m 2 = 


(. b ) is correct because all of l's kinetic energy is transferred to 2 
when m 2 = m,. 


24 • 

Determine the Concept In the center-of-mass reference frame the two objects approach 
with equal but opposite momenta and remain at rest after the collision. 

25 • 

Determine the Concept The water is changing direction when it rounds the comer in the 
nozzle. Therefore, the nozzle must exert a force on the stream of water to change its 
direction, and, from Newton’s 3 ld law, the water exerts an equal but opposite force on the 
nozzle. 

26 • 

Determine the Concept The collision usually takes place in such a short period of time 
that the impulse delivered by gravity or friction is negligible. 










Systems of Particles and Conservation of Momentum 523 


27 • 

Determine the Concept No. F ext net = dp/dt defines the relationship between the net 

force acting on a system and the rate at which its momentum changes. The net external 
force acting on the pendulum bob is the sum of the force of gravity and the tension in 
the string and these forces do not add to zero. 

*28 •• 

Determine the Concept We can apply conservation of momentum and Newton’s laws of 
motion to the analysis of these questions. 

(a) Yes, the car should slow down. An easy way of seeing this is to imagine a "packet" 
of grain being dumped into the car all at once: This is a completely inelastic collision, 
with the packet having an initial horizontal velocity of 0. After the collision, it is moving 
with the same horizontal velocity that the car does, so the car must slow down. 

( b ) When the packet of grain lands in the car, it initially has a horizontal velocity of 0, so 
it must be accelerated to come to the same speed as the car of the train. Therefore, the 
train must exert a force on it to accelerate it. By Newton’s 3 rd law, the grain exerts an 
equal but opposite force on the car, slowing it down. In general, this is a frictional force 
which causes the grain to come to the same speed as the car. 

(c) No it doesn’t speed up. Imagine a packet of grain being "dumped" out of the railroad 
car. This can be treated as a collision, too. It has the same horizontal speed as the 
railroad car when it leaks out, so the train car doesn’t have to speed up or slow down to 
conserve momentum. 

*29 •• 

Determine the Concept Think of the stream of air molecules hitting the sail. Imagine 
that they bounce off the sail elastically-their net change in momentum is then roughly 
twice the change in momentum that they experienced going through the fan. Another 
way of looking at it: Initially, the air is at rest, but after passing through the fan and 
bouncing off the sail, it is moving backward-therefore, the boat must exert a net force on 
the air pushing it backward, and there must be a force on the boat pushing it forward. 

Estimation and Approximation 

30 •• 

Picture the Problem We can estimate the time of collision from the average speed of the 
car and the distance traveled by the center of the car during the collision. We’ll assume a 
car length of 6 m. We can calculate the average force exerted by the wall on the car from 
the car’s change in momentum and it’s stopping time. 

(a) Relate the stopping time to the ^ _ Stopping _ \ (K.) 14, 

assumption that the center of the car v av v av v av 

travels halfway to the wall with 
constant deceleration: 
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Express and evaluate v av : 


Substitute for v av and evaluate A t: 


U + U 

2 

_ nn km lh 1000 m 

0 + 90-x-x- 

h 3600s km 

2 

12.5m/s 


A t = 


j( 6m ) 

12.5m/s 


0.120s 


( b ) Relate the average force exerted by the wall on the car to the car’s change in 
momentum: 


F 


A p 

At 


(2000 kg) 


90 



lh 

3600 s X 


IOOOiV 

km 


0.120s 


417kN 


31 •• 

Picture the Problem Let the direction the railcar is moving be the positive x direction 
and the system include the earth, the pumpers, and the railcar. We’ll also denote the 
railcar with the letter c and the pumpers with the letter p. We’ll use conservation of 
momentum to relate the center of mass frame velocities of the car and the pumpers and 
then transform to the earth frame of reference to find the time of fall of the car. 

(a) Relate the time of fall of the 
railcar to the distance it falls and its 
velocity as it leaves the bank: 

Use conservation of momentum to 
find the speed of the car relative to 
the velocity of its center of mass: 

Relate u c to u v and solve for u c : 


Substitute for u p to obtain: 


. Av 
At = — 


P i = Pt 

or 

m c u c + m p u p = 0 


u r - m = 4 m/s 

c p 

.'. u„ = u r -4 m/s 

p u 


+ m (u c -4m/s) = 0 
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Solve for and evaluate u c : 


Relate the speed of the car to its 
speed relative to the center of mass 
of the system: 


u„ = 


4m/s 


1 + 


m. 


m„ 


4 m/s 


350 kg 


1 + 


4(75 kg) 


1.85m/s 


, „^m „„km lh 1000m 

= 1.85 — + 32 -x-x- 

s h 3600s km 

= 10.74 m/s 


Substitute and evaluate At: 


a 25m 

A t = - 

10.74 m/s 


2.33s 


(b) Find the speed with which the 
pumpers hit the ground: 


v p = v c -M p = 10.74m/s-4m/s 
= 6.74m/s 


Hitting the ground at this speed, they 
may be injured. 


*32 

Picture the Problem The diagram depicts the bullet just before its collision with the 
melon and the motion of the melon-and-bullet-less-jet and the jet just after the collision. 
We’ll assume that the bullet stays in the watermelon after the collision and use 
conservation of momentum to relate the mass of the bullet and its initial velocity to the 
momenta of the melon jet and the melon less the plug after the collision. 


Before the Collision After the Collision 



Apply conservation of momentum 
to the collision to obtain: 

Solve for V 2 f: 


m x v jj = (m 2 - m 3 + m ] )v 7f + ^2m-,K s 

WjVjj - ■ 3 j2m 3 K i 

V 2f = 

m n - m 3 + m x 


Express the kinetic energy of the jet 
of melon in terms of the initial 
kinetic energy of the bullet: 


K 2=JH K l = V h) 


= -k m l v l 2 i 
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Substitute and simplify to obtain: 


m t v u 

V 2f =-"- 

m 2 - m 3 + m x 
v H (m x - y jOAm l 

m 3 ) 

m 2 - m 3 + m l 


Substitute numerical values and evaluate v 2 r: 


v 


2f 


f 1300 ft - lm 1 

(0.0104 kg - ^0.1(0.0104 kg)(0.14 kg)) 

^ s 3.281 ft J 

2.50 kg -0.14kg + 0.0104 kg 


0.386 m/s 


= -1.27 ft/s 

Note that this result is in reasonably good agreement with experimental results. 


Finding the Center of Mass 


33 • 

Picture the Problem We can use its definition to find the center of mass of this system. 
Apply its definition to find x cm : 

x m 1 x l +m 2 x 2 + m 3 x 3 (2kg)(o) + (2kg)(0.2m)+(2kg)(0.5m) Q 
in , + m 2 + m 3 2 kg + 2 kg + 2 kg 


Because the point masses all lie 
along the x axis: 


y cm = 0 and the center of mass of this 


system of particles is at 


(0.233 m,0) 


*34 • 

Picture the Problem Let the left end of the handle be the origin of our coordinate 
system. We can disassemble the club-ax, find the center of mass of each piece, and then 
use these coordinates and the masses of the handle and stone to find the center of mass of 
the club-ax. 


Express the center of mass of the 
handle plus stone system: 


km = 


^stickAtm,stick ^Llonc Am,stone 


™stick + "Cone 


Assume that the stone is drilled and x cm,stick =45.0 cm 

the stick passes through it. Use 
symmetry considerations to locate 
the center of mass of the stick: 
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Use symmetry considerations to 
locate the center of mass of the 
stone: 

Substitute numerical values and 
evaluate x cm : 


x 


cm, stone 


89.0 cm 


(2.5 kg) (4 5 cm) + (8 kg) (8 9 cm) 
2.5 kg + 8 kg 

78.5cm 


35 • 

Picture the Problem We can treat each of balls as though they are point objects and 
apply the definition of the center of mass to find (x cm , y cm ). 


Use the definition ofx cm : 




m A x A + m B x B + m c x c 
m A + m B + m c 

(3 kg) (2 m) + (l kg)(l m) + (l kg)(3 m) 
3 kg +1 kg +1 kg 

2.00 m 


Use the definition ofy cm : 


m A y A + m B y B + m c y c 
m A + m B + m c 

_ (3 kg)(2 m) + (l kg)(l m) + (l kg)(p) 
3 kg + lkg + lkg 

= 1.40 m 


The center of mass of this system 
of particles is at: 


(2.00 m, 1.40 m) 


36 • 

Picture the Problem The figure shows an 
equilateral triangle with its y-axis vertex 
above the x axis. The bisectors of the 
vertex angles are also shown. We can find 
x coordinate of the center-of-mass by 
inspection and they coordinate using 
trigonometry. 


1 y 
1 



x 


cm 


= 0 


From symmetry considerations: 
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Express the trigonometric 
relationship between all, 30°, and 


Solve for y cm : 


tan 30° = 

a/2 


v cm =T«tan30° = 0.289a 


The center of mass of an equilateral 
triangle oriented as shown above is 
at 


(0,0.289a) 


*37 •• 

Picture the Problem Let the subscript 1 refer to the 3-m by 3-m sheet of plywood before 
the 2-m by 1-m piece has been cut from it. Let the subscript 2 refer to 2-m by 1-m piece 
that has been removed and let crbe the area density of the sheet. We can find the center- 
of-mass of these two regions; treating the missing region as though it had negative mass, 
and then finding the center-of-mass of the U-shaped region by applying its definition. 


Express the coordinates of the 
center of mass of the sheet of 
plywood: 


Use symmetry to find x cm .i, y c m ,i, 

•Um,25 and y’crn.2- 


Determine ni\ and my. 


Substitute numerical values and 
evaluate x cm : 


Substitute numerical values and 
evaluate y cm : 


ffl Tcm,r ffl 2Tm,2 


y cm ~ 


m x y, 


cm.l 


■ m 2 y t 


cm,2 


*cm,i =l-5m, y cml = 1.5 m 
and 

^cm ,2 =1 -5m,v cmi2 =2.0m 


m x = <jA x = 9crkg 
and 

m 2 = <jA 2 = 2a kg 

x _ (9crkg)(l.5 m)- (2crkg)(l.5kg) 
9cr kg - 2cr kg 

= 1.50 m 

(9akg)(l.5m)-(2akg)(2m) 
9cr kg - 2cr kg 

= 1.36m 


The center of mass 


of the U-shaped sheet of plywood is at 


(l.50 m, 1.36 m) 
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38 •• 

Picture the Problem We can use its definition to find the center of mass of the can plus 
water. By setting the derivative of this function equal to zero, we can find the value of x 
that corresponds to the minimum height of the center of mass of the water as it drains out 
and then use this extreme value to express the minimum height of the center of mass. 


(a) Using its definition, express the 
location of the center of mass of the 
can + water: 

Let the cross-sectional area of the 
cup be A and use the definition of 
density to relate the mass m of water 
remaining in the can at any given 
time to its depth x: 

Solve for m to obtain: 




M 


- V z / 


+ m 


f x' 




M + m 


M _ m 
AH ~ Ax 


m = — M 
H 


Substitute to obtain: 

M 

(H^ 

+ 

fx \ 

—M 



x —- 

UJ 


U J 

UJ 


*c m = - 

M +—M 
H 


H 

r ( x j 

i+ x 

VHj 

2 ^ 


2 

l + ± 

H 

\ 2 


( b ) Differentiate x cm with respect to x and set the derivative equal to zero for extrema: 


dx,. 


dx 


H_d_ 
2 dx 


f 

( x ^ ' 

1 + — 


1 + 


H 


_ H 
~ 2 


1 + — 

V H) 


( v \ 


_ H 
~ 2 


f i A 


r x^ 

d 


(x^ 

2~ 

i+— 


1 + 

— 


l HJ 

dx 


KHj 



1 + 




\H) 


f r ^ 

1 + — 
Hj 


VHAHJ L 


1 + 






f X A 

1 + — 


V, HJ 

Simplify this expression to obtain: 


f X A 

1 + — 

V HJ 


= 0 


'x' 2 


\ H J 


+ 2 




\Hj 


dx 


1 + — 

V HJ 


r x^ 
1 + - 
V Hj 


-1 = 0 
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Solve for x/H to obtain: 


x = //(\/2-l)« 0.414// 
where we’ve kept the positive solution 
because a negative value for x/H would 
make no sense. 


Use your graphing calculator to convince yourself that the graph of x cm as a function of x 


is concave upward at x ■ 
atx* 0.414 H. 


0.414// and that, therefore, the minimum value of x cm occurs 


Evaluate x cm 


at x = //(V2 -1) 


to obtain: 



Finding the Center of Mass by Integration 


*39 •• 

Picture the Problem A semicircular disk 
and a surface element of area dA is shown 
in the diagram. Because the disk is a 
continuous object, we’ll use 
Mf civ = | fdm and symmetry to find its 

center of mass. 



Express the coordinates of the center 
of mass of the semicircular disk: 


Express y as a function of r and 0 : 


x cm = 0 by symmetry. 
J ycr dA 
M 


y, 


y = r sin 0 


Express dA in terms of r and 6 : 


dA = r d6 dr 


Express M as a function of r and 0 : 


M = ^haifdisk =1^ 2 
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Substitute and evaluate y cm : 


R n 


Pc: 


erf [ r 2 sin# d6 dr 
” 2,7 jr 2 dr 


0 0 


M 


M 


2a -R 2 = 


3 M 


±R 

3 n 


40 ••• 

Picture the Problem Because a solid hemisphere is a continuous object, we’ll use 
Mr cm = | rdm to find its center of mass. The volume element for a sphere is 

dV= r 2 sin 6d9d<j)dr, where 0 is the polar angle and (j) the azimuthal angle. 


Let the base of the hemisphere be 
the xy plane and p be the mass 
density. Then: 

z = r cos 6 

Express the z coordinate of the 

center of mass: 

J rpdV 

Z ” ~ \pdV 

Evaluate M = J pdV : 

M = \pdV = \pV^ 


= j p[^n R z ) = ^7rpR z 

Evaluate J rpdV : 

R 7i 122 k 

J? -pdV = ^ J jr 3 sin8cos&d6d<f)dr 


0 0 0 


= ^tsin ^l' /2 =^ 

2 L2 jo 4 

Substitute and simplify to find z cm : \ jzpR 4 r—— 

Z = —-—- = — A 

cm 7 n 3 8 

j 71 pR - 


41 — 

Picture the Problem Because a thin hemisphere shell is a continuous object, we’ll use 
Mr cm = J rdm to find its center of mass. The element of area on the shell is dA = 2/rR 2 

sin Odd, where R is the radius of the hemisphere. 


z 


cm 


J zcj dA 
j a dA 


Let cr be the surface mass density 
and express the z coordinate of the 
center of mass: 
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Evaluate M = jadA: 


Evaluate 


j zadA: 


Substitute and simplify to find z cl 


M = jcrdA = \oA 
- j cr( 4k R 2 ) = 2 noR 


spherical shell 
2 


nil 


J zc7 dA = 2 xR 'cj J sin 0 cos 0 d6 


o 

x!2 


= 7rR 3 a J sin 2 0 dO 


= 7tR 3 <j 


kR 3 <j 
I noR 2 


\R 


42 ••• 

Picture the Problem The parabolic sheet 
is shown to the right. Because the area of 
the sheet is distributed symmetrically with 
respect to they axis, x cm = 0. We’ll 
integrate the element of area clA (= xdy) to 
obtain the total area of the sheet and yxdy 
to obtain the numerator of the definition of 
the center of mass. 


i y 



Express y cm : 


Evaluate 


b 



0 


Evaluate 


b 



0 





JV'> 
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Substitute and simplify to determine y cm : 


5ya 


fH 3 ' 2 

3 ya 


Note that, by symmetry: 


Vein 0 


The center of mass of the parabolic 
sheet is at: 


(0,1 b) 


Motion of the Center of Mass 


43 


Picture the Problem The velocity of the center of mass of a system of particles is related 
to the total momentum of the system through P = ^ m i v i = Mv cm . 


Use the expression for the total 
momentum of a system to relate the 
velocity of the center of mass of the 
two-particle system to the momenta 
of the individual particles: 




v = 

cm 


m l v l + m 2 v 2 


M m x + in 2 


Substitute numerical values and 
evaluate v„ m : 


(3kg)(v, +v,) . H 

v cm = V T, 1 -- = IK + v 2 ) 

6 kg 

= | [(6 m/s)/ -(3m/s)y] 


(3m/s)i -(l.5m/s )j 


*44 • 

Picture the Problem Choose a coordinate system in which east is the positive x 
direction and use the relationship P = ^ m i v [ = Mv cm to determine the velocity of the 

center of mass of the system. 

Use the expression for the total 
momentum of a system to relate the 
velocity of the center of mass of the 
two-vehicle system to the momenta 
of the individual vehicles: 

Express the velocity of the truck: 




V = 

cm 


M 


m t v t + m c v c 

m, + m„ 


v t = (l6m/s)/ 
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Express the velocity of the car: 


v c = (-20 m/s) i 


Substitute numerical values and evaluate v cm : 


v 


cm 


(3000kg)(l6m/s) i + (l500kg)(-20m/s) i 
3000 kg + 1500 kg 


(4.00 m/s) i 


45 • 

Picture the Problem The acceleration of the center of mass of the ball is related to the 
net external force through Newton’s 2 nd law: F ne text = Ma cm . 

Use Newton’s 2 nd law to express the _ F net ext 

acceleration of the ball: cm m 

Substitute numerical values and _ (l2 N)i 

evaluate d cm : “ cm “ 3kg + lkg + lkg 

46 •• 

Picture the Problem Choose a coordinate system in which upward is the positive y 
direction. We can use Newton’s 2 nd law F net ext = Ma cm to find the acceleration of the 

center of mass of this two-body system. 


(2.4 m/s 1 )/ 


Yes; initially the scale reads (M + m)g; while m is in free fall, the 
reading is Mg. 


(b) Using Newton’s 2 nd law, express 
the acceleration of the center of mass 
of the system: 

Substitute to obtain: 


«cm =' 


m. 


mg 

M + m^ 


(c) Use Newton’s 2 nd law to express 
the net force acting on the scale while 
the object of mass m is falling: 

Substitute and simplify to obtain: 


^„et,ext =(M + m)g - (M + rn)a cm 


^net.cxt = (m + m)g-(M +rn) 


mg 

M + m 


Mg 
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as expected, given our answer to 
part (a). 


*47 •• 

Picture the Problem The free-body 
diagram shows the forces acting on the 
platform when the spring is partially 
compressed. The scale reading is the force 
the scale exerts on the platform and is 
represented on the FBD by F n . We can use 
Newton’s 2 nd law to determine the scale 
reading in part (a) and the work-energy 
theorem in conjunction with Newton’s 2 nd 
law in parts ( b ) and (c). 


y 



»' P 8 


1 b on spring 


(a) Apply ^ F = ma y to the 

spring when it is compressed a 
distance d\ 

Solve for F n : 


Tj F v = F n- ™ p g ~ ^ball on spring = 0 


F n ^pg "^ball on spring 

= m p g + kd = m p g + k 


( m h g A 


V k j 

m p g + m h g = {m p + m h )g 


(b ) Use conservation of mechanical 
energy, with U g = 0 at the position at 
which the spring is fully 
compressed, to relate the 
gravitational potential energy of the 
system to the energy stored in the 
fully compressed spring: 

Solve for d: 


A K + At/ +AU=0 

£ s 


Because A K= U g j = U sp = 0, 

u &i -u s ,=o 

or 

m b gd -\kd 2 = 0 


d = 


2in h g 

k 


Evaluate our force equation in (a) 
w,.h 


F n g -^ball on spring 

= m p g + kd = m p g + k 


r 2m b g' x 


,g + 2m h g = (m p +2m b )g 


m 













536 Chapter 8 


(c) When the ball is in its original 
position, the spring is relaxed and 
exerts no force on the ball. 
Therefore: 


F n = scale reading 


m P S 


*48 •• 

Picture the Problem Assume that the object whose mass is is moving downward 
and take that direction to be the positive direction. We’ll use Newton’s 2 nd law for a 
system of particles to relate the acceleration of the center of mass to the acceleration of 
the individual particles. 

(a) Relate the acceleration of the Ma cm = m 1 a 1 + m 2 a 2 + m c a c 

center of mass to nt\, m 2 , m c and 
their accelerations: 


Because m\ and m 2 have a co mm on 
acceleration a and a c = 0: 

From Problem 4-81 we have: 


Substitute to obtain: 


(. b ) Use Newton’s 2 nd law for a 
system of particles to obtain: 


Solve for F and substitute for a cm 
from part (a): 


m, - m , 

= a - 1 --— 

m l + m 2 + m c 


m , — m 2 

a = g —-^ 

m j + m 2 


m ] - m 2 


g 

^ /«, + m 2 ) 


/«, - m 2 

y m x +m 2 + m c j 


(/«j - m 2 ) 2 


(m, + m 2 )(/«j + m 2 + m c ) 


g 


F - Mg = -Ma cm 

where M= ni \ + m 2 + m c and F is positive 
upwards. 


F = Mg -Ma cm 


= Mg 


( ffl i - m i ) 2 

m ] + m 2 



4 

g 


i ni c 

m { + m 2 


T = 


2 m x m 2 
in , + m 2 


(c) From Problem 4-81: 
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Substitute in our result from part ( b ) 
to obtain: 


F = 


2 2m,m 2 
m l + m 2 

T 

2 —+ m„ 


+ tn„ 


g 


g 


g = 


2 T + m c g 


49 •• 

Picture the Problem The free-body 
diagram shows the forces acting on the 
platform when the spring is partially 
compressed. The scale reading is the force 
the scale exerts on the platform and is 
represented on the FBD by F n . We can 
use Newton’s 2 nd law to determine the 
scale reading in part (a) and the result of 
Problem 7-96 part ( b ) to obtain the scale 
reading when the ball is dropped from a 
height h above the cup. 


>» F g 


Tb 


on spring 


{a) Apply Yj F y = ma y to the spring £ F y = F n - m p g - F ball on spring = 0 

when it is compressed a distance d: 


Solve for F„\ 


F n =™.g + F l 


ball on spring 


f 

= m p g + kd = m p g + k 

V 


"kg 

k 


\ 

J 



(.b ) From Problem 7-96, part (/;): 


= ■ 


"h g 



From part (a): 


F n= m P g + F i 


ball on spring 


= mg + kx n 


r 


m P g + m b g 


1 + 1 + 


2 kh 

™ b g 


The Conservation of Momentum 

50 • 

Picture the Problem Let the system include the woman, the canoe, and the earth. Then 
the net external force is zero and linear momentum is conserved as she jumps off the 
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canoe. Let the direction she jumps be the positive x direction. 

Apply conservation of momentum to X m iVi =™ g aV 1 +m c anoe i? canoe = 0 

the system: 

Substitute to obtain: (55 kg)(2.5 m/s)i + (75 kg) v canoe = 0 


Solve for v canoe : 


(-1.83 m/s) i 


51 • 

Picture the Problem If we include the earth in our system, then the net external force is 
zero and linear momentum is conserved as the spring delivers its energy to the two 
objects. 

Apply conservation of momentum + m io^io = 0 

to the system: 


Substitute numerical values to obtain: 


(5 kg X - 8 m/s)/ + (lOkg)v 10 =0 


Solve for v 10 : 



*52 • 

Picture the Problem This is an explosion-like event in which linear momentum is 
conserved. Thus we can equate the initial and final momenta in the x direction and the 
initial and final momenta in the y direction. Choose a coordinate system in the positive x 
direction is to the right and the positive y direction is upward. 


Equate the momenta in the v 
direction before and after the 
explosion: 


Equate the momenta in the x 
direction before and after the 
explosion: 

Solve for v 3 : 


X/C. = XCy,r = mv 2 -2mv l 
= m(2v 1 )-2mv l = 0 

We can conclude that the momentum was 
entirely in the x direction before the 
particle exploded. 

2>*, = X^x, f 

.'. 4 mv { = mv 3 


={v 3 and 


(c) is correct. 
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53 • 

Picture the Problem Choose the direction the shell is moving just before the explosion 
to be the positive x direction and apply conservation of momentum. 


Use conservation of momentum to 
relate the masses of the fragments to 
their velocities: 


P i =P f 

or 

mvi = \ mvj + j mv' 


Solve for v': 


v = 


2vi-vj 


*54 « 

Picture the Problem Let the system include the earth and the platform, gun and block. 
Then F netext = 0 and momentum is conserved within the system. 


(a) Apply conservation of 
momentum to the system just before 
and just after the bullet leaves the 
gun: 


Substitute for j? bullet and /> plallorm and 


solve for v 


platform ’ 


/^before P after 

or 

^ /^bullet /^platform 


0 = m h v h i + m p 


v 


platform 


and 

^platform 



(b) Apply conservation of p hef0K = p after 

momentum to the system just before or 

the bullet leaves the gun and just 0 = p plat[brm => v platform = 0 

after it comes to rest in the block: 


(c) Express the distance As traveled 
by the platform: 

Express the velocity of the bullet 
relative to the platform: 


^ = ^platform At 


TYl 

Uel = V b- V platform = V b+—V b 

m p 


r \ 

1 + ^ 
m„ 

v p y 


m + m b 

U =-v b 

m„ 


Relate the time of flight At to L and 

Vreb 


L 


v 


rel 


At = 
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Substitute to find the distance As 
moved by the platform in time At: 


^ = ^platform At = 


f \ 

m. 


K m v J 


f \ 


^ \ 

m b 

L 

—v b 



K J 

l' 

rel y 


X 


L 




m +m b 

- -v, 

tn 

V p J 


m u 


m p + m h 


-L 


55 •• 

Picture the Problem The pictorial representation shows the wedge and small object, 
initially at rest, to the left, and, to the right, both in motion as the small object leaves the 
wedge. Choose the direction the small object is moving when it leaves the wedge be the 
positive x direction and the zero of potential energy to be at the surface of the table. Let 
the speed of the small object be v and that of the wedge V. We can use conservation of 
momentum to express v in terms of V and conservation of energy to express v in terms of 
h. 



Apply conservation of momentum to 

X 

4-T 

A 

II 

K 

the small object and the wedge: 

or 


0 = mvi + 2 mV 

Solve for V: 

V = -\vi 


and 


V = \v 

Use conservation of energy to 

AK + AU = 0 

determine the speed of the small 

or 

object when it exits the wedge: 

K f -K { +U { -i 

Because Ur= K, = 0: 

\mv 2 +j(2m)v 
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Substitute for V to obtain: 

Solve for v to obtain: 


Substitute in equation (1) to 
determine V : 


jtnv 2 + \{2m)(\ v) 2 —mgh = 0 



i.e., the wedge moves in the direction 
opposite to that of the small object with a 

speed of 



*56 •• 

Picture the Problem Because no external forces act on either cart, the center of mass of 
the two-cart system can’t move. We can use the data concerning the masses and 
separation of the gliders initially to calculate its location and then apply the definition of 
the center of mass a second time to relate the positions X\ and X 2 of the centers of the 
carts when they first touch. We can also use the separation of the centers of the gliders 
when they touch to obtain a second equation inX\ and X 2 that we can solve 
simultaneously with the equation obtained from the location of the center of mass. 


(a) Apply its definition to find the 
center of mass of the 2-glider system: 


Use the definition of the center of 
mass to relate the coordinates of the 
centers of the two gliders when they 
first touch to the location of the 
center of mass: 


Also, when they first touch, their 
centers are separated by half their 
combined lengths: 


/H|X| +/n 2 x 2 

wm 

m l + m 2 

_ (0.1kg)(0.1m) + (0.2kg)(l.6m) 
0. lkg + 0.2kg 

= 1.10m 

from the left end of the air track. 

m l X l +m 2 X 2 
1.10m = — 5 — --—- 

m t + m 2 

_ (0.1kg)X,+(0.2kg)X 2 
0. lkg + 0.2 kg 

= ix 1 + fx 2 


X 2 -X x =y(l0cm + 20cm) = 0.15m 


0.33324 +0.667X 2 = 1.10m 
and 

X 2 -X x = 0.15m 


Thus we have: 
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Solve these equations simultaneously 
to obtain: 

X x = 1.00m and X 2 = 1.15m 

0 b) 

No. The initial momentum of the 

system is zero, so it must be zero 

after the collision. 


Kinetic Energy of a System of Particles 

*57 • 

Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right. Use the expression for the total momentum of a system to find the velocity of 
the center of mass and the definition of relative velocity to express the sum of the kinetic 
energies relative to the center of mass. 


(a) Find the sum of the kinetic energies: 

k = k x +k 2 

= 2 m i v i +\m 2 vl 

= ^(3kg)(5m/s) 2 +|(3kg)(2m/s) 2 

= 43.5 J 

( b ) Relate the velocity of the center 
of mass of the system to its total 

momentum: 

^cm = m x v x + m 2 v 2 

Solve for v cm : 

_m x v x +m 2 v 2 

y cm 

m x + m 2 

Substitute numerical values and 
evaluate v cm : 

(3kg)(5m/s)i-(3kg)(2m/s)i 
V ” _ 3 kg + 3 kg 

= (l.50 m/s)/ 

(c) The velocity of an object relative 
to the center of mass is given by: 

ihel =V-V cm 
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Substitute numerical values to 
obtain: 


(d) Express the sum of the kinetic 
energies relative to the center of 
mass: 

Substitute numerical values and 
evaluate K re p 


(e) Find K cm : 


Vi re i = (5m/s)/ -(l.5m/s)/ 

= (3.50 m/s)/ 

v 2j rei = (- 2 m/s)/ - (l.5 m/s)/ 
= (-3.50 m/s)/ 


^rel ^l.rel + ^2,rel 2 m \ V l,rel + 2 W 2 V 2,rel 


^rei =i(3kg)(3.5m/s) 2 

+ y(3kg)(-3.5m/s) 2 
= 36.75 J 


K cm = \m x y cm = i(6kg)(l.5m/s) 2 
= 6.75 J 

= 43.5 J-36.75 J 


58 • 

Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right. Use the expression for the total momentum of a system to find the velocity of the 
center of mass and the definition of relative velocity to express the sum of the kinetic 
energies relative to the center of mass. 

(a) Express the sum of the kinetic energies: K = K x + K 2 = \ m ] vy + f m 2 v 2 

Substitute numerical values and 
evaluate K: 

(,b ) Relate the velocity of the center of 
mass of the system to its total 
momentum: 

Solve for v cm : 


K = y(3kg)(5m/s) 2 +f(5kg)(3m/s) 2 
= 60.0 J 

M v cm =m x v x +m 2 v 2 


m, + in 
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Substitute numerical values and 
evaluate v cm : 


(.3 kg) (5 m/s)/ + (5 kg)(3 m/s)/ 
3kg + 5kg 

= (3.75 m/s)/ 


(c) The velocity of an object relative v rel = v - v cm 

to the center of mass is given by: 


Substitute numerical values and 
evaluate the relative velocities: 


(d) Express the sum of the kinetic 
energies relative to the center of 
mass: 

Substitute numerical values and 
evaluate K re \. 


(e) Find K cm : 


v lre i = (5m/s)/ -(3.75m/s)/ 


(l.25 m/s)/ 


and 


v 2 re i = (3m/s)/ -(3.75m/s)/ 


(-0.750m/s)i 


K iel =K Uel +K : 


2,rel 

= \ m i\r e i+\m 2 v; M 


K tel =i(3kg)(l.25m/s) 2 

+ t( 5 kg)(- 0.75 m/s) 2 


= 3.75J 


K c m = 2 w tot v cm = |(8kg)(3.75m/s) 2 
= 56.3 J = K-K, 


rel 


Impulse and Average Force 

59 • 

Picture the Problem The impulse imparted to the ball by the kicker equals the change in 
the ball’s momentum. The impulse is also the product of the average force exerted on the 
ball by the kicker and the time during which the average force acts. 

(a) Relate the impulse delivered to / = Ap = p f - p l 

the ball to its change in momentum: = mv { since u = 0 


/ = (0.43 kg)(25 m/s) = 


Substitute numerical values and 
evaluate I: 


10.8N-S 
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(. b ) Express the impulse delivered to 
the ball as a function of the average 
force acting on it and solve for and 
evaluate F av : 


I = F„*t 

and 

_ / _ 10.8N-S 
av_ A t~ 0.008 s 


1.34kN 


60 • 

Picture the Problem The impulse exerted by the ground on the brick equals the change 
in momentum of the brick and is also the product of the average force exerted by the 
ground on the brick and the time during which the average force acts. 

(a) Express the impulse exerted by I = |Ap bnck | = |/?, brick - A,brick | 

the ground on the brick: 

Because yr.bnck = 0: 1 = A,brick = "Vck v O) 

Use conservation of energy to 
determine the speed of the brick at 
impact: 


Because t/ f = K{ = 0: 

1 

5! 

ll 

0 


or 


briciA 2 - m brick gh = 0 

Solve for v: 

bn 

II 

> 

Substitute in equation (1) to obtain: 

1 = m bnc^ 2 § h 

Substitute numerical values and 

evaluate I: 

I = (0.3kg) A /2(9.81m/s 2 )(8m) 


(c) Express the impulse delivered to 
the brick as a function of the 
average force acting on it and solve 
for and evaluate A v : 


I = F„&t 

and 

_ / _ 3.76N -s 
av ~ A t~ 0.0013s 


2.89 kN 


AK + AU = 0 
or 

K f -K { +U { - U i =0 


*61 • 

Picture the Problem The impulse exerted by the ground on the meteorite equals the 
change in momentum of the meteorite and is also the product of the average force exerted 
by the ground on the meteorite and the time during which the average force acts. 
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Express the impulse exerted by the I - A/> mete orite _ Pt ~ Pi 

ground on the meteorite: 


Relate the kinetic energy of the 
meteorite to its initial momentum 
and solve for its initial momentum: 


K, =^-^ Pi =^K, 
2 m 


Express the ratio of the initial and 
final kinetic energies of the 
meteorite: 


f i 

Kj 2 m Pl_ ry 

V 2 — 2 — A 

K f p { 

2m 


Solve for p f \ _ p { 

Pf= l2 


Substitute in our expression for / 
and simplify: 


1 = 


Pi 


v/2 

■ y j2mK i 


Pi = Pi 


v/2 




-1 


A 

1 

J 


Because our interest is in its magnitude, evaluate / 



•^2(30.8 x 10 3 kg)(617 x 10 6 j) 

V 


1 


\ 

1 

) 


1.81MN-S 


Express the impulse delivered to the 
meteorite as a function of the average 
force acting on it and solve for and 
evaluate F m : 


I = t 


and 


At 


1.81MN-S 

3s 


0.602 MN 


62 •• 

Picture the Problem The impulse exerted by the bat on the ball equals the change in 
momentum of the ball and is also the product of the average force exerted by the bat on 
the ball and the time during which the bat and ball were in contact. 


(a) Express the impulse exerted by 
the bat on the ball in terms of the 
change in momentum of the ball: 


I ~ AP b all = Pf~ Pi 

/v / /v \ /v 

= mv f i - /in’/j = 2mvi 
where v = v f = Vi 
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Substitute for m and v and evaluate 
/: 


/ = 2(0.15kg)(20m/s) = 


6.00N-S 


(. b ) Express the impulse delivered to 
the ball as a function of the average 
force acting on it and solve for and 
evaluate F av : 


I = FJ* 


and 

F„ 


At 


6.00N-S 
1.3 ms 


4.62 kN 


*63 •• 

Picture the Problem The figure shows the 
handball just before and immediately after 
its collision with the wall. Choose a 
coordinate system in which the positive x 
direction is to the right. The wall changes 
the momentum of the ball by exerting a 
force on it during the ball’s collision with 
it. The reaction to this force is the force the 
ball exerts on the wall. Because these 
action and reaction forces are equal in 
magnitude, we can find the average force 
exerted on the ball by finding the change 
in momentum of the ball. 



Using Newton’s 3 rd law, relate the 
average force exerted by the ball on 
the wall to the average force exerted 
by the wall on the ball: 


F = -F 

av on wall av on ball 

and 

F = F 

av on wall av on ball 


CD 


Relate the average force exerted by 
the wall on the ball to its change in 
momentum: 


av on ball 


A/) mAv 
At At 


Express Av v for the ball: 


Av = v r i — v i 

X f,X l,X 

or, because = vcos 9 and v ( ; x = -vcos 9, 

Av v = -vcos 6i - vcos Oi = -2vcos 6i 


Substitute in our expression for 


av on ball ' 


av on ball 


mAv 

At 


ImvcosO : 

- 1 

At 
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Evaluate the magnitude of F xvoa baU 


? _ 2mv cos 6 

av on ball A . 

At 

_ 2(0.06kg)(5m/s)cos40° 
2 ms 

= 230N 


Substitute in equation (1) to obtain: 


F 


av on wall 


230N 


64 •• 

Picture the Problem The pictorial 
representation shows the ball during the 
interval of time you are exerting a force on 
it to accelerate it upward. The average 
force you exert can be determined from the 
change in momentum of the ball. The 
change in the velocity of the ball can be 
found by applying conservation of 
mechanical energy to its rise in the air 
once it has left your hand. 



f, = 0 

o=° 
= 0 


(a) Relate the average force exerted 
by your hand on the ball to the 
change in momentum of the ball: 

Letting U s = 0 at the initial elevation 
of your hand, use conservation of 
mechanical energy to relate the 
initial kinetic energy of the ball to 
its potential energy when it is at its 
highest point: 

Substitute for K f and U, and solve 
for v 2 : 


Relate At to the average speed of the 
ball while you are throwing it 
upward: 


p _ 4 ? _ Pi - Pi _ mV 2 
av At At At 
because v\ and, hence, p\ = 0. 

AK + At7 = 0 
or 

-K x +U f =0 
since K f = U i = 0 

- j mvl + mgh = 0 
and 

v 2 = ^2gh 

_ d _ d _ 2d 

V av V 2 V 2 

2 
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Substitute for At and is in the 
expression for F m to obtain: 

mgh 

av / 

a 

Substitute numerical values and 

evaluate F av : 

(0.15kg)(9.81m/s 2 )(40m) 
av “ 0.7m 

= 84.IN 

(b) Express the ratio of the weight of 
the ball to the average force acting 

on it: 

w _ mg _ (0.15kg)(9.81m/s 2 ) ^ O0/ 
K, F„ 84. IN 


Because the weight of the ball is less than 2% of the average force exerted 
on the ball, it is reasonable to have neglected its weight. 


65 •• 

Picture the Problem Choose a coordinate system in which the direction the ball is 
moving after its collision with the wall is the positive x direction. The impulse delivered 
to the wall or received by the player equals the change in the momentum of the ball. We 
can find the average forces from the rate of change in the momentum of the ball. 


(a) Relate the impulse delivered to 
the wall to the change in momentum 

of the handball: 

I = Ap = mv { - mv i 
= (0.06kg)(8m/s)/ 

- [-(0.06kg)(l0m/s)/] 

= (l. 0 8 N • s) i directed into wall. 

(b) Find F m from the change in the 
ball’s momentum: 

_ A/? _ 1.08N-S 
av ~ A t~ 0.003 s 

= 360 N, into wall. 

(c) Find the impulse received by the 
player from the change in 

momentum of the ball: 

1 = A Pbaii = mAv 

= (0.06kg)(8m/s) 

= 0.480 N-s, away from wall. 

(d) Relate F av to the change in the 
ball’s momentum: 

P APball 

^av - . , 

At 

Express the stopping time in terms 
of the average speed v av of the ball 

. d 

A t = — 

Wv 
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and its stopping distance d\ 
Substitute to obtain: 


Substitute numerical values and 
evaluate F m : 


F = 


V av4Pball 

d 


F„, 


_ (4m/s)(0.480N-s) 
0.5 m 


3.84 N, away from wall. 


66 ••• 

Picture the Problem The average force exerted on the limestone by the droplets of 
water equals the rate at which momentum is being delivered to the floor. We’re given 
the number of droplets that arrive per minute and can use conservation of mechanical 
energy to determine their velocity as they reach the floor. 


(a) Letting N represent the rate at 
which droplets fall, relate F m to the 
change in the droplet’s momentum: 

Find the mass of the droplets: 


Letting U g = 0 at the point of impact 
of the droplets, use conservation of 
mechanical energy to relate their 
speed at impact to their fall 
distance: 

Because K, = Uf= 0: 

Solve for and evaluate v = v r : 


Substitute numerical values and 
evaluate F m : 


d. 


Af*droplets _ ^ ?»Av 

At At 


m = pV = (lkg/L)(0.03mL) 
= 3xlCT 5 kg 

AK + AU = 0 
or 

K f -K { +U { -U- =0 


j mVf - mgh = 0 

v = -yjlgh = -\/2(9.81m/s 2 )(5m) 
= 9.90 m/s 


CL, 


f 


V A t J 


mAv 


f j droplets ^ 1 min j 
^ min 60s J 

x(3 x 10 5 kg)(9.90m/s) 


4.95 x 10~ 5 N 
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(b ) Calculate the ratio of the weight 

w mg 


of a droplet to F av : 

F F 

av av 



(3 x 10 kg)(9.81m/s ) 

6 


4.95 x 10 5 N 



Collisions in One Dimension 

*67 • 

Picture the Problem We can apply conservation of momentum to this perfectly 
inelastic collision to find the after-collision speed of the two cars. The ratio of the 
transformed kinetic energy to kinetic energy before the collision is the fraction of kinetic 
energy lost in the collision. 


(a) Letting V be the velocity of the 
two cars after their collision, apply 
conservation of momentum to their 
perfectly inelastic collision: 

Solve for and evaluate V: 


/^initial /Trial 

or 

mv j + mv : = (m + m ) V 

y _ V[ +v 2 _ 30m/s + 10m/s 
2 2 
= 20.0m/s 


(b ) Express the ratio of the kinetic 
energy that is lost to the kinetic 
energy of the two cars before the 
collision and simplify: 


A K 


^Imal -^initial 


K 


initial 


K 


final 


K 


-1 


initial 


(2 m)V 2 


\mvf +\mvl 


2V- 


2 2 

V 1 + V 2 


-1 


1 


Substitute numerical values to obtain: 


A K _ 2(20 m/s) 2 

initial (30 m/s) 2 +(l0m/s) 2 
= -0.200 


20% of the initial kinetic energy is transformed into heat, sound, and 
the deformation of metal. 
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68 • 

Picture the Problem We can apply conservation of momentum to this perfectly 
inelastic collision to find the after-collision speed of the two players. 


Letting the subscript 1 refer to the 
running back and the subscript 2 refer 
to the linebacker, apply conservation 
of momentum to their perfectly 
inelastic collision: 


Pi = Pi 
or 

/MjVj = (m j + m 2 )V 


Solve for V: 


V = 


m. 


m l + in 2 


Substitute numerical values and 
evaluate V: 


V = 


85 kg 

85 kg + 105 kg 


(7 m/s) = 


3.13m/s 


69 • 

Picture the Problem We can apply conservation of momentum to this collision to find 
the after-collision speed of the 5-kg object. Let the direction the 5-kg object is moving 
before the collision be the positive direction. We can decide whether the collision was 
elastic by examining the initial and final kinetic energies of the system. 


(a) Letting the subscript 5 refer to 
the 5-kg object and the subscript 2 
refer to the 10-kg object, apply 
conservation of momentum to 
obtain: 

Solve for Vf> 


Substitute numerical values and 
evaluate v fj5 : 


Pi =Pt 
or 


m 5 V i,5- m i0 V i,l0= m 5 V f,5 


% = 


ffl 5L.5- ffl 1 Q V i.lQ 

m , 


f,5 


(5 kg)(4m/s)-(l0kg)(3m/s) 
5kg 

-2.00 m/s 


where the minus sign means that the 5-kg 
object is moving to the left after the 
collision. 
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(b) Evaluate A K for the collision: 

AK = K r - K t = jr(5kg)(2m/s) 2 - [i(5kg)(4nUs) 2 +jr(l0kg)(3m/s) 2 J = -75.0 J 


Because AK ^ 0, the collision was inelastic. 


70 • 

Picture the Problem The pictorial 
representation shows the ball and bat just 
before and just after their collision. Take 
the direction the bat is moving to be the 
positive direction. Because the collision is 
elastic, we can equate the speeds of 
recession and approach, with the 
approximation that v Lba t ~ Vf,bat to find v r ,baii. 










»u»n= -v 


— 



C_Z) 


Express the speed of approach of the v f bat - v f ball = -(v i>bat - v i>baI1 ) 

bat and ball: 


Because the mass of the bat is much v i>bat « v f bat 

greater than that of the ball: 


Substitute to obtain: 


V f,bat V f,ball — Vf.bat V i,ballJ 


Solve for and evaluate Vf,baii: 


V f,ball V f,bat + ( V f,bat V i,ball) 


= - V i,ball + 2v f,bat = V + 2V 



*71 •• 

Picture the Problem Let the direction the proton is moving before the collision be the 
positive x direction. We can use both conservation of momentum and conservation of 
mechanical energy to obtain an expression for velocity of the proton after the collision. 
(a) Use the expression for the total P = y my, = Mv cm 

momentum of a system to find v cm : 1 

and 


mv„ 


v = 

cm 


m + \2m 


-^(300 m/s) i 


(23.1 m/s)/ 
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( b ) Use conservation of momentum m p v p,i = m P v P ,f + /H nuc v nuc,r (1) 

to obtain one relation for the final 

velocities: 

Use conservation of mechanical v nuc f - v p f = -(v nuc{ - v p; ) = v p; (2) 

energy to set the velocity of 
recession equal to the negative of 
the velocity of approach: 


To eliminate v nuC f, solve equation 
(2) for v nuc ,f, and substitute the result 
in equation (1): 


V , = V . + V - 
nuc,f p,i p,f 


m 


v = m v r- + m (v + v .) 

) p,i p p,f nuc \ p,i p,f / 


Solve for and evaluate v p> f: 


m — m 

p nuc 

V r = - - -V • 

P’ f ™ P’ 1 


m P + m nuc 


m-\2m 

13 m 


(300 m/s) 


-254m/s 


72 •• 

Picture the Problem We can use conservation of momentum and the definition of an 
elastic collision to obtain two equations in v 2 fand v 3f that we can solve simultaneously. 


Use conservation of momentum to 
obtain one relation for the final 
velocities: 

Use conservation of mechanical 
energy to set the velocity of 
recession equal to the negative of 
the velocity of approach: 

Solve equation (2) for v 3 f, substitute 
in equation (1) to eliminate v 3 f, and 
solve for and evaluate v 2 f: 

Use equation (2) to find v 3f : 


Evaluate K, and K f \ 


m 3 v 3i = m 3 v 3f +m 2 v 2{ (1) 


Wf -v 3f =-(v 2i -v 3i ) = v 3i (2) 


2m 3 v 3i _ 2(3kg)(4m/s) 
m 2 + m, 2 kg + 3 kg 

4.80m/s 


v 3f = v 2f -v 3i = 4.80m/s-4.00m/s 
= 0.800m/s 


K i = K 3 i = \ n h v l = |(3kg)(4m/s) 2 
= 24.0 J 
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and 

K f 


= T(3kg)(0.8m/sy 

+ i(2kg)(4.8m/s) 2 


= 24.0 J 


Because K { =K { , we can conclude that the values obtained for v 2f and v 3f are 
consistent with the collision having been elastic. 


73 » 

Picture the Problem We can find the velocity of the center of mass from the definition 
of the total momentum of the system. We’ll use conservation of energy to find the 
maximum compression of the spring and express the initial (i.e., before collision) and 
final (i.e., at separation) velocities. Finally, we’ll transform the velocities from the 
center of mass frame of reference to the table frame of reference. 


(a) Use the definition of the total 
momentum of a system to relate the 
initial momenta to the velocity of 
the center of mass: 


p = Y j m I v ! =Mv a 


or 

m 


v h =(m x +m 2 )v c 


Solve for v c 


ffliVi, +m 2 v 2i 

cm 

m ] + m 2 


Substitute numerical values and 
evaluate v cm : 


_ (2kg)(l0m/s)+(5kg)(3m/s) 
2kg+ 5 kg 


= 5.00m/s 


(. b ) Find the kinetic energy of the 
system at maximum compression 
(iMi = u 2 = 0): 

Use conservation of energy to relate 
the kinetic energy of the system to 
the potential energy stored in the 
spring at maximum compression: 


K = K cm = 


= T(7kg)(5m/s) =87.5J 


AK + AU =0 


or 

K f -K i+ U sl -U si = 0 


Because Kr = K cm and U s t = 0: 


K„~K,+lk( 
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Solve for Ax: 



Substitute numerical values and evaluate Ax: 


I (2kg)(10m/s)" + (5 kg)(3 m/s) 2 2(87.5j) 

1 ~]J 1120N/m 1120N/m 


0.250 m 


(c) Find mh, U 2 i, and u \ r for this 
elastic collision: 


Use conservation of mechanical 
energy to set the velocity of 
recession equal to the negative of 
the velocity of approach and solve 
for u 2 f. 


u n = v H -v cm = 10m/s-5m/s = 5m/s, 
u 2i = v 2 i _ v cm = 3 m/s - 5 m/s = -2 m/s, 

and 

«if = v lf - v cm = 0 - 5 m/s = -5 m/s 

W 2f _ U lf = _ ( W 2i — M li) 

and 

l^2f — ^ii 

=-(-2 m/s) + 5 m/s - 5 m/s 
= 2m/s 


Transform « lf and u 2 f to the table 
frame of reference: 


v lf = u u +v cm = -5 m/s + 5 m/s = 
and 


v 2f = u 2f +v cm 


= 2m/s + 5m/s = 


7.00 m/s 


*74 •• 

Picture the Problem Let the system include the earth, the bullet, and the sheet of 
plywood. Then W ext = 0. Choose the zero of gravitational potential energy to be where 
the bullet enters the plywood. We can apply both conservation of energy and 
conservation of momentum to obtain the various physical quantities called for in this 
problem. 


(a) Use conservation of mechanical 
energy after the bullet exits the sheet 
of plywood to relate its exit speed to 
the height to which it rises: 


AK + AU = 0 

or, because K f = U, = 0, 

~2 mV m + m gh = 0 
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Solve for v m : 



Proceed similarly to relate the initial 
velocity of the plywood to the height 
to which it rises: 


V M 


gH 


(b ) Apply conservation of momentum p y = p f 

to the collision of the bullet and the or 

sheet of plywood: mv mi = mv m + Mv u 


Substitute for v m and vm and solve for 

Vmi- 


V = 


^h+ — ^H 
m 


(e) Express the initial mechanical E i = \ m vf m 

energy of the system (i.e., just before 
the collision): 


mg 


h + — 4hH + 


m 


\m) 


H 


Express the final mechanical energy 
of the system (i.e., when the bullet 
and block have reached their 
maximum heights): 

(d) Use the work-energy theorem 
with JEext = 0 to find the energy 
dissipated by friction in the inelastic 
collision: 


E { =mgh+MgH = g(mh+MH ) 


E f -E.+ W acti0B =0 

and 

W T . t . = E - E r 

friction l f 



75 •• 

Picture the Problem We can find the velocity of the center of mass from the definition 
of the total momentum of the system. We’ll use conservation of energy to find the 
speeds of the particles when their separation is least and when they are far apart. 

(a) Noting that when the distance P = ^ m j v i = Mv cm 

between the two particles is least, ' 

both move at the same speed, or 

namely v cm , use the definition of the m p v p< ~ \ m v + m a ) v cm • 

total momentum of a system to relate 

the initial momenta to the velocity of 
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the center of mass: 


Solve for and evaluate v cm : 


ffl p V P i +m a V a> _ mV Q + 0 

m l + m 2 m + 4 m 

0.200 v 0 


(b) Use conservation of momentum 
to obtain one relation for the final 
velocities: 

Use conservation of mechanical 
energy to set the velocity of 
recession equal to the negative of 
the velocity of approach: 

Solve equation (2) for v P f, substitute 
in equation (1) to eliminate v P f, and 
solve for v a f. 


m p v 0 = m p v pf + m a v oS 


( 1 ) 


v - v «f = -v v P i - 


-( v p.- v J : 


-Vpi (2) 


v «f = 


jWpVp 

m p + m a 


2 mv 0 
m + 4m 


0.400 v 0 


76 • 

Picture the Problem Let the numeral 1 denote the electron and the numeral 2 the 
hydrogen atom. We can find the final velocity of the electron and, hence, the fraction of 
its initial kinetic energy that is transferred to the atom, by transforming to the center-of- 
mass reference frame, calculating the post-collision velocity of the electron, and then 
transforming back to the laboratory frame of reference. 


Express/ the fraction of the 
electron’s initial kinetic energy that 
is transferred to the atom: 


Find the velocity of the center of 
mass: 


Find the initial velocity of the 
electron in the center-of-mass 
reference frame: 


J K, K, 


_i 2 m \ V U' _ | 

1 i 2 1 

2 


f V 
V,, 


V v n J 


( 1 ) 


V = ■ 

cm 


m x + m 2 


or, because m 2 = 1840/7?!, 

_ m iV u _ 1 


/«, +1840/«! 1841 


( 

1 

V 


1841 


1 

-v,, 

1841 h 
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Find the post-collision velocity of 
the electron in the center-of-mass 
reference frame by reversing its 
velocity: 

To find the final velocity of the 
electron in the original frame, add 
v cm to its final velocity in the center- 
of-mass reference frame: 


u u u n 


1841 


— 1 


% =u u +v cm = 


2 ^ 

--1 


J 


1841 


Substitute in equation (1) to obtain: 


2 'j 

-1 

1841 J 


f = 1- 


= 2.17x10 3 = 


= 1 - 


1841 


J 


0.217% 


y 2 

1 


77 •• 

Picture the Problem The pictorial 
representation shows the bullet about to 
imbed itself in the bob of the ballistic 
pendulum and then, later, when the bob 
plus bullet have risen to their maximum 
height. We can use conservation of 
momentum during the collision to relate 
the speed of the bullet to the initial speed 
of the bob plus bullet (V). The initial 
kinetic energy of the bob plus bullet is 
transformed into gravitational potential 
energy when they reach their maximum 
height. Flence we apply conservation of 
mechanical energy to relate V to the angle 
through which the bullet plus bob swings 
and then solve the momentum and energy 
equations simultaneously for the speed of 
the bullet. 



Use conservation of momentum to 
relate the speed of the bullet just 
before impact to the initial speed of 
the bob plus bullet: 

Solve for the speed of the bullet: 


mv b 


(m + M)V 


f 


i + “ 

V m 


V 


( 1 ) 


Use conservation of energy to relate 


AK + AU = 0 
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the initial kinetic energy of the 
bullet to the final potential energy of 
the system: 

Substitute for K, and U f and solve 
for V: 


Substitute for Fin equation (1) to 
obtain: 


or, because K t = U\ = 0, 
-K { +U f = 0 


-\{m + M)V 2 
+ (m + M)gL( 1 - cos 0) = 0 
and 

V = ^2gL(l- cos 6) 


c 


v b = 


1 + — 

V m) 


figure) 


Substitute numerical values and evaluate vt,: 


1+ ‘- 5ks 

J2(9.81m/s 2 )(2.3m)(l-cos60°) = 

450 m/s 

l 0.016kg j 




*78 •• 

Picture the Problem We can apply conservation of momentum and the definition of an 
elastic collision to obtain equations relating the initial and final velocities of the colliding 
objects that we can solve for v lf and v 2 f. 


Apply conservation of momentum to 
the elastic collision of the particles 
to obtain: 

Relate the initial and final kinetic 
energies of the particles in an elastic 
collision: 

Rearrange this equation and factor to 
obtain: 


Rearrange equation (1) to obtain: 

Divide equation (2) by equation (3) 
to obtain: 

Rearrange this equation to obtain 
equation (4): 

Multiply equation (4) by m 2 and add 
it to equation (1) to obtain: 


m \ v u + m 2 v 2 f = /WjVj j + m 2 v 2i (1) 


2 m X V lf + 2 m 2 V lf = 2 m i W + 2 m 2 V 2i 



( 2 2 ^ 

\ ( 2 

2 \ 


m 2 1 

K-v 2i; 

)= m \{v u 

- v ir J 


or 





m 2 \ 

( V 2f-Wi) 

/ 

'(v 2 f+v 2i 

) 

(2) 


= m A v u 

=< 

4h 

1 

+ v if ) 


m 2 1 

( V 2f -V 2 ' 

)=m 1 (v n 

~ v u) 

(3) 


V 2f +V 2l =Vji+V lf 


(4) 


(m x +m 2 )v lf = (m { -m 2 )v u +2m 2 v 2 











Systems of Particles and Conservation of Momentum 561 


Solve for vifto obtain: 


Multiply equation (4) by m.\ and 
subtract it from equation (1) to 
obtain: 

Solve for V 2 f to obtain: 


Vi/ = 


m, - m 1 2m 0 

\ ~ v i/+—7 ^ v 2/ 
m l + m 2 m l + m 2 


(in , + in 2 ) v’ 2 r = (tn 2 - m x )v 2i + 2m x v xi 


2f 


2m ] 

m ] + m 2 


+ 


nir. - in, 

—-- -v 

m l + m 2 


Remarks: Note that the velocities satisfy the condition that v 2f - v lf = -(v, ; - v u ). 
This verifies that the speed of recession equals the speed of approach. 


79 •• 

Picture the Problem As in this problem, Problem 78 involves an elastic, one¬ 
dimensional collision between two objects. Both solutions involve using the conservation 
of momentum equation m ] v ir + m 2 v 2{ = m x v u + m 2 v 2i and the elastic collision 
equation v lf - v 2f = v 2i - v H . In part (a) we can simply set the masses equal to each other 
and substitute in the equations in Problem 78 to show that the particles "swap" velocities. 
In part ( b ) we can divide the numerator and denominator of the equations in Problem 78 
by m 2 and use the condition that m 2 » m\ to show that vif « -vh+ 2 v 2 i and v 2 r~ v 2l . 


(a) From Problem 78 we have: 


Set 7771 = in 2 = 777 to obtain: 


(b ) Divide the numerator and 
denominator of both terms in 
equation (1) by m 2 to obtain: 


m, - 772 0 2m , 

v = — - - —V - — 

V 1{ v u -r 


777j + 777 2 


777, + 777, 


and 


2m, 777, - 777. 

- —v n +— - 1 


777j + 777, 


777j + 777, 


(1) 

( 2 ) 


V lf : 

and 

V 2f 


2m 

777 + 777 



2 m 

777 + 777 



777, 


V lf = 


777, 


-Vii+' 


+ 1 


777, 


+ 1 


777, 


777, 


-Vii+2v 2i 


If 777 2 » 777 p 
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Divide the numerator and 
denominator of both terms in 
equation (2) by m 2 to obtain: 


2 "h 

m 1 


m. 


ffl, 


-v H + 


l _m L 


+ 1 


m, 


+ 1 


m, 


If 7772 » 777]: 



Remarks: Note that, in both parts of this problem, the velocities satisfy the condition 
thatv 2f — v lf = —(v 2i - v u ). This verifies that the speed of recession equals the speed 
of approach. 


Perfectly Inelastic Collisions and the Ballistic Pendulum 


80 •• 

Picture the Problem Choose U g = 0 at the bob’s equilibrium position. Momentum is 
conserved in the collision of the bullet with bob and the initial kinetic energy of the bob 
plus bullet is transformed into gravitational potential energy as it swings up to the top of 
the circle. If the bullet plus bob just makes it to the top of the circle with zero speed, it 
will swing through a complete circle. 


Use conservation of momentum to 
relate the speed of the bullet just 
before impact to the initial speed of 
the bob plus bullet: 

Solve for the speed of the bullet: 


= {tn x + 777 2 ) V 


v = 


f \ 

. m 2 
1 + — 


V 


m 


V 


i y 


(i) 


Use conservation of energy to relate 
the initial kinetic energy of the bob 
plus bullet to their potential energy 
at the top of the circle: 

Substitute for Aj and U t : 


AK + AU = 0 

or, because K { = U\ = 0, 

-K t + U { = 0 

- \ (m x +m 2 )V 2 + (m ] + m 2 )g{2L) = 0 


Solve for V: 


V = JgL 



Substitute for Fin equation (1) and 
simplify to obtain: 


v = 
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*81 •• 

Picture the Problem Choose U g = 0 at the equilibrium position of the ballistic 
pendulum. Momentum is conserved in the collision of the bullet with the bob and 
kinetic energy is transformed into gravitational potential energy as the bob swings up to 
its maximum height. 

Letting V represent the initial speed /«, v = /«, (f v) + m 2 V 

of the bob as it begins its upward 

swing, use conservation of 

momentum to relate this speed to the 

speeds of the bullet just before and 

after its collision with the bob: 


Solve for the speed of the bob: 


V = m * 


2 /«, 


( 1 ) 


Use conservation of energy to relate 
the initial kinetic energy of the bob 
to its potential energy at its 
maximum height: 


AK + AU = 0 

or, because K { = U-, = 0, 

-K- + U ( = 0 


Substitute for Aj and U { : 


- \m 2 V 2 + m 2 gh = 0 


Solve for h : 


Substitute V from equation (1) in 
equation (2) and simplify to obtain: 


h = v - 


h = 


m \ 

\ 2m 2 J 


2 g 


( 2 ) 


f \ 

m, 


8g 


\™2J 


82 • 

Picture the Problem Let the mass of the bullet be m, that of the wooden block M, the 
pre-collision velocity of the bullet v, and the post-collision velocity of the block+bullet be 
V. We can use conservation of momentum to find the velocity of the block with the bullet 
imbedded in it just after their perfectly inelastic collision. We can use Newton’s 2 nd law 
to find the acceleration of the sliding block and a constant-acceleration equation to find 
the distance the block slides. 
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Using a constant-acceleration 

0 = V 2 + 2aAx 


equation, relate the velocity of the 

because the final velocity of the 


block+bullet just after their collision 
to their acceleration and 
displacement before stopping: 

block+bullet is zero. 


Solve for the distance the block 

V 2 


slides before coming to rest: 

Ax =- 

2 a 

(1) 

Use conservation of momentum to 
relate the pre-collision velocity of 
the bullet to the post-collision 
velocity of the block+bullet: 

mv = (m + M ) V 


Solve for V: 

m 

V = -v 

m + M 


Substitute in equation (1) to obtain: 

1 f m V 



Ax =-v 

2 aym + M J 

(2) 

Apply = ma to the 

X F v =-A ={m + M)a 

(3) 

block+bullet (see the FBD in the 

and 


diagram): 

Y d F y =F n -{m + M)g = 0 

(4) 
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Substitute numerical values and evaluate Ax: 


Ax = 


2(0.22) ( c ). 81 m/s 2 ) 


0.0105kg 


0.0105kg + 10.5kg 


(750m/s) 


0.130 m 


83 •• 

Picture the Problem The collision of the ball with the box is perfectly inelastic and we 
can find the speed of the box-and-ball immediately after their collision by applying 
conservation of momentum. If we assume that the kinetic friction force is constant, we 
can use a constant-acceleration equation to find the acceleration of the box and ball 
combination and the definition of // k to find its value. 

Using its definition, express the (M + m)\a\ |a| 

coefficient of kinetic friction of the /4 = 77~ = 777-\— = — (1) 

table: 7 (M+ m)g g 


Use conservation of momentum to MV = (m + M)v 

relate the speed of the ball just 

before the collision to the speed of 

the ball+box immediately after the 

collision: 


Solve for v: 


MV 

v =- 

m + M 


( 2 ) 


Use a constant-acceleration equation 
to relate the sliding distance of the 
ball+box to its initial and final 
velocities and its acceleration: 


v f = v i + 2aAx 

or, because Vf = 0 and v; = v, 

0 = v 2 +2oAx 


Solve for a: v 2 

a = - 

2Ax 


Substitute in equation (1) to obtain: 


/4 = 


2gAx 


/4 = 


1 


A MV ^ 


2gAx 

1 


m + M 


2gAx 


r \ 

V 

m 

— + 1 

M j 


Use equation (2) to eliminate v: 
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Substitute numerical values and evaluate / 4 : 


f 


V 


Mk = 


1 

2(9.81 m/s 2 )(0.52m) 


1.3m/s 
0-327kg | ~ 
v 0.425 kg , 


0.0529 


*84 •• 

Picture the Problem Jane’s collision with Tarzan is a perfectly inelastic collision. We 
can find her speed v\ just before she grabs Tarzan from conservation of energy and their 
speed Fjust after she grabs him from conservation of momentum. Their kinetic energy 
just after their collision will be transformed into gravitational potential energy when they 
have reached their greatest height h. 


0 L 

•- 

J 

\ 



\ 


\ 

\ 


U„ 


= 0 — 



\ 


\2 

A m ' 

h 

_♦ 


+ T 


Use conservation of energy to relate 
the potential energy of Jane and 
Tarzan at their highest point (2) to 
their kinetic energy immediately 
after Jane grabbed Tarzan: 


U 2 =K { 

or 

m j+T gh = \m s+T V 2 


Solve for h to obtain: 



Use conservation of momentum to = /» J+X U 

relate Jane’s velocity just before she 

collides with Tarzan to their 

velocity just after their perfectly 

inelastic collision: 


Solve for V: m , 

V = —^v t 
m i+T 

Apply conservation of energy to K = JJ Q 

relate Jane’s kinetic energy at 1 to Qr 

her potential energy at 0: , , 

\m iV - = m jg L 


(1) 


(2) 
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Solve for vi: 


U = y/lgL 


Substitute in equation (2) to obtain: 


Substitute in equation (1) and 
simplify: 


Substitute numerical values and 
evaluate h: 


V = ^j2gL 

«J+T 


f X 

2 

( \ 

m, 

2 gL = 

m s 



V m J+T ) 


L 7/1 J+T / 


h = 


54 kg 


54 kg + 82 kg 


(25 m) 


3.94 m 


Exploding Objects and Radioactive Decay 


85 •• 

Picture the Problem This nuclear reaction is 4 Be —> 2a + 1.5xl(T 14 J. In order to 
conserve momentum, the alpha particles will have move in opposite directions with the 
same velocities. We’ll use conservation of energy to find their speeds. 


Letting E represent the energy 
released in the reaction, express 
conservation of energy for this 
process: 

Solve for v a : 




Substitute numerical values and 
evaluate v a \ 


1.5x10 14 J 
6.68x10 27 kg 


1.50x 10 6 m/s 


86 •• 

Picture the Problem This nuclear reaction is s Li — > a + p + 3.15 x 1(T 13 J. To conserve 
momentum, the alpha particle and proton must move in opposite directions. We’ll apply 
both conservation of energy and conservation of momentum to find the speeds of the 
proton and alpha particle. 

Use conservation of momentum in p x - p { = 0 

this process to express the alpha and 

particle’s velocity in terms of the 0 = m p v - m a v a 

proton’s: 
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Solve for v a and substitute for m a to 
obtain: 




in.. 


v„ = 


— v p = 

m a 4 m p 


-v =|v 

P 4 *p 


Letting E represent the energy 
released in the reaction, apply 
conservation of energy to the 
process: 

Substitute for v a : 


K p +K a =E 

or 

\m v v] +\m a v 2 a =E 

\m v v 2 v +\ m a (\v p y =E 


Solve for v p and substitute for m„ to 
obtain: 


v„ = 


32 E 


32 E 


16 m p + m a 


1 6m p +4 m 


Substitute numerical values and 
evaluate v p : 


Use the relationship between v p and 
v a to obtain v a \ 


| 32(3.15x 10 13 j) 

20(1.67 x 10 27 

kg) 

1.74x 10 7 m/s 



v a =|v p =}(l.74xl0 7 m/s) 
= 4.34 x 10 6 m/s 


87 — 

Picture the Problem The pictorial representation shows the projectile at its maximum 
elevation and is moving horizontally. It also shows the two fragments resulting from the 
explosion. We chose the system to include the projectile and the earth so that no 
external forces act to change the momentum of the system during the explosion. With 
this choice of system we can also use conservation of energy to determine the elevation 
of the projectile when it explodes. We’ll also find it useful to use constant-acceleration 
equations in our description of the motion of the projectile and its fragments. 
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(a) Use conservation of momentum 
to relate the velocity of the projectile 
before its explosion to the velocities 
of its two parts after the explosion: 

The only way this equality can hold 
is if: 


Express v 3 in terms of v 0 and 
substitute for the masses to obtain: 


Using a constant-acceleration 
equation with the downward 
direction positive, relate v y 2 to the 
time it takes the 2-kg fragment to hit 
the ground: 

With U g = 0 at the launch site, apply 
conservation of energy to the climb 
of the projectile to its maximum 
elevation: 


Solve for Ay: 


Substitute numerical values and 
evaluate Ay: 

Substitute in equation (2) and 
evaluate v y 2 : 


Substitute in equation (1) and 
evaluate v y i: 


P, =P f 

m 3 v 3 = m i v 1 + m 2 v 2 

m 3 v 3 i = m ]V J + myj - m 2 v y2 j 


and 


m,v y i = m 2 v y2 


v vl = 3v 3 = 3v 0 cos# 


= 3(l20 m/s)cos30° = 312m/s 


and 

Wl = 2 V v2 


(1) 


Af = v yl At + \g{Atf 
Ay-ig(Af) 2 


V .v2 = 


At 


( 2 ) 


AK + At7 = 0 

Because Aj = U, = 0, - K i + U f = 0 


or 


-\ m ^ 2 y o +m 3 gAy = 0 


Ay = 


Vy 0 _ (v 0 sin30°) 2 


2g 2g 


Ay = 


v 


r2 


v 


vl 


[(l20m/s)sin30°] 2 
2(9.81 m/s 2 ) 


183.5m 


183.5m-i(9.81m/s 2 )(3.6s) 2 


3.6s 

33.3m/s 

2(33.3m/s) = 66.6m/s 
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Express Vj in vector form: v, = v xl i + v vl j 

= (312m/s)i+(66.6m/s)y 


(. b ) Express the total distance d 
traveled by the 1 -kg fragment: 

d = Ax + Ax' 

Relate Ax to v 0 and the time-to- 
explosion: 

Ax = (v 0 cos #)(At exp ) 

Using a constant-acceleration 
equation, express A t exp : 

_ Vy 0 _ v 0 sin 6 

^exp 

g g 

Substitute numerical values and 
evaluate At exp : 

. (l20m/s)sin30° 

A t = - --= 6.12 s 

ep 9.81m/s 2 

Substitute in equation (4) and 

evaluate Ax: 

Ax = (l20m/s)(cos30°)(6.12s) 

= 636.5 m 

Relate the distance traveled by the 

1 -kg fragment after the explosion to 
the time it takes it to reach the 

ground: 

> 

ll 

% 

Using a constant-acceleration 
equation, relate the time At' for the 

1 -kg fragment to reach the ground to 
its initial speed in the y direction and 
the distance to the ground: 

Ay = v yl At'-±g(At') 2 

Substitute to obtain the quadratic 
equation: 

(At') 2 -(l3.6s)AC-37.4s 2 =0 

Solve the quadratic equation to find 

At'\ 

At' = 15.9 s 

Substitute in equation (3) and 

evaluate d : 

d = Ax + Ax' = Ax + v xX At' 

= 636.5m + (312m/s)(l5.9s) 


5.61km 
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(c) Express the energy released in 
the explosion: 

Find the kinetic energy of the 
fragments after the explosion: 


Find the kinetic energy of the 
projectile before the explosion: 


Substitute in equation (5) to 
determine the energy released in the 
explosion: 

*88 ••• 

Picture the Problem This nuclear 
reaction is 9 B —> 2a + p + 4.4x1 (T 14 J. 
Assume that the proton moves in the -x 
direction as shown in the figure. The sum 
of the kinetic energies of the decay 
products equals the energy released in the 
decay. We’ll use conservation of 
momentum to find the angle between the 
velocities of the proton and the alpha 
particles. Note that v a = v a '. 


E exp =AK = K,-K i (5) 

K f = K l + K 2 = jmjVj 2 +\m 2 v 2 

= |(lkg)[(312m/s) 2 +(66.6m/s) 2 ] 
+ jr(2kg)(33.3m/s) 2 
= 52.0kJ 

K { =\ nuy] = \ m i (v 0 cos O f 
= T(3kg)[(l20m/s)cos30°] 2 
= 16.2kJ 

^ex P =52.0kJ-16.2kJ 

= 35.8kJ 


y 



Express the energy released to the 
kinetic energies of the decay 
products: 


K p +2K a =E rel 

or 

\ m » v l+ 2 (jm a vl)= E tc] 



Solve for v a : 
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Substitute numerical values and evaluate v a : 


v 


a 


I 4,4x 1CT 14 J y(l .67x 1 (T 27 kg)(6x 10 6 m/s) 2 

y 6.68x10 27 kg 6.68x10 27 kg 


1.44xl0 6 m/s 


Given that the boron isotope was at 
rest prior to the decay, use 
conservation of momentum to relate 
the momenta of the decay products: 

Solve for 6 : 


Let tTequal the angle the velocities 
of the alpha particles make with that 
of the proton: 


Pt = Pi = 0 => Pxi = 0 

2 { m a V a COS0 )- m P V P =° 


or 


2[4m p v a cos 0) 

- mv n = 0 

P P 

6 = cos 1 

" V r " 


= cos -1 

6x 10 6 m/s 

8(l.44xl0 6 m/s) 


O' - ±(l80°-58.7°) 
= ± 121 ° 


Coefficient of Restitution 


89 • 

Picture the Problem The coefficient of restitution is defined as the ratio of the velocity 
of recession to the velocity of approach. These velocities can be determined from the 
heights from which the ball was dropped and the height to which it rebounded by using 
conservation of mechanical energy. 


Use its definition to relate the _ U cc 

coefficient of restitution to the v„ nn 

a PP 

velocities of approach and recession: 


Letting U g = 0 at the surface of the 
steel plate, apply conservation of 
energy to express the velocity of 
approach: 


AK + AU = 0 
Because X = U f = 0, 
K { -t/j =0 

or 

2 mv l PV ~ mgh m = 0 


Solve for v app : 
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In like manner, show that: 




Substitute in the equation for e to 
obtain: 


PsK ec _ jhZ 

V 2 ^app Papp 


Substitute numerical values and evaluate e: 


1 2.5m 
| 3m 


0.913 


*90 • 

Picture the Problem The coefficient of restitution is defined as the ratio of the velocity 
of recession to the velocity of approach. These velocities can be determined from the 
heights from which an object was dropped and the height to which it rebounded by using 
conservation of mechanical energy. 


Use its definition to relate the 

coefficient of restitution to the 

velocities of approach and 

recession: 

V 

e= rec 
v 

app 

Letting U g = 0 at the surface of the 
steel plate, apply conservation of 
energy to express the velocity of 
approach: 

AK + AU = 0 

Because K, = Uf= 0, 

K f -U i =0 

or 

\ mv l w ~mgh, ipp =0 

Solve for v app : 

v a PP = V 2 ^ PP 

In like manner, show that: 

Uec = V 2 ^ rec 

Substitute in the equation for e to 

obtain: 

r _Mec _ kec 

^S^spp \ ^app 

Find e min : 

1173cm . , 


254 cm 


Find e max : 


1 183 cm 
]] 254 cm 


0.849 
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and 


0.825 <e< 0.849 


91 • 

Picture the Problem Because the rebound kinetic energy is proportional to the rebound 
height, the percentage of mechanical energy lost in one bounce can be inferred from 
knowledge of the rebound height. The coefficient of restitution is defined as the ratio of 
the velocity of recession to the velocity of approach. These velocities can be determined 
from the heights from which an object was dropped and the height to which it rebounded 
by using conservation of mechanical energy. 


(a) We know, from conservation of 
energy, that the kinetic energy of an 
object dropped from a given height 
h is proportional to h: 

If, for each bounce of the ball, 
h rec 0.8/7 app . 

( b ) Use its definition to relate the 
coefficient of restitution to the 
velocities of approach and 
recession: 

Letting b\, = 0 at the surface from 
which the ball is rebounding, apply 
conservation of energy to express 
the velocity of approach: 


Solve for v app : 

In like manner, show that: 


Substitute in the equation for e to 
obtain: 


Substitute for 


app 


to obtain: 


K a h. 


20% of its mechanical energy is lost. 


e = 


v 


rec 


V 


app 


AK + AU = 0 
Because K { = U{= 0, 
K { -U, =0 

or 

2 mv m ~ mgh m = 0 


V = 
app 


app 


e - 


figK: 

= V^rec 

V 2 g /? rec _ \h K 


V 2 ^ 

e=VO8= 


app V a PP 


0.894 
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Picture the Problem Let the numeral 2 refer to the 2-kg object and the numeral 4 to the 
4-kg object. Choose a coordinate system in which the direction the 2-kg object is moving 
before the collision is the positive x direction and let the system consist of the earth, the 
surface on which the objects slide, and the objects. Then we can use conservation of 
momentum to find the velocity of the recoiling 4-kg object. We can find the energy 
transformed in the collision by calculating the difference between the kinetic energies 
before and after the collision and the coefficient of restitution from its definition. 


(a) Use conservation of momentum 
in one dimension to relate the initial 
and final momenta of the 
participants in the collision: 

Solve for and evaluate the final 
velocity of the 4-kg object: 


(b) Express the energy lost in terms 
of the kinetic energies before and 
after the collision: 


Pi =Pt 

or 

m 2 v 2i = m 4 v 4f -m 2 v 2f 


Mf 


+ m 2 v 2{ 


m 4 

(2 kg) (6 m/s +1 m/s) 
4kg 


3.50m/s 


E l0Si =K { -K f 

= 2 m 2 V l ~ (l«2 V 2f + 2 m 4 V 4f ) 
= 2" [ m 2 ( V 2i - V 2r)~ W 4 V 4[ ] 


Substitute numerical values and evaluate £j ost : 

£ios, = i[(( 2 kg){(6m/s) 2 -(lm/s) 2 })-(4kg)(3.5m/s) 2 

(c) Use the definition of the coefficient of restitution: 

„ _ Uec _ v 4f~ v 2f _ 3.5m/s -(-1 m/s) _ 


10.5 J 


6m/s 


0.750 
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Picture the Problem Let the numeral 2 refer to the 2-kg block and the numeral 3 to the 
3-kg block. Choose a coordinate system in which the direction the blocks are moving 
before the collision is the positive x direction and let the system consist of the earth, the 
surface on which the blocks move, and the blocks. Then we can use conservation of 
momentum find the velocity of the 2-kg block after the collision. We can find the 
coefficient of restitution from its definition. 
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(a) Use conservation of momentum in 
one dimension to relate the initial and 
final momenta of the participants in 
the collision: 


P ; = Pi 
or 


m 2 V 2i + »h V 2, 


= m 2 v 2f + m 3 v 3i 


Solve for the final velocity of the 2-kg 
object: 


m 2 v 2i + m 3 v 3i - m 3 v 3i 


m 1 


Substitute numerical values and evaluate V 2 f: 


v 


2f 


(2 kg)(5 m/s)+ (3 kg)(2 m/s - 4.2 m/s) 
2kg 


1.70m/s 


(b) Use the definition of the coefficient 
of restitution: 


v rec _ v 3 f~ v 2 f _ 4.2m/s -17m/s 
%» v 2i -v 3i 5 m/s-2 m/s 

0.833 


Collisions in Three Dimensions 


*94 u 

Picture the Problem We can use the definition of the magnitude of a vector and the 
definition of the dot product to establish the result called for in (a). In part ( b ) we can use 
the result of part (a), the conservation of momentum, and the definition of an elastic 
collision (kinetic energy is conserved) to show that the particles separate at right angles. 


(a) Find the dot product of B + C 
with itself: 


(b+c)-(b + c) 

= B 2 +C 2 + 2BC 


Because A = B + C: 


A 2 = 


B + C 


= (b + c)-(b+c) 


Substitute to obtain: 

( b ) Apply conservation of 
momentum to the collision of the 
particles: 

Form the dot product of each side of 
this equation with itself to obtain: 


Apply the definition of an elastic 
collision to obtain: 


A 2 = B 2 +C 2 +2B-C 


Pl+P2=P 

C P l +P2) (P l +P 2 )=PP 

or 

Pf + Pi + 2p\ p 2 = P 2 ( 1 ) 

2 2 r>2 

Pi , Pi = P 
2m 2m 2m 
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Subtract equation (1) from equation 
(2) to obtain: 


or 

Pf + Pi = P 2 (2) 


2 />[ • p 2 = 0 or 

i.e., the particles move apart along paths that 
are at right angles to each other. 


Pi Pi = o 


95 • 

Picture the Problem Let the initial direction of motion of the cue ball be the positive x 
direction. We can apply conservation of energy to determine the angle the cue ball makes 
with the positive x direction and the conservation of momentum to find the final 
velocities of the cue ball and the eight ball. 


(a) Use conservation of energy to 
relate the velocities of the collision 
participants before and after the 
collision: 


i mv ci =\ mv l+l mv l 


or 

2 


2 , 2 

= Vcf + V 8 


This Pythagorean relationship tells 
us that v ci , v cf , and v 8 form a right 

triangle. Hence: 


0ef+0 8 =9O° 

and 



(b) Use conservation of momentum 
in the x direction to relate the 
velocities of the collision 
participants before and after the 
collision: 


P xi = P, f 

or 

mv ci = mv c{ cos 9 cf + mv s cos 0, 


Use conservation of momentum in P yi - P y f 

the v direction to obtain a second or 

equation relating the velocities of the 0 = sin Q cf + mv, sin 0, 

collision participants before and 
after the collision: 


Solve these equations 
simultaneously to obtain: 


K cf 


2.50m/s 


and 


4.33m/s 
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96 •• 

Picture the Problem We can find the final velocity of the object whose mass is M\ by 
using the conservation of momentum. Whether the collision was elastic can be decided 
by examining the difference between the initial and final kinetic energy of the 
interacting objects. 

Pi = Pf 

or 

mv 0 i + v 0 y) = 2 m{jv 0 i )+ mv ]r 

v 0 * +v o j = ^v 0 i + v u 


% = 


2 v oi + v <)j 


(a) Use conservation of momentum to 
relate the initial and final velocities of 
the two objects: 

Simplify to obtain: 

Solve for v lf : 


(b ) Express the difference between the kinetic energy of the system before the collision 
and its kinetic energy after the collision: 


A E = K i -K f =K u +K 2i - 
= j [mv, 2 + 2/inf, - m v 2 r 

=\Ayl +2(4 v o) _ 4 v o 


{K lf +K 2f ) = ±[Mtf i+ M 2 v 2 2i 
~ 2mvl f ] = \m\yl + 2v 2 - v 2 - 


/ 1 2 Y 1 

1 2 

luu>]J = 

Te mv o 




Because AE ^ 0, the collision is inelastic. 


*97 •• 

Picture the Problem Let the direction of motion of the puck that is moving before the 
collision be the positive x direction. Applying conservation of momentum to the collision 
in both the x and y directions will lead us to two equations in the unknowns V\ and v 2 that 
we can solve simultaneously. We can decide whether the collision was elastic by either 
calculating the system’s kinetic energy before and after the collision or by determining 
whether the angle between the final velocities is 90°. 


(a) Use conservation of momentum 
in the x direction to relate the 
velocities of the collision 
participants before and after the 
collision: 


Pxi = Px f 

or 

mv = mv j cos30° + /n v 2 cos 60° 
or 

v = Vj cos 30° + v 2 cos 60° 
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Use conservation of momentum in 
they direction to obtain a second 
equation relating the velocities of 


P yi = Pyf 


or 

0 = mv j sin 30° - mv 2 sin 60° 
or 


the collision participants before and 
after the collision: 


0 = Vj sin 30° - v 2 sin 60° 


Solve these equations 
simultaneously to obtain: 


Vj = 1.73 m/s andv 2 = 1.00 m/s 


(b) Because the angle between v, and v 2 is 90°, the collision was elastic. 


98 •• 


Picture the Problem Let the direction of motion of the object that is moving before the 
collision be the positive x direction. Applying conservation of momentum to the motion 
in both the x and y directions will lead us to two equations in the u nkn owns v 2 and (h that 
we can solve simultaneously. We can show that the collision was elastic by showing that 
the system’s kinetic energy before and after the collision is the same. 

(a) Use conservation of momentum p x ; = /Ur 

in the x direction to relate the or 


velocities of the collision 
participants before and after the 
collision: 



Use conservation of momentum in 
the v direction to obtain a second 
equation relating the velocities of 


P yi = Pyf 


or 

0 = 45 m v (l sin 6 X - 2mv 2 sin 0 2 
or 

0 = V5v 0 sin G x - 2v 2 sin 0 2 


the collision participants before and 
after the collision: 


Note that if tan 0\ = 2, then: 



Substitute in the momentum 
equations to obtain: 



+ 2v 2 cos 6* 2 


or 

v 0 = v 2 cos 0 2 


and 
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0 = V5v 0 


2 

7F 


2v 2 sin 0 2 


or 

0 = v 0 - v 2 sin 0 2 


Solve these equations 
simultaneously for 02 '■ 

0 2 = tan 1 1 = 45.0° 


Substitute to find v 2 : 

v — v o _ V 0 _ 
cos#, cos 45° 

v/2v 0 

( b ) To show that the collision was 
elastic, find the before-collision and 

K t = 4/h(3v’ 0 ) 2 = 4.5 mv‘ c 
and 


after-collision kinetic energies: 

Kf = \m{Sv^ +\{2mifiv G ) 
= 4.5 mvl 


Because K { =K f , the collision is elastic. 


*99 » 

Picture the Problem Let the direction of motion of the ball that is moving before the 
collision be the positive x direction. Let v represent the velocity of the ball that is moving 
before the collision, v\ its velocity after the collision and V 2 the velocity of the initially-at- 
rest ball after the collision. We know that because the collision is elastic and the balls 
have the same mass, vi and V 2 are 90° apart. Applying conservation of momentum to the 
collision in both the x and y directions will lead us to two equations in the unknowns Vi 
and v 2 that we can solve simultaneously. 


Noting that the angle of deflection 
for the recoiling ball is 60°, use 
conservation of momentum in the x 
direction to relate the velocities of 
the collision participants before and 
after the collision: 

Use conservation of momentum in 
the v direction to obtain a second 
equation relating the velocities of 
the collision participants before and 
after the collision: 


P* = P, f 
or 

mv = mv j cos30° + /«v 2 cos 60° 
or 

v = Vj cos 30° + v 2 cos 60° 

Pyi = Pyf 

or 

0 = mv j sin 30° - mv 2 sin 60° 
or 

0 = Vj sin 30° - v 2 sin 60° 
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Solve these equations 
simultaneously to obtain: 




8.66 m/s 


andv. 


5.00 m/s 


100 

Picture the Problem Choose the coordinate system shown in the diagram below with the 
x-axis the axis of initial approach of the first particle. Call V the speed of the target 
particle after the collision. In part (a) we can apply conservation of momentum in the x 
and y directions to obtain two equations that we can solve simultaneously for tan 0. In part 
(b) we can use conservation of momentum in vector form and the elastic-collision 
equation to show that v = vocos^. 



(a) Apply conservation of v 0 = vcos (f) + Ceos# (1) 

momentum in the x direction to 

obtain: 

Apply conservation of momentum in v sin (f) = V sin # (2) 

the y direction to obtain: 

Solve equation (1) for VcosO: 

Divide equation (2) by equation (3) 
to obtain: 


v 0 -VCOS0 


V COS# = v 0 -VCOS (f) 
F sin # vsin^ 


(3) 


VcosO v 0 -vcos</> 
or 


tan# = 


vsin^ 


(. b ) Apply conservation of 
momentum to obtain: 


Draw the vector diagram 
representing this equation: 



2 . tt-2 

v + V 


Use the definition of an elastic 
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collision to obtain: 


If this Pythagorean condition is to 
hold, the third angle of the triangle 
must be a right angle and, using the 
definition of the cosine function: 

Center-of-Mass Frame 


101 •• 

Picture the Problem The total kinetic energy of a system of particles is the sum of the 
kinetic energy of the center of mass and the kinetic energy relative to the center of mass. 
The kinetic energy of a particle of mass m is related to momentum according 
to if = p 2 / 2m . 


Express the total kinetic energy of 
the system: 

Relate the kinetic energy relative to 
the center of mass to the momenta 
of the two particles: 

Express the kinetic energy of the 
center of mass of the two particles: 

Substitute in equation (1) and 
simplify to obtain: 


K = K xeX +K cm (1) 

K _ Pi ! Pi _ Pi{m l +m 2 ) 

2m l 2 m 2 2m l m 1 

K _ ( 2 a ) 2 _ 2 Pi 

2(m ] + m 2 ) in , + m 2 

K _ Pi( m i +m i) ! 2 Pi 

2 m x m 2 m x +m 2 

m 2 + 6m l m 2 + m 2 
mfm 2 +m l m 2 



In an elastic collision: 


Simplify to obtain: 


K 1= K { 



2 

Pi 

ml + 6m ] m 2 + ml 



2 

mfm 2 + /??! ml 






v a 

y i 

ml + 6 m x m 2 + ml 



2 

mlm 2 + mpil 



(pi) 2 =(piY 

and 


P i = ± Pi 


If P\ =+p x , the particles do not collide. 
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*102 •• 

Picture the Problem Let the numerals 3 and 1 denote the blocks whose masses are 3 kg 
and 1 kg respectively. We can use ^m ; v ; = Mv cm to find the velocity of the center-of- 

i 

mass of the system and simply follow the directions in the problem step by step. 


(a) Express the total momentum of P = = m l v l + m 3 v 3 

this two-particle system in terms of ' 

the velocity of its center of mass: — ^cm — i m \ + m 3 cm 


Solve for v cm : 


m 3 v 3 + m l v l 
m 3 + m x 


Substitute numerical values and 
evaluate v cm : 


(3 kg)(- 5 m/s)/ + (lkg)(3m/s)/ 
3kg + lkg 

(-3.00 m/s)/ 


(b) Find the velocity of the 3-kg 
block in the center of mass reference 
frame: 


u 3 = v 3 -v cm = (-5m/s)i -(-3m/s)i 
= (-2.00m/s)i 


Find the velocity of the 1-kg block 
in the center of mass reference 
frame: 


«i = Vj -v cm = (3m/s)i-(-3m/s)( 
= (6.00m/s)/ 


(c) Express the after-collision 
velocities of both blocks in the 
center of mass reference frame: 


u 3 


(2.00m/s)i 


and 



(-6.00 m/s )i 


(d) Transform the after-collision 
velocity of the 3-kg block from the 
center of mass reference frame to the 
original reference frame: 

Transform the after-collision velocity 
of the 1 -kg block from the center of 
mass reference frame to the original 
reference frame: 


v 3 = ii 3 +v cm = (2 m/s)/ +(-3m/s)i 
= (-1.00m/s)i 


v[ =u[+ v cm = (- 6 m/s)i + (- 3 m/s)i 
= (-9.00 m/s)/ 


K i = 2 m 3 


v; +\m x vl 


(e ) Express K, in the original frame of 
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reference: 

Substitute numerical values and 
evaluate Kf 

Express K f in the original frame of 
reference: 

Substitute numerical values and 
evaluate Kf 


K { = j [(3 kg) (5 m/s) 2 + (l kg) (3 m/s) 2 J 
= 1 42.0 J I 


v 1 f 2 . 1 r 2 

K { = yffl 3 v 3 + y m, v j 

= j [(3 kg)(l m/s) 2 + (l kg) (9 m/s) 2 J 
= 42.0 J I 
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Picture the Problem Let the numerals 3 and 1 denote the blocks whose masses are 3 kg 
and 1 kg respectively. We can use V m i v i = Mv cm to find the velocity of the center-of- 

i 

mass of the system and simply follow the directions in the problem step by step. 


(a) Express the total momentum of P = y)/n.y. = m 3 v 3 + m 5 v 5 

this two-particle system in terms of ' 

the velocity of its center of mass: ~ — i m 3 + m s ) Cm 


Solve for v cm : 


m 3 v 3 +m s v 5 
m. + m 5 


Substitute numerical values and 
evaluate v cm : 


(b) Find the velocity of the 3-kg 
block in the center of mass reference 
frame: 

Find the velocity of the 5-kg block in 
the center of mass reference frame: 


(3kg)(-5m/s)i +(5kg)(3m/s)i 
3kg + 5kg 



«3 =i h-v cm =(-5m/s)/-0 
= (-5 m/s) i 


«s =VVcm = (3m/s)/-0 

= (3m/s)i 


= 


(5 m/s)i 


(c) Express the after-collision 
velocities of both blocks in the 
center of mass reference frame: 


and 
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0.75m/s 


(d) Transform the after-collision 
velocity of the 3-kg block from the 
center of mass reference frame to the 
original reference frame: 

Transform the after-collision 
velocity of the 5-kg block from the 
center of mass reference frame to the 
original reference frame: 

(e) Express K, in the original frame 
of reference: 

Substitute numerical values and 
evaluate K,: 


v 3 = u + v cm = (5 m/s)/ + 0 


(5 m/s)/ 


*5 =< C+C m =(-3m/s)/ + 0 


(-3 m/s)/ 


K i =l m ^l +T«5 V 5 


if, = i [(3 kg) (5 m/s ) 2 +(5kg)(3m/s) 2 ] 


= 60.0 J 


Express K { in the original frame of 
reference: 


K { — 1 m 3 v 3+2 ^ 5 ^ 5 


Substitute numerical values and evaluate K { : 

K f = j [(3 kg) (5 m/s ) 2 + (5 kg) (3 m/s ) 2 ] = 


60.0 J 


Systems With Continuously Varying Mass: Rocket Propulsion 


104 


Picture the Problem The thrust of a rocket F t |, depends on the bum rate of its fuel dm/dt 
and the relative speed of its exhaust gases u ex according to F th = |r/m/r//|« cx . 


Using its definition, relate the 
rocket’s thrust to the relative speed 
of its exhaust gases: 

Substitute numerical values and 
evaluate F th : 




dm 


dt 


F th = ( 200 kg/s)( 6 km/s) = 


1.20MN 
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Picture the Problem The thrust of a rocket F th depends on the bum rate of its fuel dm/dt 
and the relative speed of its exhaust gases u ex according to F th = \dmjdt\u ex . The final 

velocity v f of a rocket depends on the relative speed of its exhaust gases u ex , its payload 
to initial mass ratio mf/m 0 and its bum time according tov f = -u ex In {m f /m 0 )-gt b . 


(a) Using its definition, relate the 
rocket’s thrust to the relative speed 
of its exhaust gases: 

Substitute numerical values and 
evaluate F th : 




dm 


dt 


F th = (200kg/s)(l.8km/s) = 


360 kN 


(b ) Relate the time to burnout to the 
mass of the fuel and its bum rate: 


K 


m 


fuel 


dm / dt 


0.8m 0 

dm / dt 


Substitute numerical values and 
evaluate t b \ 




0.8(30,000 kg) 
200 kg/s 


120s 


(c) Relate the final velocity of a 
rocket to its initial mass, exhaust 
velocity, and bum time: 


v f 


In 


f \ 
m. 


V /7 W 


& b 


Substitute numerical values and evaluate v£ 


v f 


-(l. 8 km/s) Inf j - (9.81 m/s 2 )(l 20 s) 


1.72km/s 


*106 « 

Picture the Problem We can use the dimensions of thrust, bum rate, and acceleration to 
show that the dimension of specific impulse is time. Combining the definitions of rocket 
thrust and specific impulse will lead us to « cx = gl sp . 


(a) Express the dimension of 
specific impulse in terms of the 
dimensions of F th , R, and g: 


(b ) From the definition of rocket 
thrust we have: 



ML 

T 2 

M _L_ 
T T 2 



F„, 


= Ru » 


u 


ex 


R 


Solve for u ex : 
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Substitute for F th to obtain: 


Rgj sp 

R 



(1) 


(c) Solve equation (1) for 7 sp and 
substitute for u ex to obtain: 


sp 


Rg 


From Example 8-21 we have: 


R = 1.384xl0 4 kg/s and F th = 3.4xl0 6 N 


Substitute numerical values and 
evaluate 7 sp : 


_ 3.4xl0 6 N 

sp “ (l.384xl0 4 kg/s)(9.81m/s 2 ) 

= 25.0s 


*107 ••• 

Picture the Problem We can use the rocket equation and the definition of rocket thrust 
to show that r 0 = 1 + a 0 /g . In part ( b ) we can express the bum time 4 in terms of the 
initial and final masses of the rocket and the rate at which the fuel bums, and then use 
this equation to express the rocket’s final velocity in terms of 7 sp , To, and the mass ratio 
mjmo In part (cl) we’ll need to use trial-and-error methods or a graphing calculator to 
solve the transcendental equation giving Vf as a function of 


(a) Express the rocket equation: 

From the definition of rocket thrust 
we have: 

Substitute to obtain: 

Solve for F th at takeoff: 


- mg + Ru ex = ma 

F * = R u ex 

- mg + F th = ma 
F ±=m 0 g + m oa 0 


Divide both sides of this equation by 
mog to obtain: 


^th 

m 0 g 


= 1 + — 
g 


Because r 0 = F th /( m 0 g): 


1+* 

g 


(.b ) Lise equation 8-42 to express the 
final speed of a rocket that starts 
from rest with mass m () \ 


m n 


v t =w ex ln- gt b , 

m f 

where 4 is the bum time. 


(1) 


m n - m 


"‘0 


R 


1_^L 


m, 


o y 


Express the bum time in terms of the 
burn rate R (assumed constant): 


R 
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Multiply 4 by one in the form gT/gT 
and simplify to obtain: 


K — 


S F a m 0 


gF* R 


l _ m L 


_ K 
K g R 

T f 


m oJ 


hi 


o J 


sp 


l _m L 


in 


o J 


Substitute in equation (1): 




V f =Mex ln — - 


gl. 


sp 


in, 


l _ m L 


m 


o J 


From Problem 32 we have: 


W ex — g ^sp ’ 

where u cx is the exhaust velocity of the 
propellant. 


Substitute and factor to obtain: 


m n 


v f =^sp ln —- 


gi 


sp 


m, 


l jn s _ 


m, 


o J 


g 1 s P 

In 


1 

\_^L 



, m r. 


, m 0y_ 



(c) A spreadsheet program to calculate the final velocity of the rocket as a function of the 
mass ratio mo/m t is shown below. The constants used in the velocity function and the 
formulas used to calculate the final velocity are as follows: 


Cell 

C ontent/Formula 

Algebraic Form 

B1 

250 

/sp 

B2 

9.81 

g 

B3 

2 

r 

D9 

D8 + 0.25 

nio/mf 

E8 

$B$2*$B$l*(LOG(D8)- 

(1/$B$3)*(1/D8)) 

gJlnN-Al--]] 

L \ n h) m o)\ 



A 

B 

C 

D 

E 


Isp = 

250 

s 




8 = 

9.81 

m/s A 2 



O 

tau = 

2 




m 






















mass ratio 

vf 





2.00 

1.252E+02 

9 




2.25 

3.187E+02 
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10 




2.50 

4.854E+02 

11 




2.75 

6.316E+02 

12 




3.00 

7.614E+02 







36 




9.00 

2.204E+03 

37 




9.25 

2.237E+03 

38 




9.50 

2.269E+03 

39 




9.75 

2.300E+03 

40 




10.00 

2.330E+03 

41 




725.00 

7.013E+03 

A graph of final ve 

ocity as a function o: 

'mass ratio is 


shown below. 



(i d) Substitute the data given in part (c) in the equation derived in part (b) to obtain: 


or 


7km/s = (9.81m/s 2 )(250s) 


In m ° 1 


m f 2 


l _m j _ 


W 


V m o JJ 


2.854 = lnx —0.5 + ^^ where x = nhjm t . 

x 


Use trial-and-error methods or a 
graphing calculator to solve this 
transcendental equation for the root 
greater than 1: 


x = 


28.1 


a value considerably larger than the 
practical limit of 10 for single-stage 
rockets. 
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Picture the Problem We can use the velocity-at-bumout equation from Problem 106 to 
find Vf and constant-acceleration equations to approximate the maximum height the 
rocket will reach and its total flight time. 


h=\gt 


2 

top 


(a) Assuming constant acceleration, 
relate the maximum height reached 


( 1 ) 
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by the model rocket to its time-to- 
top-of-trajectory: 

From Problem 106 we have: 


Evaluate the velocity at burnout Vf 
for 7 sp = 100 s, mjm f = 1.2, and 
t= 5: 


Assuming that the time for the fuel 
to bum up is short compared to the 
total flight time, find the time to the 
top of the trajectory: 

Substitute in equation (1) and 
evaluate h: 


C = gl. 


sp 


f 

( \ 

1 

f 


In 

m 0 

1- 

m f 

— 

— 

V 

l m f J 

r 

V 

™ 0 JJ 


v f = 


(9.81m/s 2 )(l00s) 

ln(l.2)--fl—— 
V ' 5 l 1.2 


= 146 m/s 


v, 146m/s , , . 

t on = — =-^ = 14.9s 

t0 P „ n o i ™ /„ 2 


g 9.81m/s‘ 


h = j(9.81m/s 2 )(l4.9s) 2 


1.09 km 


(. b ) Find the total flight time from 
the time it took the rocket to reach 
its maximum height: 

(c) Express and evaluate the fuel 
bum time 


L flight 


= 2 1 , 


top 


2(14.9 s) 


29.8s 


h 


sp 

T 


f m, ^ 

1- f - 

m 


i o y 


3.33s 


100s ( 

5 l 


_n 

1 . 2 , 


Because this burn time is approximately 1/5 of the total flight time, we can't 
expect the answer we obtained in Part ( b ) to be very accurate.lt should, 
however, be good to about 30% accuracy, as the maximum distance 
the model rocket could possibly move in this time is \vt b = 243 m, assuming 
constant acceleration until burnout. 


General Problems 

109 • 

Picture the Problem Let the direction of motion of the 250-g car before the collision be 
the positive x direction. Let the numeral 1 refer to the 250-kg car, the numeral 2 refer to 
the 400-kg car, and V represent the velocity of the linked cars. Let the system include 
the earth and the cars. We can use conservation of momentum to find their speed after 
they have linked together and the definition of kinetic energy to find their initial and 
final kinetic energies. 
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Use conservation of momentum to 
relate the speeds of the cars 
immediately before and immediately 
after their collision: 


Ax = /A 
or 

m { v t = (nzj +m 2 )V 


Solve for V: 


Substitute numerical values and 
evaluate V: 

Find the initial kinetic energy of the 
cars: 


Find the final kinetic energy of the 
coupled cars: 


v _ 


m i + m 2 


V 


(0.250kg)(0.50m/s) _ 
~ 0.250kg + 0.400kg ~ 


0.192 m/s 


=\m { vl = f(0.250kg)(0.50m/s) 2 


= 31.3mJ 


K { = \{m l + m 2 )V 2 

= y(0.250kg + 0.400 kg)(0.192 m/s) 2 


= 12.0mJ 


110 • 

Picture the Problem Let the direction of motion of the 250-g car before the collision be 
the positive x direction. Let the numeral 1 refer to the 250-kg car and the numeral 2 refer 
to the 400-g car and the system include the earth and the cars. We can use conservation 
of momentum to find their speed after they have linked together and the definition of 
kinetic energy to find their initial and final kinetic energies. 

(a) Express and evaluate the initial A = \m jvf = f (0.250kg)(0.50 m/s) 2 

kinetic energy of the cars: _ , . , ~ 


(b) Relate the velocity of the center P = ^ m i v i = rnv cm 

of mass to the total momentum of ' 

the system: 


Solve for v cm : _ m \ v \ + m i v i 

V cm 

m x + m 2 

Substitute numerical values and v _ (0.250kg)(0.50m/s) _ ^ 

evaluate v cm : cm 0.250kg + 0.400kg 
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Find the initial velocity of the 250-g 
car relative to the velocity of the 
center of mass: 

Find the initial velocity of the 400-g 
car relative to the velocity of the 
center of mass: 

Express the initial kinetic energy of 
the system relative to the center of 
mass: 

Substitute numerical values and 
evaluate K IJC] : 


(c) Express the kinetic energy of the 
center of mass: 

Substitute numerical values and 
evaluate K cm : 

(, d) Relate the initial kinetic energy of 
the system to its initial kinetic energy 
relative to the center of mass and the 
kinetic energy of the center of mass: 


Mj = Vj -v cm = 0.50m/s-0.192m/s 
= 0.308m/s 


u 2 =v 2 -v cm = 0m/s-0.192m/s 
= -0.192m/s 


K itel =i(0.250kg)(0.308m/s) 2 

+ j (0.400 kg)(- 0.192 m/s) 2 
= 19.2mJ 


K cm =\Mv 2 cm 

K cm =J (0-650 kg)(0.192 m/s) 2 
= 12.0mJ 


K, = + K cm 

= 19.2 mJ + 12.0 mJ 
= 31.2 mJ 


k^k^ + k 


*111 • 

Picture the Problem Let the direction the 4-kg fish is swimming be the positive x 
direction and the system include the fish, the water, and the earth. The velocity of the 
larger fish immediately after its lunch is the velocity of the center of mass in this 
perfectly inelastic collision. 

Relate the velocity of the center of P = ^ m i v ] = rnv cm 

mass to the total momentum of the * 

system: 
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Solve for v cm : 

_ m 4 v 4 - m l 2 v 12 

*cm 

m 4 + m l2 

Substitute numerical values and 

evaluate v cm : 

(4kg)(l .5 m/s) - (1.2kg) (3 m/s) 
Vcm ~ 4kg + 1.2 kg 

= 0.462m/s 


112 • 

Picture the Problem Let the direction the 3-kg block is moving be the positive x 
direction and include both blocks and the earth in the system. The total kinetic energy of 
the two-block system is the sum of the kinetic energies of the blocks. We can relate the 
momentum of the system to the velocity of its center of mass and use this relationship to 
find v cm . Finally, we can use the definition of kinetic energy to find the kinetic energy 


relative to the center of mass. 


(a) Express the total kinetic energy 
of the system in terms of the kinetic 
energy of the blocks: 

K tot + j m 6 vl 

Substitute numerical values and 

evaluate K tot : 

K tot = f(3kg)(6m/s) 2 + f (6kg)(3m/s) 2 

= 81.OJ 

(b) Relate the velocity of the center 

of mass to the total momentum of 
the system: 

P = = /HlJ em 

i 

Solve for v cm : 

_ m 3 v 3 + m 6 v ( 

y cm 

m l + m 2 

Substitute numerical values and 

evaluate v cm : 

(3kg)(6 m/s) + (6kg)(3 m/s) 

3kg + 6kg 

= 4.00m/s 

(c) Find the center of mass kinetic 
energy from the velocity of the 
center of mass: 

K cm = j M v L = i(9kg)(4m/s) 2 

= 72.0 J 
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(d) Relate the initial kinetic energy K re \ = /f lol — ^ C m 

of the system to its initial kinetic = 81.0 J - 72.0 J 

energy relative to the center of mass _ 9 Q0 J 

and the kinetic energy of the center ———— 

of mass: 


113 • 

Picture the Problem Let east be the positive x direction and north the positive v 
direction. Include both cars and the earth in the system and let the numeral 1 denote the 
1500-kg car and the numeral 2 the 2000-kg car. Because the net external force acting on 
the system is zero, momentum is conserved in this perfectly inelastic collision. 

(a) Express the total momentum of the P = Pi + P 2 = m \^\ + m i ^2 

system: _ m ^ v j _ m 2 v 2 i 

Substitute numerical values and evaluate p : 

p = (l 500 kg)(70 km/h)/ -(2000kg)(55km/h)i 
= - (l. 10 x 10 5 kg • km/h) i + (l .05 x 10 5 kg • km/h)/ 


( b ) Express the velocity of the v - v — — 

wreckage in terms of the total f c ™ M 

momentum of the system: 

Substitute numerical values and evaluate v f : 

.. _ - (l.lOx 10 5 kg - km/h) / (l.05 x 10 5 kg -km/h)j 

Vf “ 1500 kg+ 2000 kg + 1500 kg+ 2000 kg 

= -(31.4 km/h) i +(30.0 km/h)/ 


Find the magnitude of the velocity 
of the wreckage: 


v f = yj(3 1.4 km/h ) 2 +(30.0 km/h f 
= 43.4 km/h 


Find the direction of the velocity of 
the wreckage: 


6 = tan 1 


30.0 km/h 
-31.4 km/h 


-43.7° 


The direction of the wreckage is 
46.3° west of north. 
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*114 •• 

Picture the Problem Take the origin to be at the initial position of the right-hand end of 
raft and let the positive x direction be to the left. Let "w" denote the woman and "r" the 
raft, d be the distance of the end of the raft from the pier after the woman has walked to 
its front. The raft moves to the left as the woman moves to the right; with the center of 
mass of the woman-raft system remaining fixed (because C ext net = 0). The diagram shows 
the initial (x wl ) and final (x Wif ) positions of the woman as well as the initial (x r cm i ) and 
final (x r cm,f) positions of the center of mass of the raft both before and after the woman 
has walked to the front of the raft. 



(a) Express the distance of the raft d = 0.5 m + x f w (1) 

from the pier after the woman has 
walked to the front of the raft: 

Express x cm before the woman has m w x w , + m r x r cm i 

x =---=—— 

walked to the front of the raft: cm m + m 


Express x cm after the woman has 
walked to the front of the raft: 


™w*w,f + ™r*r cm,f 


m„ + m r 


Because F extinet = 0, the center of 
mass remains fixed and we can 
equate these two expressions for x cm 
to obtain: 

Solve for x Wjf : 


«w*w,i + m r X r cm,i = "L 




+ " 2 r X r cm,f 


X w,f = X w,i - 


m r 


(''"r cm.f T cml) 


From the figure it can be seen that 
Xr cm,f X r cm,i x w f. Substitute x w j 


^w,f = ■ 


+ m r 
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for jc r _ rm f - a',- crnj and to obtain: 

Substitute numerical values and 
evaluate jc w> f: 

Substitute in equation (1) to obtain: 


x„ 


(60kg)(6m) =2|)0m 
60 kg + 120 kg 


d = 2.00 m + 0.5 m = 


2.50 m 


( b ) Express the total kinetic energy 
of the system: 

Noting that the elapsed time is 2 s, 
find v w and v r : 


Substitute numerical values and 
evaluate K m : 


Evaluate K with the raft tied to the 
pier: 


K m =\ m 


2,1 2 


*w,f-*w.i 2 m - 6 m 

v w =-=-= -2 m/s 

w At 2s 

relative to the dock, and 

X r,f _ X r,i 2.50 m - 0.5 111 


v = ■ 

At 2 s 

also relative to the dock. 


= lm/s. 


K tot =i(60kg)(-2m/s) 2 
+ y(l20kg)(l m/s) 2 

= 180J I 


^,ot = 2 m , v l = j (60kg)(3m/s) 2 
= 270 J 


(c) 


All the kinetic energy derives from the chemical energy of the woman and, 
assuming she stops via static friction, the kinetic energy is transfonned into 
her internal energy. 


id) 


After the shot leaves the woman's hand, the raft - woman system constitutes 
an inertial reference frame. In that frame the shot has the same initial 
velocity as did the shot that had a range of 6 m in the reference frame of 
the land. Thus, in the raft - woman frame, the shot also has a range of 6 m 
and lands at the front of the raft. 
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115 •• 

Picture the Problem Let the zero of gravitational potential energy be at the elevation of 
the 1-kg block. We can use conservation of energy to find the speed of the bob just 
before its perfectly elastic collision with the block and conservation of momentum to 
find the speed of the block immediately after the collision. We’ll apply Newton’s 2 nd law 
to find the acceleration of the sliding block and use a constant-acceleration equation to 
find how far it slides before coming to rest. 

(a) Use conservation of energy to 
find the speed of the bob just before 
its collision with the block: 


AK + AU = 0 
or 


K f - K { + U { - U { = 0 


Because K, = U(= 0: 


^balAball+^ball gA/l = 0 


and 


= ^JlgAh 


Substitute numerical values and 
evaluate Vbaii: 


Because the collision is perfectly 
elastic and the ball and block have 
the same mass: 

(b) Using a constant-acceleration 
equation, relate the displacement of 
the block to its acceleration and 
initial speed and solve for its 
displacement: 

Apply ^ F = ma to the sliding 
block: 


v ball = -J2(9.81 m/s 2 )(2m)= 6.26 m/s 


Ulock 


= V 


ball — 


6.26 m/s 


Vf=v- + 2o bl0ck Ax 
Since v f = 0, 

Ax = ~ Vi = ~ Vbl ° ck 

2°block 2 a block 
Z F v = -/k = ™«block 

and 

Z F V =^-™block& = 0 


Using the definition of f k ( jU k F n ) a block = ~/u k g 

eliminate/k and F n between the two 
equations and solve for Ubiock: 


Ax = 


Ulock 

- 2 ^k S 


^block 

2 M k g 


Substitute for a block to obtain: 
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Substitute numerical values and 
evaluate Ax: 


_ (6.26 m/s) 1 

2(0.l)(9.81m/s 2 ) 


20.0 m 


*116 •• 

Picture the Problem We can use conservation of momentum in the horizontal direction 
to find the recoil velocity of the car along the track after the firing. Because the shell will 
neither rise as high nor be moving as fast at the top of its trajectory as it would be in the 
absence of air friction, we can apply the work-energy theorem to find the amount of 
thermal energy produced by the air friction. 


No. The vertical reaction force of the rails is an external force and so 
the momentum of the system will not be conserved. 


(b ) Use conservation of momentum 
in the horizontal (x) direction to 
obtain: 

Solve for and evaluate v rec0 ii: 

Substitute numerical values and 
evaluate v recoil : 


(c) Using the work-energy theorem, 
relate the thermal energy produced 
by air friction to the change in the 
energy of the system: 

Substitute for AU and A K to obtain: 


Ap x = 0 
or 

mv cos 30° - Mv recoil = 0 
mvcos30° 


(200kg)(l25m/s)cos30° 

5000kg 

4.33m/s 


W ext =W { =AE sys = AU + AK 


K, = mgVf ~ m gy\ + i mv f ~ 2 mv f 
= mg(y f -T i ) + |m(w 2 -v, 2 ) 


Substitute numerical values and evaluate W ext : 

W ext = (200kg)(9.81 m/s 2 )(l 80m)+\(200 kg)[(80 m/s) 2 - (l25 m/s) 2 ] - 


-569kJ 
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Picture the Problem Because this is a perfectly inelastic collision, the velocity of the 
block after the collision is the same as the velocity of the center of mass before the 
collision. The distance the block travels before hitting the floor is the product of its 
velocity and the time required to fall 0.8 m; which we can find using a constant- 
acceleration equation. 


Relate the distance D to the velocity D = v cm At 

of the center of mass and the time for 
the block to fall to the floor: 


Relate the velocity of the center of 
mass to the total momentum of the 
system and solve for v cm : 


Substitute numerical values and 
evaluate v cm : 


P = = ^C, 

i 

and 


v = 

cm 


m bullet V bullet ffl block V block 

/W bullet + ^ block 


(0.015kg)(500m/s) =920m/s 
0.015kg + 0.8kg 


Using a constant-acceleration 
equation, find the time for the block 
to fall to the floor: 


Ay = v 0 At + j a(At) 


Because v 0 =0, A t = 



Substitute to obtain: 


Substitute numerical values and 
evaluate D: 


D = v 


cm 



D = (9.20 m/s). 


2(0.8 m) 

9.81m/s 2 


3.72 m 


118 

Picture the Problem Let the direction the particle whose mass is m is moving initially 
be the positive x direction and the direction the particle whose mass is 4 m is moving 
initially be the negative y direction. We can determine the impulse delivered by F and, 
hence, the change in the momentum of the system from the change in the momentum of 
the particle whose mass is m. Knowing Ap , we can express the final momentum of the 

particle whose mass is 4m and solve for its final velocity. 

I = FT = Ap = p f -p i 
= /h(4v)/‘ -mvi = 3 mvi 


Express the impulse delivered by the 
force F : 
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Express p' 4m : 


p' 4m = 4rnv'= p 4m {0)+Ap 
= -4 mv j + 3mvi 


Solve for v': 


v = 


jvi-vj 


119 •• 

Picture the Problem Let the numeral 1 
refer to the basketball and the numeral 2 to 
the baseball. The left-hand side of the 
diagram shows the balls after the 
basketball’s elastic collision with the floor 
and just before they collide. The right-hand 
side of the diagram shows the balls just 
after their collision. We can apply 
conservation of momentum and the 
definition of an elastic collision to obtain 
equations relating the initial and final 
velocities of the masses of the colliding 
objects that we can solve for v [f and v 2 f. 

(a) Because both balls are in free- 
fall, and both are in the air for the 
same amount of time, they have the 
same velocity just before the 
basketball rebounds. After the 
basketball rebounds elastically, its 
velocity will have the same 
magnitude, but the opposite 
direction than just before it hit the 
ground. 


(b) Apply conservation of 
momentum to the collision of the 
balls to obtain: 

m i v i f + m 2 v 2i =m l v u +m 2 v 2i 

(1) 

Relate the initial and final kinetic 
energies of the balls in their elastic 
collision: 

T w i v if +\m 2 vl f = \m x vl +\ 

m 2 V 2i 

Rearrange this equation and factor 
to obtain: 

m 2 ( V 2 f ~ V 2i ) = m 1 (vj 2 - Vj 2 f ) 
or 

"hOhf-WiXwf+v 2i ) 

= «i(vii-vif)(vii+vif) 

(2) 

Rearrange equation (1) to obtain: 

m 2 ( V 2f - V 2i ) = m \ ( V l, - V lf ) 

(3) 

Divide equation (2) by equation (3) 
to obtain: 

v 2 f +v 2i =v H +v lf 



The velocity of the basketball will 
be equal in magnitude but opposite 
in direction to the velocity of the 
baseball. 
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Rearrange this equation to obtain 
equation (4): 

Multiply equation (4) by m 2 and add 
it to equation (1) to obtain: 

Solve for vif to obtain: 


For m i = 3/772 and v H = v: 


(c) Multiply equation (4) by m \ and 
subtract it from equation (1) to 
obtain: 

Solve for V 2 f to obtain: 


(4) 


(/«! + m 2 )v lf = (m, - m 2 )v H + 2m 2 v 2 


V/f =■ 


m x - m 2 


v u +- 


2m n 


m x + m 2 m x + in 2 


or, because v 2i = -vu, 


v if = 


m x - m 2 2m 


v n— 

m ] + in 2 m ] + m 2 

m, - 3m, 

-~ 

m } + m 2 


3m 2 -3 m 2 
3 m 2 + m 2 


v = 


(/«! + m 2 )v 2f = (m 2 - m x )v 2i + 2 m x v u 


2m, m, - in, 

v = - - — v H----- 

i/ 2f T 


///, + 777 2 


/«, + 777 2 


or, because v 2 i = -vu, 


2m x m 2 - m x 


m x + m 2 
3 /77 j - m 2 


777, + 7?7 2 


77?j + 777, 


3(3/77 2 )-/77 2 
3/77 2 + 77? 2 


-V = 


2 v 


For 7771 = 3 777 2 and vu = v: 
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120 ••• 

Picture the Problem In Problem 119 
only two balls are dropped. They collide 
head on, each moving at speed v, and the 
collision is elastic. In this problem, as it 
did in Problem 119, the solution 
involves using the conservation of 
momentum equation 
m ] v u - + m 2 v 2{ = ni\V u + m 2 v 2i 
and the elastic collision equation 
v ir - v 2f = v 2i- v m 

where the numeral 1 refers to the 
baseball, and the numeral 2 to the top 
ball. The diagram shows the balls just 
before and just after their collision. From 
Problem 119 we know that that vn = 2v 
and v 2 i = -v. 



(a) Express the final speed vif of the 
baseball as a function of its initial 
speed vn and the initial speed of the 
top ball v 2 i (see Problem 78): 

Substitute for vn and , v 2 , to obtain: 


Divide the numerator and 
denominator of each term by m 2 to 
introduce the mass ratio of the upper 
ball to the lower ball: 


m, -m 2 2m-, 

V lf = ‘ ~ V 1,+ ~ V 2i 

m t + m 2 m x + m 2 


v n =' 


m x + m 2 


. (2 v )+ -?a-(-v) 


m x + m 2 


m. 


-1 


m 2 


i 2v )+— -(~ v ) 


Hh +l 0h +l 


in., 


m 1 


Set the final speed of the baseball v lf 
equal to zero, let x represent the 
mass ratio m\lm 2 , and solve forx: 


°=^-i( 2 v) + ^r(-v) 
x + 1 x + 1 
and 



2 


(. b ) Apply the second of the two 
equations in Problem 78 to the 
collision between the top ball and 
the baseball: 

Substitute vn = 2v and are given that 
v 2 i = -v to obtain: 


2m, m-, - m, 

- —Vj; H---— V. 

/«, + m-, in , + m 2 


2m, i \ m-, - m, < \ 

v 2f = 1 (2v)h v) 

;« 1 + m 2 in ! + m 2 
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In part (a) we showed that 

m 2 = 2m i. Substitute and simplify: 


2 ( 2 / 77 )) 
/?/! + 2 / 77 , 


4m, 

3m, 


(2v) 


(2v)- 

m, 

3 m, 


2m, -m, 

-!-— V 

m, + 2m, 
v = fv-}v 



*121 « 

Picture the Problem Let the direction the probe is moving after its elastic collision with 
Saturn be the positive direction. The probe gains kinetic energy at the expense of the 
kinetic energy of Saturn. We’ll relate the velocity of approach relative to the center of 
mass to M rec and then to v. 


( a ) Relate the velocity of recession v = u rec + v cm 

to the velocity of recession relative 
to the center of mass: 

Find the velocity of approach: w app = —9.6km/s —10.4km/s 

= -20.0 km/s 


Relate the relative velocity of 
approach to the relative velocity of 
recession for an elastic collision: 

Because Saturn is so much more 
massive than the space probe: 

Substitute and evaluate v: 


( b ) Express the ratio of the final 
kinetic energy to the initial kinetic 
energy: 


M rec =- M app =20.0km/s 


V cm = V Satum =9-6 km/s 


v = M rec + v cm = 20 km/s + 9.6 km/s 
= 29.6 km /s 


Kf Wvj c ' 
\Mvl y 

29.6km/s 




v 10.4km/s y 


2 


8.10 


The energy comes from an immeasurably small slowing of Saturn. 
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*122 •• 

Picture the Problem We can use the relationships P = cAm and AC = A/wc 2 to show 
that P = AC/c. We can then equate this expression with the change in momentum of the 
flashlight to find the latter’s final velocity. 

(a) Express the momentum of the 
mass lost (i.e., carried away by the 
light) by the flashlight: 

Relate the energy carried away by the 
light to the mass lost by the 
flashlight: 

Substitute to obtain: 


( b ) Relate the final momentum of the 
flashlight to A E: 

because the flashlight is initially at rest. 

A E 

me 

1.5 x IQ 3 J 

~ (l.5kg)(2.998 x 10 8 m/s) 

= 3.33 x 1CT 6 m/s 
= 3.33/an/s 


Solve for v: 


Substitute numerical values and 
evaluate v: 


P = cAm 


Am = 


A E 


P = c 


A E 


A E 
c 


AC 

-= A p = mv 

c 


123 • 

Picture the Problem We can equate the change in momentum of the block to the 
momentum of the beam of light and relate the momentum of the beam of light to the 
mass converted to produce the beam. Combining these expressions will allow us to find 
the speed attained by the block. 


Relate the change in momentum of 
the block to the momentum of the 
beam: 


(M - m)v = C beam 

because the block is initially at rest. 


Express the momentum of the mass P = me 

, • „ . beam lnu 

converted into a well-collimated 
beam of light: 

Substitute to obtain: (m — m y> = mc 


me 

v =- 

M - m 


Solve for v: 
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Substitute numerical values and 
evaluate v: 


v = 


(0.001kg)(2.998 x 10 8 m/s) 
lkg-0.001kg 


= 3.00 x 10 m/s 


124 •• 

Picture the Problem Let the origin of the coordinate system be at the end of the boat at 
which your friend is sitting prior to changing places. If we let the system include you and 
your friend, the boat, the water and the earth, then F ext nct = 0 and the center of mass is at 
the same location after you change places as it was before you shifted. 


Express the center of mass of the 
system prior to changing places: 


km = 


^boat^boat ^you^you + ^friend 
W boat+™you+ W friend 
*you( ffl boat+ ffl you)+ ^friend 

^boat + + m 


Substitute numerical values and 
simplify to obtain an expression for 
x cm in terms of m: 


_ (2m)(60kg + 80kg)+(0)m 
60 kg + 80 kg + m 
280kg-m 
140 kg+ 777 


Find the center of mass of the system after changing places: 


"WEboat + ffl you*you + ^fnend 
»W+«you+«frie„d 


_ ("Coat+ m X 2m± 0-2 m) 


«boa,+«you +m 


772 


+ - 


,(±0.2m) 


«boat +m yoa +m 


Substitute numerical values and simplify to obtain: 

v , _ (60kg + 7?2)(2m±0.2m) (S0kg)(±0.2 m) _ 120kg-m±12kg-m 


60kg + 80kg + 722 60kg + 80kg + 772 

(2 m)777 ± 0.2777 m ±16 kg ■ m 


140 kg+ 772 


+ 

140 kg + 772 

Because F exUlct = 0, x' cm = x cm . 

Equate the two expressions and 
solve for m to obtain: 


(160 ± 28), 

772 = -M<g 

(2 ± 0 . 2 ) 


(160 + 28) 
( 2 - 0 . 2 ) 8 “ 


Calculate the largest possible mass 
for your friend: 


104 kg 
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Calculate the smallest possible mass 
for your friend: 


in = 


(160-28) 

(2 + 0 . 2 ) 


kg = 


60.0kg 


125 

Picture the Problem Let the system include the woman, both vehicles, and the earth. 
Then C ext net = 0 and a cm = 0. Include the mass of the man in the mass of the truck. We 
can use Newton’s 2 nd and 3 ld laws to find the acceleration of the truck and net force 
acting on both the car and the truck. 


(a) Relate the action and reaction forces F cm = F truck 
acting on the car and truck: or 

^car^car ^Lruck+woman^ truck 


Solve for the acceleration of the truck: 


Substitute numerical values and 
evaluate a truck : 


m a 

car car 


m 


truck+woman 


^ truck 


(800kg)(l.2m/s 2 ) 

1600kg 


0.600 m/s 2 


(. b ) Apply Newton’s 2 nd law to F net = m car a cai 

either vehicle to obtain: 


evaluate F net : 

126 •• 

Picture the Problem Let the system include the block, the putty, and the earth. Then 
6’ext,net = 0 and momentum is conserved in this perfectly inelastic collision. We’ll use 
conservation of momentum to relate the after-collision velocity of the block plus blob 
and conservation of energy to find their after-collision velocity. 

Noting that, because this is a 
perfectly elastic collision, the final 
velocity of the block plus blob is the 
velocity of the center of mass, use 
conservation of momentum to relate 
the velocity of the center of mass to 
the velocity of the glob before the 
collision: 


Pi = Pi 
or 

m g iVgi = Mv cm 
where M = m gi + mu- 


Substitute numerical values and 


F net =(800kg)(l.2m/s 2 ) = 


960 N 
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Solve for v g i to obtain: 

v gl =—v cm (1) 

Use conservation of energy to find 
the initial energy of the block plus 
glob: 

AK + AU + W f = 0 

Because AU = K f = 0, 

-j Mv L+fk Ax = ° 

Use f k = ju k Mg to eliminate f k and 
solve for v cm : 

Cm = a/ 2 /4 

Substitute numerical values and 

evaluate v cm : 

v cm =V 2 (M(9-81m/s 2 )(0.15m) 

= 1.08m/s 

Substitute numerical values in 
equation (1) and evaluate v g i: 

131 kg + 0.4 kg ( } 

81 0.4 kg V ' 

= 36.2 m/s 


*127 •• 

Picture the Problem Let the direction the moving car was traveling before the collision 
be the positive x direction. Let the numeral 1 denote this car and the numeral 2 the car 
that is stopped at the stop sign and the system include both cars and the earth. We can 
use conservation of momentum to relate the speed of the initially-moving car to the 
speed of the meshed cars immediately after their perfectly inelastic collision and 
conservation of energy to find the initial speed of the meshed cars. 


Using conservation of momentum, 
relate the before-collision velocity to 
the after-collision velocity of the 

meshed cars: 

77 = Pi 

or 

m l v l = (/«, +m 2 )V 

Solve for vp 

Vt = m ,+m 2v J l+ mA v 

»h { ”h J 

Using conservation of energy, relate 
the initial kinetic energy of the 
meshed cars to the work done by 
friction in bringing them to a stop: 

AK + AZi thennal = 0 

or, because K { = 0 and AE li]Cmvd \ = /A.v, 
-K t +f k As = 0 

Substitute for Ki and, using 
fk = = ju k Mg, eliminate/ k to 

-\MV 2 + ju k MgAx = 0 
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obtain: 

Solve for V: 

Substitute to obtain: 


V = ^2/j k gAx 


U = 


f \ 

l + nh 


V 


in 


p/J k gAx 


i J 


Substitute numerical values and evaluate vi: 




f 

1 + 

V 


900 kg ' 
1200kg y 


V2(0.92)(9.81m/s 2 )(0.76m) = 6.48 m/s = 23.3 km/h 


The driver was not telling the truth. He was traveling at 23.3 km/h. 


128 •• 

Picture the Problem Let the zero of gravitational potential energy be at the lowest point 
of the bob’s swing and note that the bob can swing either forward or backward after the 
collision. We’ll use both conservation of momentum and conservation of energy to 
relate the velocities of the bob and the block before and after their collision. 


Express the kinetic energy of the 
block in terms of its after-collision 
momentum: 


if,. 



Solve for m to obtain: 


in = 


2 K 


( 1 ) 


Use conservation of energy to relate 
K m to the change in the potential 
energy of the bob: 


AK + AU = 0 
or, because K, = 0, 
K_+U f -U; =0 


Solve for K m : 


K,„ = ~Uf +U: 


= m b obg[ L ( l - cos e. x ) ■— l{\ - cos e f )] 

gZ[cos6* f - cos//] 


= m 


bobc 


Substitute numerical values and evaluate K m : 


K m = (0.4kg)(9.81 m/s 2 )(l .6 m)[cos5.73° - cos53°] = 2.47 J 
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Use conservation of energy to find 
the velocity of the bob just before its 
collision with the block: 


Substitute numerical values and 
evaluate v: 

Use conservation of energy to find 
the velocity of the bob just after its 
collision with the block: 

Substitute for Aj and Uf to obtain: 

Solve for v': 

Substitute numerical values and 
evaluate v': 


AK + AU = 0 

or, because K, = U r = 0, 

K { -U- =0 

2 "UoU’ 2 - m bob gL(l - cos 3 ) = 0 
or 

v = y]2gL(l- cos 61) 

v = ^2(9.81 m/s 2 )(l .6 m)(l - cos53°) 

= 3.544 m/s 

AK + AU = 0 

or, because K f = Ui = 0, 

- K t + U f = 0 

- 2 «bob v ’ 2 +«bob § L ( l ~cos6 f ) = 0 
v’= ^2gL{\ - cost/, ) 

v’ = ^(9.81 m/s 2 )(l .6 m)(l - cos5.73°) 
= 0.396 m/s 


Use conservation of momentum to 
relate p m after the collision to the 
momentum of the bob just before 
and just after the collision: 

Solve for and evaluate p m : 


Find the larger value for p m : 


Find the smaller value for p m : 


Pi=Pf 

or 

m hob v = m boh v'±p m 

P,n= m bob V±m bob V ' 

= (0.4kg)(3.544m/s ± 0.396 m/s) 
= 1.418kg-m/s ±0.158 kg-m/s 

p m = 1.418kg • m/s + 0.158kg • m/s 
= 1.576kg • m/s 

p m = 1.418kg • m/s - 0.158 kg • m/s 
= 1.260 kg • m/s 


Substitute in equation (1) to 
determine the two values for m\ 


(l.576 kg-m/s) 2 
2(2.47 J) 


0.503kg 




610 Chapter 8 


or 

_ (l.260kg-m/s) 2 
2(2.47 J) 


0.321kg 


129 •• 

Picture the Problem Choose the zero of gravitational potential energy at the location 
of the spring’s maximum compression. Let the system include the spring, the blocks, 
and the earth. Then the net external force is zero as is work done against friction. We 
can use conservation of energy to relate the energy transformations taking place during 
the evolution of this system. 


Apply conservation of energy: 
Because A K= 0: 

Express the change in the 
gravitational potential energy: 

Express the change in the potential 
energy of the spring: 

Substitute to obtain: 

Solve for M : 


Relate Ah to the initial and rebound 
positions of the block whose mass is 

11V 


A K + At/ + At/ = 0 

6 S 

At/, + At/ = 0 

At/ = -mgAh - Mgx sin 6 

At/ =\kx 2 

- mgAh - Mgx sin 0 + \ kx 2 = 0 

_ 2 kx 2 - mgAh _ kx 2mAh 
gxsin30° g x 

Ah = (4m-2.56m)sin30° = 0.720 m 


Substitute numerical values and evaluate M: 


M _ (l I x 1Q 3 N/m) (0,04 m) 
9.81 m/s 2 


2(lkg)(0.72m) 
0.04 m 


8.85kg 


*130 •• 

Picture the Problem By symmetry, x cm = 0. Let crbe the mass per unit area of the disk. 
The mass of the modified disk is the difference between the mass of the whole disk and 
the mass that has been removed. 
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Start with the definition of y cm : 


y a 


i _ 

M -^hole 

ffl diskTdisk ~ ^holeThole 


Express the mass of the complete disk: M = crA = an r 2 


Express the mass of the material removed: 


f r ^ 2 




1 2 
= \onr 


\M 


Substitute and simplify to obtain: 


y a 


M — \M Lt 


131 •• 

Picture the Problem Let the horizontal axis by the y axis and the vertical axis the z 
axis. By symmetry, x cm = y cm = 0. Let p be the mass per unit volume of the sphere. The 
mass of the modified sphere is the difference between the mass of the whole sphere and 
the mass that has been removed. 

Start with the definition of y cm : I w,y, 


^ sphere y sphere ^ hole y hole 

M - ™hole 


Express the mass of the complete sphere: M - pV = j pnr 3 


Express the mass of the material removed: 


m 


_ 4 


f r \' 


hole 


= fpn 





Substitute and simplify to obtain: 


M(0)-(jM)(-j r ) pr 


*132 •• 

Picture the Problem In this elastic head-on collision, the kinetic energy of recoiling 
nucleus is the difference between the initial and final kinetic energies of the neutron. We 
can derive the indicated results by using both conservation of energy and conservation 
of momentum and writing the kinetic energies in terms of the momenta of the particles 
before and after the collision. 
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(a) Use conservation of energy to p\ _ pf pLieus 

relate the kinetic energies of the 2m 2m 2M 

particles before and after the 
collision: 

Apply conservation of momentum to p m = p nf + p nu c i eus 

obtain a second relationship between 
the initial and final momenta: 


( 1 ) 


( 2 ) 


Eliminate p n f in equation (1) using 
equation (2): 

Use equation (3) to write pljlm in 
terms of p nudcus : 


/^nucleus | -/^nucleus 

o 

II 

■s 

a, I 

i 

(3) 

2 M 2m 

m 

Pni _ ^ _ Nucleus ( M + 

(4) 

2m 

oo 


Use equation (4) to express 

■^nucleus = ^nucleus l 2M in terms of 


K 


nucleus 


K a 

4Mm 


(M + mf 



(5) 


(b) Relate the change in the kinetic A K n = -/f |luclcLls 

energy of the neutron to the after- 
collision kinetic energy of the 
nucleus: 


Using equation (5), express the 



. m 


fraction of the energy lost in the 

-A K n 

4Mm 

M 


collision: 

K n 

(M + mf 

f 1 m) 
1 + — 

2 




l Mj 



133 •• 

Picture the Problem Problem 132 ( b ) provides an expression for the fractional loss of 
energy per collision. 


(a) Using the result of Problem 132 

(b) , express the fractional loss of 
energy per collision: 

Evaluate this fraction to obtain: 


(M-mf 

K ni £ 0 (M+mf 


0716 

E 0 (l 2 m + 111 ) 


K 


nf 


Q.1\6 N E 0 


Express the kinetic energy of one 
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neutron after N collisions: 

(h) Substitute for K nf and E 0 to 0.716 v =10 s 

obtain: 


Take the logarithm of both sides of 
the equation and solve for N : 


N = 


-8 

logO.716 


55 


134 •• 

Picture the Problem We can relate the number of collisions needed to reduce the 
energy of a neutron from 2 MeV to 0.02 eV to the fractional energy loss per collision 
and solve the resulting exponential equation for N. 


(a) Using the result of Problem 132 
(. b ), express the fractional loss of 
energy per collision: 


K at . K m -AK n _ K m -0.63K m 

K m E 0 K m 

= 0.37 


Express the kinetic energy of one 
neutron after N collisions: 


if, 


nf 


0.37 N E 0 


Substitute for K nf and E 0 to obtain: 0.37 v =10 


Take the logarithm of both sides of 
the equation and solve for N: 


N = 


-8 

log 0.37 



( b ) Proceed as in ( a ) to obtain: K n{ _ K ni - A K n _ K ni - 0.1 1AU 

= 0.89 


Express the kinetic energy of one 

K n f = 

0.89^ 


neutron after N collisions: 




Substitute for K nf and E 0 to obtain: 

0.89^ 

= 10‘ 8 


Take the logarithm of both sides of 

N- 

-8 

158 

the equation and solve for N: 

log 0.89 
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135 •• 

Picture the Problem Let 4 = MIL be the mass per unit length of the rope, the subscript 
1 refer to the portion of the rope that is being supported by the force F at any given time, 
and the subscript 2 refer to the rope that is still on the table at any given time. We can 
find the height h cm of the center of mass as a function of time and then differentiate this 
expression twice to find the acceleration of the center of mass. 


(a) Apply the definition of the 
center of mass to obtain: 


mfa +m 2 h 2 

«cm =- - - 

M 


( 1 ) 


From the definition of A we have: 


M m, M 

— = — L ^> m, = —vt 
L vt L 


h i, cm and h 2 , cm are given by : 


h\ cm = - vt and h 2 ,c m = 0 


Substitute for m u h i -cm , and h 2 , cm in 
equation (1) and simplify to obtain: 


Cl 


vt 


K 


M 


+ m 2 (o) 



( b) Differentiate h cm twice to obtain 

Cl cm . 






v2 Lj 


L 


and 




(c) Letting N represent the nornial 
force that the table exerts on the 
rope, apply = ma cm to the 

rope to obtain: 

Solve for F, substitute for a cm and N 
to obtain: 


F + N - Mg = Ma cm 


F = Mg + Ma cm - N 


cm 

2 


= Mg + M - m 2 g 

L 


m 2 

L-vt 


M 

= — = M 

L 2 


V 


L 2 


Use the definition of A again to 
obtain: 
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Substitute for m 2 and simplify: 


F = Mg + M - M 

L 


r, vo 

f 

i— 

5 

ll 

V L) 

V 


g + 


L 


vt 

g + Y§ 

J-j 


= Mg 


f 2 

V Vt 
+- 


gL L 


vt 

L 


r v ' 

—+ 1 


gt 


Mg 


J 


136 •• 

Picture the Problem The free-body 
diagram shows the forces acting on the 
platform when the spring is partially 
compressed. The scale reading is the force 
the scale exerts on the platform and is 
represented on the FBD by F n . We can use 
Newton’s 2 nd law to determine the scale 
reading in part (a). We’ll use both 
conservation of energy and momentum to 
obtain the scale reading when the ball 
collides inelastically with the cup. 

(a) Apply I F y = ma y to the 

spring when it is compressed a 
distance d: 

Solve for F n : 


(b ) Letting the zero of gravitational 
energy be at the initial elevation of 
the cup and Vbi represent the velocity 
of the ball just before it hits the cup, 
use conservation of energy to find 
this velocity: 


y 

F n 


, "> f S 

p 

ii bon *prins 

77 — ypi cr — 77 : 

n p o x ball on spring 

^n ^ball on spring 

= m p g + kd 


AK + AU g = 0 where if, = U g{ = 0 

:.\ m b v li ~ mgh = 0 
and 

v w =^gh 

Pi=Pf 



Use conservation of momentum to 
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find the velocity of the center of 
mass: 


■ • v„, 


«b v bi 


m b +m c 


^2gh 


»h 

m b + m c 


Apply conservation of energy to the 
collision to obtain: 


Substitute for v cm and solve for kx 2 : 


Solve for x: 


A^ cm +At/ s =0 

or, with K f = U S i = 0, 


-\{m h +m Q )v; m +\kx 2 =0 
kx 1 =(m b +m c )v 2 cm 


= 2gh(m b +m c ) 
2ghmj 

m b + m c 


m b 

m b +m c 


x = m. 


2 gh 


k(m b +m c ) 


From part (a): 


F n =m v g + kx 
= mg + km b _ 


2 gh 


k(m b +m c ) 



f 


m + in . 

1 P 1 


2 kh 


g{rn b + m c ) 


(c) 


Because the collision is inelastic, the ball never returns to its original height. 


137 •• 

Picture the Problem Let the direction that astronaut 1 first throws the ball be the 
positive direction and let Vb be the initial speed of the ball in the laboratory frame. Note 
that each collision is perfectly inelastic. We can apply conservation of momentum and 
the definition of the speed of the ball relative to the thrower to each of the perfectly 
inelastic collisions to express the final speeds of each astronaut after one throw and one 
catch. 


Use conservation of momentum to m \ v \ + /,7 b v b = 0 (1) 

relate the speeds of astronaut 1 and 
the ball after the first throw: 


Relate the speed of the ball in the 
laboratory frame to its speed relative 


v = v b -v l 


( 2 ) 
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to astronaut 1: 

Eliminate Vb between equations (1) 
and (2) and solve for vi: 

Substitute equation (3) in equation 
(2) and solve for v b : 

Apply conservation of momentum to 
express the speed of astronaut 2 and 
the ball after the first catch: 

Solve for v 2 : 


Express v 2 in terms of v by 
substituting equation (4) in equation 
( 6 ): 


Use conservation of momentum to 
express the speed of astronaut 2 and 
the ball after she throws the ball: 

Relate the speed of the ball in the 
laboratory frame to its speed relative 
to astronaut 2: 

Eliminate v b f between equations (8) 
and (9) and solve for v 2 f. 


Substitute equation (10) in equation 
(9) and solve for v b r 


Apply conservation of momentum to 
express the speed of astronaut 1 and 
the ball after she catches the ball: 


m , 


in , + in b 


(3) 


m. 


III ! + III h 


0 = "CU = ( fn 2 + m b )v 2 


(4) 

(5) 


m h 


V 2 = 


m 2 + m b 


( 6 ) 


in,, + m b m x + m h 


(m 2 + m b )(m x + m b )_ 


(7) 


(m 2 +m b )v 2 =m b v w +m 2 v 2f 


( 8 ) 


(9) 


m h 


v m 2 + m b j 


1 + - 


m, 


m 1 + m b 


( 10 ) 


v bf = " 


1-- 


tih 


m 2 + m h 


1 + - 


m. 


m l + in h 


(ID 


(m x + tn b ) v lf = m b v b{ + m x v x (12) 
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Using equations (3) and (11), 
eliminate v b f and v, in equation (12) 
and solve for vif: 


m 2 m b (2/n, +m h ) 
{ m i +m b ) 2 {m 2 +m b ) 


*138 •• 

Picture the Problem We can use the definition of the center of mass of a system 
containing multiple objects to locate the center of mass of the earth-moon system. Any 
object external to the system will exert accelerating forces on the system. 


(a) Express the center of mass of the 
earth-moon system relative to the 
center of the earth: 


i 

or 

.. _mM+1 


M e+ m m M e+ m m 


M. 


ni- 


+ 1 


Substitute numerical values and 
evaluate r cm : 


3.84 x IQ 5 km 
81.3 + 1 


4670 km 


Because this distance is less than the radius of the earth, the position of the 
center of mass of the earth - moon system is below the surface of the earth. 


Any object not in the earth - moon system exerts forces on the system, 
e.g., the sun and other planets. 


Because the sun exerts the dominant external force on the earth - moon 

( c ) 

system, the acceleration of the system is toward the sun. 

(i d) Because the center of mass is at J = 2 r em = 2(4670 km) = 

a fixed distance from the sun, the 
distance d moved by the earth in 
this time interval is: 

139 •• 

Picture the Problem Let the numeral 2 refer to you and the numeral 1 to the water 
leaving the hose. Apply conservation of momentum to the system consisting of yourself, 
the water, and the earth and then differentiate this expression to relate your recoil 
acceleration to your mass, the speed of the water, and the rate at which the water is 


9340 km 
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leaving the hose. 

Use conservation of momentum to 
relate your recoil velocity to the 
velocity of the water leaving the 
hose: 

Differentiate this expression with 
respect to t: 


Because the acceleration of the 
water leaving the hose, a\, is zero 


dm , 


as is 


dt 

losing mass: 


the rate at which you are 


Pi + Pi = o 


or 

m ] v ] + m 2 v 2 = 0 


dv, dm , dv 1 dm-, 

m, -1- v.-1- m 2 -1- Vt —- 

dt dt dt dt 


= 0 


or 


dm x 


dm , 


m.a, + v,- ima-, + v, 

1 1 1 dt 2 2 dt 


= 0 


dm i A 

V[-1- m 2 a 2 = 0 

dt 

and 

v. dm i 

a 2 =- 

m 2 dt 


Substitute numerical values and 
evaluate ay. 


a 2 


30m/s 
75 kg 


(2.4 kg/s) 


-0.960 m/s 2 


*140 ••• 

Picture the Problem Take the zero of gravitational potential energy to be at the elevation 
of the pan and let the system include the balance, the beads, and the earth. We can use 
conservation of energy to find the vertical component of the velocity of the beads as they 
hit the pan and then calculate the net downward force on the pan from Newton’s 2 nd law. 


Use conservation of energy to relate 
the v component of the bead’s 
velocity as it hits the pan to its height 
of fall: 

Solve for v y : 

Substitute numerical values and 
evaluate v y : 

Express the change in momentum in the y 
direction per bead: 


AX + AU = 0 

or, because K, = U { = 0, 

\mv 2 x - mgh = 0 

U = Jlgh 

v y = ^/2(9.81 m/s 2 )(0.5 m) = 3.13 m/s 
A Py = Pyf - Pyi = ™ V y ~ (“ ™ V y ) = 2mV y 
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Use Newton’s 2 nd law to express the 
net force in the y direction exerted 
on the pan by the beads: 



Letting M represent the mass to be 
placed on the other pan, equate its 
weight to the net force exerted by 
the beads, substitute for A p y , and 
solve for M: 



and 


M = — 


N f 2mv y 2 


§ ) 


Substitute numerical values and 
evaluate M\ 


M = (lOO/s) 


[2(0.0005 kg)(3.13 m/s)] 
9.81m/s 2 


31 -9 g 


141 ••• 

Picture the Problem Assume that the connecting rod goes halfway through both balls, 
i.e., the centers of mass of the balls are separated by L. Let the system include the 
dumbbell, the wall and floor, and the earth. Let the zero of gravitational potential be at 
the center of mass of the lower ball and use conservation of energy to relate the speeds of 
the balls to the potential energy of the system. By symmetry, the speeds will be equal 
when the angle with the vertical is 45°. 

Use conservation of energy to E t = E { 

express the relationship between the 
initial and final energies of the 
system: 

Express the initial energy of the E t = mgL 


system: 


Express the energy of the system 
when the angle with the vertical is 


E f = mgL sin 45° + j(2m)v 2 


45°: 


Substitute to obtain: 


gL = gL {n 


Solve for v: 
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Substitute numerical values and 
evaluate v: 


^(9.81 m/s 2 )l 

f.-fl 

l V2j 

(l.70m K /s y[L 
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Chapter 9 
Rotation 


Conceptual Problems 

*1 • 

Determine the Concept Because r is greater for the point on the rim, it moves the 
greater distance. Both turn through the same angle. Because r is greater for the point on 
the rim, it has the greater speed. Both have the same angular velocity. Both have zero 
tangential acceleration. Both have zero angular acceleration. Because r is greater for the 
point on the rim, it has the greater centripetal acceleration. 


2 

(a) False. Angular velocity has the dimensions 


1 

T 


whereas linear velocity has 


dimensions 


L 

T 


(.b ) True. The angular velocity of all points on the wheel is dO/dt. 

(c) True. The angular acceleration of all points on the wheel is dco/dt. 


3 

Picture the Problem The constant-acceleration equation that relates the given variables 
is co 2 = cog + 2 a AO . We can set up a proportion to determine the number of revolutions 

required to double co and then subtract to find the number of additional revolutions to 
accelerate the disk to an angular speed of 2 co. 


Using a constant-acceleration 
equation, relate the initial and final 
angular velocities to the angular 
acceleration: 

Let A 0\o represent the number of 
revolutions required to reach an 
angular velocity co: 

Let A02m represent the number of 
revolutions required to reach an 
angular velocity co: 

Divide equation (2) by equation (1) 
and solve for A0 2o ; 


co 2 = col + 2aA# 
or, because col = 0, 
co 2 = 2a AD 

co 2 = 2aA0 w (1) 

(2 co) 2 = 2aA9 lm (2) 

CO 


623 
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The number of additional revolutions is: 


4A# 10 - A# 10 = 3A# 10 


and 


(c) is correct. 


3(l0 rev) = 30 rev 


Determine the Concept Torque has the dimension 

" ML 

(a) Impulse has the dimension 

( b ) Energy has the dimension 


ML 2 


ML 2 

0 b ) is correct. 

rji 2 



(c) Momentum has the dimension 


ML 


Determine the Concept The moment of inertia of an object is the product of a constant 
that is characteristic of the object’s distribution of matter, the mass of the object, and the 
square of the distance from the object’s center of mass to the axis about which the object 


is rotating. Because both ( b ) and ( c ) are correct ( d ) is correct. 


*6 • 

Determine the Concept Yes. A net torque is required to change the rotational state of an 
object. In the absence of a net torque an object continues in whatever state of rotational 
motion it was at the instant the net torque became zero. 

7 • 

Determine the Concept No. A net torque is required to change the rotational state of an 
object. A net torque may decrease the angular speed of an object. All we can say for sure 
is that a net torque will change the angular speed of an object. 

8 • 

(a) False. The net torque acting on an object determines the angular acceleration of the 
object. At any given instant, the angular velocity may have any value including zero. 

( b ) True. The moment of inertia of a body is always dependent on one’s choice of an axis 
of rotation. 


(c) False. The moment of inertia of an object is the product of a constant that is 
characteristic of the object’s distribution of matter, the mass of the object, and the square 
of the distance from the object’s center of mass to the axis about which the object is 
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rotating. 

9 

Determine the Concept The angular acceleration of a rotating object is proportional to 
the net torque acting on it. The net torque is the product of the tangential force and its 
lever arm. 

Express the angular acceleration of 
the disk as a function of the net 
torque acting on it: 

Because a oc d , doubling d will 
double the angular acceleration. 

*10 • 

Determine the Concept From the parallel-axis theorem we know that 
I = I cm + Mh 2 , where 7 cm is the moment of inertia of the object with respect to an axis 

through its center of mass, M is the mass of the object, and h is the distance between the 
parallel axes. Therefore, 7 is always greater than 7 cm by Mh 2 . 


(d) is correct. 


a = 


t Fd F 

net =£^_ = L d 


III 
i.e., a cc d 


(. b ) is correct. 


11 • 

Determine the Concept The power delivered by the constant torque is the product of the 
torque and the angular velocity of the merry-go-round. Because the constant torque 
causes the merry-go-round to accelerate, neither the power input nor the angular velocity 


of the merry-go-round is constant. ( b ) is correct. 


12 • 

Determine the Concept Let’s make the simplifying assumption that the object and the 
surface do not deform when they come into contact, i.e., we’ll assume that the system is 
rigid. A force does no work if and only if it is perpendicular to the velocity of an object, 
and exerts no torque on an extended object if and only if it’s directed toward the center of 
the object. Because neither of these conditions is satisfied, the statement is false. 

13 • 

Determine the Concept For a given applied force, this increases the torque about the 
hinges of the door, which increases the door’s angular acceleration, leading to the door 
being opened more quickly. It is clear that putting the knob far from the hinges means 
that the door can be opened with less effort (force). Flowever, it also means that the hand 
on the knob must move through the greatest distance to open the door, so it may not be 
the quickest way to open the door. Also, if the knob were at the center of the door, you 
would have to walk around the door after opening it, assuming the door is opening 
toward you. 
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*14 • 

Determine the Concept If the wheel is rolling without slipping, a point at the top of the 
wheel moves with a speed twice that of the center of mass of the wheel, but the bottom of 


the wheel is momentarily at rest, (c) is correct. 


15 •• 

Picture the Problem The kinetic energies of both objects is the sum of their translational 
and rotational kinetic energies. Their speed dependence will differ due to the differences 
in their moments of inertia. We can express the total kinetic of both objects and equate 
them to decide which of their translational speeds is greater. 


Express the kinetic energy of the 
cylinder: 


Express the kinetic energy of the 
sphere: 


Equate the kinetic energies and 
simplify to obtain: 


^cyl = Kyl^cyl + \ mV ly\ 


1 /1 2 j V cyl i 

2 V2 mr J— + 1 


: in V 


cyl 


= J mV lyl 


^sph 2 ^sph^sphl + 2 mV sph 


= i(f/w- 2 )- 


sph , 1 2 

— + V nV s P h 


= To mv sp h 


V cyl = Vl5 V sph < V 


and 


(b) is correct. 


*16 • 

Determine the Concept You could spin the pipes about their center. The one which is 
easier to spin has its mass concentrated closer to the center of mass and, hence, has a 
smaller moment of inertia. 

17 •• 

Picture the Problem Because the coin and the ring begin from the same elevation, they 
will have the same kinetic energy at the bottom of the incline. The kinetic energies of 
both objects is the sum of their translational and rotational kinetic energies. Their speed 
dependence will differ due to the differences in their moments of inertia. We can express 
the total kinetic of both objects and equate them to their common potential energy loss to 
decide which of their translational speeds is greater at the bottom of the incline. 
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Express the kinetic energy of the 
coin at the bottom of the incline: 


Express the kinetic energy of the 
ring at the bottom of the incline: 


Equate the kinetic of the coin to its 
change in potential energy as it 
rolled down the incline and solve for 

^coin* 


Equate the kinetic of the ring to its 
change in potential energy as it 
rolled down the incline and solve for 

^ring* 


^coin 2 ^cyl^coin 2 ^coin^coin 
2 

= l(l m r 2 Y^- + -m v 

2 \2 '"coin' / 2 2 "coin K < 


2 

coin 


3 2 

= — YYl V 

4 coin coin 


^ring 2 ^ring®ring 2 m ring V ring 


z 

1 / 2\^ring . i 

= lVW )^T+2 m nn g V nng 


ring 

= m v 2 

nng ring 


\m v 2 — m gh 

4 coin coin coino 

and 

Vcoin = \g h 


m nn g Kn g = "Ting gk 

and 

W„ g = gh 


Therefore, v coin > v ring and ( b ) is 
correct. 


18 •• 

Picture the Problem We can use the definitions of the translational and rotational kinetic 
energies of the hoop and the moment of inertia of a hoop (ring) to express and compare 
the kinetic energies. 


Express the translational kinetic K lrans = \mv 2 

energy of the hoop: 


Express the rotational kinetic energy 
of the hoop: 


^rot 2 ^hoop® 



1 2 

= j m y 


Therefore, the translational and rotational 
kinetic energies are the same and 


(c) is correct. 
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19 •• 

Picture the Problem We can use the definitions of the translational and rotational kinetic 
energies of the disk and the moment of inertia of a disk (cylinder) to express and compare 
the kinetic energies. 

Express the translational kinetic A trans = \ mv2 

energy of the disk: 


Express the rotational kinetic energy 
of the disk: 


K 


2 Aioop^ 



= \mv 2 


Therefore, the translational kinetic energy is 


greater and ( a ) is correct. 


20 •• 

Picture the Problem Let us assume that0 and acts along the direction of motion. 
Now consider the acceleration of the center of mass and the angular acceleration about 
the point of contact with the plane. Because F net ^ 0, a cm ^ 0. However, r = 0 because t 
= 0, so a =0. But a = 0 is not consistent with a cm ^ 0. Consequently,/= 0. 

21 • 

Determine the Concept True. If the sphere is slipping, then there is kinetic friction 
which dissipates the mechanical energy of the sphere. 

22 • 

Determine the Concept Because the ball is struck high enough to have topspin, the 
frictional force is forward; reducing co until the nonslip condition is satisfied. 

(a) is correct. 


Estimation and Approximation 

23 •• 

Picture the Problem Assume the wheels are hoops, i.e., neglect the mass of the spokes, 
and express the total kinetic energy of the bicycle and rider. Let M represent the mass of 
the rider, m the mass of the bicycle, m w the mass of each bicycle wheel, and r the radius 
of the wheels. 

Express the ratio of the kinetic 
energy associated with the rotation 
of the wheels to that associated with 
the total kinetic energy of the 
bicycle and rider: 


K. 


K.. 


K„ 


^trans + K rot 


( 1 ) 
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Express the translational kinetic K = K, + K .. 

r trans bicycle rider 

energy of the bicycle and rider: 

= \mv 2 +\Mv 2 


Express the rotational kinetic energy 
of the bicycle wheels: 


K r , 


= 2 K 


rot, 1 wheel 




Substitute in equation (1) to obtain: 


K tot j mv 2 + \Mv 2 + m v v 2 


Substitute numerical values and 
evaluate K mt /K tot : 


m„ 


\m + jM + m w 2 + m + Ml 


m„ 


K„. 


K m 2] 14kg + 38kg 
3kg 


10.3% 


24 •• 

Picture the Problem We can apply the definition of angular velocity to find the angular 
orientation of the slice of toast when it has fallen a distance of 0.5 m from the edge of the 
table. We can then interpret the orientation of the toast to decide whether it lands jelly- 
side up or down. 

Relate the angular orientation 6 of 0 = 6 0 + a>At (1) 

the toast to its initial angular 
orientation, its angular velocity co, 
and time of fall At: 


Else the equation given in the 
problem statement to find the 
angular velocity corresponding to 
this length of toast: 

Using a constant-acceleration 
equation, relate the distance the 
toast falls Ay to its time of fall At: 


^ 9.81m/S 2 - 

co = 0.956,-= 9.47 rad/s 

V o.lm 

Ay = v 0y At + \a y {At) 2 
or, because v 0v = 0 and a y = g, 

Ay = \g{At) 2 


Solve for At: 


Substitute numerical values and 
evaluate At: 



At = ISI 
] 9.81 m/s 2 


0.319s 
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hi 

2gL 
find 0: 


+ cos0 o Substitute in equation (1) to 


0 = — + (9.47 rad/s)(0.319s) 

6 

1 80 ° 

= 3.54 rad x-= 203° 

7T rad 


The orientation of the slice of toast will therefore be at an angle of 203° 
with respect to the ground, i.e. with the jelly - side down. 


*25 •• 

Picture the Problem Assume that the mass of an average adult male is about 80 kg, and 
that we can model his body when he is standing straight up with his arms at his sides as a 
cylinder. From experience in men’s clothing stores, a man’s average waist circumference 
seems to be about 34 inches, and the average chest circumference about 42 inches. We’ll 
also assume that about 20% of the body’s mass is in the two arms, and each has a length 
L = 1 m, so that each arm has a mass of about m = 8 kg. 


Letting 7 0ut represent his moment of 
inertia with his arms straight out and 
/in his moment of inertia with his 
arms at his side, the ratio of these 
two moments of inertia is: 

Express the moment of inertia of the 
"man as a cylinder": 

Express the moment of inertia of his 
arms: 

Express the moment of inertia of his 
body-less-arms: 

Substitute in equation (1) to obtain: 


Assume the circumference of the 
cylinder to be the average of the 
average waist circumference and the 
average chest circumference: 

Find the radius of a circle whose 
circumference is 38 in: 


body Airms 


( 1 ) 


4 =jM Rl 

A™. = 2(i)mL 2 

4, i(M- m )4+ 2(1)„4 

4 


R = 


38inx 


2 n 

0.154 m 


2.54 cm 
in 
271 


X 


lm 

100 cm 


Substitute numerical values and evaluate I Q J /, n : 
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|(80kg-16kg)(0.154m) 2 +f(8kg)(lm) 2 

jr(80kg)(0.154m) 2 


6.42 


Angular Velocity and Angular Acceleration 

26 • 

Picture the Problem The tangential and angular velocities of a particle moving in a 
circle are directly proportional. The number of revolutions made by the particle in a given 
time interval is proportional to both the time interval and its angular speed. 


(a) Relate the angular velocity of 
the particle to its speed along the 
circumference of the circle: 

Solve for and evaluate co: 


v = rco 


v 25 m/s 

co = — =- 

r 90 m 


0.278 rad/s 


( b ) Using a constant-acceleration 
equation, relate the number of 
revolutions made by the particle in a 
given time interval to its angular 
velocity: 


AO = co At = 


0.278^1 

l S ) 


(30 s) 


lrev 
2 n rad 


v 

) 


1.33 rev 


27 • 

Picture the Problem Because the angular acceleration is constant; we can find the 
various physical quantities called for in this problem by using constant-acceleration 
equations. 


(a) Using a constant-acceleration 
equation, relate the angular velocity 
of the wheel to its angular 
acceleration and the time it has been 
accelerating: 

Evaluate co when At = 6 s: 


co = co 0 + aAt 

or, when coo = 0, 
co = aAt 


co = ( 2.6rad/s^ ](6s) 


15.6 rad/s 


(b) Using another constant- 
acceleration equation, relate the 
angular displacement to the wheel’s 
angular acceleration and the time it 


AO = co 0 At + \a{At) 2 
or, when coq = 0, 

AO = \a{At) 2 
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has been accelerating: 
Evaluate A 0 when At = 6 s: 


A6*(6s) = y^.Orad/s^Os) 1 


46.8 rad 


(c) Convert A#(6s)from rad to 
revolutions: 


A6*(6s) = 46.8 rad x 


lrev 
2n rad 


7.45 rev 


(cl) Relate the angular velocity of the 
particle to its tangential speed and 
evaluate the latter when 
At = 6 s: 

Relate the resultant acceleration of 
the point to its tangential and 
centripetal accelerations when 
At = 6 s: 

Substitute numerical values and 
evaluate a: 


v = rco = (0.3m)(l5.6rad/s) = 


a = *Ja 2 + a 2 = ^(raj +(rco 2 ) 

= ryla 2 + co 4 

a = (0.3 in )^(2.6rad/s 2 ) + (l5.6 rad/s) 4 
= 73.0m/s 2 


*28 • 

Picture the Problem Because we’re assuming constant angular acceleration; we can find 
the various physical quantities called for in this problem by using constant-acceleration 
equations. 


(a) Using its definition, express the 
angular acceleration of the 
turntable: 

Substitute numerical values and 
evaluate a: 


A co co — oo,s 

a =-=- - 

At At 


_ „ „ , rev 27i rad 1 min 

0-33 j--x-x- 

' min rev 60s 

a = - 

26s 

= 0.134 rad/s 2 
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(j b ) Because the angular acceleration 
is constant, the average angular 
velocity is the average of its initial 
and final values: 


co 0 + co 


, rev 2^-rad lmin 

33 y-x-x- 

min rev 60s 


2 


1.75 rad/s 


(c) Using the definition of a> av , find 
the number or revolutions the 
turntable makes before stopping: 


Ad = co m At = (l.75rad/s)(26s) 


= 45.5 rad x 


lrev 
2 n rad 


7.24 rev 


29 • 

Picture the Problem Because the angular acceleration of the disk is constant, we can use 
a constant-acceleration equation to relate its angular velocity to its acceleration and the 
time it has been accelerating. We can find the tangential and centripetal accelerations 
from their relationships to the angular velocity and angular acceleration of the disk. 


(a) Using a constant-acceleration 
equation, relate the angular velocity 
of the disk to its angular 
acceleration and time during which 
it has been accelerating: 

Evaluate co when t = 5 s: 


co = co Q + a At 

or, because coo = 0, 
co~ a At 


co( 5 s) = (8 rad/s 2 )(5 s) 


40.0 rad/s 


(b) Express a t in terms of a: 
Evaluate a, when t = 5 s: 

Express a c in terms of co: 
Evaluate a c when t = 5 s: 


a t = ra 

a t (5s) = (0.12m)(8 rad/s 2 ) 

= 0.960 m/s 2 

a c = rco 2 

a c (5s) = (0.12 m)(40.0 rad/s) 2 
= 192 m/s 2 


30 • 

Picture the Problem We can find the angular velocity of the Ferris wheel from its 
definition and the linear speed and centripetal acceleration of the passenger from the 
relationships between those quantities and the angular velocity of the Ferris wheel. 
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(a) Find co from its definition: 


A 0 In rad 

co = -=- 

At 27 s 


0.233 rad/s 


( b ) Find the linear speed of the 
passenger from his/her angular speed: 

Find the passenger’s centripetal 
acceleration from his/her angular 
velocity: 


v = rco = (l2m)(0.233 rad/s) 
= 2.79 m/s 


a c = rco 2 = (l2m)(0.233 rad/s) 2 
= 0.651m/s 2 


31 • 

Picture the Problem Because the angular acceleration of the wheels is constant, we can 
use constant-acceleration equations in rotational form to find their angular acceleration 
and their angular velocity at any given time. 


(a) Using a constant-acceleration 
equation, relate the angular 
displacement of the wheel to its 
angular acceleration and the time it 
has been accelerating: 

Solve for a\ 


Substitute numerical values and 
evaluate a: 


AO = co 0 At + |«(A/) 2 
or, because = 0, 

AO = \a{At) 2 


a = 


2A 0 

Wf 


a = 



2;rrad^ 
rev y 




0.589rad/s 2 


(b ) Using a constant-acceleration 
equation, relate the angular velocity 
of the wheel to its angular 
acceleration and the time it has been 
accelerating: 

Evaluate co when At = 8 s: 


co = co 0 + aAt 

or, when coq = 0, 
co = aAt 


<y(8s) = (o. 589 rad/s 2 )(8s) 


4.71 rad/s 
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32 • 

Picture the Problem The earth rotates through 2;r radians every 24 hours. 

Find musing its definition: _ A6 _ 2;rrad 

^"~24hx^”F 

h 

= 7.27 x 10 5 rad/s 


33 • 

Picture the Problem When the angular acceleration of a wheel is constant, its average 
angular velocity is the average of its initial and final angular velocities. We can combine 
this relationship with the always applicable definition of angular velocity to find the 
initial angular velocity of the wheel. 


Express the average angular velocity 
of the wheel in terms of its initial and 
final angular speeds: 


co»„ = 


COq + CO 


or, because co= 0, 


®av 2 ®0 


Express the definition of the average _ At? 

angular velocity of the wheel: av At 


Equate these two expressions and 
solve for coq\ 


2A0 = 2(5rad) = 3 57sand 
At 2.8s 

(i d ) is correct. 


34 • 

Picture the Problem The tangential and angular accelerations of the wheel are directly 
proportional to each other with the radius of the wheel as the proportionality constant. 
Provided there is no slippage, the acceleration of a point on the rim of the wheel is the 
same as the acceleration of the bicycle. We can use its defining equation to determine the 
acceleration of the bicycle. 

Relate the tangential acceleration of 
a point on the wheel (equal to the 
acceleration of the bicycle) to the 
wheel’s angular acceleration and 
solve for its angular acceleration: 


a = a t = ra 
and 

a 

a = — 
r 
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Use its definition to express the 
acceleration of the wheel: 


Substitute in the expression for a to 
obtain: 

Substitute numerical values and 
evaluate a: 


Av v - v n 

a = — =-- 

At At 

or, because v 0 = 0 , 
v 

a = — 

At 

v 

a =- 

rAl 


km^) 

94 

f lh \ 

f 1000 m3 

l h J 

v 3600s y 

l km J 


(0.6m)(l4.0s) 
0.794 rad/s 2 


*35 •• 

Picture the Problem The two tapes will have the same tangential and angular velocities 
when the two reels are the same size, i.e., have the same area. We can calculate the 
tangential speed of the tape from its length and running time and relate the angular 
velocity to the constant tangential speed and the radius of the reels when they are turning 
with the same angular velocity. 


Relate the angular velocity of the 
tape to its tangential speed: 

Letting R\ represent the outer radius 
of the reel when the reels have the 
same area, express the condition 
that they have the same speed: 

Solve for Rf 


Substitute numerical values and 
evaluate Rf. 


v 

co = - ( 1 ) 

r 

tc- nr 2 = \{nR 2 -nr 2 ) 


R { = 


t>2 . 2 

R +r 


R f = 


(45 mm ) 2 + (12 mm ) 2 


32.9 mm 


Find the tangential speed of the tape 245 m x 1QQ cm 

from its length and running time: v _ __ m = 3 42 cm/s 

At 3600s 

2hx- 

h 
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Substitute in equation (1) and 
evaluate co\ 


co = 


3.42 cm/s 


R t 


32.9 mm x 


lcm 
10 mm 


1.04 rad/s 


Convert 1.04 rad/s to rev/min: , nA ,, , A/1 rad lrev 60s 

1.04 rad/s = 1.04-x-x- 

s 2 k rad min 


9.93 rev/min 


Torque, Moment of Inertia, and Newton’s Second Law for 
Rotation 


36 • 

Picture the Problem The force that the woman exerts through her axe, because it does 
not act at the axis of rotation, produces a net torque that changes ( decreases) the angular 
velocity of the grindstone. 


(a) From the definition of angular 
acceleration we have: 


Substitute numerical values and 
evaluate a: 


( b ) Use Newton’s 2 nd law in 
rotational form to relate the angular 
acceleration of the grindstone to the 
net torque slowing it: 

Express the moment of inertia of 
disk with respect to its axis of 
rotation: 


A co co — co n 


a = 

At At 
or, because co= 0, 


a = 


-Q>o 

At 


rev 2k rad lmin 

730-x-x- 

min rev 60 s 

a =- 

9s 

= -8.49 rad/s 2 


where the minus sign means that the 
grindstone is slowing down. 


= la 


I = \MR 2 
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Substitute to obtain: 


= \MRa 


Substitute numerical values and 
evaluate r nct : 


r net = i0 -7kg)(0.08m) (8.49rad/s 2 ) 
= 0.0462 N-m 


*37 • 

Picture the Problem We can find the torque exerted by the 17-N force from the 
definition of torque. The angular acceleration resulting from this torque is related to the 
torque through Newton’s 2 nd law in rotational form. Once we know the angular 
acceleration, we can find the angular velocity of the cylinder as a function of time. 

(a) Calculate the torque from its j- = F£ = (l7 N)(0. . 11 m) = 

definition: 

(. b ) Use Newton’s 2 nd law in 
rotational form to relate the 
acceleration resulting from this 
torque to the torque: 

Express the moment of inertia of the / = \MR~ 

cylinder with respect to its axis of 
rotation: 



1.87N -m 


Substitute to obtain: 


Substitute numerical values and 
evaluate a: 


a = 


2r 

MR 2 


2(l .87 N • in) 

(2.5 kg)(0.1 I in) 2 


124 rad/s 2 


(c) Using a constant-acceleration co — co 0 + at 

equation, express the angular or, because oj {) = 0, 

velocity of the cylinder as a function co = at 

of time: 


Evaluate a>(5 s): 


a>( 5 s) = (l24 rad/s 2 )(5 s) = 


620 rad/s 


38 •• 

Picture the Problem We can find the angular acceleration of the wheel from its 
definition and the moment of inertia of the wheel from Newton’s 2 nd law. 








Rotation 639 


(a) Express the moment of inertia of 
the wheel in terms of the angular 
acceleration produced by the applied 
torque: 

Find the angular acceleration of the 
wheel: 


I = - 
a 


rev 2n rad lmin 

600-x-x- 

_ A© _ min rev 60s 

At 20 s 

= 3.14 rad/s 2 


Substitute and evaluate /: 


50N • m 
3.14 rad/s 2 


15.9 kg • m 2 


(b) Because the wheel takes 120 s to 
slow to a stop (it took 20 s to 
acquire an angular velocity of 600 
rev/min) and its angular acceleration 
is directly proportional to the 
accelerating torque: 


Ur =£r = £(50N-m) 


8.33 N-m 


39 •• 

Picture the Problem The pendulum and 
the forces acting on it are shown in the 
tree-body diagram. Note that the tension in 
the string is radial, and so exerts no 
tangential force on the ball. We can use 
Newton’s 2 nd law in both translational and 
rotational form to find the tangential 
component of the acceleration of the bob. 



(a) Referring to the FBD, express 
the component of mg that is tangent 

to the circular path of the bob: 

Use Newton’s 2 nd law to express the 
tangential acceleration of the bob: 

( b ) Noting that, because the line-of- 
action of the tension passes through 
the pendulum’s pivot point, its lever 
arm is zero and the net torque is due 


F t = mg sin 6 


a t 


F\ 

m 


gsin# 


I- 


pivot point 


mgL sin 6 
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to the weight of the bob, sum the 
torques about the pivot point to 
obtain: 


(c) Use Newton’s 2 nd law in 
rotational form to relate the angular 
acceleration of the pendulum to the 
net torque acting on it: 

7" net = mgL sin 6 = la 

Solve for a to obtain: 

mgL sin 6 

a =- 

/ 

Express the moment of inertia of the 
bob with respect to the pivot point: 

/ = mL 2 

Substitute to obtain: 

mgL sin 6 g sin 6 
cc 0 

mL 2 L 

Relate a to a t : 

T g sm 6^ 

a t =ra = L — - = g sin 0 

V L ) - 


*40 ••• 

Picture the Problem We can express the velocity of the center of mass of the rod in 
terms of its distance from the pivot point and the angular velocity of the rod. We can find 
the angular velocity of the rod by using Newton’s 2 nd law to find its angular acceleration 
and then a constant-acceleration equation that relates co to a. We’ll use the impulse- 
momentum relationship to derive the expression for the force delivered to the rod by the 
pivot. Finally, the location of the center of percussion of the rod will be verified by 
setting the force exerted by the pivot to zero. 


(a) Relate the velocity of the center 

of mass to its distance from the 

pivot point: 

L 

hm=-® (1) 

Express the torque due to F 0 : 

t = F 0 x = I pivol a 

Solve for a: 

F 0 x 
a - —— 

■^pivot 

Express the moment of inertia of the 
rod with respect to an axis through 

V =1 ml 2 
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its pivot point: 
Substitute to obtain: 


a = 


3 F 0 x 
ML 2 


Express the angular velocity of the 
rod in terms of its angular 
acceleration: 


co = a At = 


3F 0 xAt 

ML 2 


Substitute in equation (1) to obtain: 


3F 0 xAt 
2 ML 


(. b ) Let I P be the impulse exerted by 
the pivot on the rod. Then the total 
impulse (equal to the change in 
momentum of the rod) exerted on 
the rod is: 

Substitute our result from (a) to 
obtain: 


I r +F 0 At=Mv cm 

and 

= Mv crn ~F 0 At 


h 


3F 0 xAt 
2 L 


f 


F 0 At = F 0 At 

V 


3x 
2L 


\ 

1 

J 


Because I p = F p At: 


Fp = 


F n 


\ 


3x 

V2 L~ j 


In order for F P to be zero: 


3x 

2L 


1 = 0 =>x = 


2 L 

T 


41 ••• 

Picture the Problem We’ll first express the torque exerted by the force of friction on the 
elemental disk and then integrate this expression to find the torque on the entire disk. 
We’ll use Newton’s 2 nd law to relate this torque to the angular acceleration of the disk 
and then to the stopping time for the disk. 

(a) Express the torque exerted on dr f = rdf k (1) 

the elemental disk in terms of the 
friction force and the distance to the 
elemental disk: 


Using the definition of the 
coefficient of friction, relate the 


# k = ILg dm 


( 2 ) 
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force of friction to /a and the weight 
of the circular element: 

Letting a represent the mass per unit 
area of the disk, express the mass of 
the circular element: 

Substitute equations (2) and (3) in 
(1) to obtain: 

M 

Because cr =-- : 

nR- 


dm = 2tt r<7 dr (3) 


dr f =2 n / 4 <r g r 2 dr (4) 


dr { 


y^r'ir 

R 2 


( b ) Integrate d r f to obtain the total 
torque on the elemental disk: 


g 

R 2 


2 dr = 


MR/u k g 


(c) Relate the disk’s stopping time ^ _ o>_ 

to its angular velocity and a 

acceleration: 


Using Newton’s 2 nd law, express a 
in terms of the net torque acting on 
the disk: 

The moment of inertia of the disk, 
with respect to its axis of rotation, 
is: 

Substitute and simplify to obtain: 



/ = \MR 2 


At = 


3 Rco 
4/U g 


Calculating the Moment of Inertia 

42 • 

Picture the Problem One can find the formula for the moment of inertia of a thin 
spherical shell in Table 9-1. 

The moment of inertia of a thin / = y MR 2 

spherical shell about its diameter is: 









Substitute numerical values and 
evaluate 7: 
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7 = f (0.057kg)(0.035m) 2 
= 4.66x10 ? kg-nr 


*43 • 

Picture the Problem The moment of inertia of a system of particles with respect to a 
given axis is the sum of the products of the mass of each particle and the square of its 
distance from the given axis. 


Use the definition of the moment of 
inertia of a system of particles to 
obtain: 

Substitute numerical values and 
evaluate 7: 


/ = I>i 2 

i 

= m + m 2 r 2 2 + m 3 r 3 2 + m 4 r 4 2 

I = (3kg)(2m) 3 ■ {4kgf )|2 v'2 in ) 
+ (4kg)(0) ! +(3kg)(2m) ! 
= 56.0 kg -m 2 


44 • 

Picture the Problem Note, from symmetry considerations, that the center of mass of the 
system is at the intersection of the diagonals connecting the four masses. Thus the 
distance of each particle from the axis through the center of mass is V2 m. According to 
the parallel-axis theorem, 7 = 7 cm + Mh 2 , where 7 cm is the moment of inertia of the 

object with respect to an axis through its center of mass, M is the mass of the object, and 
h is the distance between the parallel axes. 

Express the parallel axis theorem: 7 = 7 cm + Mh 2 

7 cm = I -Mh 2 

= 56.0kg-m 2 -(l4kg)(V2m) 

= 28.0kg-m 2 I 


Use the definition of the moment of 
inertia of a system of particles to 
express 7 cm : 


4n =(3kg)(V2m) 2 +(4kg)(V2m) 2 
+ (4kg)(V2m) +(3kg)(V2m) 

= 28.0kg-nr I 


7 = "S' m r 2 

cm i i 


= m/ 2 + m 2 r 2 2 + m 3 r 3 2 + m 4 r 4 


Solve for 7 cm and substitute from 
Problem 44: 


Substitute numerical values and 
evaluate 7 cm : 
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45 • 

Picture the Problem The moment of inertia of a system of particles with respect to a 
given axis is the sum of the products of the mass of each particle and the square of its 
distance from the given axis. 


(a) Apply the definition of the 
moment of inertia of a system of 
particles to express I x : 

Substitute numerical values and 
evaluate I x : 


(b ) Apply the definition of the 
moment of inertia of a system of 
particles to express I y \ 

Substitute numerical values and 
evaluate 7 V : 


= m x r\ + m 2 r 2 + m 3 r 2 + m 4 r 4 2 

/,=(3kg)(2m) 3 +(4kg)(2in) J 
+ (4kg)(0)+(3kg)(0) 

= 28.0kg -nr 

f y = 

i 

= m x r 2 + m 2 r 2 + m 2 r 2 + m 4 r 4 2 

/„=(3kg)(0)+(4kg)(2,n) J 

+ (4kg)(0)+(3kg)(2m) ! 
= 28.0 kg-m 2 


Remarks: We could also use a symmetry argument to conclude that I y = I x . 


46 • 

Picture the Problem According to the parallel-axis theorem, / = 7 cm + Mh ~, where I cm 

is the moment of inertia of the object with respect to an axis through its center of mass, M 
is the mass of the object, and h is the distance between the parallel axes. 

Use Table 9-1 to find the moment of I cm = jMR~ 

inertia of a sphere with respect to an 
axis through its center of mass: 


Express the parallel axis theorem: 


1 = 1 


cm 


+ Mh 2 


I = }MR 2 +MR 2 



Substitute for 7 cm and simplify to 
obtain: 
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47 •• 

Picture the Problem The moment of inertia of the wagon wheel is the sum of the 
moments of inertia of the rim and the six spokes. 


Express the moment of inertia of the 
wagon wheel as the sum of the 
moments of inertia of the rim and 
the spokes: 

Using Table 9-1, find formulas for 
the moments of inertia of the rim 
and spokes: 


Substitute to obtain: 


Substitute numerical values and 
evaluate / whee i- 


1 wheel Aim 


+ /. 


spokes 


4n = M nm R 


2 


and 


I^=M nm R 2 + 6(\M spoke L 2 ) 

= M tim R 2 +2M spoke L 2 

^ wheel = (8kg)(0.5m) 2 +2(l.2kg)(0.5m) 2 
= 2.60 kg -m 2 


*48 •• 

Picture the Problem The moment of inertia of a system of particles depends on the axis 
with respect to which it is calculated. Once this choice is made, the moment of inertia is 
the sum of the products of the mass of each particle and the square of its distance from 
the chosen axis. 


(a) Apply the definition of the 
moment of inertia of a system of 
particles: 


'=1 


nil] 


m x x 


+ m 


(L-xf 


(b) Set the derivative of / with 
respect to x equal to zero in order to 
identify values for x that correspond 
to either maxima or minima: 

n dl 

If — = 0, then: 
dx 


— = 2m x x + 2 m 2 (L - x)(-1) 
dx 

= 2{m [ x + m 2 x - m 2 L) 

= 0 for extrema 

m x x + m 2 x - m 2 L = 0 
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Solve for x: m 2 L 

x =--- 

m x + m 2 


Convince yourself that you’ve found 

d 2 I 

a minimum by showing that —— is 

dx 

positive at this point. 


TYL L 

x =- 2 -is, by definition, the 

m x + m 2 

distance of the center of mass from m. 


49 •• 

Picture the Problem Let crbe the mass 
per unit area of the uniform rectangular 
plate. Then the elemental unit has mass 
dm = a dxdy. Let the comer of the plate 
through which the axis runs be the 
origin. The distance of the element 
whose mass is dm from the comer r is 
related to the coordinates of dm through 
the Pythagorean relationship r 2 = x 2 +y 2 

(a) Express the moment of inertia of 
the element whose mass is dm with 
respect to an axis perpendicular to it 
and passing through one of the 
comers of the uniform rectangular 
plate: 

Integrate this expression to find /: 


( b ) Letting d represent the distance 
from the origin to the center of mass 
of the plate, use the parallel axis 
theorem to relate the moment of 
inertia found in (a) to the moment of 
inertia with respect to an axis 
through the center of mass: 

Using the Pythagorean theorem, 
relate the distance d to the center of 


y 



dl = <j{x 2 + y 2 )dxdy 


a b 

I = a J | (x 2 + v 2 )dxdv 
0 0 

= }cr(o J 6 + oh 3 ) = 


1 = / cm +^ 2 

or 

7 cm = I -md 2 = \m{cr +b 2 )-md 2 


d° = (y a f + (jb) =\{a^+b^ 
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mass to the lengths of the sides of 
the plate: 

Substitute for d 2 in the expression 
for 7 cm and simplify to obtain: 


4n =1 m{a 2 +b 2 )-\m{a 2 +b 2 ) 2 
= jT m{a 2 +b 2 ) 


*50 •• 

Picture the Problem Corey will use the point-particle relationship 
I p = ; 2 = in t i] 2 + m 2 r 2 for his calculation whereas Tracey’s calculation will take 

i 

into account not only the rod but also the fact that the spheres are not point particles. 


(a) Using the point-mass 
approximation and the definition of 
the moment of inertia of a system of 
particles, express / app : 

Substitute numerical values and 
evaluate 7 app : 


.= X"v; 2 = "Vi’ + "U 


I„ =(0.5kg)(0.2m) ! +(0.5kg)(0.2m) J 
= 0.0400 kg -m 2 


Express the moment of inertia of the 
two spheres and connecting rod 
system: 

Use Table 9-1 to find the moments 
of inertia of a sphere (with respect 
to its center of mass) and a rod (with 
respect to an axis through its center 
of mass): 

Because the spheres are not on the 
axis of rotation, use the parallel axis 
theorem to express their moment of 
inertia with respect to the axis of 
rotation: 

Substitute to obtain: 


7 = 7 


spheres 


+ /, 


rod 


T = 1M R 

sphere 5 sphere 

and 




W = l M sphere^ 2 + M S phere ^ 2 

where h is the distance from the center 
of mass of a sphere to the axis of 
rotation. 

I = 2{iM^,,R 2 +M, tt „,h 2 }+±M, M L 2 


Substitute numerical values and evaluate 7: 
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7 = 2{f (0.5kg)(0.05m)~ +(0.5kg)(0.2m)]+ 1 L(0.06kg)(0.3m) 1 
= 0.0415 kg-m 2 


Compare 7 and 7 app by taking their ratio: 


hpp _ 0.0400kg-m 2 
7 ~ 0.0415kg-m 2 


0.964 


The rotational inertia would increase because 7 cm of a hollow sphere is 
greater than 7 cm of a solid sphere. 


51 •• 

Picture the Problem The axis of rotation 
passes through the center of the base of the 
tetrahedron. The carbon atom and the 
hydrogen atom at the apex of the 
tetrahedron do not contribute to 7 because 
the distance of their nuclei from the axis of 
rotation is zero. From the geometry, the 
distance of the three H nuclei from the 
rotation axis is a I V3 , where a is the 
length of a side of the tetrahedron. 



- a -► 


Apply the definition of the moment of 
inertia for a system of particles to 
obtain: 


/ = 2 = m u r{ +m n r; +m H r; 

i 

= 3m, 


f \ 2 

a 


Vr/3y 


= m n a~ 


Substitute numerical values and 
evaluate 7: 


7 = (l .67 x 10 27 kg)(o. 18 x 1 (T 9 m ) 2 
- 5.41x 1(T 47 kg-m 2 


52 •• 

Picture the Problem Let the mass of 
the element of volume dV be 
dm = pdV= iTtphrdr where h is the 
height of the cylinder. We’ll begin by 
expressing the moment of inertia dl for 
the element of volume and then 
integrating it between R i and /C- 



























Express the moment of inertia of the 
element of mass dm: 


dl = r 2 dm = 2jrp hr'dr 
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Integrate dl from R\ to Ih to obtain: 


The mass of the hollow cylinder 
ism = tc ph[R 2 - R [), so: 


ft 


/ = 2nph J r 'dr = i nph[R\ - 

R \ 

= {n P h{Rl-R!;\Rl+R!) 



m 

P ~ nh(R 2 -R 2 ) 


Substitute for p and simplify to obtain: 


I=\n 


m 


n 


WFrPi 


k(i>: -/?,-)(/?:+ft)=ftife+/?r) 


53 — 

Picture the Problem We can derive the given expression for the moment of inertia of a 
spherical shell by following the procedure outlined in the problem statement. 


Find the moment of inertia of a 
sphere, with respect to an axis 
through a diameter, in Table 9-1: 

Express the mass of the sphere as a 
function of its density and radius: 

Substitute to obtain: 

Express the differential of this 
expression: 

Express the increase in mass dm as 
the radius of the sphere increases by 
dR: 

Eliminate dR between equations (1) 
and (2) to obtain: 


/ = jmR 

m = j n pR' 

I = TsX P R 5 

dI = \7tpR*dR (1) 

dm = Ax p R 2 dR (2) 

dl = j R 2 dm 

Therefore, the moment of inertia of 
the spherical shell of mass m is f mR 2 . 
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*54 ••• 

Picture the Problem We can find C in terms of M and R by integrating a spherical shell 
of mass dm with the given density function to find the mass of the earth as a function of 
M and then solving for C. In part ( b ), we’ll start with the moment of inertia of the same 
spherical shell, substitute the earth’s density function, and integrate from 0 to R. 

(a) Express the mass of the earth 


using the given density function: 



o 



— 1.22 CR 3 -xCR 3 
3 


Solve for C as a function of M and R 
to obtain: 


M 

C= 0.508 — 
R 3 


( b ) From Problem 9-40 we have: 


dl = \n pr A dr 


Integrate to obtain: 


R 



0 



4.26M 1.22 n5 1 

-r- R -- 

c a. 


0.329 MR 2 
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55 ••• 

Picture the Problem Let the origin be at 
the apex of the cone, with the z axis along 
the cone’s symmetry axis. Then the radius 
of the elemental ring, at a distance z from 
the apex, can be obtained from the 
r R 

proportion — = —. The mass dm of the 
z H 

elemental disk is pdV = prtr 2 dz. We’ll 
integrate r 2 dm to find the moment of inertia 
of the disk in terms of R and H and then 
integrate dm to obtain a second equation in 
R and H that we can use to eliminate H in 
our expression for I. 


z 



Express the moment of inertia of the 
cone in terms of the moment of 
inertia of the elemental disk: 


Express the total mass of the cone in 
terms of the mass of the elemental 
disk: 


/ = j J r 2 dm 


H R 2 


1 f« 21 R 


H 




dz 


npR\^ dz = ,p R ^ H 


2 W 


10 


H 


H R 2 


M = srpj r 2 dz = xpj -jp-z 2 dz 


_ i 


\npR H 


Divide / by M, simplify, and solve 
for / to obtain: 


1 = 


MR 


56 ••• 

Picture the Problem Let the axis of 
rotation be the x axis. The radius r of the 
elemental area is 4r 2 -Z 2 and its mass, 
dm, is udA = 2u^R 2 - z 2 dz . We’ll 
integrate z 2 dm to determine / in terms of a 
and then divide this result by M in order to 
eliminate a and express / in terms of M 
and R. 


Z 
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Express the moment of inertia about 
the x axis: 


/ = | z 2 dm = | z 2 tj dA 
= | z 2 (la^R 2 - z 2 e/zj 

-R 

= \<J7lR '' 


The mass of the thin uniform disk 
is: 

Divide / by M, simplify, and solve 
for / to obtain: 


M = <J7tR 2 


/ = 


\MR~ 


a result in agreement with 


the expression given in Table 9-1 for a 
cylinder of length L = 0. 


57 ••• 

Picture the Problem Let the origin be at 
the apex of the cone, with the z axis along 
the cone’s symmetry axis, and the axis of 
rotation be the x rotation. Then the radius 
of the elemental disk, at a distance z from 
the apex, can be obtained from the 
r R 

proportion — = —. The mass dm of the 
z H 

elemental disk is pdV = pm^dz. Each 
elemental disk rotates about an axis that is 
parallel to its diameter but removed from it 
by a distance z. We can use the result from 
Problem 9-57 for the moment of inertia of 
the elemental disk with respect to a 
diameter and then use the parallel axis 
theorem to express the moment of inertia 
of the cone with respect to the x axis. 


z 



Using the parallel axis theorem, dl x = dl disk + dmz 2 (1) 

express the moment of inertia of the where 

elemental disk with respect to the x c [ m _ p jy _ p n r 2 c [ z 

axis: 

In Problem 9-57 it was established J/ disk = \{pKr 2 dz}r 2 

that the moment of inertia of a thin 

uniform disk of mass M and radius = j pn 

R rotating about a diameter 
is \ MR 2 . Express this result in 
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terms of our elemental disk: 
Substitute in equation (1) to obtain: 


dl x = np 


f R 2 

IT 2 



dz 



f 

f R ^ 

2 > 

+ 

np 

— z 

dz 


V 

) 

) 


z 


2 


Integrate from 0 to H to obtain: 


Express the total mass of the cone in 
terms of the mass of the elemental 
disk: 




H 

f 

if 

R 2 

2 

2 7 

R 4 


- 


z 

+ — 

J 

0 

4 

k h 2 

) 

H 2 


dz 


■ np 


( R 4 H R 2 H 3A 
■ +- 


20 


H 


H R 2 


M = npj r 2 dz = npj z 2 dz 


_ i 


\npR H 


Divide I x by M, simplify, and solve 
for I x to obtain: 


/ = 


3 M 


r H 2 


- + - 


R 


2 h 


20 


Remarks: Because both H and R appear in the numerator, the larger the cones are, 
the greater their moment of inertia and the greater the energy consumption 
required to set them into motion. 

Rotational Kinetic Energy 

58 • 

Picture the Problem The kinetic energy of this rotating system of particles can be 
calculated either by finding the tangential velocities of the particles and using these 
values to find the kinetic energy or by finding the moment of inertia of the system and 
using the expression for the rotational kinetic energy of a system. 

v 3 = npj = (0.2m)(2rad/s)= 0.4 m/s 
and 

(0.4 m)(2 rad/s) = 0.8 m/s 


(a) Use the relationship between v 
and co to find the speed of each 
particle: 


v, = rpj = 
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Find the kinetic energy of the K = 2/C + 2 K { = my] + my] 

s y stcm: = (3kg)(0.4m/s) 2 +(lkg)(0.8m/s) 2 

= 1.12 J 


(/;) Use the definition of the moment / = ^ //z./- 2 

of inertia of a system of particles to ' 

obtain: = my 2 + "EC + "CU + "CU 

/ = (lkg)(0.4m) 2 +(3kg)(0.2m) 2 
+ (l kg)(0.4 m) 2 + (3 kg)(0.2 m) 2 
= 0.560 kg -m 2 

Calculate the kinetic energy of the K = \ Ico 2 = 4 (0.560 kg • m 2 )(2 rad/s) 1 

system of particles: _ i . ... 


Substitute numerical values and 
evaluate /: 


*59 • 

Picture the Problem We can find the kinetic energy of this rotating ball from its angular 
speed and its moment of inertia. We can use the same relationship to find the new angular 
speed of the ball when it is supplied with additional energy. 


(a) Express the kinetic energy of the K = \ Ico 2 

ball: 

Express the moment of inertia of I = jMR 2 

ball with respect to its diameter: 


Substitute for I: 


K = \MR 2 6) 2 


Substitute numerical values and 
evaluate K: 


(b ) Express the new kinetic energy 
with = 2.0846 J: 


K = y(l.4kg)(0.075 m) 2 


rev 27rrad lmin 

70-x-x- 

v min rev 60s j 


84.6mJ 


K'=\Ico' 2 


Express the ratio of K to K'\ 


K’ _ \Ico' 2 _ f a>'' 
K \Ico' 2 v co y 
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Solve for co'\ 



Substitute numerical values and 
evaluate cd\ 


co’ = 


(70rev/min). 


2.0846 J 
0.0846 J 


347 rev/min 


60 • 

Picture the Problem The power delivered by an engine is the product of the torque it 
develops and the angular speed at which it delivers the torque. 

Express the power delivered by the P = vco 

engine as a function of the torque it 
develops and the angular speed at 
which it delivers this torque: 

Substitute numerical values and evaluate P: 

f _ _j , A 

y min i v \ j\j a y 


P = (400 N • m) 


„„„ rev Z7t lau limn 
3700-x-x- 


155kW 


61 •• 

Picture the Problem Let t\ and r 2 be the distances of m l and m 2 from the center of mass. 
We can use the definition of rotational kinetic energy and the definition of the center of 
mass of the two point masses to show that K\!K 2 = m 2 hn\. 


Use the definition of rotational 

Ki 

[ lo\ mj\ a) m x i\ 

kinetic energy to express the ratio of 

k 2 

\ Ioi; m 1 r^oj 2 m^r 2 

the rotational kinetic energies: 



Use the definition of the center of 

r l m l 

= r 2 m 2 


mass to relate mi, m 2 , r\, and r 2 : 


simplify to obtain: 


Solve for —, substitute and 


K , 


m. 


in 0 


r \ 

m 2 


m 2 



m 1 


62 •• 

Picture the Problem The earth’s rotational kinetic energy is given by 

K rot = ^ I(o 1 where / is its moment of inertia with respect to its axis of rotation. The 
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center of mass of the earth-sun system is so close to the center of the sun and the earth- 
sun distance so large that we can use the earth-sun distance as the separation of their 
centers of mass and assume each to be point mass. 

Express the rotational kinetic energy K mt =\I<x>~ (1) 

of the earth: 


Find the angular speed of the earth’s 
rotation using the definition of co : 


AO 

co =- 

At 


In rad 


24hx 


3600s 

h 


= 7.27x10 5 rad/s 


From Table 9-1, for the moment of 
inertia of a homogeneous sphere, we 
find: 

Substitute numerical values in 
equation (1) to obtain: 


/ = fMR 2 
= f(6.0xl0 24 kg)(6.4xl0 6 m) 2 
= 9.83x10” kg-m 2 

if rot =i(9.83xl0 37 kg.m 2 ) 
x (7.27x10” rad/s)" 

= 2.60x 10 29 J I 


Express the earth’s orbital kinetic 
energy: 

Find the angular speed of the center 
of mass of the earth-sun system: 


Express and evaluate the orbital 
moment of inertia of the earth: 


K mh =\Ico 2 wb ( 2 ) 

Ad 

co - - 

At 

_ In rad 

, _ . . . h 3600s 

365.25 days x 24-x- 

day h 

= 1.99x10” rad/s 
I=M E R 2 Ib 

= (6.0 xlO 24 kg)(l.50x 10 11 m) 2 
= 1.35 xlO 47 kg-m 2 

if orb =j(l.35xl0 47 kg.m 2 ) 
x(l.99x10” rad/s)" 

= 2.67xlO 33 J 


Substitute in equation (2) to obtain: 
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Evaluate the ratio 


K 


orb 


K r . 


K orh _ 2.67 x 10 33 J 
K mt ~ 2.60 xlO 29 J 


*63 •• 

Picture the Problem Because the load is not being accelerated, the tension in the cable 
equals the weight of the load. The role of the massless pulley is to change the direction 
the force (tension) in the cable acts. 

(a) Because the block is lifted at 
constant speed: 


(b) Apply the definition of torque at 
the winch drum: 


(c) Relate the angular speed of the 
winch drum to the rate at which the 
load is being lifted (the tangential 
speed of the cable on the drum): 

(i d) Express the power developed by 
the motor in terms of the tension in 
the cable and the speed with which 
the load is being lifted: 

64 •• 

Picture the Problem Let the zero of gravitational potential energy be at the lowest point 
of the small particle. We can use conservation of energy to find the angular velocity of 
the disk when the particle is at its lowest point and Newton’s 2 nd law to find the force the 
disk will have to exert on the particle to keep it from falling off. 

(a) Use conservation of energy to A K + A U = 0 

relate the initial potential energy of or, because U { = Ki = 0, 

the system to its rotational kinetic ^(^disk + ^particle )®f ~ mgAh = 0 

energy when the small particle is at 

its lowest point: 


T = mg = (2000 kg)(9.81 m/s 2 ) 


19.6kN 


t = Tr = (l9.6kN)(0.30m) 


5.89kN-m 


v 0.08m/s 

co = — = - 

r 0.30 m 


0.267 rad/s 


P = Tv = (l9.6kN)(0.08m/s) 


- 1.57kW 




J 2mgAh 


Solve for ay: 


Alisk ^particle 
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Substitute for 7 disk , /panicle, and Ah 
and simplify to obtain: 


a> { 


2mg(2R) 

2 MR 2 + mR 2 



8 mg 


R(2m + M) 


(b ) The mass is in uniform circular 
motion at the bottom of the disk, so 
the sum of the force F exerted by 
the disk and the gravitational force 
must be the centripetal force: 

Solve for F and simplify to obtain: 


F - mg = inRcoj 


F = mg + mRcOf 


= mg + mR 


8 mg 


R(2mM) 


x 

J 




mg 


8 m 


1 + 

V 2m + M 


65 •• 

Picture the Problem Let the zero of gravitational potential energy be at the center of 
mass of the ring when it is directly below the point of support. We’ll use conservation of 
energy to relate the maximum angular velocity and the initial angular velocity required 
for a complete revolution to the changes in the potential energy of the ring. 


(a) Use conservation of energy to 
relate the initial potential energy of 
the ring to its rotational kinetic 
energy when its center of mass is 
directly below the point of support: 

Use the parallel axis theorem and 
Table 9-1 to express the moment of 
inertia of the ring with respect to its 
pivot point P: 

Substitute in equation (1) to obtain: 
Solve for <y max : 

Substitute numerical values and 
evaluate co mm \ 


AK + AU = 0 

or, because Uf = K l = 0, 

-mgAh = () (1) 


! P = ^ cm + mRl 


\(m Rl +mR 2 )oj 2 max -mgR = 0 


|9.81m/s 2 


3.62 rad/s 

0.75 m 
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(. b ) Use conservation of energy to 
relate the final potential energy of 
the ring to its initial rotational 
kinetic energy: 

Noting that the center of mass must 
rise a distance R if the ring is to 
make a complete revolution, 
substitute for I P and Ah to obtain: 

Solve for ax 


Substitute numerical values and 
evaluate o> x \ 


AK + AU = 0 

or, because U\ = K ( = 0, 

-\1 P Q)\ + mg Ah = 0 


- j ( niR 1 + mR 2 + mgR = 0 



1 9.81m/s 2 
\ 0.75 m 


3.62 rad/s 


66 •• 

Picture the Problem We can find the energy that must be stored in the flywheel and 
relate this energy to the radius of the wheel and use the definition of rotational kinetic 
energy to find the wheel’s radius. 

Relate the kinetic energy of the K rot = \I cyX co 2 = (2MJ/km)(300km) 

flywheel to the energy it must _ ^qq jyj j 

deliver: 

Express the moment of inertia of the /, = 4 MR 2 

flywheel: 


Substitute for 7 cy i and solve for m: 2 K mt 


Substitute numerical values and 
evaluate R: 


R = 


...rev 27rrad \ 

400-x- 

s rev 


600 MJx 


10 6 J 
MJ 


100 kg 


1.95 m 


67 •• 

Picture the Problem We’ll solve this problem for the general case of a ladder of length 
L, mass M, and person of mass m. Let the zero of gravitational potential energy be at 
floor level and include you, the ladder, and the earth in the system. We’ll use 
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conservation of energy to relate your impact speed falling freely to your impact speed 
riding the ladder to the ground. 


Use conservation of energy to relate 
the speed with which a person will 
strike the ground to the fall distance 
L: 


AK + AU = 0 

or, because K=U f = 0, 

\mv] -mgL = 0 


Solve for v ]: 


Vf = 2 gL 


Letting ax represent the angular 
velocity of the ladder+person 
system as it strikes the ground, use 
conservation of energy to relate the 
initial and final momenta of the 
system: 

Substitute for the moments of inertia 
to obtain: 

Substitute v r for Lax and solve for 


AK + AU = 0 

or, because K\ = U{ = 0, 




person ^ladder 


W- 


L 

mgL + Mg — 


= 0 


( 1 'l 


f L) 

m + —M 

Kco] - 

mgL + Mg — 

V 3 ) 

V 2) 



2 gL 


m + 


m'i 


M 

III H- 

3 


Express the ratio —^: 

v f 


Solve for v r to obtain: 


M 

III H- 

2 


M 


III H- 

3 


v r = v r 


6m + 3 M 
6m + 2 M 


Unless M, the mass of the ladder, is zero, v r > v f . It is better to let go and 
fall to the ground. 
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Pulleys, Yo-Yos, and Hanging Things 


*68 •• 

Picture the Problem We’ll solve this problem for the general case in which the mass of 
the block on the ledge is M, the mass of the hanging block is m, and the mass of the 
pulley is M p , and R is the radius of the pulley. Let the zero of gravitational potential 
energy be 2.5 m below the initial position of the 2-kg block and R represent the radius of 
the pulley. Let the system include both blocks, the shelf and pulley, and the earth. The 
initial potential energy of the 2-kg block will be transformed into the translational kinetic 
energy of both blocks plus rotational kinetic energy of the pulley. 


(a) Use energy conservation to 
relate the speed of the 2 kg block 
when it has fallen a distance Ah to 
its initial potential energy and the 
kinetic energy of the system: 

Substitute for / pu ii ey and co to obtain: 


AK + AU = 0 

or, because K, = U\-= 0, 

\{m + M)v 2 + jI puUcy or -mgh = 0 


\{m + M)v° + - mgh = 0 

R 


Solve for v: 


Substitute numerical values and 
evaluate v: 


(b) Find the angular velocity of the 
pulley from its tangential speed: 


v = 


2 mgh 


M+m+\M 

2 p 


/ 2(2kg)(9.81m/s 2 )(2.5 m) 
V 4kg + 2kg + i(0.6kg) 

3.95 m/s 


v 3.95m/s 

co = — = - 

R 0.08 m 


49.3 rad/s 


69 •• 

Picture the Problem The diagrams show 
the forces acting on each of the masses and 
the pulley. We can apply Newton’s 2 nd law 
to the two blocks and the pulley to obtain 
three equations in the unknowns T u T 2 , and 
a. 


n 4 
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Apply Newton’s 2 nd law to the two 
blocks and the pulley: 


Eliminate a in equation (2) to 
obtain: 

Eliminate T x and T 2 between 
equations (1), (3) and (4) and solve 
for a\ 

Substitute numerical values and 
evaluate a: 


=T > = m 4“. 

(1) 

IX = ( 7 ;- 7 ; > = 

(2) 

and 


= m 2 g ~ T 2 =™ 2 a 

(3) 

T 2 -T x =\M p a 

(4) 


a = 


m 2 g 

m 2 + m 4 + \M p 


(2kg)(9.81m/s 2 ) 

2 kg + 4 kg +1 (0.6 kg) 


3.1 lm/s 2 


Using equation (1), evaluate T\. 


T x =(4kg)(3.11m/s 2 ) = 


12.5N 


Solve equation (3) for T 2 : 

Substitute numerical values and 
evaluate T 2 : 


T 2 =m 2 (g-a ) 

T 2 =(2kg)(9.81m/s 2 -3.11m/s 2 ) 
= 13.4N 


70 •• 

Picture the Problem We’ll solve this problem for the general case in which the mass of 
the block on the ledge is M, the mass of the hanging block is m, the mass of the pulley is 
M p , and R is the radius of the pulley. Let the zero of gravitational potential energy be 2.5 
m below the initial position of the 2-kg block. The initial potential energy of the 2-kg 
block will be transformed into the translational kinetic energy of both blocks plus 
rotational kinetic energy of the pulley plus work done against friction. 


(a) Use energy conservation to 
relate the speed of the 2 kg block 
when it has fallen a distance A h to 
its initial potential energy, the 
kinetic energy of the system and the 
work done against friction: 

Substitute for / pu iie y and co to obtain: 


AK + AU + W { =0 
or, because K\ = U r = 0, 

\{m + M)v 2 +i/ pulley <y 2 

- nigh + /u k Mgh = 0 

\{m + M)v 2 +\{\M p )?- T 

- mgh + ju k Mgh = 0 
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Solve for v: 


I 2gh(tn - n k M ) 
A M + m + j M p 


Substitute numerical values and evaluate v: 


/ 2(9.81m/s 2 )(2.5m)[2kg-(0.25)(4kg)] 
\ 4kg + 2kg + i(0.6kg) 


2.79m/s 


(. b ) Find the angular velocity of the pulley 
from its tangential speed: 


v 2.79m/s 

co = — =- 

R 0.08m 


34.9 rad/s 


71 •• 

Picture the Problem Let the zero of gravitational potential energy be at the water’s 
surface and let the system include the winch, the car, and the earth. We’ll apply energy 
conservation to relate the car’s speed as it hits the water to its initial potential energy. 
Note that some of the car’s initial potential energy will be transformed into rotational 
kinetic energy of the winch and pulley. 


Use energy conservation to relate 
the car’s speed as it hits the water to 
its initial potential energy: 


AK + AU = 0 

or, because K t = U{= 0, 

\mv 2 +jl w 0 )l +\I co: -mgAh = 0 


Express co K and co p in terms of the 
speed v of the rope, which is the 
same throughout the system: 


2 2 

V , V 

co w =—and co = — 
r w r p 


Substitute to obtain: 


jfflV 2 + \I ~z~ + jl V -^r 

2 . z w / Z p z 

r r 

w p 


mgAh = 0 


Solve for v: 


Substitute numerical values and 
evaluate v: 


v = 


2mgAh 


m + ^ + -i 

C r P 


v = 


2(1200 kg)(9.81 m/s 2 )(5 m) 


1200 kg+ 


320kg-nr 4kg-m 


+ - 


(O. 8111 )" (0.3m) 


8 . 21 m/s 
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*72 •• 

Picture the Problem Let the system 
include the blocks, the pulley and the earth. 
Choose the zero of gravitational potential 
energy to be at the ledge and apply energy 
conservation to relate the impact speed of 
the 30-kg block to the initial potential 
energy of the system. We can use a 
constant-acceleration equations and 
Newton’s 2 nd law to find the tensions in the 
strings and the descent time. 


x 

I 


f 2 


"bo 8 


' "bo 8 

I 

.T 


(a) Use conservation of energy to 
relate the impact speed of the 30-kg 
block to the initial potential energy 
of the system: 


AK + AU = 0 

or, because K { = U { = 0, 

\m i0 v 2 +\m 20 v 2 +\I v a>l 

+ m 20 gAh - m i0 gAh = 0 


evaluate v: 


Substitute for a> v and / p to obtain: 

+hn 20 v 2 +\{\M/-) 

( 2\ 

V 

r 2 

V J 


+ m 20 gAh - m V] gAh = 0 


Solve for v: 

v j2gA/z(m 30 -m 20 ) 



\m 20 +m 3 o+}M p 


Substitute numerical values and 

1 2(9.81 m/s 2 )(2m)(30 kg 

-20 kg) 


20kg + 30kg + y(5kg) 


2.73m/s 


( b ) Find the angular speed at impact 
from the tangential speed at impact 
and the radius of the pulley: 


v 2.73m/s 
co = — =- 

r 0.1m 


27.3 rad/s 


(c) Apply Newton’s 2 nd law to the 
blocks: 

Using a constant-acceleration 
equation, relate the speed at impact 
to the fall distance and the 


Yj F , = T i- m 2og = m 2o a (!) 

Tj F * =m 30g~ T 2= m 30 a (2) 

v 2 = Vq + 2a Ah 
or, because vo = 0, 
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acceleration and solve for and 
evaluate a: 

Substitute in equation (1) to find 7j: 


a =J^= (2- 73 -y =1 .87m/s 2 
2A h 2(2 m) 

^ =w 20 (g + a) 

= (20 kg)(9.81 m/s 2 +1.87 m/s 2 ) 
= 234 N 


Substitute in equation (2) to find T 2 : T 2 - m 30 (g -a) 

= (30kg)(9.81m/s 2 -1.87 m/s 2 ) 

= 238N 


(d) Noting that the initial speed of 
the 30-kg block is zero, express the 
time-of-fall in terms of the fall 
distance and the block’s average 
speed: 

Substitute numerical values and 
evaluate At: 


. Ah Ah 2 Ah 
At = — = — =- 

V av V 


At = 


2(2 m) 
2.73m/s 


1.47 s 


73 •• 

Picture the Problem The force diagram 
shows the forces acting on the sphere and 
the hanging object. The tension in the 
string is responsible for the angular 
acceleration of the sphere and the 
difference between the weight of the object 
and the tension is the net force acting on 
the hanging object. We can use Newton’s 
2 nd law to obtain two equations in a and T 
that we can solve simultaneously. 

(a)Apply Newton’s 2 nd law to the 
sphere and the hanging object: 


Substitute for I sp her e and a in 
equation (1) to obtain: 



Y j T 0 =TR = I spbeie a 

(1) 

and 


F x = mg -T = ma 

(2) 

tr = Umr 2 )— 

(3) 

\5 J R 
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Eliminate T between equations (2) 
and (3) and solve for a to obtain: 


a = 


g 

, 2 M 

1 +- 

5 m 


( b ) Substitute for a in equation (2) 
and solve for T to obtain: 

74 •• 

Picture the Problem The diagram shows 
the forces acting on both objects and the 
pulley. By applying Newton’s 2 nd law of 
motion, we can obtain a system of three 
equations in the unknowns 7j, T 2 , and a 
that we can solve simultaneously. 


(a) Apply Newton’s 2 nd law to the 
pulley and the two objects: 


Substitute for I 0 = / pu iiey and a in 
equation (2) to obtain: 

Eliminate 7j and ^between 
equations (1), (3) and (4) and solve 
for a to obtain: 

Substitute numerical values and 
evaluate a: 


2 mMg 
5 m + 2 M 



= T i ~ m xg = m l a, (1) 

Tj T o=( T 2- T i) r = I o a ’ ( 2 ) 

and 

Ts F x =m 2g~ T 2 = m 2 a (3) 

[T 2 -T\)r = {\_mr 2 )- (4) 

r 

a _ 0»2 -"hk 

m l + m 2 + \ m 

_ (510g-500g)(981cm/s 2 ) 
500g + 510g + i(50g) 

= 9.478cm/s 2 


T x =m x (g + a) 

= (0.500 kg)(9.81 m/s 2 +0.09478 m/s 2 
= 4.9524N 


(b ) Substitute for a in equation (1) 
and solve for 7j to obtain: 
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Substitute for a in equation (3) and T 2 - m 2 (g — a) 

solve for r 2 to obtain: =(0.510kg)(9.81m/s 2 -0.09478m/s 2 

= 4.9548N 


Find AT: AT = T 2 - 7j = 4.9548N - 4.9524N 

= 0.0024 N 


(c) If we ignore the mass of the 
pulley, our acceleration equation is: 

Substitute numerical values and 
evaluate a: 


a _ {m 2 -m l )g 
m l + m 2 

_ (510g-500g)(981cm/s 2 ) 
500g + 510g 

= 9.713cm/s 2 


Substitute for a in equation (1) and 7j - tn l (g + a) 

solve for T\ to obtain: 

Substitute numerical values and evaluate 7i: 

T x = (0.500 kg)(9.81 m/s 2 + 


From equation (4), if m = 0: 


*75 •• 

Picture the Problem The diagram shows 
the forces acting on both objects and the 
pulley. By applying Newton’s 2 nd law of 
motion, we can obtain a system of three 
equations in the unknowns 7j, T 2 , and a 
that we can solve simultaneously. 


3.09713 m/s 2 ) = 


4.9536N 


T = T 
1 1 1 2 



X 

I 

T 2 


>»2 8 


(a) Express the condition that the 
system does not accelerate: 


r„ e t =m l gR i ~m 2 gR 2 =0 
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Solve for my 


R, 

m, = m. — L 

r 2 


Substitute numerical values and 
evaluate my 


m 2 


(24 kg) 


1.2 m 
0.4 m 


72.0 kg 


(b) Apply Newton’s 2 nd law to the 
objects and the pulley: 


Eliminate a in favor of a in equations 

(1) and (3) and solve for 7j and Ty 

Substitute for 7j and 7j in equation 

(2) and solve for a to obtain: 


Tj F x = m \g~ T i =m l a, (1) 

= T A ~ T 2 R 2 =/ o «> ( 2 ) 

and 

Yj F , = T 2- fn 2g = m 2 a ( 3 ) 

T i= m i{g~ R i a ) ( 4 ) 

and 

T 2 =m 2 (g + R 2 a) (5) 

a . {m x R x -m 2 R 2 )g 
m { Rf +m 2 R 2 +/ 0 


Substitute numerical values and evaluate a: 


[(36kg)(l.2m)-(72kg)(0.4m)](9.81m/s 2 ) 
(36 kg)(l .2 m) 2 + (72 kg)(0.4 m) 2 + 40 kg • m 2 


1.37rad/s 9 


Substitute in equation (4) to find Ty 


T x = (36kg)[9.8 lm/s 2 - (l .2 m)(l .37 rad/s 2 )] 


294 N 


Substitute in equation (5) to find Ty. 


T 2 = (72 kg)[9.81 m/s 2 + (0.4 m)(l .37 rad/s 2 )] 


746 N 
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76 •• 

Picture the Problem Choose the 
coordinate system shown in the diagram. 
By applying Newton’s 2 nd law of motion, 
we can obtain a system of two equations in 
the unknowns T and a. In ( b ) we can use 
the torque equation from ( a ) and our value 
for T to finder. In (c) we use the condition 
that the acceleration of a point on the rim 
of the cylinder is the same as the 
acceleration of the hand, together with the 
angular acceleration of the cylinder, to find 
the acceleration of the hand. 

(a) Apply Newton’s 2 nd law to the 
cylinder about an axis through its 
center of mass: 



x 


IN = TR = I °J (1) 

and 

Y J F x =Mg-T = 0 (2) 


Solve for T to obtain: 


T = 



( b ) Rewrite equation (1) in terms of TR - I 0 a 

a: 


Solve for a: 



Substitute for T and Iq to obtain: 


MgR 
\MR 2 


2g 

R 


(c ) Relate the acceleration a of the a = Ra 

hand to the angular acceleration of 
the cylinder: 


a = R 


r 2g} 



Substitute for a to obtain: 
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77 •• 

Picture the Problem Let the zero of 
gravitational potential energy be at the 
bottom of the incline. By applying 
Newton’s 2 nd law to the cylinder and the 
block we can obtain simultaneous 
equations in a, T, and a from which we 
can express a and T. By applying the 
conservation of energy, we can derive 
an expression for the speed of the block 
when it reaches the bottom of the 
incline. 



(a) Apply Newton’s 2 nd law to the ^ r 0 =TR = I 0 a 

cylinder and the block: an( j 

^ F x = m 2 g sin 6 -T = m 2 a 


Substitute for a in equation (1), 
solve for T, and substitute in 
equation (2) and solve for a to 
obtain: 


a = 


gsmO 


2/77, 


(b) Substitute for a in equation (2) 
and solve for T: 


T = 


\m x g sin <9 


1 + 


777 j 
2/77, 


(c) Noting that the block is released 
from rest, express the total energy of 
the system when the block is at 
height h\ 

(d) Use the fact that this system is 
conservative to express the total 
energy at the bottom of the incline: 

( e ) Express the total energy of the 
system when the block is at the 
bottom of the incline in terms of its 
kinetic energies: 


E = U + K 


m 2 gh 


E 


bottom 


m 2 gh 


f 1 = K 4 - K 

■^bottom ^tran ' ^rot 

= \m 2 v 2 +\I Q co 2 
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Substitute for a> and Iq to obtain: 2 / 2 \v 2 , 

\m 2 v +\%m x r )—= m 2 gh 
r 


Solve for v to obtain: 



(/) For 6= 0: 


a = T = 0 


For 0= 90°: 


For 7771 = 0: 


a = 




l + - m > 


2m-, 


T = 


2 m i S 


l + i 

2m-, 


\m x a 


and 


v = 


2 gh 


1 + ^L 

2/77, 


a = g sin ^ , T = 0 , and 


v = 




*78 •• 

Picture the Problem Let /• be the radius of 
the concentric drum (10 cm) and let/ 0 be 
the moment of inertia of the drum plus 
platform. We can use Newton’s 2 nd law in 
both translational and rotational forms to 
express 7 0 in terms of a and a constant- 
acceleration equation to express a and then 
find Iq. We can use the same equation to 
find the total moment of inertia when the 
object is placed on the platform and then 
subtract to find its moment of inertia. 

(a) Apply Newton’s 2 nd law to the 
platform and the weight: 



I 

X 

Tj T °=Tr=Io a (!) 

Y J F x =Mg-T = Ma (2) 
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Substitute air for a in equation (1) 
and solve for T: 

Substitute for T in equation (2) and 
solve for a to obtain: 

Using a constant-acceleration 
equation, relate the distance of fall 
to the acceleration of the weight and 
the time of fall and solve for the 
acceleration: 

Substitute for a in equation (3) to 
obtain: 



r 

_ Mr 2 (g -a) 


Ax = v 0 At + j a(At) 2 

or, because v 0 = 0 and Ax = D, 
2D 

a -w 


r*-il 

= Mr 2 

1 

(N 

<1 

) 


l 2D j 


Substitute numerical values and 
evaluate 7 0 : 


( b ) Relate the moments of inertia of 
the platform, drum, shaft, and pulley 
(/o) to the moment of inertia of the 
object and the total moment of 
inertia: 

Substitute numerical values and 
evaluate / tot : 


/ 0 =(2.5kg)(0.1m) 2 

" (9.81 m/s 2 )(4.2s) 2 

2(l.8 m) 


1.177 kg-m 2 


1 


Act =/„ + / = Mr 


f- 

v a 


\ 

1 

) 


= Mr“ 


k(A /) 2 

2D 


\ 

1 

7 


4t =(2.5kg)(0.1m) 2 

(9.81m/s 2 )(6.8s) 2 , 

X 2(1.8 m) 

= 3.125kg -m 2 


/ = / tot -/ 0 =3.125kg.m 2 
-1.177 kg -m 2 
= 1.948 kg -m 2 


Solve for and evaluate I: 
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Objects Rolling Without Slipping 

*79 •• 

Picture the Problem The forces acting on 
the yo-yo are shown in the figure. We can 
use a constant-acceleration equation to 
relate the velocity of descent at the end of 
the fall to the yo-yo’s acceleration and 
Newton’s 2 nd law in both translational and 
rotational form to find the yo-yo’s 
acceleration. 


Using a constant-acceleration 

v 2 = vj + 2a Ah 


equation, relate the yo-yo’s final 
speed to its acceleration and fall 

distance: 

or, because vo = 0, 
v = V 2a Ah 

(1) 

Use Newton’s 2 nd law to relate the 

J' 1 F X = mg - T = ma 

(2) 

forces that act on the yo-yo to its 

and 


acceleration: 

Z r o =Tr = I 0 a 

(3) 

Use a = ra to eliminate a in 

equation (3) 

Tr = 1 0 — 

r 

(4) 

Eliminate T between equations (2) 
and (4) to obtain: 

h 

mg —-a = ma 
r 

(5) 

Substitute \ mR 2 for I 0 in equation 
(5): 

\mR 2 

mg - -—-— a = ma 
r 


Solve for a: 

a= g , 

1 R 

1 + - T 

2 r 


Substitute numerical values and 

evaluate a: 

a = 9 ' 81m/S =0.0864 m/s 2 

(15 m) 2 

2(0. lm) 2 


v = yj 2(0.0864 m/s 2 )(57 m) 
= 3.14m/s 



Substitute in equation (1) and 
evaluate v: 
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80 •• 

Picture the Problem The diagram shows 
the forces acting on the cylinder. By 
applying Newton’s 2 nd law of motion, we 
can obtain a system of two equations in the 
unknowns T, a, and a that we can solve 
simultaneously. 



(a) Apply Newton’s 2 nd law to the 
cylinder: 


Substitute for a and Iq in equation 
(1) to obtain: 

Solve for T: 


Y j r 0 =TR=I 0 a ( 1 ) 

and 

^ F x = Mg - T = Ma (2) 


tr = Umr 2 ) 


\ 2 . ) 



T = \Ma (3) 


Substitute for T in equation (2) and 
solve for a to obtain: 



(b) Substitute for a in equation (3) 
to obtain: 


T = iM {!«) 


\Ug 


81 •• 

Picture the Problem The forces acting on 
the yo-yo are shown in the figure. Apply 
Newton’s 2 nd law in both translational and 
rotational form to obtain simultaneous 
equations in T, a, and a from which we can 
eliminate a and solve for T and a. 

Apply Newton’s 2 nd law to the yo-yo: 


Use a = ra to eliminate a in 
equation (2) 



F x = mg - T = ma 

(1) 

and 


Z r o = Tr = I 0 a 

(2) 

a 

Tr = I 0 — 

(3) 


r 
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Eliminate T between equations (1) 
and (3) to obtain: 

Substitute \ mR 2 for I 0 in equation 
(4): 

Solve for a: 


Substitute numerical values and 
evaluate a: 


Use equation (1) to solve for and 
evaluate T: 


mg - ja = ma (4) 

r 

' mR 2 

mg --— a = ma 

r 


a = 


1 + 


g 

R 2 

2 ? 


a = 


9.81m/s 2 


1 + 


(0.1m) 2 
2(0.0 lm) 2 


0.192 m/s 2 


T = m(g- a) 

= (0.1kg)(9.81m/s 2 -0.192 m/s 2 ) 
= 0.962 N 


*82 • 

Picture the Problem We can determine the kinetic energy of the cylinder that is due to 
its rotation about its center of mass by examining the ratio K mt /K . 


Express the rotational kinetic energy of 
the homogeneous solid cylinder: 


2 

K =J-/ m 2 = ifimr 2 )— = 4 

^ rot 2 J cyl CW 2\l" U } 2 4 


gmv 


Express the total kinetic energy of the 
homogeneous solid cylinder: 


K = K rot + ^trans = J™ 2 + } = j m V 2 


Express the ratio 


K r . 


K 


— = f^r = |and 
K \mv 2 3 


(b) is correct. 


83 • 

Picture the Problem Any work done on the cylinder by a net force will change its 
kinetic energy. Therefore, the work needed to give the cylinder this motion is equal to its 
kinetic energy. 

Express the relationship between the \w\ = |AA” = \mv 2 +jIco 2 

work needed to stop the cylinder and 
its kinetic energy: 
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Because the cylinder is rolling without v = rco 

slipping, its translational and angular 
speeds are related according to: 


Substitute for / (see Table 9-1) and co \w\ = \mv 2 + \Ico 2 

and simplify to obtain: 2 

1 2 , j C 2 \V 

= j mv + j (y mr J— 

= jtnv 1 


Substitute for m and v to obtain: 


W 


4 (60 kg)(5m/s ) 2 


1.13 kJ 


84 • 

Picture the Problem The total kinetic energy of any object that is rolling without 
slipping is given by K = K tTans + K I0t . We can find the percentages associated with each 

motion by expressing the moment of inertia of the objects as kmr 2 and deriving a general 
expression for the ratios of rotational kinetic energy to total kinetic energy and 
translational kinetic energy to total kinetic energy and substituting the appropriate values 
of k. 


Express the total kinetic energy 
associated with a rotating and 
translating object: 


Express the ratio 



Express the ratio 


" trans . 

K 


(a) Substitute k = 2/5 for a uniform 
sphere to obtain: 


K = K xans +K mt =\mv 2 +\I(D 2 

2 
2 

r 2 


1 2 , i(j i\v 

= j mv + T [kmr )— 

= j mv 2 + \ kmv 2 = \ mv 2 (l + k ) 


K... 


j kmv 


K 


\ mv 2 


(l + k) 1 + k j + 




K 


mv 2 (l + k ) 1 + k 


K, 


1 


* 1 + J- 

0.4 


= 0.286 = 


28.6% 


and 


1 


K 1 + 0.4 


= 0.714 = 


71.4% 
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( b ) Substitute k = 1/2 for a uniform 
cylinder to obtain: 


K„ 


1 


* 1 + J- 

0.5 

and 

1 


33.3% 


K 1 + 0.5 


66.7% 


(c) Substitute £ = 1 for a hoop to obtain: 


K,, 


K 


1 + 


50.0% 


and 


“ trans 

K 


1 

I+T 


50.0% 


85 • 

Picture the Problem Let the zero of gravitational potential energy be at the bottom of the 
incline. As the hoop rolls up the incline its translational and rotational kinetic energies are 
transformed into gravitational potential energy. We can use energy conservation to relate 
the distance the hoop rolls up the incline to its total kinetic energy at the bottom of the 
incline. 


Using energy conservation, relate 
the distance the hoop will roll up the 
incline to its kinetic energy at the 
bottom of the incline: 

Express K { as the sum of the 
translational and rotational kinetic 
energies of the hoop: 

When a rolling object moves with 
speed v, its outer surface turns with 
a speed v also. Hence co = vtr. 
Substitute for / and a> to obtain: 

Letting Ah be the change in 
elevation of the hoop as it rolls up 
the incline and A L the distance it 
rolls along the incline, express Uf. 

Substitute in equation (1) to obtain: 


AK + AU = 0 

or, because K i =U l = 0, 

-K i+ U f = 0 (1) 

K { =K^ s+ K mt =\mv 2 +\I(o 2 

2 

K { =\ mv 2 + j ( mr 2 )-^- r = mv 2 


U { = mg Ah = mgAL sin 0 


- mv 2 + mgAL sin 8 = 0 
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Solve for AL: 


A L = 


gsin# 


Substitute numerical values and 
evaluate AL: 


AL = 


(l5m/s)~ 

(9.81m/s 2 )sin30° 


45.9 m 


*86 •• 

Picture the Problem From Newton’s 2 nd law, the acceleration of the center of mass 
equals the net force divided by the mass. The forces acting on the sphere are its weight 

mg downward, the normal force F n that balances the normal component of the weight, 

and the force of friction f acting up the incline. As the sphere accelerates down the 
incline, the angular velocity of rotation must increase to maintain the nonslip condition. 
We can apply Newton’s 2 nd law for rotation about a horizontal axis through the center of 
mass of the sphere to find a, which is related to the acceleration by the nonslip condition. 
The only torque about the center of mass is due to f because both mg and F n act through 

the center of mass. Choose the positive direction to be down the incline. 

y 

/ 



Apply = wa to the sphere: 

mg sin 0 - f = ma i 

Apply ^ t = I cm a to the sphere: 

fr = 4m« 

Use the nonslip condition to 

r j ^cm 

eliminate a and solve for/: 

fr = / — 5SL 

J cm 

r 


and 


f = l^- a 

J 2 U cm 

r 

Substitute this result for/in 
equation (1) to obtain: 

mg sin 6 - a cm 

r 

From Table 9-1 we have, for a solid 
sphere: 

4m =i m f 2 


( 1 ) 
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Substitute in equation (1) and simplify m g s i n 0 -1 a cm = ma cm 

to obtain: 


Solve for and evaluate 6 : 


6 = sin 


7 a„ 


5 g 


= sin 


7(0 jg) 

5g 


16.3° 


87 •• 

Picture the Problem From Newton’s 2 nd law, the acceleration of the center of mass 
equals the net force divided by the mass. The forces acting on the thin spherical shell are 

its weight mg downward, the normal force F n that balances the normal component of the 

weight, and the force of friction f acting up the incline. As the spherical shell accelerates 
down the incline, the angular velocity of rotation must increase to maintain the nonslip 
condition. We can apply Newton’s 2 nd law for rotation about a horizontal axis through the 
center of mass of the sphere to find a, which is related to the acceleration by the nonslip 

condition. The only torque about the center of mass is due to f because both mg and 
F n act through the center of mass. Choose the positive direction to be down the incline. 


y 

/ 



Apply ^ F = ma to the thin 
spherical shell: 

Apply Z z = I cm a to the thin 
spherical shell: 

Use the nonslip condition to 
eliminate a and solve for/: 

Substitute this result for/ in 
equation (1) to obtain: 

From Table 9-1 we have, for a thin 


mg sin # - / = ma cm (1) 

fr= 4n« 

r r 

mg sin 6 - a cm = ma cm 
r 

T 2 ^ 

4m =J mr 
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spherical shell: 


Substitute in equation (1) and 
simplify to obtain: 

Solve for and evaluate 6 : 


mg sin 0 -\a cm = ma cm 


6 = sin 


= sin 


-i 5a cm 
3g 

5(0.2g) 


3g 


19.5° 


Remarks: This larger angle makes sense, as the moment of inertia for a given mass 
is larger for a hollow sphere than for a solid one. 


y 


88 •• 

Picture the Problem The three forces 
acting on the basketball are the weight of 
the ball, the normal force, and the force of 
friction. Because the weight can be 
assumed to be acting at the center of mass, 
and the normal force acts through the 
center of mass, the only force which exerts 
a torque about the center of mass is the 
frictional force. We can use Newton’s 2 nd 
law to find a system of simultaneous 
equations that we can solve for the 
quantities called for in the problem 
statement. 

(a) Apply Newton’s 2 nd law in both 
translational and rotational form to the 
ball: 


Because the basketball is rolling 
without slipping we know that: 

Substitute in equation (3) to obtain: 

From Table 9-1 we have: 

Substitute for 7 0 and a in equation 
(4) and solve for/ s : 


/ 



=mgsm0-f s =ma, (1) 

X F y = F n- m g cos6 = 0 (2) 

and 

X r o=/> = / o« ( 3 ) 

a 

a = — 
r 

fj = I o- (4) 

r 

I 0 = | mr 2 

f s r = (f mr 2 )- =^> f s = f ma (5) 







Substitute for f s in equation (1) and 
solve for a\ 
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(b) Find f s using equation (5): 


a = 


f g sin 6 


f s = | g sin 6) = f mg sin 0 


(c) Solve equation (2) for F n : 

Use the definition of ^, max to obtain: 
Use the result of part ( b ) to obtain: 


F n = mg cos 6 

/s,max = = Ms m g C0S ^max 

f mg sin <9 max = M s m g cos ^ max 


Solve for 0 max : 


6 '... 




89 •• 

Picture the Problem The three forces 
acting on the cylinder are the weight of the 
cylinder, the normal force, and the force of 
friction. Because the weight can be 
assumed to be acting at the center of mass, 
and the normal force acts through the 
center of mass, the only force which exerts 
a torque about the center of mass is the 
frictional force. We can use Newton’s 2 nd 
law to find a system of simultaneous 
equations that we can solve for the 
quantities called for in the problem 
statement. 


y 

/ 



(a) Apply Newton’s 2 nd law in both 
translational and rotational form to 
the cylinder: 


Because the cylinder is rolling 
without slipping we know that: 

Substitute in equation (3) to obtain: 


£F v = mg sin 9 - f s = ma , 

(1) 

y i j F v = F n - mg cos 0 = 0 

(2) 

and 


=fs r = / 0« 

(3) 

a 


a = — 


r 


f,r-h a ~ 

(4) 

r 


T 1 ^ 

h = 2 mr 



From Table 9-1 we have: 
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Substitute for I 0 and a in equation 
(4) and solve for / s : 

fS = (t mr 2 )-=>/,= j ma (5) 

r 

Substitute for f s in equation (1) and 

solve for a: 

a = | g sin 6 

(b ) Find f s using equation (5): 

f s = j m( j g sin 6) = 4 mg sin 6 

(c) Solve equation (2) for F n : 

F n = mg cos 6 

Use the definition of f s , m!a to obtain: 

/s,max = = Ms™g C0S ^max 

Use the result of part ( b ) to obtain: 

T m S sin 0 mm = njng cos 6» max 

Solve for 0 nmx : 

^max= tan'(3// s ) 


*90 •• 

Picture the Problem Let the zero of gravitational potential energy be at the elevation 
where the spheres leave the ramp. The distances the spheres will travel are directly 
proportional to their speeds when they leave the ramp. 


Express the ratio of the distances 
traveled by the two spheres in terms 
of their speeds when they leave the 

ramp: 

L' _ v'At _ v' 

L vAt v 

Use conservation of mechanical 

energy to find the speed of the 
spheres when they leave the ramp: 

AK + AU = 0 

or, because K, = U ( = 0, 

K { ~U t = 0 (2) 

Express K { for the spheres: 

K f =K tTms +K rot 
= \mv 2 +\f m G) 2 

= \mv 2 +\(kmR 2 )~Y 

= \mv 2 +\kmv 2 
= (l + k)\mv 2 

where k is 2/3 for the spherical shell and 2/5 
for the uniform sphere. 

Substitute in equation (2) to obtain: 

(l + k)\mv 2 = mgH 






Rotation 683 


Solve for v: 



Substitute in equation (1) to obtain: 


V _ ll + k 
L~\\ + k' 



1.09 


or 

L' = 


1.09 L 


91 •• 

Picture the Problem Let the subscripts u and h refer to the uniform and thin-walled 
spheres, respectively. Because the cylinders climb to the same height, their kinetic 
energies at the bottom of the incline must be equal. 


Express the total kinetic energy of 
the thin-walled cylinder at the 
bottom of the inclined plane: 


K b =K^+K TOl =\m b v 2 +\I h CD 2 

1 2 1 / 2\V 2 

= l m h v + 2 \ m h r )— = m h V 


Express the total kinetic energy of K u = /f trans + K Iot = \ m u v' 2 +\I a Q ) 2 

the solid cylinder at the bottom of 
the inclined plane: 


\my 2 +\ 


{\mS) V - = 


3 ' 2 

jm u v 


Because the cylinders climb to the 
same height: 


}m u v' 2 =m u gh 
and 

m h v 2 = m b gh 


Divide the first of these equations 
by the second: 


? m u y' 2 _ m u gh 
m h v 2 m h gh 


Simplify to obtain: 


3v' 2 

4v 2 


= 1 



Solve for v': 
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92 •• 

Picture the Problem Let the subscripts s 
and c refer to the solid sphere and thin- 
walled cylinder, respectively. Because the 
cylinder and sphere descend from the same 
height, their kinetic energies at the bottom 
of the incline must be equal. The force 
diagram shows the forces acting on the 
solid sphere. We’ll use Newton’s 2 nd law to 
relate the accelerations to the angle of the 
incline and use a constant acceleration to 
relate the accelerations to the distances 
traveled down the incline. 

Apply Newton’s 2 nd law to the sphere: 


Substitute for I 0 and a in equation 
(3) and solve for f: 

Substitute for f s in equation (1) and 
solve for a: 

Proceed as above for the thin-walled 
cylinder to obtain: 

Using a constant-acceleration 
equation, relate the distance traveled 
down the incline to its acceleration 
and the elapsed time: 

Because As is the same for both objects: 


Substitute for a s and a c to obtain the 
quadratic equation: 


y 

/ 



Z F V = m S sin# - / s = ma $ , (1) 

Yj F y = F n- mgcosd = 0 , (2) 

and 

E r o=/. r = / o« ( 3 ) 

/ s r = (fmr 2 )-=>/ s = f ma s 
r 

a s = ygsin# 

a c = \gsmO 

As = v 0 At + \a(yAt) 2 

or, because v 0 = 0, 

As = |a(At) 2 (4) 

a A = a A 

where 

<1 =(t. +2-4 f=t;+4.«t, +5.76 

provided t c and t s are in seconds. 
t 2 +4.8t s +5.76 = y-t 2 
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Solve for the positive root to obtain: 


t s = 12.3s 


Substitute in equation (4), simplify, 
and solve for 6 : 



Substitute numerical values and 
evaluate 0: 


6 = sin 1 


14(3m) 


5(9.81 m/s 2 )(l 2.3s) 2 


0.324° 


93 ••• 

Picture the Problem The kinetic energy of the wheel is the sum of its translational and 
rotational kinetic energies. Because the wheel is a composite object, we can model its 
moment of inertia by treating the rim as a cylindrical shell and the spokes as rods. 
Express the kinetic energy of the K ~ ^trans + K rot 


wheel: 



2 



Express the moment of inertia of 
the wheel: 


cm ^rim spokes 





Substitute for 7 cm in the equation 



2 


for K: 




K = [4-(7.8kg + 3kg)+f(l.2kg)](6m/s) 2 


223 J 


Substitute numerical values and 
evaluate K: 
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94 ••• 

Picture the Problem Let M represent the 
combined mass of the two disks and their 
connecting rod and / their moment of 
inertia. The object’s initial potential energy 
is transformed into translational and 
rotational kinetic energy as it rolls down 
the incline. The force diagram shows the 
forces acting on this composite object as it 
rolls down the incline. Application of 
Newton’s 2 nd law will allow us to derive an 
expression for the acceleration of the 
object. 

(a) Apply Newton’s 2 nd law to the 
disks and rod: 


Eliminate f s and a between 
equations (1) and (3) and solve for a 
to obtain: 


y 

/ 



X F V = . 

(1) 

^ F y =F n - Mg cos 0 = 0, 

(2) 

and 


Z r o =f s r = Ia 

(3) 

Mg sin 0 
a= „ / 

(4) 


m+T 


r 


Express the moment of inertia of the 
two disks plus connecting rod: 


I ~ 22 disk + 2 rod 

= 2 (i m disk^ 2 ) 


+ i™rod 


= + \™ mA r 2 


Substitute numerical values and 
evaluate I: 


Substitute in equation (4) and 
evaluate a: 


(,b ) Find a from a: 


I = (20kg)(0.3m) 2 + jr(lkg)(0.02m) 2 
= 1.80kg-m 2 


a = 


(41kg)(9.81m/s 2 )sin30° 


41kg + 


1.80kg-in 2 
(0.02 m ) 2 


0.0443 m/s 2 



0.0443 m/s 2 


2.21 rad/s 2 


0.02 m 
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(c) Express the kinetic energy of 
translation of the disks-plus-rod 
when it has rolled a distance As 
down the incline: 

Using a constant-acceleration 
equation, relate the speed of the 
disks-plus-rod to their acceleration 
and the distance moved: 

Substitute to obtain: 


(i d) Express the rotational kinetic 
energy of the disks after rolling 2 m 
in terms of their initial potential 
energy and their translational kinetic 
energy: 

Substitute numerical values and 
evaluate K ml : 


^trans = 


v 1 = Vq + 2aAs 

or, because vo = 0, 
v 2 = 2a As 

^trans = M aAs 

= (41kg)(0.0443m/s 2 )(2 m) 
= 3.63 J 

K I0t =U i -K, ans =Mgh-K trms 


if rot =(41kg)(9.81m/s 2 )(2 m)sin30° 
-3.63J 
= 399 J 


95 ••• 

Picture the Problem We can express the coordinates of point P as the sum of the 
coordinates of the center of the wheel and the coordinates, relative to the center of the 
wheel, of the tip of the vector r 0 . Differentiation of these expressions with respect to time 

will give us the x and v components of the velocity of point P. 

(a) Express the coordinates of point x = r 0 cos 6 

P relative to the center of the wheel: and 

v = r 0 sin 6 




Because the coordinates of the 
center of the circle are X and R : 


{X + r 0 cos 0,R + r o sin#) 
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(b) Differentiate x P to obtain: 


Note that 

dX Tr J dd V 

-= V and — = -at =-so: 

dt dt R 


Differentiate y P to obtain: 


d6 V 

Because — = -co =-: 

dt R 


(c) Calculate vr. 


(, d) Express v in terms of its components: 


Express r in terms of its components: 




v V 

a> = — = — 
r R 


Divide v by r to obtain: 
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*96 ••• 

Picture the Problem Let the letter B 
identify the block and the letter C the 
cylinder. We can find the accelerations of 
the block and cylinder by applying 
Newton’s 2 nd law and solving the resulting 
equations simultaneously. 


Apply ^ F x = ma x to the block: 

F - /’= ma B 

(1) 

Apply ^ F x = ma x to the cylinder: 

ll 

1 

O 

(2) 

Apply ^ r CM = I cu oc to the cylinder: 


(3) 

Substitute for 7 C m in equation (3) 
and solve for/=/' to obtain: 

f = \MRcc 

(4) 

Relate the acceleration of the block 

to the acceleration of the cylinder: 

ct c flg 1 

or, because a c b = -Rais 
of the cylinder relative to 
a c = a B ~ R a 

the acceleration 

the block, 


and 

Ra = a B -a c 

(5) 

Equate equations (2) and (4) and 

a 11 3rz^i 



substitute from (5) to obtain: 


y 




Substitute equation (4) in equation (1) F - \Ma B = tna 

and substitute for a c to obtain: 


Solve for a B : 


3 F 

M + 3 m 


97 ••• 

Picture the Problem Let the letter B 
identify the block and the letter C the 
cylinder. In this problem, as in Problem 97, 
we can find the accelerations of the block 
and cylinder by applying Newton’s 2 nd law 
and solving the resulting equations 
simultaneously. 



y 
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Apply ^ F x = ma x to the block: 

F - f = mag 

(1) 

Apply ^F x = ma x to the cylinder: 

/ = Ma c , 

(2) 

Apply ^ r CM = I CM cc to the cylinder: 

fR = ^cu a 

(3) 

Substitute for/ CM in equation (3) 
and solve for/: 

f = \MRa 

(4) 

Relate the acceleration of the block 

to the acceleration of the cylinder: 

a c — t - 

or, because ucb = -Ra, 



a c =a B - Ra 
and 

Ra = a B -a c (5) 


(a) Solve for a and substitute for a B 
to obtain: 


(. b ) Equate equations (2) and (4) and 
substitute (5) to obtain: 

From equations (1) and (4) we 
obtain: 

Solve for a B . 


G g Gq 3 Gq 

R ~ R ~ R 
IF 

R(M + 3m) 


From the force diagram it is evident 
that the torque and, therefore, a is in 
the counterclockwise direction. 


G g — 3 Gq 


F ~\Ma B = mag 


3 F 

M + 3 m 


a c ~ 3 a B 


F 

M + 3 m 


Substitute to obtain the linear 
acceleration of the cylinder relative 
to the table: 






(c) Express the acceleration of the 
cylinder relative to the block: 
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ci pp ci p ci g ci p 3 ci p 2 ci p 

- 2F 
M + 3 m 


98 ••• 

Picture the Problem Let the system 
include the earth, the cylinder, and the 
block. Then F is an external force that 
changes the energy of the system by doing 
work on it. We can find the kinetic energy 
of the block from its speed when it has 
traveled a distance d. We can find the 
kinetic energy of the cylinder from the sum 
of its translational and rotational kinetic 
energies. In part (c) we can add the kinetic 
energies of the block and the cylinder to 
show that their sum is the work done by 
F in displacing the system a distance d. 



y 



(a) Express the kinetic energy of the block: K B = W on block = \ mv B 


Using a constant-acceleration 
equation, relate the velocity of the 
block to its acceleration and the 
distance traveled: 

Substitute to obtain: 

Apply I F x = ma x to the block: 

Apply ^ F x = ma x to the cylinder: 

Apply 2 Xm = f C M ai0 thc 
cylinder: 

Substitute for / CM in equation (4) 
and solve for/: 

Relate the acceleration of the block 
to the acceleration of the cylinder: 


Vg = Vq + 2 a B d 

or, because the block starts from rest, 


v B = 2a B d 

K b = \m{la B d) = ma B d (1) 

F ~ f = ma B (2) 

/ = Ma c , (3) 

fR = I CM a (4) 

/ = \MRa (5) 


Cl^ CIq I 

or, because acB = -Ra, 
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Equate equations (3) and (5) and 
substitute in (6) to obtain: 

Substitute equation (5) in equation 
(2) and use a B = 3 a c to obtain: 


Solve for a B : 


Substitute in equation (1) to obtain: 


( b ) Express the total kinetic energy of 
the cylinder: 


In part (a) it was established that: 

Integrate both sides of the equation 
with respect to time to obtain: 


Substitute the initial conditions to obtain: 


Substitute in our expression for v C b 
to obtain: 

Substitute for/ C M and vcb in 
equation (7) to obtain: 


a c = a B ~ R a 
and 

Ra = a B -a c (6) 

a B — 3 ci q 

F - Ma c = ma B 
or 

F -\Ma B = ma B 
F 

a„ = - 

m + \M 

mFd 

Rr = - 

111 + y M 

K^=K^+K mi =\Mv 2 c +\I CM CD 2 

2 (7' 

= ±M v 2 + ±j Zcb_ 

2 1V1V C ^ 2 2 CM 

where v CB = v c - v B . 
ci B — 3cIq 

v B = 3v c + constant 

where the constant of integration is 
determined by the initial conditions that v c 
= 0 when v B = 0. 


constant = 0 
and 
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Because v c = }v B : 

It part (a) it was established that: 


Substitute to obtain: 


Substitute in equation (8) to obtain: 


2 i 2 

V C = 9 V B 


v B = 2 a B d 


and 


F 


m + \M 


= i(2 a B d) = } 
2 Fd 

9 (m + jM) 


r F A 

v m +1 M j 


K cyl = \M 


2 Fd 


9 {m + |m) 


MFd 

3 (m + }M) 


(c) Express the total kinetic energy 
of the system and simplify to obtain: 


if to t=^B+^cyl 

mFd MFd 
m + \M 3 (m + \M) 


(3/n+M) 
3(/n + }M) 


Ft/ 
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Picture the Problem The forces 
responsible for the rotation of the gears are 
shown in the diagram to the right. The 
forces acting through the centers of mass of 
the two gears have been omitted because 
they produce no torque. We can apply 
Newton’s 2 nd law in rotational form to 
obtain the equations of motion of the gears 
and the not slipping condition to relate 
their angular accelerations. 

(a) Apply X r = la to the gears to 
obtain their equations of motion: 


2N 



and 


FR 2 = I 2 a 2 (2) 

where F is the force keeping the gears from 
slipping with respect to each other. 


R x a x = R 2 a 2 


Because the gears do not slip 
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relative to each other, the tangential 
accelerations of the points where 
they are in contact must be the 
same: 

Divide equation (1) by Ri to obtain: 


Divide equation (2) by R 2 to obtain: 


Add these equations to obtain: 


Use equation (3) to eliminate a 2 : 


Solve for cq to obtain: 


Substitute numerical values and 
evaluate cq: 


Use equation (3) to evaluate a 2 : 


(b ) To counterbalance the 2-N-m 
torque, a counter torque of 2 N-m 
must be applied to the first gear. Use 
equation (2) with cq = 0 to find F: 


or 


R, 


a , = — L a, =4 -a, 

- R 2 


2 N - in /, 
--F = —a, 

n 1 


R, 


R, 


F = ^-a 2 

R, 


2 N • m /, 


= —a, + —a, 


R, R t 


R 


2 N • m /, 


= — a, H—— a, 

1 'V n 1 


R l R l 2 R 2 


a j = 


2N-m 

/,+ ^ / 2 

1 2i? 2 2 


(3) 


_ 2N-m _ 

lkg ' m2+ l(rm) (l6kg ' m2) 

0.400rad/s 2 I 


a 2 


t (o. 400 rad/s 2 ) = 


0.200 rad/s 2 


2 N • m - Fi?! =0 
and 

2N-m _ 2N-m 
i?! 0.5 m 


4.00 N 
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*100 •• 

Picture the Problem Let r be the radius of 
the marble, m its mass, R the radius of the 
large sphere, and v the speed of the marble 
when it breaks contact with the sphere. The 
numeral 1 denotes the initial configuration 
of the sphere-marble system and the 
numeral 2 is configuration as the marble 
separates from the sphere. We can use 
conservation of energy to relate the initial 
potential energy of the marble to the sum 
of its translational and rotational kinetic 
energies as it leaves the sphere. Our choice 
of the zero of potential energy is shown on 
the diagram. 

(a) Apply conservation of energy: 


Because U 2 = K l = 0: 


Use the rolling-without-slipping 
condition to eliminate ax. 


From Table 9-1 we have: 
Substitute to obtain: 


Solve for v 2 to obtain: 

Apply Z F r = ma r to the marble as 
it separates from the sphere: 



AU + AK = 0 
or 

U 2 -U l +K 2 -K l = 0 

- mg[R + r-(R + r) cos d\ 

+ \mv 2 + \Ico 2 = 0 
or 

- mg[(R + r )(l - cos #)] 

+ \mv 2 +\Ico 2 = 0 

- mg[(R + r )(l - cos 6 1 )] 

, v 2 

+ \mv 2 +\I— = 0 
r 

I = | mr 2 

- mg[(R + r )(l - cos 0)\ 

+ j mv 2 + T (j mr 2 = 0 

or 

- mg[(R + r )(l - cos 6 1 )] 

+ \mv 2 +\mv 2 = 0 

v 2 =^g(i? + r)(l-cos6 l ) 

2 

a v 

mg cos 6 = m - 

R + r 


or 
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Substitute for v 2 : 


Solve for and evaluate 6 : 


cos 6* = 


g(R + r) 


cos 6 = 


g(R + r) 


y g(R + r){\ - cos 6 ) 


y(l-COS^) 


0 = cos 1 


{ 10 1_ 

54.0° 

ll7 J 



C b ) 


The force of friction is always less than /ll multiplied by the nonnal 
force on the marble. However, the normal force decreases to 0 at the 
point where the ball leaves the sphere, meaning that the force of 
friction must be less than the force needed to keep the ball rolling 
without slipping before it leaves the sphere. 


Rolling With Slipping 


101 • 

Picture the Problem Part ( a ) of this problem is identical to Example 9-16. In part ( b ) we 
can use the definitions of translational and rotational kinetic energy to find the ratio of the 
final and initial kinetic energies. 


(a) From Example 9-16: 


Si 


h 


12 Vp 

49 n k g 


2 

7 


Mv 8 


, and 


H =1 Mtgti = 



(b ) When the ball rolls without 
slipping, vi = rco. Express the final 
kinetic energy of the ball: 


K f =K« ws +K mi 
= \Mv^ +\Ico 1 

= T Mv 2 \ +|(f Mr 2 )\ 

r 

= iqMvI = j^Mvl 
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Express the ratio of the final and 
initial kinetic energies: 

(c) Substitute in the expressions in 
(a) to obtain: 


K { _ J,Mv 2 

Ki [_7 




12 (8 m/s) 2 

49 (0.06)(9.81m/s 2 ) 


26.6 m 


2 8m/s 

3.88s 

n 7 (0.06)(9.81m/s 2 ) 


v, = ^-(8m/s)= 5.71m/s 



*102 •• 

Picture the Problem The cue stick’s blow delivers a rotational impulse as well as a 
translational impulse to the cue ball. The rotational impulse changes the angular 
momentum of the ball and the translational impulse changes its linear momentum. 


Express the rotational impulse P tot 
as the product of the average torque 
and the time during which the 
rotational impulse acts: 

Express the average torque it 
produces about an axis through the 
center of the ball: 

Substitute in the expression for P mt 
to obtain: 

The translational impulse is also 
given by: 

Substitute to obtain: 


^rot = r av At 


T,v =P 0 {h~r)sinO = P 0 (h - r ) 

where 6 (= 90°) is the angle between F 
and the lever arm h-r. 

C = P 0 (h - r)At = {P 0 At)(h ~ r) 

= p ^mX h - r ) = AL = Ia> 0 

^trans = P 0 At = A P = 1,1 V <) 

mv 0 (h - r) = | mr 2 o) 0 




5v 0 {h~r) 
2 r 2 


Solve for coq\ 
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103 •• 

Picture the Problem The angular velocity 
of the rotating sphere will decrease until 
the condition for rolling without slipping is 
satisfied and then it will begin to roll. The 
force diagram shows the forces acting on 
the sphere. We can apply Newton’s 2 nd law 
to the sphere and use the condition for 
rolling without slipping to find the speed of 
the center of mass when the sphere begins 
to roll without slipping. 


y 



Relate the velocity of the sphere 
when it begins to roll to its 
acceleration and the elapsed time: 

v = aAt 

(1) 

Apply Newton’s 2 nd law to the 

2X = A = ma . 

(2) 

sphere: 

Z F v = F n -mg = 0, 

(3) 


and 



=Ar = I 0 a 

(4) 


Using the definition of f k and F a a = jU k g 

from equation (3), substitute in 
equation (2) and solve for a\ 

Substitute in equation (1) to obtain: v = aAt =/u k gAt (5) 


Solve for a in equation (4): _ A r _ mar _ § 

I 0 jtnr 2 2 r 

Express the angular speed of the co = oj 0 - a At = co n - At (6) 

sphere when it has been moving for 2 r 

a time At: 


Express the condition that the v = rco 

sphere rolls without slipping: 

Substitute from equations (5) and At — ^ 7 

(6) and solve for the elapsed time 7 /J k g 

until the sphere begins to roll: 
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Use equation (4) to find v when the 
sphere begins to roll: 


v = F k g& = 


2 ro} 0 /u k g 
7 F k g 



104 •• 

Picture the Problem The sharp force 
delivers a rotational impulse as well as a 
translational impulse to the ball. The 
rotational impulse changes the angular 
momentum of the ball and the translational 
impulse changes its linear momentum. In 
parts (c) and (d) we can apply Newton’s 2 nd 
law to the ball to obtain equations 
describing both the translational and 
rotational motion of the ball. We can then 
solve these equations to find the constant 
accelerations that allow us to apply 
constant-acceleration equations to find the 
velocity of the ball when it begins to roll 
and its sliding time. 

(a) Relate the translational impulse 
delivered to the ball to its change in 
its momentum: 


y 



^trans = = A P = "Wl 


Solve for v 0 : 


Substitute numerical values and 
evaluate v 0 : 


FJ* 

m 


(20kN)(2xl0^s)_ 

200 m/s 

0.02 kg 



(b ) Express the rotational impulse 
P ml as the product of the average 
torque and the time during which 
the rotational impulse acts: 

Letting h be the height at which the 
impulsive force is delivered, express 
the average torque it produces about 
an axis through the center of the ball: 

Substitute h-r for t and 90° for 6 


P r ot = 


r av = FI sin 6 

where 6 is the angle between F and the 
lever arm i. 

^av = H h ~ r ) 
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to obtain: 


Substitute in the expression for P rot 

to obtain: 

P„=F(h-r)to 


Because P trans = FAt: 

P,« = P a Jl'-'-)= al = 

M> 


= jtnr 2 (o 0 


Express the translational impulse 

delivered to the cue ball: 

o 

> 

ii 

£ 

ii 

<1 

ii 

c 


Substitute for / J trans to obtain: 

j mr 2 o) 0 = mv 0 


Solve for a>o: 

_5v 0 (h-r) 

0 2 r 2 


Substitute numerical values and 

evaluate o\ } : 

5(200 m/s)(0.09 m 
2(.05m) 2 

-0.05 m) 


= 8000 rad/s 


(c ) and (d) Relate the velocity of the 
ball when it begins to roll to its 
acceleration and the elapsed time: 

<1 

53 

II 

> 

(1) 

Apply Newton’s 2 nd law to the ball: 

X F v =/k 

(2) 


X F v =F n ~ mg = 0, 

(3) 


and 

=Ar = I 0 a 

(4) 

Using the definition of/ k and F n 
from equation (3), substitute in 
equation (2) and solve for a: 

a = M k g 


Substitute in equation (1) to obtain: 

v = a At = p k gAt 

(5) 


f k r _ mar _ 5 p k g 
I 0 : mi' 1 2 r 


Solve for a in equation (4): 




Express the angular speed of the ball 
when it has been moving for a time 
At: 
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5 Ll.S 

co = co 0 - a At = co 0 -— At ( 6 ) 

2 r 

Express the speed of the ball when it v = v 0 + jU k gAt (7) 

has been moving for a time At: 

Express the condition that the ball v = rco 

rolls without slipping: 

rco o -v 0 
M k g 

(0.05 m)(8000 rad/s) - 200 m/s 
(0.5)(9.81m/s 2 ) 

1.6s 


Substitute from equations ( 6 ) and At - — 

(7) and solve for the elapsed time 7 

until the ball begins to roll: 

Substitute numerical values and 2 

, * At = — 

evaluate At: 7 

= 7 


Else equation (4) to express v when 
the ball begins to roll: 

Substitute numerical values and 
evaluate v: 


v = v 0 + M k gAt 

v = 200m/s + (0.5)(9.81m/s 2 )(l 1.6 s) 
= 257 m/s 


105 •• 

Picture the Problem Because the impulse is applied through the center of mass, 
coo = 0. We can use the results of Example 9-16 to find the rolling time without slipping, 
the distance traveled to rolling without slipping, and the velocity of the ball once it begins 
to roll without slipping. 


(a) From Example 9-16 we have: 

Substitute numerical values and 
evaluate t\. 

(b ) From Example 9-16 we have: 


7 /4 g 


2 4 m/s 

7 (0.6)(9.81m/s 2 )” 

0.194s 


12 v 2 


49 // k g 
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Substitute numerical values and 
evaluate sp 

(c) From Example 9-16 we have: 


_ 12 (4 m/s) 2 

~ 49 (0.6)(9.81m/s 2 ) 


0.666m 


v i=~ v o 


Substitute numerical values and 
evaluate v\: 


v i 


| (4 m/s) = 


2.86m/s 


106 

Picture the Problem Because the 
impulsive force is applied below the center 
line, the spin is backward, i.e., the ball will 
slow down. We’ll use the impulse- 
momentum theorem and Newton’s 2 nd law 
to find the linear and rotational velocities 
and accelerations of the ball and constant- 
acceleration equations to relate these 
quantities to each other and to the elapsed 
time to rolling without slipping. 


y 

1 

1 

l 



(a) Express the rotational impulse 
delivered to the ball: 


p 2R r 

P m t = mV 0 r = mV 0 — = 4n®0 



Solve for coq: 


®o = 


5 

3 R 


(b) Apply Newton’s 2 nd law to the 
ball to obtain: 


Z 7 0 =/k^ = / cm«> 
Z F v = F n -mg = 0, 

and 

X F v = ~k = ma 


(1) 

( 2 ) 

( 3 ) 


Using the definition of/ k and F„ ^ _ /J k mgR _ /u k mgR _ 5/u k g 

from equation (2), solve for a: I cm j; mR 2/? 


co = co 0 + aAt = co 0 + 


5 R k g 


At 


Using a constant-acceleration 
equation, relate the angular speed of 
the ball to its acceleration: 


2 R 












Using the definition of/i and F n 
from equation (2), solve equation 
(3) fora: 
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a = ~ju k g 


Using a constant-acceleration 
equation, relate the speed of the ball 
to its acceleration: 

Impose the condition for rolling 
without slipping to obtain: 

Solve for At: 


Substitute in equation (4) to obtain: 


(c) Express the initial kinetic energy 
of the ball: 


(i d) Express the work done by friction 
in terms of the initial and final kinetic 
energies of the ball: 

Express the final kinetic energy of the 
ball: 


v = v 0 + a At = v 0 - jU k gAt 


(4) 


R 




®o + 


2 R j 


= U ~VkgAt 


. 16 v 0 

At = 0 


21 /4 g 


v = v o ~FkS 




2 lA 


J 


5 

- 21 v o 


0.238v a 


K i = ^trans +^rot = J mV 0 +J^0 


(f mR 2 ) 

( V 


^3i?J 


19 

= — mv. 

18 


1.056 mvl 


W b =K l -K t 


Kf =\ m v 2 +\ Icm a> 2 

2 

= T mv 2 + { (f mR 1 )jy = To 
= 4./«(0.238v 0 ) 2 = 0.0397mv 2 

W 6 =1.056 mvl -0.0397mv 2 
= 1.016/«Vq 


Substitute to find Wf r : 
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107 •• 

Picture the Problem The figure shows the 
forces acting on the bowling during the 
sliding phase of its motion. Because the 
ball has a forward spin, the friction force is 
in the direction of motion and will cause 
the ball’s translational speed to increase. 
We’ll apply Newton’s 2 nd law to find the 
linear and rotational velocities and 
accelerations of the ball and constant- 
acceleration equations to relate these 
quantities to each other and to the elapsed 
time to rolling without slipping. 

(a) and ( b ) Relate the velocity of the 
ball when it begins to roll to its 
acceleration and the elapsed time: 

Apply Newton’s 2 nd law to the ball: 


y 



v = v 0 + a At 

(1) 

IX =A = ma ’ 

(2) 

X F y = F n -mg = °, 

(3) 

and 


X r o =A R= 1 o a 

(4) 


Using the definition of/k and F n a = /u k g 

from equation (3), substitute in 
equation (2) and solve for a: 

Substitute in equation (1) to obtain: v = v 0 + a At = v 0 + jU k gAt (5) 


Solve for a in equation (4): 

A R 

a — 


maR 

5 R k g 


A 


2 jmR 2 

2 R 

Relate the angular speed of the ball 

O) = COq - 

5 



to its acceleration: 


2 

R 


Apply the condition for rolling 

v = Rco = 

R 

( 5 

* g At] 

without slipping: 



l 2 

R J 


= R 


3v„ 


5 A* a7 


R 2 R 
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v = 3v 


o 


5 

2 


Mk § At 


( 6 ) 


Equate equations (5) and (6) and 
solve At: 


At = 


4 

7 


Mk8 


Substitute for At in equation (6) to 
obtain: 



1.57v 0 


(c) Relate Ax to the average speed of 
the ball and the time it moves before 
beginning to roll without slipping: 


Ax = v av At = i(v 0 +v)At 


L ii.l 

f 4v 0 ) 

O 

r-> 

h 

o 

gj 


36j£_ 

49 ju k g 


0.735- 


Mk8 


*108 •• 

Picture the Problem The figure shows the 
forces acting on the cylinder during the 
sliding phase of its motion. The friction 
force will cause the cylinder’s translational 
speed to decrease and eventually satisfy the 
condition for rolling without slipping. 

We’ll use Newton’s 2 nd law to find the 
linear and rotational velocities and 
accelerations of the ball and constant- 
acceleration equations to relate these 
quantities to each other and to the distance 


traveled and the elapsed time until the 
satisfaction of the condition for rolling 
without slipping. 

A 

mg 


(a) Apply Newton’s 2 nd law to the 

Z F -=-A= Ma - 

(1) 

cylinder: 

£F,=F n -Mg 

= 0, 

(2) 


and 




X r o = AR = h* 

(3) 


Use /k = jUkF n to eliminate F n a = -ju k g 

between equations (1) and (2) and 
solve for a: 
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Using a constant-acceleration v = v 0 + a At = v 0 — /J k gAt 

equation, relate the speed of the 
cylinder to its acceleration and the 
elapsed time: 

Similarly, eliminate/ k between _ 2// k g 

equations (2) and (3) and solve for R 

a: 


Using a constant-acceleration 
equation, relate the angular speed of 
the cylinder to its acceleration and 
the elapsed time: 

Apply the condition for rolling 
without slipping: 


co = (Oa + aAt = 


2 /4 8 
R 


At 


9 u Q 

v = v 0 - /u k gAt = Rco = R —— At 

V R 

= 2/4 gAt 


Solve for At: 


At = V ° 


3 ^ k 8 


Substitute for At in the expression 
for v: 


v = v 0 ~R k g~ - 

3 ^ k S 



(b) Relate the distance the cylinder 
travels to its average speed and the 
elapsed time: 


Ax = v av At = i(v 0 +jv 0 ) 


3 /4£ 


18 ju k g 


(c) Express the ratio of the energy W fr _ K { - K { 

dissipated in friction to the cylinder’s K t 

initial mechanical energy: 


Express the kinetic energy of the 
cylinder as it begins to roll without 
slipping: 


K f 


iMv 2 +K„y 

\Mv 2 + \{\MR 2 )^ 


-Mv 2 

4 



1 

3 


Mv 


2 

0 





Substitute for K, and K f and simplify 
to obtain: 
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Wfr \Mvl-\Mvl 

Wvl 


\_ 

3 


109 

Picture the Problem The forces acting on 
the ball as it slides across the floor are its 

weight mg, the normal force F n exerted by 
the floor, and the friction force f. Because 
the weight and normal force act through 
the center of mass of the ball and are equal 
in magnitude, the friction force is the net 
(decelerating) force. We can apply 
Newton’s 2 nd law in both translational and 
rotational form to obtain a set of equations 
that we can solve for the acceleration of the 
ball. Once we have determined the ball’s 
acceleration, we can use constant- 
acceleration equations to obtain its velocity 
when it begins to roll without slipping. 



(a) Apply y F = ma to the ball: 

Z F v = -/ = ma 
and 

CD 


X F y = F n ~mg = 0 

(2) 

From the definition of the 
coefficient of kinetic friction we 
have: 

f = MA 

(3) 

Solve equation (2) for F n : 

F n = mg 


Substitute in equation (3) to obtain: 

f = Ac mg 


Substitute in equation (1) to obtain: 

- jU k mg = ma 

or 

a = -/4 g 


Apply X t = la to the ball: 

fr = la 


Solve for a to obtain: 

a . _ f r _ Ac m gr 

I I 


Assuming that the coefficient of 

< 

I 

< 

II 

S5 

> 

II 

1 

3= 

•f 

> 

(4) 

kinetic friction is constant*, we 
can use constant-acceleration 

and 

equations to describe how long 


(5) 

it will take the ball to begin 

I 
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rolling without slipping: 


Once rolling without slipping 
has been established, we also 
have: 

Equate equations (5) and (6): 



r 


v f _ p k gmr ^ 
r I 


Solve for At: 


At = 


v { I 

Mkgmr 1 


( 6 ) 


Substitute in equation (4) to obtain: 


~Mkg 

I 


f T \ 

v f / 


M k gmr 


mr 


,.2 y f 


Solve for 



(b) Express the total kinetic 
energy of the ball: 


K = — mvl + — I col 
2 2 


Because the ball is now rolling without slipping, v = ra> t and: 


v 1 { 
K = — m 
2 


1 


V l+I/mr y 


' 2 1 , 
V +—I 


1 


v 1 + // mr j 


v t 2 

— = — in v 


(l + //mr) 


1 




v 1 + // mr j 


1 


—mv 


1 


V 1 + 1 /mr 2 j 


* Remarks: This assumption is not necessary. One can use the impulse-momentum 
theorem and the related theorem for torque and change in angular momentum to 
prove that the result holds for an arbitrary frictional force acting on the ball, so long 
as the ball moves along a straight line and the force is directed opposite to the 
direction of motion of the ball. 

General Problems 

*110 • 

Picture the Problem The angular velocity of an object is the ratio of the number of 
revolutions it makes in a given period of time to the elapsed time. 
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The moon’s angular velocity is: _ lrev 

27.3 days 

lrev 27rrad lday lh 

— _x_x_— X_ 

27.3 days rev 24 h 3600 s 
= 2.66 xlO -6 rad/s 


111 • 

Picture the Problem The moment of inertia of the hoop, about an axis perpendicular to 
the plane of the hoop and through its edge, is related to its moment of inertia with respect 
to an axis through its center of mass by the parallel axis theorem. 


Apply the parallel axis theorem: 


/ = / cm + Mh 2 = MR 2 + MR 1 


2 mR 2 


112 •• 

Picture the Problem The force you exert on the rope results in a net torque that 
accelerates the merry-go-round. The moment of inertia of the merry-go-round, its angular 
acceleration, and the torque you apply are related through Newton’s 2 nd law. 


(a) Using a constant-acceleration 
equation, relate the angular 
displacement of the merry-go-round 
to its angular acceleration and 
acceleration time: 


Ad = co 0 At + \a(Atf 
or, because co o = 0, 

A 6 = \a{At) 2 


Solve for and evaluate a: 


( b ) Use the definition of torque to obtain: 


(c) Use Newton’s 2 nd law to find the 
moment of inertia of the merry-go- 
round: 


2A0 

2(2zr rad) 

(A if 

Us) 2 

Fr = (260 N)(2.2m) 

^net _ 

572 N -m 

a 

0.0873 rad/s 2 

6.55 

x 10 3 kg • m 2 


0.0873 rad/s 2 


572 N • m 
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113 • 

Picture the Problem Because there are no 
horizontal forces acting on the stick, the 
center of mass of the stick will not move in 
the horizontal direction. Choose a 
coordinate system in which the origin is at 
the horizontal position of the center of 
mass. The diagram shows the stick in its 
initial raised position and when it has fallen 
to the ice. 



* —i - .v,m 

0 *2 


Express the displacement of the right 
end of the stick Ax as the difference 
between the position coordinates x 2 
and x 2 . 

Using trigonometry, find the initial 
coordinate of the right end of the 
stick: 

Because the center of mass has not 
moved horizontally: 

Substitute to find the displacement of 
the right end of the stick: 


Ax = x 2 - Xj 


Xj = ^cos6* = (lm)cos30° = 0.866m 


x 2 = i = 1 m 


Ax = lm -0.866 m = 


0.134 m 
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Picture the Problem The force applied to the string results in a torque about the center 
of mass of the disk that accelerates it. We can relate these quantities to the moment of 
inertia of the disk through Newton’s 2 nd law and then use constant-acceleration equations 
to find the disk’s angular velocity the angle through which it has rotated in a given period 
of time. The disk’s rotational kinetic energy can be found from its definition. 


(a) Use the definition of torque to 
obtain: 

(b) Use Newton’s 2 nd law to express 
the angular acceleration of the disk 
in terms of the net torque acting on 
it and its moment of inertia: 

Substitute numerical values and 
evaluate a: 


r = FR = (20N)(0.12m) 


2.40 N m 



\MR- 


2(2.40 N-m) 
(5kg)(0.12m) 2 


66.7 rad/s 2 


(c) Using a constant-acceleration 
equation, relate the angular velocity 
of the disk to its angular 


co = a> 0 + aAt 

or, because co 0 = 0, 
co = aAt 
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acceleration and the elapsed time: 

Substitute numerical values and 
evaluate co : 

(d) Use the definition of rotational 
kinetic energy to obtain: 

Substitute numerical values and 
evaluate K I0t : 


(e) Using a constant-acceleration 
equation, relate the angle through 
which the disk turns to its angular 
acceleration and the elapsed time: 

Substitute numerical values and 
evaluate A 6 : 

if) Express K in terms of r and 6 : 


co = (66.7 rad/s 2 )(5s) 


333 rad/s 




K rot = {(5 l<g)(0.12 m ) 2 (333 rad/s) 2 
= 2.00 kJ 


Ad = co 0 At + \a[At) 2 

or, because a>o = 0, 

A 0 = \a(At) 2 


A0 = | (66.7 rad/s 2 )(5s) 2 


834 rad 


K = \ I co 1 = \ 


2 - 1 — {aAtf = \ar{Atf 

\a) 


t A 6 


115 •• 

Picture the Problem The diagram shows 
the rod in its initial horizontal position and 
then, later, as it swings through its vertical 
position. The center of mass is denoted by 
the numerals 0 and 1. Let the length of the 
rod be represented by L and its mass by m. 
We can use Newton’s 2 nd law in rotational 
form to find, first, the angular acceleration 
of the rod and then, from 
a, the acceleration of any point on the rod. 
We can use conservation of energy to find 
the angular velocity of the center of mass 
of the rod when it is vertical and then use 
this value to find its linear velocity. 



0 

/ 

/ 

/ 

/ 

—- U s = 0 


(a) Relate the acceleration of the 
center of the rod to the angular 


a = ia = — a 
2 
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acceleration of the rod: 

Use Newton’s 2 nd law to relate the 
torque about the suspension point of 
the rod ( exerted by the weight of the 
rod) to the rod’s angular 
acceleration: 

Substitute numerical values and 
evaluate a: 



3 ML: 


3 g 
2 L 


3(9.81 m/s 2 ) 

2(0.8 m) 


18.4 rad/s 2 


Substitute numerical values and 
evaluate a: 

(. b ) Relate the acceleration of the 
end of the rod to a: 


a = y(0.8m)(l8.4rad/s 2 )= 7.36m/s 2 

a enA = La = (0.8m)(l8.4rad/s 2 ) 

= 14.7 m/s 2 I 


(c) Relate the linear velocity of the v = coAh = j coL 

center of mass of the rod to its 
angular velocity as it passes through 
the vertical: 


Use conservation of energy to relate 
the changes in the kinetic and 
potential energies of the rod as it 
swings from its initial horizontal 
orientation through its vertical 
orientation: 

Substitute to obtain: 

Substitute for Ah and solve for ox 


Substitute to obtain: 


Substitute numerical values and evaluate v: 


AK + AU = K 1 -K 0 +U 1 -U 0 =0 

or, because K 0 = U\ = 0, 

K { -U,= 0 


\IpCO 2 = mg Ah 
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Picture the Problem Let the zero of gravitational potential energy be at the bottom of 
the track. The initial potential energy of the marble is transformed into translational and 
rotational kinetic energy as it rolls down the track to its lowest point and then, because 
the portion of the track to the right is frictionless, into translational kinetic energy and, 
eventually, into gravitational potential energy. 


Using conservation of energy, relate 
h 2 to the kinetic energy of the 
marble at the bottom of the track: 


AK + AU = 0 

or, because K f = U,= 0, 

-K t + U f =0 


Substitute for K, and Uf to obtain: 


-\Mv 2 -Mgh 2 =0 


Solve for h 2 : 



( 1 ) 


Using conservation of energy, relate 
h i to the kinetic energy of the 
marble at the bottom of the track: 


AK + AU = 0 

or, because K,= U{= 0, 

K f -U x =0 


Substitute for Aifand U, to obtain: 


\Mv 2 + \Ico 2 -Mgh x =0 


Substitute for / and solve for v : to 
obtain: 

Substitute in equation (1) to obtain: 


2 


V 


_ _io 

7 


gh i 


h 2 


fgjh 

2 g 
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Picture the Problem To stop the wheel, the tangential force will have to do an amount of 
work equal to the initial rotational kinetic energy of the wheel. We can find the stopping 
torque and the force from the average power delivered by the force during the slowing of 
the wheel. The number of revolutions made by the wheel as it stops can be found from a 
constant-acceleration equation. 

(a) Relate the work that must be W = \Ico 2 = j(^mr 2 jco 2 = jmr 2 co 2 

done to stop the wheel to its kinetic 

energy: 
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Substitute numerical values and 
evaluate W\ 


W = |(l20kg)(l.4m) 2 


x 


1100 


rev 

min 


x 


27rrad 

-x 

rev 


lmin 

60s 


2 


780 kJ 


( b ) Express the stopping torque is 
terms of the average power 
required: 

Solve for r: 


p w = 



to... 


Substitute numerical values and 
evaluate r: 


780 kJ 

_ (2.5min)(60s/min) 

(l 100 rev/min) (2 n rad/ rev) (l min/60 s) 
2 

= 90.3 N ■ m 


Relate the stopping torque to the 
magnitude of the required force and 
solve for F: 



90.3 N -m 
0.6 m 


151 N 


(c) Using a constant-acceleration 
equation, relate the angular 
displacement of the wheel to its 
average angular velocity and the 
stopping time: 

Substitute numerical values and 
evaluate Aft 


Aft = oo m At 


Aft = 


( llOOrev/min 



1380rev 
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Picture the Problem The work done by the four children on the merry-go-round will 
change its kinetic energy. We can use the work-energy theorem to relate the work done 
by the children to the distance they ran and Newton’s 2 nd law to find the angular 
acceleration of the merry-go-round. 
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(a) Use the work-kinetic energy 
theorem to relate the work done by 
the children to the kinetic energy of 
the merry-go-round: 


W r 


net force 


= A K 

= K f 


or 

4FAs=\Ico 2 


Substitute for / and solve for As to obtain: , lo) \mr 2 a> 1 mr oi 

As =-= --=- 

8 F 8 F 1 6F 


Substitute numerical values and 
evaluate As: 


As = 


(240kg)(2m) : 


lrev 

Z8s' 


16(26N) 


2n rad 
rev 


11.6 m 


(. b ) Apply Newton’s 2 nd law to = = 4 .Fr = 8 F 

express the angular acceleration of I \mr 2 mr 

the merry-go-round: 


Substitute numerical values and 
evaluate a: 


8(26 N) 
(240kg)(2m) 


0.433 rad/s 2 


(c) Use the definition of work to 
relate the force exerted by each 
child to the distance over which that 
force is exerted: 


W = FAs = (26N)(l 1.6 m) 


302 J 


(d) Relate the kinetic energy of the W net force = A K = K f - 0 = 4 FAs 

merry-go-round to the work that 
was done on it: 


evaluate W ne t force: 


Substitute numerical values and 




net force 


= 4(26 N)(l 1.6 m) = 


1.21kJ 
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Picture the Problem Because the center of mass of the hoop is at its center, we can use 
Newton’s second law to relate the acceleration of the hoop to the net force acting on it. 
The distance moved by the center of the hoop can be determined using a constant- 
acceleration equation, as can the angular velocity of the hoop. 

(a) Using a constant-acceleration As = 4- a cm (Af ) 2 

equation, relate the distance the 
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center of the travels in 3 s to the 
acceleration of its center of mass: 

Relate the acceleration of the center 
of mass of the hoop to the net force 
acting on it: 

Substitute to obtain: 


Substitute numerical values and 
evaluate As: 


(b ) Relate the angular velocity of the 
hoop to its angular acceleration and 
the elapsed time: 

Use Newton’s 2 nd law to relate the 
angular acceleration of the hoop to 
the net torque acting on it: 

Substitute to obtain: 


Substitute numerical values and 
evaluate co\ 


F„, 


m 


As = 


F(Atf 


bN)(3s) ; 

2(l.5kg) 


15.0m 


co = a At 



FR 
mR 2 


F 

mR 


FAt 

co =- 

mR 


(5N)(3s) 

(l.5kg)(0.65m) 


15.4 rad/s 
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Picture the Problem Let R represent the radius of the grinding wheel, M its mass, r the 
radius of the handle, and in the mass of the load attached to the handle. In the absence of 
information to the contrary, we’ll treat the 25-kg load as though it were concentrated at a 
point. Let the zero of gravitational potential energy be where the 25-kg load is at its 
lowest point. We’ll apply Newton’s 2 nd law and the conservation of mechanical energy to 
determine the initial angular acceleration and the maximum angular velocity of the 
wheel. 

(a) Use Newton’s 2 nd law to relate _ T na _ m S r 

the acceleration of the wheel to the I \MR~ + mr 

net torque acting on it: 











Substitute numerical values and 
evaluate a: 
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(25kg)(9.81m/s 2 )(0.65 m) 
y(60kg)(0.45m) 2 + (25kg)(0.65m)~ 

9.58 rad/s 2 


( b ) Use the conservation of A K + AU = 0 

mechanical energy to relate the or, because K\ = Uf= 0, 

initial potential energy of the load to K fjtrans + k' l rot — U i = 0. 

its kinetic energy and the rotational 

kinetic energy of the wheel when 

the load is directly below the center 

of mass of the wheel: 


Substitute and solve for a>\ 


\mv 2 +y(jAffl 2 )© 2 
\mr 2 a> 2 +\MR 2 a> 2 
and 


co =. 


4mgr 


2 mr +MR~ 


- mgr = 0, 

- mgr = 0, 


Substitute numerical values and 
evaluate co\ 


co = 


I 4(25 kg)(9.81 m/s 2 )(0.65m) 
2(25 kg)(0.65 m) 2 + (60 kg)(0.45 m) 2 


4.3 8 rad/s 
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Picture the Problem Let the smaller block 
have the dimensions shown in the diagram. 
Then the length, height, and width of the 
larger block are S4 Sh, and Sw, 
respectively. Let the numeral 1 denote the 
smaller block and the numeral 2 the larger 
block and express the ratios of the surface 
areas, masses, and moments of inertia of 
the two blocks. 



(a) Express the ratio of the surface 
areas of the two blocks: 


A 2 _ 2(Sw)(Sl)+2(Sl)(S/z) + 2(Sw)(S/z) 
A l 2wl + 2lh + 2wh 

_ S 2 (2wl + 2&i + 2wh ) 

2 wl + 2 Ih + 2 wh 
= [¥] 
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( b ) Express the ratio of the masses 
of the two blocks: 


(c) Express the ratio of the moments 
of inertia, about the axis shown in 
the diagram, of the two blocks: 


In part ( b ) we showed that: 


Substitute to obtain: 


M 2 

~M X 


pV2 ... V 2 _ (Sw)(Sl)(S/Q 
pV x V x wih 


S \wih) 
w£h 
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Picture the Problem We can derive the perpendicular-axis theorem for planar objects by 
following the step-by-step procedure outlined in the problem. 

(a) and (b) /_ = J rdm = J (x 2 + v 2 )dm 

x 1 dm + J y 1 dm 
= h+Iy 

(c) Let the z axis be the axis of I x = I v 

rotation of the disk. By symmetry: 

Express I z in terms of I x \ I z = 2 I x 

disk, solve for I x : 


Letting M represent the mass of the 




= \\\mr 2 )= 


jMR 2 
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Picture the Problem Let the zero of gravitational potential energy be at the center of the 
disk when it is directly below the pivot. The initial gravitational potential energy of the 
disk is transformed into rotational kinetic energy when its center of mass is directly 
below the pivot. We can use Newton’s 2 nd law to relate the force exerted by the pivot to 
the weight of the disk and the centripetal force acting on it at its lowest point. 
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(a) Use the conservation of 
mechanical energy to relate the 
initial potential energy of the disk to 
its kinetic energy when its center of 
mass is directly below the pivot: 

Substitute for K { rol and U i : 


AK + AU = 0 


or, because K t = Uf= 0, 

K^-U^O 


Y /&> 2 - Mgr = 0 (1) 


Use the parallel-axis theorem to / = 7 cm + Mh~ 

relate the moment of inertia of the or 

disk about the pivot to its moment of j _ j_ /p^. 2 + j ^ r 2 _ l][f r 2 

inertia with respect to an axis 
through its center of mass: 


Solve equation (1) for ryand 
substitute for / to obtain: 



(b ) Letting F represent the force 
exerted by the pivot, use Newton’s 
2 nd law to express the net force 
acting on the swinging disk as it 
passes through its lowest point: 

Solve for F and simplify to obtain: 


^net = F - Mg = Mr a 2 


F = Mg + Mr (o’ = Mg + Mr 

3 r 


= Mg + j Mg = yMg 
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Picture the Problem The diagram shows a 
vertical cross-piece. Because we’ll need to 
take moments about the point of rotation 
(point P), we’ll need to use the parallel- 
axis theorem to find the moments of inertia 
of the two parts of this composite structure. 
Let the numeral 1 denote the vertical 
member and the numeral 2 the horizontal 
member. We can apply Newton’s 2 nd law 
in rotational form to the structure to 
express its angular acceleration in terms of 
the net torque causing it to fall and its 
moment of inertia with respect to point P. 
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(a) Taking clockwise rotation to be 
positive (this is the direction the 
structure is going to rotate), apply 

Ya Z = I P a '- 
Solve for a to obtain: 


Convert £ x ,£ 2 , and w to SI units: 


ro 




- m t g 

— 

V 2 , 

^2 J 


cc _ m 2 gi 2 -m l gw 
21 p 
or 

g{m 2 £ 2 -m lW ) 

2 (/„+/„) 

£, = 12ftx lm = 3.66m, 

1 3.281ft 

i , = 6ftx——— = 1.83 m, and 

2 3.281ft 

w = 2ftx—— = 0.610m 
3.281ft 


Using Table 9-1 and the parallel- 
axis theorem, express the moment of 
inertia of the vertical member about 
an axis through point P: 

Substitute numerical values and 
evaluate I\ P \ 


Using the parallel-axis theorem, 
express the moment of inertia of the 
horizontal member about an axis 
through point P: 

Solve for d: 


= m x {\l]+\w 2 ) 

I lP = (350 kg) [} (3.66 m) 2 +}(0.610m) 2 
= 1.60xl0 3 kg-m 2 

I 2 p — -^.cm "b (2) 

where 

d 2 = (e i + \wf +{\£ 2 -wf 

d = ^ l +\wf +{\l 2 -wf 


Substitute numerical values and evaluate d: 

d = 7[3.66m + T(0.610m)] 2 + [^(l.83m)-0.610m] 2 = 3.86m 
From Table 9-1 we have: t — j_ m f 1 

1 2 .cm — 12 2 

I 2P = jjtn 2 £ 2 2 + m 2 d 2 
= m 2 (-jj £ 2 2 +d 2 ) 


Substitute in equation (2) to obtain: 
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Evaluate lip. 


I 2P =(l75kg)[ 1 L(l.83m) 2 +(3.86m) 2 ] 
= 2.66 x 10 3 kg • m 2 


Substitute in equation (1) and evaluate a: 


(9.81m/s 2 )[l 

(175kg) 

(l.83m)-(350kg)(0.61m)]_| 

0.123 rad/s 2 

2(l .60 + 2.66)x 10 3 kg • m 2 1 


(. b) Express the magnitude of the 
acceleration of the sparrow: 


Solve for R: 


a = aR 

where R is the distance of the sparrow from 
the point of rotation and 

R 2 = (l j + w ) 2 + (f 2 - wf 
R = ^l (£ 1 + wf +(i 2 -w ) 2 


Substitute numerical values and evaluate R: 


R = (3.66 m+ 0.610 m) 2 +(l. 83 m-0.610 m) 2 = 4.44m 


Substitute numerical values and evaluate a: 


a = (0.123 rad/s 2 )(4.44 m) 
= I 0.546m/s 2 I 


(c) Refer to the diagram to express a x 
in terms of a: 


i x +w 

a= a cos 6 ' = a — - 

x R 


Substitute numerical values and 
evaluate a x : 


= ( 0 .546 m/s 2 ) 


3.66 m + 0.61m 
4.44 m 


0.525 m/s 2 
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Picture the Problem Let the zero of 
gravitational potential energy be at the 
bottom of the incline. The initial potential 
energy of the spool is transformed into 
rotational and translational kinetic energy 
when the spool reaches the bottom of the 
incline. We can apply the conservation of 
mechanical energy to find an expression 
for its speed at that location. The force 
diagram shows the forces acting on the 
spool when there is enough friction to keep 
it from slipping. We’ll use Newton’s 2 nd 
law in both translational and rotational 
form to derive an expression for the static 
friction force. 


/ 3 

/Fn 



(a) In the absence of friction, the 
forces acting on the spool will be its 
weight, the normal force exerted by 
the incline, and the tension in the 
string. A component of its weight will 
cause the spool to accelerate down the 
incline and the tension in the string 
will exert a torque that will cause 
counterclockwise rotation of the 
spool. 


The spool will move down the plane 
at constant acceleration, spinning in 
a counterclockwise direction as string 
unwinds. 


Use the conservation of mechanical 
energy to relate the speed of the center 
of mass of the spool at the bottom of 
the slope to its initial potential energy: 


AK + AU = 0 

or, because K\_ = U{ = 0, 

^trans+^rot-^0. 


Substitute for K [>ms , ^f.rot ar *d U { : 


2- Mv + 2- Ico - MgD sin 9 = 0 (1) 


Substitute for co and solve for v to 
obtain: 


\Mv 2 MgD sin 6* = 0 

r 


and 


2 MgD sin 9 


M + - 


v = 
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(. b ) Apply Newton’s 2 nd law to the spool: 


Yj F - =Mgsine-T-f ; =0 

Y.*o= Tr -f. R = 0 


Eliminate T between these equations to 
obtain: 


fs = 


Mg sin 0 



,up 


the incline. 
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Picture the Problem While the angular acceleration of the rod is the same at each point 
along its length, the linear acceleration and, hence, the force exerted on each coin by the 
rod, varies along its length. We can relate this force the linear acceleration of the rod 
through Newton’s 2 nd law and the angular acceleration of the rod. 


Letting x be the distance from the 
pivot, use Newton’s 2 nd law to 
express the force F acting on a coin: 

Use Newton’s 2 nd law to relate the 
angular acceleration of the system to 
the net torque acting on it: 


^net = nig - f(x) = ma(x) 
or 

F(x) = m(g-a(x)) (1) 

a . _ r net _ ^ 2 _ 3g 

I \Ml} 2 L 


Relate a(x) and a: 


Substitute in equation (1) to obtain: 
Evaluate F( 0.25 m): 


*w= 


a\x = xa = x 


3 g 


2(1.5 m) 


= gx 


F(x) = m(g - gx) = mg (1 - x) 


7 7 (0.25m) = /ng(l-0.25m)= 0.75 mg 


Evaluate F( 0.5 m): 
Evaluate F( 0.75 m): 
Evaluate 7^(1 m): 


F(0.5m) = mg(l-0.5m)= 0.5 mg 


F( 0.75m) = mg(l-0.75m)= 0.25 mg 


F( 1 m) = F(\ .25 m) = F(l .5 m) = 
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Picture the Problem The diagram shows the force the hand supporting the meterstick 
exerts at the pivot point and the force the earth exerts on the meterstick acting at the 
center of mass. We can relate the angular acceleration to the acceleration of the end of the 
meterstick using a = La and use Newton’s 2 nd law in rotational form to relate a to the 
moment of inertia of the meterstick. 
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(a) Relate the acceleration of the far 
end of the meterstick to the angular 
acceleration of the meterstick: 

Apply ^ x p = I p a to the 
meterstick: 

Solve for a. 


From Table 9-1, for a rod pivoted at 
one end, we have: 

Substitute to obtain: 


a = La 


( 1 ) 


Mg 


fL' 




= I P a 


a = 


MgL 

21 P 



IMgL _ 3g 
2 ML 1 2 L 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate a: 



3(9.81m/s 2 ) 

2 


14.7m/s 2 


(b ) Express the acceleration of a 
point on the meterstick a distance x 
from the pivot point: 

Express the condition that the 
meterstick leaves the penny behind: 

Substitute to obtain: 


3 g 

a = ax = —x 
2 L 


a > g 


X-> g 

2 L 


Solve for and evaluate x: 


2 L _ 2(1 m) 

X — 

3 


66.7 cm 


3 
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Picture the Problem Let m represent the 0.2-kg mass, M the 0.8-kg mass of the cylinder, 
L the 1.8-m length, and x + Ax the distance from the center of the objects whose mass is 
777. We can use Newton’s 2 nd law to relate the radial forces on the masses to the spring’s 
stiffness constant and use the work-energy theorem to find the work done as the system 
accelerates to its final angular speed. 

(a) Express the net inward force Z F radial = kAx = m { X + 

acting on each of the 0.2-kg masses: 

Solve for k: ? _ m(x +Ax) a> 2 

Ax 


Substitute numerical values and 
evaluate k: 


_ (0.2kg)(0.8m)(24rad/s) 2 
~ 0.4 m 

= 230 N/m 


( b ) Using the work-energy theorem, 
relate the work done to the change 
in energy of the system: 

Express / as the sum of the moments 
of inertia of the cylinder and the 
masses: 

From Table 9-1 we have, for a solid 
cylinder about a diameter through 
its center: 

For a disk (thin cylinder), L is small 
and: 

Apply the parallel-axis theorem to obtain: 
Substitute to obtain: 


W = K Iot + AU ti 

( 1 ) 

= \Ico 2 +|A:(Ax ) 2 

I = + I2 m 

= \Mr 2 + ±ML 2 + 2I m 

I = \mr 2 + -A ml} 

where L is the length of the cylinder. 

/ = ) mr 2 

T 1 2 , 2 

1 m — 4 mr +mx 

I = \Mr 2 + -jV ML 1 + li^mr 2 + nzx 2 ) 

= \Mr 2 +±ML 2 +2m{\r 2 +x 2 ) 


Substitute numerical values and evaluate I: 
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/ = T(0.8kg)(0.2my + 1 V(0.8kg)(l.8m) 1 + 2(0.2kg)[i(0.2m) 2 +(0.8m) 2 ] 
= 0.492 N-m 2 


Substitute in equation (1) to obtain: 


W = y (0.492N-m 2 )(24 rad/s) 2 +1(230 N/m)(0.4m) 2 


160 J 
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Picture the Problem Let m represent the 0.2-kg mass, M the 0.8-kg mass of the cylinder, 
L the 1.8-m length, and x + Ax the distance from the center of the objects whose mass is 
777. We can use Newton’s 2 nd law to relate the radial forces on the masses to the spring’s 
stiffness constant and use the work-energy theorem to find the work done as the system 
accelerates to its final angular speed. 

Using the work-energy theorem, 
relate the work done to the change 
in energy of the system: 


W = K Iot + A U spnng 
= \Ico 2 +\k{/Sjcf 


Express / as the sum of the moments 
of inertia of the cylinder and the 
masses: 

From Table 9-1 we have, for a solid 
cylinder about a diameter through 
its center: 


I "1 12m 

= \Mr 2 +±ML 2 + 21 m 

I = 1 / 77 /' 2 + j^mL 2 
where L is the length of the cylinder. 


For a disk (thin cylinder), L is small / = \mr 2 

and: 


Apply the parallel-axis theorem to 
obtain: 

Substitute to obtain: 


T 1 2 . 2 

l m ~ 4 mr +mX 

I = l Mr 2 + -1- Ml) + 2(1 mr 2 + 777 .x 2 ) 
= 1 Mr 2 + ±ML 2 + 2/77 (lr 2 + x 2 ) 


Substitute numerical values and evaluate I: 

I = jr(0.8kg)(0.2m) 2 + 1 V(0.8kg)(l.8m) 2 +2(0.2kg)[i(0.2m)‘ +(0.8m)“] 
= 0.492 N-m 2 



Express the net inward force acting 
on each of the 0.2-kg masses: 

Solve for <o: 


Substitute numerical values and 
evaluate co : 


Substitute numerical values in 
equation (1) to obtain: 
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£ Radial = kAx = m ( X + 


CO = 


kAx 


m(x + Ax) 


J (60N/m)(0.4 mj 

] (0.2kg)(0.8m) 


12.2 rad/s 


W = y(o.492N-m 2 )(l2.2rad/s) 2 
+ y(60N/m)(0.4m)" 

= 41.4 J 
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Picture the Problem The force diagram 
shows the forces acting on the cylinder. 
Because F causes the cylinder to rotate 
clockwise,/ which opposes this motion, is 
to the right. We can use Newton’s 2 nd law 
in both translational and rotational forms to 
relate the linear and angular accelerations 
to the forces acting on the cylinder. 



(a) Use Newton’s 2 nd law to relate the 
angular acceleration of the center of 
mass of the cylinder to F: 


Uiet FR _2 F 

I \MR} MR 


Use Newton’s 2 nd law to relate the 
acceleration of the center of mass of 
the cylinder to F: 


F F 

net _ _ _ 

M ~ M 


Express the rolling-without-slipping 
condition to the accelerations: 


a = 



F 

MR 


2 a 


(i b ) Take the point of contact with the 
floor as the "pivot" point, express the 
net torque about that point, and solve 
for a\ 


^net =2 FR= la 


and 


2 FR 


a = 


/ 
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Express the moment of inertia of the 
cylinder with respect to the pivot 
point: 

Substitute to obtain: 


Express the linear acceleration of the 
cylinder: 


I = \MR 2 +MR 2 = \MR 2 


2 FR _ 4 F 
j MR 2 ~ 3 MR 


= Ra = 


4 F 
3 M 


Apply Newton’s 2 nd law to the forces = F + f = Ma cm 

acting on the cylinder: 


Solve for/: 


f = Ma , 



j F in the positive x direction. 
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Picture the Problem As the load falls, mechanical energy is conserved. As in Example 
9-7, choose the initial potential energy to be zero. Apply conservation of mechanical 
energy to obtain an expression for the speed of the bucket as a function of its position and 
use the given expression for t to determine the time required for the bucket to travel a 
distance y. 


Apply conservation of mechanical energy: \j + K = JJ. + K = Q + 0 = 0 (1) 


Express the total potential energy 
when the bucket has fallen a 
distance y: 


U { =u bf +u c{ +u w( 


V 


= -mgy-m c g 


V z 7 

where mj is the mass of the hanging part 
of the cable. 


Assume the cable is uniform and 
express m c ' in terms of m c , y, and L\ 


m c m , m c 
— z - = —- or m' = — v 
v L L 


Substitute to obtain: 


u t =- 


™ c gy 2 


mgy 


2 L 










Rotation 729 


Noting that bucket, cable, and rim of 
the winch have the same speed v, 
express the total kinetic energy when 
the bucket is falling with speed v: 


Substitute in equation (1) to obtain: 


Solve for v: 


K { =K W+ K cf+ K wf 
= j mv 2 + j m c v 2 + \ IcOf 


= j mv 2 + \ m c v 2 +\{\MR 2 )^ 

— _L i'' j—L in -i ? ~ _L 


: j mv + -i m c v + \ Mv 


m, gv , o 
mgy - L —— + \in\r 

Z^L-4 


+ \m c v 1 +\Mv^ = 0 


v = ■ 


4 mgy + 


2nygy 

L 


M + 2m + 2m „ 


A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


Cell 

F ormula/ Content 

Algebraic Form 

D9 

0 

To 

DIO 

D9+$B$8 

T + Av 

E9 

0 

Vo 

E10 

((4*$B$3*$B$7*D 10+2*$B$7*D 10 A 2/(2*$B$5))/ 
($B$1+2*$B$3+2*$B$4)) A 0.5 

i 

4mgy + 2m f 

M + 2m + 2 m c 

F10 

F9+$B$8/((E10+E9)/2) 

(V . + V ^ 

A - v 

\ 1 J 

J9 

0.5*$B$7*H9 A 2 

\gt 2 



A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

1 

M= 

10 

kg 








2 

R= 

0.5 

m 








3 

m= 

5 

kg 








4 

mc= 

3.5 

kg 








5 

L= 

10 

m 








6 











7 

g= 

9.81 

m/s A 2 








8 

dy= 

0.1 

m 

y 

v(y) 

t(y) 


t(y) 

y 

l/2gt A 2 

9 




0.0 

0.00 

0.00 


0.00 

0.0 

0.00 

10 




0.1 

0.85 

0.23 


0.23 

0.1 

0.27 

11 




0.2 

1.21 

0.33 


0.33 

0.2 

0.54 

12 




0.3 

1.48 

0.41 


0.41 

0.3 

0.81 

13 




0.4 

1.71 

0.47 


0.47 

0.4 

1.08 

15 




0.5 

1.91 

0.52 


0.52 

0.5 

1.35 






730 Chapter 9 













105 




9.6 

9.03 

2.24 


2.24 

9.6 

24.61 

106 




9.7 

9.08 

2.25 


2.25 

9.7 

24.85 

107 




9.8 

9.13 

2.26 


2.26 

9.8 

25.09 

108 




9.9 

9.19 

2.27 


2.27 

9.9 

25.34 

109 




10.0 

9.24 

2.28 


2.28 

10.0 

25.58 


The solid line on the graph shown below shows the position y of the bucket when it is in 
free fall and the dashed line shows y under the conditions modeled in this problem. 
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Picture the Problem The pictorial 
representation shows the forces acting on 
the cylinder when it is stationary. First, we 
note that if the tension is small, then there 
can be no slipping, and the system must 
roll. Now consider the point of contact of 
the cylinder with the surface as the “pivot” 
point. If r about that point is zero, the 
system will not roll. This will occur if the 
line of action of the tension passes through 
the pivot point. 



e = 


cos 




From the diagram we see that: 
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*133 •• 

Picture the Problem Free-body diagrams 
for the pulley and the two blocks are shown 
to the right. Choose a coordinate system in 
which the direction of motion of the block 
whose mass is M (downward) is the 
positive y direction. We can use the given 
relationship 7” max = Te MsA6 to relate the 

tensions in the rope on either side of the 
pulley and apply Newton’s 2 nd law in both 
rotational form (to the pulley) and 
translational fonn (to the blocks) to obtain 
a system of equations that we can solve 
simultaneously for a, 7), T 2 , and M. 

(a) Use r max = Te MsAe to evaluate 

the maximum tension required to 
prevent the rope from slipping on 
the pulley: 

(c) Given that the angle of wrap is n 
radians, express T 2 in terms of T \: 

Because the rope doesn’t slip, we 
can relate the angular acceleration, 
a, of the pulley to the acceleration, 
a, of the hanging masses by: 

Apply ^ F v = ma v to the two 
blocks to obtain: 

Apply ^ t = la to the pulley to 
obtain: 




T 2 = T/ 3j[ =2.577, (1) 


a 

a = — 
r 

T ] - mg = ma (2) 

and 

Mg ~T 2 = Ma (3) 

(T 2 -T,)r=I- (4) 


Substitute for T 2 from equation (1) 
in equation (4) to obtain: 

Solve for 7) and substitute 
numerical values to obtain: 


(2.577; -T x )r = /- 
r 

r 7 0.35 kg -nr 

/ =-rfl =-7- r^-a 

1.57 r 2 1.57(0.15m)“ (5) 

= (9.91 kg )a 


(9.91kg) 


a - mg = ma 


Substitute in equation (2) to obtain: 
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Solve for and evaluate a: 

a = - 


9 

( 

(b ) Solve equation (3) for M\ 

“ 9 

M = 

Substitute in equation (5) to find T\\ 

21 =( 

Substitute in equation (1) to find Tr. 

t 2 = ( 

Evaluate M: 

M - 


mg 


g 


m 


-1 


l.lOm/s" 


9.91kg-/« 9.91kg ^ 

9.81 m/s 2 
9.91kg 
lkg 

t 2 

g-a 


28.ON 


9.81m/s 2 -1.10m/s 2 


3.21kg 
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Picture the Problem When the tension is horizontal, the cylinder will roll forward and 
the friction force will be in the direction of T. We can use Newton’s 2 nd law to obtain 
equations that we can solve simultaneously for a and/ 


(a) Apply Newton’s 2 nd law to the 
cylinder: 


Substitute for / and a in equation (2) 
to obtain: 


Y j F x = T + f = ma ( 1 ) 

and 

Yj T = Tr-JR=Ia ( 2 ) 

Tr — fR = \ mR 2 — = \ mRa (3) 
R 


Solve equation (3) for f. 


f = 


Tr 

R 


-\ma 


(4) 


Substitute equation (4) in equation 
(1) and solve for a: 


a = 


2 T 
3m 


1 +' 

R 


Substitute equation (5) in equation 
(4) to obtain: 


(b ) Equation (4) gives the 
acceleration of the center of mass: 


T 

-->1 
.R J 


2 T 

3m 

R) 


(5) 
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(c) Express the condition that a > — : 

m 


2 T f, r > 
1 + — 


3 m 
or 
r > 


V 


R 


T 

> — : 
m 


2f r ^ 
1 + — 


V 


R 


>1 


\R 


(d) If r > jR : 


/ > 0, i.e., in the direction of T. 


135 ••• 

Picture the Problem The system is shown 
in the drawing in two positions, with angles 
0 O and 0 with the vertical. The drawing also 
shows all the forces that act on the stick. 
These forces result in a rotation of the 
stick—and its center of mass—about the 
pivot, and a tangential acceleration of the 
center of mass. We’ll apply the 
conservation of mechanical energy and 
Newton’s 2 nd law to relate the radial and 
tangential forces acting on the stick. 



Use the conservation of mechanical 
energy to relate the kinetic energy of 
the stick when it makes an angle 0 
with the vertical and its initial 
potential energy: 


Kf-Ki+Uf-Ui =0 
or, because K f = 0, 

-\Ico 2 + Mg^-cosd-Mg ^ cos 0 O = 0 


Substitute for / and solve for co \ 


(O' 


3 g / \ 

= — (cos# -cos # 0 ) 

L 


Express the centripetal force acting 
on the center of mass: 


Express the radial component of Mg : 


F = M — co 2 

c 2 

= M—— (cos 6*-cos 6k) 
2 i °' 

= ( cos $ - cos #o) 

OHrLi.ai = M g cosB 


Express the total radial force at the U|| ~ F c + (Mg) radia i 

hinge: 
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= (cos 6 - cos 0 O ) + Mg cos 6 

= yMg(5cos#-3cos6* 0 ) 


Relate the tangential acceleration of «i = \ La 

the center of mass to its angular 

acceleration: 


Use Newton’s 2 nd law to relate the 
angular acceleration of the stick to the 
net torque acting on it: 



Mg — sin 6 

2 


\ML 


3 g sin 6 
2 L 


Express a in terms of a: 


a 1 =\La= j gsmd= gsin0+ FJM 


Solve for F_ to obtain: 


F,= 


- j Mg sin 6 where the minus sign 


indicates that the force is directed 
oppositely to the tangential component of 


Mg. 





Chapter 10 

Conservation of Angular Momentum 

Conceptual Problems 


*1 • 

(a) True. The cross product of the vectors A and B is defined to be Ax B = AB sin (f> h. 
If A and B are parallel, sin^ = 0. 

( b ) True. By definition, to is along the axis. 

(c) True. The direction of a torque exerted by a force is determined by the definition of 
the cross product. 

2 

Determine the Concept The cross product of the vectors A and B is defined to be 
Ax B = ABs'm <f>n. Hence, the cross product is a maximum when sin^ = 1. This 

condition is satisfied provided A and B are perpendicular. 

3 

Determine the Concept L and p are related according to L = r xp. From this 
definition of the cross product, L and p are perpendicular; i.e., the angle between them 
is 90°. 


(c) is correct. 


Determine the Concept L and p are related according to L = r xp. Because the 


motion is along a line that passes through point P,r = 0 and so is L. ( b ) is correct. 


*5 •• 

Determine the Concept L and p are related according to L = r xp. 


(a) Because L is directly proportional 
to p : 


(b) Because L is directly proportional 
to r : 


Doubling r doubles L. 


Doubling p doubles L. 
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6 •• 

Determine the Concept The figure shows 
a particle moving with constant speed in a 
straight line (i.e., with constant velocity 
and constant linear momentum). The 
magnitude of L is given by rps'mtp = 
mv(rsin^). 


/ 



Referring to the diagram, note that the distance rsin^ from P to the line along which the 


particle is moving is constant. Hence, mv(rsin<fi) is constant and so 


L is constant. 


7 

False. The net torque acting on a rotating system equals the change in the system’s 
angular momentum; i.e., r net = dL/dt , where L = Ico. Hence, if r net is zero, all we can say 

for sure is that the angular momentum (the product of / and co ) is constant. If / changes, 
so mustru. 

*8 •• 

Determine the Concept Yes, you can. Imagine rotating the top half of your body with 
arms flat at sides through a (roughly) 90° angle. Because the net angular momentum of 
the system is 0, the bottom half of your body rotates in the opposite direction. Now 
extend your arms out and rotate the top half of your body back. Because the moment of 
inertia of the top half of your body is larger than it was previously, the angle which the 
bottom half of your body rotates through will be smaller, leading to a net rotation. You 
can repeat this process as necessary to rotate through any arbitrary angle. 


9 


Determine the Concept If L is constant, we know that the net torque acting on 


the system is zero. There may be multiple constant or time-dependent torques acting on 


the system as long as the net torque is zero. 


(e) is correct. 


10 •• 

Determine the Concept No. In order to do work, a force must act over some distance. In 
each "inelastic collision" the force of static friction does not act through any distance. 

11 •• 

Determine the Concept It is easier to crawl radially outward. In fact, a radially inward 
force is required just to prevent you from sliding outward. 

*12 •• 

Determine the Concept The pull that the student exerts on the block is at right angles to 
its motion and exerts no torque (recall that T = r x F and T = rF sin 0 ). Therefore, we 
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can conclude that the angular momentum of the block is conserved. The student does, 


however, do work in displacing the block in the direction of the radial force and so the 


block’s energy increases. 


(. b ) is correct. 


*13 •• 

Determine the Concept The hardboiled egg is solid inside, so everything rotates with a 
uniform velocity. By contrast, it is difficult to get the viscous fluid inside a raw egg to 
start rotating; however, once it is rotating, stopping the shell will not stop the motion of 
the interior fluid, and the egg may start rotating again after momentarily stopping for this 
reason. 


14 • 

False. The relationship f = dZ/dt describes the motion of a gyroscope independently of 
whether it is spinning. 


15 • 

Picture the Problem We can divide the expression for the kinetic energy of the object by 
the expression for its angular momentum to obtain an expression for K as a function of / 
and L. 


Express the rotational kinetic K = j Itx > 1 

energy of the object: 


Relate the angular momentum of 
the object to its moment of inertia 
and angular velocity: 

Divide the first of these equations 
by the second and solve for K to 
obtain: 


L =Ia 


l 2 

K = — and so 

2 / 


(b) is correct. 


16 • 

Determine the Concept The purpose of the second smaller rotor is to prevent the body 
of the helicopter from rotating. If the rear rotor fails, the body of the helicopter will tend 
to rotate on the main axis due to angular momentum being conserved. 


17 •• 

Determine the Concept One can use a right-hand rule to determine the direction of the 
torque required to turn the angular momentum vector from east to south. Letting the 
fingers of your right hand point east, rotate your wrist until your fingers point south. Note 


that your thumb points downward. ( b ) is correct. 
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18 •• 

Determine the Concept In turning east, the man redirects the angular momentum vector 
from north to east by exerting a clockwise torque (viewed from above) on the gyroscope. 
As a consequence of this torque, the front end of the suitcase will dip downward. 

(d) is correct. 


19 •• 

(a) The lifting of the nose of the plane rotates the angular momentum vector upward. It 
veers to the right in response to the torque associated with the lifting of the nose. 

( b ) The angular momentum vector is rotated to the right when the plane turns to the right. 
In turning to the right, the torque points down. The nose will move downward. 


20 •• 

Determine the Concept If L points up and the car travels over a hill or through a 
valley, the force on the wheels on one side (or the other) will increase and car will tend to 
tip. If L points forward and car turns left or right, the front (or rear) of the car will tend 
to lift. These problems can be averted by having two identical flywheels that rotate on the 
same shaft in opposite directions. 


21 •• 


Determine the Concept The rotational kinetic energy of the woman-plus-stool system is 
given by K rot = \Io) 2 = L 1 jll . Because L is constant (angular momentum is conserved) 


and her moment of inertia is greater with her arms extended, 


( b ) is correct. 


*22 •• 

Determine the Concept Consider the 
overhead view of a tether pole and ball 
shown in the adjoining figure. The ball 
rotates counterclockwise. The torque 
about the center of the pole is clockwise 
and of magnitude RT, where R is the 
pole’s radius and T is the tension. So L 
must decrease and 


(e) is correct. 



23 •• 

Determine the Concept The center of mass of the rod-and-putty system moves in a 
straight line, and the system rotates about its center of mass. 
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24 • 


(a) True. The net external torque acting a system equals the rate of change of the angular 



(b ) False. If the net torque on a body is zero, its angular momentum is constant but not 
necessarily zero. 

Estimation and Approximation 

*25 •• 

Picture the Problem Because we have no information regarding the mass of the skater, 
we’ll assume that her body mass (not including her arms) is 50 kg and that each arm has a 
mass of 4 kg. Let’s also assume that her arms are 1 m long and that her body is 
cylindrical with a radius of 20 cm. Because the net external torque acting on her is zero, 
her angular momentum will remain constant during her pirouette. 

Express the conservation of her angular L { = L ( 

momentum during her pirouette: or 


I. 


arms out ^arms out 



arms in 


(i) 


Express her total moment of inertia 
with her arms out: 


I 


arms out 



arms 


Treating her body as though it is 
cylindrical, calculate its moment of 
inertia of her body, minus her arms: 



1.00 kg-m 2 


Modeling her arms as though they 
are rods, calculate their moment of 
inertia when she has them out: 


=2[j( 4 kg)(lm) 2 ] 


arms 


= 2.67 kg -m 2 


Substitute to determine her total 
moment of inertia with her arms out: 


4msout = 1.00 kg -m 2 + 2.67 kg -nr 
= 3.67kg • m 2 


arms out 



body arms 

= 1.00 kg-m 2 +2 
= 1.32 kg -m 2 


arms 


Express her total moment of inertia 
with her arms in: 


[(4kg)(0.2m) 3 ] 
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Solve equation (1) for m amisin and 
substitute to obtain: 


co 


-co. 


arms in j w arms out 

1 arms in 


^Tf^ (L5rev/s) 

1.32 kg • m 


= 4.17 rev/s 


26 •• 

Picture the Problem We can express the period of the earth’s rotation in terms of its 
angular velocity of rotation and relate its angular velocity to its angular momentum and 
moment of inertia with respect to an axis through its center. We can differentiate this 
expression with respect to / and then use differentials to approximate the changes in / and 
T. 


Express the period of the earth’s j _ 2;r 

rotation in terms of its angular co 

velocity of rotation: 


Relate the earth’s angular velocity of co — — 

rotation to its angular momentum / 

and moment of inertia: 


Substitute to obtain: 


T = 


2nd 

L 


Find dT!dI\ 


dl~ L ~ I 


Solve for dT/T and approximate AT: 


dT dI. T M 

-= —orA7 «—1 

T I I 


Substitute for AI and / to obtain: 


Substitute numerical values and 
evaluate AT: 


AT « 


jffir 2 T _ 5m 
|M e 7? e 2 3 M e 


A T = 


5(2.3 xlO 19 kg) 
3(6 xlO 24 kg) 

6.39x10 6 d 


(id) 


= 6.39xl0^ 6 


. 24h 3600s 
dx-x- 

d h 


0.552s 
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27 • 


Picture the Problem We can use L = mvr to find the angular momentum of the particle. 
In ( b ) we can solve the equation L = ^£(£ + 1 )h for l{l +1) and the approximate value of 


l. 


(a) Use the definition of angular 
momentum to obtain: 


(b) Solve the equation 
L = ^£(l + \)n for £(£ + 1): 

Substitute numerical values and 
evaluate l{£ +1): 


Because £»\, approximate its 
value with the square root of 


£(£ + !): 


L = mvr 

= (2xl 0 3 kg)(3 x 10 3 m/s)(4 x 10 3 m) 
= 2.40xl0‘ 8 kg-m 2 /s 


+l)= ¥ 


£{£ + ]) = 


^2.40xl0~ 8 kg-m 2 /s^ 2 
v 1.05x01 34 J-s j 


= 5.22x10 


52 


1* 2.29x10 


26 


(c) 


The quantization of angular momentum is not noticed in macroscopic 
physics because no experiment can differentiate between £ = 2 x 10 26 and 
£ = 2x10 26 +1. 


*28 •• 

Picture the Problem We can use conservation of angular momentum in part (a) to relate 
the before-and-after collapse rotation rates of the sun. In part ( b ), we can express the 
fractional change in the rotational kinetic energy of the sun as it collapses into a neutron 
star to decide whether its rotational kinetic energy is greater initially or after the collapse. 

(a) Use conservation of angular / b (y b = (1) 

momentum to relate the angular 
momenta of the sun before and after 
its collapse: 


I h = 0.059 MRl 

= 0.059(l.99 xlO 30 kg) (6.96 xlO 5 km) 2 
= 5.69xl0 46 kg-nr 


Using the given formula, 
approximate the moment of inertia 
A of the sun before collapse: 
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Find the moment of inertia 7 a of the 
sun when it has collapsed into a 
spherical neutron star of radius 10 
km and uniform mass distribution: 


h = \mr- 

= f (l .99 x 10 30 kg)(l 0 km) 2 
= 7.96 xlO 37 kg-m 2 


Substitute in equation (1) and solve 
for <y a to obtain: 


co„ 


7. 5.69xlO 46 kg-m 2 

7 a b 7.96xlO 37 kg-m 2 b 

= 7.15 x10 s co b 


Given that = 1 rev/25 d, evaluate 
co a: 


® a =7.15 x10 s 


lrev 

v 25dJ 


2.86 x 10 7 rev/d 


The additional rotational kinetic energy comes at the expense of 
gravitational potential energy, which decreases as the sun gets smaller. 


Note that the rotational period decreases by the same factor of 7b// a and becomes: 

2 n 


r.=- = 

CO , 


no/: io7 rev 2?rrad Id lh 

2.86x10 -x-x-x- 

d rev 24 h 3600 s 


= 3.02x10 J s 


( b ) Express the fractional change in 
the sun’s rotational kinetic energy as 
a consequence of its collapse and 
simplify to obtain: 


A K_ K a -K h _K' 1 

K, K b K b 

= M_j 
x 


Substitute numerical values and evaluate A K/K h : 


A K 

~k7 


1 


7.15xl0 8 


2.86x10 rev/d 
1 rev/25 d 


-1 = 


7.15x10 


energy increases by a factor of approximately 7x10 s .) 


(i.e., the rotational kinetic 


29 •• 

Picture the Problem We can solve I = CMR 1 for C and substitute numerical values in 
order to determine an experimental value of C for the earth. We can then compare this 
value to those for a spherical shell and a sphere in which the mass is uniformly 
distributed to decide whether the earth’s mass density is greatest near its core or near its 
crust. 
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(a) Express the moment of inertia of 
the earth in terms of the constant C: 

Solve for C to obtain: 


Substitute numerical values and 
evaluate C: 


(b) If all of the mass were in the 
crust, the moment of inertia of the 
earth would be that of a thin 
spherical shell: 

If the mass of the earth were 
uniformly distributed throughout its 
volume, its moment of inertia would 
be: 


/ = CMR 2 


MR 2 

c _ 8.03 xlO 37 kg-m 2 
~ (5.98x10 24 kg)(6370 km) 2 

= 0.331 


T _ _2 

1 spherical shell 3 1V1JX 


T = 1 

solid sphere 5 


MR 2 


Because experimentally C < 2/5 = 0.4, the mass density must be greater 
near the center of the earth. 


*30 •• 

Picture the Problem Let’s estimate that the diver with arms extended over head is about 
2.5 m long and has a mass M= 80 kg. We’ll also assume that it is reasonable to model 
the diver as a uniform stick rotating about its center of mass. From the photo, it appears 
that he sprang about 3 m in the air, and that the diving board was about 3 m high. We can 
use these assumptions and estimated quantities, together with their definitions, to 
estimate n>andh. 


Express the diver’s angular velocity 
O) and angular momentum L: 


Using a constant-acceleration 
equation, express his time in the air: 


Substitute numerical values and 
evaluate At: 


AO 

(1) 

CO = — 

At 

and 

L = Ia> 

(2) 


At = At , +At r „, 

rise 3 m fall 6 m 


2 Af up , 2 Ay t 


+ 


down 


8 


g 


At 


2 ( 3m > + I 2 < 6m) = 1 89s 
9.81m/s 2 y 9.81m/s 2 


Estimate the angle through which he 
rotated in 1.89 s: 


A#«0.5rev = ;rrad 
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Substitute in equation (1) and evaluate 
ay. 


n rad 
1.89s 


1.66 rad/s 


Use the "stick rotating about an axis 
through its center of mass" model to 
approximate the moment of inertia 
of the diver: 

Substitute in equation (2) to obtain: 

Substitute numerical values and 
evaluate L\ 


Remarks: We can check the reasonableness of this estimation in another way. 
Because he rose about 3 m in the air, the initial impulse acting on him must be about 
600 kg-m/s (i.e., / = Ap = Mv ;). If we estimate that the lever arm of the force is 
roughly i = 1.5 m, and the angle between the force exerted by the board and a line 
running from his feet to the center of mass is about 5°, we obtain L = Ilsin5° ~ 78 
kg m 2 /s, which is not too bad considering the approximations made here. 

31 •• 

Picture the Problem First we assume a spherical diver whose mass M— 80 kg and 
whose diameter, when curled into a ball, is 1 m. We can estimate his angular velocity 
when he has curled himself into a ball from the ratio of his angular momentum to his 
moment of inertia. To estimate his angular momentum, we’ll guess that the lever arm t of 
the force that launches him from the diving board is about 1.5 m and that the angle 
between the force exerted by the board and a line running from his feet to the center of 
mass is about 5°. 


I = ±ML 2 


L = ±ML 2 co 

L = 1 V(80kg)(2.5m) 2 (l.66 rad/s) 
= 69.2kg-m 2 /s * 70kg-m 2 /s 


Express the diver’s angular velocity 
a) when he curls himself into a ball 
in mid-dive: 

Using a constant-acceleration 
equation, relate the speed with 
which he left the diving board v 0 to 
his maximum height Ay and our 
estimate of his angle with the 
vertical direction: 

Solve for v 0 : 


Substitute numerical values and 
evaluate vq: 


L 

co = ~ ( 1 ) 

0 = v 2 v + 2a y Ay 
where 

V 0y = V 0 C°S 5° 



^/2(9.81m/s 2 )(3m) 


cos5° 


7.70m/s 










Approximate the impulse acting on 
the diver to launch him with the 
speed v 0 : 

Letting i represent the lever arm of 
the force acting on the diver as he 
leaves the diving board, express his 
angular momentum: 

Use the "uniform sphere" model to 
approximate the moment of inertia 
of the diver: 

Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate co: 
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/ = Ap = Mv 0 


L = It sin 5° = Mv 0 £ sin 5° 


I = jMR 2 


Mv 0 £ sin 5° _ 5v 0 fsin5° 
j MR 2 2R 2 

5(7.70 m/s)(l .5 m)sin5° 
2(0.5 m)' 

10.1 rad/s 


*32 •• 

Picture the Problem We’ll assume that he launches himself at an angle of 45° with the 
horizontal with his arms spread wide, and then pulls them in to increase his rotational 
speed during the jump. We’ll also assume that we can model him as a 2-m long cylinder 
with an average radius of 0.15 m and a mass of 60 kg. We can then find his take-off 
speed and "air time" using constant-acceleration equations, and use the latter, together 
with the definition of rotational velocity, to find his initial rotational velocity. Finally, we 
can apply conservation of angular momentum to find his initial angular momentum. 


Using a constant-acceleration 
equation, relate his takeoff speed vo to 
his maximum elevation Ay: 


Solve for vo to obtain: 


V 2 = V ly + 2a yAy 

or, because vo y = vosin45°, v = 0, and 
a y = ~g, 

0 = Vg sin 2 45° - 2gAy 

v = I 2gAy _ V2gAv 
0 V sin 2 45° sin 45° 


Substitute numerical values and 
evaluate ly: 


-y/2(9.81m/s 2 )(0.6m) 


sin45° 


4.85m/s 


Use its definition to express 
Goebel’s angular velocity: 


AO 

(O- - 

At 


At = 2At 


rise 0.6 m 



Use a constant-acceleration 
equation to express Goebel’s "air 
time" At: 
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Substitute numerical values and 
evaluate At: 


At=2 ^M 

] 9.81 m/s 2 


0.699s 


Substitute numerical values and 
evaluate co: 


4 rev 27i rad 

co = -x- 

0.699 s rev 


36.0 rad/s 


Use conservation of angular 
momentum to relate his take-off 
angular velocity ox, to his average 
angular velocity co as he performs a 
quadruple Lutz: 

Assuming that he can change his 
angular momentum by a factor of 2 
by pulling his arms in, solve for and 
evaluate ox;. 

Express his take-off angular 
momentum: 

Assuming that we can model him as 
a solid cylinder of length t with an 
average radius r and mass m, 
express his moment of inertia with 
arms drawn in (his take-off 
configuration): 

Substitute to obtain: 

Substitute numerical values and 
evaluate L 0 : 


Vector Nature of Rotation 


I 0 co 0 = Ico 


co n = — co = — 


(36 rad/s) = 


18.0 rad/s 


L 0 — I 0 co 0 

/ Q = l[jmr 2 )= mr 2 

where the factor of 2 represents our 
assumption that he can double his moment 
of inertia by extending his arms. 


L 0 = mr 2 co 0 

L 0 = (60kg)(0.15m) 2 (l8rad/s) 
= 24.3 kg-m 2 /s 


33 • 

Picture the Problem We can express F and r in terms of the unit vectors i and j and 
then use the definition of the cross product to find f. 

Express F in terms of F and the unit F = —Fi 

vector i : 

Express r in terms of R and the unit r = Rj 

vector j: 
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Calculate the cross product of r and 

F : 


t = r x F = AT? 

J x -i) 

= F7?(/xj) = 

FRk 


34 • 

Picture the Problem We can find the torque is the cross product of r and F. 

Compute the cross product of r and F : i = r x F = {xi + yj)(— mgj) 

= -mgx(i x /)- mgy(j x j) 
= - mgxk 


35 • 

Picture the Problem The cross product of the vectors A = A x i + A j 
and 2? = B x i + B v j is given by 

AxB = A r B f (i xi)+A y B y (ixj)+ A y B x ( jxi )+ A y B y (jx j) 

= A x B x (0) + A,B y (*)+ A y B,(- k )+ A y B, (0) 

= A,B r (*)+A r B,(-i) 


(a) Find AxB for A =M and 
B = 6 i +6 j 


A x B = 4i x (6/ + 6/) 

= 24(* x i )+ 24(1 x jj 
= 24(0)+ 24 k = 


24k 


( b ) Find AxB for A =4 i and 
B = 6 i + 6 k : 


A x B = 4i x (b/ + 6^) 

= 24 (i x i )+ 24(/ x k) 
= 24(0)+ 24(-j 



(c) Find AxB for A = 2 i +3 j 
and B =3 1 +2 j : 


A x B = ( 2 / + 3 j)x ( 3 / + 2 7 ) 

( /v /v\ U r~ \ / /V /v\ 

i x i)+ 4(/x j J+ 9(y xif 

+ 6(7x7) 

= 6(0)+4^)+9(-yt)+6(0) 
= -5k 
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*36 • 

Picture the Problem The magnitude of A x B is given by | AB sin 0 \. 


Equate the magnitudes of Ax B 
and A- B : 


Solve for dto obtain: 


| AB sin 6\ = | AB cos 0\ 
|sin#| = |cos6*| 
or 

tan 6 = ± 1 


0 = tan 1 ± 1 = 


±45° or ±135° 


37 •• 

Picture the Problem Let r be in the xy 
plane. Then w points in the positive z 
direction. We can establish the results 
called for in this problem by forming the 
appropriate cross products and by 
differentiating v. 



(a) Express rousing unit vectors: 

Express r using unit vectors: 

Form the cross product of to and r : 


io = cok 

r = ri 

cbxr = cok xri = rcoykxiJ= rco j 

= vj 


v = wx r 


(b ) Differentiate v with respect to t to 
express a: 


dv d _ 
a = — = — ( ro x r 
dt dt 

dco _ dr 

=- xr + (ox — 

dt dt 

d(o _ _ _ 

=- xr + (ox v 

dt 

= a t + (oxiybxr) 


= «t + «c 

where a c = 



and a t and a c are the tangential and 
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centripetal accelerations, respectively. 

38 •• 

Picture the Problem Because B z = 0, we can express B as B = B x i + Bj and form its 
cross product with A to determine B x and B,. 


Express B in terms of its components: 

B = B x i + B y j (1) 

Express A x B : 

A x B = 4i x (bJ + B y j^= 4B v k = 12^ 

Solve for B v : 

B y = 3 

Relate B to B x and B v \ 

B 2 =B 2 x+ B 2 y 

Solve for and evaluate B x : 

B x = ^B 2 - B] =V5 2 -3 2 =4 

Substitute in equation (1): 

B= 4i + 3j 

39 • 



Picture the Problem We can write B in the form B = B x i + B j + B.k and use the dot 
product of A and B to find B v and their cross product to find B x and B : . 


Express B in terms of its components: 

B - BJ + B y j + B.k (1) 

Evaluate A B : 

AB =3B y =12 

and 

By = 4 

Evaluate AxB : 

AxB = 3y x (BJ + 4j + B.k ) 

= -3 BJk + 3 BJ 

Because AxB =9i : 

B x = 0 and B : = 3. 

Substitute in equation (1) to obtain: 

B= 4j + 3k 
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40 •• 


Picture the Problem The dot product of A with the cross product of B and C is a scalar 


quantity and can be expressed in determinant form as 


a x a y a z 

K K b z 

c c c 

x y z 


. We can expand this 


determinant by minors to show that it is equivalent to A • (B x C) , C ■ (A x B) , and 
B-(CxA). 


The dot product of A with the cross 

product of B and C is a scalar 
quantity and can be expressed in 
determinant form as: 

Expand the determinant by minors 
to obtain: 


Evaluate the cross product of B and 
C to obtain: 

Form the dot product of A with 
BxC to obtain: 


Because (1) and (2) are the same, 
we can conclude that: 


Proceed as above to establish that: 


A ■ (B x C) = 


b b b 

x y z 


b b b 

x y z 


+ a y b z c x -a y b x c z (1) 

+ a AS - a = b -- c < 


BxC = (b y c z -b z c y )i 

+ ( b z c x - h fz )j + ( h x C y - K C x X 

A-(Bxc)=a x b y c z -a x b z c y 

+ a y b z c x -a y b x c z (2) 
+ a z b x c y -a z b y c x 


A-(B x C) = 

a x a y a z 

K K K 

C x C y C z 



C-(AxB) = 

a x a y a z 

K K b z 

c c c 

x y z 



and 
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a 

a 

a 



y 



b 

b v 

b 



y 



c 

c 

c 



y 




B -(CxA) = 


41 •• 

Picture the Problem Let, without loss of generality, the vector C lie along the x axis and 

the vector B lie in the xy plane as shown below to the left. The diagram to the right 
shows the parallelepiped spanned by the three vectors. We can apply the definitions of 

the cross- and dot-products to show that A-\BxC) is the volume of the parallelepiped. 


Z 




Express the cross-product of B and C : 


BxC = {BC sin #)(- a) 
and 


BxC 


= (f?sin#)C 

= area of the parallelogram 


Form the dot-product of A with the A-{bxC) = A{B sin 0)C cos (j) 

cross-product of B and C to obtain: = (f?Csin#)(y4cos0) 

= (area of base)(height) 
= V 

parallelepiped 


*42 •• 

Picture the Problem Draw the triangle 
using the three vectors as shown below. 

Note that A + B = C. We can find the 
magnitude of the cross product of A and 
B and of A and C and then use the cross 
product of A and C, using A + B = C, to 
show that ACsinb = AS sine or 
S/sin b = Cl sin c. Proceeding similarly, we 
can extend the law of sines to the third side 
of the triangle and the angle opposite it. 
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Express the magnitude of the cross 
product of A and B : 

Express the magnitude of the cross 
product of A and C : 

Form the cross product of A with 
C to obtain: 


Because A x C = A x B : 


Simplify and rewrite this expression 
to obtain: 

Proceed similarly to extend this 
result to the law of sines: 


AxB 


= AB sine 


AxC 


= AC sin b 


AxC = Ax(a + B ) 

= AxA + AxB 
= AxB 

because A x A = 0. 


AxC = AxB 
and 

AC sin b = ABsinc 


B 


C 


sinh sine 


A 


B 


C 


sine sinh sine 


Angular Momentum 


43 • 

Picture the Problem L and p are related according to L = rxp. If L = 0, then 
examination of the magnitude of r x p will allow us to conclude that sin (f) = 0 and that 
the particle is moving either directly toward the point, directly away from the point, or 
through the point. 


Because L = 0: 


Express the magnitude of rxv: 

Because neither r nor v is zero: 


Solve for (fr. 


r x p = r x mv = mr x v = 0 
or 

r xv = 0 

|r x v| = rv sin (j) = 0 


sin (j> = 0 

where <f> is the angle between r and v. 


</) = sin 1 0 = 


0° or 180° 
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44 • 

Picture the Problem We can use their definitions to calculate the angular momentum 
and moment of inertia of the particle and the relationship between L, I, and co to 
determine its angular speed. 


(a) Express and evaluate the 
magnitude of L : 


L = mvr = (2 kg )(3.5 m/s) (4 m) 
= 28.0 kg-nr/s 


(b) Express the moment of inertia of 
the particle with respect to an axis 
through the center of the circle in 
which it is moving: 

(c) Relate the angular speed of the 
particle to its angular momentum 
and solve for and evaluate co: 


T 2 

1 = mr 


(2kg)(4m) 2 


32kg-m 2 



28.0kg -nr/s 
32 kg-nr 


0.875 rad/s 2 


45 • 

Picture the Problem We can use the definition of angular momentum to calculate the 
angular momentum of this particle and the relationship between its angular momentum 
and angular speed to describe the variation in its angular speed with time. 


(a) Express the angular momentum 
of the particle as a function of its 
mass, speed, and distance of its path 
from the reference point: 

( b ) Because L = mr 2 ox 


L = rmv sin 6* 

= (6m)(2kg)(4.5m/s)sin90° 
= 54.0kg-m 2 /s 


a> oc — and 
r" 

co increases as the particle 
approaches the point and decreases 
as it recedes. 


*46 •• 

Picture the Problem We can use the formula for the area of a triangle to find the area 
swept out at t = t\, add this area to the area swept out in time dt, and then differentiate this 
expression with respect to time to obtain the given expression for dA/dt. 

A x = \bi\ cos#! = \bx { 
where 6\ is the angle between r, and v and 


Express the area swept out at t = t\\ 
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xi is the component of r, in the direction of 
v. 


Express the area swept out at 
t = t\ + dt : 


A = A 1 + dA = j b(x l + dx) 
= jb(x l + vdt) 


Differentiate with respect to t: 


dA _ j ^dx 
dt 2 dt 


= \bv = constant 


Because rsmO= b: 


\bv = |(rsin6')v 

_ L 
2 m 


-^—(rp sin 0) 
2m 


47 •• 

Picture the Problem We can find the total angular momentum of the coin from the sum 
of its spin and orbital angular momenta. 

(a) Express the spin angular 
momentum of the coin: 

From Problem 9-44: 


^spin ^cm ^spin 


I = \MR- 


Substitute for / to obtain: 


L 


spin 


= fa 


Substitute numerical values and 
evaluate Z. sp!ll : 


4pi„=i(0015kg)(0.0075m) J 

(, . rev 27 rrad^i 

x 10-x- 

l s rev I 


1.33x10 kg-m /s 


(b ) Express and evaluate the total 
angular momentum of the coin: 


L ~ ^orbit + L - - 0 + L 


spin 


spin 


1.33x10 5 kg-m 2 /s 


(c) From Problem 10-14: 


(d) Express the total angular 
momentum of the coin: 


^ orbit — 0 


and 
L = 


1.33x10 kg-nr/s 


L ~ ^orbit + L 
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Find the orbital momentum of the An-bit — ±MvR 

coin: = ±(0.015kg)(0.05m/s)(0. lm) 

= ±7.50x10 5 kg-m 2 /s 

where the ± is a consequence of the fact 
that the coin’s direction is not specified. 

Substitute to obtain: L = ±7.50 x 10 5 kg • m 2 /s 

+ 1.33xl0~ 5 kg-m 2 /s 


The possible values for L are: 

L = 

8.83 x 10~ 5 kg • m 2 /s 



or 




L = 

-6.17x10 5 kg-m 2 /s 


48 •• 

Picture the Problem Both the forces acting on the particles exert torques with respect to 
an axis perpendicular to the page and through point O and the net torque about this axis is 
their vector sum. 

Express the net torque about an axis *-=Z A = ? 1 xF 1 +r 2 xF 2 

perpendicular to the page and 1 

through point O: = (?i ) x A 

because F 2 = —F x 


Because T\ - r 2 points along - F l : 


(f -r 2 )xF =0 


Torque and Angular Momentum 


49 • 

Picture the Problem The angular momentum of the particle changes because a net 
torque acts on it. Because we know how the angular momentum depends on time, we can 
find the net torque acting on the particle by differentiating its angular momentum. We 
can use a constant-acceleration equation and Newton’s 2 nd law to relate the angular speed 
of the particle to its angular acceleration. 


(a) Relate the magnitude of the 
torque acting on the particle to the 
rate at which its angular momentum 
changes: 


— = -[(4N-m)fl 
dt dt^ ' J 

4.00 N -m 
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( b ) Using a constant-acceleration 
equation, relate the angular speed of 
the particle to its acceleration and 
time-in-motion: 

Use Newton’s 2 nd law to relate the 
angular acceleration of the particle 
to 

the net torque acting on it: 

Substitute to obtain: 


Substitute numerical values and 
evaluate a>\ 


co = (Oq + at 
where a>o = 0 



mr 


co = ^t 
mr 

(4N-m)f 

03 ~ (l.8kg)(3.4m) 2 
= (0.192 rad/s 2 )t 
provided t is in seconds. 


50 •• 

Picture the Problem The angular momentum of the cylinder changes because a net 
torque acts on it. We can find the angular momentum at t = 25 s from its definition and 
the net torque acting on the cylinder from the rate at which the angular momentum is 
changing. The magnitude of the frictional force acting on the rim can be found using the 
definition of torque. 


(a) Use its definition to express the L = Ico = \mr 2 a> 

angular momentum of the cylinder: 


Substitute numerical values and 
evaluate L\ 


(b) Express and evaluate 


dL 

dt 


L = y(90kg)(0.4m) 2 


f rev 27rrad lmin A 

500-x-x- 

min rev 60s j 


377kg-m7s 


dL _ (377kg -m 2 /s) 
dt 25 s 

= 15.1kg-m 2 /s 2 


dL 
r = — 
dt 


15.1kg-m 2 /s 2 


(c) Because the torque acting on the 
uniform cylinder is constant, the rate 
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of change of the angular momentum 
is constant and hence the 
instantaneous rate of change of the 
angular momentum at any instant is 
equal to the average rate of change 
over the time during which the 
torque acts: 

(d) Using the definition of torque 
that relates the applied force to its 
lever arm, express the magnitude of 
the frictional force/acting on the 
rim: 



15.1kg-nr/s 2 
0.4 m 


37.7N 


*51 •• 

Picture the Problem Let the system include the pulley, string, and the blocks and 
assume that the mass of the string is negligible. The angular momentum of this system 
changes because a net torque acts on it. 


(a) Express the net torque about the 
center of mass of the pulley: 


( b ) Express the total angular 
momentum of the system about an 
axis through the center of the 
pulley: 

(c) Express r as the time derivative 
of the angular momentum: 


Uiet = R m ig sin 6 - Rm l g 

= Rg(m 2 sin 6 - m ] ) 

where we have taken clockwise to be 
positive to be consistent with a positive 
upward velocity of the block whose mass is 
ni\ as indicated in the figure. 

L = 


Ico + m ] vR + m 2 vR 


C 


vR 


\ 


— + m + m 2 

kR 2 y 


r 


dL 

dt 


f 

= aR 

V 


d_ 

dt 

I 



( I 

—- + m, + m 
{R 2 1 


A 


—T + m, +m 

R 2 1 


2 


y 


y 


g(m 2 sin 6 - m x ) 
1 

—+ m, +m 2 
R 2 


Equate this result to that of part ( a ) 
and solve for a to obtain: 


a = 
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52 « 

Picture the Problem The forces resulting from the release of gas from the jets will exert 
a torque on the spaceship that will slow and eventually stop its rotation. We can relate 
this net torque to the angular momentum of the spaceship and to the time the jets must 
fire. 


Relate the firing time of the jets to 
the desired change in angular 
momentum: 



IAco 


r 


net 


Express the magnitude of the net r ncl = 2FR 

torque exerted by the jets: 


Letting Am!At' represent the mass of 
gas per unit time exhausted from the 
jets, relate the force exerted by the 
gas on the spaceship to the rate at 
which the gas escapes: 

Substitute and solve for At to obtain: 



At = 


2 


1A co 
At ’ 


Substitute numerical values and evaluate At: 


(4000 kg-m 2 ) 


^ rev 27rrad I m i n 

6-x-x 


At = ■ 


min 


rev 


2(l0 2 kg/s)(800m/s)(3 m) 


60s 


52.4s 


53 » 

Picture the Problem We can use constant-acceleration equations to express the 
projectile’s position and velocity coordinates as functions of time. We can use these 
coordinates to express the particle’s position and velocity vectors r and v. Using its 

definition, we can express the projectile’s angular momentum L as a function of time and 
then differentiate this expression to obtain dLjdt . Finally, we can use the definition of 
the torque, relative to an origin located at the launch position, the gravitational force 
exerts on the projectile to express f and complete the demonstration that dL/dt = f. 

Using its definition, express the L = rx mv (1) 

angular momentum vector L of the 
projectile: 


Using constant-acceleration 


x = v 0x t = (V cos#)^ 











equations, express the position 
coordinates of the projectile as a 
function of time: 


Conservation of Angular Momentum 759 


and 

y = v 0 +v 0 / + |a/ 

= (V smQ)t -\gt 2 

Express the projectile’s position F = [(Fcos0>]/ + [(Usin d)t-\gt 2 ]j 

vector r : 


Using constant-acceleration 
equations, express the velocity of 
the projectile as a function of time: 


U = v 0l = V cos 6 
and 

v y =v 0y + a y t 
= V sin 6 - gt 


Express the projectile’s velocity v = [u cos 0\i + [u sin 0 - gt\j 

vector v : 


Substitute in equation (1) to obtain: 


L = j[(u cos 6)t\i + [{V sin 0)t - \ gt 2 ]y) 
x m ([u cos 0\i + [V sin 6 - gt]j] 

= ( -\mgt 2 V cosO)k 


Differentiate L with respect to t to obtain: 


— = - {-\mgt 2 V cos 6]k 
dt dt X 2 ’ 

= (-mgtV cos#)£ 


( 2 ) 


Using its definition, express the 
torque acting on the projectile: 


T = r x (- mg )j 

= [(V cos#)^]/ + [(F sin 0)t-\gt 2 \j 

x (- mg )j 
or 

T = (-mgtV cos 6)k (3) 


Comparing equations (2) and (3) we 
see that: 
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*54 • 

Picture the Problem Let m represent the mass of the planet and apply the definition of 
torque to find the torque produced by the gravitational force of attraction. We can use 
Newton’s 2 nd law of motion in the form f = dL/dt to show that L is constant and apply 
conservation of angular momentum to the motion of the planet at points A and B. 
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(a) Express the torque produced by 
the gravitational force of attraction 
of the sun for the planet: 

( b ) Because f = 0 : 

Noting that at points A and B 
|F x v| = rv , express the 

relationship between the distances 
from the sun and the speeds of the 
planets: 

55 •• 

Picture the Problem Let the system consist of you, the extended weights, and the 
platform. Because the net external torque acting on this system is zero, its angular 
momentum remains constant during the pulling in of the weights. 

(a) Using conservation of angular I l O) i = I { (0 { 

momentum, relate the initial and 

final angular speeds of the system to 

its initial and final moments of 

inertia: 

Solve for co f : _ I { 


z = fxF = | 0 | because F acts along 
the direction of r. 


— = 0 => L = r x mv = constant 
dt 


r,Vi = r 2 v 2 


or 

Zl 

v. 


Substitute numerical values and 
evaluate a> { : 


(O f 


6kg-m 2 
1.8kg -in 2 


(l.5rev/s) 


5.00 rev/s 


( b ) Express the change in the kinetic A K = K { — K t = 

energy of the system: 


Substitute numerical values and 
evaluate A K: 


A K = 


i(l-8kg -m 2 ) 


f 

5 


V 


rev 
-x 

s 


27rrad 

rev 


i(6kg-m ! ) 


1.5 


rev 
-x 

s 


2k rad 


Y 

J 

v 


622 J 


rev J 
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Because no external agent does work on the system, the energy comes 
from the internal energy of the man. 


*56 •• 

Picture the Problem Let the system consist of the blob of putty and the turntable. 
Because the net external torque acting on this system is zero, its angular momentum 
remains constant when the blob of putty falls onto the turntable. 


(a) Using conservation of angular 
momentum, relate the initial and 
final angular speeds of the turntable 
to its initial and final moments of 
inertia and solve for (»{. 


h® i = U«) { 
and 


co r = — CD- 

T 

1 f 


Express the final rotational inertia of 7 f = /„ + 7 blob = / 0 + mR 2 

the tumtable-plus-blob: 


Substitute and simplify to obtain: 


a> { = 


7 0 + mR 


CO- = 


2 i 



(b) If the blob flies off tangentially to the turntable, its angular momentum doesn’t 
change (with respect to an axis through the center of turntable). Because there is no 
external torque acting on the blob-turntable system, the total angular momentum of the 
system will remain constant and the angular momentum of the turntable will not change. 
Because the moment of inertia of the table hasn’t changed either, the turntable will 
continue to spin at 


co = co t 


57 •• 

Picture the Problem Because the net external torque acting on the Lazy Susan- 
cockroach system is zero, the net angular momentum of the system is constant (equal to 
zero because the Lazy Susan is initially at rest) and we can use conservation of angular 
momentum to find the angular velocity co of the Lazy Susan. The speed of the cockroach 
relative to the floor v f is the difference between its speed with respect to the Lazy Susan 
and the speed of the Lazy Susan at the location of the cockroach with respect to the floor. 

Relate the speed of the cockroach 
with respect to the floor Vf to the 
speed of the Lazy Susan at the 
location of the cockroach: 

Use conservation of angular 
momentum to obtain: 


v f =v-cor (1) 


-As A; ~ 0 
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Express the angular momentum of 
the Lazy Susan: 

Express the angular momentum of 
the cockroach: 


Substitute to obtain: 


Solve for co to obtain: 


Substitute in equation (1): 


A.s — A.s® ~~ 2 MR ® 


L ( = I c co c = mr‘ 


— CO 

M J 


- Mco - mr 


fv ) 

— CO 

\r ) 


= 0 


CO = 


2 mrv 


MR~+2mr 


2 mrv 


MR + 2 mr 2 


Substitute numerical values and evaluate Vf: 




O.Olm/s 


2(0.015 kg)(0.08m) 2 (0.01 m/s) 
(0.25 m)(0.15 m) 2 + 2(0.015 kg)(0.08 m) 2 


9.67mm/s 


*58 •• 

Picture the Problem The net external torque acting on this system is zero and so we 
know that angular momentum is conserved as these disks are brought together. Let the 
numeral 1 refer to the disk to the left and the numeral 2 to the disk to the right. Let the 
angular momentum of the disk with the larger radius be positive. 


Using conservation of angular 
momentum, relate the initial angular 
speeds of the disks to their co mm on 
final speed and to their moments of 
inertia: 


7,®, =/ f ® f 

or 

12^0 = (^1 + 12 )^r 


Solve for co f : 


Express I\ and / 2 : 


/, - / 2 

COr = — - -CDr, 

I +1 
J 1 tj 2 


/, = ^m(2r) 2 =2 mr 2 
and 

j i 2 

12 =\ mr 


co f 


2mr" -\mr 2 

- 2 —f o 

2 mr + ' mr 



Substitute and simplify to obtain: 
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59 •• 

Picture the Problem We can express the angular momentum and kinetic energy of the 
block directly from their definitions. The tension in the string provides the centripetal 
force required for the uniform circular motion and can be expressed using Newton’s 2 nd 
law. Finally, we can use the work-kinetic energy theorem to express the work required to 
reduce the radius of the circle by a factor of two. 


(a) Express the initial angular 
momentum of the block: 


A> = 


r 0 mv 0 


(b ) Express the initial kinetic energy 
of the block: 


K n 


j mv 


2 

0 


(c) Using Newton’s 2 nd law, relate the 
tension in the string to the centripetal 
force required for the circular motion: 


Use the work-kinetic energy theorem 
to relate the required work to the 
change in the kinetic energy of the 
block: 


W = AK = K t -K 0 = 


T T 
_Zt___z!L 

2 I r 2 I n 


T I 

U) U) 

2 L 2 L 


Li 


T 2 


v/r h J 


m (2 r 0 f - 


mr, 


o y 


1A 

3 mr,: 


Substitute the result from part (a) and 
simplify to obtain: 


W = 


~i mv l 


*60 •• 

Picture the Problem Because the force exerted by the rubber band is parallel to the 
position vector of the point mass, the net external torque acting on it is zero and we can 
use the conservation of angular momentum to determine the speeds of the ball at points B 
and C. We’ll use mechanical energy conservation to find b by relating the kinetic and 
elastic potential energies at A and B. 

(a) Use conservation of momentum L A = L B = L c 

to relate the angular momenta at or 

points A, B and C: mv 4 r A = mv B r B = mv c r c 


v 


B 


= v. 


Solve for v R in terms of v A : 
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Substitute numerical values and 
evaluate v B : 


(4 m/s) 


0.6m 

lm 


2.40 m/s 


Solve for vc in terms of v A : 


= v, 


Substitute numerical values and 
evaluate vc- 


(4 m/s) 


0.6 m 
0.6m 


4.00 m/s 


( b ) Use conservation of mechanical 
energy between points A and B to 
relate the kinetic energy of the point 
mass and the energy stored in the 
stretched rubber band: 

Solve for b: 


Ea ~ E b 

or 

1 2.172 1 2.172 

jmv A + jbr A =\mv B +{br B 


b = 


} 


Substitute numerical values and evaluate b : 


, _ (0.2kg)[(2.4m/s) 2 -(4m/s)^J 
(0.6m) 2 -(lm) 2 

= 3.20 N/m 


Quantization of Angular Momentum 


*61 • 

Picture the Problem The electron’s spin 
angular momentum vector is related to its z 
component as shown in the diagram. 


Z 



Using trigonometry, relate the 
magnitude of s to its z component: 


6 = cos 1 


2 " 

V0/75 h 


54.7° 


62 •• 

Picture the Problem Equation 1 0-21 a describes the quantization of rotational energy. 
We can show that the energy difference between a given state and the next higher state 
proportional to i + lby using Equation 10-27a to express the energy difference. 
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From Equation 10-27a we have: 

Using this equation, express the 
difference between one rotational 
state and the next higher state: 

63 •• 

Picture the Problem The rotational energies of FIBr molecule are related to i and 
E 0l according to K t = l{l + \ )E i)r where E 0r =^ 2 /27. 

T 2 

1 = m p r 

= (l.67 x 10 27 kg) (0.144x 10^ 9 m) 2 
= 3.46x10 47 kg-m 2 


(a) Express and evaluate the moment 
of inertia of the FI atom: 


K, = f(/ + l)£ 0r 

A E = (e + l)(f + 2)E 0r -£(£ +1 )E 0t 

= W+Wo, 


(b) Relate the rotational energies to K f — t(' + l)it 0r 

i and E 0r : 


Evaluate E 0t : 


Evaluate E for l = 1: 


Evaluate E for 7=2: 


J 0r 


Ti 2 _ (l.05xl0~ 34 J-s) 2 

21 ~ 2(3.46x10 47 kg-m 2 ) 


1.59x10 22 Jx 


leV 

1.60x10 19 J 


= 0.996 meV 


E, 


(l + l)(0.996meV) 


1.99meV 


E 2 =2(2 + l)(0.996meV) 
= 5.98meV 


Evaluate E for i =3: E 2 = 3(3 + l)(0.996meV) 

= 12.0meV 


64 •• 

Picture the Problem We can use the definition of the moment of inertia of point 
particles to calculate the rotational inertia of the nitrogen molecule. The rotational 
energies of nitrogen molecule are related to l and E 0t according 

to K f = t{l + l)E 0i . where E 0r = fi 2 j21. 
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(a) Using a rigid dumbbell model, 
express and evaluate the moment of 
inertia of the nitrogen molecule 
about its center of mass: 

Substitute numerical values and evaluate I: 


T V -1 2 2 , 2 

I = ljn- 1 ; =m N r +m N r 

i 

= 2m N r 2 

/ = 2(14)(l .66 x 10 27 kg)(5.5 x 10 11 m) 
= 1.41x10 46 kg-rn 2 


( b ) Relate the rotational energies to E ( — + 1 )E Qt 

i and E Qt : 


Evaluate E 0l : 


^0r 


fl 2 _ 

(l .05 x 10 34 J - s) 

r 

2I~2\ 

1.41x10 46 kg-rn 2 ) 


3.91x10 23 Jx 


leV 

1.60x10 19 J 


= 0.244 meV 


Substitute to obtain: 


E f 


0.2446(^ + 1) meV 


*65 •• 

Picture the Problem We can obtain an expression for the speed of the nitrogen molecule 
by equating its translational and rotational kinetic energies and solving for v. Because this 
expression includes the moment of inertia / of the nitrogen molecule, we can use the 
definition of the moment of inertia to express / for a dumbbell model of the nitrogen 
molecule. The rotational energies of a nitrogen molecule depend on the quantum number 
t according to E f = L 2 121 = l{l + \)ti 2 121. 


Equate the rotational kinetic energy 
of the nitrogen molecule in its i = 1 
quantum state and its translational 
kinetic energy: 

Express the rotational energy levels 
of the nitrogen molecule: 


E ] = j m N v 2 (1) 


_ L 2 _ £(£ + l)n 2 

~ 2I ~ 21 


For 1=1: 


E , 


l(l + l)ft 2 


I 


21 
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Substitute in equation (1): 


= jm N v 2 


Solve for v to obtain: 



( 2 ) 


Using a rigid dumbbell model, 
express the moment of inertia of the 
nitrogen molecule about its center of 
mass: 


/ = y^/nj] 2 = m N r 2 + m n r 2 = 2 m n r 2 

i 

and 

m N I = 2m^r 2 


Substitute in equation (2): 


v =. 


2tr 


2 m 2 r 2 m N r 


Substitute numerical values and evaluate v: 1.055 x 10 ’ 4 J ■ s 

V “ 14(1.66x10 27 kg)(5.5x10 n m) 

= 82.5m/s 


Collision Problems 

66 •• 

Picture the Problem Let the zero of gravitational potential energy be at the elevation of 
the rod. Because the net external torque acting on this system is zero, we know that 
angular momentum is conserved in the collision. We’ll use the definition of angular 
momentum to express the angular momentum just after the collision and conservation of 
mechanical energy to determine the speed of the ball just before it makes its perfectly 
inelastic collision with the rod. 

Use conservation of angular 
momentum to relate the angular 
momentum before the collision to 
the angular momentum just after the 
perfectly inelastic collision: 

Use conservation of mechanical K { — K t +U { —U i = 0 

energy to relate the kinetic energy of or, because K, = U r = 0, 

the ball just before impact to its K { —U i =0 

initial potential energy: 


4=A 

= mvr 


Letting h represent the distance the 


v = ^2gh 










768 Chapter 10 


ball falls, substitute for 
K f and U i and solve for v to 

obtain: 

Substitute for v to obtain: 

Substitute numerical values and 
evaluate L{. 


L i = mr^Jlgh 

Z f =(3.2kg)(0.9 m )V2(9.81m/s 2 )(l.2 m) 
= 14.0 J-s 


*67 •• 

Picture the Problem Because there are no external forces or torques acting on the 
system defined in the problem statement, both linear and angular momentum are 
conserved in the collision and the velocity of the center of mass after the collision is the 
same as before the collision. Let the direction the blob of putty is moving initially be the 
positive x direction and toward the top of the page in the figure be the positive v 
direction. 


Using its definition, express the 
location of the center of mass relative 
to the center of the bar: 


y c 


md 

M + m 


below the center of the bar. 


Using its definition, express the 
velocity of the center of mass: 


mv 

M + m 


Using the definition of L in terms of I L cm 

co =- 

and co, express co: I 


( 1 ) 


Express the angular momentum about 
the center of mass: 


L cm =mv(d-y cm ) 
md 


r 


= mv 


d — 


V 


M + m 


mMvd 
M + in 


Using the parallel axis theorem, 7 cm = ML 2 + My 2 m + m(d - y cm ) 2 

express the moment of inertia of the 
system relative to its center of mass: 


Substitute fory cm and simplify to obtain: 
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4n=iV ml 2 + m 


Z 7776? 'j 


k M + 777 j 


+ 777 


6 ? — 


7776? ^ 


V 


i ? Mm 2 d 2 
= Y2 ML +- - 2 +m 


(. M+mf 


M + 777 7 
- 7776? 


2 

6?(m + m)—™' 1 ^ 


= ±ML 2 + 


M + 772 

Mm 2 d 2 mM 2 d 2 , 2 (M + m)mMd 2 

(M + 777 ) ('M + 772 ) (M + 722 ) 


7 


Substitute for 7 cm and Z cm in equation 
(1) and simplify to obtain: 


mMvd 

,2 Mid (M + 772 ) + Mmd 2 


Remarks: You can verify the expression for / cm by letting m —» 0 to obtain 
I cm = J 2 ML 2 and letting M -> 0 to obtain / cm = 0. 

68 •• 

Picture the Problem Because there are no external forces or torques acting on the 
system defined in the statement of Problem 67, both linear and angular momentum are 
conserved in the collision and the velocity of the center of mass after the collision is the 
same as before the collision. Kinetic energy is also conserved as the collision of the hard 
sphere with the bar is elastic. Let the direction the sphere is moving initially be the 
positive x direction and toward the top of the page in the figure be the positive y direction 
and V and V be the final velocities of the objects whose masses are m and M, 
respectively. 


Apply conservation of linear 

Pi = Pi 


momentum to obtain: 

or 



772 V = mv'+MV' 

(1) 

Apply conservation of angular 

tw 

11 


momentum to obtain: 

or 



mvd = mV d + -}ML 2 oj 

(2) 

Set V = 0 in equation (1) and solve 

y = ™ 

(3) 

for V: 

M 

Use conservation of mechanical 

II 


energy to relate the kinetic energies 

or 


of translation and rotation before 

}mv 2 =} MV' 2 +}(±ML 2 )a> 2 

(4) 
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and after the elastic collision: 

Substitute (2) and (3) in (4) and 
simplify to obtain: 


Solve for d : 


m 12 m 


r d 2 ^ 


d = 


-h 

M 

M [l 2 

L 1 

M - m 

12 m 


69 •• 

Picture the Problem Let the zero of 
gravitational potential energy be a distance 
x below the pivot as shown in the diagram. 
Because the net external torque acting on 
the system is zero, angular momentum is 
conserved in this perfectly inelastic 
collision. We can also use conservation of 
mechanical energy to relate the initial 
kinetic energy of the system after the 
collision to its potential energy at the top of 
its swing. 



Using conservation of mechanical 
energy, relate the rotational kinetic 
energy of the system just after the 
collision to its gravitational potential 
energy when it has swung through 
an angle &. 


AK + AU = 0 

or, because K f = U, = 0, 

- K { + U f = 0 


and 



Apply conservation of momentum to 
the collision: 


L =L r 


or 

0.8 dmv = Ico = 


\Md 2 +(0.8 d) 2 mlco 


Solve for co to obtain: 


0.8 dmv 

\Md 2 +0.64 md 2 


( 2 ) 


/ = m(0.Sd) 2 +\Md 2 
= 0.64 md 2 +\Md 2 


Express the moment of inertia of the 
system about the pivot: 


(3) 


















Substitute equations (2) and (3) in 
equation (1) and simplify to obtain: 
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-cos#) 


0.32 (dmvf 
\Md 2 +0.64 md 2 


Solve for v: 


v = 


1 


(0.5M + 0.8m) ( }Md 1 +0.64md 1 )g(l 
0.32 dm 2 


-cos 


0 ) 


Evaluate v for 0= 90° to obtain: 


v = 



70 •• 

Picture the Problem Let the zero of 
gravitational potential energy be a distance 
x below the pivot as shown in the diagram. 
Because the net external torque acting on 
the system is zero, angular momentum is 
conserved in this perfectly inelastic 
collision. We can also use conservation of 
mechanical energy to relate the initial 
kinetic energy of the system after the 
collision to its potential energy at the top of 
its swing. 

Using conservation of mechanical 
energy, relate the rotational kinetic 
energy of the system just after the 
collision to its gravitational potential 
energy when it has swung through an 
angle 0: 

Apply conservation of momentum to 
the collision: 



Kf-K^Uf-U^ 0 

or, because K f = U, = 0, 
-K { +U f = 0 


and 



A = A 

or 

0.8 dmv = Ico 

= \Md 2 +(0.8d) 2 in\co 
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Solve for co to obtain: 


0.8 dmv 

\Md 2 + 0.6W 2 


( 2 ) 


Express the moment of inertia of the 
system about the pivot: 


Substitute equation (2) in equation (1) 
and simplify to obtain: 


/ = m(0.8d ) 2 + \Md 2 
= (0.64 m + jM)d 2 
= [0.64(0.3kg)+|(0.8kg)](l.2m) 2 
= 0.660 kg -m 2 

Mg — + 0.8c/mgl(l - cos 6) 

V 2 ) 

0.32 (dmv) 2 

I 


Solve for v: 


l g(0.5M + 0.8»z)(l -cos w 

V 0.32 dm 2 


Substitute numerical values and evaluate v for 9= 60° to obtain: 


| (9.81m/s 2 )[0.5(0.8kg)+0.8(0.3kg)](0.5)(0.660kg-m 2 7 

V 0.32(l.2m)(0.3kg) 2 


7.74 m/s 


71 « 

Picture the Problem Let the length of the uniform stick be t. We can use the impulse- 
change in momentum theorem to express the velocity of the center of mass of the stick. 
By expressing the velocity V of the end of the stick in terms of the velocity of the center 
of mass and applying the angular impulse-change in angular momentum theorem we can 
find the angular velocity of the stick and, hence, the velocity of the end of the stick. 


(a) Apply the impulse-change in 
momentum theorem to obtain: 


Solve for v cm to obtain: 


(b ) Relate the velocity V of the end 
of the stick to the velocity of the 
center of mass v cm : 

Relate the angular impulse to the 
change in the angular momentum of 
the stick: 


K = Ap = p-p 0 =p 

or, because po = 0 and p = Mv cm , 

K = Mv 

cm 


K 


>' = + '"’rd to coin = f ) (1) 


k(u)=\l = l-l 0 = 

or, because L 0 = 0, 

k(¥) = 4,® 
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Refer to Table 9-1 to find the 
moment of inertia of the stick with 
respect to its center of mass: 

Substitute to obtain: 

Solve for a>: 


Substitute in equation (1) to obtain: 


(c) Relate the velocity V of the other 
end of the stick to the velocity of the 
center of mass v cm : 


(d) Letting x be the distance from the 
center of mass toward the end not 
struck, express the condition that the 
point at x is at rest: 

Solve for x to obtain: 


Solve forx to obtain: 


6 K 

co = - 

Ml 


V = V cm “Ueltocofm = Um ~ 


K 

<3\ 

l _ 

2 K 

M 

kMI) 

2 ” 

M 


V cm-«* = 0 


K 6K n 

M Ml 
K 


Ml 

Note that for a meter stick struck at the 
100-cm mark, the stationary point would 
be at the 33.3-cm mark. 


V = ■ 


K 

-b 

1 ON 

| 

l _ 

4 K 

M 

l Ml t 

2 

M 


Remarks: You can easily check this result by placing a meterstick on the floor and 
giving it a sharp blow at the 100-cm mark. 

72 •• 

Picture the Problem Because the net external torque acting on the system is zero, 
angular momentum is conserved in this perfectly inelastic collision. 


L 


o 


»p v o b 


(a) Use its definition to express the 
total angular momentum of the disk 
and projectile just before impact: 
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(. b ) Use conservation of angular 
momentum to relate the angular 
momenta just before and just after 
the collision: 

Express the moment of inertia of the 
disk + projectile: 

Substitute for / in the expression for 
co to obtain: 


(c) Express the kinetic energy of the 
system after impact in terms of its 
angular momentum: 


(i d) Express the difference between 
the initial and final kinetic energies, 
substitute, and simplify to obtain: 


L n 

L n = L = Ico and co = — 


I = \MR 2 + m p b 2 


MR 2 + 2 m p b 2 


L 2 _ (m p v 0 b) 2 
21 ~ 2 (AMR 2 +m p b 2 ) 



! ,l P V o b , 

2 

MR 1 +2 m p b 2 


A E = K-K r 


= \ m P v l- 


( m P v o b Y 


MR 2 +2m p b 2 




1 — 


m p b- 


MR +2m p b‘ j 


*73 •• 

Picture the Problem Because the net external torque acting on the system is zero, 
angular momentum is conserved in this perfectly inelastic collision. The rod, on its 
downward swing, acquires rotational kinetic energy. Angular momentum is conserved in 
the perfectly inelastic collision with the particle and the rotational kinetic of the after¬ 
collision system is then transformed into gravitational potential energy as the rod-plus- 
particle swing upward. Let the zero of gravitational potential energy be at a distance L\ 
below the pivot and use both angular momentum and mechanical energy conservation to 
relate the distances L\ and L 2 and the masses M and m. 

Use conservation of energy to relate K f — K t + U { — U t = 0 

the initial and final potential energy or, because = 0, 

of the rod to its rotational kinetic K { +U { —U I =0 

energy just before it collides with the 
particle: 












Substitute for K f , Uf, and U\ to 
obtain: 

Solve for co\ 
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^ML^ar+Mg^-MgL^ 0 

\L X 


Letting ft/represent the angular 
speed of the rod-and-particle system 
just after impact, use conservation of 
angular momentum to relate the 
angular momenta before and after 
the collision: 


L, = Lr 


or 


(- \ML\ )co = (}MZj + mL\ )oJ 


Solve for co': 


co = 


\ML] 


l ML] + niL 2 


-co 


Use conservation of energy to relate 
the rotational kinetic energy of the 
rod-plus-particle just after their 
collision to their potential energy 
when they have swung through an 
angle 0 nax : 

Express the moment of inertia of the 
system with respect to the pivot: 


K f -K i +U { -U t =0 
or, because K { = 0, 
-\Ico' 2 +Mg(\L x ) l-cos0 max ) 

+ m gL 2 (l - cos <9 max ) = 0 

L = \ML]+ mL\ 


Substitute for ^ max , I and co 'in 
equation (1): 



\ML]+mL\ 


Mg(\ L { ) + mgL 2 


Simplify to obtain: 


L\= 2 — L]L, + 3 LlL, +6 — L\ 
M M 


( 2 ) 


Simplify equation (2) by letting 
a = m/M and fL = LitL\ to obtain: 

Substitute for a and simplify to 
obtain the cubic equation in J3: 


6a 2 /? 3 +3j3 2 + 2a/3 -1 = 0 
12/? 3 +9/3 2 +4/?-3 = 0 


Use the solver function* of your 
calculator to find the only real value 


P = 


0.349 
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of/?: 


*Remarks: Most graphing calculators have a "solver" feature. One can solve the 
cubic equation using either the "graph" and "trace" capabilities or the "solver" 
feature. The root given above was found using SOLVER on a TI-85. 

74 •• 

Picture the Problem Because the net external torque acting on the system is zero, 
angular momentum is conserved in this perfectly inelastic collision. The rod, on its 
downward swing, acquires rotational kinetic energy. Angular momentum is conserved in 
the perfectly inelastic collision with the particle and the rotational kinetic energy of the 
after-collision system is then transformed into gravitational potential energy as the rod- 
plus-particle swing upward. Let the zero of gravitational potential energy be at a distance 
L\ below the pivot and use both angular momentum and mechanical energy conservation 
to relate the distances L\ and L 2 and the mass Mto m. 

(a) Use conservation of energy to K f -K i +U { -U i =0 

relate the initial and final potential or, because K, = 0, 

energy of the rod to its rotational K { +U { -U l =0 

kinetic energy just before it collides 
with the particle: 


Substitute for K t , Uf, and U, to 
obtain: 



Solve for ay. 



Letting ^/represent the angular 
speed of the system after impact, 
use conservation of angular 



or 



( 1 ) 


momentum to relate the angular 
momenta before and after the 


collision: 


Solve for co'\ 
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Substitute numerical values to obtain: 


Use conservation of energy to relate 
the rotational kinetic energy of the 
rod-plus-particle just after their 
collision to their potential energy 
when they have swung through an 
angle (9 max : 

Substitute for Aj, U f , and U\ to 
obtain: 


Express the moment of inertia of the 
system with respect to the pivot: 

Substitute for 0 max , / and ft/in 
equation (1) and simplify to obtain: 

Substitute for M, L\ and L 2 and 
simplify to obtain: 

Solve the quadratic equation for its 
positive root: 

( b ) The energy dissipated in the 
inelastic collision is: 

Express U\. 


,, j(2kg)(l.2m) 2 

y(2kg)(l .2 m) 2 +/?z(0.8m)~ 

v | 3(9.81m/s 2 ) 

1.2m 

4.75 kg -m 2 /s 
0.960 kg • m 2 + (0.64m 2 )//; 

4.75kg/s 
0.960 kg + 0.64/zz 

Kf-Ki+Uf-Ui =0 
or, because K { = 0, 

-Kt+Uf-Ui =0 


— j Icq' 2 +Mg(j A, )(l cos 6> max ) 

+ m gL 2 (l - cos 6 mm ) = 0 

/ = jML 2 + mL\ 


Y (4.75 kg/s) 2 
0.960 kg + 0.64/m 


0.2g(ML l + mL 2 ) 


m 2 +3. 00/m -8.901 = 0 


m = 


1.84 kg 


AE = U i -U { (2) 


u,=Mg T 

ft, = (1 - cos 0 m „ T + mi, 


Express L/: 
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Substitute in equation (2) to obtain: 


A E=Mg 


A 

2 


-(l-cos0 m Jgf M y 


A 

+ mL 2 

J 


Substitute numerical values and evaluate A£: 


U f = 


(2kg)(9.81m/s 2 )(l.2 m) 

2 

- (l - cos37°)(9.81 m/s 2 ) 


(2kg)(l.2m) 


+ (l.85kg)(0.8m) 


= 6.51 J 


75 •• 

Picture the Problem Let ox, and ox t be the angular velocities of the rod immediately 
before and immediately after the inelastic collision with the mass m. Let ox, be the initial 
angular velocity of the rod. Choose the zero of gravitational potential energy be at a 
distance L\ below the pivot. We apply energy conservation to determine and 
conservation of angular momentum to determine ox,. We’ll apply energy conservation to 
determine (Oq. Finally, we’ll find the energies of the system immediately before and after 
the collision and the energy dissipated. 


Express the energy dissipated in the 
inelastic collision: 

Use energy conservation to relate 
the kinetic energy of the system 
immediately after the collision to its 
potential energy after a 180° 
rotation: 

Substitute for K homm , U top , and 
^bottom to obtain: 

Simplify to obtain: 

Express I: 

Substitute for / in equation (2) and 
solve for oxf to obtain: 


A E = U i -U f (1) 

Kf-Ki+Uf-U^O 

or, because K, = K top = 0 and K, = K boPom , 

"^bottom "F C/top ^bottom ^ 

- j I (of +1 MgL x + mg(L { +L 2 ) 

-j MgL\-mg(L l -L 2 )=0 

- j f oxf + MgL { + 2 mgL 2 = 0 (2) 

I = \ML\ + mL\ 

= \ 2g(ML x +2mL 2 ) 
f \ \ML\ + mL\ 
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Substitute numerical values and evaluate ox. 


co { 


2(9.81 mAr) [(0.75kg)(l .2 m)+ 2(0.4kg)(0.8 m)] = ? 0Q ^ 
]] i(0.75kg)(l.2m) 2 +(0.4kg)(0.8m) 2 . 


Use conservation of angular 
momentum to relate the angular 
momentum of the system just before 
the collision to its angular 
momentum just after the collision: 

Substitute for /; and If and solve for 
co x \ 


A =L f 

or 


(^ML])co t = (jMZ 2 + mL 2 2 )co f 

and 


co, = 


1 + 


3 m 
M 


r L^ 


vA j 


(O r 


Substitute numerical values and 
evaluate ox 


1 + 3(0.4kg) 

^0.8nA 

0.75kg 

/l-2mj 


(7.00 rad/s) 


= 12.0rad/s 


Apply conservation of mechanical 
energy to relate the initial rotational 
kinetic energy of the rod to its 
rotational kinetic energy just before 
its collision with the particle: 

Substitute to obtain: 


Kf-Ki+U'-Ui =0 


+Mg|- 

- MgL, = 0 


Solve for coq\ 


Substitute numerical values and 
evaluate ox;. 


®o 



3g 

A 


®0 


l(,2rad/s 


1.2 m 


10.9 rad/s 
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Substitute in equation (1) to express A E = \ (| ML] )oi~ - MgL x + 2 mgL 2 

the energy dissipated in the collision: 

Substitute numerical values and evaluate AE: 

A E = |(0.75kg)(l.2m)'(l2rad/s) 2 -(9.81m/s 2 ) [(0.75kg)(l.2m) + 2(0.4kg)(0.8m)] 

= 10.8J 


76 ••• 

Picture the Problem Let v be the speed of the particle immediately after the collision 
and ox and ox be the angular velocities of the rod immediately before and immediately 
after the elastic collision with the mass m. Choose the zero of gravitational potential 
energy be at a distance L\ below the pivot. Because the net external torque acting on the 
system is zero, angular momentum is conserved in this elastic collision. The rod, on its 
downward swing, acquires rotational kinetic energy. Angular momentum is conserved in 
the elastic collision with the particle and the kinetic energy of the after-collision system is 
then transformed into gravitational potential energy as the rod-plus-particle swing 
upward. Let the zero of gravitational potential energy be at a distance L i below the pivot 
and use both angular momentum and mechanical energy conservation to relate the 
distances L\ and L 2 and the mass Mto in. 


Use energy conservation to relate the 
energies of the system immediately 
before and after the elastic collision: 

Substitute for Kf, U f , and U, to obtain: 

Solve for mv 2 : 

Apply conservation of energy to 
express the angular speed of the rod 
just before the collision: 

Substitute for K f , Uf, and U, to obtain: 


Kf-Ki+Uf-U^O 

or, because Aj = 0, 

K f +U { -U x = 0 

\mv 2 +Mg^(l-cos<9 max )-Mg^ = 0 

mv 2 = MgL { cos6* max (1) 

Kf-Ki+Uf-U^O 

or, because Aj = 0, 

K f +U { -U t = 0 

±(}ML 2 )co 2 +Mg I ±-MgL l =0 


Solve for ai,: 


3 g 



Apply conservation of energy to the 
rod after the collision: 
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l-cosO = 0 


Solve for ax: 


co { 



Apply conservation of angular 
momentum to the collision: 


Solve for mv : 


Substitute for ax and a\ to obtain: 


Divide equation (1) by equation (2) 
to eliminate m and solve for v: 


A = A 

or 

({ A7 A )(o i = (}MZj )<z> f +mvL 2 


mv = 


\ML 2 (co i - co f ) 

A 


ML 


mv = 



3Z, 


( 2 ) 


v = 


MgL x cos 6* ir 



3L-, 


3gL 2 cos 0 max 

v/ 3 &A -V°- 6 &A 


Substitute numerical values and evaluate v: 


_ 3(9.8 lm/s 2 )(0.8m)cos37° _ 

V3(9.81 m/s 2 ) (l .2 m) - ^0.6 (9.81 m/s 2 )(l .2 m) 


5.72m/s 


Solve equation (1) for 777 : 

Substitute for v in the expression for 
mv and solve for nr. 


_ MgL x cos# max 
v 2 

_ (2kg)(9.81m/s 2 )(l.2m)cos37° 
' (5.72m/s) 2 

= 0.575kg 



Because the collision was elastic: 


A£ = 
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Picture the Problem We can determine the angular momentum of the wheel and the 
angular velocity of its precession from their definitions. The period of the precessional 
motion can be found from its angular velocity and the angular momentum associated with 
the motion of the center of mass from its definition. 


(a) Using the definition of angular 
momentum, express the angular 
momentum of the spinning wheel: 

Substitute numerical values and 
evaluate L: 


(. b ) Using its definition, express the 
angular velocity of precession: 

Substitute numerical values and 
evaluate a > p : 

(c) Express the period of the 
precessional motion as a function of 
the angular velocity of precession: 

(d) Express the angular momentum 
of the center of mass due to the 
precession: 

Substitute numerical values and 
evaluate L p : 


L = Ico = MR 2 co = —R 2 co 
g 


L = 


' 30N A 
v 9.81m/s' j 


(0.28 m) 2 


rev 27rrad 


12 —x 
V s rev ) 


18.1 J-s 


dtp MgD 


co n = 
p dt L 


(30N)(0.25m) 


a = 

p 18.1J-S 


0.414rad/s 


T = 


2 n 2 n 


co p 0.414 rad/s 


15.2s 


L p = I cm % = MD-co p 


_( 30N A 
p v 9.81m/s 2 y 


(0.25 m) 1 (0.414 rad/s) 


0.0791 J -s 


The direction of L p is either up or down, 
depending on the direction of L. 


*78 •• 

Picture the Problem The angular velocity of precession can be found from its definition. 
Both the speed and acceleration of the center of mass during precession are related to the 
angular velocity of precession. We can use Newton’s 2 nd law to find the vertical and 
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horizontal components of the force exerted by the pivot. 

(a) Using its definition, express the angular velocity of precession: 

_ d<f> _ MgD MgD 2 gD 

~ dt~ I s a> s ~ \MR 2 co s ~ R 2 a> s 


Substitute numerical values and evaluate a>p: 


( b ) Express the speed of the center 
of mass in terms of its angular 
velocity of precession: 

(c) Relate the acceleration of the 
center of mass to its angular velocity 
of precession: 

(d) Use Newton’s 2 nd law to relate 
the vertical component of the force 
exerted by the pivot to the weight of 
the disk: 

Relate the horizontal component of 
the force exerted by the pivot to the 
acceleration of the center of mass: 

General Problems 


3.27 rad/s 


v cm = Da> v = (0.05m)(3.27 rad/s) 
= 0.164m/s 


a cm = Deo 2 = (0.05m)(3.27rad/sy 
= 0.535m/s 2 


F v = Mg = (2.5kg)(9.81m/s 2 ) 
= 24.5 N 


F v = Ma cm = (2.5kg)(o.535m/s 2 ) 
= 1.34N 


O) = 


2(9.81 m/s 2 ) (0.05 m) 


\ 2 1 *nr\r\ rev 27irad 1 min 

(0.064 m) 700-x-x- 

l min rev 60s 


79 • 

Picture the Problem While the 3-kg particle is moving in a straight line, it has angular 
momentum given by L = r x p where r is its position vector and p is its linear 
momentum. The torque due to the applied force is given by f = r x F. 

(a) Express the angular momentum L = r x p 

of the particle: 


Express the vectors r and p : 


r = (l2m)/ + ( 5.3 m)y 
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Substitute and simplify to find L : 

and 

p = mvi = (3kg)(3m/s)i 
= (9kg-m/s)i 

L = [(l2m)/ +(5.3m)yjx(9kg-m/s)i 
= (47.7 kg • m 2 /s)(y x 1 ) 

= -(47.7kg-m 2 /s)^ 

(b ) Using its definition, express the 
torque due to the force: 

f = r x F 

Substitute and simplify to find f : 

t = [(l2m)i +(5.3m)/Jx(-3N)j 
= -(l5.9N-m )(jxi) 

= (l5.9N-m)jfc 


80 • 

Picture the Problem The angular momentum of the particle is given by 
L = r x p where r is its position vector and p is its linear momentum. The torque acting 
on the particle is given by f = dL/dt. 


Express the angular momentum of 
the particle: 

L = rxp = rx mv = mr x v 

_ dr 
= mr x — 
dt 

, dr 

Evaluate —: 
dt 

dr 

— = 6ti 

dt 

Substitute and simplify to find L : 

L = [(3kg){(4m)/ + (3r m/s 2 )./} 
x(6tm/s)y 
= (72.0/ 1 J-s)A 

Find the torque due to the force: 

f = — = — [(72.Ot J-s)a] 
dt dt iy ’ J 

= (72.0 N -m)A 
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81 •• 

Picture the Problem The ice skaters rotate about their center of mass; a point we can 
locate using its definition. Knowing the location of the center of mass we can determine 
their moment of inertia with respect to an axis through this point. The angular momentum 
of the system is then given by L = I cm co and its kinetic energy can be found 

from K = L 2 121 cm . 

(a) Express the angular momentum L = I cm C0 

of the system about the center of 
mass of the skaters: 

Using its definition, locate the center (55 kg)(l .7 m )+(85kg)(0) 

of mass, relative to the 85-kg skater, cm 55 kg + 85 kg 

of the system: = 0.668 m 

Calculate I cm : 7 cm = (55kg)(l.7m-0.668m)" 

+ (85kg)(0.668 m) 2 
= 96.5 kg -m 2 


Substitute to determine L: 


L = 


( 

(96.5 kg -m 2 ) 

v 


lrev 

2 As 


x 


271 rad^ 
rev j 


243J-s 


(b ) Relate the total kinetic energy of 
the system to its angular momentum 
and evaluate K: 


K = 


L 2 


2 / 


(243 J-s) 
(96.5 kg -m 2 ) 


306 J 


Substitute numerical values and 
evaluate K: 
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*82 •• 

Picture the Problem Let the origin of the 
coordinate system be at the pivot (point P). 
The diagram shows the forces acting on the 
ball. We’ll apply Newton’s 2 nd law to the 
ball to determine its speed. We’ll then use 
the derivative of its position vector to 
express its velocity and the definition of 
angular momentum to show that L has 
both horizontal and vertical components. 
We can use the derivative of L with 
respect to time to show that the rate at 
which the angular momentum of the ball 
changes is equal to the torque, relative to 
the pivot point, acting on it. 



(a) Express the angular momentum L = f x p = mr x v (1) 

of the ball about the point of support: 


Apply Newton’s 2 nd law to the ball: 


V F = T sin 0 = m - 

^ r sin 6 


and 

'YjF. =T cos 6 - mg = 0 


Eliminate T between these equations 
and solve for v: 

Substitute numerical values and 
evaluate v: 

Express the position vector of the 
ball: 


v = *Jrg sin 9 tan 6 

v = 7(1.5 m)(9.81m/s 2 )sin30 o tan30° 
= 2.06 m/s 

r = (l.5m)sin30°(cosry/i +sin cotj) 
-(l.5m)cos30°^ 
where a> = cok. 


Find the velocity of the ball: 


Evaluate a>\ 


_ dr 
v = — 
dt 

= (0.75<ym/s)(- sin coti + cos cot j 


2.06 m/s 
(l.5m)sin30° 


2.75 rad/s 
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Substitute for co to obtain: 


v = (2.06m/s)(- sin cot i + cos cotj ) 


Substitute in equation (1) and evaluate L : 


I = (2kg)[(l.5 m)sin30°(cos&«7 + sin cot /)-(l.5m)cos30°A 
x [(2.06 m/s)(- sin cot i + cos cot j) 

= [5.36(cos&«7 + sin cot y)+3.09& 


The horizontal component of L is: 
The vertical component of L is: 


dL 

( b ) Evaluate -: 

dt 


| J - s 

- 1 -:-A- 

5.36(cosntf/ + sin cot j) J-s 


3.09 A: J -s 


dL 

dt 


>(-si 


5.3 6co I - sin cot i + cos cotj 


dL 

Evaluate the magnitude of —: 

dt 


Express the magnitude of the torque 
exerted by gravity about the point of 
support: 

Substitute numerical values and 
evaluate r: 


dL 


dt 


= (5.36N-m-s)(2.75rad/s) 


= 14.7 N -m 


r = mgr sin 6 


r = (2kg)(9.81m/s 2 )(l.5 m)sin30 c 


= 14.7 N -m 


83 •• 

Picture the Problem In part (a) we need to decide whether a net torque acts on the 
object. In part ( b ) the issue is whether any external forces act on the object. In part (c) we 
can apply the definition of kinetic energy to find the speed of the object when the 
unwrapped length has shortened to r/2. 

(a) Consider the overhead view of the 
cylindrical post and the object shown in 
the adjoining figure. The object rotates 
counterclockwise. The torque about the 
center of the cylinder is clockwise and 
of magnitude RT, where R is the radius 
of the cylinder and T is the tension. So 
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L must decrease. 

( b ) Because, in this frictionless 
environment, no net external forces 
act on the object: 

(c) Express the kinetic energy of the 
object as it spirals inward: 


No, L decreases. 


Its kinetic energy is constant. 



v 0 . (The kinetic energy remains 
constant.) 


84 » 

Picture the Problem Because the net torque acting on the system is zero; we can use 
conservation of angular momentum to relate the initial and final angular velocities of the 
system. 


Using conservation of angular 
momentum, relate the initial and 
final angular velocities to the initial 
and final moments of inertia: 


L{ — L f 

or 

I x (O l =1,(0, 


Solve for cof 


Express If 
Express If. 


(=-,Wl 1 + 2 (>e 1 ) 

I, =fM(+2fmL') 


Substitute to express co, in terms of co : 


co, 




l 1 

M + 5m — 

]} 

M + 5m 


co 



jLMI 3 

+ 2 


J- 

20 

ML 2 + 5 m£\ 

co 2 


Express the initial kinetic energy of 
the system: 
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Express the final kinetic energy of the system and simplify to obtain: 


K f = \L f co 2 = \ [177 Mis + 2({ mis )\co 2 = JL (ml 2 + 5 mis )co 2 


(ML 2 + 5ml} ) 


M + 5m - 


A 


M + 5 m 


co 


2 

2V 


ML + 5m — 
L 


M + 5 m 


nr 


1 

(ML 2 +5 mi 2 ) 2 

co 2 

20 

ML 2 + 5mLs 


85 •• 

Determine the Concept Yes. The net external torque is zero and angular momentum is 
conserved as the system evolves from its initial to its final state. Because the disks come 
to the same final position, the initial and final configurations are the same as in Problem 
84. Therefore, the answers are the same as for Problem 84. 


86 •• 

Picture the Problem Because the net torque acting on the system is zero; we can use 
conservation of angular momentum to relate the initial and final angular velocities of the 
system. 


Using conservation of angular 
momentum, relate the initial and 
final angular velocities to the initial 
and final moments of inertia: 


A = L t 
or 


Solve for cof. 


co { = 


— co, = —co 


( 1 ) 


Relate the tension in the string to the 
angular speed of the system and 
solve for and evaluate co\ 


T = mrco 2 




I 2(l 08 N) 
(0.4kg)(0.6m) 


30.0 rad/s 
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Express and evaluate If 


Express and evaluate If 


Substitute in equation (1) and solve 
for a> { : 


Express and evaluate the initial 
kinetic energy of the system: 


Express and evaluate the final kinetic 
energy of the system: 


/, =^ML 2 +2{\ml 2 ) 

= 1 V(0.8kg)(2m) 2 +i(0.4kg)(0.6m) 2 
= 0.392 kg -m 2 


I f =^ML 2 +2(>Z 2 ) 

= 1 L(0.8kg)(2m) 2 +i(0.4kg)(2m) 2 
= 1.12kg-m 2 


co f 



0.392 kg -m 2 
1 .12kg-m 2 


(30.0 rad/s) 


10.5 rad/s 


K. 


\ (o. 3 92 kg • m 2 )(3 0.0 rad/s) 2 
176 J 


K f = jIfCO { 

= |-(l.l2kg -m 2 )(l 0.5 rad/s) 2 
= 61.7 J 
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Picture the Problem Until the inelastic collision of the cylindrical objects at the ends of 
the cylinder, both angular momentum and energy are conserved. Let K’ represent the 
kinetic energy of the system just before the disks reach the end of the cylinder and use 
conservation of energy to relate the initial and final kinetic energies to the final radial 
velocity. 


Using conservation of mechanical 
energy, relate the initial and final 
kinetic energies of the disks: 


K t =K' 
or 

}ijry 2 =\I { a)f +\(2mv 2 r ) 


Solve for v r : 


v.. = 


I l O)~ —I f co 2 
2m 


( 1 ) 


Using conservation of angular L { = L { 

momentum, relate the initial and or 

final angular velocities to the initial 
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and final moments of inertia: 

Solve for co f : 

Express If. 

Express If 

Substitute to obtain co { in terms of co: 


Substitute in equation (1) and 
simplify to obtain: 


=/f® f 


CO , = — CO = — CO 


/, =iMZ 2 +2(>f 2 ) 

/ f = 2 + 2 Q -mL 2 ) 


o f 


' AfL 2 +2(l mf 2 ) 

-7-7-—fr A® 

To ML 2 + 2\±mL 2 ) 

ML 2 + 2 

- 5 - 

ML 1 + 5 mL 2 


Ico 

~2L 


VC-'' 2 ) 
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Picture the Problem Because the net torque acting on the system is zero, we can use 
conservation of angular momentum to relate the initial and final angular velocities and 
the initial and final kinetic energy of the system. 


Using conservation of angular 
momentum, relate the initial and 
final angular velocities to the initial 
and final moments of inertia: 


L i = L f 

or 

=/ f®f 


Solve for co { : 


co f = 


— co, = —co 


Relate the tension in the string to the 
angular speed of the system: 


T = mrco 2 



Solve for co\ 



(1) 


I 2(l 08 N) 

(0.4kg)(0.6m) 


30.0 rad/s 


Substitute numerical values and 
evaluate co: 


co = 
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Express and evaluate /,: 


Letting L' represent the final 
separation of the disks, express and 
evaluate If 


I{ = id MI? +2(| ml? 2 ) 

= 1 L(0.8kg)(2m) 2 +|(0.4kg)(0.6m) 2 
= 0.392 kg-m 2 

7 f =1 LML 2 +2(>Z' 2 ) 

= to (0-8kg)(2m) 2 +y(0.4kg)(l.6m) 2 

= 0.832 kg-m 2 


Substitute in equation (1) and solve 
for : 


/, 0.392 kg-m 2 

f I f 0.832 kg-m 2 

= 14.1 rad/s 


(30.0 rad/s) 


Express and evaluate the initial 
kinetic energy of the system: 


Express and evaluate the final 
kinetic energy of the system: 


The energy dissipated in friction is: 


= 4(0.392kg • nr )(3 0.0 rad/s) 2 
= 176 J 


K { = j/fOjj 

= 4(o.832kg-nr)(l4.1rad/s) 2 
= 82.7 J 


AE = K i -K { = 176J-82.7 J 
= 93.3 J 


*89 •• 

Picture the Problem The drawing shows 
an elliptical orbit. The triangular element 
of the area is dA = \r{rd6 ) = \r 2 dO. 



Differentiate dA with respect to t to 

dA l2 d& , n 

— = \r — = ^r^co 

obtain: 

dt dt 

Because the gravitational force acts 

L = mr 2 co 

along the line joining the two 

= constant 

objects, r = 0 and: 
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Eliminate r 1 co between the two 
equations to obtain: 


dA L 

— = -= constant 

dt 2m 


90 •• 

Picture the Problem Let x be the radial distance each disk moves outward. Because the 
net torque acting on the system is zero, we can use conservation of angular momentum to 
relate the initial and final angular velocities to the initial and final moments of inertia. 
We’ll assume that the disks are thin enough so that we can ignore their lengths in 
expressing their moments of inertia. 

Use conservation of angular = L { 

momentum to relate the initial and or 

final angular velocities of the disks: I■ 0 ) l = I { a> { 

Solve for ax: I, 



( 1 ) 


Express the initial moment of inertia 
of the system: 



Express the moment of inertia of the 
cylinder: 



= 3 y( 0 . 8 kg)[(l. 8 m) 2 +6(0.2m) 2 ] 
= 0.232 kg -m 2 


Letting i represent the distance of 


4 sk =\mr 2 +mf 


rotation and ignoring the thic kn ess 
of each disk (we’re told they are 


the clamped disks from the center of 



thin), use the parallel-axis theorem 
to express the moment of inertia of 
each disk: 


= 0.0340 kg -m 2 


= 0.232 kg • m 2 + 2(0.0340 kg • m 2 ) 
= 0.300kg-m 2 


With the disks clamped: 
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With the disks unclamped, i = 0.6 m 
and: 


Express and evaluate the final 
moment of inertia of the system: 


4sk =}m(r 2 + 4£ 2 ) 

= i (0.2 kg) [(0.2 m) 2 +4(0.6m) 2 ] 

= 0.0740kg -nr 

A' = ^cyl + ^^disk 

= 0.232 kg • m 2 + 2(0.0740 kg • m 2 ) 
= 0.380kg-m 2 


Substitute in equation (1) to 
determine ay: 


co f 


0.300 kg-m 2 
0.380 kg -m 2 


(8 rad/s) 


6.32 rad/s 


Express the energy dissipated in 
friction: 

Apply Newton’s 2 nd law to each 
disk when they are in their final 
positions: 

Solve for k\ 


Substitute numerical values and 
evaluate k : 


Express the energy dissipated in friction: 


A E = E,-E f 

= \I x O ) 2 ~{\I f O ) 2 +\kx 2 ) 
Z Radial = kx = mrc ° 2 


, mro) 

k =- 

x 

_ (0.2kg)(0.6m)(6.32rad/s) 2 
0.2 m 

= 24.0 N/m 

W b = E i -E f 

= t/,0 2 - {jI f co 2 +\kx 2 ) 


Substitute numerical values and evaluate W&: 

W lr = 4 (0.300 kg • m 2 )(8 rad/s) 2 - } ( o .380 kg • m 2 )(6.32 rad/s) 2 - }(24 N/ m)(0.2m)‘ 
= 1.53 J 


91 •• 

Picture the Problem Let the letters d, m, and /■ denote the disk and the letters t, M, and R 
the turntable. We can use conservation of angular momentum to relate the final angular 
speed of the turntable to the initial angular speed of the Euler disk and the moments of 
inertia of the turntable and the disk. In part ( b ) we’ll need to use the parallel-axis theorem 
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to express the moment of inertia of the disk with respect to the rotational axis of the 
turntable. You can find the moments of inertia of the disk in its two orientations and that 
of the turntable in Table 9-1. 


(a) Use conservation of angular 
momentum to relate the initial and 
final angular momenta of the 
system: 

Because co t f= u> df : 

Solve for 


Ali®di Alf®df + Af'^V 


AlfTli — All'll' + Af®tf 

^tf = . /di , (!) 

4 + Ar 


Ignoring the negligible thickness of / -l mr 2 

the disk, express its initial moment 
of inertia: 

Express the final moment of inertia j = i mr 2 

of the disk: 

Express the final moment of inertia / — 1 -v/ 2 

of the turntable: 


Substitute in equation (1) to obtain: 


co„ = 


A mr 2 


tf \mr 2 +\MR 


2 ®di 


2 + 2 


MR 


mr " 


2 ®di 


( 2 ) 


Express a>& in rad/s: 


rev In rad lmin 
(o A - =30-x-x-= ^rad/s 


mm 


rev 


60s 


Substitute numerical values in 
equation (2) and evaluate uai- 


n rad/s 

, | , (0.735kg)(0.25m) 2 
(0.5 kg)(0.125 m) 2 

0.228rad/s I 


(b) Use the parallel-axis theorem to = 1 mr 2 + = m \L r 2 + 

express the final moment of inertia 
of the disk when it is a distance L 
from the center of the turntable: 
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Substitute in equation (1) to obtain: 


\mr 2 

®tf ~~ n 2 \ | , rn 2 ®di 

+L-)+\MR 

1 

„ 6 2 dl 

2 + 4 — + 2- r 

r mr 


Substitute numerical values and evaluate o\{. 


®tf 


7 T rad/s 

(0.1 m) 2 (0.735 kg)(0.25ii+ 

(0.125m) 2 (0.5kg)(0.125m) 2 


0.192 rad/s 


92 •• 

Picture the Problem We can express the period of the earth’s rotation in terms of its 
angular velocity of rotation and relate its angular velocity to its angular momentum and 
moment of inertia with respect to an axis through its center. We can differentiate this 
expression with respect to T and then use differentials to approximate the changes in r 
and T. 


(a) Express the period of the earth’s j _ 2tt 

rotation in terms of its angular CO 

velocity of rotation: 


Relate the earth’s angular velocity 

L L 

co= = , , 


of rotation to its angular momentum 

/ \mr 2 


and moment of inertia: 

T _2x(jmr 2 )_ 


Substitute and simplify to obtain: 

4k m 2 
- r 


L 

5 L 


(b) Find dT/dr : 


dT -n 

' 4 n m' 

r = 2 

' t ' 

2 T 

dr 

l 5 L ) 

2 

r 


Solve for dT/T: 


dT_ 

T 


2 



AT „ A r 

- »2 — 

T r 


(c) Using the equation we just 
derived, substitute for the change in 
the period of the earth: 


AT _|d x ly _ 1 _ 2 Ar 

~Y~Y X 365.24d ~ 1460 ~ ~ 
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Solve for and evaluate A r. r 6.37 x 10 3 km 

Ar =-=- 

2(1460) 2(1460) 

= 2.18 km 


*93 •• 

Picture the Problem Let co? be the angular velocity of precession of the earth-as- 
gyroscope, a> s its angular velocity about its spin axis, and / its moment of inertia with 
respect to an axis through its poles, and relate co p to oj s and / using its definition. 

Use its definition to express the z 

precession rate of the earth as a giant ~ ~j~ 

gyroscope: 

Substitute for / and solve for v. z = Lco ? = Icoco ? 

Express the angular velocity co s of 2k 

the earth about its spin axis: ® = ~f where T18 the P enod of rotatlon of 

the earth. 

Substitute to obtain: 2kIcq„ 

T = - - 

T 


Substitute numerical values and evaluates 


2^- (8.03 x 10 37 kg • m 2 ) (7.66 x 10~ 12 s 1 ) 

24 h 3600s 

ldx-x- 

d h 


4.47xl0 22 N-m 


94 

Picture the Problem The applied torque accelerates the system and increases the tension 
in the string until it breaks. The work done before the string breaks is the change in the 
kinetic energy of the system. We can use Newton’s 2 nd law to relate the breaking tension 
to the angular velocity of the system at the instant the string breaks. Once the applied 
torque is removed, angular momentum is conserved. 

Express the work done before the W = A K = K { = \I f col (1) 

string breaks: 


J=r„, + 2/ m =/M= 1 LM,A + 2'’ U r 2 

= -^0 .-kg)(l ,6m |" -h 2(0.4kg tv 1 
= 0.256kg-m 2 +(0.8kg)x 2 


Express the moment of inertia of the 
system (see Table 9-1): 
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Evaluate If = 7(0.4 m): 


Using Newton’s 2 nd law, relate the 
forces acting on a disk to its angular 
velocity: 

Solve for m f : 


Substitute numerical values and 
evaluate ox. 


Substitute in equation (1) to express 
the work done before the string 
breaks: 

Substitute numerical values and 
evaluate W\ 


I f =/(0.4m) 

= 0.256kg-m 2 +(0.8kg)(0.4m) 2 
= 0.384kg-m 2 


X F .ad,al = T = mr0) f 

where T is the tension in the string at which 
it breaks. 



I 100N ocn At 

(Of = 7 - 77 -r =25.0 rad/s 

f y (0.4kg)(0.4m) 

W = \I f (o 2 f 


W = y(o.384kg -m 2 )(25rad/s) 2 
= 120 J 


With the applied torque removed, 
angular momentum is conserved and 
we can express the angular 
momentum as a function of x: 

Solve for co(x): / \ I r co, 

v ’ a>{x) = 

Substitute numerical values to obtain: / \ 


/(x) 

(o. 384 kg • m 2 )(25 rad/s) 
0.256kg-m 2 +(0.8kg)x 2 

9.60J-S 

0.256kg-m 2 +(0.8 kg)x 2 


L = I f co { 

= l(x)a>{x) 


95 — 

Picture the Problem The applied torque accelerates the system and increases the tension 
in the string until it breaks. The work done before the string breaks is the change in the 
kinetic energy of the system. We can use Newton’s 2 nd law to relate the breaking tension 
to the angular velocity of the system at the instant the string breaks. Once the applied 









Conservation of Angular Momentum 799 


torque is removed, angular momentum is conserved. 


Express the work done before the 
string breaks: 

Express the moment of inertia of the 
system (see Table 9-1): 

Substitute numerical values to 
obtain: 

Evaluate If = 7(0.4 m): 


W = AK = K { =\I { a>; ( 1 ) 

' = 'c + 2/ m =A) = i hM^ + lmx 2 

I = jy(l.2kg)(l.6m) 2 + 2(0.4 kg)x 2 
= 0.256 kg-m 2 +(0.8 kg)jc 2 

7 f = /(0.4 m) 

= 0.256kg - nr + (0.8kg)(0.4m) 2 
= 0.384kg -nr 


Using Newton’s 2 nd law, relate the 
forces acting on a disk to its angular 
velocity: 


Z F rad = T = mrClJ f 

where T is the tension in the string at which 
it breaks. 


Solve for a>f. 



Substitute numerical values and 
evaluate cc>f\ 


co f 


100N 


(0.4kg)(0.4m) 


25.0 rad/s 


With the applied torque removed, L = I f <x> f 

angular momentum is conserved and = l(x)eo{x) 

we can express the angular 
momentum as a function of x : 


Solve for co(x): 



I f O) f 

l{x) 


Substitute numerical values and simplify to obtain: 



(o.384kg • nr )(25 rad/s) 
0.256 kg • nr + (0.8 kg)x 2 


_ 9.60J-S _ 

0.256kg-m 2 +(0.8kg)x 2 


Evaluate ru(0.8m): 
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<y(0.8m) 


_9.60J-S_ 

0.256kg •m 2 +(0.8kg)(0.8m) 2 


12.5 rad/s 


Remarks: Note that this is the angular velocity in both instances. Because the disks 
leave the cylinder with a tangential velocity of \Leo, the angular momentum of the 

system remains constant. 
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Picture the Problem The applied torque accelerates the system and increases the tension 
in the string until it breaks. The work done before the string breaks is the change in the 
kinetic energy of the system. We can use Newton’s 2 nd law to relate the breaking tension 
to the angular velocity of the system at the instant the string breaks. Once the applied 
torque is removed, angular momentum is conserved. 


Express the work done before the 
string breaks: 

Using the parallel axis theorem and 
treating the disks as thin disks, 
express the moment of inertia of the 
system (see Table 9-1): 

Substitute numerical values to 
obtain: 


Evaluate 7 f = 7(0.4 m): 


Using Newton’s 2 nd law, relate the 
forces acting on a disk to its angular 
velocity: 

Solve for ax- 


Substitute numerical values and 
evaluate ax- 


W = AK = K f =±I { a) 2 (1) 


/(x) = / cy i+2/ m 

= ±ML 2 + \MR 2 + 2 {\mR 2 + mx 2 ) 
= jE m(l 2 + 6R 2 )+ 2m(j R 2 + x 2 ) 

/(x) = 1 V( 1 .2kg)[( 1 .6in) 2 +6(0.4ni) 2 ] 

+ 2(0.4kg) [E(0.4m) 2 + x 2 ] 

= 0.384kg-m 2 +(0.8kg)x 2 

7 f =/(0.4m) 

= 0.384kg -m 2 +(0.8kg)(0.4m) 2 
= 0.512kg -m 2 


X F rM = T = mr0) r 

where T is the tension in the string at which 
it breaks. 



co f 


100N 


(0.4kg)(0.4m) 


25.0 rad/s 






Substitute in equation (1) to express 
the work done before the string 
breaks: 
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W 



Substitute numerical values and 
evaluate W: 


W = \ (0.512 kg • m 2 )(25 rad/s) 2 


160 J 


With the applied torque removed, 
angular momentum is conserved and 
we can express the angular 
momentum as a function of x : 


L=T m 



Solve for co(x): 



Substitute numerical values to obtain: 


r J\ = (0.512kg-m 2 )(25rad/s) 
’ 0.384kg •m 2 +(0.8kg)x 2 


12.8 J-s 


0.384kg •m 2 +(0.8kg)x 2 


*97 ... 

Picture the Problem Let the origin of the coordinate system be at the center of the pulley 
with the upward direction positive. Let A be the linear density (mass per unit length) of 
the rope and L\ and L 2 the lengths of the hanging parts of the rope. We can use 
conservation of mechanical energy to find the angular velocity of the pulley when the 
difference in height between the two ends of the rope is 


7.2 m. 


(a) Apply conservation of energy to 
relate the final kinetic energy of the 
system to the change in potential 
energy: 


AK + AU = 0 
or, because Ki = 0, 
K+AU=0 


( 1 ) 


Express the change in potential 
energy of the system: 


AU = U f -U i 


\L u (L u X)g 2 ^2f (^2f•^)& 
t + k S + 7 ( L U + L 2i h S 
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Because L\ + L 2 = 7.4 m, 

L 2 i — Lii = 0.6 m, and 
L 2 f-L l{ = 7.2 m, we obtain: 

Substitute numerical values and 
evaluate A U: 


Express the kinetic energy of the 
system when the difference in 
height between the two ends of the 
rope is 7.2 m: 

Substitute numerical values and 
simplify: 


Substitute in equation (1) and solve 
for ox 


(b) Noting that the moment arm of 
each portion of the rope is the same, 
express the total angular momentum 
of the system: 

Letting 0be the angle through which 
the pulley has turned, express U{9)\ 

Express A U and simplify to obtain: 


Assuming that, at t = 0, L u ~ L 2i : 


L h= 3.4 m, L 2 ; = 4.0 m, 

Zif = 0.1 m, and L 2 t = 7.3 m. 


A17 =-4-(0.6kg/m)(9.81m/s 2 ) 
x[(0.1m) 2 +(7.3m) 2 
-(3.4m) 2 -(4m) 2 ] 

= -75.75J 


K=\I v (o 2 +\Mv 2 
= \{\M v R 2 V+\MR 2 (o 2 
= \{\M v +m)r 2 cd 2 


K = M 2-2kg) + 4.8kg] 
= (o. 1076 kg-m 2 )o 2 


1.2 m V 

2 n j 


co 


2 


(o. 1076 kg • m 2 \o 2 - 75.75 J = 0 


and 

co = 


75.75 J 


0.1076 kg -m 2 


26.5 rad/s 


L = L p +L r = I p co + M Y R 2 co 
= (\M r R 1 +M r R 2 )to (2) 

= (i M r +M,)R 2 a 

U(8)=-tlL r ,-ReY +(L„+R8'?\tg 


mj = u,-v i =u(e)-u(o) 

= -\lL Yl -Re) 2 +{L 2x +R0) 2 ]^g 

+ l(V, +L 2 \)^g 

= -R 2 0 2 Ag + {L n -L 2i )RMg 
A U *-R 2 6 2 A g 
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Substitute for K and A U in equation 
(1) to obtain: 


(0.1076kg • m 2 )(o 2 -R 2 6 2 Ag = 0 


Solve for co : 


R 2 Q 2 Ag 

0.1076kg-nr 


Substitute numerical values to 
obtain: 


1.2 m 


(0.6kg/m)(9.81m/s 2 ) 


= (1.41s 1 )<9 


0.1076kg -nr 


Express co as the rate of change of 
0 : 


^ = (1.41s- 1 )0=> ^ = (l.41s A )dt 


Integrate 9 from 0 to 9 to obtain: In# = (l.41s 1 ]/ 


Transform from logarithmic to 
exponential form to obtain: 


0{t) = e ^ 


Differentiate to express co as a 
function of time: 


o<0 = f = (M!s- I ^> 


Substitute for co in equation (2) to 
obtain: 


L = [\M V +M r ]/2 2 (l.41s- i y Mls ‘ 1 ^ 


Substitute numerical values and evaluate L : 


Z = k(2.2kg)+(4.8kg)]p^| f(l .4ls^ 1 )e( L41s ")' ] = (o.303kg • m 2 /s]e 

\2n) - 


2 /„ I Jl.41s _1 )r 
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Chapter 11 
Gravity 

Conceptual Problems 

*1 • 

(a) False. Kepler’s law of equal areas is a consequence of the fact that the 
gravitational force acts along the line joining two bodies but is independent 
of the manner in which the force varies with distance. 


(b) True. The periods of the planets vary with the three-halves power of their distances 
from the sun. So the shorter the distance from the sun, the shorter the period of the 
planet’s motion. 


2 

Determine the Concept We can apply Newton’s 2 nd law and the law of gravity to the 
satellite to obtain an expression for its speed as a function of the radius of its orbit. 


Apply Newton’s 2 nd law to the 
satellite to obtain: 


Solve for v to obtain: 

Thus the speed of the satellite is 
independent of its mass and: 


GMm v ? 

^radial =- — = m — 

r r 

where M is the mass of the object the 
satellite is orbiting and m is the mass of the 
satellite. 



(c) is correct. 


3 

Picture the Problem The acceleration due to gravity varies inversely with the square of 
the distance from the center of the moon. 

Express the dependence of the 
acceleration due to the gravity of the 
moon on the distance from its 
center: 

Express the dependence of the 

acceleration due to the gravity of the R ^ 

moon at its surface on its radius: 


a oc 


837 
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Divide the first of these expressions 
by the second to obtain: 



Solve for a': 



and (d) is correct. 


4 

Determine the Concept Measurement of G is difficult because masses accessible in the 
laboratory are very small compared to the mass of the earth. 


5 


Determine the Concept The escape speed for a planet is given by v e = . JlGm/R . 


Between v e depends on the square root of M, doubling M increases the escape speed by a 


factor of V2 and ( a ) is correct. 


6 •• 

Determine the Concept We can take careful measurements of its position in order to 
determine whether its trajectory is an ellipse, a hyperbola, or a parabola. If the path is an 
ellipse, it will return; if its path is hyperbolic or parabolic, it will not return. 

7 

Determine the Concept The gravitational field is proportional to the mass within the 
sphere of radius r and inversely proportional to the square of r, i.e., proportional 
tor 3 /r 2 = r. 

*8 • 

Determine the Concept Let in represent the mass of Mercury, M s the mass of the sun, v 
the orbital speed of Mercury, and R the mean orbital radius of Mercury. We can use 
Newton’s 2 nd law of motion to relate the gravitational force acting on the Mercury to its 
orbital speed. 

Use Newton’s 2 nd law to relate the ^ GM jn v 2 

r — --— = tyi — 

gravitational force acting on net R 2 R 

Mercury to its orbital speed: 


ffflV 


,2 


GM s m _ ] ( GM s m 


2 


2 


Simplify to obtain: 


R 


V 


R 
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or 



9 

Picture the Problem We can use the definition of the gravitational field to express the 
ratio of the student’s weight at an elevation of two earth radii to her weight at the surface 
of the earth. 


Express the weight of the student at 
the surface of the earth: 


GM P m 

w = mg = 2 


Express the weight of the student at 
an elevation of two earth radii: 


w 


mg' = 


GM E m 

iWf 


Express the ratio of w' to w: 


W 

w 


GM E m 


GM E m 9 

Rl 


(d) is correct. 


10 •• 

Determine the Concept One such machine would be a balance wheel with weights 
attached to the rim with half of them shielded using Cavourite. The weights on one side 
would be pulled down by the force of gravity, while the other side would not, leading to 
rotation, which can be converted into useful work, in violation of the law of the 
conservation of energy. 


Estimation and Approximation 


ll 

Picture the Problem To approximate the mass of the galaxy we’ll assume the galactic 
center to be a point mass with the sun in orbit about it and apply Kepler’s 3 rd law. 


Using Kepler’s 3 ld law, relate the 
period of the sun T to its mean 
distance r from the center of the 
galaxy: 


T 2 = 


4 n 2 


GM 


galaxy 


An" 

M, 


-r = 


M 

q galaxy 




Solve for—-to obtain: 
T 2 


q gala 

S_ = _ K 

T 2 An 2 


M 


galaxy 


An 2 


M s GM s 
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If we measure distances in AU and 
times in years: 


4ft 2 r 3 M i 

-= 1 and —r = —-—- 

GM„ T 2 M. 


Substitute numerical values and 
evaluate M ga i axy /M s : 


M 


galaxy 


3xl0 4 LYx 


6.3x10 4 AU V 
LY 


M s (250xl0 6 y) 2 


= 1.08x10' 


or 

M 


galaxy 


1.08x10 


*12 ••• 

Picture the Problem We can use Kepler’s 3 rd law to find the size of the semi-major axis 
of the planet’s orbit and the conservation of momentum to find its mass. 


(a) Using Kepler’s 3 ld law, relate the 
period of this planet T to the length r 
of its semi-major axis: 


rj-i 2 _ 


4;r 


GM 


Iota Draconis 
2 


An 1 


M 

Q Iota Draconis 


4 n 
GM. 


M 


I ota Draconis 

M. 


If we measure time in years, 
distances in AU, and masses in 
terms of the mass of the sun: 


4 n 
MG. 


= 1 and T 2 = 


M 


Iota Draconis 


M. 


Solve for r to obtain: 


r = 3 


M 


Iota Draconis 


M, 


Substitute numerical values and 
evaluate r: 


r = 3 


1.05M s 

M 


(I5y) 2 


1.33AU 


(b) Apply conservation of mv = M ,, V 

v J J IIiv ivi Io(a Draconis v 

momentum to the planet (mass m 
and speed v) and the star (mass Mi ota 
Draconis and speed V) to obtain: 
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Solve for m to obtain: 


m = M 


Iota Draconis 


v_ 

v 


Use its definition to find the speed 
of the orbiting planet: 


_ A d _ 2 nr 
V ~ At ~ T 


0 f, „ ATT 1.5xlO u m A 
2k 1.33AUx 


v 


AU 


y 


, CA 365.25d 24h 3600s 

1.50yx-x-x- 

y d h 


= 2.65xl0 4 m/s 


Substitute numerical values and 
evaluate v: 


Express m in terms of the mass M s 
of Jupiter: 


m = M 


Iota Draconis 


296 m/s 

v 2.65xl0 4 m/s j 


= 0.0112M 


Iota Draconis 


= 0.0112(1.05M sun ) 

= 0.0112(l.05)(l.99x 10 30 kg) 
= 2.34xl0 28 kg 


m _ 2.34xIQ 28 kg 
~M~ S ~ 1.90 x 10 27 kg 


or 

m = 


12.3Mj 


12.3 


Remarks: A more sophisticated analysis, using the eccentricity of the orbit, leads to 
a lower bound of 8.7 Jovian masses. (Only a lower bound can be established, as the 
plane of the orbit is not known.) 


13 ••• 

Picture the Problem We can apply Newton’s law of gravity to estimate the maximum 
angular velocity which the sun can have if it is to stay together and use the definition of 
angular momentum to find the orbital angular momenta of Jupiter and Saturn. In part (c) 
we can relate the final angular velocity of the sun to its initial angular velocity, its 
moment of inertia, and the orbital angular momenta of Jupiter and Saturn. 


(a) Gravity must supply the 
centripetal force which keeps an 
element of the sun’s mass m rotating 
around it. Letting the radius of the 
sun be R, apply Newton’s law of 
gravity to an element of mass m to 
obtain: 


nuxfR < 


GMm 

R 2 


or 


of R < 


GM 

R 2 


where we’ve used the inequality because 
we’re estimating the maximum angular 
velocity which the sun can have if it is to 
stay together. 
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Solve for co\ 


co < 



Substitute numerical values and evaluate co\ 


1 (6.673 x 10~ n N-m 2 /kg 2 )(l .99 xlO 30 kg) 

V (e^exio'm) 3 


6.28x10 4 rad/s 


Calculate the period of this motion 
from its angular velocity: 


(b ) Express the orbital angular 
momenta of Jupiter and Saturn: 

Express the orbital speeds of Jupiter 
and Saturn in terms of their periods 
and distances from the sun: 

Substitute to obtain: 



2n 

6.28 x!0~ 4 rad/s 


= l.OOx 10 4 sx 


lh 

3600 s 


2.78h 


4 = m > r i v i an d L s = m s r s v s 


9 7T V 



and v s 


2 nr s 

T 

1 s 


4 = 


2n m/f 

4 


and L s 


2nm s r,£ 

T 

1 s 


Substitute numerical values and evaluate L,\ and L s : 


_2n(3lSM E )r; _ 2^-(318)(5.98xl0 24 kg)(778xl0 9 m) 2 

J “ T ... 365.25 d 24 h 3600s 

J 11.9yx-x-x- 

y d h 

= 1.93xl0 43 kg-m 2 /s 
and 

_ 2^(95.lM E )r s 2 _ 2^(95.1)(5.98xl0 24 kg)(l430xl0 9 m) 2 

s “ r „ nc 365.25d 24h 3600s 

s 29.5yx-x-x- 

y d h 

= 7.85 x 10 42 kg -m 2 /s 


Express the angular momentum of 
the sun as a fraction of the sum of 
the angular momenta of Jupiter and 
Saturn: 


4 +4 

1.91xl0 41 kg-m 2 /s 
(l9.3 + 7.85)xl0 42 kg-m 2 /s 

I 0.703% I 
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(c) Relate the final angular 
momentum of the sun to its initial 
angular momentum and the angular 
momenta of Jupiter and Saturn: 

L f - L { + L } + L s 

or 

7 sun®f =4m®i+£j+4 

Solve for cof to obtain: 

L, + Z/ q 

(Of = CO- + — -- 

/ 

sun 

Substitute for a\ and / sun : 

2 n L.+Lo 

CO — + J & 

f T sun 0.059 M sun Rl 


Substitute numerical values and evaluate ox 

In (l9.3 + 7.85)xl0 42 kg-m 2 /s 

30dx — x 36QQs + 0.059(l.99x 10 30 kg)(6.96x 10 8 m) 2 
d h 

= 4.80x10 4 rad/s 

Note that this result is about 76% of the maximum possible rotation allowed by gravity 
that we calculated in part (a). 

Kepler’s Laws 

14 • 

Picture the Problem We can use the relationship between the semi-major axis and the 
distances of closest approach and greatest separation, together with Kepler’s 3 rd law, to 
find the greatest separation of Alex-Casey from the sun. 


Letting x represent the greatest 
distance from the sun, express the 
relationship between x, the distance 
of closest approach, and its semi¬ 
major axis R: 

_ x + O.lAU 

A = 

2 

Solve for x to obtain: 

x = 2i?-0.1AU (1) 

Apply Kepler’s 3 rd law, with the 
period T measured in years and R in 

AU to obtain: 

K> 

II 

>3 

Solve forR: 

r = 3 4t i 

Substitute numerical values and 
evaluate R: 

R = (l27.4 y) 2 = 25.3 AU 

Substitute in equation (1) and 
evaluate R: 

x = 2(25.3 AU)-0.1AU= 50.5 AU 
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15 • 

Picture the Problem We can use Kepler’s 3 rd law to relate the period of Uranus to its 
mean distance from the sun. 


Using Kepler’s 3 rd law, relate the 
period of Uranus to its mean 
distance from the sun: 


T 2 = Cr 2 

4?r 2 

where C = —— = 2.973 x 10 19 s 2 /m 3 
GM s 


Solve for T: 


t = 4c? 


Substitute numerical values and evaluate T: 


T = 7(2.973 x 1(T 19 s 2 /m 3 ) (2.87 x 10 12 m J 


= 2.651xl0sx- 


lh 


Id 


iy 


3600s 24 h 365.25d 


84.0 y 


16 • 

Picture the Problem We can use Kepler’s 3 rd law to relate the period of Hektor to its 
mean distance from the sun. 


Using Kepler’s 3 ld law, relate the 
period of Hektor to its mean 
distance from the sun: 


T 2 = Cr 2 

Ajr ^ 

where C =-= 2.973 x 10 19 s 2 /m 3 

GM s 


Solve for T: j _ ^jc'r 2 

Substitute numerical values and evaluate T: 


T = 


(2.973 x 10 -19 s 2 /m 3 ) 


5.16AUx 


1.50x10“ m^ 3 


AU 


= 3.713x10 8 sx^— x —x- ly 


3600s 24 h 365.25d 


11.8y 


17 •• 

Picture the Problem Kepler’s 3 rd law relates the period of Icarus to the length of its 
semimajor axis. The aphelion distance r a is related to the perihelion distance r p and the 
semimajor axis byr a +r p = 2a. 
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(a) Using Kepler’s 3 rd law, relate the T = Ca 3 

period of Icarus to the length of its _ 4 n 2 _ . „ , ,, , 

where C =-= 2.973x10 s /m. 

semimajor axis: QM 


Solve for a: 



Substitute numerical values and 
evaluate a: 


a = 



(b ) Use the definition of the 
eccentricity of an ellipse to 
determine the perihelion distance of 
Icarus: 


r v =a{±-e) 

= (l.59x 10 11 m)(l -0.83) 
= 2.71xl0 10 m 


Express the relationship between r p r a + =2 a 

and r a for an ellipse: 


Solve for and evaluate r a : r a -2a- r p 

= 2(l.59xl0 11 m)-2.71xl0 1 °m 
= 2.91x10" m 


18 •• 

Picture the Problem The Hohmann transfer orbit is shown in the diagram. We can apply 
Kepler’s 3 ld law to relate the time-in-orbit to the period of the spacecraft in its Hohmann 
Earth-to-Mars orbit. The period of this orbit is, in turn, a function of its semi-major axis 
which we can find from the average of the lengths of the semi-major axes of the Earth 
and Mars orbits. 



Mars 
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Using Kepler’s 3 rd law, relate the 
period T of the spacecraft to the 
semi-major axis of its orbit: 

Solve for T to obtain: 

Relate the transit time to the period 
of this orbit: 


T 2 = R 3 


T = J¥ 
f«p = i t = 


Express the semi-major axis of the 
Hohmann transfer orbit in terms of 
the mean sun-Mars and sun-Earth 
distances: 

Substitute numerical values and 
evaluate Ui P : 


1.52 AU +1.00 AU 

2 


1.26 AU 


=|V( 1 - 26 AU) ! 

365.24d 


= 0.707y x ■ 


iy 


258 d 


*19 •• 

Picture the Problem We can use a property of lines tangent to a circle and radii drawn to 
the point of contact to show that b = 90°. Once we’ve established that b is a right angle 
we can use the definition of the sine function to relate the distance from the sun to Venus 
to the distance from the sun to the earth. 

(a) The line from earth to Venus' 
orbit is tangent to the orbit of Venus 
at the point of maximum extension. 

Venus will appear closer to the sun 
in earth’s sky when it passes the line 
drawn from earth and tangent to its 
orbit. Elence: 

(b) Using trigonometry, relate the 
distance from the sun to Venus d sv 
to the angle a: 

Solve for dsv- 


Substitute numerical values and 
evaluate dsv'- 

Remarks: The correct distance from the sun to Venus is closer to 0.723 AU. 

20 •• 

Picture the Problem Because the gravitational force the Earth exerts on the moon is 
along the line joining their centers, the net torque acting on the moon is zero and its 
angular momentum is conserved in its orbit about the Earth. Because energy is also 
conserved, we can combine these two expressions to solve for either v p or v a initially and 


b= 90 


• r/f. 
sin a = —— 


SE 


d sv = d SE sin a 


d sv =(lAU)sin47° = 


0.731AU 
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then substitute in the conservation of angular momentum equation to find the other. 


Letting m be the mass of the moon, mv r = mv r 

apply conservation of angular 
momentum to the moon at apogee 

v v = v r 

and perigee to obtain: p p a a 


Solve for v a : 


Apply conservation of energy to the 
moon-earth system to obtain: 


Substitute for v a to obtain: 


Solve for v p to obtain: 


v„ = — v„ 


( 1 ) 


1 2 GMm 1 2 GMm 

—mv„ -= —mv„ - 


or 

1 2 GM 1 2 GM 

—v;-= — v; -- 


2 ° 


2 Vp 


GM _]_ 

~~ 2 

__l_ 
~ 2 


c, 


r P 

~ v p 

V r a J 


v 2 


\ Y aJ 


t- 


GM 

r a 

GM 


v p = 


2 GM 

[ 1 ] 

r P 



Substitute numerical values and evaluate v p \ 


v 


p 


2 

6.673 xl0~ n N-m 2 /kg 2 ) 

(5.98 x 10 24 kg) 

( \ 

1 

3.576xl0 8 m 

, 3.576xl0 8 m 

^ ' 4.064xl0 8 m J 


1.09 km/s 


Substitute numerical values in 3 57 ^ x 10 8 m 

equation ( 1 ) and evaluate v a : v a = — — 7 —(l.09km/s) 

4.064x10 m 

= 0.959 km/s 


Newton’s Law of Gravity 

*21 •• 

Picture the Problem We can use Kepler’s 3 rd law to find the mass of Jupiter in part (a). 
In part ( b ) we can express the centripetal accelerations of Europa and Callisto and 
compare their ratio to the square of the ratio of their distances from the center of Jupiter 
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to show that the given data is consistent with an inverse square law for gravity. 


(a) Assuming a circular orbit, apply 
Kepler’s 3 rd law to the motion of 
Europa to obtain: 

Solve for the mass of Jupiter: 


Substitute numerical values and 
evaluate Mj: 


( b ) Express the centripetal 
acceleration of both of the moons to 
obtain: 


Using this result, express the 
centripetal accelerations of Europa 
and Callisto: 

Substitute numerical values and 
evaluate a E : 


Substitute numerical values and 
evaluate a c : 


Evaluate the ratio of these 
accelerations: 


4 n 2 
GM 


Mj = 



R 


3 

E 


An 

Mj “ (6.673 x ICE 11 N • m 2 /kg 2 ) 


(6.71 x 10 8 m) 3 


24 h 3600s 
3.55 dx-x- 


V 


J 


1.90xl0 27 kg , a result in 


excellent agreement with the 
accepted value of 1.902 x 10 27 kg. 


R 


'ixR'y 

R 


An-R 

T 2 


where R and T are the radii and periods of 
their motion. 


Ax 2 R v An 2 R c 

a E = - an 4 a c = -2 

As ‘c 

4^- 2 (6.71xlQ 8 m) 

° E ~ [(3.5 5 d) (24 h/d) (3 600 s/h )] 2 


0.282 m/s 2 


1 

4;t 2 I 

(l 8.8 x10 s m) 

[(l 6.7 d)(24 h/d) (3600: 

5 /hf 

0.0356m/s 2 



a E _ 0.282m/s 2 
a c 0.0356m/s 2 






Evaluate the square of the ratio of 
the distance of Callisto divided by 
the distance of Europa to obtain: 
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po 

2 

r 18.8xl0 8 ln^l 



(6.71xl0 8 m J 


The close agreement (within 1%) of our last two calculations strongly supports 
the conclusion that the gravitational force varies inversely with the square of 
the distance. 


*22 • 

Determine the Concept The weight of anything, including astronauts, is the reading of a 
scale from which the object is suspended or on which it rests. If the scale reads zero, then 
we say the object is "weightless." The pull of the earth’s gravity, on the other hand, 
depends on the local value of the acceleration of gravity and we can use Newton’s law of 
gravity to find this acceleration at the elevation of the shuttle. 

(a) Apply Newton’s law of 
gravitation to an astronaut of mass 
m in a shuttle at a distance h above 
the surface of the earth: 

Solve for g shuttle : _ GM E 

8shunle ~ (h + Rj 


GmM, 
mg shu “ le ' {h + Rj 


Substitute numerical values and evaluate gshuttie* 


& shuttle 


(6.673 xl0 11 N-m 2 /kg 2 )(5.98xl0 24 kg) 
(400 km + 6370 km)“ 


8.71m/s 2 


(b) 


Because they are in "free fall" everything on the shuttle is falling toward 
the center of the earth with exactly the same acceleration, so the astronauts 
will seem to be "weightless." 


23 • 

Picture the Problem We can use Kepler’s 3 ld law to relate the periods of the moons of 
Saturn to their mean distances from its center. 


(a) Using Kepler’s 3 ld law, relate the 
period of Mimas to its mean 
distance from the center of Saturn: 


,2 _ 4^ 2 3 

M gm/ m 



Solve for T M : 
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(b) Using Kepler s 3 d law, relate the _ 2 4 n 2 3 

T t =- r T 

period of Titan to its mean distance QM s 

from the center of Saturn: 

Substitute numerical values and evaluate T M : 


T = 
1 u 


4;r 2 (l .86 x 10 s in)" 


y (5.69xlO 26 kg)(6.6726x 10~ n N-m 2 /kg 2 ) 


8 . 18 x 10 4 s 


Solve for r r : 



Substitute numerical values and evaluate r T : 


r T 



1.22 x 10 9 m 


24 • 

Picture the Problem We can use Kepler’s 3 rd law to relate the period of the moon to the 
mass of the earth and the mean earth-moon distance. 


(a) Using Kepler’s 3 ld law, relate the 
period of the moon to its mean orbital 
radius: 


T: = 


4 n 
GM* 


Solve for M E : 


M e = 


4 n 2 

~GTi 


Substitute numerical values and evaluate Mu 


M e = 


4tt 2 (3.84x 10 s m) 3 


(6.6726 x 10 -11 N-m 2 /kg 2 )u 

V 


24h 3600 s"| 

27.3 dx-x- 

d h ) 


6 .02x10 kg 


Remarks: This analysis neglects the mass of the moon; consequently the mass 
calculated here is slightly too great. 

25 • 

Picture the Problem We can use Kepler’s 3 ld law to relate the period of the earth to the 
mass of the sun and the mean earth-sun distance. 
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(a) Using Kepler’s 3 rd law, relate the _ 2 An 1 3 

Tp =- r p 

period of the earth to its mean QM s 

orbital radius: 


Solve for M s : 


.. _ An 2 3 

2 ? E 

Uio 


Substitute numerical values and evaluate Ms. 


M s = 


47 t 2 (l .496 x IQ 11 m)' 


(6.6726 xl(T 11 N-m 2 /kg 2 ) fly: 


365.25d 24h 3600s 

:-x-x- 

y d h 


1.99xl0 30 kg 


*26 • 

Picture the Problem We can relate the acceleration of an object at any elevation to its 
acceleration at the surface of the earth through the law of gravity and Newton’s 2 nd law of 
motion. 


Letting a represent the acceleration 
due to gravity at this altitude (76 ) 
and m the mass of the object, apply 
Newton’s 2 nd law and the law of 
gravity to obtain: 


Apply Newton’s 2 nd law to the same 
object when it is at the surface of the 
earth: 


Divide equation (1) by equation (2) 
and solve for a: 


I* 


radial 


GmM , 

JiRj 


= ma 


and 


a = 


gm e 

( 2* e ) 2 


( 1 ) 


-y, _ GmM E 

radial 


R; 


mg 


and 


g 


GM e 


( 2 ) 




8 4tf 2 

and 

a = jg = j(9.81m/s 2 ) = 


2.45 m/s' 


27 • 

Picture the Problem Your weight is the local gravitational force exerted on you. We can 
use the definition of density to relate the mass of the planet to the mass of earth and the 
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law of gravity to relate your weight on the planet to your weight on earth. 


Using the definition of density, 
relate the mass of the earth to its 
radius: 

Relate the mass of the planet to its 
radius: 


M e =pV E =jpnR 3 E 


M p = pV p = j p tlR\ 

= ip4o^ e ) 3 


Divide the second of these equations 
by the first to express M P in terms of 
M e : 


Letting w' represent your weight on 
the planet, use the law of gravity to 
relate w' to your weight on earth: 


M P _ ) 3 

M e P \pnR\ 

and 

M P = 10 3 M e 


w' = 


GmM p _ Gm(\ (LM H ) 


R 


= 10 


p 

GmM E 

R: 


(10 Rj 


\0w 


where w is your weight on earth. 


28 • 

Picture the Problem We can relate the acceleration due to gravity of a test object at the 
surface of the new planet to the acceleration due to gravity at the surface of the earth 
through use of the law of gravity and Newton’s 2 nd law of motion. 

Letting a represent the acceleration 
due to gravity at the surface of this 
new planet and m the mass of a test 
object, apply Newton’s 2 nd law and 
the law of gravity to obtain: 

Simplify this expression to obtain: 

“E 


GmM, 


= 777. i =ma 




and 


a = 


gm e 


A GM E A 

a = 4—-L = 4g = 

R 2 6 


39.2 m/s 2 


29 • 

Picture the Problem We can use conservation of angular momentum to relate the 
planet’s speeds at aphelion and perihelion. 



Using conservation of angular 
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momentum, relate the angular 
momenta of the planet at aphelion 
and perihelion: 

Solve for the planet’s speed at 
aphelion: 

Substitute numerical values and 
evaluate v a : 


or 

mv r = mv r 

p p a 



(5xl0 4 m/s)(l.0xl0 15 m) 
2.2xl0 15 m 

2.27xl0 4 m/s 


30 • 

Picture the Problem We can use Newton’s law of gravity to express the gravitational 
force acting on an object at the surface of the neutron star in terms of the weight of the 
object. We can then simplify this expression be dividing out the mass of the object ... 
leaving an expression for the acceleration due to gravity at the surface of the neutron star. 

Apply Newton’s law of gravity to an GM NeutronStar fl-z _ 

object of mass m at the surface of W ~ m § 

the neutron star to obtain: Neutron Star 

where g represents the acceleration due to 

gravity at the surface of the neutron star. 

Solve for g and substitute for the GM NeutronStar G(l-60M sun ) 

mass of the neutron star: * „2 „2 

N eutron Star N eutron Star 


Substitute numerical values and evaluate g: 


1.60(6.673xlQ' 1 N-m 2 /kg 2 )(l.99xl0 30 kg) 
(10.5 km) 2 


1.93xl0 12 m/s 2 


*31 •• 

Picture the Problem We can use conservation of angular momentum to relate the 
asteroid’s aphelion and perihelion distances. 

Using conservation of angular 
momentum, relate the angular 
momenta of the asteroid at aphelion 
and perihelion: 

Solve for and evaluate the ratio of 
the asteroid’s aphelion and 
perihelion distances: 


L, = L 


or 


mVp r p = mvj d 


r a _ V P _ 20km/s 
r p v a 14 km /s 


1.43 












854 Chapter 11 


32 •• 

Picture the Problem We’ll use the law of gravity to find the gravitational force acting on 
the satellite. The application of Newton’s 2 nd law will lead us to the speed of the satellite 
and its period can be found from its definition. 


(a) Letting m represent the mass of 
the satellite and h its elevation, use 
the law of gravity to express the 
gravitational force acting on it: 


Substitute numerical values and 
evaluate F g : 


( b ) Using Newton’s 2 nd law, relate 
the gravitational force acting on the 
satellite to its centripetal 
acceleration: 


p = GmM E 


_ mR ls 

(R f + h)~ (R f + h)~ 
mg 


1 + 


h 


V J 


F„ 


mg _ (300kg)(9.81N/kg) 


g f 


1 + — 

V R eJ 


1 + 


5xl0 7 m ^ 


6.37x10 m 


37.6N 


F s = m- 


Solve for v: 



Substitute numerical values and _ |(37.6N)(6.37 x 10 6 m + 5x 10 7 m) 

evaluate v: V “ ^ 300 kg 

= 2.66 km/s 


(c) Express the period of the 
satellite: 


T = 


2 n r 


T = 


2^-(6.37xl0 6 m + 5xl0 7 m) 
2.66 xlO 3 m/s 
lh 


3600 s 


36.9h 


Substitute numerical values and 
evaluate T: 


= 1.33x 10 5 sx 
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*33 •• 

Picture the Problem We can determine the maximum range at which an object with a 
given mass can be detected by substituting the equation for the gravitational field in the 
expression for the resolution of the meter and solving for the distance. Differentiating 
g(r) with respect to r, separating variables to obtain dg/g, and approximating A r with dr 
will allow us to determine the vertical change in the position of the gravity meter in the 
earth’s gravitational field is detectable. 


(a) Express the gravitational field of 
the earth: 


&E = 


GM e 

Re 


Express the gravitational field due 
to the mass m (assumed to be a point 
mass) of your friend and relate it to 
the resolution of the meter: 

Solve for r. 


g ( r ) 


Gm 


= io n g E = io- 


GM e 

R 2 e 


r = R c 



Substitute numerical values and 

evaluate r: 

r = 

6.37x10 


10 n (80k£ 
5.98 xlO 24 


= 

7.37m 




( b ) Differentiate g(r) and simplify to 

dg 

- 2 Gm 

2 

r Gm ' 


obtain: 

dr 

r 3 

V 

2 

\r j 


Separate variables to obtain: 

dg ■ 

ll 

53 

<N 

1 

II 

= 10 11 




g 

r 




Approximating dr with A r, evaluate 

A r - 

= |-fr<r 

n )(6.37xl0 6 

m| 

A r with r = R%: 



rv-5_ 




g 


= 0.0319 mm 


34 •• 

Picture the Problem We can use the law of gravity and Newton’s 2 nd law to relate the 
force exerted on the planet by the star to its orbital speed and the definition of the period 
to relate it to the radius of the orbit. 
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Using the law of gravity and ^ KMm v 1 

Jr — - = ill — 

Newton’s 2 nd law, relate the force net /• r 

exerted on the planet by the star to 
its centripetal acceleration: 

Solve for v 2 to obtain: v 2 = KM 

Express the period of the planet: j _ 2.n r _ 2n r _ 2n 

v 4 km 4km 

or 

T oc r 


*35 •• 

Picture the Problem We can use the definitions of the gravitational fields at the surfaces 
of the earth and the moon to express the accelerations due to gravity at these locations in 
terms of the average densities of the earth and the moon. Expressing the ratio of these 
accelerations will lead us to the ratio of the densities. 


Express the acceleration due to 
gravity at the surface of the earth in 
terms of the earth’s average density: 

Express the acceleration due to 
gravity at the surface of the moon in 
terms of the moon’s average 
density: 

Divide the second of these equations 
by the first to obtain: 

Solve for : 

Pe 

Substitute numerical values and 

evaluate : 

Pe 


_gm e _ g Pe v e _ Gp4mK. 

n 2 t -,2 r >2 

k e k e k e 

= f G PeXR e 

&M “ 


_ Pm R m 
§e Pe Re 


Pm _ § m^e 
Pe SeR m 


Pm _ 

(l.62 m/s 2 ] 

|(6.37xl0 6 m) 

Pe 

(9.81 m/s 2 ) 

(1.738 xl0 6 m) 


0.605 


















Gravity 857 


Measurement of G 


36 • 

Picture the Problem We can use the law of gravity to find the forces of attraction 
between the two masses and the definition of torque to determine the balancing torque 
required. 

(a) Use the law of gravity to express p _ Gm { m 2 

2 

the force of attraction between the r 

two masses: 


Substitute numerical values and evaluate F : 


(6.6726xl0 11 N-m 2 /kg 2 )(l0kg)(0.01kg) 
(0.06 m) 2 


1.85xlCT 9 N 


( b ) Use its definition to find the 
torque exerted by the suspension to 
balance these forces: 


r = 2Fr = 2(l.85xlCT 9 N)(0.1m) 
= 3.70x 1(T 10 N -m 


Gravitational and Inertial Mass 


37 • 

Picture the Problem Newton’s 2 nd law of motion relates the masses and accelerations of 
these objects to their common accelerating force. 

(a) Apply Newton’s 2 nd law to the F = in , a , 

standard object: 

Apply Newton’s 2 nd law to the F = m 2 a 2 

object of unknown mass: 

Eliminate F between these two G 

m 2 = — m l 

equations and solve for m 2 \ a 2 


Substitute numerical values and 
evaluate w 2 : 


m 2 


2.6587 m/s 2 
1.1705 m/s 2 


(1 kg) = 


2.27kg 


0 b ) 


It is the inertial mass of m 2 . 
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38 • 

Picture the Problem Newton’s 2 nd law of motion relates the weights of these two objects 
to their masses and the acceleration due to gravity. 


(a) Apply Newton’s 2 nd law to the F nel - w, - in , g 

standard object: 

Apply Newton’s 2 nd law to the F net = w 2 = m 2 g 

object of unknown mass: 


Eliminate g between these two 
equations and solve for m 2 : 


w, 

m 2 = — -m ] 

w i 


Substitute numerical values and 
evaluate in-,: 


m 2 


56.6 N 
9.81N 


(1 kg) = 


5.77 kg 


Since this result is determined by the effect on m 2 of the earth's 
gravitational field, it is the gravitational mass of m 2 . 


*39 • 

Picture the Problem Noting that gi ~ g 2 ~ g, let the acceleration of gravity on the first 
object be g\, and on the second be g 2 . We can use a constant-acceleration equation to 
express the difference in the distances fallen by each object and then relate the average 
distance fallen by the two objects to obtain an expression from which we can 
approximate the distance they would have to fall before we might measure a difference in 
their fall distances greater than 1 mm. 


Express the difference Ad in the 
distances fallen by the two objects in 
time t: 

Express the distances fallen by each 
of the objects in time t: 


Substitute to obtain: 

Relate the average distance d fallen 
by the two objects to their time of 
fall: 


Ad = d x - d 2 

d x =\g x t 2 
and 

d 2 — ~2 § 2 i 

A d = \g x t 2 -\g 2 t 2 =\{ g{ -g 2 )t 2 

d = \gt 2 
or 

t 2 ~ ^ 
g 
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Substitute to obtain: 



Solve for d to obtain: 


d = Ad-^~ 

Ag 


Substitute numerical values and evaluate d: 


J = (lO 3 m)(l0 12 )=| 10 9 m 


Gravitational Potential Energy 

40 • 

Picture the Problem Choosing the zero of gravitational potential energy to be at infinite 
separation yields, as the potential energy of a two-body system in which the objects are 
separated by a distance r, U (/' ) = — GMm/r , where M and m are the masses of the two 

bodies. In order for an object to just escape a gravitational field from a particular 
location, it must have enough kinetic energy so that its total energy is zero. 

(a) Letting (/(go) = 0, express the U{r) - GM E nt ^ 

gravitational potential energy of the r 

earth-object system: 

Substitute for GM E and simplify to , . GM E m gR^m 

obtain: ^ E ' = R^ = ~ R E = ~ m§ E 

Substitute numerical values and evaluate U(R t ): 


U(R e ) = -(l00kg)(9.81N/kg)(6.37x!0 6 m)= -6.25xl0 9 J 




= ~jmgR E 


Substitute numerical values and evaluate U(2R E ): 


U(2R e )= -y(l00kg)(9.81N/kg)(6.37x 10 6 m) = I -3.12xl0 9 J 


(c) Express the condition that an 
object must satisfy in order to 
escape from the earth’s gravitational 


*U2*e)+U( 2U e )=0 


or 


2 


« V eso + U{2R e ) = 0 
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field from a height R E above its 
surface: 

Solve for v esc : 


Substitute numerical values and 
evaluate v esc : 



/ -2(-3.12xl0 9 j) 

V iookg 


7.90 km/s 


41 • 

Picture the Problem In order for an object to just escape a gravitational field from a 
particular location, an amount of work must be done on it that is equal to its potential 
energy in its initial position. 


Express the work needed to remove 
the point mass from the surface of 
the sphere to a point a very large 
distance away: 


W = AU = U { -U i 
or, because U f = 0, 
W = AU = -Ui 


Express the initial potential energy 
of the system: 


GMm 0 

R 


Substitute in equation (1) to obtain: 


W = 


GMm 0 

R 


( 1 ) 


42 • 

Picture the Problem Let the zero of gravitational potential energy be at infinity and let 
m represent the mass of the spacecraft. We’ll use conservation of energy to relate the 
initial kinetic and potential energies to the final potential energy of the earth-spacecraft 
system. 

Use conservation of energy to relate K f — K { + U f — U { = 0 

the initial kinetic and potential 0 r, because K, = 0, 

energies of the system to its final - K ( R E )+U (2 R E )~U ( R E ) = 0 (1) 

energy when the spacecraft is one 

earth radius above the surface of the 

planet: 
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Express the potential energy of the 
spacecraft-and-earth system when 
the spacecraft is at a distance r from 

the surface of the earth: 

U(r)= GM *"' 

r 

Substitute in equation (1) to obtain: 

, 2 GM„m GM, m 

-\mv - — + --— = 0 

2 R e 

Solve for v: 


Substitute numerical values and evaluate v: 

v = A /(9.81m/s 2 )(6.37xl0 6 m) 

= 7.91km/s 


*43 •• 

Picture the Problem Let the zero of gravitational potential energy be at infinity and let 
m represent the mass of the object. We’ll use conservation of energy to relate the initial 
potential energy of the object-earth system to the final potential and kinetic energies. 


Use conservation of energy to relate 
the initial potential energy of the 
system to its energy as the object is 
about to strike the earth: 

K f -K { +U { -U { =0 
or, because K, = 0, 

K{R E )+U{R E )-U{R E +h) = 0 (1) 

where h is the initial height above the 

earth’s surface. 

Express the potential energy of the 
object-earth system when the object 

is at a distance r from the surface of 

the earth: 

U(r)=- GM 

r 

Substitute in equation (1) to obtain: 

. 2 GM E m GM E m 

\ mv 2 E + E =0 

Solve for v: 

L(GAf B GM E j 

V R R + h 
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Substitute numerical values and evaluate v: 


v = 



6.94 km/s 


44 •• 

Picture the Problem Let the zero of gravitational potential energy be at infinity, m 
represent the mass of the object, and h the maximum height reached by the object. We’ll 
use conservation of energy to relate the initial potential and kinetic energies of the object- 
earth system to the final potential energy. 


Use conservation of energy to relate 
the initial potential energy of the 
system to its energy as the object is 
about to strike the earth: 


K f -K { +U { -C/j =0 
or, because K t = 0, 

K{R E ) + U{R E )-U{R E +h) = 0 (1) 

where h is the initial height above the 
earth’s surface. 


Express the potential energy of the 
object-earth system when the object 
is at a distance r from the surface of 
the earth: 

Substitute in equation (1) to obtain: 


u(r) = _OM 1 m 

r 


\mv 2 


GM P m GM P m 
- 5 — +--— = 0 

i? E i? E + h 


Solve for h : 



1 


Substitute numerical values and evaluate Jr. , 

/i = 


935km 


6.37x 10 6 m 

(9.81m/s 2 )(6.37xl0 6 m) 

(4xl0 3 m) 2 


45 ” 

Picture the Problem When the point mass is inside the spherical shell, there is no mass 
between it and the center of the shell. On the other hand, when the point mass is outside 
the spherical shell we can use the law of gravity to express the force acting on it. In ( b) 
we can derive U(r) from F(r). 
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(a) The force exerted by the shell on 
a point mass m 0 when m 0 is inside 
the shell is: 

The force exerted by the shell on a 
point mass m 0 when m 0 is outside 
the shell is: 


(. b) Use its definition to express U(r) 
for r>R: 


When r = R : 


inside 



-^outside ™ 0 g 

where r is radially outward from the center 
of the spherical shell. 


GMm n „ 


r r 

U (r ) = -J F r dr = GMm () j r 2 dr 

oo oo 

GMm 0 

r 


U(R) 


GMm 0 

R 


(c) For r<R,F = 0 and: 


(d) Because U is continuous, then for 
r<R: 


dU 

dr 


= 0 


U{r) = U(R) = 


u 

= constant 



t- 

GMm 0 

)- 

R 


(e) A sketch of U as a function of r/R (with GMm 0 = 1) is shown below: 
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46 • 

Picture the Problem The escape speed from a planet is related to its mass according to 
v e = -JiGmJr , where M and R represent the mass and radius of the planet, 
respectively. 


Express the escape speed from Saturn: 


K e.S 


2 GM S 

^T 


( 1 ) 


Express the escape speed from Earth: 


12 GM 


E 


( 2 ) 


Divide equation (1) by equation (2) 
to obtain: 


12 GM S 

\.s _ _ K.Ms 

v e . E \ 2GM e M e 

]l r e 


Substitute numerical values and 

V e.S _ 

evaluate : 

V e.E 

T,e 


Solve for and evaluate v e ,s: 

V e.S = : 


1 95 ' 2 a ,7 

-x-= 3.17 


9.47 1 


= 35.5km/s 


47 • 

Picture the Problem The escape speed from the moon or the earth is given by 

v e = y]2GM/R , where M and R represent the masses and radii of the moon or the earth. 


Express the escape speed from the moon: 


V e.S = ■ 


p GM n 


= Pg m R n 


( 1 ) 


Express the escape speed from earth: 


K e.E 


2 GM e 
r e 


pg E R n 


( 2 ) 


^e.m _ ylgm R m __ I gm R m 

V e.E jg E R E V &E^E 


Divide equation (1) by equation (2) 
to obtain: 
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Solve for v c , m : 



Substitute numerical values and 
evaluate v e , m : 


v e m = 7(0.166)(0.273)(l 1.2 km/s) 
= 2.38 km/s 


*48 • 

Picture the Problem We’ll consider a rocket of mass m which is initially on the surface 
of the earth (mass M and radius R) and compare the kinetic energy needed to get the 
rocket to its escape velocity with its kinetic energy in a low circular orbit around the 
earth. We can use conservation of energy to find the escape kinetic energy and Newton’s 
law of gravity to derive an expression for the low earth-orbit kinetic energy. 


Apply conservation of energy to 
relate the initial energy of the rocket 
to its escape kinetic energy: 

Letting the zero of gravitational 
potential energy be at infinity we 
have Uf = K { =0 and: 


Apply Newton’s law of gravity to 
the rocket in orbit at the surface of 
the earth to obtain: 


K f -K j +U f -U { = 0 


or 

K e = 


U>= o 


GMm 

R 


GMm 
R 2 



R 


Rewrite this equation to express the 
low-orbit kinetic energy E a of the 
rocket: 

Express the ratio of K 0 to K e : 


K„ = i mv = 


2 GMm 


2 R 


GMm 

K o _ 2 R _ 1 K : 
K GMm 2 e 

e _ 

R 

asserted by Heinlein. 


2 K 


, as 


49 •• 

Picture the Problem Let the zero of gravitational potential energy be at infinity, m 
represent the mass of the particle, and the subscript E refer to the earth. When the particle 
is very far from the earth, the gravitational potential energy of the earth-particle system 
will be zero. We’ll use conservation of energy to relate the initial potential and kinetic 
energies of the particle-earth system to the final kinetic energy of the particle. 

Use conservation of energy to relate K f — K t + U f —U i = 0 

the initial energy of the system to its or, because U f = 0, 

energy when the particle is very K(cc )-K(R e )-U(R e ) = 0 (1) 
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from the earth: 

Substitute in equation (1) to obtain: 


Solve for v^,: 


, i i t \2 GM P m 
\mv x -\m( 2v e )“ +-= 0 


R. 


or, because GM E = gR E , 

4- m v 2 -\mv 2 + mgR E = 0 


2 

W, = 


= ^2(2v;-gR £ ) 


Substitute numerical values and evaluate v x : 


v 


00 


2 ( 2 ( 1 1.2 x 10 3 m/s J - ( 9 . 8 1 m/s 2 )(6.37 x 10 6 m) 


19.4 km/s 


50 « 

Picture the Problem Let the zero of gravitational potential energy be at infinity, m 
represent the mass of the particle, and the subscript E refer to the earth. When the particle 
is very far from the earth, the gravitational potential energy of the earth-particle system 
will be zero. We’ll use conservation of energy to relate the initial potential and kinetic 
energies of the particle-earth system to the final kinetic energy of the particle. 


Use conservation of energy to relate 
the initial energy of the system to its 
energy when the particle is very far 
away: 

Substitute in equation (1) to obtain: 


K E -K i +U E -U i =0 
or, because Uf = 0, 

K(a>)-K(R E )-U(R t ) = 0 (1) 


2 2 GM E m 

\mv x -\mv i +—- 

or, because GM E = gR E , 
\mv 2 -\mv; + mgR p = 


= 0 

0 


Solve for v;: 


v i =Jvl+2gR E 


Substitute numerical values and evaluate vp 


v ; = A /fkL2 xlO’ m/s)" + 2 ( 9 . 8 1 m/s 2 )(6.37 x 10 b m) 


15.8 km /s 


51 « 

Picture the Problem We can use the definition of kinetic energy to find the energy 
necessary to launch a 1-kg object from the earth at escape speed. 
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(a) Using the definition of kinetic 
energy, find the energy required to 
launch a 1-kg object from the 
surface of the earth at escape speed: 


K = \mv, 2 

= 2 " (l kg)(l 1.2 x 1Q 3 m/s)" 
= 62.7 MJ 


( b ) Using the conversion factor 
1 kW-h = 3.6 MJ, convert 62.7 MJ 
to kW-h: 


K = 62.7 MJ x 


lkW-h 
3.6 MJ 


17.4kW • h 


(c) Express the cost of this project in n , _ , required energy 

uost — rate x-x mass 

terms of the mass of the astronaut: kg 


Substitute numerical values and find 
the cost: 


Cost = 


$ 0.10 

kW-h X 


17.4kW • h 
kg 


(80 kg) 


$139 


52 •• 

Picture the Problem Let m represent the mass of the body that is projected vertically 
from the surface of the earth. We’ll begin by using conservation of energy under the 
assumption that the gravitational field is constant to determine 
H'. We’ll apply conservation of energy a second time, with the zero of gravitational 
potential energy at infinity, to express H. Finally, we’ll solve these two equations 
simultaneously to express H in terms of H'. 

Assuming the gravitational field to K f — +U { —U i = 0 

be constant and letting the zero of or, because K { = U, = 0, 

potential energy be at the surface of - K t + U f = 0 

the earth, apply conservation of 

energy to relate the initial kinetic 

energy and the final potential energy 

of the object-earth system: 


Substitute for Aj and Uf and solve 
fori/': 


- j mv 2 + mgH' = 0 
and 



2g 


( 1 ) 


Letting the zero of gravitational 
potential energy be at infinity, use 
conservation of energy to relate the 
initial kinetic energy and the final 


Kf-K x +U { -U x = 0 

or, because K { = 0, 

-K, +U { -tij =0 
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potential energy of the object-earth 
system: 

Substitute to obtain: 


Solve for v 2 : 


Substitute in equation (1) to obtain: 


, 7 GMm GMm 

-\mv -+-= 0 

R e +H R e 




R e +H 



= 0 


v 2 = 2gR- 


= 2 gR, 


k r e R e + H j 


H 


K R E +H J 


H' = R t 


H 


K R E +H J 


Solve for H\ 


Orbits 


R e -h' 


53 •• 

Picture the Problem We can use its definition to express the period of the spacecraft’s 
motion and apply Newton’s 2 nd law to the spacecraft to determine its orbital velocity. We 
can then use this orbital velocity to calculate the kinetic energy of the spacecraft. We can 
relate the spacecraft’s angular momentum to its kinetic energy and moment of inertia. 


(a) Express the period of the 
spacecraft’s orbit about the earth: 


Use Newton’s 2 nd law to relate the 
gravitational force acting on the 
spacecraft to its orbital speed: 

Solve for v to obtain: 


_ 2n R _ 2 k(2R e ) _ 6 n R E 

V V V 

where v is the orbital speed of the 
spacecraft. 

_ GM E m _ v 2 

radml (3R e ) 2 3 R e 
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Substitute for v in our expression for 
T to obtain: 


T = 6Sn 



Substitute numerical values and 
evaluate T: 


T = 6yf3n 


6.37 x 10 6 m 
9.81 m/s 2 


= 2.631x 10 4 s x 


lh 

3600s 


7.31 h 


(. b ) Using its definition, express the 
spacecraft’s kinetic energy: 

Substitute numerical values and 
evaluate K: 


K = \ mv 2 = 2 m(j gR E ) 

7f={(l00kg)(9.81m/s 2 )(6.37xl0 6 m) 
= 1.04 GJ 


(c) Express the kinetic energy of the L 2 

spacecraft in terms of its angular 2/ 

momentum: 


Solve for L : 


L = y[21K 


Express the moment of inertia of the / = m(3R E ) 2 

spacecraft with respect to an axis _ g m R 2 

through the center of the earth: 


Substitute and solve for L: 


L = ^JlZmRlK = 3R E yj2mK 


Substitute numerical values and evaluate L\ 


L -3(6.37 xlO 6 m)72(l00kg)(l.04x10 9 j) 


8.72xl0 12 J-s 


*54 • 

Picture the Problem Let the origin of our coordinate system be at the center of the earth 
and let the positive x direction be toward the moon. We can apply the definition of center 
of mass to find the center of mass of the earth-moon system and find the "orbital'' speed 
of the earth using x cm as the radius of its motion and the period of the moon as the period 
of this motion of the earth. 

(a) Using its definition, express the M, x, + m x 

7 . r y — E_E _ moon moon 

x coordinate of the center of mass of -Um — ,, , 

Ml + J71 

the earth-moon system: E moon 
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Substitute numerical values and evaluate x cm : 


_ M e (0)+(7.36x 10 22 kg)(3.82xlQ 8 m) 

Xcm “ 5.98xl0 24 kg + 7.36xl0 22 kg 

Note that, because the radius of the earth is 6.37xl0 6 m, the center of mass is actually 
located about 1700 km below the surface of the earth. 


4.64 x 10 6 m 


(. b ) Express the "orbital" speed of 
the earth in terms of the radius of its 
circular orbit and its period of 
rotation: 

Substitute numerical values and 
evaluate v: 


v = 


2m 


cm 


T 


v = 


2^(4.64xl0 6 m) 


24h 3600s 
27.3 d x-x- 


12.4m/s 


55 •• 

Picture the Problem We can express the energy difference between these two orbits in 
terms of the total energy of a satellite at each elevation. The application of Newton’s 2 nd 
law to the force acting on a satellite will allow us to express the total energy of each 
satellite as function of its mass, the radius of the earth, and its orbital radius. 


Express the energy difference: 

EE — E geo E mo 

(1) 

Express the total energy of an 

E tot =K + U 


orbiting satellite: 

, , GM , m 

= mv E 

2 R 

(2) 


where R is the orbital radius. 


Apply Newton’s 2 nd law to a 
satellite to relate the gravitational 

GM F m v 2 

F = E = m 

^ radial ^2 ^ 


force to the orbital speed: 

or 



n2 2 

g R E V 



R 2 R 


Simplify and solve for v 2 : 2 gR^ 

1 ~ R 

Substitute in equation (2) to obtain: ] gi? 2 gRpn m gR^ 

.C t t — -y TYl — 

2 R R 2 R 
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Substitute in equation (1) and 
simplify to obtain: 


A E = 


mgRl [ mgR; 

2R geo 2i? 1000 


mgR 


^ 1 


Y^lOOO 


R 


geo y 


Substitute numerical values and evaluate AE: 


A E = 


4(500kg)(9.81N/kg)(6.37xl0 6 



f 1 

v 7.37xl0 6 m 


1 } 

4.22xl0 7 m y 


11.1 G J 


56 •• 

Picture the Problem We can use Kepler’s 3 rd law to relate the periods of the moon and 
Earth, in their orbits about the earth and the sun, to their mean distances from the objects 
about which they are in orbit. We can solve these equations for the masses of the sun and 
the earth and then divide one by the other to establish a value for the ratio of the mass of 
the sun to the mass of the earth. 


Using Kepler’s 3 rd law, relate the 
period of the moon to its mean 
distance from the earth: 


Using Kepler’s 3 rd law, relate the 
period of the earth to its mean 
distance from the sun: 


Solve equation (1) for M E : 


Solve equation (2) for M s : 


Divide equation (4) by equation (3) 
and simplify to obtain: 


Substitute numerical values and 
evaluate MJM E . 


Tz = 


An 2 

GM U 


( 1 ) 


where r m is the distance between the 
centers of the earth and the moon. 


GM s 


( 2 ) 


where r E is the distance between the 
centers of the earth and the sun. 


A/f ^ 3 

M E = rT l r m 

Gl m 


(3) 

K 

II 

Q> £■ 

2ri ^ 

m tu K> 

3 

E 


(4) 


( Y 

r E 

(t \ 

1 m 

2 


M e 


T 

\ 1 E J 



M, 

f 1.5x10" m Y 

f 27.3d 

M e 

1^3.82 

00 

o 

x 

^365.24d 

- 

3.38 

X 

o 




) 
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Express the difference between this 
value and the measured value of 
3.33x10 s : 


The Gravitational Field 


% diff = 


3.38x10 5 -3.33x10 5 
3.33xl0 5 



57 • 

Picture the Problem The gravitational field at any point is defined by g = Fjm. 


Using its definition, express the 
gravitational field at a point in space: 



(l2N)f 

3kg 


(4 N/kg)/ 


*58 • 

Picture the Problem The gravitational field at any point is defined byg = F j m. 


Using its definition, express the _ F 

g = — 

gravitational field at a point in m 

space: 


Solve for F and substitute for m and 
g to obtain: 


F = mg 

= (0.004 kg)(2.5xlCT 6 N/kg)j 
= (10 -*N)j 


59 » 

Picture the Problem We can use the definition of the gravitational field due to a point 
mass to find the x and y components of the field at the origin and then add these 
components to find the resultant field. We can find the magnitude of the field from its 
components using the Pythagorean theorem. 


(a) Express the gravitational field - _ Gm ; 

11* r T 2 l 

due to the point mass at x = L\ L 


Express the gravitational field due 
to the point mass at y = L: 


Gm - 

g y = -JFJ 


g = g, + gy 


Gm i 
L 2 



Add the two fields to obtain: 
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(. b ) Find the magnitude of g : 



■\j Si + Sy 



Gm 

IF 


V2^ 


60 •• 

Picture the Problem We can find the net force acting on m by superposition of the 
forces due to each of the objects arrayed on the circular arc. Once we have expressed the 
net force, we can find the gravitational field at the center of curvature from its definition. 


(a) Express the net force acting on nr. F = FJ + F j 


( 1 ) 


Express F x : 


GMm GMm GMm ... 

F. =---— +-— cos 45° 


R 2 R 2 

GMm 


R 1 


R 1 


cos 45° 


= 0 


Express F y : 


Substitute numerical values and 
evaluate F v : 


r . GMm GMm . 

F. = -^ +-— sin 45° 


R 2 R 2 
GMm . 


R 2 

GMm 


sin 45° 


R 2 


(2 sin 45° +1) 


F, 


_ (e.evsxio^'N-iw/kg 2 ) 

(O.lm) 2 

x(3kg)(2kg)(2sin45° + l) 
= 9.67 x 10~ 8 N 


Substitute in equation (1) to obtain: 

F = 0/+ (9.67x10 8 N)j 


(b ) Using its definition, express g at 

_ F 0/ + ( ( 

F67 x 10 s N )) 

the center of curvature of the arc: 

S 

m 

2 kg 



= (4.83x10 

8 N/kg)./ 
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61 •• 

Picture the Problem The configuration of 
point masses is shown to the right. The 
gravitational field at any point can be 
found by superimposing the fields due to 
each of the point masses. 


(a) Express the gravitational field at 
x = 2 m as the sum of the fields due to 
the point masses m\ and mi'- 

Express and g 2 : 


g = gi+g 2 


( 1 ) 


Gm , ; , _ Gm-, 

gi = -—* and g 2 = — r 

x , x; 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate g: 


(b) Express g l and g 2 : 


Substitute in equation (1) to obtain: 


g = 


Gm i : Gm 


I + - 


Gm, 


~l + 


Gm 2 


= —y('»i 


6.6726 x IQ- 11 N-m 2 /kg 2 

(2 m ) 2 

x [2 kg -{(4 kg)]/ 
(-1.67x10 11 N/kg)/ 


Gm, ; , _ Gm , ; 

g x = -and g 2 = - —i 

xf x 2 

Gm, i Gm-, ; 

g = - y 1 1 - y^* 

Xj x 2 

Gm x : Gm 2 : 

G x; 

= — Y {}m ] +m 2 )i 

x 2 
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Substitute numerical values and 
evaluate g : 


(c) Express the condition thatg = 0: 


Express this quadratic equation in 
standard form: 


6.6726 x IQ -11 N -m 2 /kg 2 

(6 m ) 2 

x [i (2 kg) + 4 kg]/ 
(-8.34x10 12 N/kg)/ 


Gm x Gm 2 

or 


x 2 (6-x) 2 

x 2 + 12x — 36 = 0, where x is in meters. 


Solve the equation to obtain: 


x = 2.48m and x = -14.5m 


From the diagram it is clear that the 
physically meaningful root is the 
positive one at: 


x = 


2.48 m 


62 •• 

Picture the Problem To show that the maximum value of |g v | for the field of Example 
11-7 occurs at the points x = +a/yfl, we can differentiate g x with respect to x and set 
the derivative equal to zero. 


From Example 11-7: 


2 GMx 

7 2 , G37T 

\x + a ) 


Differentiate g x with respect to x and set the derivative equal to zero to find extreme 
values: 


dg x 

dx 


-2GM 


(x 2 + a 2 ) 


■312 


t ll 2 . 2 

3x ^x +a 



= 0 for extrema. 



Solve for x to obtain: 
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Remarks: To establish that this value for x corresponds to a relative maximum, we 
need to either evaluate the second derivative of g x at x = ± a! V2 or examine the 
graph of \g x I at x = + a! ~J2 for concavity downward. 


63 •• 

Picture the Problem We can find the mass of the rod by integrating dm over its length. 
The gravitational field at x 0 > L can be found by integrating dg at x 0 over the length of the 

rod. 


(a) Express the total mass of the 
stick: 


M = 


L L 



0 0 



( b ) Express the gravitational field 
due to an element of the stick of 
mass dm: 


Integrate this expression over the 
length of the stick to obtain: 


dg = 


Gdm : 
(x 0 -x) 2 
GCxdx : 
(x 0 -x) 2 


GAdx 7 
(x 0 -x) 2 


g = -GCj 


xdx 


(x 0 -x) 2 


2 GM 

In 

( \ 
x 0 


r l y 

i 

L 2 

l 

o 

K 


i 

o 

X 


64 ••• 

Picture the Problem Choose a mass element dm of the rod of thickness dx at a distance x 
from the origin. All such elements produce a gravitational field at a point P located a 
distance x 0 > \ L from the origin. We can calculate the total field by integrating the 


magnitude of the field produced by dm from x = -L !2 to x = +L/2. 


(a) Express the gravitational field at 7 - _ Gdm ; 

^g x i ^ 

P due to the clement dm: r 


Relate dm to dx: 


dm = — dx 
L 


Express the distance r between dm r — x 0 — x 

and point P in terms of x and xq: 


dgx = 1 - 



Substitute these results to express 
dg x in terms of x and xq: 
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( b ) Integrate to find the total field: 


g. 


GM 

L 


i/2 


-LI 2 


dx 


(*o ~ X Y 


GM 

1 

i/2 

t> 

i 

K 

1 

o 

-L/2^ 


>i 


GM 


2 1 T 2 

*0 ~\ L 


(c) Use the definition of g to 
express F : 


F = m 0 g 


GMm ( , : 

--— I 

v 2 _J_ r 2 
A 0 4 ^ 


2 

(d) Factor Xq from the denominator 
of our expression for g x to obtain: 


g, = 


GM 


Xr 


1- 


L 


2 A 


4x 2 

H-Xq y 


For xo » L the second term in 
parentheses is very small and: 


g, ~ 

which is the gravitational field of a point 
mass M located at the origin. 


GM 


g due to Spherical Objects 


65 


Picture the Problem The gravitational field inside a spherical shell is zero and the field 
at the surface of and outside the shell is given by g = GM / r 2 . 


(a) Because 0.5 m < R\ 


g = 


0 


( b ) Because 1.9 m < R: 

(c) Because 2.5 m > R\ 


g= 0 




GM 


(6.6726 xl0 11 N-m 2 /kg 2 ) (300kg) 
(2.5 m)" 


3.20 x 10 N/kg 


66 
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Determine the Concept The gravitational attraction is zero. The gravitational field inside 
the 2 m shell due to that shell is zero; therefore, it exerts no force on the 1 m shell, and, 
by Newton’s 3 rd law, that shell exerts no force on the larger shell. 


*67 • 

Picture the Problem The gravitational field and acceleration of gravity at the surface of 
a sphere given by g = GM / R 2 , where R is the radius of the sphere and Mis its mass. 


Express the acceleration of gravity 
on the surface of Si - . 


g i = 


GM 
R 2 


Express the acceleration of gravity 
on the surface of S 2 : 


GM 
82 ~ R 2 


Divide the second of these equations 
by the first to obtain: 


S2 

gx 


GM 

R 2 

GM 

R 2 


gx=gi 


68 •• 

Picture the Problem The gravitational field and acceleration of gravity at the surface of 
a sphere given by g = GM / R 2 , where R is the radius of the sphere and Mis its mass. 
Express the acceleration of gravity on _ GM 

the surface of Si: 81 R 2 


Express the acceleration of gravity on 
the surface of S 2 : 


g 2 


GM 

~R[ 


Divide the second of these equations 
by the first to obtain: 


Solve for g 2 : 


GM 


gi_ 

gx 


R ; 


R; 


GM Rl 

r: 


g 2 = 


R[ 

Rl 


■g 1 


Remarks: The accelerations depend only on the masses and radii because the points 
of interest are outside spherically symmetric distributions of mass. 


69 
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Picture the Problem The magnitude of the gravitational force is F = mg where g inside a 
spherical shell is zero and outside is given byg = GM / r 2 . 


(a) At r = 3 a, the masses of both 
spheres contribute to g: 


v g(m 1 +m,) 

t = mg = m — ., —— 

(3 a) 


Gm(M, +Mj 


9 a z 


(b) At r = 1.9 a,g due to M 2 = 0: 


F 


= mg = m 


GM, 
(1.9 a) 1 


GmM x 

3.61a 2 


(c) At r = 0.9 a, g = 0: 



70 •• 

Picture the Problem The configuration is 
shown on the right. The centers of the 
spheres are indicated by the center-lines. 
The x coordinates of the mass m for parts 
(a), (b), and (c) are indicated along the x 
axis. The magnitude of the gravitational 
force is F = mg where g inside a spherical 
shell is zero and outside is given 
GM 




(a) Express the force acting on the F = m(g i x + g 2x ) 

object whose mass is m: 


Find g\ x atx = 3a: 


Findg 2 * atx = 3a: 


Six = 


GM, _ GM, 


(3a) 2 9 a 2 


glx 


GM , 


GM , 


(3a-0.8a) 2 4.84a 2 


F = m 


GM, GM , 
1 +■ 2 


V 9a _ 4.84a' j 


Gm 

(M, | m 2 3 

a 2 

t 9 4.84J 


Substitute to obtain: 
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(. b ) Find g 2x at x = 1.9 a: 


GM 2 _ GM 2 
§2x ~ {l.9a-0.8a) 2 ~ 1.21 a 2 


Findgu atx = 1.9 a: 


gu = 0 


Substitute to obtain: 


F 


= mg = 


GmM 2 
1.21 a 2 


(c) At x = 0.9a, g ]x = g 2x = 0: 



g Inside Solid Spheres 


*71 •• 

Picture the Problem The "weight" as measured by a spring scale will be the normal 
force which the spring scale presses up against you. There are two forces acting on you 
as you stand at a distance r from the center of the planet: the normal force (F N ) and the 
force of gravity (mg). Because you are in equilibrium under the influence of these forces, 
your weight (the scale reading or normal force) will be equal to the gravitational force 
acting on you. We can use Newton’s law of gravity to express this force. 


(a) Express the force of gravity 
acting on you when you are a 
distance r from the center of the 
earth: 

Using the definition of density, 
express the density of the earth 
between you and the center of the 
earth and the density of the earth as 
a whole: 


Because we’re assuming the earth to 
of uniform-density and perfectly 
spherical: 


Substitute in equation (1) and 
simplify to obtain: 


F 


GM(r)m 


( 1 ) 


_ M(r) _ M(r) 
P V{r) r 3 
and 


M b _ m e 

v e UR 3 


M(r) _ Me 
or 


M{r) = Me 


'rV 

,R; 


GM c 




F s = 


\Rj 


m 


GM E m r 
R 2 ~R 




















Gravity 881 


Apply Newton’s law of gravity to 
yourself at the surface of the earth to 
obtain: 


Substitute to obtain: 


(. b ) Apply Newton’s 2 nd law to your 
body to obtain: 

Solve for your "effective weight" 
(i.e., what a spring scale will 
measure) F N : 


(c) We can decide whether the 
change in mass with distance from 
the center of the earth or the 
rotational effect is more important 
by examining the ratio of the two 
terms in the expression for your 
effective weight: 

Substitute numerical values and 
evaluate this ratio: 


mg = 


GM E m 
R 2 


or 

GM f 

g= ir 

where g is the magnitude of free-fall 
acceleration at the surface of the earth. 


mg 
- r 


i.e., the force of gravity on you is 
proportional to your distance from the 
center of the earth. 


17 ' 2 

r N - mg — = -mrco 


mg 2 

- r - mrco = 

f mg 

r 

R 

l R j 



Note that this equation tells us that your 
effective weight increases linearly with 
distance from the center of the earth. The 
second term can be interpreted as a 
"centrifugal force" pushing out, which 
increases the farther you get from the 
center of the earth. 


m s r 

_R _ 

mrco 1 


g 

_R_ 

co 2 


g 


R 


2 n 


V i J 


gT 2 
4 n 2 R 


2 (9.81m/s 2 )f24hx^ < ^ S 

gT 2 _ V \ h 

4 n~R 4ti 2 (6370 km) 

= 291 


The change in the mass between you and the center of the earth as 
you move away from the center is 291 times more important than 
the rotational effect. 
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72 •• 

Picture the Problem We can find the loss in weight at this depth by taking the difference 
between the weight of the student at the surface of the earth and her weight at a depth d = 
15 km. To find the gravitational field at depth d, we’ll use its definition and the mass of 
the earth that is between the bottom of the shaft and the center of the earth. We’ll assume 
(incorrectly) that the density of the earth is constant. 


Express the loss in weight: 

Aw = w(i? E ) - w(i?) (1) 

Express the mass M inside 

R ~Re — d\ 

M=pV = ±pJc(R E -dJ 

Express the mass of the earth: 

M e = pV E = j pnR E 

Divide the first of these equations 
by the second to obtain: 

M y p7t{R E -d ) 7 (R e -df 

M E \pnR\ Rl 

Solve for M : 

.. .. {R E -d ) 7 

M = M F v E , ’ 

R\ 

Express the gravitational field at 

R = Re — d\ 

_ GU GM e (R e -df 
g ~ R 2 “ (R E -dfRl 

Express the gravitational field at 

R =Re: 

gm e 

Se = „ 2 E (3) 

Divide equation (2) by equation (3) 

to obtain: 

GM E (R E -df 

g _ (. R E -d) 2 R 2 E _R E -d 
g E GM E 

Re 

Solve for g: 

R e -d 

g= D Se 

Express the weight of the student at 

R = Re — d\ 

w(r) = mg(R)= E mg E 

^E 
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Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate Aw: 


Aw = mg E 


f 

1 

V 


A 

R 


mg E 


E J 


mg y d 

r e 


(800N)(l5km) 

6370km 


1.88N 


73 •• 

Picture the Problem We can use the hint to find the gravitational field along the x axis. 
Using the hint, express g(x): g(x) = g solid sphere + g hollow sphere 


Substitute for g solid sphere and 

ghollow sphere and simplify to obtain: 


sM 


^"^^solid sphere ^ hollow sphere 


X 


b-U ) 2 


GpMxX 1 ) , GgJ-iAU) 


b - 1^) 2 


n 

47rp 0 R 3 N 

1 1 



l 3 J 

x 1 8(x-r*) 3 



74 «• 

Picture the Problem The diagram shows 
the portion of the solid sphere in which the 
hollow sphere is embedded, g is the field 

due to the solid sphere of radius R and 
density po and g 2 is the field due to the 

sphere of radius ViR and negative density 
Po centered at ViR. We can find the 
resultant field by adding the x and y 
components of gj andg 2 . 



Use its definition to express g. 


GM _ Gp 0 V 


4np Q rG 

3 


4/ryy'G 
3 r 2 


Find the x and y components of g, : 


g ix =-gi cos 0 = -g x 






4np^Gx 


and 


3 
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Use its definition to express g. 


gly 


~gi sin 0 = - gl 


V 


4m,Gy 

3 


where the negative signs indicate that the 
field points inward. 


_ , GM 2 _ Gp 0 V 2 _ 47rp 0 r 2 G 

£2 ~ 2 — 2 — t 2 

r r 2 3 r 2 

_ Anpp- 2 G 

3 

where r 2 = yj(x-\Ry + y 2 


Express the x and y components of g 2 : 


82* = gi 


§2v = §2 


r x-\R^ 


4 kPqG{x- 


v '2 y 

4np Q Gy 


f \ 

y 


\ V 2J 


R) 


Add the x components to obtain the g x = g lx + g 2x 

x component of the resultant field: _ 4np {) Gx 4 np 0 G(x-\R) 

3 + 3 

2 7rp 0 GR 
3 

where the negative sign indicates that the 
field points inward. 


Add they components to obtain the 
y component of the resultant field: 


gy = gly + g 2 v 

4xp 0 Gy | 4 jcp Q Gy _ Q 
3 3 


Express g in vector form and 

/V /V 

( Inpr.GR^ 


evaluate |g : 

g = g x l + Gyj = 

l 3 J 

l 


and 

2 Trp 0 GR 
3 



75 ••• 

Picture the Problem The gravitational field will exert an inward radial force on the 
objects in the tunnel. We can relate this force to the angular velocity of the planet by 
using Newton’s 2 nd law of motion. 
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Letting r be the distance from the 
objects to the center of the planet, 
use Newton’s 2 nd law to relate the 
gravitational force acting on the 
objects to their angular velocity: 

Solve for co to obtain: 


Use its definition to express g : 


F net = F ,= ™r(D 

or 

mg = mrco 2 



GM _ Gp 0 V _ 4np {) r'G 
r 2 r 2 3 r 2 

4np 0 rG 


Substitute in equation (1) and simplify: 


4np,,rG 

3 

\4np 0 G 

r 

V 3 


76 ••• 

Picture the Problem Because we’re given the mass of the sphere, we can find C by 
expressing the mass of the sphere in terms of C. We can use its definition to find the 
gravitational field of the sphere both inside and outside its surface. 

(a) Express the mass of a differential dm = p dV = p[\n r 2 dr) 

element of the sphere: 

Integrate to express the mass of the 
sphere in terms of C: 


5 m 

M = 4k C J rdr = (50 m 2 )n C 


Solve for C: 


Substitute numerical values and 
evaluate C: 


r _ m 

(50 m 2 )/r 


1011kg 

(5 0 nr),T 


6.436 kg/m 2 


(b) Use its definition to express the _ _ GM 

^ 2 

gravitational field of the sphere at a r 

distance from its center greater than 
its radius: 
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(l)Forr>5m: _ (6.6726x10 11 N-m 2 /kg 2 ) (lOl lkg) 

§ ~ 2 
r 

6.75 xlO -8 N/kg 


Use its definition to express the 
gravitational field of the sphere at a 
distance from its center less than its 
radius: 


(2) For r < 5 m: g = 2^(6.6726 x 10 n N-m 2 /kg 2 ) 

x (6.436 kg/m 2 ) 

- 2.70xl(T 9 N/kg 

Remarks: Note that g is continuous at r = 5 m. 


.iC 


= G 


14 7tr 2 pdr j 4?r r’—dr 

±.- = G- - 


4;rCj r dr 

= G - % -= 2 nGC 


*77 ••• 

Picture the Problem We can use conservation of energy to relate the work done by the 
gravitational field to the speed of the small object as it strikes the bottom of the hole. 
Because we’re given the mass of the sphere, we can find C by expressing the mass of the 
sphere in terms of C. We can then use its definition to find the gravitational field of the 
sphere inside its surface. The work done by the field equals the negative of the change in 
the potential energy of the system as the small object falls in the hole. 


Use conservation of energy to relate 
the work done by the gravitational 
field to the speed of the small object 
as it strikes the bottom of the hole: 


Solve for v: 


Express the mass of a differential 
element of the sphere: 


K { - K { + AU = 0 

or, because K\ = 0 and W= -AU, 

W = \mv 2 

where v is the speed with which the object 
strikes the bottom of the hole and W is the 
work done by the gravitational field. 



( 1 ) 


dm = p d V = /?(An > 
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Integrate to express the mass of the 
sphere in terms of C: 

5 m 

M = 47r C J rdr = (50 m 2 C 

0 

Solve for and evaluate C: 

c M 1011kg 

(50 111 2 (50 m 2 

= 6.436 kg/m 2 

Use its definition to express the 
gravitational field of the sphere at a 

distance from its center less than its 

radius: 

r r c 

| Anr 2 pdr j*4 nr 2 —dr 

S = - 2 -= 

r r 

r 

4;rCj rdr 

= G °, = 2nGC 

r 

Express the work done on the small 
object by the gravitational force 
acting on it: 

3m 

W = - J mgdr = (2 m )mg 

5m 

Substitute in equation (1) and 
simplify to obtain: 

v (2(2mW2,GC) =#S j^ 

V m 

Substitute numerical values and evaluate v: 



v = A /(8m)^-(6.6726x10 11 N-m 2 /kg 2 )(6.436kg/m 2 ) = 0.104mm/s 

78 ••• 

Picture the Problem The spherical deposit of heavy metals will increase the 
gravitational field at the surface of the earth. We can express this increase in terms of the 
difference in densities of the deposit and the earth and then form the quotient A g/g. 


Express Ag due to the spherical deposit: 

GAM 

a g = —r- (i) 

r 

Express the mass of the spherical deposit: 

M = ApV = Ap(f n R 3 ) = f n Ap R 3 

Substitute in equation (1): 

^GnApR^ 
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Express A g/g: 


±GxApR 3 

A g _ r 2 _ jGaApR 3 

g g g>' 2 


Substitute numerical values and evaluate Ag/g: 

Ag _ ^(6.6726xlQ~ n N-m 2 /kg 2 )(5000kg/m 3 )(1000m) 3 
g ~ (9.81 N/kg)(2000m) 2 


3.56x 1(T 5 


*79 ... 

Picture the Problem The force of attraction of the small sphere of mass m to the lead 
sphere is the sum of the forces due to the solid sphere ( F s ) and the cavities ( F c ) of 
negative mass. 


(a) Express the force of attraction: 


F — F s + F c (1) 


Use the law of gravity to express the 
force due to the solid sphere: 


- GMm ; 

F S= - 


Express the magnitude of the force 
acting on the small sphere due to 
one cavity: 


Relate the negative mass of a cavity 
to the mass of the sphere before 
hollowing: 


F c=- 


GM'm 


d 2 + 


R 

V2y 


where M is the negative mass of a cavity. 


M' = -pV = -p \it 


' RG 

It 


f (^pR 3 )=-iM 


Letting 0be the angle between the x 
axis and the line joining the center 
of the small sphere to the center of 
either cavity, use the law of gravity 
to express the force due to the two 
cavities: 


_ _ GMm -1 

F r = 2—-—cos 61 


8 


d 2 + 


R 


2 A 


J 


because, by symmetry, they components 
add to zero. 


Express cost?: 


cos 6 = 


d 2 + 


iT 


4 
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Substitute to obtain: 


F c =~7 


GMm 


d 


d 2 + 


R 


2 V 


J 


\d- + 


R- 


GMmd 


d 2 + 


R 


2 V 


3/2 


Substitute in equation (1) and simplify: 


• GMm: GMmd 

F =- —i +■ 


/ o \ 3/2 

,2 R ' 

d H- 


V 


J 



(, b ) Evaluate F at d = R: 


F(R) = 


GMm 

R 2 


R 3 



GMm ; 

- 0.821-— i 

R 2 


80 •• 

Picture the Problem Let 7? be the size of the cluster, and N the total number of stars in it. 
We can apply Newton’s law of gravity and the 2 nd law of motion to relate the net force 
(which depends on the number of stars N(r) in a sphere whose radius is equal to the 
distance between the star of interest and the center of the cluster) acting on a star at a 
distance r from the center of the cluster to its speed. We can use the definition of density, 
in conjunction with the assumption of uniform distribution of the starts within the cluster, 
to find N(r) and, ultimately, express the orbital speed v of a star in terms of the total mass 
of the cluster. 


Using Newton’s law of gravity and 
2 nd law, express the force acting on 
a star at a distance r from the center 
of the cluster: 


GN{r)M 2 


= M — 


F{r) 

r r 

where N(r) is the number of stars within a 
distance r of the center of the cluster and M 
is the mass of an individual star. 
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Using the uniform distribution 
assumption and the definition of 
density, relate the number of stars 

N(r) within a distance r of the center 
of the cluster to the total number N 
of stars in the cluster: 

_ N{r)M _ NM 

or 

N (r) = N ^ 

Substitute to obtain: 

GNM 2 r 3 , ,v 2 

- 5 - t = m — 

r 2 R 3 r 

Solve for v to obtain: 

or 

2 

GNM^— = v 2 

R 3 

IGNM 


v = rJ -— ^ veer 

V i? 


The mean velocity v of a star in a circular orbit around the center 
of the cluster increases linearly with distance r from the center. 


General Problems 

*81 • 

Picture the Problem We can use Kepler’ 
distance from the sun. 

Using Kepler’s 3 rd law, relate the 
period of Pluto to its mean distance 
from the sun: 

Solve for T : 


3 ld law to relate Pluto’s period to its mean 

T 2 = Cr 3 

4 7r 2 

where C = —— = 2.973 x 10 19 s 2 /m 3 . 
GM S 

t = 4c? 


Substitute numerical values and evaluate T : 


T = 


(2.973 x 10 -19 s 2 /m 3 ) 


39.5 AUx 


1.50x10“ m^ 3 


AU 


,. ,„ 9 lh Id ly 
= 7.864x10 sx-x-x- J 


3600s 24h 365.25d 


249 y 
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82 • 

Picture the Problem Consider an object of mass in at the surface of the earth. We can 
relate the weight of this object to the gravitational field of the earth and to the mass of the 
earth. 

Using Newton’s 2 nd law, relate the 
weight of an object at the surface of 
the earth to the gravitational force 
acting on it: 

Solve for M E : 


Substitute numerical values and 
evaluate M E . 

= 5.97 xlO 24 kg 


GM v m 

w = mg = J 


m e = 


gRl 


M c = 


_ (9.81N/kg)(6.37xl0 6 

m ) 


6.6726x10 11 N-m 2 /kg 2 


83 •• 

Picture the Problem The work you must do against gravity to move the particle from a 
distance n to r 2 is the negative of the change in the particle’s gravitational potential 
energy. 


(a) Relate the work you must do to 
the change in the gravitational 
potential energy of the earth-particle 
system: 


r r dr 

W = -A U = -J F g dr = GM E mj — 

n r \ r 

= -GM E m 




(. b ) Substitute gR E for GM E , R E for 
r\, and R E + h for r 2 to obtain: 


( 1 ) 
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(c) Rewrite equation (1) with a 
common denominator and simplify 
to obtain: 


W = mgR E 


' R E +h-R E ^ 

v *e(*e +/? ) V 


f \ 


- mgh 


R B 


v i? E 


= »Zg/z 


1 + 


R 


E J 



when h « Re- 


84 •• 

Picture the Problem The gravitational field outside a uniform sphere is given by 
g = — GMfr 2 and the field inside the sphere by g = —{gM / R )/\ 

(a) Express g outside the sphere: _ _ GM 

& ~~ 2 
r 


Find the mass of the sphere: 
Substitute and simplify to obtain: 


M=pV = p(fxR 3 ) 

Gp(fxR 3 ) _ 4 GpR 3 


Substitute numerical values and evaluate g : 


(6.673 x 10 11 N • m 2 /kg 2 ) (2000kg/m 3 ) (l00 m) 3 _ 

0.559 N-m 2 /kg 

r 2 

r 2 


( b ) Express the gravitational field 
inside the uniform sphere: 


g = 


GM 

-= 

R 3 

-\n pGr 


gpGeR),. 

R 3 


Substitute numerical values and evaluate g: 


g = -4^(2000 kg/m 3 )(6.6726 x 10 11 N-nr/kg 2 )/- = 


5.59x 10 " N/kg • m]r 


85 •• 

Picture the Problem We can use Kepler’s 3 rd law to relate the period of the satellite to 
its mean distance from the center of Jupiter. 
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Use Kepler’s 3 rd law to relate the 
period of the satellite to its mean 
distance from the center of Jupiter: 


rj -r 2 


4n 2 

GMj 


(Rj+hf 


Solve for h: 


T 2 GM s 

4 n 2 


R, 


( 1 ) 


Express the mass of Jupiter in terms M , - 320 M E 

of the mass of the earth: 


Express the volume of Jupiter in V } = 1320F E 

terms of the mass of the earth: 


Express the volumes of Jupiter and 
Earth in terms of their radii and 
solve for R s \ 

Substitute in equation (1) to obtain: 


R, = Vl 320/?, 


JT 2 G{320M [ 
~4k 2 


h = \ 



Express the period of the satellite in 
seconds: 


T = 9h + 50min 


3600s 
= 9hx- 

h 

= 3.54x 10 4 s 


+ 50 minx 


60s 

min 


Substitute numerical values and evaluate h\ 


, _ 3 /( 3 .54 xl ° 4 s) 2 (6.6726 xi r llN -m 2 / kg 2 ){32°(5. 98 xiO 24 kg)} 

4k 2 

-Vl320(6.37xl0 6 m) 

= 8.96x 10 7 m 


86 •• 

Picture the Problem Let m represent the mass of the spacecraft. From Kepler’s 3 ld law 
we know that its period will be a minimum when it is in orbit just above the surface of 
the moon. We’ll use Newton’s 2 nd law to relate the angular velocity of the spacecraft to 
the gravitational force acting on it. 
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Relate the period of the spacecraft to j _ 2?r 

its angular velocity: CO 


(1) 


Using Newton’s 2 nd law of motion, 
relate the gravitational force acting 
on the spacecraft when it is in orbit 
at the surface of the moon to the 
angular velocity of the spacecraft: 

Solve for ox 


Substitute in equation (1) and 
simplify to obtain: 


I 


GM u m 2 

^radial = -^- = mR»(0 


R 


V M L 


M 


= \GM^ = I G^npRj) 

i K V *m 

= v/t Gkp 

2 n _ I 3 n 

4\ Gn P \P G 


Substitute numerical values and evaluate T min : 


= 


3 n 


(6.6726 xlCT 11 N-m 2 /kg 2 )(3340kg/m 3 ) 


=6503s= 


1 h 48 min 


87 •• 

Picture the Problem We can use conservation of energy to establish a relationship 
between the height h to which the projectile will rise and its initial speed. The application 
of Newton’s 2 nd law will relate the orbital speed, which is equal to the initial speed of the 
projectile, to the mass and radius of the moon. 


Use conservation of energy to relate 
the initial energies of the projectile 
to its final energy: 


Solve for h: 


K f -K, +U { -U j =0 
or, because K { = 0, 


- f mv - 


2 GM u m | GrM M m _ Q 


R m +h 


R i 


h = R 


1 


! v2r m 

2GM, 


— 1 


M 


(i) 


z 


f — 

radial 


GM M m _ m V 


Use Newton’s 2 nd law to relate 
velocity of the satellite to the 
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gravitational force acting on it: 

Solve for v 2 : 2 GM m 

v =-— 


Substitute for v 2 in equation (1) and 
simplify to obtain: 


f \ 


h = R 


1 



]_ 

2 


1 =R = 


1.70 Mm 


J 


*88 •• 

Picture the Problem If we assume the astronauts experience a constant acceleration in 
the barrel of the cannon, we can use a constant-acceleration equation to relate their exit 
speed (the escape speed from the earth) to the acceleration they would need to undergo in 
order to reach that speed. We can use conservation of energy to express their escape 
speed in terms of the mass and radius of the earth and then substitute in the constant- 
acceleration equation to find their acceleration. To find the balance point between the 
earth and the moon we can equate the gravitational forces exerted by the earth and the 
moon at that point. 


(a) Assuming constant acceleration 
down the cannon barrel, relate the 
ship’s speed as it exits the barrel to 
the length of the barrel and the 
acceleration required to get the ship 
to escape speed: 

Solve for the acceleration: 


Use conservation of energy to relate 
the initial energy of astronaut’s ship 
to its energy when it has escaped the 
earth’s gravitational field: 

When the ship has escaped the 
earth’s gravitational field: 


Solve for v 2 to obtain: 


v 2 = 2aA£ 

where £ is the length of the cannon. 


a = 


2A£ 

AK + AU = 0 
or 

Kf-K.+Uf-U, =0 


( 1 ) 


K { =U { = 0 
and 

-K,-U, = 0 


1 1 


or 


1 2 

2 mV e - 


GM E m 

R 


= 0 


where m is the mass of the spaceship. 
2GM b 


2 

V e = 


R 
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Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate a: 


GM e 

a =-- 

MR 

a = (6.673x10 11 N-m 2 /kg 2 ) 
(5.98 xlQ 24 kg) 

X (274m)(6370km) 

= 2.29 xlO 5 m/s 2 
* 23,300g 

Survival is extremely unlikely! 


(b) Let the distance from the center 
of the earth to the center of the 
moon be R, and the distance from 
the center of the spaceship to the 
earth be x. If M is the mass of the 
earth and m the mass of the moon, 
the forces will balance out when: 


Solve for x to obtain: 


Substitute numerical values and 
evaluate x: 


GM _ Gm 
x 1 (R — x) 2 

or 

x _ R-x 
yl~M 4~m 

where we’ve ignored the negative solution, 
as it doesn't indicate a point between the 
two bodies. 


R 



3.84x10 8 m 
1 7.36xl0 22 kg 
+ V 5.98X 10 24 kg 

3.46x10 s m 


No it is not. During the entire trip, the astronauts would be in free - fall, 
and so would not seem to weigh anything. 


89 « 

Picture the Problem Let the origin of our coordinate system be at the center of mass of 
the binary star system and let the distances of the stars from their center of mass be r t and 
r 2 . The period of rotation is related to the angular velocity of the star system and we can 
use Newton’s 2 nd law of motion to relate this velocity to the separation of the stars. 



Relate the square of the period of the 
motion of the stars to their angular 
velocity: 


(1) 
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Using Newton’s 2 nd law of motion, 
relate the gravitational force acting 
on the star whose mass is m 2 to the 
angular velocity of the system: 

Solve for <y 2 : 


2* 


Gm,m , 


radial 


(>i +u) 


2 = m 2 r 2 a> 


co 


Gm ] 

g(g+gY 


( 2 ) 


From the definition of the center of m \ r \ = m 2 r i 

mass we have: where r = r x + r 2 


(3) 

(4) 


Eliminate r\ from equations (3) and 
(4) and solve for r 2 : 


rm l 

m ] +m 2 


Eliminate r 2 from equations (3) and 
(4) and solve for rp 


rm 2 

r x =- 

m 1 + m 1 


Substitute for r\ and r 2 in equation 
(2) to obtain: 


co 1 = 


G{in x + m 2 ) 


Finally, substitute in equation (1) 
and simplify: 


T 2 


An 2 

G{rn x + m 2 ) 


An -V 
G(m ] + m : ) 


90 •• 

Picture the Problem Because the two-particle system has zero initial energy and zero 
initial linear momentum; we can use energy and momentum conservation to obtain 
simultaneous equations in the variables r, Vi and v 2 . We’ll assume that initial separation 
distance of the particles and their final separation r is large compared to the size of the 
particles so that we can treat them as though they are point particles. 


Use conservation of energy to relate 
the speeds of the particles when 
their separation distance is r. 


E t =E t 

or 

A 1 2,i 2 

0 = m, v, +jtn 2 v 2 


Gm l m 2 

r 


( 1 ) 


Use conservation of linear 
momentum to obtain a second 
relationship between the speeds of 
the particles and their masses: 


Pi =P f 
or 

0 = mp\ + m 2 v 2 


(2) 
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Solve equation (2) for V| and 
substitute in equation (1) to obtain: 


f 



V 


+ - 


m; 


.2 A 


III 


1 


2 Gm x m 2 
r 


(3) 


Solve equation (3) for v< 

W = 


2 Gml 


1 

r(rn i + m 2 ) 




Solve equation (2) for Vj and 

v i = 

1 

2Gm; 

substitute for v 2 to obtain: 

V r(m 1 + m 2 ) 


*91 •• 

Picture the Problem We can find the orbital speeds of the planets from their distance 
from the center of mass of the system and the period of their motion. Application of 
Kepler’s 3 rd law will allow us to express the period of their motion T in terms of the 
effective mass of the system ... which we can find from its definition. 


Express the orbital speeds of the 
planets in terms of their period T: 


Apply Kepler’s 3 rd law to express 
the period of the planets: 


Substitute to obtain: 


The distance of each planet from the 
effective mass is: 

Find M e ff from its definition: 


2 kR 

v =- 

T 

where R is the distance to the center of 
mass of the four-planet system. 


V GM ^ 

where M eff is the effective mass of the four 
planets. 


2 nR / GM eff 

r 

i GM eS 


R = 


v/2 


_L__L _L _L _L 

M eff ~ M M M M 
and 


M 


eff 


= \M 



V2 GM 

M 

4 a 


Substitute for R and M eff to obtain: 


v = 
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Picture the Problem Let r represent the separation of the particle from the center of the 
earth and assume a uniform density for the earth. The work required to lift the particle 
from the center of the earth to its surface is the integral of the gravitational force function. 
This function can be found from the law of gravity and by relating the mass of the earth 
between the particle and the center of the earth to the earth’s mass. We can use the work- 
kinetic energy theorem to find the speed with which the particle, when released from the 
surface of the earth, will strike the center of the earth. Finally, the energy required for the 
particle to escape the earth from the center of the earth is the sum of the energy required 
to get it to the surface of the earth and the kinetic energy it must have to escape from the 
surface of the earth. 

(a) Express the work required to lift 
the particle from the center of the 
earth to the earth’s surface: 


Using the law of gravity, express the 
force acting on the particle as a 
function of its distance from the 
center of the earth: 

Express the ratio of M to M E : 


Substitute for M in equation (2) to obtain: GmM E mgR\ mg 

ri 


JV E 

W = j Fdr 


( 1 ) 


where F is the gravitational force acting on 
the particle. 


F = 


GmM 


( 2 ) 


where M is the mass of a sphere whose 
radius is r. 


M p(j7T r 3 ) 
p(\nR\) 


r 3 

M = M f — 

e rI 


Substitute for F in equation (1) and 
evaluate the integral: 


W = 


\rdr 

R e l 


gmR E 

2 


(. b ) Use the work-kinetic energy W - A K = \mv 2 

theorem to relate the kinetic energy 

of the particle as it reaches the 

center of the earth to the work done 

on it in moving it to the surface of 

the earth: 



Substitute for W and solve for v: 


v = 
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(c) Express the total energy required 
for the particle to escape when 
projected from the center of the 
earth: 

Substitute for W and solve for v esc : 

Substitute numerical values and 
evaluate v esc : 


E e sc =W + \mvl 

=\ mv L 

where v e is the escape speed from the 
surface of the earth. 

V esc = ^g R E 

v esc = V3(9.81N/kg)(6.37xl0 6 m) 
= 13.7km/s 


93 •• 

Picture the Problem We need to find the gravitational field in three regions: 
r < R\, R\ < r < R 2 , and r > R 2 . 


For r < R\\ 



For r > R 2 , g(r ) is the field of a mass 
M centered at the origin: 


g(>') = 


GM 


For R\ < r < R 2 , g(r ) is determined 
by the mass within the shell of 
radius r: 


g{ r ) = ^T 0) 

r 

where in = ^ Tip (r ! -i?, 3 ) (2) 


Express the density of the spherical 
shell: 

Substitute for p in equation (2) and 
simplify to obtain: 

Substitute for m in equation (1) to 
obtain: 


P 


m = 


. M 

M 

V 


M 

C-*i) 

R 2 ~ R l 

)- 

GM(r 3 -7? 3 ) 

) 
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A graph of g r with R\ = 2, R 2 = 3, and GM = 1 follows: 
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Picture the Problem A ring of radius R is 
shown to the right. Choose a coordinate 
system in which the origin is at the center 
of the ring and x axis is as shown. An 
element of length dL and mass dm is 
responsible for the field dg at a distance x 
from the center of the ring. We can express 
the x component of dg and then integrate 
over the circumference of the ring to find 
the total field as a function of x. 

(a) Express the differential 
gravitational field at a distance x 
from the center of the ring in terms 
of the mass of elemental length dL: 

Relate the mass of the element to its 
length: 



dm = A dL 

where A is the linear density of the ring. 


Substitute to obtain: 

By symmetry, the y and z 
components of g vanish. Express the 
x component of dg: 


dg = 


GA dL 
R 2 +x 2 


dg x = dg cos 6 


GA dL 

r, 2 , 2 

R + x 


cos 0 
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Referring to the figure, express 
cost?: 

Substitute to obtain: 


cos 0 = ' 

VFT ^ 2 


dg x = 


GAdL x 
R~+x~ ^R 2 +x 2 


GAxdL 

( R 2 + X 2 ) 372 


Because A = 


M 

2k R 


dg x = 


GMxdL 


2kr(r 2 +x 2 ) 32 


Integrate to find g(x): 


^W= 


GMx 


2 7tR 


2 


\ dL 


GM 



iR 2 +x 2 ) 

3/2 A 


A plot of g x is shown below. The curve is normalized for R = 1 and GM = 1. 



X 


(b ) Differentiate g(x) with respect to x and set the derivative equal to zero to identify 
extreme values: 


dg_ 

dx 



0 for extrema 



-3x 2 (x 2 +f? 2 ) 12 = 0 


Simplify to obtain: 





Gravity 903 


Solve for x to obtain: 



Because the curve is concave downward, 
we can conclude that this result 
corresponds to a maximum. Note that this 
result agrees with our graphical maximum. 


95 ••• 

Picture the Problem The diagram shows a 
segment of the wire of length dx and mass 
dm = Adx at a distance x from the origin of 
our coordinate system. We can find the 
magnitude of the gravitational field at a 
distance r from the wire from the resultant 
gravitational force acting on a particle of 
mass m' located at point P and then 
integrating over the length of the wire. 



Express the gravitational force 
acting on a particle of mass in' at a 
distance r from the wire due to the 
segment of the wire of length dx: 


dF = m 'dg 


or 

dg 


dF_ 

m' 


Using Newton’s law of gravity, 
express dF: 


Substitute and simplify to express 
the gravitational field due to the 
segment of the wire of length dx: 

By symmetry, the segment on the 
opposite side of the origin at the 
same distance from the origin will 
cancel out all but the radial 
component of the field, so the 
gravitational field will be given by: 


dF = 


Gm 'Mx 

R 2 


or, because R 1 = x’ + r 2 , 

lr -, Gm 'Mx 
dF = 


2 , 2 

x + r 


dg = 


GMx 

2 2 ~ 

x +r 


, GMx _ 

dg = —;- 7 COS# 

x + r 

GMx r 


+ r yjx 2 +r 2 


GAr 


(x- + r) 


3/2 


dx 


Integrate dg from x' = -go to x' = +oo to obtain: 


*=/ 


GAr 

(x' 2 +r 2 J 12 


-dx'= 2GAJ 
0 


r 


( a . 2 
[x +r 


) 


-dx = 


2 GA 

X 


2Gvl 

r 

xlx' 2 +r 2 

0 

r 
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Picture the Problem We can use the relationship between the angular velocity of an 
orbiting object and its tangential velocity to express the speeds v in and v out of the 
innermost and outermost portions of the ring. In part ( b ) we can use Newton’s law of 
gravity, in conjunction with the 2 nd law of motion, to relate the tangential speed of a 
chunk of the ring to the gravitational force acting on it. As in part (a), once we know v in 
and v out , we can express the difference between them to obtain the desired results. 


( a ) Express the speed of a point in 
the ring at a distance R' from the 
center of the planet under the 
assumption that the ring is solid and 
rotates with an angular velocity or. 

Express the speeds v ln and v out of the 
innermost and outermost portions of 
the ring: 


Express the difference between v out 
and v in : 


(b) Assume that a chunk of the ring 
is moving in a circular orbit around 
the center of the planet under the 
force of gravity. Then, we can find 
its velocity by equating the force of 
gravity to the centripetal force 
needed to keep it in orbit: 


v(i?') = coR 


v m ={ R -\ r )® 

and 

Wu ={R + \r)o) 

v out -v m ={R + \r)co-{R-\r)co 
v 

= cor = —r = 

R 


GMm _ mv 

R' 2 
or 

~GM 

R' 

where M is the mass of the planet and R' 
the distance from the center. 




Substitute for R’ to express v out : 


Expand binomially to obtain: 


GM 
R + \r 


GM 


u it) 

R 

1 +- 


l 2 R) 


\GM (, 1 r 

1 +- 

2 R 


R 


V 


yi/2 

J 


\GM( 1 1 r 

V ° ut - v R l 2 2 R 


higher order terms) 


\GM( 1 r 
R { 4 R, 
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Proceed similarly to obtain, for v in : 


GM 


R 


1 + 


]_r_" 
4 R , 


Express the difference between v out and Vi n : 


v 


out 



\_r_" 
2 Rj 
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Picture the Problem Let U = 0 at x = oq The potential energy of an element of the stick 
dm and the point mass m 0 is given by the definition of gravitational potential energy: 
dU = — Gm () dm jr where r is the separation of dm and m 0 . 


(a) Express the potential energy of 
the masses m 0 and dm: 


dU = 


Gm 0 dm 
x 0 -x 


The mass dm is proportional to the 
size of the element dx: 


dm = A dx 

where A = —. 

L 


Substitute these results to express 
dU in terms of x: 


dU = 


Gm 0 A dx 
x 0 -x 


GMm 0 dx 
L{x 0 -x ) 


( b ) Integrate to find the total potential energy for the system: 

( ^ 

x 0 - 

l 2 ) 


GMm 0 ln 

( x 0 +L/2} 

L 

<N 

1 

0 

K 


u = _ GMm 0 


L! 2 


dx GMm n 


L 


-i/2 x 0 — x 


L 


In 


+ — 
2 ) 


(c) Because xo is a general point along the x axis: 




dU 

dx 0 


Gmm n 


L 


L 

x n + — 

. 2 


L 

2 


1 
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Simplify this expression to obtain: 


F(x o) 


Gmm 0 

x 2 -L 2 / 4 


in agreement with the result of Example 
11 - 8 . 


*98 ••• 

Picture the Problem Choose a mass element dm of the rod of thickness dx at a distance x 
from the origin. All such elements of the rod experience a gravitational force dF due to 
presence of the sphere centered at the origin. We can find the total gravitational force of 
attraction experienced by the rod by integrating dF from x = a to x = a + L. 


Express the gravitational force dF 
acting on the element of the rod of 
mass dm: 


dF = 


GMdm 


Express dm in terms of the mass m 
and length L of the rod: 


dm = — dx 
L 


Substitute to obtain: 


dF = 


GMm dx 
L 1c 2 


Integrate dF from x = atox = a + 

L to find the total gravitational force 
acting on the rod: 


F = 


GMm 

L 


2 dx = - 


GMm 


L 


GMm 
i{a + L) 
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Picture the Problem The semicircular rod 
is shown in the figure. We’ll use an 

element of length Rdd = — dd whose 

n 

M 

mass dM is — dd . By symmetry, F = 0. 

n 

We’ll first find dF x and then integrate over 
0 ffom -nil to nil. 



Express dF x : 


dF, 


GmdM GMm , „ „ 

- t — =- T-ddcosd 

R (L\ 

n — 

\7l) 
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Integrate dF x over 0 from -nil to n! 2: 


F = 


n GMm 

1 } 


7112 

J cos 6 dO 

-71/2 


2n GMm 

Z 2 


Substitute numerical values and evaluate F x : 


27r (6.6726 x!0~ n N-m 2 /kg 2 )(20kg)(0.1kg) 
(5 m) 2 


33.5pN 


*100 ••• 

Picture the Problem We can begin by expressing the forces exerted by the sun and the 
moon on a body of water of mass m and taking the ratio of these forces. In ( b ) we’ll 
simply follow the given directions and in (c) we can approximate differential quantities 
with finite quantities to establish the given ratio. 


(a) Express the force exerted by the 
sun on a body of water of mass nr. 


i, \ J tn 



Express the force exerted by the 
moon on a body of water of mass nr. 

Divide the first of these equations 
by the second and simplify to 
obtain: 

Substitute numerical values and 
evaluate this ratio: 


(b) Find 


dr 


Solve for the ratio 


r/F 
F ' 


, _ GMjn 

m 


F^ = 

K 


F s _ (l.99xl0 3 °kg)(3.84xl0 8 

m ) 

F m (7.36 x 10 22 kg)(l.50x 10 11 m) 2 
= 177 


M 


m S 


dF _ 2Gm l m 2 _ ^ F 

dr r 3 r 


dF_ 

F 



(c) Express the change in force A F 
for a small change in distance A r: 


AF = -2—Ar 


r 














908 Chapter 11 


Express AF S : 


Express AF m : 


GmM o 


AF C = -2- 


- A n 


_ GmM K 
-2 -5-5-Ar s 


AF = 


. GmM m A 
-2-z-2-Ar 


Divide the first of these equations 

by the second and simplify: AF S 


= 

A r s 

because -= 1. 

A fin 


Substitute numerical values and 

A F s 

(l.99xl0 3 °kg)(3.84xl0 8 m) 3 

evaluate this ratio: 

A F m 

(7.36 xlO 22 kg)(l.50xl0 11 m) 3 


0.454 




's 


An 




An 


M„ 


A r 


M m r s Ar m 
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Picture the Problem Let M NS be the mass of the Neutron Star and m the mass of each 
robot. We can use Newton’s law of gravity to express the difference in the tidal-like 
forces acting on the coupled robots. Expanding the expression for the force on the robot 
further from the Neutron Star binomially will lead us to an expression for the distance at 
which the breaking tension in the connecting cord will be exceeded. 


The gravitational force is greater on the lower robot, so if it were not for 
the cable its acceleration would be greater than that of the upper robot, and 
they would separate. In opposing this separation the cable is stressed. 


0) 
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( b ) Letting the separation of the two 
robots be A r, and the distance from 
the center of the star to the lower 
robot be r, use Newton’s law of 
gravity to express the difference in 
the forces acting on the robots: 


Expand the expression in the square 
brackets binomially to obtain: 


Substitute to obtain: 


F 


tide 


GM NS m GM NS m 
r 2 (r + Ar) 2 


= GM m 


m\ 



m 


1 1 


r 1 

9 


A A 


r 

1 + 




V 

r J 


r, 

Ar'] 

- 2 " 

! - 

i+ 




V 

r J 



2 


f, Ar) 

-2 

f, Ar3 

1 + — 

«1- 

1-2 — 

V r ) 


l r ) 



r 


2 GM m m 

Fide 3 


Letting F B be the breaking tension 
of the cord, substitute for F tide and 
solve for the value of r 
corresponding to the breaking strain 
being exceeded: 


r = 3 


\2GM NS m Ar 


F a 


Substitute numerical values and evaluate r. 


r = 3 


12(6.673 x IQ- 1 *N 


m 2 /kg 2 )(l.99xlQ 30 kg)(lkg) (lm) 
25kN V ’ 


220 km 
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Chapter 12 

Static Equilibrium and Elasticity 

Conceptual Problems 

l 

(a) False. The conditions = 0 and ^ f i = 0 must be satisfied. 


(b) True. The necessary and sufficient conditions for static equilibrium are 'Y i F i =0 and 

X f / = 0 - 

(c) True. The conditions = 0 and = Omust be satisfied. 


(d) False. An object is in equilibrium provided the conditions 'Y.F, = 0 and ^.f,- = 0 are 
satisfied. 

2 

False. The location of the center of gravity depends on the mass distribution. 

3 

No. The definition of the center of gravity does not require that there be any material at its 
location. 

4 

Determine the Concept When the acceleration of gravity is not constant over an object, 
the center of gravity is the pivot point for balance. 

5 

Determine the Concept This technique works because the center of mass must be 
directly under the balance point. Thus, a line drawn straight downward will pass through 
the center of mass, and another line drawn straight downward when the figure is hanging 
from another point will also pass through the center of mass. The center of mass is where 
the lines cross. 

*6 • 

Determine the Concept No. Because the floor can exert no horizontal force, neither can 
the wall. Consequently, the friction force between the wall and the ladder is zero 
regardless of the coefficient of friction between the wall and the ladder. 


911 
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Determine the Concept We know that equal lengths of aluminum and steel wire of the 
same diameter will stretch different amounts when subjected to the same tension. Also, 
because we are neglecting the mass of the wires, the tension in them is independent of 


which one is closer to the roof and depends only on W. ( b ) is correct. 


8 

Determine the Concept Yes; if it were otherwise, angular momentum conservation 
would depend on the choice of coordinates. 


*9 • 


Determine the Concept The condition that the bar is in rotational equilibrium is that the 
net torque acting on it be zero; i.e., R\M\ = R 2 M 2 . This condition is satisfied provided R\ 


= R 2 and Mi = M 2 . 


(c) is correct. 


10 •• 

Determine the Concept You cannot stand up because your body’s center of gravity must 
be above your feet. 

*11 •• 

Determine the Concept The tensile strengths of stone and concrete are at least an order 
of magnitude lower than their compressive strengths, so you want to build compressive 
structures to match their properties. 


Estimation and Approximation 

12 •• 

Picture the Problem The diagram to the 
right shows the forces acting on the crate 
as it is being lifted at its left end. Note that 
when the crowbar lifts the crate, only half 
the weight of the crate is supported by the 
bar. Choose the coordinate system shown 
and let the subscript "pb” refer to the pry 
bar. The diagram below shows the forces 
acting on the pry bar as it is being used to 
lift the end of the crate. 
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\y 



Assume that the maximum force F' you can apply is 500 N (about 110 lb). Let £ be the 
distance between the points of contact of the steel bar with the floor and the crate, and let L 
be the total length of the bar. Lacking information regarding the bend in pry bar at the 
fulcrum, we’ll assume that it is small enough to be negligible. We can apply the condition 
for rotational equilibrium to the pry bar and a condition for translational equilibrium to the 
crate when its left end is on the verge of lifting. 

Apply IX = 0 to the crate: F pb - W + F n = 0 (1) 

Apply = 0 to the crate about wF n — jwW = 0 

an axis through point B and 
perpendicular to the plane of the 
page to obtain: 

Solve for F n : F n =\W 

as noted in Picture the Problem. 


Solve equation (1) for Ep b and F pb =W-\W = \W 

substitute for F n to obtain: 

Apply I^f = 0to the pry bar about F{L—£)—£F ph = 0 

an axis through point A and 
perpendicular to the plane of the 
page to obtain: 


Solve for L: 


L = £ 


1 + 


F \ 

r yb 

F ) 


Substitute for F vb to obtain: 




L = £ 


1 + 


V 


w N 

2F) 
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Substitute numerical values and 
evaluate L: 


L = (0.1m) 


1 + 


4500 N 
2(500 N), 


55.0cm 


*13 •• 

Picture the Problem We can derive this expression by imagining that we pull on an area A 
of the given material, expressing the force each spring will experience, finding the 
fractional change in length of the springs, and substituting in the definition of Young’s 
modulus. 


(a) Express Young’s modulus: 


Y = 


F/A 

M/L 


( 1 ) 


Express the elongation A L of each spring: 

Express the force F s each spring will 
experience as a result of a force F 
acting on the area A: 




Express the number of springs N in A 

the area A: ^ ~ M 


Substitute to obtain: 



Substitute in equation (2) to obtain, 
for the extension of one spring: 



( 2 ) 


Assuming that the springs 
extend/compress linearly, express 
the fractional extension of the 
springs: 

Substitute in equation (1) and simplify: 


AL tot _ M 1 Fa 2 _ Fa 
L a a kA kA 

F 

kA 


Y = 


A 

Fa 


(b) From our result in part (a): 


k = Ya 


From Table 12-1: 


Y = 200GN/m 2 =2x10" N/m 2 


Assuming that a ~ 1 nm, evaluate k : 


& = (2 x 10 11 N/m 2 )(l CT 9 



200 N/m 
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Conditions for Equilibrium 


14 • 

Picture the Problem Let wi represent the 
weight of the 28-kg child sitting at the left 
end of the board, w 2 the weight of the 40- 
kg child, and d the distance of the 40-kg 
child from the pivot point. We can apply 
the condition for rotational equilibrium to 
find d. 


Apply I f = 0 about an axis through w x (2 m) — w 2 d = 0 

the pivot point P: 


Solve for and evaluate d: 


d= wj2m) 

w. 


(28kg)g(2m) 

(40kg)g 


1.4 m 


15 • 

Picture the Problem Let F\ represent the 
force exerted by the floor on Misako’s feet, 
F 2 the force exerted on her hands, and m 
her mass. We can apply the condition for 
rotational equilibrium to find F 2 . 



Apply Yf = 0about an axis F 2 (l.5m)-/??g(0.9m)= 0 

through point 0: 


Solve for F 2 : 


mg(0.9 m) 
1.5m 


Substitute numerical values and 
evaluate F 2 : 


_ (54kg)(9.81m/s 2 )(0.9 m) 
r2 = ~ 

1.5m 

= 318N 


*16 • 

Picture the Problem Let F represent the force exerted by Misako’s biceps. To find F we 
apply the condition for rotational equilibrium about a pivot chosen at the tip of her elbow. 


Apply Z f = 0 about an axis 


(5cm)F-(28cm)(l8N) = 0 
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through the pivot: 
Solve for F: 


(28cm)(l8N) 
5 cm 


101N 


17 • 

Picture the Problem Choose a coordinate system in which upward is the positive y 
direction and to the right is the positive x direction and use the conditions for translational 
equilibrium. 


(a) Apply ^ F = 0 to the forces 

Z F v =-/s+^ c sin6» = 0 

(1) 

acting on the tip of the crutch: 

and 




(2) 

Solve equation (2) for F n and 
assuming that f s =/ s , max, obtain: 

fs = f i.max =M s K COS0 

Substitute in equation (1) and solve 
for ju s : 

/j s = tan 6 



Taking long strides requires a large coefficient of static friction because 
6 is large for long strides. 


(c) 


If ju s is small, i.e., there is ice on the surface, 6 must be small to avoid slipping. 


The Center of Gravity 


18 • 

Picture the Problem Let the weight of the automobile be w. Choose a coordinate system in 
which the origin is at the point of contact of the front wheels with the ground and the 
positive x axis includes the point of contact of the rear wheels with the ground. Apply the 
definition of the center of gravity to find its location. 

Use the definition of the center of gravity: x cg lF = £ w i x i 

i 

= 0.58w(0)+ 0.42w(2m) 

= (0.84m)w 

or, because W=w, x cg (w) = (0.84m)rv 







Static Equilibrium and Elasticity 


Solve for x cg : 


eg 


0.84 m 


*19 • 

Picture the Problem The figures are 
shown on the right. The center of mass for 
each is indicated by a small +. At static 
equilibrium, the center of gravity is 
directly below the point of support. 





20 •• 

Picture the Problem Using the coordinate system indicated in the figure, we can apply 
the definition of the center of gravity to determine x cg and v cg . 


Apply the definition of the center of 
gravity to find x cg : 


= X w ‘ x i 

i 

= (40N)(|a)+(60N)(|o) 

+ (30N)(fa) + (50N)(ja) 
= (l70N)a 

or, because W= 180 N, 
x cg(l80N) = (l70N)a 


Solve for x cg : 


eg 


170N 

180N 


a = 0.944a 


Apply the definition of the center of 
gravity to find v cg : 


y^ w = Tj w >yi 


= (40N)(^a) + (60N)(fa) 

+ (30N)(fa) + (50N)(ja) 
= (l80N)a 


or, because W= 180 N, 
Tc g (l SON) = (l80N)a 


Solve for v cg : 


Tcg=« 



(0.944a, a) 


The coordinates of the center of 
gravity are: 
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21 •• 

Picture the Problem Let the origin of the coordinate system be at the lower left corner of 
the plate and the positive x direction be to the right. Let a and b be the length and width of 
the plate. Let crbe the mass per unit area of the plate. Then the weight of the plate is given 
by w = abog and that of the matter missing from the hole is — nR 2 og. Noting that, by 
symmetry, y cg = bl 2, we can apply the definition of the center of gravity to find x cg . 

Apply the definition of the center of x cg lL = I w i x i 

gravity to find x cg : ' . . 

= {abog\\a)-[nR 2 og){a - R) 

or, because 

w = H; pia,c - w h„ie = abag - nR 2 °g, 

x cg (abog-nR 2 og)={abog)(\a) 

-{ttR 2 <j){a - R) 

Solve for x cg : \a 2 b- naR 2 + nR 3 

* cg _ ab-nR 2 


The coordinates of the center of gravity , 

are: wcg’Tcg 



\a 2 b - mR 2 + 7rR 3 , , ^ 



ab-nR 2 ’ 2 j 



Some Examples of Static Equilibrium 


22 • 

Picture the Problem We can use the given definition of the mechanical advantage of a 
lever and the condition for rotational equilibrium to show that M = x/X. 


(a) Express the definition of 
mechanical advantage for a lever: 


M = 


F_ 

7 


Apply the condition for rotational xf — XF = 0 

equilibrium to the lever: 


Solve for the ratio of F to/to 
obtain: 


F__x_ 
f~ X 


Substitute to obtain: 


M = 


x 

X 


(b) 


A shorter moment arm for the applied force is useful when one wishes to 
move the load over a large distance using a short movement of the applied 
force. 
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23 • 

Picture the Problem The force diagram 
shows the tension in the forestay, T F , the 
tension in the backstay, T B , the 
gravitational 

force on the mast mg, and the force exerted 
by the deck, F D . Let the origin of the 
coordinate system be at the foot of the mast 
with the positive x direction to the right and 
the positive y direction upward. Because the 
mast is in equilibrium, we can apply the 
conditions for both translational and 
rotational equilibrium to find the tension in 
the backstay and the force that the deck 
exerts on the mast. 



Apply If = Oto the mast about an axis (4.88m)(l000N)sin^ F 
through its foot and solve for T B : ~ (4.88 m)E B sin 45° = 0 

and 

_ (l000N)sin6 l F 
B ~~ sin 45° 


Find Of, the angle of the forestay with the 
vertical: 




= tan 


'2274m' 

v 4.88m y 


29.3° 


Substitute to obtain: 


(l000N)sin29.3° 
sin 45° 


692 N 


Apply the condition for translational 
equilibrium in the x direction to the mast: 


^ F x = F d cos 6 + T b sin 45° 
- T f sin 6 f = 0 
or 

F d cos 6 = (l000N)sin29.3° 
-(692N)sin45° 
~0 


^ F y = F d sin 0-T f cos 0 f 

-T b cos45°-«zg = 0 


Apply the condition for translational 
equilibrium in the y direction to the mast: 


or 
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Because F D cos 9= 0: 


F d sin 6 = (1000N)cos29.3° 

+ (692N)cos45° 

+ (l20kg)(9.81m/s 2 ) 
= 2539N 


6 = 


90° 


F d = 


2.54kN 


and 

no block is required to prevent the 
mast from moving. 


24 •• 

Picture the Problem The diagram shows 
Mg, the weight of the beam, mg, the 

weight of the student, and the force the 
ledge exerts F, acting on the beam. 
Because the beam is in equilibrium, we can 
apply the condition for rotational 
equilibrium to the beam to find the location 
of the pivot point P that will allow the 
student to walk to the end of the beam. 



Apply ^ f = 0 about an axis Mg(5 m - x)- mgx = 0 

through the pivot point P : 


Solve for x: 


5 M _ 5(300 kg) 

M + m 300 kg + 60 kg 


*25 •• 

Picture the Problem The diagram shows 
w, the weight of the student, F p , the 
force exerted by the board at the pivot, and 
F s , the force exerted by the scale, acting 

on the student. Because the student is in 
equilibrium, we can apply the condition for 
rotational equilibrium to the student to find 
the location of his center of gravity. 


2 m - x 


V 


w 


Apply ^ f = 0 about an axis 


F {2 in) - wx = 0 
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through the pivot point P: 

Solve for x: _ (2 m)/^ 

X — 

w 


Substitute numerical values and 
evaluate x: 


(2m)(250N) 

(70kg)(9.81m/s 2 ) 


0.728 m 


26 •• 

Picture the Problem The diagram shows 
mg, the weight of the board, F u , the force 
exerted by the hinge, Mg, the weight of 
the block, and F, the force acting 
vertically at the right end of the board. 
Because the board is in equilibrium, we can 
apply the condition for rotational 
equilibrium to it to find the magnitude of 
F. 



(a) Apply = 0 about an axis ^[(3m)cos30°] — /ng[(l.5m)cos30°] 

through the hinge: —Mg[(0.8m)cos30 ] —0 


Solve for F: 


F = 


_ /«(l.5m) + M(0.8m) 


3 m 


g 


Substitute numerical values and p _ (5kg)(l.5m)+ (60kg)(0.8m) 

evaluate F: 3 m 

x ( 9 .81 m/s 2 ) 

= 181N 


(b) Apply ^ F y =0 to the board: F H - Mg - mg + F = 0 

Solve for and evaluate E H : = Mg + mg - F = (M + m)g - F 

= (60kg + 5kg)(9.81m/s 2 )-181N 


457 N 
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(c) The force diagram showing the 
force F acting at right angles to the 
board is shown to the right: 


Apply I f = 0 about the hinge: 

Solve for F: 



F(3m)-/ng[(l.5m)cos30°] 

-Mg[(0.8m)cos30°] = 0 

f = ,„(l.5m)+M(0.8m) gcos3r 
3 m 


Substitute numerical values and 
evaluate F: 


Apply Y,F y = 0 to the board: 


Apply X F x = 0 to the board: 


Divide the first of these equations by 
the second to obtain: 

Solve for 0. 


F (5kg)(l.5m)+(60kg)(0.8m) 
3 m 


x(9.81m/s 2 )cos30° 

157N 


F h sin 0 - Mg - mg + F cos 30° = 0 
or 

F H sin 0 = (M+ m)g-Fcos30° (1) 


F H cos6*-Fsin30° = 0 
or 

F H cos 6 = F sin 30° (2) 

F H sin 0 _ (_M + m)g -F cos30° 
F H cos6 F sin 30° 


6 = tan 1 


(M + m)g-F cos 30° 
F sin 30° 


Substitute numerical values and evaluate 6 : 
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6 = tan 


-i 


(65 kg)(9.81 m/s 2 )- (l 57 n)cos30 c 
( l57N)sin30° 


= 81.1° 


Substitute numerical values in 
equation (2) and evaluate F H \ 


f h = 


(l57N)sin30° 

cos81.1° 


507 N 


*27 • 

Picture the Problem The planes are 
frictionless; therefore, the force exerted by 
each plane must be perpendicular to that 
plane. Let F x be the force exerted by the 30° 
plane, and let F 2 be the force exerted by the 
60° plane. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 
Because the cylinder is in equilibrium, we 
can use the conditions for translational 
equilibrium to find the magnitudes of F 1 and 

K 

Apply X F v = ° to the cylinder: 

Apply ^ F y =0 to the cylinder: 

Solve equation (1) for F\\ 

Substitute in equation (2) to obtain: 

Solve for Fy. 



Fj sin30°-F 2 sin 60° = 0 


( 1 ) 


Fj cos 30° + F 2 cos 60° - W = 0 (2) 

F x = Vi F 2 (3) 

V3 F 2 cos30° + F 2 cos 60° - W = 0 

(V3 cos30° + cos60°)f 2 = W 
or 

F = _ K _ 

a/3 cos 30° + cos 60° 


w 


Substitute in equation (3): 


F,=J3&W) = 


#W 
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28 •• 

Picture the Problem The force diagram 
shows the forces F H , T 2 , and 7j acting 
on the strut. Choose a coordinate system 
in which the positive x direction is to the 
right and the positive y direction is 
upward. Because the strut is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium 
to it. 



The forces acting on the strut are the tensions 7J and T 2 and F H , the 
force exerted on the strut by the hinge. 


(. b ) Apply ^ f = 0 about an axis T 2 l sin30° -T x £ = 0 

through the hinge: 


Solve for Tp 


(c) Apply ]T F x = 0 to the beam: 


Apply X F v =° to the beam: 


Divide equation (2) by equation (1) 
to obtain: 

Solve for 6 : 


Express T 2 in terms of T 2v : 


T 2v = T 2 sin 30° = T x 
or, because T x = 80 N, 


2v 


80N 


F h cos 6-T 2 cos 30° = 0 
or 

F h cos# = T 2 cos30° (1) 


F h sin 0 + T 2 sin 30° - T x = 0 
or 

F h sin 6 = T x -T 2 sin 30° 

= 80N -T 2 sin 30° 


( 2 ) 


tan 6 = 


80N-r 2 sin30° 
T 2 cos30° 


9 = tan ' 


80N-T 2 sin 30° 
T 2 cos30° 


T = 
1 2 


T 

1 2v 

sin 30° 


80N 
sin 30° 


= 160N 
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Evaluate &. 

6 = tan 

Substitute numerical values in equation 

F^ (l 

(1) and evaluate E H : 



right. 


80N-(l60N)sin30 c 
(l60N)cos30° 
iN)cos30° 
cosO 0 


139N 


= 0 ° 

to the 


29 •• 

Picture the Problem The force diagram 
shows the weight of the pirate, Mg, the 
weight of the victim, mg, and the force 
the deck exerts at the edge of the 
ship, F acting at the fulcrum P. The 
diagram also shows, for part ( b ), the 
weight of the plank acting through the 
plank’s center of gravity. 

(a) Apply Z r = 0 at the pivot point P: 



Mg( 8 m - x) - mgx = 0 
or 

M(Sm-x)-mx = 0 


Solve forx: 


8 M _ 8(l05kg) 

M + m 105kg + 63 kg 


5.00 m 


( b ) Apply ^ f = 0 about an axis 
through the pivot point P: 


Mg(8 m - x) + m p g(4 m - x )- mgx = 0 
or 

M(8m-x) + m p (4m-x)-mx = 0 


Solve for x: 


8 M + 4m 

x = - E - 

M + m + m 


8(l05kg)+4(25kg) 
105 kg+ 63 kg+ 25 kg 


4.87 m 


Substitute numerical values and 
evaluate x: 
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30 •• 

Picture the Problem The drawing shows 
the door and its two supports. The center of 
gravity of the door is 0.8 m above (and 
below) the hinge, and 0.4 m from the hinges 
horizontally. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 
Denote the horizontal and vertical 
components of the hinge force by /-’ Hh and 
F Hv . Because the door is in equilibrium, we 
can use the conditions for translational and 
rotational equilibrium to determine the 
horizontal forces exerted by the hinges. 



Apply = 0 about an axis through F Hh (l.6m)-/«g(0.4m) = 0 

the lower hinge: 

Solve for F Hh : P _ mg(0.4m) 

^ Hh ~ i a. 

1.6 m 


Substitute numerical values and 
evaluate Am,: 


_ (l8kg)(9.81m/s 2 )(0.4 m) 

X 1 Uh — 


44. IN 


Apply = 0 to the door and 

solve for F' Hh : 


^Hh^Hh 


= 0 


and 


F 


Hh 


44. IN 


Note that the upper hinge pulls on the door 
and the lower hinge pushes on it. 
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31 •• 

Picture the Problem The figure shows the 
wheel on the verge of rolling over the edge 
of the step. Note that, under this condition, 
the normal force the floor exerts on the 
wheel is zero. Choose the coordinate system 
shown in the figure and apply the conditions 
for translational equilibrium and the result 
for F from Example 12-4 to the wheel. 



Apply Z* = 0 to the wheel: 


and 


Write F x in vector form: 


From Example 12-4 we have: 


Substitute to obtain: 


F l =-Fj + FJ 
= -Fi + Mgj 


F = 


Mgyjh(2R- h) 


R-h 


Fx=~ 


Mgyjh(2R - h) 


R-h 


i + Mgj 


Mg^jh(2R - h) 


h-R 


i + Mgj 


32 •• 

Picture the Problem The diagram shows 
the forces F t and F 2 acting at the supports, 
the weight of the board mg, acting at its 

center of gravity, and the weight of the 
diver Mg acting at the end of the diving 

board. Because the board is in 
equilibrium, we can apply the condition 
for rotational equilibrium to find the 
forces at the supports. 


o ’-2 m 


0.9 m 2.1 m 

P 


f 


F, 


mg 


Mg 


Apply Z f = 0 about an axis through 
the left support: 


(l.2m)F 2 -(2.1 m )mg - (4.2 m)Mg = 0 
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Solve for F 2 \ 


_ (2.1m)/rc + (4.2m)M 
^2 = 77“7 \ & 


(l .2 m) 


Substitute numerical values and evaluate F 2 : 

= (2.1m)(30kg) + (4 2m)(70kg) / 

2 (l.2m) V 

Apply r = 0 about an axis through (l .2 m )F t - (0.9 m )mg - (3 m )Mg = 0 

the right support: 

Solve for F\. n _ (0.9m )m + (3m )M 

(ITT) 8 


)= 2.92kN,compression 


Substitute numerical values and evaluate F p 


= (0.9m)(30kg) + (3m)(70kg)^ 

(l .2 m) V ’ 


1.94kN, tension 


33 •• 

Picture the Problem Let Tbe the tension in 
the line attached to the wall and L be the 
length of the strut. The figure includes w, 
the weight of the strut, for part ( b ). Because 
the strut is in equilibrium, we can use the 
conditions for both rotational and 
translational equilibrium to find the force 
exerted on the strut by the hinge. 



(a) Express the force exerted on the 
strut at the hinge: 

Ignoring the weight of the strut, 
apply Z f = 0 at the hinge: 

Solve for the tension in the line: 

Apply Z* = 0 to the strut: 


f = fj+fj (1) 

LT -(L cos 45°)W = 0 

T = W cos45° = (60N)cos45° 
= 42.43 N 

Y J F X =F h -rcos45° = 0 
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and 

Y,F y =F v + rcos45°-Mg = 0 

Solve for F b \ T h = T cos45° = (42.43N)cos45° 

= 30.ON 


Solve forF v : 


Substitute in equation (1) to obtain: 


( b ) Including the weight of the strut, 
apply Z f = 0 at the hinge: 

Solve for the tension in the line: 


Apply Z^ = 0 to the strut: 


Solve for F h : 


F v = Mg - T cos45° 

= 60 N-(42.43 N)cos45° 
= 30.ON 


F = 


(30.0 N)/ +(30.0 N)j 


f T 

Zr-(Zcos45°)fF- —cos45 


A 


w = 0 


T = (cos45°)lE + 


\ 


—cos45° 

v2 j 


w 


= (cos45°)(60N) + f^cos45°l(20N) 


= 49.5N 


= F h -Ecos45 o = 0 
and 

^ F v = F v + T cos 45° -W -w = 0 

T h =T cos 45° = (49.5 N)cos 45° 

= 35.ON 


Solve forF v : 


Substitute in equation (1) to obtain: 


F V =W + w-T cos45° 

= 60 N + 20 N - (49.5 N)cos45° 
= 45.ON 


F = 


(35.0 N)/ +(45.0 N)j 
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34 •• 

Picture the Problem Note that if the 60-kg mass is at the far left end of the plank, T x and 
T 2 are less than 1 kN. Let x be the distance of the 60-kg mass from T x . Because the plank is 
in equilibrium, we can apply the condition for rotational equilibrium to relate the distance x 
to the other distances and forces. 


T 2 



Apply Z f = 0 about an axis 
through the left end of the plank: 

Solve for x: 


Substitute numerical values and 
simplify to obtain: 

Set T 2 = 1 kN and evaluate x: 


(5 m )T 2 - (4 m )m b g - (2.5 m )m p g 
-nijgx = 0 

(5 m)r 2 - (4m )m b g - (2 m )m p g 
m s g 

_ (5m)r 2 -3.63kN •m 
0.5886kN 

^ _ (5 m )(lkN)-3.63kN •m 223 
0.5886kN 

Julie is safe for 0 < x < 2.33 m. 


and 
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35 •• 

Picture the Problem The figure to the 
right shows the forces acting on the 
cylinder. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 
Because the cylinder is in equilibrium, we 
can apply the conditions for translational 
and 

rotational equilibrium to find F n and the 
horizontal and vertical components of the 
force the comer of the step exerts on the 
cylinder. 


F 



(a) Apply = 0 to the cylinder Mgt - FJL - Fill! -h)= 0 

about the step’s comer: 


Solve for F n : 


K=Mg 


F(2R - h) 

£ 


Express £ as a function of R and h: 


(■ b ) Apply Z F x = 0 to the cylinder: 
Solve for F c y. 

(c) Apply I F y = 0 to the cylinder: 
Solve for F c y. 


£ = ylR 2 -(R-h) 2 = x/2 Rh-h 2 

rp F{2R-h) 

K= Mg — —L 
jlRh-h 2 


F n ~Mg + F cv = 0 
K, v =Mg-F n 


Mg-F 


2 R-h 


h 


+ F = 0 
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Substitute the result from part (a): 


F 


= Mg 


| Mg-F 


2 R-h 

h I 


F. 


2 R-h 


h 


36 •• 

Picture the Problem The figure to the 
right shows the forces acting on the 
cylinder. Because the cylinder is in 
equilibrium, we can use the condition for 
rotational equilibrium to express F n in 
terms of F. Because, to roll over the step, 
the cylinder must lift off the floor, we can 
set F n = 0 in our expression relating F n 
and F and solve for F. 



Apply ^ f = 0 about the step’s comer: Mgi - F n £ - F{lR - h ) - 0 


Solve for F n : 


F n =Mg 


F(2R-h) 

e 


Express i as a function of R and Jr. 


l = ^R 2 -(R-hf = a/2 Rh-h 2 


Substitute to obtain: 


F n =Mg 


F(2R-h) 
^2 Rh-h 2 


= Mg - F, 


2 R-h 


h 


To roll over the step, the cylinder 
must lift off the floor, i.e., F n = 0: 


0 = Mg-F^ 


2 R-h 


h 


Solve for F: 


F = 


Mg. 


h 


2 R-h 


*37 

Picture the Problem The diagram shows the forces F\ and F 2 that the fencer’s hand 
exerts on the epee. We can use a condition for translational equilibrium to find the 
upward force the fencer must exert on the epee when it is in equilibrium and the 
definition of torque to determine the total torque exerted. In part (c) we can use the 
conditions for translational and rotational equilibrium to obtain two equations in F\ and 
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933 


F 2 that we can solve simultaneously. In part (cl) we can apply Newton’s 2 nd law in 
rotational form and the condition for translational equilibrium to obtain two equations in 
F i and F 2 that, again, we can solve simultaneously. 



24 cm 


(a) Letting the upward force 
exerted by the fencer’s hand be F, 
apply ^ F =0 to the epee to 
obtain: 

Solve for and evaluate F: 


(b) Express the torque due to the 
weight about the left end of the 
epee: 

(c) Apply = 0 to the epee to 

obtain: 

Apply ^Tr o = Oto obtain: 


F-W = 0 


F = mg = (0.7kg)(9.81m/s 2 
t = iw = (0.24m)(6.87N) = 


)- 

6.87N 



1.65N -m 


-F 1 +F 2 -6.87N = 0 (1) 

-(0.02 m )Fj +(0.12 m )F 2 -1.65N •m = 0 


Solve these equations 
simultaneously to obtain: 


*i = 


8.26 N 


andF, = 


15.IN 


Note that the force nearest the butt of the 
epee is directed downward and the force 
nearest the hand guard is directed upward. 


38 •• 

Picture the Problem In the force diagram, the forces exerted by the hinges 

are F 2 , F ,, and F x j where the subscript 1 refers to the lower hinge. Because the gate 

is in equilibrium, we can apply the conditions for translational and rotational equilibrium 
to find the tension in the wire and the forces at the hinges. 
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(a) Apply ^f = 0 about an axis £ X T sin 9 + l 2 T cos 0 — i x mg = 0 

through the lower hinge and 
perpendicular to the plane of the page: 


Solve for T: 

Substitute numerical values and 
evaluate T: 

(. b ) Apply ^ F r =0 to the gate: 
Solve for and evaluate F x y. 

(c) Apply = Oto the gate: 

Because F v j and F Vj2 cannot be 
detennined independently, solve for 
and evaluate their sum: 


tjing 

i j sin 6 + i 2 cos 6 

(l.5m)(200N) 

(l .5 m)sin 45° + (l .5 m)cos 45° 
141N 


F x l -T cos45° = 0 

F xl = T cos 45° = (141 N)cos45° 
= 99.7N 


F y i + F y 2 + T sin45° - mg = 0 

F y j + F y 2 = mg - T sin 45° 

= 200N-99.7N 
= 100N 


39 ••• 

Picture the Problem Let T= the tension in the wire; F n = the normal force of the 
surface; and^, max = jUsF n the maximum force of static friction. Letting the point at which 
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the wire is attached to the log be the origin, the center of mass of the log is at (-1.838 m, 
-0.797 m) and the point of contact with the floor is at (-3.676 m, -1.594 m). Because the 
log is in equilibrium, we can apply the conditions for translational and rotational 
equilibrium. 


A PPly X F >- = 0 t0 the l0 § : T # - /s.max = 0 

or 

T sin 6 = / smax = p s F n (1) 

T cos 0 + F n - mg = 0 
or 

T cos d = mg - F n (2) 

T sind _ fu s F n 
T cos 6 mg - F n 
or 

9 = tan 1 (3) 

mg | 

K 

Apply X^ = 9 about an axis 1 2 m g ~£\F„ ~ 1 3 M s F n = 0 

through the origin: 


Divide equation (1) by equation (2) 
to obtain: 


Apply Z F y = 0 to the log: 



Solve for F n : 


p m g 

A+^3/4 
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Substitute numerical values and 
evaluate F n : 


F _ 1.838(l00kg)(9.81m/s a ) _ 3g?M 
n 3.676 + 1.594(0.6) 


Substitute in equation (3) and 
evaluate &. 


Substitute numerical values in 
equation (1) and evaluate T\ 


0 = tan 


0.6 

(l00kg)(9.81m/s 2 ) { 
389N L 


= 21.5 C 


T = 


(0.6)(389N) 

sin21.5° 


636N 


40 ••• 

Picture the Problem Consider what 
happens just as 0 increases beyond 
0 max . Because the top of the block is fixed 
by the cord, the block will in fact rotate 
with only the lower right edge of the block 
remaining in contact with the plane. It 
follows that just prior to this slipping, F n 
and f = jU s F„ act at the lower right edge of 
the block. Choose a coordinate system in 
which up the incline is the positive x 
direction and the direction of F n is the 
positive y direction. Because the block is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium. 

Apply y) F r = 0 to the block: 

Apply ^ F y = 0 to the block: 

Apply ^ T = 0 about an axis 

through the lower right edge of the 
block: 

Eliminate F n between equations (1) 
and (2) and solve for T: 



T + /u s F n -mg sin# = 0 (1) 

F n - mg cos 6 = 0 (2) 

j a (mg cos 0) + \b(mg sin 0)-bT = 0 (3) 

T = mg (sin 0 - ju s cos d) 
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Substitute for T in equation (3): 


Substitute 4 a for b: 


Simplify to obtain: 


\a{mg cos #)+ \b(mg sin 9) 

-b[mg (sin 6- /u s cos #)] = 0 

-ka(mg cos 9) + 1 (4a) (mg sin 6) 

- (4 a) [mg(sin 9- ju s cos #)] = 0 

(l + SjU s )cos 9 - 4 sin 9 = 0 


Solve for 9. 


Substitute numerical values and 
evaluate 6\ 


6 = tan 1 


9 - tan 1 


l + 8 /4 
4 

1 + 8 ( 0 . 8 ) 

4 


61.6° 


*41 •• 

Picture the Problem The ffee-body diagram shown to the left below is for the weight 
and the diagram to the right is for the boat. Because both are in equilibrium under the 
influences of the forces acting on them, we can apply a condition for translational 
equilibrium to find the tension in the chain. 



(a) Apply E F x = 0 to the boat: 
Solve for T: 

Apply ^ F y =0 to the weight: 
Substitute for T to obtain: 

Solve for 9 : 


F,-T cos 9 = 0 


F 

rjri _ d 


cos 9 
2T sin 6*-100 N = 0 

2F, tan 6* -100 N = 0 


9 = tan 


.t 100 N 
2F, 


( 1 ) 
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Substitute for F d and evaluate 9 : 


Solve equation (1) for T: 


Substitute for #and evaluate T: 


(b ) Use the diagram to the right to 
relate the sag Ay in the chain to the 
angle 9 the chain makes with the 
horizontal: 


Solve for Ay: 

Because the horizontal and vertical 
forces in the chain are equal, 9= 

45° and: 

(c) Relate the distance d of the boat 
from the dock to the angle 9 the 
chain makes with the horizontal: 

Solve for and evaluate d\ 


(d) Relate the resultant tension in 
the chain to the vertical component 
of the tension F v and the maximum 
drag force exerted on the boat by the 
water F d>max : 

Solve for C ditnax : 


„ =tan -.^N 45° 


2(50 N) 


T = 


100N 
2 sin# 


T = 


100N 
2 sin 45° 


70.7 N 



\L 

where L is the length of the chain. 


Ay = yCsin# 


Ay = j (5 m) sin 45° 


1.77 m 


cos# = 


i d_ 

\L 


d_ 

L 


d = L cos# = (5m)cos45° 


3.54 m 


F 2 + F 2 

v d,max 


(500 N) 2 


= V(500N) 2 -F, 2 


Because the vertical component of the 
tension is 50 N: 


F a 


,max 


7(500 N) 2 - (50 N) 2 


497 N 


42 •• 

Picture the Problem Choose a coordinate system in which the positive x axis is along 
the rod and the positive y direction is normal to the rod. The rod and the forces acting on 
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it are shown in the tree-body diagram. The forces acting at the supports are denoted by 
the numerals 1 and 2. The resultant forces at the supports are shown as dashed lines. 
We’ll assume that the rod is on the verge of sliding. Because the x components of the 
forces at the supports are friction forces, they are proportional to the normal, i.e., y, 
components of the forces at the supports. Because the rod is in equilibrium, we can apply 
the conditions for translational and rotational equilibrium. 



Apply ^ f = 0 about an axis 

1 2 F 2 y -l x mg cos 6 = 0 

through the support at x - 2 m: 


Solve for F 2 y. 

l x mg cos 6 

Fl ■’ - 

Substitute numerical values and 
evaluate F 2 y. 

(3m)(20kg)(9.81m/s 2 )cos30° 

4m 


= 127.4N 

Apply ^ f = 0 about an axis 

(f 2 -1^)mgcosd-1 2 F Xy = 0 

through the support at x = 6 m: 


Solve for F x y 

(£, - t^mg cos 0 

F '-> - 

Substitute numerical values and 
evaluate F x y. 

(4m-3m)(20kg)(9.81m/s 2 ) 

4 m 


xcos30° 


= 42.48 N 



940 Chapter 12 
Apply ^ F x = 0 to the rail: 


Assuming that the rod is on the 
verge of sliding and that the 
coefficient of static friction is the 
same for both supports: 

Divide the first of these equations 
by the second and evaluate this ratio 
to obtain: 

Solve for F 2yX : 

Substitute in equation (1): 

Solve for F t y. 

Substitute numerical values and 
evaluate F Kx : 

Evaluate F 2 y. 


F i, x + F i mg sm30° = 0 (1) 

F ,, = MA ,y 

and 

F 2,x = Ms F 2 ,y 

F u = F ly = 42.48 N _ 1 
F 2,x F 2,y 127.4 N 3 

F l*=* F U 

F hx + 3 F \,x - m S sin 6 = 0 
F u = I m g sin 0 

F lx = j(20kg)(9.81m/s 2 )sin30° 

= 24.53N 

F 2x = 3(24.53N) = 73.58N 


Find the angle 6\ the force at 
support 1 (x = 2 m) makes with the 
rod: 


6 X = tan 1 


F lv 42.48 N 

—- = tan - 

F lx 24.53 N 


60.0° 


Find the angle the force at 
support 2 makes with the rod: 


0 2 = tan 1 


F 2 , v , 127.4 N 

—— = tan - 

F 2x 73.58N 


60.0° 


Find the magnitude of F ] : 



= 7(24.53N) 2 + (42.48 N) 2 
= 49.IN 


Find the magnitude of F x : 
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Find the magnitude of F 2 : 

F 2 =^Fl+Fl y 


= 7(73-58 N) 2 + (127.4 N) 2 
= 147 N 


43 • 

Picture the Problem The forces shown in the figure constitute a couple and will cause 
the plate to experience a counterclockwise angular acceleration. We can find this net 
torque by expressing the torque about either of the comers of the plate. 


Sum the torques about an axis 
through the upper left comer of the 
plate to obtain: 


r net = *>[(80 N)cos 30°] - a[(80 N)sin 30°] 
= (69.3 N)6- (40.0 N)a 


44 • 

Picture the Problem We can use the condition for translational equilibrium and the 
definition of a couple to show that the force of static friction exerted by the surface and 
the applied force constitute a couple. We can use the definition of torque to find the 
torque exerted by the couple. We can use our result from ( b ) to find the effective point of 
application of the normal force when F = Mg/3 and the condition for rotational 
equilibrium to find the greatest magnitude of F for which the cube will not tip. 

(a) Apply IT = 0 to the stationary F + f s = 0 

cube: 


:.F = -f s and this pair of equal, 
parallel, and oppositely directed 
forces constitute a couple. 


The torque of the couple is: 


T 


couple 


Fa 


(b ) Let x = the distance from the 
point of application of F n to the 
center of the cube. Now, F n = Mg, 
so applying ^ f = 0 to the cube 

yields: 

Substitute for F = Mg/3 to obtain: 


Mgx - Fa = 0 
or 


x = 


Fa 

Mg 


Mz a 

= _ 3 _ _ = 

Mg 


( 1 ) 
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(c) Solve equation (1) for F: p _ Mgx 

a 


Noting that x max = all, substitute to 
express the condition that the cube 
will tip: 


a 



a 


Mg_ 

2 


45 •• 

Picture the Problem We can find the perpendicular distance between the lines of action 
of the two forces by following the outline given in the problem statement. 


Express the vertical components of 
the forces: 


V3 

Fcos30° = — F 

2 


Express the horizontal components 
of the forces: 


F sin 30° = 


F 


Express the net torque acting on the 
plate: 



2 


Fa = 



Letting D be the moment arm of the r nct = FD 

couple, express the net torque acting 
on the plate: 

Equate these two expressions for r ncl : FD = 4 F(yf3b - a) 


Solve for D : 



*46 •• 

Picture the Problem Choose the 
coordinate system shown in the diagram 
and let x be the coordinate of the thrust 
point. The diagram to the right shows the 
forces acting on the wall. The normal force 
must balance out the weight of the wall and 
the vertical component of the thrust from 
the arch and the frictional force must 
balance out the horizontal component of 
the thrust. We can apply the conditions for 
translational equilibrium to find/and F n 
and the condition for rotational equilibrium 
to find the distance x from the origin of our 
coordinate system at which F n acts. 


y 
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(a) Apply the conditions for 
translational equilibrium to the wall 
to obtain: 

Solve equation (1) for and evaluate/: 

Solve equation (2) for F n : 

Substitute numerical values and 
evaluate F n : 

Apply X r zaxis = 0 to the to the wall: 
Solve forx: 

Substitute numerical values and evaluate x: 

x = 


Z F v =-/ + i7 archCOS<9 = 0 (1) 

and 

X Fy = F n~ m § - F arch SHI 0 = 0 (2) 

/ = ^ 7 arch cos£ = (2x10 4 n)cos30° 

= 17.3kN 

F n = mg + F arch sin 6 

F n =(3xl0 4 kg)(9.81m/s 2 ) 

+ (2xl0 4 N)sin30° 

= 304kN 

xF n - j wmg - hF md] cos 6 = 0 
_ 2 wm g + hF^ cos 6 

A - 

F„ 


(l.25m)(3xl0 4 kg)(9.81i-n/s 2 )+(l0m)(2xl0 4 N)cos30° _ 
304 kN 


0.570 m 


C b )_ 

If there were no thrust on the side of the wall, the normal force would act 
through the center of mass, so making the weight larger compared to the 
thrust must move the point of action of the normal force closer to the center. 


47 •• 

Picture the Problem Let h be the height of 
the structure, Ebe the thrust, 6 the angle 
from the horizontal of the thrust, m'g the 
weight of the wall above height y, N(x) the 
normal force,/the friction force the lower 
part of the wall exerts on the upper part, 
and w the width of the structure. We can 
apply the conditions for translational and 
rotational equilibrium to the portion of the 
wall above the point at which the thrust is 
applied to obtain two equations that we can 
solve simultaneously for x. 


y 
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Apply ^ F y =0 to that fraction of the 
wall above height y: 

Assuming the wall is of uniform 
density, express m'g in terms of mg: 


Substitute to obtain: 


Solve for N(x): 


Apply I f = 0 about an axis 

through (0 ,y) and perpendicular to 
the xy plane to obtain: 


N(x)-T sin 0 - m 'g = 0 


m'g _ mg 
h - y h 
and 

r 

m 'g = mg 1 

V 


y_ 

h 


X 

) 


N(x)-T sin 6-mg 


'i-C 

V hj 


= 0 


( v x 

N(x) = T sin 9 +mg 1- — 

l h) 

xN{x)-(h-y)T cos 6 


-\mgw 


f 

1 —— 

V hj 


Solve for x to obtain: 


Substitute for N(x) to obtain: 


\mgw + hT cos# 


y 

h 


X 


X = 


(y mgw+hT cos 6 

7~ 

T sin 9 + mg 1 

v 



x 

) 


y_ 

h 


X 

) 


Substitute numerical values and simplify to obtain: 


[i(3xl0 4 kg)(9.8hn/s 2 )(l.25m)+(l0m)(2xl0 4 N)cos30° 


x = 


(2xl0 4 N)sin30° + (3xl0 4 kg)(9.81m/s 2 ) 


r x 

\-^~ 

10m 


35.71m-3.571>> 
30.43-(2.943 in 1 )v 


y 

10m y 


35.71m-30.43x 

3.571-1 

(2.943 m' 1 

lx 


Solve fory: 
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The graph shown below was plotted using a spreadsheet program: 



Ladder Problems 


*48 •• 

Picture the Problem The ladder and the 
forces acting on it at the critical moment of 
slipping are shown in the diagram. Use the 
coordinate system shown. Because the 
ladder is in equilibrium, we can apply the 
conditions for translational and rotational 
equilibrium. 



Using its definition, express ju s \ 


Ms 




F 


( 1 ) 


Apply = 0 about the bottom of [(9 m)cos 6 ]Mg + [(5 m)cos 6\mg 

the ladder: — [(l 0 m)sin #]F W = 0 


Solve for E w : 


„ (9m)M + (5mW _ 

F w = (L \ . n g cos6> 


(l Om)sin 0 


6 = cos 1 


2.8m 


73.74° 


Find the angle &. 


10m 


























946 Chapter 12 


Evaluate C w : 


Apply JV v = 0 to the ladder and 
solve for// max : 


p (9m)(70kg)+(5m)(22kg) 
w (lOm)sin 73.74° 

x ( 9 . 8 1 m/s 2 )cos 73.74° 

= 211.7N 


F, 


w 



max 


= 0 


and 

4-=^w=211.7N 


Apply ^ F y =0 to the ladder: 
Solve for F n \ 


Substitute numerical values in 
equation (1) and evaluate ju s : 


F n -Mg-mg = 0 

F n = (M + m)g 

= (70kg + 22kg)(9.81m/s 2 ) 
= 902.5 N 


Ms 


211.7N 
902.5N 


0.235 


49 •• 

Picture the Problem The ladder and the 
forces acting on it are shown in the 
diagram. Because the wall is smooth, the 
force the wall exerts on the ladder must be 
horizontal. Because the ladder is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium 
to it. 



Apply E F y = 0 to the ladder and 
solve for F n : 

Apply ^ F x = 0 to the ladder and 
solve for // max : 

Apply E f = 0 about the bottom of 


F n ~ Mg = 0 => F n = Mg 

K ./s.max 9 ^ ./s.max ^\\ 


Mgx cos 0 - F W L sin 0 = 0 


the ladder: 
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Solve for x: iyLsin# = tan q 

Mg cos 6 Mg 

_ MsFrL tan q _ l tan 6 
Mg 


Referring to the figure, relate x to h and 
solve for h\ 


sin 9 = 


h 


x 


and 


h = xsin# = 


ju s L tan 6 sin 6 


50 •• 

Picture the Problem The ladder and the 
forces acting on it are shown in the 
drawing. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 
Because the wall is smooth, the force the 
wall exerts on the ladder must be 
horizontal. Because the ladder is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium. 

Apply X F y = 0 to the ladder and 
solve for F n : 

Apply X F x = 0 to the ladder and 
solve for /; max : 



F n - mg - 4 mg = 0 
and 

F n = 5 mg 

K fs,max ^ 

and 


Apply / f = 0 about an axis L , n . n 

J mg—cos& + 4mg£costJ-F w Lsm& = 0 

through the bottom of the ladder: 

Substitute for A w and then /i Jnax and f _ 5// s /ugE sin 0 — \ mgL cos 6 

solve for t. 4 mg cos 6 
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Simplify to obtain: 


1 = 


^tan #--V 

l 4 8 J 

r 5(1145) tan 6 q° _ ! 

I 4 8 y 


L 


0.849C 


i.e., you can climb about 85% of the way to 
the top of the ladder. 


51 •• 

Picture the Problem The ladder and the 
forces acting on it are shown in the figure. 
Because the ladder is separating from the 
wall, the force the wall exerts on the ladder 
is zero. Because the ladder is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium. 



To find the force required to pull the 
ladder away from the wall, apply 
^ f = 0 about an axis through the 

bottom of the ladder: 

/«n —cos#- —Fsin# = 0 

2 2 

or, because L cos # = k , 
2 tan# 

mgh L 

— 2 - FsmO = 0 

tan# 2 


Solve for F: 

F _ 2 mgh 

L tan # sin # 

(1) 

Apply ^ F x = 0 to the ladder: 

F ~ ./s,max = 0 => F = / s , max = 

(2) 

Apply y ~' i F v =0 to the ladder: 

F n - mg = 0 => F n =mg 


Equate equations (1) and (2) and 
substitute for F n to obtain: 

2 mgh 

jumg = - 

L tan # sin # 



2 h 

L tan # sin # 


Solve for ju s : 
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52 •• 

Picture the Problem Assume that half the 
man’s weight acts on each side of the 
ladder. The force exerted by the frictionless 
floor must be vertical. D is the separation 
between the legs at the bottom and x is the 
distance of the cross brace from the apex. 
Because each leg of the ladder is in 
equilibrium, we can apply the condition for 
rotational equilibrium the right leg to relate 
the tension in the cross brace to its distance 
from the apex. 



(a) By symmetry, each leg carries 
half the total weight. So the force on 
each leg is: 


450N 


(b ) Consider one of the ladder’s 
legs and apply ^ f = 0 about the 

apex: 

Solve for T: 



Tx = 0 


T 


KD 

2x 


Using trigonometry, relate h and 9 
through the tangent function: 


tan^# 


D/2 

~h~ 


Solve for D to obtain: 


D = 2/ztany# 


Substitute and simplify to obtain: 


2 FJi tan ! 6 
2x 


F h tan ' 6 

n _ 1 

X 


Substitute numerical values and 
evaluate T: 


T = FJj tanjg 
x 


Apply ^ F y =0 to the ladder and F a -\w = 0 and F n =\w 

solve for F n : 


^ wh tan \ 6 
T =--— 


Substitute to obtain: 


2x 


( 1 ) 
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Substitute numerical values and 
evaluate T: 

(c) From equation (1) we can see 
that, ifx is increased, i.e., the brace 
moved lower: 


(900N)(4m)tanl5° 

2(2 m) 

T will decrease. 


24 IN 


53 •• 

Picture the Problem The figure shows the 
forces acting on the ladder. Because the 
wall is frictionless, the force the wall exerts 
on the ladder is perpendicular to the wall. 
Because the ladder is on the verge of 
slipping, the static friction force is 
Because the ladder is in equilibrium, we 
can apply the conditions for translational 
and rotational equilibrium. 



Apply y F r = 0 to the ladder: 

K ./s,max ^ K ./s,max 

Apply y F y =0 to the ladder: 

F n - mg = 0 => F n =mg 

Apply y f = 0 about an axis 

mg — cos 6 - LF W sin 6 = 0 

through the bottom of the ladder: 

2 

Substitute for F w and F n and 
simplify to obtain: 

ycos 6-ju s sin^ = 0 

Solve for and evaluate &. 

^ 1 1 1 1 

6 = tan - = tan 1 T = 


2 /4 


2(0.3) 


59.0° 


Stress and Strain 

*54 • 

Picture the Problem L is the unstretched length of the wire, F is the force acting on it, and 
A is its cross-sectional area. The stretch in the wire A L is related to Young’s modulus by 
Y = {FjA) /(AL/ L ). We can use Table 12-1 to find the numerical value of Young’s 

modulus for steel. 


Y = 


F/A 
A L/L 


Find the amount the wire is 
stretched from Young’s modulus: 
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Solve for A L: 


A L 


FL 

~YA 


Substitute for F and A to obtain: 


A L 


mgL 

Ynr 1 


Substitute numerical values and 
evaluate A L\ 


^ _ (50kg)(9.81m/s 2 )(5 m) 

27T x 10 11 N/m 2 (2x10 3 m) 2 
= 0.976 mm 


55 • 

Picture the Problem L is the unstretched length of the wire, F is the force acting on it, and 
A is its cross-sectional area. The stretch in the wire A L is related to Young’s modulus by 
Y = stress/strain = {F/A)/(aL/L). 


(a) Express the maximum load in E max — breaking stress x A 

terms of the wire’s breaking stress: = breaking stress x/rr 2 


Substitute numerical values and 
evaluate F max : 

( b ) Using the definition of Young’s 
modulus, express the fractional 
change in length of the copper wire: 


F max = (3 x 10 8 N/m 2 )?r (0.21 x 10‘ 


41.6N 


AL/L = 


F/A 1.5x10® N/m 2 


Y 1.1x10" N/m 2 
= 1.36x 10 3 = I 0.136% 



56 • 

Picture the Problem L is the unstretched length of the wire, F is the force acting on it, and 
A is its cross-sectional area. The stretch in the wire A L is related to Young’s modulus by 
Y = (Fj A)/(/\LIL). We can use Table 12-1 to find the numerical value of Young’s 

modulus for steel. 

Find the amount the wire is stretched y _ ^!A. 

from Young’s modulus: A LjL 



Solve for A L: 
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Substitute for F and A to obtain: 

Substitute numerical values and 
evaluate AL: 


A L = 


mgL 
Ynr 2 


^ _ (4kg)(9.81m/s 2 )(l.2m) 

27rxl0 n N/m 2 (0.3xl0^ 3 m) 2 


0.833 mm 


*57 • 

Picture the Problem The shear stress, defined as the ratio of the shearing force to the area 

over which it is applied, is related to the shear strain through the definition of the shear 

, , ,, shear stress FlA 

modulus; M s =-= ——. 

shear strain tan 0 


Using the definition of shear 
modulus, relate the angle of shear, 9 
to the shear force and shear modulus: 


tan# = 


F s 

M S A 


Solve for 9 : 


6 - tan 1 


F s 

M S A 


Substitute numerical values and 
evaluate 9: 


0 = tan 1 


25 N 


(1.9x10 s N/m 2 )(l 5x10 4 nr) 


5.01° 


58 •• 

Picture the Problem The stretch in the wire A L is related to Young’s modulus 

byF = (F/A)/(AL/L), where L is the unstretched length of the wire, F is the force acting 

on it, and A is its cross-sectional area. For a composite wire, the length under stress is the 
unstressed length plus the sum of the elongations of the components of the wire. 

Express the length of the composite wire L = 3.00m + AL (1) 

when it is supporting a mass of 
5 kg: 


~ ^steel + ^Al 

_ F Z, steel ^ F L m 
~AY steel AY m 


Express the change in length of the 
composite wire: 
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Find the stress in each wire: 


F _ (5kg)(9.81m/s 2 ) 
A 7r(o.5 x 10 3 m) 2 

= 6.245 xl0 7 N/m 2 


Substitute numerical values and evaluate AL: 


AL = (6.245 x 10 7 N/m 2 ) 


1.5m 


1.5m 


2x10“ N/nr + 0.7x10“ N/m 2 


= 1.81x10 3 m 


Substitute in equation (1) and evaluate L\ L = 3. 00m + 1.81x10 3 m 

= 3.0018m 


59 •• 

Picture the Problem We can use Flooke’s law and Young’s modulus to show that, if the 
wire is considered to be a spring, the force constant k is given by 

k = AY/L. By treating the wire as a spring we can show the energy stored in the wire is U = 
ViFAL. 


Express the relationship between the 
stretching force, the stiffness 
constant, and the elongation of a 
spring: 

Using the definition of Young’s 
modulus, express the ratio of the 
stretching force to the elongation of 
the wire: 

Equate these two expressions for 
F/AL to obtain: 

Treating the wire as a spring, 
express its stored energy: 

Solve equation (1) for F: 


F = kAL 
or 

AL 

F _ AY 
AL~ L 


( 1 ) 



U = \k{M) 2 =\—{M) 2 

f_ayal 

L 


Substitute in our expression for U to obtain: 


U = \ 


A YAL 
- AL 


\FAL 


L 
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60 •• 

Picture the Problem Let L' represent the stretched and L the unstretched length of the wire. 
The stretch in the wire A L is related to Young’s modulus by Y - (F/A)/(AL/L), where F is 

the force acting on it, and A is its cross-sectional area. In problem 58 we showed that the 
energy stored in the wire is U = ViFAL, where Y is Young’s modulus and A L is the amount 
the wire has stretched. 


(a) Express the stretched length of the L' = /. + A L 

wire: 


Using the definition of Young’s 
modulus, express A L\ 


A L = 


LF 

~AY 


Substitute and simplify: 


L' = L + 


LF 

~AY 


= L 


1 + 


F \ 

AY) 


Solve for L: 


L = 


L' 


1 + 


F 

AY 


Substitute numerical values and 
evaluate L: 


(b) Using the expression from 
Problem 59, express the work done 
in stretching the wire: 


0.35m 

~ | 53N 

7 r(0.1xl0^m) 2 (2xl0 u N/m 2 ) 

0.347m 


W = AU =\FM 

= i(53N)(0.35m-0.347m) 

= 0.0795 J 


*61 

Picture the Problem The table to the right 
su mm arizes the ratios A L/F for the 
student’s data. Note that this ratio is 
constant, to three significant figures, for 
loads less than or equal to 200 g. We can 
use this ratio to calculate Young’s modulus 
for the rubber strip. 


Load 

F 

A L 

A L/F 

(g) 

(N) 

(m) 

(m/N 

100 

0.981 

0.006 

6.12xl0~ 3 

200 

1.962 

0.012 

6.12xl0~ 3 

300 

2.943 

0.019 

6.46x10 -3 

400 

3.924 

0.028 

7.14xl0~ 3 

500 

4.905 

0.05 

10.2xl0~ 3 























(a) Referring to the table, we see 
that for loads < 200 g: 
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— = 6.12x10 3 m/N 
F 


Use the definition of Young’s 
modulus to express Y: 


Y = 


FL 

AM 


A 


L 

~M 

F 


Substitute numerical values and evaluate Y: 


Y = 


5x10 2 m 


(3 x 10 3 m) (l .5 x 10 3 m) (6.12 x 10 3 m/N) 


1.82x 10 6 N/m 2 


( b ) Interpolate to determine the 
stretch when the load is 150 g, and 
use the expression from Problem 58, 
to express the energy stored in the 
strip: 


U = \FM 

= i(0.15kg)(9.81m/s 2 )(9xl0- 3 m) 


6.62 mJ 


62 •• 

Picture the Problem The figure shows 
the forces acting on the wire where it 
passes over the nail, m represents the mass 
of the mirror and T is the tension in the 
supporting wires. The figure also shows 
the geometry of the right triangle defined 
by the support wires and the top of the 
mirror frame. The distance a is fixed by 
the geometry while h and L will change as 
the mirror is suspended from the nail. 

Express the distance between the 
nail and the top of the frame when 
the wire is under tension: 

Apply Z F y = 0 to the wire where it 
passes over the supporting nail: 



h' = h + Ah 
= 0.4 m + Ah 

mg-2T cos0 = O 


( 1 ) 


T mg 

2 cos 6 


955 


Solve for the tension in the wire: 
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Substitute numerical values and 
evaluate T: 


(2.4kg)(9.81m/s 2 ) 

2 


A 0.4m A 


0.85m 


25.ON 


Using its definition, find the stress 
in the wire: 


stress = 


T _ 25.0N 

A ;r(o.lxlO 3 m ) 2 

7.96 x 10 8 N/m 2 


Using the definition of Young’s 
modulus, find the strain in the 
hypotenuse of the right triangle 
shown in the figure: 

Using the Pythagorean theorem, 
express the relationship between the 
sides of the right triangle in the 
figure: 

Express the differential of this 2a Aa + 2hAh = 2LAL 

equation: or, because A a = 0, 

hAh = LAL 


strain = 


A L stress 


L Y 
7.96xl0 8 N/m 2 
2x 10 11 N/m 2 


= 3.98x10 


-3 


a 2 +h 2 =L 2 


Solve for and evaluate Ah: 


Ah = 


LAL 

~h~ 


L}_ A L 
h L 


Substitute numerical values and 
evaluate Ah: 


Ah = (°' 85m ) (3.98x 10 3 )= 7.19 mm 
0.4 m v ’ 


Substitute in equation (1) to obtain: h' - 0.4m + 7.19mm 

= 40.72 cm 


63 •• 

Picture the Problem Let the numeral 1 denote the aluminum wire and the numeral 2 the 
steel wire. Because their initial lengths and amount they stretch are the same, we can use 
the definition of Young’s modulus to express the change in the lengths of each wire and 
then equate these expressions to obtain an equation solvable for the ratio M\IM 2 . 


AL x = 


M x gL x 

Ay m 


Using the definition of Young’s 
modulus, express the change in 
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length of the aluminum wire: 

Using the definition of Young’s 
modulus, express the change in 
length of the steel wire: 


A L 2 


M 2 gL 2 
A V 

^ 2 1 steel 


Because the two wires stretch by the 
same amount, equate A L\ and A L 2 
and simplify: 

Solve for the ratio M\tM 2 '. 


Substitute numerical values and 
evaluate M\!M 2 . 


Mj _ M 2 

“Osteal 

Ml - 4 7 A! 

m 2 a 2 y s teel 

M ^(0.7mm) 2 (0.7xl0 n N/m 2 ) 

M 2 ^(0.5mm) 2 (2xl0 n N/m 2 ) 

(0.7mm) 2 (0.7xl0 11 N/m 2 ) 

(0.5mm) 2 (2xl0 11 N/m 2 ) 

= 0.686 


64 •• 

Picture the Problem The tree-body 
diagram shows the forces acting on the ball 
as it rotates around the post in a horizontal 
plane. We can apply Newton’s 2 nd law to 
find the tension in the wire and use the 
definition of Young’s modulus to find the 
amount by which the aluminum wire 
stretches. 


y 



Express the length of the wire under L — L 0 + AE — 0.7 m + A L (1) 

tension to its unstretched length: 


Apply y F v = 0 to the ball: 


T sin 6 - mg = 0 


T= mg 

sin# 


Solve for the tension in the wire: 
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Substitute numerical values and 
evaluate T: 

Using the definition of Young’s 
modulus, express A L: 

Substitute numerical values and 
evaluate AL: 


Substitute in equation (1) to obtain: 


T (0.5kg)(9.81m/s 2 ) 
sin5° 


56.3N 


AY 

_ _ (56.3N)(0.7m) _ 

^(l.6xl0^m) 2 (0.7xl0 n N/m 2 ) 
= 0.280 mm 


L = 0.7 m + 0.280 mm = 


70.03 cm 


*65 •• 

Picture the Problem We can use the definition of stress to calculate the failing stress of 
the cable and the stress on the elevator cable. Note that the failing stress of the composite 
cable is the same as the failing stress of the test sample. 


Express the stress on the elevator cable: 


Stress cable 


F _ 20kN 

A ~ 1.2x10 6 m 2 
1.67xl0 10 N/m 2 


Express the failing stress of the sample: 


Stress 


_ F _ lkN 
”7” 0.2x10 6 m 2 
= 0.500x 10 10 N/m 2 


Because Stress failing < Stress cable , it will not support the elevator. 


*66 ••• 

Picture the Problem Let the length of the sides of the rectangle be x, y and z. Then the 
volume of the rectangle will be V = xyz and we can express the new volume V' resulting 
from the pulling in the x direction and the change in volume Akin terms of Ax, Ay, and 
Az. Discarding the higher order terms in AV and dividing our equation by V and using the 
given condition that A y/y = Az/z will lead us to the given expression for A y/y. 

Express the new volume of the rectangular box when its sides change in length by Ax, Ay, 
and Az: 


V = (x + AxX v + Ay )(z + Az) = xyz + Ax(yz) + Ay (xz) + Az(xy) 
+ (zAxAy + yAxAz + xAyAz + AxAyAz} 
where the terms in brackets are very small (i.e., second order or higher). 










Discard the second order and higher 
terms to obtain: 


Because AV= 0: 

Divide both sides of this equation by 
V = xyz to obtain: 

Because A y/y = Aziz, our equation 
becomes: 
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V = V + Ax{yz) + Ay(xz) + Az(xy) 
or 


AV = V - V = Ax(yz) + Ay(xz)+ Az(xy) 
Ax{}’z) = -[Ay(xz)+Az(xy )] 


Ax 

x 


Ay Az 
— + — 
y z 


Ax „ Ay Ay 
— = -2 — or — = 


x 


y y 


1 Ax 

2 x 


67 •• 

Picture the Problem We can evaluate the differential of the volume of the wire and, 
using the assumptions that the volume of the wire does not change under stretching and 
that the change in its length is small compared to its length, show that A r/r = -(1/2) A L/L. 


Express the volume of the wire: 


V = nr L 


Evaluate the differential of V to c jy = ji r 2 dL + 2n rLdr 

obtain: 


Because dV= 0: 


0 = rdL + 2 Ldr => 


dr 

r 


]_dL 
2 L 


Because A L « L, we can 
approximate the differential changes 
dr and dL with small changes A r 
and A L to obtain: 


A r 
r 


1 AL 

2 L 


*68 ••• 

Picture the Problem Because the volume of the thread remains constant during the 
stretching process, we can equate the initial and final volumes to express r 0 in terms of r. 
We can also use Young’s modulus to express the tension needed to break the thread in 
terms of Y and r 0 . 


(a) Express the conservation of 
volume during the stretching of the 
spider’s silk: 

Solve for r. 


nr 1 L = nr^L 0 



Substitute for L to obtain: 
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10 T/icrf 

AL/L 


General Problems 


Because AL/L = 9: 


T = 


9 jcr;Y 

10 


(. b ) Express Young’s modulus in 
terms of the breaking tension T: 


Solve for T to obtain: 


Y = 


T/A T her 1 


AL/L AL/L 


T 1 

T = —71 r c , Y - 

10 0 L 


69 • 

Picture the Problem Because the board is in equilibrium, we can apply the conditions for 
translational and rotational equilibrium to determine the forces exerted by the supports. 

Apply J ' i . t ,. = 0 about the right support: (2 m)(360 N)+(5 m)(90 N)—(l 0 m )F { =0 

Solve for and evaluate F L : ^ _ (2m)(360N) + (5m)(90N) 

L _ 10m 

= 117N 


Apply ^ F v =0 to the board: F L + F R — 90 N - 360 N = 0 

Solve for and evaluate F R : F R = —F L + 90 N + 360 N 

= -117N + 90N + 360N 

= 333N 


Remarks: We could just as easily found F R by applying = 0 about the left 
support, 

70 • 

Picture the Problem Because the man-and-board system is in equilibrium, we can apply 
the conditions for translational and rotational equilibrium to determine the forces exerted 
by the supports. Let d represent the distance from the man’s feet to his center of gravity. 

Apply U- 0 about an axis (845N)j — (l.88m)(445N) = 0 

through the man’s feet and 
perpendicular to the page: 
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Solve for and evaluate d\ 


(l.88m)(445N) 
845 N 

= 99.0cm 


0.990 m 


No. Holding his head slightly above the board would not change the location of 
his center of mass and so the scale readings would not change. 


*71 • 

Picture the Problem We can apply the balance condition = 0 successively, starting 
with the lowest part of the mobile, to find the value of each of the u nkn own weights. 


Apply Z f = 0 about an axis 

through the point of suspension of 
the lowest part of the mobile: 

Solve for and evaluate w p 


(3cm)(2N)-(4cm)wj = 0 


Wi 


(3cm)(2N) 
4 cm 


1.50N 


Apply ^ f = 0 about an axis 

through the point of suspension of 
the middle part of the mobile: 

Solve for and evaluate w 2 : 


(2cm)w 2 -(4cm)(2N + 1.5N)= 0 


w 2 


(4cm)(2N + 1.5N) 
2 cm 


7.00N 


Apply Z f = 0 about an axis 

through the point of suspension of 
the top part of the mobile: 

Solve for and evaluate w 3 : 


(2cm)(l0.5N)-(6cm)w 3 = 0 


w 3 


(2cm)(l0.5N) 
6 cm 


3.50N 


72 • 

Picture the Problem We can determine the ratio of L to h by noting the number of ropes 
supporting the load whose mass is M. 

L 
~h 


(a) Noting that three ropes support 
the pulley to which the object whose 
mass is M is fastened we can 


3 
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conclude that: 


( b ) Apply the work-energy principle W ext = A E system = AU block . tackle 

to the block-tackle object to obtain: or 

FL = Mgh 


73 •• 

Picture the Problem The figure shows the 
equilateral triangle without the mass m, and 
then the same triangle with the mass m and 
rotated through an angle 6. Let the side 
length of the triangle to be 2a. Then the 
center of mass of the triangle is at a 
2 a 

distance of — i= from each vertex. As the 

V3 

triangle rotates, its center of mass shifts 
2 a 

by — j= 6, for 0 « 1. Also, the vertex to 

V3 

which m is attached moves toward the 
plumb line by the distance d = 2a0cos?>0° 

= yf3a& (see the drawing). 



Apply ^ f = 0 about an axis through 
the point of suspension: 

mg[a 

- V3a6*)-Mg^r 

V3 

ii 

o 

Solve for m/M: 

m 


2 9 



M 

V3(l-V3#) 


Substitute numerical values and 

evaluate m/M: 

m 


2(6“)C rad '’ 

v \ 180° j 



M ~ 

V3 

"i-v3(6“)f ?rrad y 
V \ 180° ) 


0.148 


















Static Equilibrium and Elasticity 


74 •• 

Picture the Problem If the hexagon is to 
roll rather than slide, the incline’s angle 
must be such that the center of mass falls 
just beyond the support base. From the 
geometry of the hexagon, one can see that 
the critical angle is 30°. The free-body 
diagram shows the forces acting on the 
hexagonal pencil when it is on the verge of 
sliding. We can use Newton’s 2 nd law to 
relate the coefficient of static friction to the 
angle of the incline for which rolling rather 
than sliding occurs. 


Apply = Oto the pencil: 

X F * = m S sin 0 - / smax = 0 

(1) 


and 



X F y = F n - mg cos 6 = 0 

(2) 

Substitute7^ m ax = u s F n in equation (1): 

mg sin 6 - jU s F d = 0 

(3) 


Divide equation (3) by equation (2) tan 6 - /u s 

to obtain: 

Thus, if the pencil is to roll rather ^ > tan 30° = 

than slide when the pad is inclined: 


0.577 


y 



75 « 

Picture the Problem The box and the 
forces acting on it are shown in the figure. 

When the box is about to tip, F n acts at its 
edge, as indicated in the drawing. We can 
use the definition of ju s and apply the 

condition for rotational equilibrium in an L 

accelerated frame to relate/ s to the weight 
of the box and, hence, to the normal force. 


A 



Using its definition, express ju s \ 
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Apply ^ f = 0 about an axis through 

the box’s center of mass: 

& 

1 

K>|- 

% 

II 

o 

f 

Solve for the ratio —-: 

K 

1 

K 2 

Substitute to obtain the condition for 

tipping: 

ju s > 0.500 

Therefore, if the box is to slide: 

/u s < 0.500 

76 •• 



Picture the Problem Because the balance is in equilibrium, we can use the condition for 
rotational equilibrium to relate the masses of the blocks to the lever arms of the balance 
in the two configurations described in the problem statement. 


Apply ^ f = 0 about an axis 
through the fulcrum: 

(l.5kg)A=(l.95kg)Z 2 

Solve for the ratio LJLj. 

i, = 1.95kg =1 30 

L, 1.5 kg 

Apply ^ f = 0 about an axis 
through the fulcrum with 1.5 kg at 

(l.5kg )L 1 =ML l 


Solve for and evaluate M: M — _ 1-5kg _ 1-5kg 

L x ~ LjL 2 ~ 1.30 

= kl5kg 
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Picture the Problem The figure shows the 
location of the cube’s center of mass and 
the forces acting on the cube. The opposing 
couple is formed by the friction force /i ma , 
and the force exerted by the wall. Because 
the cube is in equilibrium, we can use the 
condition for translational equilibrium to 
establish that / s max = F w and F n = Mg 

and the condition for rotational equilibrium 
to relate the opposing couples. 

Apply Z* = 0 to the cube: 



^jF y = F n -Mg = 0 => F n = Mg 
and 

Zr,=/,-iv=o=.F w =/, 


Noting that / s max and F w form a 

couple, as do F n and Mg, apply 
^ f = 0 about an axis though the 
center of mass of the cube: 

Referring to the diagram to the 
right, note 

that d = -4= sin(45° + 0 ). 

V2 


Substitute for d and / s , ma x to obtain: 


/s,max a S in 0 - Mgd = 0 



or 

ju s s in#—^sin(45° + 6 l ) = 0 

V2 


Solve for ju s and simplify to obtain: 













966 Chapter 12 


Ms = 


1 sin(45° + #)= 1 


V2 sin# 
1 


!— -^cos# + ^Lsin# 
v2sin#vv2 v2 


V2 sin# 

\ 

) 


(sin 45° cos # + cos 45° sin #) 

_ T 
2 



78 •• 

Picture the Problem Because the meter stick is in equilibrium, we can apply the condition 
for rotational equilibrium to find the maximum distance from the hinge at which the block 
can be suspended. 

Apply ^ f = 0 about an axis through the hinge to obtain: 

(lm)(75N)-(0.5m)(5kg)(9.81m/s 2 )cos45 o -#(l0kg)(9.81m/s 2 ) cos 45° = 0 


Solve for and evaluate d : 


d = (1 m)(75 N)- (0.5 m)(5kg)(9.81 ^ ^ „ 
(l0kg)(9.81m/s 2 jcos45° 


0.831m 


79 •• 

Picture the Problem Let m represent the 
mass of the ladder and M the mass of the 
person. The force diagram shows the forces 
acting on the ladder for part ( b ). From the 
condition for translational equilibrium, we 
can conclude that T = C w , a result we’ll 
need in part ( b ). Because the ladder is also 
in rotational equilibrium, summing the 
torques about the bottom of the ladder will 
eliminate both F a and T. 

(a) Apply E, Tj = 0 about an axis 

through the bottom of the ladder: 

Solve for and evaluate C w : 



(5 m kw (0.75 m )(20kg)(9.81m/s 2 ) 

- (0.75 m)(80kg)(9.81 m/s 2 )= 0 

r _ (0.75m)(20kg)(9.81m/s 2 ) 
c 

5 m 

| (0.75m)(80kg)(9.81m/s 2 ) 

5m 


147N 
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(. b ) Solve for and evaluate/: 


(5m)(200N)-(0.75m 

>(20kg)( 

9.81m/s 2 ) 

(l.5m)(80kg)(9.81m/s 

! ) 


0.724 


Find the distance the 80-kg person can 
climb the ladder: 


d = /(5m)= (0.724)(5m) = 


3.62 m 


*80 •• 

Picture the Problem To ''roll'' the cube 
one must raise its center of mass fromj = 
a/2 to y = 42a/2 , where a is the cube 
length. During this process the work done 
is the change in the gravitational potential 
energy of the cube. No additional work is 
done on the cube as it ''flops'' down. We 
can also use the definition of work to 
express the work done in sliding the cube 
distance a along a horizontal surface and 
then equate the two expressions to 
determine ju k . 



Express the work done in moving 
the cube a distance a by raising its 
center of mass from y = all 
to y = 42a/2 and then letting the 
cube flop down: 


W = mg 


42c 


a a 


= 0.207 mga 



Lctting / k represent the kinetic W = f k a = ju k mga 

friction force, express the work done 
in dragging the cube a distance a 
along the surface at constant speed: 


0.207 


Equate these two expressions to obtain: 
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81 •• 

Picture the Problem The tree-body 
diagram shows the forces acting on the 
block when it is on the verge of sliding. 
Because the block is in equilibrium, we can 
use the conditions for translational 
equilibrium to determine the minimum 
angle for which the block will slide. The 
diagram to the right of the FBD shows that 
the condition for tipping is that the plumb 
line from the center of mass pass outside of 
the base. We can determine the tipping 
angle from the geometry of the block under 
this condition. 

Apply ^ F = 0 to the block: 



Z F v = m S s in hiding - / s , max > 0 
if the block is to slide, and 
Z F v = F n - mg cos # sliding = 0 


Substitute for/ s , max and eliminate F„ 
between these equations to obtain: 

Solve for the condition for sliding: 


Ms ^ tanking 

Gliding ^ tan '(//J=tan 1 (0.4) =21.8° 


Using the geometry of the block, 

# fi > tan ' 

f 0.5o^l 

= tan 1 

rn 

express the condition on 0that must 

tipping 

V 1.5a ) 


o) 


be satisfied if the block is to tip: 


Because # tipping < 6t llding , the block will tip before it slides. 










Static Equilibrium and Elasticity 969 


82 •• 

Picture the Problem Let m represent the 
mass of the bar, M the mass of the 
suspended object, F v the vertical component 
of the force the wall exerts on the bar, F h the 
horizontal component of the force exerted 
the wall exerts on the bar, and T the tension 
in the cable. The tree-body diagrams show 
these forces and their points of application 
on the bar for parts (a) and ( b ) of the 
problem. Because the bar is in equilibrium, 
we can apply the conditions for translational 
and rotational equilibrium to relate the 
various forces and distances. 




(a) Apply Z r ( = 0 about an axis 
through the hinge: 

Solve for T: 

Substitute numerical values and 
evaluate T: 


Apply Z F t = 0 to the bar: 

Solve the y equation for /%,: 


(5 m )r-(7.5 m)«zgcos30° 
-(l5m)Mgcos30° = 0 

_ [(7.5m)/« + (l5m)M]gcos30° 
5 m 

T _ (7.5m)(85kg)+(l5m)(360kg) 
5 m 

x(9.81m/s 2 )cos30° 

= 10.3 kN 


^ F y = F v +T sin 60° - mg - Mg = 0 
and 

Y J F x= F b~ T cos 60 ° = 0 

F v = -T sin 60° + (m + M)g 
= -(l0.3kN)sin60° 

+ (85 kg + 360 kg)(9.81 m/s 2 ) 
= -4.55 kN 

F h = T cos60° = (l0.3kN)cos60° 

= 5.15kN 


Solve the x equation for F h : 
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Find the magnitude of the force 
exerted by the wall on the bar: 


= 1 /(- 4 - 55kN ) 2 +( 5 -15kN) 2 
= 1 6.87 kN I 


Find the direction of the force 
exerted by the wall on the bar: 


(b) Apply Z f = 0 about the hinge: 


Solve for T: 


Substitute numerical values and 
evaluate T: 


Apply Z^ = 0 to the bar: 


Solve the y equation for F v : 


Solve the x equation for F h : 


6 = tan 


f F, ^ 




= tan ' 


^-4.55kN A 

5.15kN 


-41.5 C 


i.e., 41.5° below the horizontal. 

[(l0m)sin60°]r-(7.5 m)/ngcos30 c 
-(l5m)Mgcos30° = 0 

(7.5 m)m + (l 5 m)M 

T = - —t— y ' v --—gcos30° 

(l0m)sin60° 


T _ (7.5m)(85kg)+(l5m)(360kg) 
(l0m)sin60° 


:(9.81m/s 2 )cos30° 


= 5.92 kN 


X F y = F v+T cos 60° - (85 kg)g 
-(360kg)g = 0 
and 

^F x = F h -T sin 60° = 0 

F v =-(5.92kN)cos60° 

+ (85kg + 360kg)(9.81m/s 2 ) 
= 1.41kN 

F h = T sin 60° = (5.92kN)sin60° 

= 5.13kN 


FA 

=v 

f '+K 

(l.41kN) 2 + (5.13kN) 2 

= : 

5.32kN 


Find the magnitude of the force 
exerted by the wall on the bar: 
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Find the direction of the force 
exerted by the wall on the bar: 


6 - tan 


r F A 




= tan 


15.4° 


'l.41kN N 

v 5.13kN y 


i.e., 15.4° above the horizontal. 


83 •• 

Picture the Problem The box and the 
forces acting on it are shown in the figure. 
When the box is about to tip, F n acts at its 
edge, as indicated in the drawing. We can 
use the definition of ju s and apply the 
condition for rotational equilibrium in an 
accelerated frame to relate/ s to the weight 
of the box and, hence, to the normal force. 

Using its definition, express ju s : 

Apply Z f = 0 about an axis 
through the box’s center of mass: 

f 

Solve for the ratio —-: 

77 , 



wf s ~\wF n =0 

A = I 

F 2 


Substitute to obtain the condition for // s > 0.500 

tipping: 


, as in Problem 75. 


Therefore, if the box is to slide: 


F< 


0.500 


Remarks: The difference between problems 75 and 83 is that in 75 the maximum 
acceleration before slipping is 0.5g, whereas in 88 it is 
(0.5 cos9°- sin9°) = 0.337g. 

*84 •• 

Picture the Problem Let the mass of the rod be represented by M. Because the rod is in 
equilibrium, we can apply the condition for rotational equilibrium to relate the masses of 
the objects placed on it to its mass. 
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Apply ^ f = 0 about an axis 

through the pivot for the initial 
condition: 


(20 cm) (2 in + 2g)-(40cm)/n 
-(lOcni)M = 0 


Solve for and evaluate M : 


_ (20cm)(2 m + 2g)-(40cm)/M 
10cm 


4.00g 


Apply ^ f = 0 about an axis 

through the pivot for the second 
condition: 


(20 cm )m - (lOcm)M = 0 


Solve for and evaluate m: 



20cm 


*85 •• 

Picture the Problem Let the distance from the center of the meterstick of either finger be 
x\ and X 2 and W the weight of the stick. Because the meterstick is in equilibrium, we can 
apply the condition for rotational equilibrium to obtain expressions for the forces one’s 
fingers exert on the meterstick as functions of the distances jci and x 2 and the weight of the 
meterstick W. We can then explain the stop-and-start motion of one’s fingers as they are 
brought closer together by considering the magnitudes of these forces in relationship the 
coefficients of static and kinetic friction. 


F, 


•v, 


2 


W 


The stick remains balanced as long as the center of mass is between the 
two fingers. For a balanced stick the normal force exerted by the finger 
nearest the center of mass is greater than that exerted by the other 
finger. Consequently, a larger static - frictional force can be exerted by 
the finger closer to the center of mass, which means the slipping occurs 
at the other finger. 
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( b ) Apply ^ T = 0 about an axis through F 2 (x, + x 2 ) - Wx x = 0 
point 1 to obtain: 


Solve for F 2 to obtain: 


Apply Z f = 0 about an axis 
through point 2 to obtain: 

Solve for F\ to obtain: 


f 2 =w^^- 

x 1 +x 2 

- Fj (xj + x 2 )+Wx 2 = 0 


Fi =W^^- 

x 2 +x 2 


The finger farthest from the center of mass will slide inward until the normal 
force it exerts on the stick is sufficiently large to produce a kinetic - frictional 
force exceeding the maximum static - frictional force exerted by the other 
finger. At that point the finger that was not sliding begins to slide, the finger 
that was sliding stops sliding, and the process is reversed. When one finger is 
is slipping the other is not. 


86 •• 

Picture the Problem The drawing shows a 
side view of the wall-and-picture system. 
Because the frame’s width is not specified, 
we assume it to be negligible. Note that 
0.75, 0.4, and 0.85 form a Pythagorean 
triad. Thus, the nail will be at the same 
level as the top of the frame. We can apply 
the condition for rotational equilibrium to 
determine the force exerted by the wall. 



(a) Because the center of gravity of the picture is in front of the wall, the torque due to mg 
about the nail must be balanced by an opposing torque due to the force of the wall on the 
picture, acting horizontally. So that /,F r = 0, the tension in the wire must have a 

horizontal component, and the picture must therefore tilt forward. 


( b ) Apply Z f = 0 about an axis — [(0.6 m)sin 5°](8kg)(9.81m/s 2 ) 

through the nail and parallel to the + [(l -2 m)cos5°]F w = 0 
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wall to obtain: 


Solve for and evaluate C w : 


_ [(0.6m)sin5°](8kg)(9.81m/s 2 ) 
(l.2m)cos5° 

= 3.43N 


87 •• 

Picture the Problem The box car and rail 
are shown in the drawing. At the critical 
speed, the normal force is entirely on the 
outside rail. The center of gravity is 0.775 
m from that rail and 2.15 m above it. 
Choose the coordinate system shown in the 
figure. To find the speed at which this 
situation prevails, we can apply the 
conditions for static equilibrium in an 
accelerated frame. 



Apply Oaboutanaxis (0.775m)F n -(2.15m)/ s =0 (1) 

through the center of gravity of the 
box car: 

Apply y>„=0 to the box car and F n - mg = 0 => F n = mg 

solve for F n : 

Apply I F = ma cm to the box: v 2 

J c ^ 

R 


Substitute in equation (1) to obtain: / „ _ x v 2 

(0.775 m )mg - (2.15 m)m— = 0 

R 

Solve for v: v = yjO.360Rg 

(a) Evaluate v for R = 150 m: v = -^0.360(150m)(9.81 m/s 2 ) 

= 23.0m/s 
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(b) Evaluate v for R = 240 m: v = A /0.360(240m)(9.81m/s 2 ) 

= 29.1 m/s 


88 •• 

Picture the Problem For neutral 
equilibrium, the center of mass of the 
system must be at the same height as the 
feet of the tightrope walker. The system is 
shown in the drawing. Let the origin of the 
coordinate system be at the rope. We’ll 
determine the distance d such that y cm = 0. 
We’ll then determine the angle 9 
subtended by one half the long rod. 

Express the y coordinate of the 
center of mass of the system: 

Set y cm = 0 and solve for d: 

Relate the distances 5 and d and 
solve for s: 

Relate s to R and &. 

Relate R and 9 to the half-length of 
the rod: 

Substitute in equation (1) to obtain: 


Use graphical or trial-and-error 
methods to solve for 9 : 


y 



(5Skg)(0.9 m )-2(20kg)</ 
58kg + 40 kg 


d = 1.305 m 

s = 0.65 m + d= 1.955 m 


5 = 7?(l-cos6 l ) 

(1) 

R0 = 4m 

(2) 


i (a \1-cos6 1 

1.955 m = (4 m)- 

6 

or 

= 0.489 

e 

0 = 1.08 rad 


Substitute in equation (2) to obtain: 


R = 


4m 

1.08 rad 


3.70 m 
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*89 ••• 

Picture the Problem Let the mass of each brick be m and number them as shown in the 
diagrams for 3 bricks and 4 bricks below. Let £ denote the maximum offset of the nth 
brick. Choose the coordinate system shown and apply the condition for rotational 
equilibrium about an axis parallel to the z axis and passing through the point P at the 
supporting edge of the nth brick. 





1 

+ 


2 

+ 

P 

L- 

3 1 

+ 1 

- 1 -. 

1 

_ _ 


(«) Apply I f = 0 about an axis 

through P and parallel to the z axis to 
bricks 1 and 2 for the 3-brick 
arrangement shown above on the left: 

Solve for £ to obtain: 

0 b ) Apply I f = 0 about an axis 

through P and parallel to the z axis 
to bricks 1 and 2 for the 4-brick 
arrangement shown above on the 
right: 

Solve for l to obtain: 

Continuing in this manner we 
obtain, as the successive offsets, the 
sequence: 

(c) Express the offset of the (n +l)st 
brick in terms of the offset of the nth 
brick: 


mg \L - (l L + £)] - mg£ = 0 


1 = 



mg [L-(\L+ £,)] + mg \L-(}L + £)\ 
-mg(%L + £-L) = 0 


£ = \L 


L L L L 

L 

2 ’ 4 ’ 6 ’ 8 ’’ 

2 n 


where n = 1, 2, 3, ... N. 


' n +1 


= 1 . 


L 

+ — 
2 n 
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A spreadsheet program to calculate the sum of the offsets as a function of n is shown 
below. The formulas used to calculate the quantities in the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

B5 

B4+1 

n + 1 

C5 

C4+$B$1/(2*B5) 

‘■+h 



A 

B 

C 

D 

i 

L= 

1 

m 


2 





3 


n 

offset 


4 


1 

0.500 


5 


2 

0.750 


6 


3 

0.917 


7 


4 

1.042 


8 


5 

1.142 


9 


6 

1.225 


10 


7 

1.296 


11 


8 

1.359 


12 


9 

1.414 


13 


10 

1.464 







98 


95 

2.568 


99 


96 

2.573 


100 


97 

2.579 


101 


98 

2.584 


102 


99 

2.589 


103 


100 

2.594 



From the table we see that A = 


1.142 m, 


tun — 


1.464 m, 


and 


uoo' 


2.594 m. 


(i d) Increasing N in the spreadsheet solution suggests that the sum of the individual offsets 
continues to grow as N increases without bound. The series is, in fact, divergent and the 
stack of bricks has no maximum offset or length. 
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90 ••• 

Picture the Problem The four forces 
acting on the sphere: its weight, mg; the 
normal force of the plane, F n ; the frictional 
force,/ acting parallel to the plane; and the 
tension in the string, T, are shown in the 
figure. Choose the coordinate system 
shown. Because the sphere is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium 
to find f F n , and T. 



(a) Apply I T = 0 about an axis 
through the center of the sphere: 

Apply ^F k = Oto the sphere: 
Substitute for/ and solve for T: 

Substitute numerical values and 
evaluate T: 


JR-TR = 0=>T = f 

f + T cos 6 - Mg sin 6 = 0 

T ^ Mg sin 6 
1 + cos 6 

T _ (3kg)(9.81m/s 2 )sin30° _ 
l + cos30° 


(b) Apply y, F v = 0 to the sphere: 


F n - T sin 0 - Mg cos 0 = 0 
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Solve for F n : 


F n = T sin 0 + Mg cos 6 


Substitute numerical values and 
evaluate F n \ 


F n =(7.89N)sin30° 

+ (3kg)(9.81m/s 2 )cos30° 
= 29.4N 


(c) In part (a) we showed that/= T: 


f 


7.89N 


91 ••• 

Picture the Problem Let L be the length of 
each leg of the tripod. Applying the 
Pythagorean theorem leads us to conclude 
that the distance a shown in the figure is 


J—L and the distance b, the distance to the 

V 2 

2 fj 

centroid of the triangle ABC is —A—L , and 
L 

the distance c is — j =. These results allow 

v/3 

us to conclude that cos 0 = —. Because 

V3 

the tripod is in equilibrium, we can apply 
the condition for translational equilibrium 
to find the compressional forces in each 
leg. 



Letting F c represent the compressional 3 F c cos 6 — mg - 0 

force in a leg of the tripod, apply 
^F = 0 to the apex of the tripod: 


Solve for F c : 
Solve for F c : 


Substitute numerical values and 
evaluate F c : 


F c = 


F c = 


mg 

3 cos 6 
mg 


3x 


1 


v/3 


V3 

-mg 


F n 


V3 

3 


(l00kg)(9.81m/s 2 ) 


566N 
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92 •• 

Picture the Problem The forces that act 
on the beam are its weight, i ng; the force of 
the cylinder, F c , acting along the radius of 
the cylinder; the normal force of the 
ground, F n ; and the friction force f s = /y/’ n . 
The forces acting on the cylinder are its 
weight, Mg; the force of the beam on the 
cylinder, F cb = F c in magnitude, acting 
radially inward; the normal force of the 
ground on the cylinder, F nc ; and the force 
of friction,/ c = ju sc F ac . Choose the 
coordinate system shown in the figure and 
apply the conditions for rotational and 
translational equilibrium. 


y 



Express ^ s , be am-floor in terms of f and F n : 


Fs 


,beam-floor 


A 


(i) 


Express // s , cylinder-floor in terms of / sc 
and F nc : 


Fs, cylinder-floor 


f 

SC 


( 2 ) 


Apply y,f = 0 about an axis 
through the right end of the beam: 

Solve for and evaluate F c : 


Apply TF v =0 to the beam: 
Solve for F n : 


[(l0cm)cos6 l ]ff7g-(l5cm)F c = 0 


_ [(l0cm)cos^]mg 
15 cm 

_ [l0cos30°](5kg)(9.81m/s 2 ) 

15 

= 28.3N 

F n + F c cos(90° - d) - mg = 0 

F a = mg-F c cos 6 

= (5kg)(9.81m/s 2 )-(28.3N)cos30° 
= 24.5 N 


Apply ^ F x = 0 to the beam: 


f s + F c cos(90°-£)=0 






Static Equilibrium and Elasticity 981 


Solve for and evaluate f s : 

F cb is the reaction force to F c : 
Apply ^ F y = 0 to the cylinder: 
Solve for and evaluate F nc : 

Apply ^ F r = 0 to the cylinder: 
Solve for and evaluate/ sc : 

Substitute numerical values in 
equations (1) and (2) and evaluate 

Ms, beam-floor and //s,cylinder-floor- 


/ s = F c cos(90° - 0) = (28.3 N)cos60° 
= 14.2 N 


F cb = F c = 28.3 N radially inward, 
^nc-^cb cos 6 - Mg = 0 

F n,= F cb COS 6 +Mg 

= (28.3N)cos30° + (8kg)(9.81m/s 2 ) 
= 103N 


/sc-^cb cos(90°-#) = 0 


/sc=^cbCos(90 o -^) = (28.3N)cos60° 
= 14.2N 


M. 


s,beam-floor 


14.2 N 
24.5 N 


0.580 


and 


Ms 


,cylinder-floor 


14.2N 

103N 


0.138 


93 ••• 


Picture the Problem The geometry of the 
system is shown in the drawing. Let 
upward be the positive y direction and to 
the right be the positive x direction. Let the 
angle between the vertical center line and 
the line joining the two centers be 61 Then 


R — r 

sin 0 =-and tan 0 = 


R-r 


jR{2r-R) 


The force exerted by the bottom of the 
cylinder is just 2mg. Let F be the force that 
the top sphere exerts on the lower sphere. 
Because the spheres are in equilibrium, we 
can apply the condition for translational 
equilibrium. 



Apply 7, F v = 0 to the spheres: 


F n ~ m 8 ~ m 8 = 9 
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Solve for F n : 


F„ = 


2mg 


Because the cylinder wall is smooth, 
FcosO= mg, and: 


mg 
cos 0 


Express the x component of F: F x — F sin 0 - mg tan 0 


Express the force that the wall of the 
cylinder exerts: 


W§ ^R(2r-R) 


Remarks: Note that as r approaches R/2, F w —»oo. 

*94 ••• 

Picture the Problem Consider a small rotational displacement, 50 of the cube from 
equilibrium. This shifts the point of contact between cube and cylinder by R50 where R = 
d/2. As a result of that motion, the cube itself is rotated through the same angle <329, and so 
its center is shifted in the same direction by the amount (a/2) 50, neglecting higher order 
terms in 50. 




If the displacement of the cube’s center of mass is less than that of the point of contact, the 
torque about the point of contact is a restoring torque, and the cube will return to its 
equilibrium position. If, on the other hand, (a/2) 50 > (d/2) 50, then the torque about the 
point of contact due to mg is in the direction of 50, and will cause the displacement from 
equilibrium to increase. We see that the minimum value of d/a for stable equilibrium is 
d/a = 1. 
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Fluids 


Conceptual Problems 

l 

Determine the Concept The absolute pressure is related to the gauge pressure according 
to P = P gauge + P at- While doubling the gauge pressure will increase the absolute pressure, 
we do not have enough information to say what the resulting absolute pressure will be. 
(e) is correct. 


*2 • 

v 2 

Determine the Concept No. In an environment where g eff = F g —m — = 0, there is no 

r 

buoyant force; there is no "up" or "down." 

3 

Determine the Concept As you lower the rock into the water, the upward force you 
exert on the rock plus the upward buoyant force on the rock balance its weight. When the 
thread breaks, there will be an additional downward force on the scale equal to the 
buoyant force on the rock (the water exerts the upward buoyant force on the rock and the 
reaction force is the force the rock exerts on the water ... and hence on the scale). Let p 
represent the density of the water, V the volume of the rock, and uy the weight of the 
displaced water. Then the density of the rock is 3 p. We can use Archimedes’ principle to 
find the additional force on the scale. 


Apply Archimedes’ principle to the rock: 


Because Vf= V m ck' 


B = w f = m f g = p f V f g 


B M M 
B = p -g = p — g = \Mg 

Pvock ^P 


and ( d ) is correct. 


Determine the Concept The density of water increases with depth and the buoyant force 
on the rock equals the weight of the displaced water. Because the weight of the displaced 
water depends on the density of the water, it follows that the buoyant force on the rock 


increases as it si nks . ( b ) is correct. 


5 

Determine the Concept Nothing. The fish is in neutral buoyancy (that is, its density 
equals that water), so the upward acceleration of the fish is balanced by the downward 
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acceleration of the displaced water. 

*6 •• 

Determine the Concept Yes. Because the volumes of the two objects are equal, the 
downward force on each side is reduced by the same amount when they are submerged, 
not in proportion to their masses. That is, if m x L\ = m 2 L 2 and L\ ^ L 2 , then (m l - c)L , ^ 
(m 2 - c)L 2 . 


7 

Determine the Concept The buoyant forces acting on these submerged objects are equal 
to the weight of the water each displaces. The weight of the displaced water, in turn, is 
directly proportional to the volume of the submerged object. Because pn > pcu, the 
volume of the copper must be greater than that of the lead and, hence, the buoyant force 
on the copper is greater than that on the lead. ( b ) is correct. 


8 

Determine the Concept The buoyant forces acting on these submerged objects are equal 
to the weight of the water each displaces. The weight of the displaced water, in turn, is 
directly proportional to the volume of the submerged object. Because their volumes are 


the same, the buoyant forces on them must be the same, (c) is correct. 


9 

Determine the Concept It blows over the ball, reducing the pressure above the ball to 
below atmospheric pressure. 


10 • 


Determine the Concept From the equation of continuity (7 V = A v = constant), we can 
conclude that, as the pipe narrows, the velocity of the fluid must increase. Using 
Bernoulli’s equation for constant elevation {P + \pv 1 = constant ), we can conclude 


that as the velocity of the fluid increases, the pressure must decrease. 


(b) is correct. 


*11 • 

Determine the Concept False. The buoyant force on a submerged object depends on the 
weight of the displaced fluid which, in turn, depends on the volume of the displaced fluid. 

12 • 

Determine the Concept When the bottle is squeezed, the force is transmitted equally 
through the fluid, leading to a pressure increase on the air bubble in the diver. The air 
bubble shrinks, and the loss in buoyancy is enough to sink the diver. 
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13 • 

Determine the Concept The buoyant force acting on the ice cubes equals the weight of 
the water they displace, i.e., B = w f = p f V { g. When the ice melts the volume of water 

displaced by the ice cubes will occupy the space previously occupied by the submerged 
part of the ice cubes. Therefore, the water level remains constant. 

14 • 

Determine the Concept The density of salt water is greater than that of fresh water and 
so the buoyant force exerted on one in salt water is greater than in fresh water. 

15 •• 

Determine the Concept Because the pressure increases with depth, the object will be 
compressed and its density will increase. Its volume will decrease. Thus, it will sink to 
the bottom. 

16 •• 

Determine the Concept The force acting on the fluid is the difference in pressure 
between the wide and narrow parts times the area of the narrow part. 

17 •• 

Determine the Concept The drawing 
shows the beaker and a strip within the 
water. As is readily established by a simple 
demonstration, the surface of the water is 
not level while the beaker is accelerated, 
showing that there is a pressure gradient. 

That pressure gradient results in a net force 
on the small element shown in the figure. 

*18 •• 

Determine the Concept The water level in the pond will drop slightly. When the anchor 
is in the boat, the boat displaces enough water so that the buoyant force on it equals the 
sum of the weight of the boat, your weight, and the weight of the anchor. When you put 
the anchor overboard, it will displace its volume and the volume of water displaced by 
the boat will decrease. 

19 •• 

Determine the Concept From Bernoulli's principle, the opening above which the air 
flows faster will be at a lower pressure than the other one, which will cause a circulation 
of air in the tunnel from opening 1 toward opening 2. It has been shown that enough air 
will circulate inside the tunnel even with the slightest breeze outside. 
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*20 • 

Determine the Concept The diagram that follows shows the forces exerted by the 
pressure of the liquid on the two cups to the left. 




Because the force is normal to the surface of the cup, there is a larger downward 
component to the net force on the cup on the left. Similarly, there will be less total force 
exerted by the fluid in the cup on the far right in the diagram in the problem statement. 

Density 


21 • 

Picture the Problem The mass of the cylinder is the product of its density and volume. 
The density of copper can be found in Figure 13-1. 


Using the definition of density, 
express the mass of the cylinder: 


m 


= pV = p{xR 2 }i) 


Substitute numerical values and 
evaluate m: 


m = ;r(8.93 x 10 3 kg/m 3 )(2 x 10 2 m) 2 
x(6x10 2 m) 

= 0.673 kg 


22 • 

Picture the Problem The mass of the sphere is the product of its density and volume. 
The density of lead can be found in Figure 13-1. 

Using the definition of density, m = pV = p(j7r R ') 

express the mass of the sphere: 

m = j ;r(l 1.3 x 10 3 kg/m 3 )(2 x 10 2 m) 
= 0.379kg 


Substitute numerical values and 
evaluate nr. 
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23 • 

Picture the Problem The mass of the air in the room is the product of its density and 
volume. The density of air can be found in Figure 13-1. 


Using the definition of density, 
express the mass of the air: 


m = pV = pLWH 


Substitute numerical values and 
evaluate m: 


m = (l .293 kg/m 3 )(4m)(5 m)(4m) 


103 kg 


*24 • 


Picture the Problem Let p 0 represent the density of mercury at 0°C and p' its density at 
80°C, and let m represent the mass of our sample at 0°C and in' its mass at 80°C. We can 
use the definition of density to relate its value at the higher temperature to its value at the 
lower temperature and the amount spilled. 

Using its definition, express the , _ m ' 

density of the mercury at 80°C: V 

Express the mass of the mercury at , _m- Am _ m Am 

80°C in terms of its mass at 0°C and ^ V V V 

the amount spilled at the higher Am 

temperature: V 



Substitute numerical values and 
evaluate pi'. 


1.3621xl0 4 kg/m 3 


Pressure 

25 • 

Picture the Problem The pressure due to a column of height h of a liquid of density p is 
given by P = pgh. 


Letting h represent the height of the Pnggh = 101 kPa 

column of mercury, express the 
pressure at its base: 


Solve for h : 


h = 


lOlkPa 
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Substitute numerical values and 
evaluate h : 


h _ l.OlxlO 5 N/m 2 

(l3.6xl0 3 kg/m 3 )(9.81m/s 2 ) 

= 0.757mx- lm , 

2.54x10 2 m 

= 29.8 in of Hg 


26 • 

Picture the Problem The pressure due to a column of height h of a liquid of density p is 
given by P = pgh. 


(a) Express the pressure as a 
function of depth in the lake: 

Solve for and evaluate h: 


Substitute numerical values and 
evaluate h\ 


(.b ) Proceed as in (a) with /? water 
replaced by p ^ g to obtain: 

Substitute numerical values and 
evaluate h : 


P=P M + Avaterk^ 

P-P 2 P -P P 

h _ 1 1 at _ _ at 1 at _ 1 at 

water ^ /^water^ /^water^ 

1.01x10 s N/m 2 
_ (lO 3 kg/m 3 )(9.81 m/s 2 ) 

= 10.3m 


Pu S g Pa g g 

h _ 1.01x10 s N/m 2 

(l3.6xl0 3 kg/m 3 )(9.81m/s 2 ) 

= 75.7 cm 


*27 • 

Picture the Problem The pressure applied to an enclosed liquid is transmitted 
undiminished to every point in the fluid and to the walls of the container. Hence we can 
equate the pressure produced by the force applied to the piston to the pressure due to the 
weight of the automobile and solve for F. 

Express the pressure the weight of P - 34331110 

the automobile exerts on the shaft of aut ° /t shafl 

the lift: 


Express the pressure the force 
applied to the piston produces: 


P = 


F 


piston 
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Because the pressures are the same, 

w 

K auto 

F 

we can equate them to obtain: 

A 

^shaft 

A 

piston 

Solve for F: 

F = w Ap,ston 

KK auto A 


piston 


A. 


shaft 


A. 


shaft 


Substitute numerical values and 
evaluate F: 


F = (l500kg)(9.81m/s 2 ) 


' lcm^ 


v 8cmy 


230N 


28 •• 

Picture the Problem The pressure exerted by the woman’s heel on the floor is her 
weight divided by the area of her heel. 


Using its definition, express the p _ F_ _ w _ mg 

pressure exerted on the floor by the AAA 

woman’s heel: 


Substitute numerical values and 
evaluate P: 


(56kg)(9.81m/s 2 ) 

10 4 m 2 

= 5.49 x 10 6 N/m 2 x latm 
101.3kPa 

= 54.2 atm 


*29 • 

Picture the Problem The required pressure AP is related to the change in volume AV and 

„ A P 

the initial volume V through the definition of the bulk modulus B: B = -. 

AV/V 


Using the definition of the bulk p _ AP 

modulus, relate the change in AV/V 

volume to the initial volume and the 
required pressure: 


AP = -B 


AV 


Solve for AP: 


V 
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Substitute numerical values and 
evaluate A P: 


AP = -2.0xl0 9 Pax 


-0.01L 

1L 


J 


= 2.00xl0 7 Pax 


latm 

101.325kPa 


198 atm 


30 • 

Picture the Problem The area of contact of each tire with the road is related to the 
weight on each tire and the pressure in the tire through the definition of pressure. 


Using the definition of gauge 
pressure, relate the area of contact to 
the pressure and the weight of the 
car: 

Substitute numerical values and 
evaluate A: 


A = 


-w 


gauge 


i( 150Qk g)( 9 - 81m/s2 ) 

200kPa 

_ -L(l500kg)(9.81m/s 2 ) 
200 x 10 3 N/m 2 


= 1.84 x 10 2 m 2 


184 cm 2 


31 •• 

Picture the Problem The force on the lid is related to pressure exerted by the water and 
the cross-sectional area of the column of water through the definition of density. We can 
find the mass of the water from the product of its density and volume. 

(a) Using the definition of pressure, F = PA 

express the force exerted on the lid: 

Express the pressure due to a column P = p,, vMa gh 

of water of height h: 

Substitute for P and A to obtain: F = p mXa ghnr 2 

F = (10 3 kg/m 3 )(9.81m/s 2 ) 
x (l2m)7r(0.2m)" 

= 14.8kN 


Substitute numerical values: 
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( b ) Relate the mass of the water to its 
density and volume: 

Substitute numerical values and 
evaluate m: 


m = Av ate/ = Avater^ 

m = (l 0 3 kg/m 3 )(l2 m)?? (3 x 10 3 m)~ 
= 0.339kg 


32 •• 

Picture the Problem The minimum elevation of the bag h that will produce a pressure of 
at least 12 mmHg is related to this pressure and the density of the blood plasma 
through/ 5 = p b[ood gh. 


Using the definition of the pressure 
due to a column of liquid, relate the 
pressure at its base to its height: 

Solve for h: 


p = PHoo&g h 



Pblooig 


Substitute numerical values and 
evaluate h: 


12 mmHg x 


h = 


133.32Pa 

ImmHg 


1 1JLJLLJL1A Ag, 

(l.03xl0 3 kg/m 3 )(9.81 m/s 2 ) 


= 0.158m= 15.8cm 


33 •• 

Picture the Problem The depth h below the surface at which you would be able to breath 
is related to the pressure at that depth and the density of water /? w through/ 5 = p w gh . 


Express the pressure at a depth h 
and solve for h: 


Express the pressure at depth h in 
terms of the weight on your chest: 


P = P w gh 

and 


Av& 


P = 


F 

~A 


h = 


F 

A P^g 


Substitute to obtain: 
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Substitute numerical values and 
evaluate h : 


h = 


400 N 


(0.09m 2 )(l0 3 kg/m 3 )(9.81 m/s 2 ) 


0.453 m 


34 •• 


Picture the Problem Let A i and A 2 represent the cross-sectional areas of the large piston 
and the small piston, and F\ and F 2 the forces exerted by the large and on the small 
piston, respectively. The work done by the large piston is W\ = F x h , and that done on the 
small piston is W 2 = F 2 h 2 . We’ll use Pascal’s principle and the equality of the volume of 
the displaced liquid in both pistons to show that W\ and W 2 are equal. 

Express the work done in lifting the W x = F x h x 

car a distance h\ where F is the weight of the car. 

Using the definition of pressure, F\_ _ 

relate the forces F\ (= w) and F 2 to A x A 2 

the areas A x and A 2 : 


Solve for F t : 



Equate the volumes of the displaced 
fluid in the two pistons: 


h x A x = h 2 A 2 


Solve for h\. 



Substitute in the expression for W\ 
and simplify to obtain: 



35 • 


Picture the Problem Because the pressure 
varies with depth, we cannot simply 



multiply the pressure times the half-area of 
a side of the cube to find the force exerted 
by the water. We therefore consider the 



force exerted on a strip of width a , height 
dh, and area dA = adh at a depth h and 


integrate from h = 0 to h = all. The water 
pressure at depth h is P M + pgh. We can 







omit the atmospheric pressure because it is 
exerted on both sides of the wall of the 
cube. 
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Express the force dF on the element 
of length a and height dh in terms of 
the net pressure pgh : 

Integrate from h = 0 to h = a/2: 


dF = PdA = pghadh 


a/2 a/2 

F = j dF = pga J hdh 

o o 

Pga 3 

8 


-pga 


( 2 

a 


V4 , 


*36 ••• 

Picture the Problem The weight of the water in the vessel is the product of its mass and 
the gravitational field. Its mass, in turn, is related to its volume through the definition of 
density. The force the water exerts on the base of the container can be determined from 
the product of the pressure it creates and the area of the base. 

(a) Using the definition of density, w = m g = pVg 

relate the weight of the water to the 
volume it occupies: 

Substitute for V to obtain: w = \npr 2 hg 


Substitute numerical values and evaluate w: 


iv = }^(l0 3 kg/m 1 )(l5xl0 2 m) (25x10 2 m) (9.81m/s 1 ) 


57.8N 


(. b ) Using the definition of pressure, F = PA = pghnr 2 

relate the force exerted by the water 

on the base of the vessel to the 

pressure it exerts and the area of the 

base: 


Substitute numerical values and evaluate F: 


F = (l 0 3 kg/m 3 ) (9.81 m/s 2 )(25 x 10 2 m) k (l5 x 10 2 m) 2 


173N 
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This occurs in the same way that the force on Pascals barrel is much greater 
than the weight of the water in the tube. The downward force on the base is 
also the result of the downward component of the force exerted by the 
slanting walls of the cone on the water. 


Buoyancy 


*37 • 

Picture the Problem The scale’s reading will be the difference between the weight of the 
piece of copper in air and the buoyant force acting on it. 


Express the apparent weight w' of w' = w — B 

the piece of copper: 


Using the definition of density and 
Archimedes’ principle, substitute for 
w and B to obtain: 


w' = P Cu Vg~ P w Vg 
= {Pcu-pJVg 


Express w in terms of pc u and V and 
solve for Vg : 

Substitute to obtain: 


Substitute numerical values and 
evaluate w'\ 


w = p Cu Vg => Vg 


w 


Pen 


W 


' = (Pcu-Av) 


w 


Pc u 


1- 


Av 

Pc u 


w 


w = 


l-^j(0.5kg)(9.81m/s 2 ) 


= 4.36N 


38 • 

Picture the Problem We can use the definition of density and Archimedes’ principle to 
find the density of the stone. The difference between the weight of the stone in air and in 
water is the buoyant force acting on the stone. 

Using its definition, express the _ ffl st0 ne /i \ 

. . ~ . /^stone T r 1^1 

density ot the stone: E stone 


Apply Archimedes’ principle to 
obtain: 


B = w { = m f g = p f V f g 
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Solve for V{. 


K = 


B 

Pig 


Because V f = F st0 ne and p f = p water : 




B 


P 


water 


g 


Substitute in equation (1) and 
simplify to obtain: 


_ m ston e g 

r stone D r water 

n 


W 

stone 

B 


P ; 


Substitute numerical values and 
evaluate A lone : 


/'ktone 


60N 


60N-20N 


(lO 3 kg/m 3 ) 


3.00 xlO 3 kg/m 3 


39 • 

Picture the Problem We can use the definition of density and Archimedes’ principle to 
find the density of the u nk nown object. The difference between the weight of the object 
in air and in water is the buoyant force acting on the object. 


(a) Using its definition, express the 
density of the object: 


m 


Po bje 


object 


K 


object 


(i) 


Apply Archimedes’ principle to B — w { — m f g - p { V i g 

obtain: 


Solve for V{. 


K = 


B 


Pig 


Because V f = Kbject and p f = p water : 


K 


object 


B 


P, 


g 


Substitute in equation (1) and 
simplify to obtain: 


Po bj 


ect 


ffl objectg 

B 


P 


water 


^object 

B 


P 


water 


Substitute numerical values and 
evaluate /7 0 bject: 


P obje 


5N 


5N-4.55N 


(lO 3 kg/m 3 ) 


11.1 x 10 3 kg/m 3 


From Figure 13 -1, we see that the unknown material has a density close to 
that of lead. 
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40 • 

Picture the Problem We can use the definition of density and Archimedes’ principle to 
find the density of the u nk nown object. The difference between the weight of the object 
in air and in water is the buoyant force acting on it. 


Using its definition, express the 
density of the metal: 


Anetal 


m 


metal 


K 


(1) 


metal 


Apply Archimedes’ principle to 
obtain: 


B = w { = m f g = p { V { g 


Solve for V{. 


K = 


B 

Pfg 


Because V f = F meta i and p f = p Wdlcr : 


V = - 

metal 


B 


P water g 


Substitute in equation (1) and 
simplify to obtain: 


Anetal 


"knetalg 

B 


Pw ater 


W, 


metal 

B 


/A 


Substitute numerical values and 
evaluate p metal : 


P metal 


90N 


90N-56.6N 


(l0 3 kg/m 3 ) 


2.69 xlO 3 kg/m 3 


41 •• 

Picture the Problem Let V be the volume of the object and V be the volume that is 
submerged when it floats. The weight of the object is pVg and the buoyant force due to 
the water is p w Vg. Because the floating object is translational equilibrium, we can use 
^ F y =0 to relate the buoyant forces acting on the object in the two liquids to its 

weight. 

A PPly X F y = ( 1 10 thc () 6j ect PwVg - m g = P^V'g - pYg = 9 (1) 

floating in water: 


Solve for p\ 


P=Pw 


r_ 

V 


Substitute numerical values and 
evaluate p: 


^ = (l0 3 kg/m 3 )^^ 


800 kg/m 3 
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Apply X F v =0 to the object 

floating in the second liquid and 
solve for mg: 

Solve equation (1) for mg: 

Equate these two expressions to obtain: 

Substitute in the definition of 
specific gravity to obtain: 


mg = 0.12Vp^g 

mg = 0.8 pJVg 
0-72 p L = 0.8 p w 

specific gravity = ^ = 1.11 

p w 0.72 - 


*42 •• 

Picture the Problem We can use Archimedes’ principle to find the density of the 
u nk nown object. The difference between the weight of the block in air and in the fluid is 
the buoyant force acting on the block. 

Apply Archimedes’ principle to obtain: B = w f = m f g = p f V f g 

Solve for p f : B 

Pf =- 

V f g 

Because V f = V Fe block: _ _ B _ B _ 

ri jr /^Fe 

' fc block<9 block 


Substitute numerical values and evaluate p t : 


Pt = 


(5kg)(9.81m/s i )-616N ( 3 

(5kg)(9.81m/s 2 ) V & ’ 


6.96 xlO 3 kg/m 3 


43 •• 

Picture the Problem The forces acting on the cork are B, the upward force due to the 
displacement of water, mg, the weight of the piece of cork, and F s , the force exerted by 
the spring. The piece of cork is in equilibrium under the influence of these forces. 

Apply ^ F y =0 to the piece of cork: B — w—F s = 0 (1) 

or 

B-Pco^g-F, =0 ( 2 ) 

Express the buoyant force as a function B = w f = p w Vg 
of the density of water: 
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Solve for Vg : 

Vg = — 

Pw 

Substitute for Vg in equation (2): 

B-P cotk — ~F S =0 (3) 

Pw 

Solve equation (1) for B\ 

B = w + F s 

Substitute in equation (3) to obtain: 

w+ F 

w + F s - p coA - L -F s = 0 

Pw 

or 

W+F s n 

W P cork = 0 

Pw 

Solve for p coA : 

w 

Pcork Av 

w + F s 

Substitute numerical values and 
evaluate p coA : 

^cor k =(l0 3 kg/m 3 ) °’ 285N 

cork v 6 '0.285N + 0.855N 

= 250 kg/m 3 


44 •• 

Picture the Problem Under minimum-volume conditions, the balloon will be in 
equilibrium. Let B represent the buoyant force acting on the balloon, w to t represent its 
total weight, and V its volume. The total weight is the sum of the weights of its basket, 
cargo, and helium in its balloon. 


Apply ^ F y =0 to the balloon: 

to 

1 

JS 

c 

ll 

o 

Express the total weight of the balloon: 

vv lol = 2000 N + p llc Vg 

Express the buoyant force due to the 
displaced air: 

B = w f = pJVg 

Substitute to obtain: 

P^y g - 2000 N - p He Vg = 0 

Solve for V : 

2000 N 

(Pa ir “Afek 
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Substitute numerical values and evaluate V: 


v _ _ 2000 N _ 

(l.29kg/m 3 ~ 0.178 kg/m 3 )(9.81 m/s 2 ) 


183 m 3 


*45 •• 

Picture the Problem Let V = volume of diver, p D the density of the diver, V Ph the volume 
of added lead, and m Pb the mass of lead. The diver is in equilibrium under the influence of 
his weight, the weight of the lead, and the buoyant force of the water. 

Apply ^ F y =0 to the diver: B — w D — w pb = 0 


Substitute to obtain: Pw^D+PbS ~ Pd^dS ~ m ?b§ = 0 

or 

Av K) + Pw^pb — PyVd ~ m Pb = 0 


Rewrite this expression in terms of 1,1 m o _ 

. . . . Ay ^ Pw Pd m pb ~ u 

masses and densities: p D p Pb p D 


Solve for the mass of the lead: _ p Ph (p w - P D )tn D 

m Pb ~ i \ 

Pd vPpb — Pw) 


Substitute numerical values and evaluate m Ph : 


(l 1.3 x 10 kg/m 3 )(l0 3 kg/m - 0.96 x 10 3 kg/m )(85 kg) 

3.89kg 


0.96 x 10 3 kg/m 3 )(l 1.3 x 10 3 kg/m 3 -10 3 kg/m 3 



46 •• 

Picture the Problem The scale’s reading w' is the difference between the weight of the 
aluminum block in air w and the buoyant force acting on it. The buoyant force is equal to 
the weight of the displaced fluid, which, in turn, is the product of its density and mass. 
We can apply a condition for equilibrium to relate the reading of the bottom scale to the 
weight of the beaker and its contents and the buoyant force acting on the block. 


Express the apparent weight w' of the 

aluminum block: 

w' = w-B 

(1) 

Letting F be the reading of the bottom 
scale and choosing upward to be the 

F + w'-M tot g = 0 

(2) 


positive y direction, apply 
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it = 0 to the scale to obtain: 


Using the definition of density and 
Archimedes’ principle, substitute for 
w and B in equation (1) to obtain: 

Express w in terms of p A i and V and 
solve for Vg: 

Substitute to obtain: 


Substitute numerical values and 
evaluate w': 


w'= P Al Vg~p w Vg 

= (p M -p,)Vg 


w 


w = Pm V § =>Vg = - 

Pm 


w '=(Pm-P w )— = 
Pa\ 


r 


Pw 




1 - 

v Pai J 


w 


' 10 3 kg/m 3 " 

2.7 xlO 3 kg/m 3 , 

x(2kg)(9.81m/s 2 ) 

12.4N 


Solve equation (2) for F\ 

Substitute numerical values and 
evaluate the reading of the bottom 
scale: 


F = M tot g - W ' 

F = (5kg)(9.81m/s 2 )-12.4N 


36.7N 


47 ••• 

Picture the Problem Let V= displacement of ship in the two cases, m be the mass of 
ship without load, and A m be the load. The ship is in equilibrium under the influence of 
the buoyant force exerted by the water and its weight. We’ll apply the condition for 
floating in the two cases and solve the equations simultaneously to determine the loaded 
mass of the ship. 

Apply ^ F : =0 to the ship in fresh water: p, A Vg - mg = 0 (1) 

Apply Y,F y = 0 to the ship in salt water: /O sw Vg — (m + A m)g = 0 (2) 


Solve equation (1) for Vg: 


v g= an 

P w 


Substitute in equation (2) to obtain: 


Ps W —-( m + Am )g = 0 

Pw 
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Solve for nr. 


Add Am to both sides of the 
equation and simplify to obtain: 


Substitute numerical values and 
evaluate m + Am: 


Pw A/ » 

m = —-- 

Aw Av 


. p w Am 
m + Am = — -h Am 


Psw Pw 


= Am 


P, 


v Aw Pw j 


+ 1 


A/ »Psw 

/^sw Pw 


m + Am 


(6xl0 J kg)(l.025 / j.) 
1.025p w -p w 

(6xlQ 5 kg)(l.Q25) 
1.025-1 
2.46xlO 7 kg 


*48 ••• 

Picture the Problem For minimum liquid density, the bulb and its stem will be 
submerged. For maximum liquid density, only the bulb is submerged. In both cases the 
hydrometer will be in equilibrium under the influence of its weight and the buoyant force 
exerted by the liquids. 

(a) Apply Yj F v = 0 to the hydrometer: B — w = 0 

Using Archimedes’ principle to express Pmm F § ~ m totg = 0 
B, substitute to obtain: or 

Pmin foulb + Ktem ) = ™glas S + /M Pb 

Solve for m Pb : m ?h = p mm (F bulb + F stem ) - m glass 


Substitute numerical values and evaluate m Pb : 

-(6xl0~ 3 kg) 


14.7 g 


( b ) Apply ^ F y = 0 to the hydrometer: p max Fg ~ m to tg = 0 


m Ph = (0.9kg/L) 


0.020 L+ ^(0.15 m)(0.005 inf 


1L 


10~ 3 m 3 


or 
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Anax^bulb — m glass + m Pb 


Solve for p m „: 


Pmax 


^glass+^Pb 


V, 


bulb 


Substitute numerical values and 
evaluate p max : 


Pn 


6g +14.7 g 
20mL 


1.04kg/L 


49 • 

Picture the Problem We can relate the upward force exerted on the dam wall to the area 
over which it acts using F = P a A and express P g in terms of the depth of the water 

using P g = pgh. 


Using the definition of pressure, 
express the upward force exerted on 
the dam wall: 

Express the gauge pressure P s of the 
water 5 m below the surface of the 
dam: 

Substitute to obtain: 

Substitute numerical values and 
evaluate F: 


F = P g A 
P g = pgh 

F = pghA 

F = (l0 3 kg/m 3 )(9.81m/s 2 )(5 m )(io in 2 ) 
= 491kN 


50 •• 

Picture the Problem The forces acting on 
the balloon are the buoyant force B, its 
weight mg, and a drag force F D . We can 
find the initial upward acceleration of the 
balloon by applying Newton’s 2 nd law at 
the instant it is released. We can find the 
terminal velocity of the balloon by 
recognizing that when 
a v = 0, the net force acting on the balloon 
will be zero. 

(a) Apply Yj F y = ma y t0 the B ~ m balloo nS = ^balloon a y 

balloon at the instant of its release to 
obtain: 

Solve for a y : _ B-m^ 00n g _ B 

^balloon /W balloon 


y 

B 

mg 
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Using Archimedes principle, 
express the buoyant force B acting 
on the balloon: 

Substitute to obtain: 


B = w f = m f g = PfV f g 

= PaiAalloong = 1%/g 
J^Air^g - ^ balloon g = ™ balloon^ 


Solve for a y : 


Substitute numerical values and 
evaluate a v : 


«v = 




-1 


m 


balloon 


g 


y^(l.29kg/m 3 )(2.5m)’ 

15kg 

x ( 9 . 8 1 m/s 2 ) 

45.4m/s 2 


1 


( b ) Apply ^ F v = ma y to the 

B - mg -\nr 2 pv\ = 0 

balloon under terminal-speed 
conditions to obtain: 


Substitute for B: 

f m./g - mg -\nr 2 pv; = 0 

Solve for v t : 

( 2 ( 3 %/ 3 ~ m )g 

‘ \ 7U~ 2 p 


Substitute numerical values and evaluate v: 




[2 

y n 

(l.29kg/m 3 )(2.5m) 3 -15kg 

(9.81 m/s 2 ) 

1 ^(2.5 m) 2 

1.29 kg/m 3 ] 



7.33m/s 


(c) Relate the time required for the 
balloon to rise to 10 km to its 
terminal speed: 



10km 

7.33m/s 


= 1364s 


22.7 min 


Continuity and Bernoulli's Equation 

*51 •• 

Picture the Problem Let J represent the flow rate of the water. Then we can use J = Av 
to relate the flow rate to the cross-sectional area of the circular tap and the velocity of the 
water. In ( b ) we can use the equation of continuity to express the diameter of the stream 
7.5 cm below the tap and a constant-acceleration equation to find the velocity of the 
water at this distance. In (c) we can use a constant-acceleration equation to express the 
distance-to-turbulence in terms of the velocity of the water at turbulence v, and the 
definition of Reynolds number Nr to relate v t to Nr. 
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(a) Express the flow rate of the 
water in terms of the cross-sectional 
area A of the circular tap and the 
velocity v of the water: 

Solve for v: 


Substitute numerical values and 
evaluate v: 


J = Av = nr 2 v = \n d 2 v (1) 


v 


J 

\xd 2 


V 


10.5 cm 3 / s 
4 7i{\ ,2 cm ) 2 


9.28 cm/s 


( b ) Apply the equation of continuity 
to the stream of water: 


Solve for df. 


Use a constant-acceleration equation 
to relate v f and v to the distance Ah 
fallen by the water: 

Solve for Vf to obtain: 


Substitute numerical values and 
evaluate v f : 


v f A f = v ; Aj = vA { 
or 



vj = v 2 + 2gAh 
v { = yjv 2 + 2gAh 

Vf = -y/(9.28cm/s) 2 +2(981cm/s 2 )(7.5cm) 
= 122 cm/s 


Substitute in equation (2) and 
evaluate d t : 


d { 


(l .2 cm). 


9.28cm/s 
122 cm/s 


0.331cm 


(c) Using a constant-acceleration 
equation, relate the fall-distance-to- 
turbulence Ad to its initial speed v 
and its speed v t when its flow 
becomes turbulent: 

Solve for Ad to obtain: 


v 2 = v 2 + 2gAd 


Ad = 



N b 


2fpv t 


(3) 


Express Reynolds number Nr for 
turbulent flow: 


r/ 
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From equation (1): 


Substitute to obtain: 


Solve for v t : 


Substitute numerical values (see 
Figure 13-1 for the density of water 
and Table 13-1 for the coefficient of 
viscosity for water) and evaluate v t : 

Substitute in equation (3) and 
evaluate the fall-distance-to 
turbulence: 


[Z 

\*v t 


Tj \l 7TV t 
V ^ 

‘ 4 p 2 J 

_ ;r(2300) 2 (l.8 x 10~ 3 Pa-s) 2 
4(l0 3 kg/m 3 ) 2 (l0.5cm 3 /s) 

= 1.28 m/s 

_ (l28cm/s) 2 - (9.28cm/s) 2 
2(981 cm/s 2 ) 

= 8.31cm 

in reasonable agreement with everyday 
experience. 


52 • 

Picture the Problem Let A\ represent the cross-sectional area of the hose, A 2 the cross- 
sectional area of the nozzle, Vi the velocity of the water in the hose, and v 2 the velocity of 
the water as it passes through the nozzle. We can use the continuity equation to find v 2 
and Bernoulli’s equation for constant elevation to find the pressure at the pump. 


(a) Using the continuity equation, 
relate the speeds of the water to the 
diameter of the hose and the 
diameter of the nozzle: 


A V , = A 2 V 2 

or 

7nd 1 7ld -j 

—— v, = —— V- 


Solve for v 2 : 


d 2 

v, = —^v, 
d; 


Substitute numerical values and 
evaluate v 2 : 


f -j A 2 

3 cm 


0.3 cm 


(0.65m/s) = 


65.0m/s 


( b ) Using Bernoulli’s equation for P ? + \pvf = P at + jpv\ 

constant elevation, relate the 
pressure at the pump P P to the 
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atmospheric pressure and the 
velocities of the water in the hose 
and the nozzle: 


Solve for the pressure at the pump: 



Substitute numerical values and evaluate P P : 


P ? = 101kPa + |(l0 3 kg/m 3 )[(65m/s)' -(0.65m/s) 2 J 


= 2.21xl0 6 Pax-= 21.9 atm 


101.325kPa 


53 


Picture the Problem LetAi represent the cross-sectional area of the larger-diameter 
pipe, A 2 the cross-sectional area of the smaller-diameter pipe, v\ the velocity of the water 
in the larger-diameter pipe, and v 2 the velocity of the water in the smaller-diameter pipe. 
We can use the continuity equation to find v 2 and Bernoulli’s equation for constant 
elevation to find the pressure in the smaller-diameter pipe. 

(a) Using the continuity equation, A l v l = A 2 v 2 

relate the velocities of the water to or 

the diameters of the pipe: jkI^ 


Solve for and evaluate v 2 : t/, 2 



Substitute numerical values and 
evaluate v 2 : 



12 .0m/s 


( b ) Using Bernoulli’s equation for 
constant elevation, relate the 
pressures in the two segments of the 
pipe to the velocities of the water in 
these segments: 



Solve for P 2 : 











Substitute numerical values and 
evaluate P 2 : 


(c) Using the continuity equation, 
evaluate 7 V i: 

Using the continuity equation, 
express 7 V 2 \ 

Substitute numerical values and 
evaluate Iy 2 ' 


Thus, as we expected would be the 
case: 
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P 2 =200kPa + i(l0 3 kg/m 3 ) 
x [(3m/s) 2 - (l2m/s) 2 ] 

= 133kPa I 


An ~ A v i ~ 


n d. 


nd: 


1 yL 1 

v, = 


(3 m/s) 


A 2 — A V 2 — 


nd~-, 



( d. 

K 

—- 

T - 

^2 

1 V2 

4 

I -I 


1 V\ 1 

V2 


(l2 m/s) 


nd[ 

~T~ 


(3 m/s) 


54 • 

Picture the Problem Let A\ represent the cross-sectional area of the 2-cm diameter pipe, 
A 2 the cross-sectional area of the constricted pipe, V\ the velocity of the water in the 2-cm 
diameter pipe, and v 2 the velocity of the water in the constricted pipe. We can use the 
continuity equation to express d 2 in terms of d\ and to find v\ and Bernoulli’s equation for 
constant elevation to find the velocity of the water in the constricted pipe. 


Using the continuity equation, relate 
the volume flow rate in the 2-cm 
diameter pipe to the volume flow rate 
in the constricted pipe: 


= a 2 v 2 


or 


7idJ 


Tidl 


Solve for d 2 : 



Using the continuity equation, relate 
vi to the volume flow rate /y: 


7 V _ 2.80L/s 
A x ^-(0.02 m)" 
4 


8.91m/s 


Using Bernoulli’s equation for P { + \ p w v, 2 = P 2 + jp w v 2 

constant elevation, relate the 
pressures in the two segments of the 
pipe to the velocities of the water in 
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these segments: 
Solve for vi'. 


Substitute numerical values and 
evaluate V 2 : 


Substitute and evaluate d 2 : 



+ v 


2 

1 


= 12.7 m/s 


d 2 


(2 cm). 


8.91m/s 
12.7 m/s 


1.68 cm 


*55 •• 

Picture the Problem We can use the definition of the volume flow rate to find the 
volume flow rate of blood in an aorta and to find the total cross-sectional area of the 
capillaries. 


(a) Use the definition of the volume 
flow rate to find the volume flow 
rate through an aorta: 

Substitute numerical values and 
evaluate 7 V : 


( b ) Use the definition of the volume 
flow rate to express the volume flow 
rate through the capillaries: 


iy = Av 


I y =^-(9x10 3 m 3 )(0.3m/s) 


= 7.63x10 5 


m 3 60 s 

— x-x 

s min 


1L 

10 3 m 3 


4.58L/min 


^capUap 


Solve for the total cross-sectional 
area of the capillaries: 



v 

K cap 


Substitute numerical values and 
evaluate A cap : 


_ 7.63x1 Q~ s m 3 /s 
cap ~ 0.001 m/s 


= 7.63x10 2 m 2 = 


763 cm" 
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56 •• 

Picture the Problem We can apply Bernoulli’s equation to points a and b to determine 
the rate at which the water exits the ta nk . Because the diameter of the small pipe is much 
smaller than the diameter of the tank, we can neglect the velocity of the water at the point 
a. The distance the water travels once it exits the pipe is the product of its speed and the 
time required to fall the distance H - h. 


Express the distance x as a function of 
the exit speed of the water and the 
time to fall the distance H - h: 

Apply Bernoulli’s equation to the 
water at points a and b: 


Solve for v h : 

Using a constant-acceleration 
equation, relate the time of fall to the 
distance of fall: 

Solve for At: 


x = v b A t (1) 


P a+P W g H +lpy a =P b 

+pyv - h)+\ py 

or, because v a « 0 and P a = Pb = Pat, 
g H=g(H-h)+y b 

v b =ygh 

Ay = v Qy At + \a(At ) 2 

or, because vo y = 0, 

H~h = \g(Atf 


Substitute in equation (1) to obtain: 



2 yjh{H-h) 


57 •• 

Picture the Problem Let the subscript 60 denote the 60-cm-radius pipe and the subscript 
30 denote the 30-cm-radius pipe. We can use Bernoulli’s equation for constant elevation 
to express P 30 in terms of v 6 o and v 30 , the definition of volume flow rate to find v 60 and the 
continuity equation to find v 30 . 

Using Bernoulli’s equation for P 60 + \pvj 0 = -P 30 + j pv 30 

constant elevation, relate the 
pressures in the two pipes to the 
velocities of the oil: 
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Solve for P i0 : 


^30 ~ ^60 + 2 p { V 60 V 3o) 0) 


Use the definition of volume flow 
rate to find v 6 q: 


60 



2.4x 10 5 


m 3 1 day 

-x-x 


day 24 h 
s-(0.6m)‘ 


lh 

3600 s 


2.456m/s 


Using the continuity equation, relate 
the velocity of the oil in the half¬ 
standard pipe to its velocity in the 
standard pipe: 

Solve for and evaluate V 30 : 


^ 60 V 60 ^ 30 V 30 


30 


4» v - 4°-6m) 2 

A 30 60 ;r(0.3m ) 2 

9.824 m/s 


(2.456m/s) 


Substitute numerical values in equation (1) and evaluate P 30 : 


P i0 = 180kPa + 


(800kg/m 3 )[(2.456m/s) 2 -(9.824m/sy 


144kPa 


*58 •• 

Picture the Problem We’ll use its definition to relate the volume flow rate in the pipe to 
the velocity of the water and the result of Example 13-9 to find the velocity of the water. 


Using its definition, express the 7 V = A l v l = 7tr 2 v l 

volume flow rate: 


Using the result of Example 13-9, 
find the velocity of the water 
upstream from the Venturi meter: 


U 


1 


2 Pn s g h 


A, 


sA 


-1 


) 


Substitute numerical values and evaluate vp 




2(l3.6xl0 3 kg/m 3 )(9.81m/s 2 )(0.024m) 


10 3 kg/m 3 ) 

f 0.095 nO 

2 

-1 


^0.056m j 


1.847 m/s 
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Substitute numerical values and 
evaluate 7 V : 


I v =E (o.095m) 2 (1.847 m/s) 
= 1.309x10 2 m 3 /s 


13.lL/s 


59 •• 

Picture the Problem We can apply the definition of the volume flow rate to find the 
mass of water emerging from the hose in 1 s and the definition of momentum to find the 
momentum of the water. The force exerted on the water by the hose can be found from 
the rate at which the momentum of the water changes. 

(a) Using its definition, express the j _ AV _ Am _ ^ 

volume flow rate of the water V At p w At 

emerging from the hose: 

Solve for Am: Am = Avp w At 

Substitute numerical values and Am = tt( 0.015m) 2 (30m/s)(lO' kg/m 3 )(ls) 


evaluate Am: 


21.2 kg/s 


(b) Using its definition, express and 
evaluate the momentum of the 
water: 


p = Amv = (21.2kg/s)(30m/s) 


636 kg-m/s 


(c) The vector diagrams are to the 
right: 


P < 



-Pi 


Express the change in momentum 
of the water: 


= Pf - p i 


Substitute numerical values and 
evaluate Ap: 


Ap = y I (636 kg • m/s) 2 + (636 kg • m/s) 2 
= (636 kg -m/s)V2 


899 kg • m/s 
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Relate the force exerted on the water 
by the hose to the rate at which the 


_ A p _ 899kg • m/s 
At Is 


899 N 


water’s momentum changes and 
evaluate F: 

60 •• 

Picture the Problem Let the letter P denote the pump and the 2-cm diameter pipe and 
the letter N the 1-cm diameter nozzle. We’ll use Bernoulli’s equation to express the 
necessary pump pressure, the continuity equation to relate the velocity of the water 
coming out of the pump to its velocity at the nozzle, and a constant-acceleration equation 
to relate its velocity at the nozzle to the height to which the water rises. 

Using Bernoulli’s equation, relate the P ? + p w gh P + \p w v\ - P N + p w gh N 

pressures, areas, and velocities in the , j_ n n 2 

" r 2 Pw 


pipe and nozzle: 


or, because R N = P. dt and h P = 0, 


P? + | Av V P = P N+ PvgK + \p 



Solve for the pump pressure: 


p ? = 4 +P*gK + {Av( v n -W 2 ) (!) 


Use the continuity equation to relate 
v P and vn to the cross-sectional areas 
of the pipe from the pump and the 
nozzle: 


^4pV p — ^4 n v n 


and 



Using a constant-acceleration 
equation, express the velocity of the 
water at the nozzle in terms of the 
desired height Ah: 


v~ = U — 2gAh 


or, because v = 0, 


v] = 2gAh 


Substitute in equation (1) to obtain: 


p p = p at + P.SK +lAv I 2 g Ah ~Te ( 2 § Ah )] = P« + P W §K +lPw(l g Ah ) 

= P^+P.giK +ll A h) 


Substitute numerical values and evaluate P P : 


P p = lOlkPa + (l0 3 kg/m 3 )(9.81 m/s 2 )[3m + jf(l2m)]- 241kPa 
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61 ••• 

Picture the Problem We can apply Bernoulli’s equation to points a and b to determine 
the rate at which the water exits the ta nk . Because the diameter of the small pipe is much 
smaller than the diameter of the tank, we can neglect the velocity of the water at the point 
a. The distance the water travels once it exits the pipe is the product of its velocity and 
the time required to fall the distance H - h. That there are two values of h that are 
equidistant from the point h=\H can be shown by solving the quadratic equation that 

relates x to h and H. That x is a maximum for this value of h can be established by 
treating x =fih) as an extreme-value problem. 


(a) Express the distance x as a 
function of the exit speed of the 
water and the time to fall the 
distance H- h : 

Apply Bernoulli’s equation to the 
water at points a and b : 


Solve for v h : 


x = v b A t 


( 1 ) 


P a + P^gH + \py a = P b+ P W g{ H - h) 

+\py b 

or, because v a « 0 and P a = P b = P a t, 
gH = g{H -h)+\v 2 b 

v b =yy 


Using a constant-acceleration 
equation, relate the time of fall to 
the distance of fall: 


Ay = v 0y At + ^a(Atf 

or, because v Qy = 0, 

H ~h = \g(At) 2 


Solve for At: 



Substitute in equation (1) to obtain: 



2 y{H-h) 


(. b ) Square both sides of this x 2 = 4hH — Ah’ or 4/7 2 - AHh + x 2 = 0 

equation and simplify to obtain: 


h — 


±H±yH 2 - 


X 


Solve this quadratic equation to 
obtain: 
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Find the average of these two values 
for h: 


\H + ^H 2 -x 2 +\H -V// 2 -x 2 

2 



(c) Differentiate 

x = 2 y/h(H - h) with respect to h: 


dx 

dh 


(i ^ 

2 f [h(H - 

H - 2h 
- Jh(H-h ) 


h)\^{H-2h) 


Set the derivative equal to zero for 
extrema: 


H-2h 

M H ~h) 


= 0 


Solve for h to obtain: 



Evaluate x = 2^h(H -h) with x max = 2^j\H{H ~\h) 

h = \ H - = vjr 


Remarks: To show that this value for h corresponds to a maximum, one can either 
d 2 x 

show that —— <0 at h = \H or confirm that the graph oij{h) at h = \ H is 
dh' 

concave downward. 


*62 •• 

Picture the Problem Let the numeral 1 denote the opening in the end of the inner pipe 
and the numeral 2 to one of the holes in the outer tube. We can apply Bernoulli’s 
principle at these locations and solve for the pressure difference between them. By 
equating this pressure difference to the pressure difference due to the height h of the 
liquid column we can express v as a function of p, p g , g, 
and h. 


Apply Bernoulli’s principle at 
locations 1 and 2 to obtain: 

Solve for the pressure difference 
A P = P l -P 2 : 

Express the velocity of the gas at 1: 

Express the velocity of the gas at 2: 


P l+JP g V l = P 2 +iPg V 2 

where we’ve ignored the difference in 

elevation between the two openings. 

& P = P l - P 2 =\p/l-\p/x 

Vj = 0 because the gas is brought to a halt 
(i.e., is stagnant) at the opening to the inner 
pipe. 

v 2 = v because the gas flows freely past 
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Substitute to obtain: 


the holes in the outer ring. 

A P = \P/ 


Letting A be the cross-sectional area 
of the tube, express the pressure at a 
depth h in the column of liquid 
whose density is p\. 


Substitute to obtain: 


Equate these two expressions for 
A P: 

Solve for v 2 to obtain: 


P l =P 2 +~ 


w. 


displaced liquid 


B 

~A 


where B = p g Ahg is the buoyant force 

acting on the column of liquid of 
height h. 


p=p+ pghA PggbA 
1 2 A A 

= P 2 + (p- p g )g h 
or 

A P = P l ~P 2 = {p-p g )gh 
\p g v 2 =(p-p g )gh 


v 2 _ 2 « A 

\P~Pj 


p g 


Note that the correction for buoyant force 
due to the displaced gas is very small and 
that, to a good approximation, 


v = 



Remarks: Pitot tubes are used to measure the airspeed of airplanes. 

63 •• 

Picture the Problem Let the letter "a" denote the entrance to the siphon tube and the 
letter "b" denote its exit. Assuming streamline flow between these points, we can apply 
Bernoulli’s equation to relate the entrance and exit speeds of the water flowing in the 
siphon to the pressures at either end, the density of the water, and the difference in 
elevation between the entrance and exit points. We can use the expression for the 
pressure as a function of depth in an incompressible fluid to find the pressure at the 
entrance to the tube in terms of its distance below the surface. We’ll also use the 
equation of continuity to argue that, provided the surface area of the beaker is large 
compared to the area of the opening of the tube, the entrance speed of the water is 
approximately zero. 


P.+\fK +Pg(H~h) 

= P b + jPvl + pg{H-h-d) 
where H is the height of the containers. 


(a) Apply Bernoulli’s equation at the 
entrance to the siphon tube (point a) 
and at its exit (point b): 
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Apply the continuity equation to a 
point at the surface of the liquid in 
the container to the left and to point 
a: 

Express the pressure at the inlet 
(point a) and the outlet (point b): 


Letting Vb = v, substitute in equation 
(1) to obtain: 


Solve for v: 


hi ^surface ^surface 

or, because A 3 « A surface , 

V a = ^surface = 0 

K=r,, + pg(H-h) 
and 

P,=P* m + Pg{H-h-d) 

p «m +pg{H-h)+pgH 
= P atm + Pg{H -h-d) 

+ j p\> 2 + pg(H - h - d ) 
or, upon simplification, 
g(H-h)+gH = g(H-h-d ) 

+ W +g{H-h- 


v = 


■y[2,gd 


(b ) Relate the pressure at the highest 
part of the tube P u>p to the pressure 
at point b: 


p , v + vdd i -h)+\pvi 

= ^atm + Pg{H -h-d) + \pvl 
or, because v h = v b , 

P lov = P am-pg d 


Remarks: If we let P top = 0, we can use this result to find the maximum theoretical 
height a siphon can lift water. 

Viscous Flow 

64 • 

Picture the Problem The required pressure difference can be found by applying 
Poiseuille’s law to the viscous flow of water through the horizontal tube. 

Using Poiseuille’s law, relate the 
pressure difference between the two 
ends of the tube to its length, radius, 
and the volume flow rate of the 
water: 

Substitute numerical values and 
evaluate AP: 




nr 


4 'V 


_ 8(lmPa-s)(0.25m) ( , 

n(o.6x!0 3 m) 4 1 j 


1.47kPa 
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65 • 

Picture the Problem Because the pressure difference is unchanged, we can equate the 
expressions of Poiseuille’s law for the two tubes and solve for the diameter of the tube 
that would double the flow rate. 


Using Poiseuille’s law, express the _ 8/?£ j 

pressure difference required for the n r 4 v 

radius and volume flow rate of 
Problem 64: 


Express the pressure difference 
required for the radius r' that would 
double the volume flow rate of 
Problem 57: 

Equate these equations and simplify 
to obtain: 


AP = ^(2 /,) 

nr 


Sj 7 l Ht , 

,4 \ A1 Vj 4 1 V 

nr nr 

or 

2 _ 1 
,4 ~ 4 

r r 


Solve for r'\ 

£ 

II 

X 


Express d 

i^S 

S 

II 

<N 

II 

X 

<N 

II 

Substitute numerical values and 

evaluate d 

d' = X[l{\ ,2mm) = 

1.43 mm 


*66 • 

Picture the Problem We can apply Poiseuille’s law to relate the pressure drop across the 
capillary tube to the radius and length of the tube, the rate at which blood is flowing 
through it, and the viscosity of blood. 


Using Poiseuille’s law, relate the 
pressure drop to the length and 
diameter of the capillary tube, the 
volume flow rate of the blood, and 
the viscosity of the blood: 


apA. 


nr 


4 -W 


nr 4 AP 
8 LI W 


Solve for the viscosity of the blood: 
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Using its definition, express the 
volume flow rate of the blood: 

Substitute and simplify: 


I v= A c* v v = xr 2 v 


r 2 AP 
8 Lv 


Substitute numerical values to obtain: 


V = 


(3.5xlQ- 6 m) 2 (2.60kPa) 

8(l 0 3 m) 


^10 3 m A 


3.98 mPa -s 


*67 • 

Picture the Problem We can use the definition of Reynolds number to find the velocity 
of a baseball at which the drag crisis occurs. 


Using its definition, relate Reynolds 2 rpv 

number to the velocity v of the ^r — ~ 

baseball: 7 


Solve for v: 


Substitute numerical values (see 
Figure 13-1 for the density of air and 
Table 13-1 for the coefficient of 
viscosity for air) and evaluate v: 


v = 


V N r 

2 rp 


(0.018mPa-s)(3xl0 5 ) 
2(0.05 m)(l .293 kg/m 3 ) 


= 41.8m/sx 


lmi/h 
0.447 m/s 


93.4mi/h 


Because most major league pitchers can throw a fastball in the low - to mid - 90s, 
this drag crisis may very well play a role in the game. 


Remarks: This is a topic which has been fiercely debated by people who study the 
physics of baseball. 
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68 ••• 

Picture the Problem Let the subscripts 
"f' refer to ''displaced fluid”, ''s'' to 
"soda", and "g" to the "gas" in the 
bubble. The ffee-body diagram shows 
the forces acting on the bubble prior to 
reaching its terminal velocity. We can 
apply Newton’s 2 nd law, Stokes' law, 
and Archimedes principle to express the 
terminal velocity of the bubble in terms 
of its radius, and the viscosity and 
density of water. 

Apply I F = ma y to the bubble to 
obtain: 

Under terminal speed conditions: 

Using Archimedes principle, 
express the buoyant force B acting 
on the bubble: 

Express the mass of the gas bubble: 
Substitute to obtain: 

Solve for v t : 


Substitute for F bubb | C and simplify: 


Substitute numerical values and 
evaluate v t : 


y 

B 

mg 

w 

To 

W 

B-m g g-F D = ma y 

B ~ m g g - F d =0 
B = w { = m f g 

= PfVfS = A^bubble^ 
m g = PgF g = p g V bubble 
P.Kubbleg ~ P g Kubbleg ~ 67TTjaV t = 0 

_ ^bubble g (a — Pg) 

6/ri/a 

v _ j^'gjPs -P g ) _ 2“ 2 g(p s -P g ) 
6xi)a 9 r) 

2a 2 gp . 

since p s » p 

9rj 

j _ 2 ( 0 . 5 xl 0 ~ 3 m) 2 ( 9 . 81 m/s 2 ) 

Vt ~ 9 (l. 8 x 10 - 3 Pa-s) 

x(l.lxl 0 3 kg/m 3 ) 

= 0 . 333 m/s 


Express the rise time A t in terms of h 

the height of the soda glass h and the 1 ~~ 

terminal speed of the bubble: 1 
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Assuming that a "typical" soda glass 
has a height of about 15 cm, 
evaluate A t: 


A t = 


0.15 m 
0.333m/s 


0.450s 


Remarks: About half a second seems reasonable for the rise time of the bubble. 


General Problems 


*69 •• 

Picture the Problem We can solve the given equation for the coefficient of roundness C 
and substitute estimates/assumptions of typical masses and heights for adult males and 
females. 


Express the mass of a person as a M = Cph 3 

function of C, p, and Jr. 


Solve for C: 


Assuming that a "typical" adult 
male stands 5' 10" (1.78 m) and 
weighs 170 lbs (77 kg), then: 

Assuming that a "typical" adult 
female stands 5' 4" (1.63 m) and 
weighs 110 lbs (50 kg), then: 


C 


M 

~ph 3 


C 


77 kg 

(lO 3 kg/m 3 )(l. 78 m) 3 


0.0137 


C 


50kg 

(l0 3 kg/m 3 )(l .63m) J 


0.0115 


70 • 

Picture the Problem Let the letter "s" denote the shorter of the two men and the letter "t" 
the taller man. We can find the difference in weight of the two men using the relationship 
M= Cph 3 from Problem 69. 


Express the difference in weight of 
the two men: 

Express the masses of the two men: 


Substitute to obtain: 


Assuming that a "typical" adult 
male stands 5' 10" (1.78 m) and 
weighs 170 lbs (77 kg), then: 

Express the heights of the two men 
in SI units: 


Aw = w t - w s = M t g-M s g 
= (M, -M s )g 

M, = Cph] 
and 

M t = Cph] 


A w = {Cph]-Cph])g 
= [h] - h] )Cpg 

c _ 77kg 

(l0 3 kg/m 3 )(l. 78 m) 3 


0.0137 


h t = 72in x 2.54cm/in = 1.83 m 
and 
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Substitute numerical values (assume 
that p = 10 3 kg/m 3 ) and evaluate Aw: 


h s = 69 in x 2.54 cm/in = 1.75 m 


Aw = [(l.83m) 3 -(l.75m) 3 ] 

x(0.0137)(l0 3 kg/m 3 )(9.81 m/s 2 ) 
lib 


= 103Nx- 


4.4482 N 


23.21b 


71 • 

Determine the Concept The net force is zero. Neglecting the thickness of the table, the 
atmospheric pressure is the same above and below the surface of the table. 


72 • 

Picture the Problem The forces acting on 
the Ping-Pong ball, shown in the free-body 
diagram, are the buoyant force, the weight 
of the ball, and the tension in the string. 
Because the ball is in equilibrium under the 
influence of these forces, we can apply the 
condition for translational equilibrium to 
establish the relationship between them. 

We can also apply Archimedes’ principle 
to relate the buoyant force on the ball to its 
diameter. 

Apply y F v = 0 to the ball: 

Using Archimedes’ principle, relate 
the buoyant force on the ball to its 
diameter: 

Substitute to obtain: 

Solve for d: 



B - mg -T = 0 

B = w { = m f g = p w V bal] g = \np w d 3 

jW^ 3 ~mg ~T = 0 

d = Mr +mg ) 

V K P* 


Substitute numerical values and evaluate d: 


d = l 


2.8x10 2 N+ (0.004kg)(9.81m/s 2 ) 
n[\ 0 3 kg/m ’ ) 


5.05cm 
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73 • 


Picture the Problem Let p 0 represent the density of seawater at the surface. We can use 
the definition of density and the fact that mass is constant to relate the fractional change 
in the density of water to its fractional change in volume. We can also use the definition 
of bulk modulus to relate the fractional change in density to the increase in pressure with 
depth and solve the resulting equation for the density at the depth at which the pressure is 
800 atm. 

Using the definition of density, m = pV 

relate the mass of a given volume of 
seawater to its volume: 

Noting that the mass does not vary pdV + Vdp = 0 

with depth, evaluate its differential: 


Solve for dp!p: 


dp _ dV Ap AV 


= -or-« - 


-or-« 


p V p V 


Using the definition of the bulk 
modulus, relate AP to A p/p 0 : 


AP AP 


AV/V Ap/p 0 


Solve Ap: 



Solve for p: 



Substitute numerical values and evaluate p: 



p = (l 025 kg/m 3 ) 1 + 


latm 


1061 kg/m 


2.3 x 10 9 N/m 2 


V 
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74 • 

Picture the Problem When it is 
submerged, the block is in equilibrium 
under the influence of the buoyant force 
due to the water, the force exerted by the 
spring balance, and its weight. We can use 
the condition for translational equilibrium 
to relate the buoyant force to the weight of 
the block and the definition of density to 
express the weight of the block in terms of 
its density. 

Apply ^ F y = 0 to the block: 

Substitute for B and m to obtain: 


\y 

l 

I 

l 

I 

nB 

—°—L 

0.8 mg 

\' »ig 

B + O.Smg - mg = 0 => B = 0.2 mg 

Av^block£ = O’^Pblock^block.? 


Solve for and evaluate /yi„ ck : ^ _ Pw_ = 5 ^q 3 kg/m 3 


5.00 xlO 3 kg/m 3 


*75 • 

Picture the Problem When the copper block is floating on a pool of mercury, it is in 
equilibrium under the influence of its weight and the buoyant force acting on it. We can 
apply the condition for translational equilibrium to relate these forces. We can find the 
fraction of the block that is submerged by applying Archimedes’ principle and the 
definition of density to express the forces in terms of the volume of the block and the 
volume of the displaced mercury. Let V represent the volume of the copper block, V the 
volume of the displaced mercury. Then the fraction submerged when the material is 
floated on water is VI V. Choose the upward direction to be the positive y direction. 

Apply X F v =° to the block: B - w = 0, where B is the buoyant force and 

w is the weight of the block. 

Apply Archimedes’ principle and the Pn^'g ~ PcJ^S ~ 0 
definition of density to obtain: 


Solve for VI V: 
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Substitute numerical values and 
evaluate V! V: 


r 

V 


8.93 x IQ 3 kg/m 3 
13.6xl0 3 kg/m 3 


= 0.657 = 


65.7% 


76 • 

Picture the Problem When the block is floating on a pool of ethanol, it is in equilibrium 
under the influence of its weight and the buoyant force acting on it. We can apply the 
condition for translational equilibrium to relate these forces. We can find the fraction of 
the block that is submerged by applying Archimedes’ principle and the definition of 
density to express the forces in terms of the volume of the block and the volume of the 
displaced ethanol. Let V represent the volume of the copper block, V the volume of the 
displaced ethanol. Then the fraction of the volume of the block that will be submerged 
when the material is floated on water is VI V. Choose the upward direction to be the 
positive y direction. 


Apply ^F v = 0 to the block 
floating on ethanol: 


B eth -w = 0, where B ah is the buoyant 

force due to the ethanol and w is the weight 
of the block. 


Apply Archimedes’ principle to w = p eth (0.9 V)g 

obtain: 


Apply ^ F y = 0 to the block 
floating on water: 


B w -w = 0, where B„ is the buoyant force 

due to the water and w is the weight of the 
block. 


Apply Archimedes’ principle to obtain: w = p w V'g , where V is the volume of the 

displaced water. 


Equate the two expressions for w _ 0-9 p eth 

and solve for V! V: V /? w 


Substitute numerical values and 
evaluate VI V: 


V_ 

V 


0.9(o.806 x 10 3 kg/m 3 ) 
10 3 kg/m 3 


0.725 


72.5% 


77 • 

Determine the Concept If you are floating, the density (or specific gravity) of the liquid 
in which you are floating is immaterial as you are in translational equilibrium under the 
influence of your weight and the buoyant force on your body. Thus, the buoyant force on 
your body is your weight in both (a) and ( b ). 
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78 • 

Picture the Problem Let m and V represent the mass and volume of your body. Because 
you are in translational equilibrium when you are floating, we can apply the condition for 
translational equilibrium and Archimedes’ principle to your body to express the 
dependence of the volume of water it displaces when it is fully submerged on your 
weight. Let the upward direction be the positive y direction. 

Apply ^ F v =0 to your floating body: B ~ m S = 0 

Use Archimedes’ principle to relate B = w { = m f g = p w (0.96F)g 

the density of water to your volume: 

Substitute to obtain: p w (0.96V)g - mg = 0 


Solve for V: 


V = 


m 

0-9 6p w 


79 •• 

Picture the Problem Let m and V represent the mass and volume of the block of wood. 
Because the block is in translational equilibrium when it is floating, we can apply the 
condition for translational equilibrium and Archimedes’ principle to express the 
dependence of the volume of water it displaces when it is fully submerged on its weight. 
We’ll repeat this process for the situation in which the lead block is resting on the wood 
block with the latter fully submerged. Let the upward direction be the positive y direction. 


Apply Yj F y =° to floating block: 

Use Archimedes’ principle to relate 
the density of water to the volume of 
the block of wood: 

Using the definition of density, 
express the weight of the block in 
terms of its density: 

Substitute to obtain: 

Solve for and evaluate the density of 
the wood block: 


B - mg = 0 

B = w { = m f g = P w (0.68F )g 

mg = P wood Vg 

p w (0.68V)g-p wood Vg = 0 

Pw^=0-68p»=0.«8(l0 J kg/m J ) 
= 680 kg/m 3 
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Use the definition of density to find 
the volume of the wood: 



1.5 kg 


Avood 6 80 kg/m 3 
= 2.206x10 3 m 3 


Apply JV, = 0 to the floating 

block when the lead block is placed 
on it: 


B' — rrig = 0, where B' is the new 
buoyant force on the block and m' is the 
combined mass of the wood block and the 
lead block. 


Use Archimedes’ principle and the 
definition of density to obtain: 


Pjg ~ ( 



k = 0 


Solve for the mass of the lead block: 


™Pb = Av^-™block 


Substitute numerical values and 
evaluate m Ph : 


m pb = (l0 3 kg/m 3 )(2.206xl0 3 m 3 ) 
-1.5kg 


0.706 kg 


*80 •• 

Picture the Problem The true mass of the Styrofoam cube is greater than that indicated 
by the balance due to the buoyant force acting on it. The balance is in rotational 
equilibrium under the influence of the buoyant and gravitational forces acting on the 
Styrofoam cube and the brass masses. Neglect the buoyancy of the brass masses. Let m 
and V represent the mass and volume of the cube and L the lever arm of the balance. 

Apply ^ f = 0 to the balance: {mg - B)L - m hnss gL = 0 

Use Archimedes’ principle to B = p. ur Vg 

express the buoyant force on the 

Styrofoam cube as a function of 

volume and density of the air it 

displaces: 

Substitute and simplify to obtain: m - p. ur V - m hmss = 0 


Solve for nr. 


m = p. m V + m brass 


Substitute numerical values and 
evaluate m: 


m = (l .293 kg/m ’ )(0.25 m) 3 + 20x10 3 kg 


= 4.02x10 2 kg = 40.2g 
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81 •• 

Picture the Problem Let d m and d out represent the inner and outer diameters of the 
copper shell and V the volume of the sphere that is submerged. Because the spherical 
shell is floating, it is in translational equilibrium and we can apply a condition for 
translational equilibrium to relate the buoyant force B due to the displaced water and its 
weight w. 

Apply 2^=0 to the spherical shell: B — w = 0 


Using Archimedes’ principle and the PvX'g - mg = 0 
definition of w, substitute to obtain: or 

p w V'-m = 0 (1) 


Express V as a function d out : 


V = ——d 7, 
2 6 


n 

12 


d 


3 

out 


Express m in terms of d m and d out : 


m = P Ca ( V ou t - V J 


Pcu 


— J 3 

r u out 

6 


- n -di 


\ 

J 


Substitute in equation (1) to obtain: 


n 


P .\ j ^ Pcu 


r w out r u in 

6 6 


= 0 


Simplify: 


\ 

2 


Pj 


3 

out 


-Pc»fe-4)=o 


Solve for d m : 


= ^out 3 J 


Pw 

2 P C u 


Substitute numerical values and 
evaluate d m : 


4 =(12 


cm 


1 1 



11.8cm 


82 •• 

Determine the Concept The additional weight on the beaker side equals the weight of 
the displaced water, i.e., 64 g. This is the mass that must be placed on the other cup to 
maintain balance. 


*83 •• 

Picture the Problem We can use the definition of Reynolds number and assume a value 
for Nr of 1000 (well within the laminar flow range) to obtain a trial value for the radius 
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of the pipe. We’ll then use Poiseuille’s law to determine the pressure difference between 
the ends of the pipe that would be required to maintain a volume flow rate of 500 L/s. 

Use the definition of Reynolds ^ _ 2rpv 

number to relate jV r to the radius of // 

the pipe: 

Use the definition of 7v to relate the , , 2 /v 

l w = Av = 7rr v =$■ v = —— 

volume flow rate of the pipe to its 7ir 

radius: 

Substitute to obtain: _ 2/?/ v 

^' R — 

r\n r 


Solve for r. 


2ply 

r/7rN R 


Substitute numerical values and evaluate r. 


2(700 kg/m 3 )(o. 500 m 3 /s) 

4 °- 8Pa - s )( 1000 ) 


27.9 cm 


Using Poiseuille’s law, relate the _ 8 / 7 L 

pressure difference between the ends n r 4 

of the pipe to its radius: 


Substitute numerical values and 
evaluate AP\ 


Ap= 8(0.8Pa.sX50km) ( 0500mVs ) 

^■(0.279 m) 

= 8.41 x 10 6 Pa 

o a 1 1 r\6 1 atm 

= 8.41x 10' Pax--- 

1.01325 xlO 5 Pa 

= 83.0 atm 

This pressure is too large to maintain in the 
pipe. 


Evaluate A P for a pipe of 50 cm radius: 


Ap= 8(0.8Pa-s)(50km) ( 0-500m 3 /s ) 

^■(0.50m) 

= 8.15xl0 5 Pa 

latm 


= 8.15x10 Pax- 


1.01325xl0 5 Pa 


= 8.04 atm 
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1 m is a reasonable diameter for the pipeline. 


84 •• 

Picture the Problem We’ll measure the height of the liquid-air interfaces relative to the 
centerline of the pipe. We can use the definition of the volume flow rate in a pipe to find 
the speed of the water at point A and the relationship between the gauge pressures at 
points A and C to determine the level of the liquid-air interface at A. We can use the 
continuity equation to express the speed of the water at B in terms of its speed at A and 
Bernoulli’s equation for constant elevation to find the gauge pressure at B. Finally, we 
can use the relationship between the gauge pressures at points A and B to find the level of 
the liquid-air interface at B. 

Relate the gauge pressure in the pipe ^ g au g e,A = PSh a 


at A to the height of the liquid-air 
interface at A: 


where h A is measured from the center of 
the pipe. 


Solve for h A : 


K 


gauge,A 


Pg 


Substitute numerical values and 
evaluate h A \ 



12.6m 


Determine the velocity of the water 
at A: 


7 V _ 0.8 x 10 3 m 3 /s 


2.55m/s 


Aa — (0.02 m) 2 
4 V ' 


Apply Bernoulli’s equation for 
constant elevation to relate P B and 
Pa- 


P A + \P V A ~ +|/ 7V B 


Use the continuity equation to relate 
v B and va: 



Solve for v B : 



Substitute in equation (1) to obtain: P A + j p\\ = P B + 8 pv A 
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Solve for P B : 

Substitute numerical values and 
evaluate P B : 


Relate the gauge pressure in the pipe 
at B to the height of the liquid-air 
interface at B: 

Solve for h B \ 


Substitute numerical values and 
evaluate h B : 


P B =P A -±pv 2 A 

P B = (2.22atm)(l.01x 10 5 Pa/atm) 
-^(lO 3 kg/m 3 )(2.55 m/s) 2 
= 1.75x10 s Pa 

latm 


= 1.75x10 Pax- 


l.Olx 10 Pa 


= 1.733 atm 


gauge.B 


= pgK 


p 

h _ gauge.B 


Pg 


[(l.733-l)atm] 1.01x10 s 


Pa 


/,|! (l0 3 kg/m 3 )(9.81 m/s 2 ) 


atm 


= 7.55 m 


85 •• 

Picture the Problem We’ll measure the height of the liquid-air interfaces relative to the 
centerline of the pipe. We can use the definition of the volume flow rate in a pipe to find 
the speed of the water at point A and the relationship between the gauge pressures at 
points A and C to determine the level of the liquid-air interface at A. We can use the 
continuity equation to express the speed of the water at B in terms of its speed at A and 
Bernoulli’s equation for constant elevation to find the gauge pressure at B. Finally, we 
can use the relationship between the gauge pressures at points A and B to find the level of 
the liquid-air interface at B. 


Relate the gauge pressure in the pipe 
at A to the height of the liquid-air 
interface at A: 

Solve for h A . 


^gauge.A P§h A 

where h A is measured from the center of 
the pipe. 

p 

i _ gauge,A 
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Substitute numerical values and 
evaluate h A : 


Determine the velocity of the water 
at A: 

Use the continuity equation to relate 
v B and va: 

Solve for v B : 


Apply Bernoulli’s equation for 
constant elevation to relate P B and 
Pa: 

Substitute in equation (1) to obtain: 
Solve for P B : 

Substitute numerical values and 
evaluate P B : 


Relate the gauge pressure in the pipe 
at B to the height of the liquid-air 
interface at B: 

Solve for h B : 



P a + \ PV a - P \i + 

P B= P A -fpvl 

P B = (2.22atm)(l.01x 10 5 Pa/atm) 
--y (l 0 3 kg/m 3 )(l .91 m/s) 2 
= 1.969x 10 5 Pa 

= 1.969x 10 5 Pa x-— 

l.Olx 10 Pa 

= 1.95 atm 

^gauge.B — P&h B 


gauge,B 

Pg 
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Substitute numerical values and 
evaluate h B : 


[(l .95 - l)atm] 1.01x10 s 


h B — 


(l O' kg/m ’)(9.81 m/s 2 ) 


Pa 
atm ) 


9.78 m 


*86 •• 

Picture the Problem Because it is not given, we’ll neglect the difference in height 
between the centers of the pipes at A and B. We can use the definition of the volume flow 
rate to find the speed of the water at A and Bernoulli’s equation for constant elevation to 
find its speed at B. Once we know the speed of the water at B, we can use the equation of 
continuity to find the diameter of the constriction at B. 


Use the definition of the volume 
flow rate to find v A : 


A L= 0.5xl0-> m Vs = i 59m/s 

—(0.02m) 2 
4 V ; 


Use Bernoulli’s equation for P B + jpv\ = P A + \pv\ 

constant elevation to relate the 
pressures and velocities at A and B: 

Solve for vl: 2 _ 2 {P A ~ P B ) . 2 

' V A 

P 


Substitute numerical values and evaluate v. 


b • 


2[(l.l87-0.l)atm(l.01xl0 1 Pa/atm)l , , y 

10 i kg/m 3 1 - 1 


2 /„2 


= 222m 1 /s 


Using the continuity equation, relate 
the volume flow rate to the radius at 
B: 

Solve for and evaluate r B : 


ly ^B V B -^B^B 



and 


d B = 2r B = 


0.5x10 3 m 3 /s 
7r(l4.9m/s) 


3.27 mm 


6.54 mm 
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Picture the Problem Let V represent the volume of the buoy that is submerged and h' 
the height of the submerged portion of the cylinder. We can find the fraction of the 
cylinder’s volume that is submerged by applying the condition for translational 
equilibrium to the buoy and using Archimedes’ principle. When the buoy is submerged it 
is in equilibrium under the influence of the tension T in the cable, the buoyant force due 
to the displaced water, and its weight. When the cable breaks, the net force acting on the 
buoy will accelerate it and we can use Newton’s 2 nd law to find its acceleration. 


(a) Apply X F r =0 to the cylinder: 

Using Archimedes’ principle and the 
definition of weight, substitute for B 
and w: 


Solve for and evaluate h': 


Substitute numerical values and 
evaluate h'\ 


B — w = 0 

P sw V'g-mg = 0 
or 

Pswh A g ~ mg = 0 

where A is the cross-sectional area of the 
buoy. 


P SW A 

__ 600 kg _ 

(l .025 x 10 3 kg/m 3 (0.9 m) 2 

= 0.920m 


Use h' to find the height h of the 
buoy: 

Express the fraction of the volume 
of the cylinder that is above water: 


h-h’ = 2.6m - 0.920m = 


1.68 m 


V-V V 

-—— = 1 -—= 1 
V V 



-d 2 h' 

4 


n 

~4 


d 2 h 


Substitute numerical values to obtain: 


V-V 0.920 m 
V 2.6m 


(. b ) Apply ^ F v = 0 to the B — T — w = 0 

submerged buoy: 
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Solve for T and substitute for B and T — B — w — p sw Vg - mg 

w to obtain: = ( p sw V -m)g 

Substitute numerical values and evaluate T: J = [( L025xl0 3 k g/m 3 )^(0.9m) 2 (2.6m) 

-600kg](9.81m/s 2 ) 

= 10.7kN 


(c) Apply I F = 0 to the buoy: 

Substitute for B - w and solve for a to 
obtain: 

Substitute numerical values and evaluate a: 


B — w = ma 


B - w T 

a =-= — 

m m 


10.75 kN 
600 kg 


17.9m/s 2 


88 •• 

Picture the Problem Because the floating object is in equilibrium under the influence of 
the buoyant force acting on it and its weight; we can apply the condition for translational 
equilibrium to relate B and w. Let Ah represent the change in elevation of the liquid level 
and V f the volume of the displaced fluid. 


Apply X F v =° to the floating 
object: 

Using Archimedes’ principle and the 
definition of weight, substitute for B 
and w: 

The volume of fluid displaced is the 
sum of the volume displaced in the 
two vessels: 

Substitute for Vf to obtain: 


B — w = 0 

PogVf-mg = Q 

V f = AV a +AV 3A = A Ah + 3 A Ah 
= 4AAh 

4 p () gA Ah - mg = 0 


Ah = 


m 

4 Ap 0 


Solve for Ah: 
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89 •• 

Picture the Problem We can calculate the smallest pressure change AP that can be 
detected from the reading Ah from AP = pgAh. 


Express and evaluate the pressure 
difference between the two columns 
of the manometer: 


A P = pgAh 


= (900 kg/m 3 )(9.81 m/s 2 ) 
x(o.05xlO~'m) 

= 0.4415 Pa 


Express this pressure in mmHg and 
/rmHg: 


AP = 0.4415Pax 


latm 


1.01325 x 10 5 Pa 
760 mmHg 
latm 


3.31x10 3 mmHg 
3.31/anHg 


90 •• 

Picture the Problem We can use the 

equality of the pressure at the bottom of the 
U-tube due to the water on one side and 
that due to the oil and water on the other to 
relate the various heights. Let h represent 
the height of the oil above the water. Then 
h 0 = hi w + h. 



Using the constancy of the amount h , w + /z 2w = 56 cm 

of water, express the relationship 
between h 1 w and /? 2w : 


interface: 

Express the equality of the pressure /? w g(34cm) = /? w g(22cm) + 0.78/? w g/z oil 

at the bottom of the two arms of the 
U tube: 


Find the height of the oil-water 


h lw = 56 cm - 34 cm = 


22.0 cm 
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Solve for and evaluate h m \. 


Find the height of the air-oil 
interface h a : 


*oil 


Pwg( 34 cm )~Pwg( 22cm ) 

0-78 p w g 

(34 cm) - (22 cm) , , ^ 

7f-- = 15.4 cm 

0.78 


h o = 22cm + 15.4cm = 


37.4 cm 


91 •• 

Picture the Problem Let cr L represent the 
specific gravity of the liquid. The specific 
gravity of the oil is cr 0 = 0.8. We can use 
the equality of the pressure at the bottom of 
the U-tube due to the water on one side and 
that due to the oil and water on the other to 
relate the various heights. 

Express the equality of the pressure 
at the bottom of the two arms of the 
U tube: 

Solve for and evaluate cr L : 



cr L g h = a Lg( h ~ 7cm) + 0.8o- w g(l2cm) 


0.8cr w (l2cm) _ 0.8(l2cm) 
7 cm 7 cm 

1.37 


92 •• 

Picture the Problem The block of wood is in translational equilibrium under the 
influence of the buoyant force due to the displaced water acting on it and on the lead 
block, its weight, and the weight of the lead block. We can use a condition for 
translational equilibrium and Archimedes’ principle to obtain a relationship between the 
mass of the lead block and the densities of water, wood, and lead and the mass of the 
wood block. 

Apply Yj F y = 010 the block of wood: Avood + B ?b - m w00d g - m Ph g = 0 

Use Archimedes’ principle to 7? wood = p w V wooA g 

express the buoyant force on the 
block of wood: 


Use Archimedes’ principle to 


Bpb — P w Vpb§ 
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express the buoyant force on the 
lead block: 

Substitute and simplify to obtain: Av^wood + PwKb m wood m Pb 0 


Express the volume of the wood 
block in terms of its density and 
mass: 

Express the volume of the lead 
block in terms of its density and 
mass: 

Substitute for V w00 d and V Pb : 


Solve for m Pb : 


Substitute numerical values and 
evaluate m Pb : 


Y — ^wood 
y wood 

/^wood 


v _ m ?b 
'Pb — 

P?b 


m wood + b_ _ = Q 

Aw T A w '“wood '“Pb u 

PvjooA P?b 


A. 


-1 


III 


m 


V P wood / 


wood 


Pb 


1- 


Pw_ 

P?b 


0.7 


-1 


(0.5 kg) 


1 -- 


0.235 kg 


11.3 


*93 •• 

Picture the Problem Because the balloon is in equilibrium under the influence of the 
buoyant force exerted by the air, the weight of its basket and load w, the weight of the 
skin of the balloon, and the weight of the helium. Choose upward to be the positive v 
direction and apply the condition for translational equilibrium to relate these forces. 
Archimedes’ principle relates the buoyant force on the balloon to the density of the air it 
displaces and the volume of the balloon. 

(a) Apply 7, F v = 0 to the balloon: B - m skin g - m He g - w = 0 

Letting V represent the volume of the P m Vg ~ m S kin S ~ m He§ ~w = 0 

balloon, use Archimedes’ principle to 
express the buoyant force: 


Substitute for m He : 


PiJg ~ - Ph/S ~w = 0 
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Solve for V: 


Substitute numerical values and 
evaluate V: 


y_ "hkin g + w 

(/Tur _ Clle )<? 

y _ (l.5kg)(9.81m/s 2 )+750N 
~ (l .293 -0.1786)(kg/m 3 )(9.81 m/s 2 ) 

= 70.0m 3 


( b ) Apply y F y = ma to the balloon: B - m tot g = m tot a 

Solve for a: B 

a = - g 


Assuming that the mass of the skin 
has not changed and letting V 
represent the doubled volume of the 
balloon, express m tot : 


"hot = "hoad+ m He+ OT skin 


W, 


load 


8 


+ p Uc V'+m skm 


Substitute numerical values and evaluate 7?7 to t: 


+ (0.1786kg/m 3 )(l40 m 3 )+1.5 kg = 118 kg 


Express the buoyant force acting on B = w dlsplacedf]uid = p mr V'g 

the balloon: 


Substitute numerical values and evaluate B: 


Substitute and evaluate a: 


B = (l .293 kg/m 3 )(l40 m 3 )(9.81 m/s 2 ) 
= 1.78kN 
1.78kN 


a = 


118kg 


-9.81 m/s = 


5.27 m/s 2 


94 •• 

Picture the Problem When the hollow sphere is completely submerged but floating, it is 
in translational equilibrium under the influence of a buoyant force and its weight. The 
buoyant force is given by Archimedes’ principle and the weight of the sphere is the sum 
of the weights of the hollow sphere and the material filling its center. 


Apply y F v = 0 to the hollow sphere: 


B-w = 0 
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Express the buoyant force acting on 

B = 2 PoK P ucrcg = W 

3 4 2 ^)f 

the hollow sphere: 

= fp 0 xR 3 g 


Express the weight of the sphere 

^ Po ^hollow sphered P ^hollow & 

when it’s hollow is filled with a 

material of density p': 

=ft[t4 2 *T*‘! 

]g + p'[jxR 3 ]g 

= fp 0 xIPg + ip'xRg 

Substitute to obtain: 

f p 0 7V Ri g -f p 0 7V R 3 g p'x R3 g = 0 

Solve for pi: 

p'= 9p 0 



*95 •• 

Picture the Problem We can differentiate the function P(h) to show that it satisfies the 
differential equation dP/P = -C dh and in part (b) we can use the approximation e x ~ 1 - 
x and Ah « h 0 to establish the given result. 

(a) Differentiate P(h) = P 0 e Ch : dP_ _ _Qp e ~ch 

dh ~ ° e 
= -C P 


Separate variables to obtain: 



(. b ) Express P(h + Ah): 


For Ah « h 0 : 


P(h + Ah)=P 0 e~ c(h+Ah) 
= P 0 e~ ch e~ CAh 
= P(h)e CA/1 



«1 


Let ho= 1/C. Then: 


CA h «1 
and 

e- CM «l-CA/z = l 



P{h + Ah) 


P(h ) 1 


Ah 

~h 


o y 


Substitute to obtain: 
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(c) Take the logarithm of both sides 
of the function P{h)\ 


In P = In P 0 e~ Ch = In P {) + In e c/! 
= In P 0 - Ch 


Solve for C: 


C = —In — 

h yp) 


Substitute numerical values and 
evaluate C: 


1 ( P 'l 1 

C = —=—— ln2 


5.5km y-kP 0 J 5.5km 


0.126km 1 


96 •• 

Picture the Problem Let V represent the volume of the submarine and V ' the volume of 
seawater it displaces when it is on the surface. The submarine is in equilibrium in both 
parts of the problem. Hence we can apply the condition for translational equilibrium 
(neutral buoyancy) to the submarine to relate its weight to the buoyant force acting on it. 
We’ll also use Archimedes’ principle to connect the buoyant forces to the volume of 
seawater the submarine displaces. Let upward be the positive y direction. 

(a) Express/ the fraction of the y _ V -V _ | V’ ^ 

submarine’s volume above the V V 

surface when the tanks are filled 
with air: 

Apply JV = 0 to the submarine B — w = 0 

when its ta nks are full of air: 

Use Archimedes’ principle to B = p sw V'g 

express the buoyant force on the 
submarine in terms of the volume of 
the displaced water: 

Substitute and solve for V: y, _ m 



Substitute in equation (1) to obtain: 














Substitute numerical values and 
evaluate fi 


Fluids 1041 


/ = 1 - 


2.4xl0 6 kg 


(l .025 x 10 3 kg/m 3 )(2.4 x 10 3 m 3 ) 
= 2.44x 1(T 2 = 


2.44% 


(. b ) Express the volume of seawater in V - /n - sw 

terms of its mass and density: sw p sw 


Apply ^ F y = 0 , the condition for B - vy uh - vv sw = 0 

neutral buoyancy, to the submarine: 

Use Archimedes’ principle to express B = p sw Vg 

the buoyant force on the submarine in 
terms of the volume of the displaced 
water: 


( 2 ) 


Substitute to obtain: 


p sx ,yg - m snh g - m^g = Q 


Solve for w sw : 

Substitute for V sw in equation (2) to obtain: 

Substitute numerical values and 
evaluate V sw : 


« S w =Ps,y-m 


sub 


V _ Aw^~ ffl suh _ y "kub 

" SW v 


p* 


V, =2.4xl0 3 m 3 - 


Aw 

2.4 x 10 6 kg 
1.025 xlO 3 kg/m 3 


= 58.5 m 


97 ” 

Picture the Problem While the loaded crate is under the surface, it is in equilibrium 
under the influence of the tension in the cable, the buoyant force acting on the gold, and 
the gravitational force acting on the gold. The empty crate has neutral buoyancy. When 
the crate is out of the water, the buoyant force of the air is negligible and the tension in 
the cable is the sum of the weights of the crate, the gold bullion, and the seawater. 

(a) Apply 2X=° to the crate T + B Au - w Au = 0 

while it is below the surface: 

Solve for the tension in the cable: T = w Ali — B Au 

Using Archimedes’ principle, relate B Au = p sw V Au g 

the buoyant force acting on the gold 
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to its density and volume: 

Substitute for B Au and simplify to obtain: T = (p Au -PsJ^Aug 

Substitute numerical values and evaluate T: 

T = [(l9.3 x 10 3 kg/m 3 )- (l .025 x 10 3 kg/m 3 )J(0.36)(l .4 m)(0.75 m)(0.5 m)(9.81 m/s 2 ) 
= 33.9kN 


( b ) 1. Apply ^ F v =0 to the crate 

while it is being lifted to the deck of 
the ship with none of the seawater 
leaking out: 

Substitute for the weights of the gold, 
crate, and seawater and solve for the 
tension in the cable and express: 


— Wa — w . — w 

Au crate sw 


= 0 


= Pau V Au§ + "Crate-? + Aw^sw? 
= {PaJau + "Crate + Aw^sw )g 


Substitute numerical values and evaluate T: 

T = [(l9.3 x 10 3 kg/m 3 )(0.36)(l .4 m)(0.75 m)(0.5 m)+ 32 kg + (l .025 x 10 3 kg/m 3 ) 
x(0.64)(l.4m)(0.75m)(0.5m)](9.81m/s 2 ) 

= 39.8 kN 


2. With the seawater term missing, T - n' Au + iv crate 

the expression for the tension is: = p A V Au g + m t g 

= (PaJau + derate )g 


Substitute numerical values and evaluate T: 


T = [(l9.3 x 10 3 kg/m 3 )(0.36)(l .4 m)(0.75 m)(0.5 m)+ 32kg](9.81 m/s 2 ) = 


36.1kN 


98 ••• 

Picture the Problem In the three situations described in the problem the hydrometer will 
be in equilibrium under the influence of its weight and the buoyant force exerted by the 
liquids. We can use Archimedes’ principle to relate the buoyant force acting on the 
hydrometer to the density of the liquid in which it is floating and to its weight. 
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(a) Find the volume of the bulb: 

Find the volume of the tube: 

Apply X F v = 0 to the hydrometer 
just floating in the liquid: 

Substitute for B and Wgias S : 

Solve for m Pb : 

Substitute numerical values and 
evaluate m Pb : 


(b ) Letting V represent the volume 
of the hydrometer that is submerged, 
apply ^ F =0 to the hydrometer 

just floating in the liquid: 

Solve for V: 


Substitute numerical values and 
evaluate V: 

Relate the volume of the hydrometer 
that is submerged to the volume of 
the bulb and the volume of the tube 
that is submerged: 

Solve for h'\ 


Substitute numerical values and 
evaluate h': 


V bulb =\nd i = | #(2.4 cm) 3 = 7.238 cm 3 

F tube = \nd 2 L=\ #(0.75 cm) 2 (20 cm) 

= 8.836 cm 2 

B ~ w hy d - m ?b g = 0 

Ai/hydg - '"glass S ~ m ?bS = 0 
" 2 Pb =Ai/hyd- W hyd 

m ?b = 0.78(lg/cm 3 ) 

x (7.238cm 3 +8.836cm 3 ) 
-7.28g 

pj'g ~ mg = 0 
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Find the length of the tube that shows 

above the surface of the water: 

h = 20cm-/7'= 20 cm-12.0 cm 

= 8.00 cm 

(c) Apply JF V =0 to the 

hydrometer floating in the liquid of 
unknown specific gravity: 

P\ V lS ~ m hyi g = 0 

Solve for the density of the liquid: 

_ "V 

Pl y 

v L 

Express the volume of the displaced 
liquid: 

V —V -b — Tch 1 

Substitute numerical values and 

evaluate V L : 

V L = 7.238 cm 3 +| ^"(0.75 cm) 2 
x (20 cm-12.2 cm) 

= 10.68 cm 3 

Substitute for V L and m hyd and 
evaluate yy: 

Pl ~ 8 3 ~ 1 -174g/cm 

10.68 cm 

Express and evaluate the specific 
gravity of the liquid: 

specific gravity li id =^= 1.17 

Pl - 


99 ••• 

Picture the Problem We can apply Bernoulli’s equation to the top of the keg and to the 
spigot opening to determine the rate at which the root beer exits the tank. Because the 
area of the spigot is much smaller than that of the keg, we can neglect the velocity of the 
root beer at the top of the keg. We’ll use the continuity equation to obtain an expression 
for the rate of change of the height of the root beer in the keg as a function of the its 
height and integrate this function to find h as a function of time. 


(a) Apply Bernoulli’s equation to the 
beer at the top of the keg and at the 
spigot: 

P 1 + PbeerS h +lPbeerf = P 2 + P beer g h 2 

+ i/Wh 

or, because Vi « 0, hi = 0, P\ = P 2 = F’at, and 
h\ = h , 
gh = W 2 

Solve for V 2 : 

v 2 = y/2 gh 
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(. b ) Use the continuity equation to A x v x - A 2 v 2 

relate Vi and v 2 : 

Substitute -dhldt for vi: _ ^ dh_ _ 

1 dt 


Substitute for v 2 and solve for dhldt 
to obtain: 


dh 

dt 



(c) Separate the variables in the 
differential equation: 


AjA 2 dh 

jl.~g yfh 


= dt 


Express the integral from h' = H to 
h and t' = 0 to t: 


AjA 2 r dh' 
v/2g \4h' 



Evaluate the integral to obtain: 




= t 


Solve for Ir. 



(d) Solve h( t) for the time-to-drain 
f: 


t’ = 


A fA 
A v s 


Substitute numerical values and 
evaluate f 


A I 2(2 m) 
l0- 4 4 "yO-Slm/s 2 

= 1 h 46 min 


6.39x 10 3 s 
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Chapter 14 
Oscillations 

Conceptual Problems 


l 

Determine the Concept The acceleration of an oscillator of amplitude A and frequency 
/is zero when it is passing through its equilibrium position and is a maximum when it is 
at its turning points. 


When v = v max : 



When x = x max : 


a = a) 2 A = 


An 2 f 1 A 


2 

Determine the Concept The condition for simple harmonic motion is that there be a linear 
restoring force; i.e., that F = -kx. Thus, the acceleration and displacement (when they are 
not zero) are always oppositely directed, v and a can be in the same direction, as can v and 
x. 

3 

(a) False. In simple harmonic motion, the period is independent of the amplitude. 

( b ) True. In simple harmonic motion, the frequency is the reciprocal of the period which, 
in turn, is independent of the amplitude. 

(c) True. The condition that the acceleration of a particle is proportional to the 
displacement and oppositely directed is equivalent to requiring that there be a linear 
restoring force; i.e., F = -kx <=> in a = -kx or a = - ( k/m)x. 

*4 . 

Determine the Concept The energy of a simple harmonic oscillator varies as the square 
of the amplitude of its motion. Hence, tripling the amplitude increases the energy by a 
factor of 9. 

5 

Picture the Problem The total energy of an object undergoing simple harmonic motion 
is given by E tot =\kA 2 , where k is the stiffness constant and A is the amplitude of the 

motion. The potential energy of the oscillator when it is a distance x from its equilibrium 
position is U{x) = \kx 2 . 
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Express the ratio of the potential 
energy of the object when it is 2 cm 
from the equilibrium position to its 
total energy: 

Evaluate this ratio for x = 2 cm and 
A = 4 cm: 


U{x) _ \ 

kx 2 

x 2 


K, \ 

kA 2 

A 2 


U{2 cm) 

(2 

cm) 2 

1 


(4 

cm) 2 

4 

U(2 cm) 

(2 

cm) 2 

1 

L 

hot 

(4 

cm) 2 

4 

and 

(a) is correct. 



6 • 

(a) True. The factors determining the period of the object, i.e., its mass and the spring 
constant, are independent of the oscillator’s orientation. 

( b ) True. The factors determining the maximum speed of the object, i.e., its amplitude 
and angular frequency, are independent of the oscillator’s orientation. 

7 

False. In order for a simple pendulum to execute simple harmonic motion, the restoring 
force must be linear. This condition is satisfied, at least approximately, for small initial 
angular displacements. 

8 

True. In order for a simple pendulum to execute periodic motion, the restoring force must 
be linear. This condition is satisfied for any initial angular displacement. 

*9 .. 

Determine the Concept Assume that the first cart is given an initial velocity v by the 
blow. After the initial blow, there are no external forces acting on the carts, so their 
center of mass moves at a constant velocity v/2. The two carts will oscillate about their 
center of mass in simple harmonic motion where the amplitude of their velocity is v/2. 
Therefore, when one cart has velocity v/2 with respect to the center of mass, the other 
will have velocity -v/2. The velocity with respect to the laboratory frame of reference 
will be +v and 0, respectively. Half a period later, the situation is reversed; one cart will 
move as the other stops, and vice-versa. 

*10 •• 

Determine the Concept The period of a simple pendulum depends on the reciprocal of 
the length of the pendulum. Increasing the length of the pendulum will decrease its period 
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and the clock would run slow. 

11 • 

True. The mechanical energy of a damped, undriven oscillator varies with time according 
to E = E 0 e ,T where E 0 is the oscillator’s energy at t = 0 and r is the time constant. 

12 • 

(a) True. The amplitude of the motion of a driven oscillator depends on the driving (co) 
and natural (coo) frequencies according to A = F 0 /-\jm 2 (a>Q —co 2 J + b 2 co 2 . When 
co= coq, the amplitude of the motion is a maximum and is given by A = F 0 f 4b 1 (0 1 . 

(b ) True. The width of the resonance curve (A co) depends on the Q value according to 
Act)/CO q = 1 /Q . Thus when Q is large, A co is small and the resonance is sharp. 


13 • 

Determine the Concept Examples of driven oscillators include the pendulum of a clock, 
a bowed violin string, and the membrane of any loudspeaker. 


14 • 

Determine the Concept The shattering of a crystal wineglass is a consequence of the 


glass being driven at or near its resonant frequency. ( a ) is correct. 


*15 • 

Determine the Concept We can use the expression for the frequency of a spring-and- 
mass oscillator to determine the effect of the mass of the spring. 


If m represents the mass of the 

/ = 

1 f 

k 

object attached to the spring in a 

27Z-v 

m 

spring-and-mass oscillator, the 




frequency is given by: 




If the mass of the spring is taken 

f- 

1 

k 

into account, the effective mass is 


m eff 

greater than the mass of the object 



alone. 




Divide the second of these equations 


1 

k 

by the first and simplify to obtain: 

f. 

In \ 



/ 1 \k \m e ff 
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Solve for/': 


/ = /„ 


m 


in. 


eff 


Because f varies inversely with the square root of m, taking into account the 
effective mass of the spring predicts that the frequency will be reduced. 


16 •• 

Determine the Concept The period of the lamp varies inversely with the square root of 
the effective value of the local gravitational field. 


1. greater than T 0 when 


2. less than T 0 when 


3. equal to T 0 when 


B. the train rounds a curve of radius R with 
speed v. 

D. the train goes over the crest of a hill of 
radius of curvature R with constant speed. 

A. the train moves horizontally with 
constant velocity. 

C. the train climbs a hill of inclination 0 at 
constant speed. 


17 •• 


1 


Picture the Problem We can use f = — J— to express the frequencies of the two 

2 n \ M 

mass-spring systems in terms of their masses. Dividing one of the equations by the other 
will allow us to express M A in terms of M B . 


Express the frequency of mass¬ 
spring system A as a function of its 
mass: 

Express the frequency of mass¬ 
spring system B as a function of its 
mass: 

Divide the second of these equations 
by the first to obtain: 


f = j _ EE 

2n y M A 


f =- F- 

2k ]] M R 


A = [K 

A 


m a = 


r f v 

J E 

v A j 


m b = 


^ f ^ 2 

J I 


2/ b 


M = 

1V1 B 4 1V1 B 


B J 


Solve for M A : 

















Oscillations 1051 


and ( d ) is correct. 

18 •• 

Picture the Problem We can relate the energies of the two mass-spring systems through 
either E = \ kA~ or E = \Mco 2 A 2 and investigate the relationship between their 

amplitudes by equating the expressions, substituting for M A , and expressing A a in terms 

of de¬ 


Express the energy of mass-spring 
system A: 

E a = \k A A 2 A = \M a co 2 a A 2 a 

Express the energy of mass-spring 
system B: 

Eb ~ 'jk B A B — B co B A B 

Divide the first of these equations 
by the second to obtain: 

e a 1 Wa (0 2 a A\ 

Eb 2 kk 

Substitute for M A and simplify: 

, _ 2 M b co 2 a A 2 a _ 2o) 2 a A\ 

M B a>lA 2 (& b A 2 

Solve ford A : 

A - A 

a a nr a b 

aI2co a 

Without knowing how co A and &%, or k A and 
k B , are related, we cannot simplify this 
expression further. ( d ) is correct. 

19 •• 



picture the Problem We can express the energy of each system using E = \kA^ and, 
because the energies are equal, equate them and solve for d A . 


Express the energy of mass-spring 
system A in terms of the amplitude of 

its motion: 

E a =\k A A 2 A 

Express the energy of mass-spring 
system B in terms of the amplitude 

of its motion: 

e b=\K a I 
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Because the energies of the two 
systems are equal we can equate 
them to obtain: 

Solve for A a : 


}k A A A 


= \K A b 



Substitute for k A and simplify to 
obtain: 


A k 



Al 

v4 


and 


( b ) is correct. 


20 » 

Picture the Problem The period of a simple pendulum is independent of the mass of its 
bob and is given by T = 2n-^L/g. 


Express the period of pendulum A: 



Express the period of pendulum B: 



Divide the first of these equations by the 
second and solve for L A /L B : 


4 

4 


f T \ 
ZA 

T 

\ 1 B 


2 


Substitute for T A and solve for L B to 
obtain: 


4 = 


/ \ 2 

A 

v 4 j 


4 44 


and 


(c) is correct. 


Estimation and Approximation 


21 •• 

Picture the Problem The Q factor for this system is related to the decay constant r 
through Q = co () T = 2nx)T and the amplitude of the child’s damped motion varies with 

time according to A = A () e , 2r . We can set the ratio of two displacements separated by 

eight periods equal to 1/e to determine r in terms of T. 


2nz 


Express Q as a function of r: 


q = a> 0 r = 


T 


( 1 ) 
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The amplitude of the oscillations 
varies with time according to: 


A = A 0 e~ tl2T 


The amplitude after eight periods is: A s = A 0 e ’ K7)v 


Express and simplify the ratio A s /A: A% A 0 e i ‘ l+ST ' l/2r 


A A,e^ t/2z 


Set this ratio equal to Me and solve 
for r: 


e 



Substitute in equation (1) and 
evaluate Q: 




T 


*22 •• 

Picture the Problem Assume that an average length for an arm is about 0.8 m, and that it 
can be treated as a uniform stick, pivoted at one end. We can use the expression for the 
period of a physical pendulum to derive an expression for the period of the swinging arm. 
When carrying a heavy briefcase, the mass is concentrated mostly at the end of the pivot 
(i.e., in the briefcase), so we can treat the arm-plus-briefcase as a simple pendulum. 

(a) Express the period of a uniform 


rod pivoted at one end: 



where / is the moment of inertia of the 
stick about an axis through one end, M is 
the mass of the stick, and D (= LI 2) is the 
distance from the end of the stick to its 
center of mass. 


Express the moment of inertia of the 
stick with respect to an axis through 
its end: 


/ = \ML 2 


Substitute the values for / and D to 
find T: 



Substitute numerical values and 
evaluate T: 




where L’ is slightly longer than the arm 


(b) Express the period of a simple 
pendulum: 
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length due to the size of the briefcase. 


Assuming L' = 1 m, evaluate the 
period of the simple pendulum: 


T' = 2ti 


lm 


9.81m/s 


2.01s 


From observation of people as they walk, these estimates seem reasonable. 


Simple Harmonic Motion 

23 • 

Picture the Problem The position of the particle is given by x = Acos(cot + S) where A 
is the amplitude of the motion, co is the angular frequency, and 8 is a phase constant. 


(a) Use the definition of co to 
determine /: 


co _6n s 1 
In 2 n 


3.00 Hz 


(b ) Evaluate the reciprocal of the 
frequency: 



1 

3.00 Hz 


0.333s 


(c) Compare x = (7 cm) cos 6nt to 
x = Acos(cot + 8): 

(d) x = 0 when coscot = 0: 


A = 


7.00 cm 


-1 ^ CL 

cot = cos 0 = — 
2 


Solve for t : 


n _ n 
2co 2(6;r) 


0.0833s 


Differentiate x to find v(t)\ 


1 = —[(7 cm) cos 


6 nt\ 

= -(42^cm/s)sin6^t 


Evaluate v(0.0833 s): 

v(0.0833 s) = -(42^ cm/s)sin 6^(0.0833 s) < 0 
Because v < 0, the particle is moving in the negative direction at t = 0.0833 s. 


24 • 

Picture the Problem The initial position of the oscillating particle is related to the 
amplitude and phase constant of the motion by x 0 = A cos 5 where 0 < S< 2n. 














cose? = 0 
and 
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(a) For xq = 0: 


(b) Forx 0 = -A: 


(c) Forxo = A: 


(cl) When x = A! 2: 


8 = cos 1 0 = 


k 3 n 


-A = Acos8 
and 

8 = cos *(— l) = | K | 


^4 = A cos 8 
and 

£ = cos '(l) = 


— = A cos 8 

2 


and 

£ = cos -1 


/ i \ 




n 

y 


*25 • 

Picture the Problem The position of the particle as a function of time is given 

byx = A cos(cot + 8). Its velocity as a function of time is given by v = — Acosin^cot + 8) 

and its acceleration by a = -Aor cos(<yt + ^). The initial position and velocity give us 
two equations from which to determine the amplitude A and phase constant^ 


(a) Express the position, velocity, 

x = Acos(cot + 8) 

(1) 

and acceleration of the particle as a 

v = -Acosm{cot + 8) 

(2) 

function of t: 

a = -A co 2 cos(a>t + 8) 

(3) 


Find the angular frequency of the 
particle’s motion: 


2k 4k i 
co = — = —s 
T 3 


4.19s 1 


Relate the initial position and 
velocity to the amplitude and phase 
constant: 


x 0 = Acos8 
and 

v 0 = -coA sin 8 


Divide these equations to eliminate 
A: 


- coA sin 8 _ 

-= -cd tan o 


A cos 8 
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Solve for 5 and substitute numerical 
values to obtain: 

Substitute in equation (1) to obtain: 


(b) Substitute in equation (2) to 
obtain: 


(c) Substitute in equation (3) to obtain: 


8 = tan 


-i 


= tan 1 


A 0 A 


V *o 


= 0 


v *o 


^25cm)cos 

f i'I 

—s 

t 


l 3 J 

- 

(25cm)cos 

i[(4.19s 1 



/ 4n _j^l 


f An i ^ 


1 — s 

sin 

—s 

t 

\ 3 / 


l 3 J 



v = -(25 cm)^- 

(l05cm/s)sin (4.19s 1 )/ 


a = -l 


{An 

2 

f An 


1 —s 

COS 


t 

\ 3 / 


l 3 ; 



-(439 cm/s 2 

cos 

( 4 - 19s 1 

t 


26 • 

Picture the Problem The maximum speed and maximum acceleration of the particle in 
are given by v max = Aco and a max = Aco 2 . The particle’s position is given by 
x = Acos(cot + 8) where A = 7 cm, co= 6ns~ l , and 8 = 0, and its velocity is given by 
v = -Acosm{cot + 5). 


(a) Express v max in terms of A and or. 


= Aco = (7cm)(6^s ') 


= 42^-cm/s = 


1.32m/s 


(6) Express a max in terms of A and or. 


= Aco 1 = (7cm)(6^s ')' 


= 252;r 2 cm/s‘ = 24.9m/s 


(c) Whenx = 0: 


Evaluate at cot = —: 

2 


cos cot = 0 
and 

_1 A TC 

cot - cos 0 = — 

2 


In 

~1 


v 


c 

-Aco sin 

V 


n 

~2 


\ 


-Aco 


i.e., the particle is moving to the left. 
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Evaluate v at cot = 


2>k _ 

T' 


Solve for t: 


v = -Aco sin 


^3ft^ 


= 


v z y 


i.e., the particle is moving to the right. 


t = 


2>k 


3ft 


2co 2(6;rs ’) 


0.250s 


27 •• 

Picture the Problem The position of the particle as a function of time is given by 
x = A cos (cot + S) . Its velocity as a function of time is given by v = —A cosm{cot + S) 

and its acceleration by a = —A 00 2 cos(ntf + 8). The initial position and velocity give us 
two equations from which to determine the amplitude A and phase constant 8. 


(a) Express the position, velocity, 
and acceleration of the particle as 
functions of t: 


x = Acos(cot + 8) (1) 

v = -Acosin((ot + S) (2) 
a = -Aco 2 cos{cot + 8) (3) 


Find the angular frequency of the 
particle’s motion: 


2 n 4a | 
co- — = —s 
T 3 


4.19s 1 


Relate the initial position and 
velocity to the amplitude and phase 
constant: 


x 0 = AcosS 
and 

v 0 = -coA sin 8 


Divide these equations to eliminate 
A: 

Solve for 8: 


Substitute numerical values and 
evaluate 8: 


v n - coA sin 8 

— =-= —co tan 8 

x 0 A cos 8 


c 

8 = tan -1 

V 


XqOO 


\ 


8 = tan 


50cm/s 


(25cm)(4.192s ! ) 
= -0.445 rad 


\ 


Use either the x 0 or v 0 equation (x () is 
used here) to find the amplitude: 


A=^L_ 

cos 8 


25 cm 

cos(-0.445 rad) 


27.7 cm 


Substitute in equation (1) to obtain: 


x = 


(27.7cm)cos (4.19s x )t- 0.445 
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(. b ) Substitute in equation (2) to obtain: 


v = -(27.7 cm/— 


\ 3 


J 


xsin 


]t-0.445 


(l 16cm/s)sin (4.19s l )t- 0.445 


(c) Substitute in equation (3) to obtain: 


a = -(27.7 cm/—s 1 

2 

COS 

f V 

t- 0.445 

\ 3 7 


l 3 J 



-(486 cm/s 2 

cos 

( 4 .1 9 s' 

t- 0.445 


28 •• 

Picture the Problem The position of the particle as a function of time is given 

by x = Acos(o)t + S). We’re given the amplitude A of the motion and can use the initial 

position of the particle to determine the phase constant S. Once we’ve determined these 
quantities, we can express the distance traveled Ax during any interval of time. 

Express the position of the particle x = (l2 cm)cos(<ttf + S) (1) 

as a function of t: 

Find the angular frequency of the _ 2;r _ In _ ^ i 

particle’s motion: T 8 s 4 


Relate the initial position of the 
particle to the amplitude and phase 
constant: 

Solve for S: 


x 0 = AcosS 


5 = cos ’ — = cos 1 
A 


0 ^ 

A 


n 

2 



t H- 

J 2 _ 


Substitute in equation (1) to obtain: 


x = (l2cm)cos 
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Express the distance the particle 
travels in terms of t\ and t,: 


(a) Evaluate Ax for t\= 2 s, ?; = 1 s: 


( b ) Evaluate Ax for t f = 4 s, t x = 2 s: 


(c) Evaluate Ax for t f = 1 s, U = 0: 






= |(l2cm){-0.7071-0} 


8.49 cm 
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(d) Evaluate Ax for t f = 2 s, t\ = 1 s: 


Ax = 



(12 cm){-l + 0.7071}| 


3.51cm 


29 •• 

Picture the Problem The position of the particle as a function of time is given 
by x = (lO cm)cos(<yt + A). We can determine the angular frequency co from the period 
of the motion and the phase constant 8 from the initial position and velocity. Once we’ve 
determined these quantities, we can express the distance traveled Ax during any interval 
of time. 


Express the position of the particle 
as a function of t: 

Find the angular frequency of the 
particle’s motion: 

Find the phase constant of the 
motion: 


x = (10 cm)cos(<yt + S) 


(1) 


2tt 2n tc i 
( o - — = — = — s 
T 8s 4 


8 = tan 1 — 

V Xq® J 

x = (lOcm)cos 


= tan - 


f 0 A 


XqCO 


= 0 


r / 


~ 

n 

— s 

t 


LU 

) 



Substitute in equation (1) to obtain: 
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(. b ) Express the distance the particle travels in terms of t f and t\. 
Ax = (l 0 cm) cos 
= (lOcmH cos 






- 

-s- 1 


- (lOcm)cos 


h 

U J 



.U j 



^s" 

V 4 j 


-cos 


4 jr \ 

-s- 1 
V 4 


( 2 ) 


Substitute numerical values in 
equation (2) and evaluate Ax in each 
of the given time intervals to obtain: 


U 

h 

Ax 

(s) 

(s) 

(cm) 

1 

0 


2.93 


2 

1 


7.07 


3 

2 


7.07 


4 

3 


2.93 



*30 •• 

Picture the Problem We can use the expression for the maximum acceleration of an 
oscillator to relate the lOg military specification to the compliance frequency. 

Express the maximum acceleration a max = A OX 

of an oscillator: 





































































1062 Chapter 14 


Express the relationship between 
the angular frequency and the 
frequency of the vibrations: 

Substitute to obtain: 

Solve for /: 


Substitute numerical values and 
evaluate /: 


CO=l7tf 


«max= 4 ^ 2 4/ 2 


f = _ L [5^ 

J Ini A 


/ = — 
In 


1 98.1 m/s 2 


12.9Hz 

1.5x10 " m 


31 •• 

Picture the Problem The maximum speed and acceleration of the particle are given by 
v max = Aco anda max = A or . The velocity and acceleration of the particle are given by 

v = -Aco sin cot and a = -Aco 2 cos cot. 

(a) Find v max from A and ox v max = A co = (2.5 m)(/rs ) 

= 7.85m/s 


Find a max from A and ox 


«max = A ® 2 =(1.5 m)ins-') 2 
= 24.7 m/s 2 


(b ) Use the equation for the position 1.5m = (2.5 m)cos nt' 

of the particle to relate its position at 
x = 1.5 m to the time t'to reach this 
position: 

Solve for nt’\ nt ' = cos 1 0.6 = 0.9273rad 

Evaluate v when nt = nf: v = -(2.5m)(^s _I )sin(0.9273rad) 

= -6.28m/s 

where the minus sign indicates that the 
particle is moving in the negative direction. 

a = -(2.5m)(^s -1 )" cos(0.9273rad) 

= -14.8m/s 2 


Evaluate a when nt= nt’\ 
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where the minus sign indicates that the 
particle’s acceleration is in the negative 
direction. 


*32 •• 

Picture the Problem We can use the formula for the cosine of the sum of two angles to 
write x = A 0 cos {cot + 8) in the desired form. We can then evaluate x and dx/dt at t = 0 to 
relate A c and A s to the initial position and velocity of a particle undergoing simple 
harmonic motion. 


x = A 0 cos(at + 8) = ^4 0 [cos<ztfxoscS' 
-sin&tfsincS'] 

= -A 0 sin 8 sin at 
+ A 0 cos 8 cosat 
= A s sm at + A c cos at 
provided 

A s = -A 0 sin 8 and A c = A 0 cos 8 
(b) At t = 0: jc(0) = 


A 0 cos 8 = A c 


(a) Apply the trigonometric identity 
cos (cot + 8) = cos cot cos 8 - sin at sin 8 
to obtain: 


Evaluate dx/dt : 


dx d r , • 

v = — = — A sin at + A r cos at 
dt dt L s 

= A s a cos at - A c a sin at 


Evaluate v(0) to obtain: 


v(0) = aA s 


- aA 0 sin 8 


Simple Harmonic Motion and Circular Motion 


33 • 

Picture the Problem We can find the period of the motion from the time required for the 
particle to travel completely around the circle. The frequency of the motion is the 
reciprocal of its period and the x-component of the particle’s position is given 
byx = Acos(at + 8). 


(b) Use the definition of speed to 
find the period of the motion: 



2^(0.4m) 

0.8m/s 


3.14s 


(a) Because the frequency and the 
period are reciprocals of each other: 


/ = - = —!— 
T 3.14s 


0.318 Hz 


(c) Express the x component of the 


x = Acos(at + 8) 
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position of the particle: 

Assuming that the particle is on the A - A cos A => 8 - cos 1 1 = 0 

positive x axis at time t = 0: 

Substitute for A, co, and c) to obtain: x = 


Acos(2/ift) 


(40cm)cos(2s *), 


*34 • 

Picture the Problem We can find the period of the motion from the time required for the 
particle to travel completely around the circle. The angular frequency of the motion is 2 tt 
times the reciprocal of its period and the x-component of the particle’s position is given 
byx = Acos(cot + S). 


(a) Use the definition of speed to 
express and evaluate the speed of 
the particle: 

( b ) Express the angular velocity of 
the particle: 


2 w 

v =- 

T 


2n{\ 5 cm) 
3s 


31.4 cm/s 


2 n 
co = — 
T 


— rad/s 
3 


(c) Express the x component of the x = A cos {cot + S) 

position of the particle: 

Assuming that the particle is on the A = A cos A => 8 = cos 1 1 = 0 

positive x axis at time t = 0: 


Substitute to obtain: 


x = 


(l5cm) 


cos 


2 n 
—s 


Energy in Simple Harmonic Motion 

35 • 

Picture the Problem The total energy of the object is given by E tot =\kA 2 , where A is 
the amplitude of the object’s motion. 

Express the total energy of the E tot = 4 kA 1 

system: 

evaluate Ejot: 


Substitute numerical values and 


E m =4(4.5 kN/m)(0.1m) 2 = 


22.5 J 
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36 • 

Picture the Problem The total energy of an oscillating object can be expressed in terms 
of its kinetic energy as it passes through its equilibrium position: E tot = \ fflv^ ax . Its 

maximum speed, in turn, can be expressed in terms of its angular frequency and the 
amplitude of its motion. 


Express the total energy of the 
object in terms of its maximum 
kinetic energy: 

Express v max : 

Substitute to obtain: 

Substitute numerical values and 
evaluate E: 


E = \mv 2 mm 

V max =Aco = 27iAf 

E = \_m(2xAf) 2 = 2mA 1 n 2 f 1 

E = 2(3kg)(0.1m) 2 ;r 2 (2.4s~ 1 )" 
= 3.41 J 


37 • 

Picture the Problem The total mechanical energy of the oscillating object can be 
expressed in terms of its kinetic energy as it passes through its equilibrium position: 
E m = j m \T ax . Its total energy is also given by E lm = \kA 2 . We can equate these 

expressions to obtain an expression for A. 


(a) Express the total mechanical 
energy of the object in terms of its 
maximum kinetic energy: 

Substitute numerical values and 
evaluate E : 

( b ) Express the total energy of the 
object in terms of the amplitude of 
its motion: 

Solve for A: 


E = 


j mv 


2 

max 


E = 4-(l.5kg)(0.7 m/s) 2 


0.368 J 


1 

2 


kA 2 



Substitute numerical values and 
evaluated: 


A= | 2(0-368J) 

\ 500N/m 


3.84 cm 
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38 • 

Picture the Problem The total energy of the oscillating object can be expressed in terms 
of its kinetic energy as it passes through its equilibrium position: E tot = \ fflv^ ax . Its total 

energy is also given by E tot = 4 kA 2 . We can solve the latter equation to find A and solve 
the former equation for v max . 

(a) Express the total energy of the E tot = \ kA 2 

object as a function of the amplitude 
of its motion: 


Solve for A: 



Substitute numerical values and 
evaluated: 


A= I gun) 

V2000N/m 


3.00 cm 


(b ) Express the total energy of the 
object in terms of its maximum 
speed: 

Solve for v max : 


= \mv 


2 

max 



Substitute numerical values and 
evaluate v max : 


1 2 ( 0.9 j) 

\ 3kg 


0.775 m/s 


39 • 

Picture the Problem The total energy of the object is given by E tot = jkA 2 . We can 

solve this equation for the force constant k and substitute the numerical data to determine 
its value. 

Express the total energy of the E tot = \ kA 1 

oscillator as a function of the 
amplitude of its motion: 

Solve for k: ^ _ 2E tot 

A 2 

2(1-4J) 

(0.045 m) 2 


Substitute numerical values and 
evaluate k\ 


1.38kN/m 
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*40 •• 

Picture the Problem The total energy of the object is given, in terms of its maximum 
kinetic energy by E tot = 7 in v^ ax . We can express v max in terms of A and co and, in turn, 

express co in terms of a max to obtain an expression for E m in terms of a max . 


Express the total energy of the 
object in terms of its maximum 
kinetic energy: 

Relate the maximum speed of the 
object to its angular frequency: 

Substitute to obtain: 

Relate the maximum acceleration of 
the object to its angular frequency: 


= \mv 


2 

max 


= Aco 


E tot =jm(Act)) 2 =\mA 2 or 


(S' = AcO 


max 

or 


C0 2 = max 


A 


Substitute and simplify to obtain: 

Substitute numerical values and 
evaluate E tot : 


E tot =jmA 2 ^ = }mAa max 
A 

E tot =}(3kg)(0.08m)(3.50m/s 2 ) 
= 0.420 J 


Springs 


41 


Picture the Problem The frequency of the object’s motion is given by f = — yjk/m. 

2/T 

Its period is the reciprocal of its frequency. The maximum velocity and acceleration of an 
object executing simple harmonic motion are v max = Aco and a max = Aco 2 , respectively. 


(a) The frequency of the motion is 
given by: 




1 (4.5kN/m 
~2n\ 


6.89Hz 


Substitute numerical values and 
evaluate /: 


2.4kg 
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( b ) The period of the motion to is 
the reciprocal of its frequency: 

(c) Because the object is released 
from rest after the spring to which it 
is attached is stretched 10 cm: 

(i d) Express the object’s maximum 
speed: 

Substitute numerical values and 
evaluate v max : 

(e) Express the object’s maximum 
acceleration: 

Substitute numerical values and 
evaluate a max : 



1 

6.89s 1 


0.145s 


A = 


0.100 m 


v m * x =Aa) = 27tfA 


= 2^-(6.89s 1 )(0.1m) = 


4.33m/s 


«max = Ao)2 = W max = 2 ^ma x 


a = 

max 


2;r(6.89s _1 )(4.33m/s) 


= 187 m/s 2 


(/) The object first reaches its 
equilibrium when: 

Because the resultant force acting 
on the object as it passes through its 
equilibrium point is zero, the 
acceleration of the object is: 


t = \T = j(0.145s) 


36.3 ms 



42 • 

Picture the Problem The frequency of the object’s motion is given by f = — yfkjm. 

2 n 

Its period is the reciprocal of its frequency. The maximum velocity and acceleration of an 
object executing simple harmonic motion are v max = A co and a max = A of , respectively. 


(a) The frequency of the motion is 1 lJc 

given by: ^ ~ 2tv\ m 


Substitute numerical values and 
evaluate /: 


J_ 1 700 N/m 
2n \ 5kg 


1.88Hz 













( b ) The period of the motion is the 
reciprocal of its frequency: 
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(c) Because the object is released 
from rest after the spring to which it 
is attached is stretched 8 cm: 

( d) Express the object’s maximum 
speed: 

Substitute numerical values and 
evaluate v max : 

( e ) Express the object’s maximum 
acceleration: 

Substitute numerical values and 
evaluate a max : 


(/) The object first reaches its 
equilibrium when: 

Because the resultant force acting 
on the object as it passes through its 
equilibrium point is zero, the 
acceleration of the object is: 



1 

1 .88s 1 


0.531s 


A = 


0.0800 m 


= 2 rf A 


= 2;r(l.88s~ 1 )(0.08m) = 


0.945 m/s 


«max = AC ° 2 = = 2 ^ max 


a max = 2 tt(i .88 s ')(().945 m/s) 
= 11.2m/s 2 


t = jT = |(0.531s) 


0.133s 



43 • 

Picture the Problem The angular frequency, in terms of the force constant of the spring 
and the mass of the oscillating object, is given by cor = k/m . The period of the motion is 
the reciprocal of its frequency. The maximum velocity and acceleration of an object 
executing simple harmonic motion are v max = A <x> and a max = Aco 1 , respectively. 


(a) Relate the angular frequency of 
the motion to the force constant of 
the spring: 


k = 4;r 2 (2.4s ')"(3kg) = 



m 


or 

k = mco 1 = An 1 f 2 m 


Substitute numerical values to 
obtain: 


682 N/m 
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( b ) Relate the period of the motion 
to its frequency: 



1 

2.4s~' 


0.417s 


(c) Express the maximum speed of v max — Am - 2nfA 

the object: 


Substitute numerical values and 
evaluate v max : 


2^(2.4 s ')(0.1m) 


1.51m/s 


(d) Express the maximum a max = Ao) = Arc 1 f 1 A 

acceleration of the object: 


Substitute numerical values and 
evaluate a max : 


Arc’' (2.4s ')~(0.1m) 


22.7m/s 2 


*44 • 

Picture the Problem We can find the frequency of vibration of the car-and-passenger 

1 nr 

system using f =- —, where Mis the total mass of the system. The spring 

2n V M 

constant can be determined from the compressing force and the amount of compression. 


Express the frequency of the car- 
and-passenger system: 




Express the spring constant: 


Substitute to obtain: 


Substitute numerical values and 
evaluate /: 


h _ F _ mg 

Ax Ax 

where m is the person’s mass. 

J_ | mg 
J 2n V MAx 

I (85kg)(9.81m/s 2 ) 

' ~ 2n V(2485kg)(2.35xl0- 2 mj 

= 0.601Hz 


45 • 

Picture the Problem We can relate the force constant k to the maximum acceleration by 
eliminating of between of = k/m and a max = A of. We can also express the frequency / 
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of the motion by substituting ma rmx /A for k in 




(a) Relate the angular frequency of 2^,2 

v ' 6 M J co = — or k = co m 

the motion to the force constant and m 

the mass of the oscillator: 

Relate the object’s maximum 
acceleration to its angular frequency 
and amplitude and solve for the 
square of the angular frequency: 


«ma 


or 


,3- w max 

CO = ■ 


A 


( 1 ) 


Substitute to obtain: 


Substitute numerical values and 
evaluate k : 

(. b ) Replace co in equation (1) by Inf 
and solve for/ to obtain: 


k __ ma raax 


A 


^ _ (4.5kg)(26m/s"’) 
3.8x10 2 m 

f = _ L 

J 2n V A 


3.08kN/m 


Substitute numerical values and 
evaluate /: 


/ = 


In 


1 26m/s 


4.16Hz 

3.8x 10~ 2 m “ 


(c) The period of the motion is the 
reciprocal of its frequency: 



1 

4.16s 1 


0.240s 


46 • 

Picture the Problem We can find the frequency of the motion from its maximum speed 
and the relationship between frequency and angular frequency. The mass of the object 
can be found by eliminating co between co 2 = k/m and v max = A co. 

(b ) Express the object’s maximum v max = A co = 2 rfA (1) 

speed as a function of the frequency 
of its motion: 


Solve for f. 


v 

f _ max 

J ~ 2nA 


f = 


2.2 m/s 

27r(5.8 x l 0 2 m) 


6.04 Hz 


Substitute numerical values and 
evaluate /: 
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(a) Relate the square of the angular 
frequency of the motion to the force 
constant and the mass of the object: 

Eliminate co between equations (1) 
and (2) to obtain: 

Substitute numerical values and 
evaluate m: 


(c) The period of the motion is the 
reciprocal of its frequency: 


co = — => i n = 
m 


co 


( 2 ) 


m = 


kA 2 

v 2 

max 


(l.8xl0 3 N/m)(5.8xlQ- 2 m) 2 
(2.2 m/s) 2 

1.25 kg 



1 

6.04s 1 


0.166s 


47 

Picture the Problem The maximum speed of the block is given by v max = A co and the 
angular frequency of the motion is co = yjk/m = 5.48rad/s . We’ll assume that the 

position of the block is given by x = A cos cot and solve for cot for x = 4 cm and x = 0. We 
can use these values for cot to find the time for the block to travel from x = 4 cm to its 
equilibrium position. 


(a) Express the maximum speed of 
the block as a function of the 
system’s angular frequency: 

Substitute numerical values and 
evaluate v max : 


= Aco 


v max =(0.08m)(5.48 rad/s) 
= 0.438m/s 


( b ) Assuming thatx = Acoscot, 
evaluate cot for x = 4 cm = A! 2: 


A , 1 n 

— = A cos cot => cot = cos — = — 
2 2 3 


Evaluate v for cot = nj 3 : 


v = v max sin cot - (0.438 m/s)siny 


= (0.438m/s) 


V3 

2 


0.379m/s 


Express a as a function of v max and 


a = Aco 2 cos cot = v max <x>cos<z>t 
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Substitute numerical values and 
evaluate a: 


= (0.438 m/s)(5.48 rad/s)cosy 


1.20 m/s 2 


(c) Evaluate cot for x = 0: 


_i /£ 

0 = A cos cot => cot = cos 0 = — 

2 


Let At = time to go from cot = nl2> to . ft ft ft 

cot = ft /2 . Then: 2 3 6 


Solve for and evaluate At: 



n 

6(5.48rad/s) 


95.5ms 


*48 •• 

Picture the Problem Choose a coordinate system in which upward is the positive y 
direction. We can find the mass of the object using m = k/CO 2 . We can apply a condition 
for translational equilibrium to the object when it is at its equilibrium position to 
determine the amount the spring has stretched from its natural length. Finally, we can use 
the initial conditions to determine A and S and express x(t) and then differentiate this 
expression to obtain v(t) and a(t). 


(a) Express the angular frequency of ^2 _ k_ m ^ 

the system in terms of the mass of m co 1 

the object fastened to the vertical 
spring and solve for the mass of the 
object: 

Express co 2 in terms of /: co 2 = 4;r 2 f 2 


Substitute to obtain: 


m = 


k 

4 n 2 f 2 


Substitute numerical values and 
evaluate m: 


1800 N/m 

4^- 2 (5.5 s ^) 2 


1.51kg 


(b) Letting Ax represent the amount kAr — mg = 0 

the spring is stretched from its 
natural length when the object is in 
equilibrium, apply ^ F y =0 to the 

object when it is in equilibrium: 
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Solve for Ax: 


Substitute numerical values and 
evaluate Ax: 


Ax = 


mg 

k 


Av _ ( 1 -5 lk g)(9.8 1 m/ S 2 ) 
1800 N/m 


8.23 mm 


(c) Express the position of the object x = A cos (cot + 8 ) 

as a function of time: 


Use the initial conditions 

(x 0 = -2.5 cm and v 0 = 0) to find 8: 


f 

8 = tan -1 

V 


COX, 


0 J 


= tan 1 0 = 7t 


Evaluate go: 


Substitute to obtain: 


co= J— = 
m 


1800 N/m 


= 34.5 rad/s 


1.51kg 

= (2.5 cm)cos[(34.5 rad/s)t + n\ 


- (2.5 cm)cos[(34.5 rad/s)t] 


Differentiate x(t) to obtain v: 
Differentiate v(t) to obtain a: 


(86.4cm/s) 

sin [(34.5 rad/s)/] 


(29.8 m/s 2 ^ 

cos[(34.5rad/s)t] 


49 •• 

Picture the Problem Let the system include the object and the spring. Then, the net 
external force acting on the system is zero. Choose E{ = 0 and apply the conservation of 
mechanical energy to the system. 

Express the period of the motion in j _ 2?r _ 

terms of its angular frequency: 00 


Apply conservation of energy to the £j = £ f or 0 = U g + U spiing 

system: 


Substitute for U g and C spring : 
Solve for of = kJm\ 

Substitute numerical values and 
evaluate o}\ 


0 = 


Q0~ 


CO 


-mgAx + j k(Ax)“ 
_ k _2g 


m Ax 


2(9.81 m/s 2 ) 
3.42x10 2 m 


= 574 rad/s 2 
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Substitute in equation (1) to obtain: 


T = 


2n 

^574 rad/s 2 


0.262s 


50 •• 

Picture the Problem Let the system include the object and the spring. Then the net 
external force acting on the system is zero. Because the net force acting on the object 
when it is at its equilibrium position is zero, we can apply a condition for translational 
equilibrium to determine the distance from the starting point to the equilibrium position. 
Letting £j = 0, we can apply conservation of energy to the system to determine how far 
down the object moves before coming momentarily to rest. We can find the period of the 
motion and the maximum speed of the object from T = iTiJmJk and v max = A-Jk/m. 

(a) Apply ^ F =0 to the object ky 0 - mg = 0 

when it is at the equilibrium 
position: 


Solve for vo: _ mg 

To ~ , 

k 


Substitute numerical values and 
evaluate yy. 


To 


(lkg)(9.81m/s 2 ) 
250 N/m 


3.92 cm 


( b ) Apply conservation of energy to 
the system: 


E=E, 

or 

0 = u g +u spling 


Substitute for U g and U^ rmg \ 


0 = -mgVf + \ ky\ 


Solve fory f : 


Tf = 


2 mg 
k 


Substitute numerical values and 
evaluate Vf: 


2(lkg)(9.81m/s 2 ) 
250 N/m 


7.85cm 



(c) Express the period T of the 
motion in terms of the mass of the 
object and the spring constant: 


T = 2tt 
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Substitute numerical values and 
evaluate T: 


T = 2n 


1kg 

250 N/m 


0.397s 


(i d) The object will be moving with 
its maximum speed when it reaches 
its equilibrium position: 


V max =A0)=AJ — 


Substitute numerical values and 
evaluate v max : 


M t |250N/m 

i 392 om) i~r^- 

62.0cm/s 


( e ) The time required for the object to 
reach equilibrium is one-fourth of its 
period: 


t = }T = i( 0.397s) 


99.3 ms 


51 •• 

Picture the Problem The stunt woman’s kinetic energy, after 2 s of flight, is 
K 2s = \mv 2 S . We can evaluate this quantity as soon as we know how fast she is moving 

after two seconds. Because her motion is oscillatory, her velocity as a function of time is 
v(t) = —A<x>sm(cot + S). We can find the amplitude of her motion from her distance of 

fall and the angular frequency of her motion by applying conservation of energy to her 
fall to the ground. 


Express the kinetic energy of the 
stunt woman when she has fallen for 
2 s: 

Express her velocity as a function of 
time: 


Letting £j = 0, use conservation of 
energy to find the force constant of 
the elastic band: 

Solve for k: 


K 2s =j i mv i (!) 

v(t) = -A co sin(<yt + S) 
where 8= 0 (she starts from rest with 
positive displacement) and 
A = y(l92m) = 96 m 

.'. v(t) = -(96 m)o) sin(<yt) (2) 

0 = U g + (7 elastic 

or 

0 = —mgh + \kh 1 = 0 

I _ 2 mg 


h 
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Substitute numerical values and 
evaluate k: 

Express the angular frequency of 
her motion: 

Substitute numerical values and 
evaluate co\ 

Substitute in equation (2) to obtain: 


Evaluate v(2 s): 

Substitute in equation (1) and 
evaluate K(2 s): 


t = 2(60kg)(9.8Im/s i ) 
192 m 


V m 


co= l 6A3N/m =0.320 rad/s 
\ 60 kg 


v(t) = -(96 m)(0.320 rad/s) 
xsin[(0.320rad/s)t] 

= (30.7 m/s)sin[(0.320 rad/s)t] 


v(2s) = (30.7 m/s)sin[(0.320rad/s)(2s)] 
= 18.3m/s 


^(2s) = ^(60kg)(l8.3m/s) 2 = 


*52 •• 

Picture the Problem The diagram shows 
the stretched bungie cords supporting the 
suitcase under equilibrium conditions. We 

, 1 k ctT 

can use / = — J-to express the 

2 n \ M 

frequency of the suitcase in terms of the 
effective "spring" constant k c(f and apply a 
condition for translational equilibrium to 
the suitcase to find k eff . 



Express the frequency of the .11 k dT 

suitcase oscillator: ^ 2 k\M 


Apply ^ F y =0 to the suitcase to kx + hx — Mg — 0 

obtain: or 

2 kx - Mg = 0 

or 

k eS x-Mg = 0 
where k e ff = 2 k 


kx 

kx 


Mg 
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Solve for k e s to obtain: 


v eff 


Mg 

x 


Substitute to obtain: 


Substitute numerical values and 
evaluate f. 


2 n 


IJ 


X 


|9.81m/s 2 _ 


2.23 Hz 

0.05m 


53 •• 

Picture the Problem The frequency of the motion of the stone and block depends on the 
force constant of the spring and the mass of the stone plus block. The force constant can 
be determined from the equilibrium of the system when the spring is stretched 
additionally by the addition of the stone to the mass. When the block is at the point of 
maximum upward displacement, it is momentarily at rest and the net force acting on it is 
its weight. 


(a) Express the frequency of the 
motion in terms of k and nr. 


Apply Y, F , =0 to the stone when 
it is at its equilibrium position: 

Solve for k: 


Substitute numerical values and 
evaluate k : 


\| m tot 

where /77 tot is the total mass suspended from 
the spring. 

kAy - mg = 0 


k = !ns_ 

Ay 

k = (0-03 k g)(9-81m/s 2 ) _ 5 89N/m 
0.05m 


Substitute and evaluate /: 


J_ 1 5.89 N/m 
2n\ 0.15kg 


0.997 Hz 



J__ 1 

27” 2(0.997 -') 


0.502s 


(b ) The time to travel from its lowest 
point to its highest point is one-half its 
period: 
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(c) When the stone is at a point of 
maximum upward displacement: 


F net = m S = (0.03 kg)(9.81 m/s 2 ) 
= 0.294 N 


54 « 

Picture the Problem We can use the maximum acceleration of the oscillator 
a max = A or to express a max in terms of A, k, and m. k can be determined from the 

equilibrium of the system when the spring is stretched additionally by the addition of the 
stone to the mass. If the stone is to remain in contact with the block, the block’s 
maximum downward acceleration must not exceed g. 

Express the maximum acceleration a max = A co 2 

in terms of the angular frequency 
and amplitude of the motion: 

Relate of to the force constant and 2 k 

co = — 

the mass of the stone: m 

Substitute to obtain: A k 

a m„= A — 

m 

Apply ^ F y =0 to the stone when kAy — mg = 0 

it is at its equilibrium position: 


Solve for k: 


Substitute numerical values and 
evaluate k: 

Substitute numerical values to 
express a max in terms of A: 


k = 

A y 

(0.03kg)(9.81m/s 2 ) 
0.05 m 


. 5.89N/m 

= A - 

0.15kg 



5.89 N/m 
s ~ 2 )a 


Set a max = g and solve for A, mix : 


A - g 

max 39.3s 2 


Substitute for g and evaluate A max : 


A 


9.81 m/s 2 




39.3 s 2 
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55 


•• 


Picture the Problem The maximum height above the floor to which the object rises is 
the sum of its initial distance from the floor and the amplitude of its motion. We can find 
the amplitude of its motion by relating it to the object’s maximum speed. Because the 
object initially travels downward, it will be three-fourths of the way through its cycle 
when it first reaches its maximum height. We can find the minimum initial speed the 
object would need to be given in order for the spring to become uncompressed by 
applying conservation of energy. 

(a) Relate h, the maximum height h = A + 5.0 cm (1) 

above the floor to which the object 
rises, to the amplitude of its motion: 

Relate the maximum speed of the v max = Aco 

object to the angular frequency and or 

amplitude of its motion and solve 


for the amplitude: 



Using its definition, express and 
evaluate the force constant of the 


, _ mg _ (2 kg)(9.81 m/s 2 ) 
Ay 0.03 m 


= 654N/m 


spring: 


Substitute numerical values in 
equation (2) and evaluate A: 



Substitute in equation (1) to obtain: 


h = 1.66 cm + 5.00 cm = 6.66 cm 


( b ) Express the time required for the 
object to reach its maximum height 
the first time: 



Express the period of the motion: 



Substitute numerical values and 
evaluate T: 



Substitute to obtain: 


t = |(0.347 s)= 0.261s 
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(c) Because h < 8.0 cm: 


the spring is never uncompressed. 


Using conservation of energy and 
letting U g be zero 5 cm above the 
floor, relate the height to which the 
object rises, Ay, to its initial kinetic 
energy: 

Because Ay = L - y ( : 


Solve for and evaluate vj for 
Ay = 3 cm: 


AK + AU g +AU s =0 

or, because K r = U\ = 0, 
jmvf -mgAy + \k{Ayf 

-\k{L-y$ =0 

j mvf - mgAy + \k(Ayf - j k(Ay) 2 = 0 
and 

\ mvf - mgAy = 0 

V; = yj2gAy = ^2(9.81 m/s 2 )(3 cm) 

= 0.767 m/s 

i.e., the minimum initial velocity that must 
be given to the object for the spring to be 
uncompressed at some time is 
0.767 m/s 


*56 •• 

Picture the Problem We can relate the elongation of the cable to the load on it using the 
definition of Young’s modulus and use the expression for the frequency of a spring and 
mass oscillator to find the oscillation frequency of the engine block at the end of the wire. 


(a) Using the definition of 
Young’s modulus, relate the 
elongation of the cable to the 
applied stress: 

Solve for At. 


Substitute numerical values and 
evaluate At. 


stress _ F j A 
strain A/// 


AY AY 

.. (950kg)(9.81m/s 2 )(2.5m) 

Af= (l .5 cm“ )(l 50 GN/m 2 ) 

= 1.04 mm 




( b ) Express the oscillation 
frequency of the wire-engine block 
system: 
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Express the effective "spring" 
constant of the cable: 

Substitute to obtain: 

Substitute numerical values and 
evaluate f. 


F _ Mg 
M ~ M 


— 

2 n V M 


In 


l9.81m/s 2 _ 


15.5 Hz 

1.04 mm 


Energy of an Object on a Vertical Spring 


57 •• 

Picture the Problem Let the origin of our coordinate system be aty 0 , where yo is the 
equilibrium position of the object and let U g = 0 at this location. Because F net = 0 at 
equilibrium, the extension of the spring is then y 0 = mg/k, and the potential energy stored 
in the spring is U s = 4 kyl. A further extension of the spring by an amount y increases U s 

to j k(y + v 0 ) 2 = j kv 2 + kyy 0 + j ky] =\kv 2 + mgy + \ kyl. Consequently, if we set 

U= U g + U s = 0, a further extension of the spring by y increases U s by 'Aky 2 + mgy while 
decreasing U g by mgy. Therefore, if U = 0 at the equilibrium position, the change in U is 
given by \k(}’'\, where y’ =y -yo. 


(a) Express the total energy of the E = jkA^ 

system: 


Substitute numerical values and 
evaluate E: 


£ = ^(600N/m)(0.03m) 2 


0.270 J 


(b) Express and evaluate U e when 
the object is at its maximum 
downward displacement: 

(c) When the object is at its 
maximum downward displacement: 


U g = -mgA 

= -(2.5kg)(9.81m/s 2 )(0.03 m) 
= -0.736J 


U s = 4 kA 2 +mgA 

= 4(600 N/m)(0.03 m) 2 

+ (2.5kg)(9.81m/s 2 )(0.03 m) 
= 1.01 J 
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(d) The object has its maximum 


K, 


max 


2 


kA 2 =T(600N/m)(0.03m) 2 


kinetic energy when it is passing _ Q2K)] 

through its equilibrium position: ——- 

58 •• 

Picture the Problem Let the origin of our coordinate system be at y 0 , where vo is the 
equilibrium position of the object and let U g = 0 at this location. Because F nct = 0 at 
equilibrium, the extension of the spring is then Vo = mg/k, and the potential energy stored 
in the spring is U s = 4 kyk. A further extension of the spring by an amount y increases U s 

to \k(y + y n f =jky 2 + kyy 0 + \ ky\ = \ky 2 + mgv + \ kyl. Consequently, if we set 

U = U g + U s = 0, a further extension of the spring by y increases U s by Viky 2 + mgy while 
decreasing U g by mgy. Therefore, if U= 0 at the equilibrium position, the change in U is 
given by yk{y ') 2 , where;/ =y -y 0 . 

(a) Express the total energy of the system: E = \ kA~ 

Letting Av represent the amount the kAy — mg = 0 

spring is stretched from its natural 
length by the 1.5-kg object, apply 
^ F v = ma y to the object when it is 

in its equilibrium position: 


Solve for k: 


k = 

A y 


Substitute for k to obtain: 


E = mgA 2 _ 

2A y 


Substitute numerical values and 
evaluate E: 



0.127 J 


(b) Express U s when the object is at 
its maximum downward 
displacement: 


Ug = -mgA 


Substitute numerical values and 
evaluate U g \ 


U % =-(l.5kg)(9.81m/s 2 )(0.022m) 


-0.324 J 
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(c) When the object is at its maximum U s = \kA~ + mgA 

downward displacement: 


Substitute numerical values and 
evaluate U s : 


U s = 4(526 N/m)(0.022m) 2 

+ (l.5kg)(9.81m/s 2 )(0.022 m) 


0.451 J 


(d) The object has its maximum 
kinetic energy when it is passing 
through its equilibrium position: 



4(526N/m)(0.022m) 2 


0.127 J 


*59 •• 

Picture the Problem We can find the amplitude of the motion by relating it to the 
maximum speed of the object. Let the origin of our coordinate system be at y 0 , where Vo is 
the equilibrium position of the object and let U g = 0 at this location. Because F net = 0 at 
equilibrium, the extension of the spring is then y 0 = mg/k, and the potential energy stored 
in the spring is U s = 4 kyl . A further extension of the spring by an amount y increases U s 

to j k(y + v 0 ) 2 = j ky 2 + kyy 0 + 4 kyl =\ky 2 + mgy + 4 kyl. Consequently, if we set 

U= U g + U s = 0, a further extension of the spring by v increases U s by 'Aky 1 + mgy while 
decreasing U g by mgy. Therefore, i f U = 0 at the equilibrium position, the change in U is 
given by 4 k(y') 2 , where / =y 

(a) Relate the maximum speed of v max = A 0 ) 

the object to the amplitude of its 

motion: 

Solve for A: v 

A - 



Substitute numerical values and 
evaluate A: 



1.90 cm 


(b) Express the energy of the object 
at maximum displacement: 


E = \kA 2 


Substitute numerical values and 
evaluate E\ 


E = 4 (300 N/m) (0.019 m) 2 = 0.0542J 









u g = -mgA 
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(c) At maximum displacement from 
equilibrium: 

Substitute numerical values and 
evaluate U g \ 

(d) Express the potential energy in 
the spring when the object is at its 
maximum downward displacement: 

Substitute numerical values and 
evaluate U s : 


U g =-(l.2kg)(9.81m/s 2 )(0.019m) 
= - 0.224 J 


U s =\kA > +mgA 


U s = {(300N/m)(0.019m) 2 

+ (l.2kg)(9.81m/s 2 )(0.019m) 
- 0.278 J 


Simple Pendulums 


60 • 

Picture the Problem We can determine the required length of the pendulum from the 
expression for the period of a simple pendulum. 


Express the period of a simple pendulum: 


T = 2x\^~ 
\S 


Solve for L: 



Substitute numerical values and evaluate L: 

L 


(5s) 2 (9.81m/s 2 ) 


6.21m 


61 • 

Picture the Problem We can find the period of the pendulum from T = 2 ftyjL/g moon 
where A moon =}g and L = 6.21 m. 


Express the period of a simple 
pendulum: 


T = In 


L 


Sn 


6.21m 

{(9.81 m/s 2 ) 


12.2s 


Substitute numerical values and 
evaluate T: 


T = In 
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62 • 

Picture the Problem We can find the value of g at the location of the pendulum by 
solving the equation T = 2n^L/g for g and evaluating it for the given length and 

period. 


Express the period of a simple 
pendulum: 


T = 2tv\^- 
\S 


Solve for g: 


g = 


4 tc 2 L 
T 2 


Substitute numerical values and 
evaluate g: 


4ff 2 (0.7m) 

(l.68s) 2 


9.79 m/s 2 


*63 • 

Picture the Problem We can use T = 2 n^Lfg to find the period of this pendulum. 


Express the period of a simple 
pendulum: 


T = 2n\^~ 
\g 


Substitute numerical values and 
evaluate T: 


T = 2/r 


34 m 
9.81 m/s 2 


11.7s 


64 •• 

Picture the Problem The figure shows the 
simple pendulum at maximum angular 
displacement fo. The total energy of the 
simple pendulum is equal to its initial 
gravitational potential energy. We can 
apply the definition of gravitational 
potential energy and use the small-angle 
approximation to show that E ~ mgL (fg. 



Express the total energy of the simple 
pendulum at maximum displacement: 


E ^max displacement lYlgll 

- mgl\ l-cos0 o ] 


cos^ «1- \(fr 


For <p« 1: 
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Substitute and simplify to obtain: 




\ m gL<to 


65 •• 

Picture the Problem Because the cart is 
accelerating down the incline, the period of 
the simple pendulum will be given by 
T = 2 n^L/ g eif where g cfr is less than g 

by the acceleration of the cart. We can 
apply Newton’s 2 nd law to the cart to find 
its acceleration down the incline and then 
subtract this acceleration from g to find g e ff- 


\ 


\ 


mg 


Express the period of a simple 
pendulum in terms of its length and 
the effective value of the 
acceleration of gravity: 

Relate g eff to the acceleration of the 
cart: 

Apply I F x = ma x to the cart and 
solve for its acceleration: 


T = 2k 


L 

g eff 


geff =g-a 

mg sin 6 = ma 
and 

a = gsmO 


T = 2n 


L 


= In 


L 


g-a 


In 


1 


L 


g(l - sin#) 


Substitute to obtain: 


g-gsin# 
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66 •• 

Picture the Problem The figure shows the 
simple pendulum at maximum angular 
displacement fo. We can express the 
angular position of the pendulum’s bob in 
terms of its initial angular position and 
time and differentiate this expression to 
find the maximum speed of the bob. We 
can use conservation of energy to find an 
exact value for v max and the approximation 
cos ^ «1 — j (j) 1 to show that this value 

reduces to the former value for small (j). 



(a) Relate the speed of the 
pendulum’s bob to its angular 
speed: 


v = L 


d(j) 

dt 


( 1 ) 


Express the angular position of the 0 — 0 O cos 

pendulum as a function of time: 

Differentiate this expression to dtp . 

F — = -^6) smoot 

express the angular speed of the dt 

pendulum: 


Substitute in equation (1) to obtain: 


v = -L(f) 0 cosm <x>t = -v max sin cot 


Simplify v max to obtain: 



0o yfgL 


(.b ) Use conservation of energy to 
relate the potential energy of the 
pendulum at point 1 to its kinetic 
energy at point 2: 


AK + AU = 0 

or, because K\ = U 2 = 0, 

k 2 -u,=o 


Substitute for K 2 and U \: 


j m v\ -mgh = 0 


Express h in terms of L and $>: 


h = Z(l-cos^ 0 ) 


Substitute for h and solve for 
v 2 = v max to obtain: 


^ 2 gL{\-cos <f> 0 ) 


( 2 ) 
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(c) For <f>Q « 1: 


1 COS 0 O ~ 2 0 O 


Substitute in equation (2) to obtain: 


(cl) Express the difference in the 
results from (a) and ( b ): 

Using 0) = 0.20 rad and I = lm, 
evaluate the result in ( b): 


v„..„ = 


=a/ 2 & z (m 2 )=! 


in agreement with our result in part (a). 


Av = v —v , 

max, a max,b 


(3) 


Unax.b = V 2 ( 9 '81 m/s 2 )(l m)(l -cos0.2 ) 

= 0.6254m/s 


Using 0) = 0.20 rad and L= 1 m, 
evaluate the result in part (a): 


Wa =(0.20rady(9.81m/s 2 )(lni) 
= 0.6264 m/s 


Substitute in equation (3) to obtain: 


Av = 0.6264m/s-0.6254m/s 


= O.OOlm/s = 


l.OOmm/s 


Physical Pendulums 

67 • 

Picture the Problem The period of this physical pendulum is given by 
T = InjljMgD where / is the moment of inertia of the thin disk with respect to an 

axis through its pivot point. We can use the parallel-axis theorem to express / in terms of 
the moment of inertia of the disk with respect to its center of mass and the distance from 
its center of mass to its pivot point. 


Express the period of physical 
pendulum: 


T = In. 


MgD 


Using the parallel-axis theorem, find 
the moment of inertia of the thin 
disk about an axis through the pivot 
point: 

Substitute to obtain: 


/ = / cm + MR 2 = \MR 2 + MR 2 
= \ MRA 


■l&*= 2*1™ 

V MgR pg 


T = 

\ 2(9.8 lm/s 2 ) 


1.10s 


Substitute numerical values and 
evaluate T: 
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68 • 

Picture the Problem The period of this physical pendulum is given by 
T = 27 tyJT/MgD where / is the moment of inertia of the circular hoop with respect to an 

axis through its pivot point. We can use the parallel-axis theorem to express / in terms of 
the moment of inertia of the hoop with respect to its center of mass and the distance from 
its center of mass to its pivot point. 


Express the period of the physical 
pendulum: 


T -2k 


'MgD 


Using the parallel-axis theorem, find 
the moment of inertia of the circular 
hoop about an axis through the pivot 
point: 

Substitute to obtain: 


Substitute numerical values and 
evaluate T: 


I = / cm +MR 2 = MR 2 + MR 2 = 2MR 2 


\ lMR 2 
v MgR 



I 2(0.5m) 
\ 9.81m/s 2 


2.01s 


69 • 

Picture the Problem The period of a physical pendulum is given by 
T = 2 K-Jl/MgD where / is its moment of inertia with respect to an axis through its 

pivot point. We can solve this equation for / and evaluate it using the given numerical 
data. 

Express the period of the physical 
pendulum: 

Solve for I: MgDT 2 

4k 2 

_ (3kg)(9.81m/s 2 )(0.1m)(2.6s) 2 

“ ~4k 2 

= 0.504 kg-m 2 


T = 2k 


1 MgD 


Substitute numerical values and 
evaluate I: 
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*70 •• 

Picture the Problem We can use the expression for the period of a simple pendulum to 
find the period of the clock. 


(a) Express the period of a simple 
pendulum: 


T = 2tt 



Substitute numerical values and 
evaluate T: 


T = 271 


4 m 

9.81m/s 2 


4.01s 


By effectively raising the center of mass of the pendulum, placing coins 
in the tray shortens the period. 


71 « 

Picture the Problem Let x be the distance of the pivot from the center of the rod, m the 
mass at each end of the rod, and L the length of the rod. We can express the period of the 
physical pendulum as a function of the distance x and then differentiate this expression 
with respect to x to show that, when x = L! 2, the period is a minimum. 


(a) Express the period of a physical 
pendulum: 


Express the moment of inertia of the 
dumbbell with respect to an axis 
through its center of mass: 

Using the parallel-axis theorem, 
express the moment of inertia of the 
dumbbell with respect to an axis 
through the pivot point: 

Substitute in equation (1) to obtain: 


T = 2tv 

\ MgD 



(Ll 

2 

(Ll 

m 

— 

+ m 

— 


UJ 


UJ 


I = I cm + 2 nix' = \mC + 2mx 


_ . ' mL +2mx 

T = 2tvJ 2 


2 mgx 
27i \\L 2 +x 2 


-cl 


Ur+x 1 


where C = 


x 

2 71 


(2) 
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Set dT/dx = 0 to find the condition for 
minimum T: 


Evaluate the derivative to obtain: 


Because the denominator of this 
expression cannot be zero, it must be 
true that: 


^L-c — 4 £2+x2 

dx dx\ x 


= 0 for extrema 


2 x 2 -(}L 2 +x 2 ) _ 0 

-•fiF 


2x 2 -(}L 2 + x 2 )=0 


Solve for x to obtain: 


( b ) Substitute x = LI 4 in equation (2) 
and simplify to obtain: 


x = 


1 L 


i.e., the period is a minimum when the 
pivot point is at one of the masses. 


T = 2n 




Substitute numerical values and 
evaluate T: 


5(2 m) 
9.81 m/s 2 


3.17s 


Remarks: In (a), we’ve shown that x = LI2 corresponds to an extreme value; i.e., to 
either a maximum or a minimum. To complete the demonstration that this value of 
x corresponds to a minimum, we can either (1) show that d 2 T/dx 2 evaluated at x = 

LI2 is positive, or (2) graph T as a function ofx and note that the graph is a 
minimum at x = LI 2. 

72 •• 

Picture the Problem Letx be the distance of the pivot from the center of the rod. We’ll 
express the period of the physical pendulum as a function of the distance x and then 
differentiate this expression with respect to x to find the location of the pivot point that 
minimizes the period of the physical pendulum. 


T = 2tv 



Express the period of a physical 
pendulum: 


MgD 


( 1 ) 















Express the moment of inertia of the 
dumbbell with respect to an axis 
through its center of mass: 


Using the parallel-axis theorem, 
express the moment of inertia of the 
dumbbell with respect to an axis 
through the pivot point: 

Substitute in equation (1) to obtain: 


Set dT/dx = 0 to find the condition 
for minimum T: 
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7 cm = m 


oV r L \ 


L 

v2 j 


+ ml 




Ub »¥ 


= | mis 


/=/ cm + 4 «« 2 

= I ml 2 + 4/mx 2 


T = 2n f mL2+4m x 2 


4 mgx 


n Ills + 4x 




or 


T = C, r +4X where C = n 


x 




— = C X — l L ~ +4x ~ = 0 for extrema 

dx dx V x 


Evaluate the derivative to obtain: 


Because the denominator of this 
expression cannot be zero, it follows 
that: 

Solve for x to obtain: 


8x 2 - 

(|Z 2 +4x 2 ) 

2x 2 

'\Is +4x 2 


8x 2 - (j Is +4x 2 )=0 


L 



The distance to the pivot point from 
the nearer mass is: 


d = -~ — 

2 V6 


0.0918Z 


Remarks: We’ve shown that .v = l/46 corresponds to an extreme value; i.e., to 
either a maximum or a minimum. To complete the demonstration that this value of 
x corresponds to a minimum, we can either (1) show that d 2 T/dx 2 evaluated at 




1094 Chapter 14 


x = l/^6 is positive, or (2) graph T as a function of x and note that the graph is a 
minimum at x - l/ yl~6 . 


*73 •• 

Picture the Problem Let x be the distance of the pivot from the center of the meter stick, 
m the mass of the meter stick, and L its length. We’ll express the period of the meter stick 
as a function of the distance x and then differentiate this expression with respect to x to 
detennine where the hole should be drilled to minimize the period. 


Express the period of a physical 
pendulum: 


T = 2tv 


MgD 


(1) 


Express the moment of inertia of the 
meter stick with respect to its center 
of mass: 

Using the parallel-axis theorem, 
express the moment of inertia of the 
meter stick with respect to the pivot 
point: 

Substitute in equation (1) to obtain: 


4n=>Z 2 

/ = /cm + mx 2 

= j.^ ml} + mx 2 


T = 2tt . 


f mis + mx 2 


mgx 


2n j2 L 2 +x^ 


= C 


i l jL 2 +x 2 


where C = 


x 

2 n 

Ts 


Set dT/dx = 0 to find the condition 
for minimum T: 


d^_ Cx d_ ^L 2 +x 2 

dx dx\ x 


= 0 for extrema 


Evaluate the derivative to obtain: 


2 V-U£+V) = 0 

xl JM±Z 


Because the denominator of this 
expression cannot be zero, it follows 


2x 2 -(-^L 2 + x 2 )=0 
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that: 

Solve for and evaluate x to obtain: 



100 cm 
yfl2 


28.9 cm 


The hole should be drilled at a distance: 


d = 50 cm-28.9 cm = 


21.1 cm 


from the center of the meter stick. 


74 •• 

Picture the Problem Let m represent the mass and r the radius of the uniform disk. 
We’ll use the expression for the period of a physical pendulum and the parallel-axis 
theorem to obtain a quadratic equation that we can solve for d. We will then treat our 
expression for the period of the pendulum as an extreme-value problem, setting its 
derivative equal to zero in order to determine the value for d that will minimize the 
period. 


(a) Express the period of a physical 
pendulum: 


T = 2tt 


I 

mgd 


Using the parallel-axis theorem, 
relate the moment of inertia with 
respect to an axis through the hole 
to the moment of inertia with 
respect to the disk’s center of mass: 

Substitute to obtain: 


Square both sides of this equation, 
simplify, and substitute numerical 
values to obtain: 


I = I cm + md 2 
= \mR 2 +md 2 


T = 2xP mR2+mdl 
]] mgd 


= 2 n. 


U-R 2 +d 2 


gd 


( 1 ) 


d 2 -^—d + — = 0 
An 1 2 


or 

d 2 -(1.553 m)d + 0.320m 2 =0 


d = 


0.245 m 


Solve the quadratic equation to 
obtain: 


The second root, d= 1.31 m, is too large to 
be physically meaningful. 
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(< b ) Set the derivative of equation (1) 
equal to zero to find relative maxima 
and minima: 


JT _ 2n_ d_ \ \R 2 +d 2 
dd yfg dd\ d 
= 0 for extrema 


Evaluate the derivative to obtain: 


Because the denominator of this 
fraction cannot be zero: 


2 d 2 -{\R 2 +d 2 ) 


2d 2 


jjR 2 +d 2 

d 


= 0 


2d 2 -{\R 2 +d 2 )=0 


Solve this equation to obtain: 


d = 


R 

V2 


Evaluate equation (1) with 
d = R/y[2 to obtain an expression 
for the shortest possible period of 
this physical pendulum: 


T = 





R 



Substitute numerical values and 
evaluate T: 


T = 


\ 9.81m/s 2 


2.13s 


Remarks: We’ve shown that d = 2?/V2 corresponds to an extreme value; i.e., to 
either a maximum or a minimum. To complete the demonstration that this value of 
d corresponds to a minimum, we can either (1) show that d 2 T!dd 2 evaluated at 
d = R/yf2 is positive, or (2) graph T as a function of d and note that the graph is a 
minimum at d = R/. 


75 — 

Picture the Problem We can use the equation for the period of a physical pendulum and 
the parallel-axis theorem to show that h\ + h 2 = gT 2 /4n 2 . 


Express the period of the physical ^ n I / 

pendulum: “ ^ m gd 

Using the parallel-axis theorem, / = I cm + ml\ 

relate the moment of inertia with 
respect to an axis through P\ to the 
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moment of inertia with respect to 
the disk’s center of mass: 

Substitute to obtain: 


Square both sides of this equation 
and rearrange to obtain: 

Because the period of oscillation is 
the same for point P 2 . 

Solve this equation for 7 cm : 

Substitute in equation (1) to obtain: 


T = 2n. 


4m + mh l 

mgh , 


mgT 2 

An: 2 


^ + mh t 


( 1 ) 


I ^ + mh = I ^ + mh, 
h, 1 h 2 2 

4m = mh A 


mgT 1 

An 2 


m\h 2 

~T~ 


+ mh j 


or 


h 2 + \ 


gT 2 _ 

An 2 


76 ••• 

Picture the Problem We can find the period of the physical pendulum in terms of the 
period of a simple pendulum by starting with T = 2 n^Jl/mgL and applying the parallel- 

axis theorem. Performing a binomial expansion for r « L on the radicand of our 
expression for T will lead to T 0 (1 + r 2 /5L 2 ). 

(a) Express the period of the 
physical pendulum: 

Using the parallel-axis theorem, 
relate the moment of inertia of the 
pendulum about an axis through its 
center of mass to its moment of 
inertia with respect to an axis 
through its point of support: 


T = 2n 


mgL 


'=4m +mL 

7 2 t 2 

= + niL 
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Substitute and simplify to obtain: 


(/;) Using the binomial expansion, 


expand 


1 + 


2 


5L 


Substitute in our result from (a) to 
obtain: 


T = lit. 


'mr 2 +mL~ 


mgL 


= 2 n. 


12 . 7-2 

r + L 


gL 


=2 * g 


1 + 


2 r 

5 2 ? 


2 A 


L 


= 2 n |—J1 + 

g 


2r 2 

52? 


Tj 1 + 


2r 2 

5Z 2 


(1 2r 2 'l 

1 1 

( ?,r 2 ^ 

1 

f ?,r 2 ? 


= 1 + - 


H— 


l 527j 

2 

^L 2 ) 

8 

15^ 2 J 


+ higher - order terms 

T - 2 

«1 + - 


5 L 2 


provided r « L 


l o 


f 2 A 

, r 

1 H-: 

v 5 L j 


(c) Express the fractional error when 
the approximation T= T () is used for 
this pendulum: 


AT 

T 


T-T T 

1 1 o _ __^ 

T T 

1 o 


1 + - 


5 L 2 


-1 = 


5 It 


Substitute numerical values and 
evaluate A T/T: 


AT 

T 


(2 cm) 2 
5(l 00 cm)" 


0.008% 


For an error of 1%: 



0.01 


Solve for and evaluate r with 
L = 100 cm: 


r = zVO05 =(100 cm )VO05 
= 22.4 cm 


77 — 

Picture the Problem The period of this physical pendulum is given by 
T = 2 ff-yJl/MgD. We can express its period as a function of the distance d by using the 

definition of the center of mass of the pendulum to find D in terms of d and the parallel- 
axis theorem to express I in terms of d. Solving the resulting quadratic equation yields d. 
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In (b), because the clock is losing 5 minutes per day, one would reposition the disk so 
that the clock runs faster; i.e., so the pendulum has a shorter period. We can determine 
the appropriate correction to make in the position of the disk by relating the fractional 
time loss to the fractional change in its position. 


T = 2tt 


I 


m mS x c 


(a) Express the period of the 
physical pendulum: 

Solve for-: 

*cm 

Express the moment of inertia of the 
physical pendulum, relative to an 
axis through the pivot point, as a 
function of d: 

Substitute numerical values and 
evaluate I: 


Locate the center of mass of the 
physical pendulum relative to the 
pivot point: 



/ = i cm +Md 2 = \mL7 +\Mr 2 +Md 2 

I = }(0.8kg)(2m) 2 +y(l ,2kg)(0.15 m) 2 
+ (l-2 kg )d 2 

= 1.0802 kg-m 2 +(l.2kg)t/ 2 

(2kg)x cm = (0.8kg)(lm) + (l.2kgV 

and 

x cm = 0.4 m + 0.6d 


Substitute in equation (1) to obtain: 

1.0802kg.nr + (l.2 k g)^ = ^(9. 8 l n vsd(2kg) = (04969g ,y, 

0.4m + 0.6J 4;r 2 V ’ 


Setting T= 2.5 s and solving for d 
yields: 


( b ) There are 1440 minutes per day. 
If the clock loses 5 minutes per day, 
then the period of the clock is 
related to the perfect period of the 
clock by: 


d = 


1.63572 m 


where we have kept more than three 
significant figures for use in part ( b ). 


1435 T = 1440 7^^ 
where r perfect = 3.5 s. 
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Solve for and evaluate T: 


T = 


1440 

1435 perfect 
3.51220s 


1440 

1435 


(3.5 s) 


Substitute T= 3.51220 s in equation 
(2) and solve for d to obtain: 

Substitute T= 3.50 s in equation (2) 
and solve for d ' to obtain: 

Express the distance the disk needs 
to be moved upward to correct the 
period: 


d = 3.40140m 

d' = 3.37825m 

Ad = d-d' = 3.40140m-3.37825m 
= 2.32cm 


'78 


Picture the Problem The period of a simple pendulum depends on its amplitude 

.2 


according to T = 2n j— 
1 g 


, 1 . 2 1 , 1 ( 3 ^ 

1 + —sin — <z> 0 + — - 

2 2 2 y4 j 


• 4 1 / 

sin 


. We can 


approximate T to the second-order term and express A TIT = (r slow - 7 accurate )/T. Equating 
this expression to A TIT calculated from the fractional daily loss of time will allow us to 
solve for and evaluate the amplitude of the pendulum that corresponds to keeping perfect 
time. 


Express the fractional daily loss of 
time: 


AT _ 48s lday lh _ 48 
~Y~ ~ day X 24h~ X 3600s ~ 86400 


Approximate the period of the clock 
to the second-order term: 



, 1 . 2 1 , 

1 + —sin — % 


Express the difference in the periods 
of the slow and accurate clocks: 


A T=T -T 

slow accurate 


= 2 n. 


L 
g IL 


l + -^sin 2 -(8.4°) 
2 2 2 


, 1 . 2 1 . 

1 + ^T sin 


= In 


—sin 2 -(8.4°) 

2 2 2 


1 , 1 


-^T sin "T4 
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Divide both sides of this equation by 
T to obtain: 


AT 

Substitute for and simplify to 
obtain: 


Solve for fo: 


AT 

T 


= — sin 1 4.2°- — sin" 

4 4 2 ° 


1 . 2 „ „ 0 1 . 2 1 , 48 

— sin 4.2 —sin —6 ( , =- 

4 4 2 86400 

and 

sin — <b n = 0.05605 

2 0 


6.43° 


79 •• 

Picture the Problem The period of a simple pendulum depends on its amplitude 


according to T = 2n |— 
1 g 


, 1 • 2 1 , 1 

l + ? sm 


Of . , 1 

v4 J 


sin — + ... 

2 0 


We’ll approximate 


T to the second-order term and express AT/T= (T slow - T comct )/T. Equating this 
expression to A TIT calculated from the fractional daily loss of time will allow us to solve 
for and evaluate the amplitude of the pendulum that corresponds to keeping correct time. 


Express the fractional daily loss of 
time: 


AT 5 min lday lh 5 

_ —_x — x_ = _ 

T day 24 h 60 min 1440 


Approximate the period of the clock 
to the second-order term: 



, 1 • 2 1 , 
1+ 2^ Sm 2^° 


Assuming that the amplitude of the 
slow-running clock’s pendulum is 
small enough to ignore, express the 
difference in the periods of the slow 
and corrected clocks: 


A T=T -T 

slow correct 




, 1 . 2 1 , 

1+ 2 jSm "2^ 0 


= 2k j— 

g 


1 ■ 2 1 , 

- ? sm -A 


Divide both sides of this expression 
by T to obtain: 


AT 

T 


1 . 2 1, 

~ 4 Sin 2^0 


Substitute for 


AT 

T 


and simplify to 




-5 

1440 


and 


obtain: 
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Solve for <fo: 


sin^ 0 = 0.1178 



Damped Oscillations 


80 • 

Picture the Problem We can use the definition of the damping constant and its 
dimensions to show that it has units of kg/s. 


Using its definition, relate the decay 
constant r to the damping constant b\ 
Substitute the units of m and r to 
obtain: 


m , in 
T = —=> b = — 
b x 


Dimensionally, b = 


[M] 

M 


kg 

s 


81 • 

2 TC 

Picture the Problem For small damping, O = T . ——.-where A E/E is the fractional 

HTU 

energy loss per cycle. 


Relate the Q factor to the fractional 
energy loss per cycle: 


Q = 


2n 

MTU 


Solve for and evaluate the fractional 
energy loss per cycle: 


MlTU 


2 n 

~Q 


2 n 

200 


3.14% 


82 • 

Picture the Problem We can find the period of the oscillator from T = 2 n-yjm/k and its 
total initial energy from E t] = jkA 2 . The Q factor can be found from its definition 
Q = 2nj^/S £\/_ ie and the damping constant from Q = co () m/b. 

(a) The period of the oscillator is 
given by: 

Substitute numerical values and 
evaluate T: 


E 0 = \kA 2 


T = 2nJ— 


T = 2n 


2kg 


400 N/m 


0.444 s 


(b ) Relate the initial energy of the 
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oscillator to its amplitude: 

Substitute numerical values and 
evaluate E 0 : 

(c ) Relate the fractional rate at 
which the energy decreases to the Q 
value and evaluate Q: 

Express the Q value in terms of b\ 


Solve for the damping constant b : 

Substitute numerical values and 
evaluate b\ 


^(400N/m)(0.03 m) 


0.180 J 


In 

In 

628 

M/ £ J 

, 0.01 

cycle 



0 = 


co 0 m 

~ 


, oojn 2mn 
b = —— =- 

Q tq 

b _ 2^(2 kg) 
(0.444 s)(628) 


0.045 lkg/s 


83 •• 

Picture the Problem The amplitude of the oscillation at time t is A(t) = A 0 e~' ,/2r where 

t= m/b is the decay constant. We’ll express the amplitudes one period apart and then 
show that their ratio is constant. 

Relate the amplitude of a given 
oscillation peak to the time at which 
the peak occurs: 

Express the amplitude of the 
oscillation peak at f = t + T: 

Express the ratio of these 
consecutive peaks: 

= constant 


A(t + T) = A 0 e- (,+T)/2T 

4 ‘) . 

A(t + T) 4,e~ ( '* r),!r 


A(t)=A„e-^ 


84 •• 

Picture the Problem We can relate the fractional change in the energy of the oscillator 
each cycle to the fractional change in its amplitude. Both the Q value and the decay 
constant r can be found from their definitions. 

{a) Relate the energy of the E = \kA 2 

oscillator to its amplitude: 
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Take the differential of this dE = kAdA 

relationship to obtain: 


Divide both sides of this equation by 
E: 


dE _ kAdA _ 2 dA 
~E~\kA 2 ~ ~A 


Approximate dE and dA by A E and 
A A and evaluate A E/E: 



10% 


(b ) For small damping: 


| AC | T 
E T 


and 


T 

|AC|/C 


3s 




0.01 


(c) Using its definition, express and 
evaluate Q: 


A 


= Q) 0 T = 


In _ 2 n 

T Z ~ 3s 


(30s) 


62.8 


85 •• 

Picture the Problem We can use the physical interpretation of Q for small damping 
2n 

Q = j -j——r-to find the fractional decrease in the energy of the oscillator each 

(MTU 

cycle. 


(a) Express the fractional decrease in 
energy each cycle as a function of the 
Q factor and evaluate \AE\/E : 


| AC | 2 n 
~E = ~Q 


In 

20 


0.314 


(b ) Using the definition of the Q 
factor, use Equation 14-35 to express 
cd as a function of Q\ 


co = co. 


= ox, 


1- 


r u2 \ 


2 2 

\ m J 


1 l/ 2 


V/ 2 


1 — 


4 Q 1 


co' = COq 


1 

w 


Use the approximation 

(1 + x) Vl ~ \ + Vtx for small x to obtain: 
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Express and evaluate cd - a>o: 


co'-co 0 = co 0 


1 

w 


-®0 = 


1 

w 


1 

8(2 0) 2 

-3.13x10 2 percent 


86 •• 

Picture the Problem The amplitude of the spring-and-mass oscillator varies with time 
according to A = A (] e , 2r and its energy according to E- E 0 e Ul . 


(a) Express the amplitude of the A = (6 cm)e ^ 4s 

oscillations as a function of time: 


Evaluate the amplitude when t = 2 s: 


A( 2s) = (6cm)e 2s/4s = (6cm)e 1/2 
= 3.64 cm 


Evaluate the amplitude when t = 4 s: 


yl(4s) = (6cm)e^ s/4s = (6cm)e 1 
= 2.21cm 


( b ) Express the energy of the system E(0) = E 0 e 0 2 " = E {) = 60 J 

at t = 0: 

Express the energy in the system at E(2s) = E 0 e 2s/2s = E (] e 1 

t =2 s: 


The energy dissipated in the first 2 s is: AE () 2s - E(o) - E{2 s) 

= (60j)(l-e‘) 
= 37.9 J 


The energy dissipated in the second 
2-s interval is: 


A E 


2-4 s 


£ 2 s ( l-e- 2s/2s ) 

(37.9j)(l-e') = 


24.0 J 


*87 •• 

Picture the Problem We can find the fractional loss of energy per cycle from the 
physical interpretation of Q for small damping. We will also find a general expression for 
the earth’s vibrational energy as a function of the number of cycles it has completed. We 
can then solve this equation for the earth’s vibrational energy after any number of days. 
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(a) Express the fractional change in 
energy as a function of Q : 

( b ) Express the energy of the 
damped oscillator after one cycle: 

Express the energy after two cycles: 


Generalizing to n cycles: 


(c) Express 2 d in terms of the 
number of cycles; i.e., the number 
of vibrations the earth will have 
experienced: 


Evaluate E{2 d): 


A E 2 n 2 n 


E Q 400 


1.57% 


r 


E X =E, 


AE 


1 - 

V E j 


E 2 - E x 


( 1 AE) 


6 AE) 


= E 0 


l E 2 


l E J 


e - =e °[ 1 ~eI =£ »( 1 - 00157 )' 


C 0 (0.9843)" 


24 h 60m 
2d = 2dx-x- 

d h 
IT 

= 2880 minx 


54 min 

= 53.3 T 

C(2d) = C o (0.9843) 533 = 


0.4307L 


88 •• 

Picture the Problem The diagram shows 
1) the pendulum bob displaced through an 
angle do and held in equilibrium by the 
force exerted on it by the air from the fan 
and 2) the bob accelerating, under the 
influence of gravity, tension force, and 
drag force, toward its equilibrium position. 
We can apply Newton’s 2 nd law to the bob 
to obtain the differential equation of 
motion of the damped pendulum and then 
use its solution to find the decay time 
constant and the time required for the 
amplitude of oscillation to decay to 1°. 



(a) Apply V r = la to the pendulum . d~6 

- mgl sin 9 + IF A = I —- 

to obtain: dt 
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Express the moment of inertia of the 
pendulum with respect to an axis 
through its point of support: 

Substitute for / and F d to obtain: 


Because 0« 1 and v = l<a = Idd/dt : 


The solution to this second-order 
homogeneous differential equation 
with constant coefficients is: 


Apply Y.? = md to the bob when 

it is at its maximum angular 
displacement to obtain: 


Divide the x equation by the y 
equation to obtain: 


When the bob is in equilibrium, the 
drag force on it equals F fm : 

Solve for m/b in the definition of r 
to obtain: 


Substitute numerical values and 
evaluate r: 


(. b) From equation (1) we have: 

When the amplitude has decreased 
to 1°: 

Take the natural logarithm of both 
sides of the equation to obtain: 


/ = ml 2 


mt 


d 2 e 

dt 2 


+ Ibv + mgi sin 6 = 0 


ml 


or 


2 d~6 , . 2 , do 


—Y + £b—— + mgW 
dt dt 


d 0 dO mg 

m—- + b — -l ——6 = 0 
dt dt l 


0 


6 = 0 o e ,/2r cos(n/t + d) (1) 

where do is the maximum amplitude, 
t= m/b is the time constant, and the 

frequency (o' = (O 0 oj\ -(b/2mco () f . 


and 

Yj F y = T cos 0q — mg = 0 


F, 


fan 


mg 

or 


F 


fan 


T sin 0 Q 
T cos 0 O 


= tan 0 O 


mg tan 0 O 


bv = mg tan 0 O 



v 

g tan 0 O 


_ 7 m/s 

(9.81m/s 2 )tan5° 


8.16s 


0 = 0oF tllT 


5°e~‘l 2T = r or e ~ t,2T = 0.2 


-/- = ln(0.2) 
It 
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Solve for t\ 


t = -2rln(0.2) 


Substitute for r and evaluate t: 


t = -2(8.16s)ln(0.2) = 


26.3s 


Driven Oscillations and Resonance 


89 • 

Picture the Problem The resonant frequency of a vibrating system depends on the mass 

1 \~k 

of the system and on a “stiffness” constant according to f 0 =-J— or, in the case of a 

2 n v in 

1 | p- 

simple pendulum oscillating with small-amplitude vibrations, f 0 =-J—. 

2 n \ L 


(a) For this spring-and-mass oscillator 

fo 

1 

1400 N/m r 

we have: 

2n 1 

J 10kg L 

( b ) For this spring-and-mass oscillator 

fo 

1 

1 800 N/m r 

we have: 

2n 1 

J 5kg L 

(c) For this simple pendulum we have: 

fo 

1 

(9.81m/s 2 _ 


2 n \ 

2 m 


1.01 Hz 


2.01Hz 


0.352 Hz 


90 • 

Picture the Problem We can use the physical interpretation of Q for small damping to 
find the Q factor for this damped oscillator. The width of the resonance curve depends on 
the Q factor according to A co = (O n /Q ■ 


(a) Using the physical interpretation 
of Q for small damping, relate Q to 
the fractional loss of energy of the 
damped oscillator per cycle: 

Evaluate this expression for 

H/ £ L= 2%: 

(b ) Relate the width of the 
resonance curve to the Q value of 
the oscillatory system: 


Q = 


2 n 


HTU 


Q = 


In 

002 


314 


A co = 


Wo 

Q 



Q 
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Substitute numerical values and 
evaluate A co: 


A^ 2 ^ 005 ' 1 ) 

3.14 


6.00 rad/s 


91 •• 

Picture the Problem The amplitude of the damped oscillations is related to the damping 
constant, mass of the system, the amplitude of the driving force, and the natural and 


driving frequencies through A = 


F n 


. Resonance occurs when 


m 2 {a>l - co 1 ) 2 + b 2 co 2 

co = <x>q. At resonance, the amplitude of the oscillations is A = F { J V Fox and the 

width of the resonance curve is related to the damping constant and the mass of the 
system according to A co = bj m . 


(a) Express the amplitude of the 
oscillations as a function of the 
driving frequency: 



Determine «X\. 


Evaluate the radicand in the 
expression for A to obtain: 





400 N/m 
2kg 


14.14rad/s 


(2kg) 1 [(l4.14 rad/s) 1 -(lOrad/s) 1 
+ (2 kg/s ) 2 (l 0 rad/s ) 2 

= 4.04x 10 4 kg 2 / s 4 


Substitute numerical values and 
evaluated: 


, 10N 

A= .- 

y4.04xl0 4 kg 2 / s 4 


4.98 cm 


(b) Resonance occurs when: 


co = co Q 


14.1rad/s 


(c) Express the amplitude of the 
motion at resonance: 


A = 


F 

xjb 2 oj* 


Substitute numerical values and 
evaluated: 


10N 

35.4 cm 

-y/(2kg/s) (l4.14rad/s) 



(d) The width of the resonance 


A co = 


b 


m 


2 kg/s 
^kg” 


1.00 rad/s 


curve is: 
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92 •• 

Picture the Problem We’ll find a general expression for the damped oscillator’s energy 
as a function of the number of cycles it has completed. We can then solve this equation 
for the number of cycles corresponding to the loss of half the oscillator’s energy. The Q 
factor is related to the fractional energy loss per cycle through AE/E = 2 n/Q and the 
width of the resonance curve is A co = (O 0 / Q where coq is the oscillator’s natural angular 
frequency. 


(a) Express the energy of the damped 
oscillator after one cycle: 

Express the energy after two cycles: 


Generalizing to n cycles: 


Substitute numerical values: 


Solve for n to obtain: 


E X =E 0 [\ 

V 


A E^ 

~E j 


E 2 — Ei 


(i A E/ 


AE) 


= E 0 


l E ) 


l E J 


E. = E, 


A E^ 

~E 


0.5E 0 =E 0 (1-0.035)" 


or 

0.5 = (0.965)” 

_ ln0.5 
In 0.965 " 


19.5 


20 complete cycles. 


( b ) Apply the physical interpretation q _ 2^~ 

of Q for small damping to obtain: AE/E 

( c) The width of the resonance curve Aco _ — - 

is given by: Q 


2 n 
0.035 


180 


2 7f 0 _ 2^-(l00Hz) 

~Q~ 180 


3.49 rad/s 


Collisions 

93 ••• 

Picture the Problem Let the system include the spring-and-mass oscillator and the 
second object of mass m. Because the net external force acting on this system is zero, 
momentum is conserved during the collision of the second object with the oscillator. 
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Because the collision is elastic, we can also apply conservation of energy. Let the 
subscript 1 refer to the object attached to the spring and the subscript 2 identify the 
second object. 


(a) Using momentum conservation, 
relate the speeds of the objects 
before and after their collision: 

mv H + mv 2i = mv 2{ 

or 

v n + v 2i = v 2 r (1) 

Using conservation of energy, 
obtain a second relationship 
between the speeds of the objects 
before and after their collision: 

\mvl +\mvl=\mv 2 2i 

or 

4+4i=4r (2) 

Solve equation (2) for v 2i : 

4 = 4r - 4 = (v 2f + v u )(v 2f - v u ) 

Substitute for v 2 f from equation (1): 

4 = (v u + v 2i + v u )(v u + v 2i - v u ) 

= (2 v ii + V 2i )( V 2i) = 2v H V 2i + 4i 

or 

2v li v 2 i = 0 

Because v u ^ 0, it follows that: 

v = v 2i = 0 

i.e., the second object must be initially at 

rest. 

( b ) Because v 2i = 0, we have, from 
equation (1): 

V 2f =Ui 

Because the object connected to the 
spring was moving through its 
equilibrium position at the time of 

collision: 

Li =v max = ^® = (0.1m)(40s“ 1 ) 

= 4.00 m/s 


94 

Picture the Problem Let the system include the spring-and-mass oscillator and the 
second object of mass m. Because the net external force acting on this system is zero 
momentum is conserved during the collision of the second object with the oscillator. 
Because the collision is elastic, we can also apply conservation of energy. Let the 
subscript 1 refer to the object attached to the spring and the subscript 2 identify the 
second object. 


Using momentum conservation, 
relate the speeds of the objects 

mv H + mv 2i = mv lf 

or 
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before and after their collision: 

Using conservation of energy, obtain 
a second relationship between the 
speeds of the objects before and 
after their collision: 

Solve equation (2) for v 2i : 

Substitute for vn from equation (1): 


Because v u ^ 0, it follows that: 


Because the object connected to the 
spring was moving through its 
equilibrium position at the time of 
collision: 

Express the total energy of the 
system just before the collision: 

Solve for nr. 


Substitute numerical values and 
evaluate nr. 

Relate the spring constant to the 
angular frequency of the oscillator: 

Substitute numerical values and 
evaluate k: 


Vii+v 2i =v 2 f (1) 

\mvl+\mv 2 2i =\m \4 
or 

= 4 (2) 

4 = 4f "4 = ( V 2 f +Vii)(v 2f - v u ) 

4 = (v H +v 2i +Vn)(vii +v 2i -v u ) 

= (2Vii+V2i)(v 2 i)=2Vi I V2i+V 2 2 i 
or 

2v H v 2 i = 0 
v = v 2i = 0 

i.e., the second object must be initially at 
rest. 

Ui =^max =^® = (0- lm X 40S_1 ) 

= 4m/s 


E = 


j m v 


2 

li 


2 E 



2(8J) 

(4 m/s) 2 


1.00 kg 


k = mar 


k = (lkg)(40s- 1 ) 2 


1.60kN/m 
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Picture the Problem Let the system include the spring-and-mass oscillator and the 1-kg 
object. Because the net external force acting on this system is zero, momentum is 
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conserved during the collision of the second object with the oscillator. Let the subscript 1 
refer to the 1-kg object and the subscript 2 to the 2-kg object. We can relate the amplitude 
of the motion to the maximum speed of the oscillator (which we can find from 
conservation of momentum) and the angular frequency of the oscillator, which we can 
determine from its definition. Once we have found the amplitudes and angular 
frequencies for both collisions, we express the position of each as a function of time, 
using the initial conditions to find the phase constants. 


(a) Relate the amplitude of the 
motion to the angular frequency and 
maximum speed of the oscillator: 

Because the 2-kg object is initially 
at rest, the maximum speed of the 
oscillator will be its speed 
immediately after the collision. Use 
conservation of momentum to relate 
this maximum speed to the speed of 
the 1-kg object before the collision: 

Solve for v max : 


v 

_ max 


CO 


(i) 


m i v ii = i m \ + m 2 )v max 


m. 


m l + m 2 


Substitute numerical values and 
evaluate v ma x: 


v_= 


lkg 


lkg + 2 kg 


(6m/s) = 2m/s 


Express the angular frequency of the 
oscillator: 



Substitute numerical values and 
evaluate a >: 


co = 


600 N/m 
3 kg 


14.14 rad/s 


Substitute in equation (1) and 
evaluate A: 


2m/s 

14.14s -1 


14.1cm 


Express and evaluate the period of 
the oscillator’s period: 



2 n 

14.14s 1 


0.444s 


( b ) For an elastic collision: 


2 m l 

m ] + m 2 
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Substitute numerical values and 
evaluate v max : 


2(l kg) ^ m / s ) = 4 ni/s 
3 kg 


Using its definition, evaluate the 
angular frequency of the oscillator: 



600 N/m 
2kg 


17.32 rad/s 


Substitute in equation (1) and 
evaluate A: 


4 m/s 
17.32 s -1 


23.1cm 


Express and evaluate the period of 
the oscillator’s period: 



2 n 

17.32s -1 


0.363s 


(c) For the perfectly inelastic x(f) = (l4. lcm)cos[(l4.1s ')t + c>] (2) 

collision: 


Use the initial conditions to evaluate S: 


8 = tan 1 


V j 


= tan 


(o\ 


(0). 


n 

~2 


Substitute in equation (2) to obtain: 


For the elastic collision: 

Use the initial conditions to evaluate S: 

Substitute in equation (3) to obtain: 


lcmjcos 

(l4.1cm)sin (l4.1s -1 )f 


(14.1s 1 )t~ — 

V ’ 2 


x(f) = (23. lcm)cos[(l7.3s + (3) 


8 = tan 


-1 


V «h) j 


= tan 1 


v ®(°)y 


n 

~2 


Mf) = (23-1 cm)cos 

(23.1 cm)sin[(l 7.3s ') 


(l7.3s-')r-| 


General Problems 

96 • 

Picture the Problem The particle’s displacement is of the formx = A cos {cot + 8). Thus, 
we have A = 0.4 m, co = 3 rad/s, and 8= We can find the frequency of the motion 
from its angular frequency and the period from the frequency. The particle’s position at 
t = 0 and t = 0.5 s can be found directly from its displacement function. 
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(a) Express and evaluate the 
frequency of the particle’s motion: 


co _ 3 rad/s 
2 n 2 n 


0.477 Hz 


Use the relationship between the 
frequency and the period of the 
particle’s motion to find its period: 



1 

0.477 s^ 1 


2.09s 


( b ) Using the expression for the 
particle’s displacement, find its 
position at t = 0: 


x(0) = (0.4 m) cos 


(3rad/sXo) + 


n 

~4 


= (0.4 m) cos 


n 

~4 


0.283 m 


(c) Using the expression for the 
particle’s displacement, find its 
position at t = 0.5 s: 


r(o)= (0.4m)cos 


(3rad/s)(0.5 


= (0.4m)cos[2.29rad] 



-0.264 m 
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Picture the Problem We can express the velocity of the particle by differentiating its 
displacement with respect to time. 


(a) Differentiate the particle’s 
displacement to obtain: 


v 


dx 

dt 


= — |(0.4m)sin 
dt 


(3rad/s)t + ^j- 


- (l .2 m/s) sin 


(3 rad/s)/ + — 


( b ) Evaluate the result in part (a) at 
t = 0: 


(c) By inspection of the result in part 
(a) (or from v max = Ago): 

(d) Substitute v max for v to obtain: 


v(o) = -(l.2m/s)sin 


(3rad/s)(o) + 


n 

~4 


-(l.2m/s)sin 


7T 

~4 


-0.849m/s 



1.20 m/s 



1.2 m/s = -(l .2 m/s)sin 


(3 rad/s)/'+ 


k I ^ 
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Solve for t' to obtain: 


or 


(3rad/s)t' + ^- = sin 1 (-1) 


t' = 


1.31s 


37V 

T 


98 • 

Picture the Problem Let Ay represent the amount by which the spring stretches. We’ll 
apply a condition for equilibrium to the object to relate the amount the spring has 
stretched to the angular frequency of its motion and then solve this equation for Av. 


Apply X F y = 0 to the object 

when it is in its equilibrium position 
and solve for the elongation of the 
spring: 

Relate the angular frequency of the 
object’s motion to its period: 

Substitute to obtain: 


Substitute numerical values and 
evaluate Ax: 

*99 .. 

Picture the Problem Compare the forces 
acting on the particle to the right in Figure 
14-36 with the forces shown acting on the 
bob of the simple pendulum shown in the 
free-body diagram to the right. Because 
there is no friction, the only forces acting 
on the particle are mg and the normal force 
acting radially inward. In ( b ), we can think 
of the particles as the bobs of simple 
pendulums of equal length. 


kAy - mg = 0 
or 



(a) The normal force is identical to the tension in a string of length r that keeps the 
particle moving in a circular path and a component of mg provides, for small 
displacements 0 O or ,v 2 , the linear restoring force required for oscillatory motion. 
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(b ) The particles meet at the bottom. Because ,V| and s 2 are both much smaller than r, the 
particles behave like the bobs of simple pendulums of equal length; therefore they have 
the same periods. 


100 « 


Picture the Problem The diagram shows the ball when it is a horizontal distance x from 
the bottom of the bowl. Note that we’ve chosen the zero of gravitational potential energy 
to be at the bottom of the bowl. The total energy of the ball is the sum of its potential 
energy and kinetic energies due to translation and rotation. Once we’ve obtained an 
expression for the total energy of the rolling ball, we can require, because the surface is 
frictionless, that the total energy of the sliding object be the same as that of the rolling 
ball. Because the motion of the ball is simple harmonic motion, we can assume a solution 
to its differential equation of motion and express the total energy of the ball in terms of 
this assumed solution. Doing so will lead us to an expression that we can solve for the 
oscillation frequency of the ball. 


/A '''—l R cos 0 



/ 


r 


/ 



t 


0 


(a) Express the total energy E of the 


E = U + K = U + K tans +K mt (1) 


trans 


ball: 


Referring to the diagram shown 
above and assuming that R « r, 


U{x) = mgr( 1 - cos 6) 


express the potential energy of the 
ball when it is a horizontal distance 
x from the bottom of the bowl: 


Express cost? as a power series: 


. . e 2 t? 4 

cos 6 = 1-H-+ ... 


2! 4! 


For 6 « 1: 


a , e 2 

cost?« 1- 

2 ! 


r f ^ yi 

U (x) ~ mgr 1 - 1-= 4 mgr6 

V 



Substitute to obtain: 








1118 Chapter 14 


For R « r: 


Substitute to obtain: 


Substitute in equation (1): 


Because the ball is rolling without 
slipping, v = Ra>. Substitute for co 
and / to obtain: 

Simplify to obtain: 


(b) Because energy is conserved if 
the side of the bowl is ffictionless: 


Because the motion is simple 
harmonic motion, assume a solution 
of the form: 

Differentiate this assumed solution 
with respect to time to obtain: 

Substitute to obtain: 


Express the condition the 
E = constant: 




U(x) = 


mgx 
2 r 


„ mgx " 1 2 1 , 2 

E = —2-b — mv + — Ico~ 

2 r 2 2 


„ mgx 2 1 2 1 

E =-1— mv H— 

2 r 2 2 


— mR 2 
V5 


AA 


v 

A Rj 


E = 


mgx 1 
2 r 



„ mgx / 2 

E = — 2 - 1 - mv = constant 

2 r 10 

x = x 0 cos (cot + S) 


v = -cax 0 sin 


i (wt + S) 


E = ^-(x 0 cos (cot + c?)) 2 
2 r 

+ — /«(- rux 0 sin(Vn/ + ci’)) 2 


m g x ° cos 2 ^ + ^ 
2 r V 

+ 


7 ma> 2 x 2 


10 


0 sin 2 (cot + <?) 


mgx\ _ ImtxTxl g _ 1(0 

2r 10 r 5 



Solve for co to obtain: 


co = 
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Picture the Problem Assume that the 
plane is accelerating to the right with an 
acceleration a 0 . The tree-body diagram 
shows the forces on the bob as seen in the 
accelerated frame of the airplane. Let g' 
represent the effective value of the 
acceleration due to gravity. The period of 
the yo-yo is given by 

where g' is the effective value of the 
acceleration due to gravity. 


y X' 

i /1 



Express the period of your yo-yo 
pendulum as a function of the 
effective value for the acceleration 
due to gravity: 




Using the FBD, relate g' and g: 


mg = mg' cos # => g’ = 


g 

cos# 


Substitute to obtain: 


ll cos # 

Vi - 


Substitute numerical values and 
evaluate T: 


T = 2x / (°- 7m)c0S ?T 
\ 9.81m/s 2 


1.62 s 


102 •• 

Picture the Problem The diagram shows 
the wire described in the problem statement 
with an object of moment of inertia / 
suspended from its end. We can apply 
Newton’s 2 nd law to the suspended object 
to obtain its differential equation of 
motion. By comparing this equation to the 
equation of a simple harmonic oscillator, 
we can show that® = yjic/l. 



Apply I t = la to the object hung 
from the wire to obtain: 


— k6 = la = / 


d 2 0 

dr 
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Divide both sides of this differential 
equation by / to obtain: 


d 2 e 

dt 2 


+ — 0 = 0 
/ 


This equation can be written as: 


d 2 6 
dt 2 


+ co 2 6 = 0 where co = 



103 •• 

Picture the Problem The diagram shows 
the torsion balance described in the 
problem statement. We can apply 
Newton’s 2 nd law to the suspended object 
to obtain its differential equation of 
motion. By comparing this equation and its 
solution to that of a simple harmonic 
oscillator, we can obtain an equation that 
we can solve for the torsion constant k. 



Apply X t = la to the torsion 
pendulum: 


-kO - la = / 


d 2 0 
dt 2 


d 2 e 

dt 2 


+—6 = 0 
/ 


( 1 ) 


The differential equation of simple 

harmonic motion is: -77 + ® x = 0 

dr 

where 

x(t) = x 0 cos (cot + S) and co = — 

The solution to equation (1) is: Q(t) = 0 0 cos (cot + S) 

where 

co = 



k = co I 


Solve for /r to obtain: 
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Express the moment of inertia of the 
torsion pendulum: 


Substitute to obtain: 


Substitute numerical values and 
evaluate k. 


I = 2m 


£_ 

v2y 


ml 2 

~Y 


afml 2 _ 47t 2 ml 2 _ 2 jrml 2 
2 IT 1 T 2 


2;r 2 (0.050kg)(0.05 m) 

JsOsf 

3.86xl(T 7 N • m/rad 


*104 •• 

Picture the Problem Choose a coordinate system in which the direction the cube is 
initially displaced (downward) is the positive v direction. The figure shows the forces 
acting on the cube when it is in equilibrium floating in the water and when it has been 
pushed down a small distance y. We can find the period of its oscillatory motion from its 
angular frequency. By applying Newton’s 2 nd law to the cube, we can obtain its equation 
of motion; from this equation we can determine the angular frequency of the cube’s 
small-amplitude oscillations. 



n 


mg 


Express the period of oscillation in 
terms of the angular frequency of 
the oscillations: 



( 1 ) 


Apply 7 F v = 0 to the cube when mg — F B = 0 

it is floating in the water: 

Apply 7/r = ma v t0 cu b c m g ~F b = ma v 

when it is pushed down a small 
distance y: 
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Eliminate mg between these 
equations to obtain: 


For v « 1: 


F\\ - F U = ma y 
or 

AF » = F v~K= ma y 

d 2 

AF b * dF B = -pVg = -a 2 pgy = m 


Rewrite the equation of motion as: 


Solve for co: 


Substitute in equation (1) to obtain: 


d y 2 

m—y = ~a pgy 
dt 

or 

i2 2 

d y _ a pg y _ 

dt 2 in 

, 2 a 2 pg 

where co =- 

m 


-co 2 y 


co = 


T = 
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Picture the Problem Assume that the density of the earth p is constant and let m 
represent the mass of the clock. We can decide the question of where the clock is more 
accurate by applying the law of gravitation to the clock at a depth h below/above the 
surface of the earth and at the earth’s surface and expressing the ratios of the acceleration 
due to gravity below/above the surface of the earth to its value at the surface of the earth. 

Express the gravitational force ^ , _ GM'm 

acting on the clock when it is at a 
depth h in a mine: where M is the mass between the location 

of the clock and the center of the earth. 

Express the gravitational force _ GM E m 

acting on the clock at the surface of R B 

the earth: 


A-A) 2 
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Divide the first of these equations by 
the second to obtain: 


Express M'\ 
Express M E : 
Substitute to obtain: 


Simplify and solve for g': 


Express the gravitational force 
acting on the clock when it is at an 
elevation Jr. 

Express the gravitational force 
acting on the clock at the surface of 
the earth: 

Divide the first of these equations by 
the second to obtain: 


GM' 

S' fa-hf M' R 2 
g GM^ M E (R E -h) 2 


M' = pV' = j7Tp(R v -hf 
M e = pv = \npR\ 
g' _ \MR, -ht Re 

g \npR\ ( R E -h ) 2 


g =g 


r R E -h^ r 


V J 


= g 


1 -— 


V J 


or 


g =g 


\-±' 

V ^E J 


CD 


mg" 


GM E m 

(R e +hf 


mg = 


GM E m 

R l 


g1 
g 


gm e 

(r e +hf . r; 

GM e (R E -hf 

R l 

l 


i+— 

l rJ 


Solve for g": 


g =g\ 


i+— 

R 


E J 


V 
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Comparing equations (1) and (2), we see that g' is closer to g than is g". Thus, 
the error is greater if the clock is elevated. 


106 •• 

Picture the Problem The figure shows 
this system when it has an angular 
displacement 9. The period of the system is 
related to its angular frequency according 
to T= Inlco. We can find the equation of 
motion of the system by applying 
Newton’s 2 nd law. By writing this equation 
in terms of 9 and using a small-angle 
approximation, we’ll find an expression for 
co that we can use to express T. 



(a) Express the period of the system j _ 2/r 

in terms of its angular frequency: CO 


( 1 ) 


Apply y F = ma to the bob: ^ F x = -kx - T sin 0 = Ma x 

and 

Y J F v =Tcos9-Mg = 0 


Eliminate T between the two 
equations to obtain: 

Noting that x- LB and 

r T dl ° 
a r = La = L ——, 

dr 

eliminate the variable x in favor 
of 9: 

For 9« 1, tan 9& 9: 


-kx- Mg tan 6 = Ma x 


ML 


d~6 


dr 


-kL 6 - Mg tan 6 


ML 


d 2 6 
dt 2 


= -kLO - Mg6 
= -(kL + Mg)e 


or 

d 2 e _ 

dt 2 
where 


V M Lj 


e = -co 2 e 


± + g 

'm l 
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Substitute in equation (1) to obtain: 


2 n 


Jl+s_ 

M L 


(. b ) When T= 2 s and M = 1 kg we 
have: 


When T= 1 s we have: 


Solve these equations 
simultaneously to obtain: 



1 = 


2 rc 



k = 


29.6 N/m 


107 •• 

Picture the Problem Applying Newton’s 2 nd law to the first object as it is about to slip 
will allow us to express // s in terms of the maximum acceleration of the system which, in 
turn, depends on the amplitude and angular frequency of the oscillatory motion. 


(a) Apply I F x = ma x to the 
second object as it is about to slip: 

Apply ^ F y =0 to the second 
object: 

Use / s , max = /u s F n to eliminate 
f an d F„ between the two 
equations: 


7 s, max m 2 a max 

F n -m 2 g = 0 


F m 2 g = m 2 a m . u . 
and 


Fs = 


a 


max 


g 


Relate the maximum acceleration of 
the oscillator to its amplitude and 
angular frequency: 


«max = Aar = A- 


m l + m 2 


F s = 


Ak 

(/«, +m 2 )g 


Substitute for a max to obtain: 
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A is unchanged. E is unchanged because E = \kA 2 . co is reduced by 
increasing the total mass of the system and T is increased. 


108 •• 

Picture the Problem The diagram shows 
the box hanging from the stretched spring 
and the free-body diagram when the box is 

in equilibrium. We can apply ZT = 0 ‘o 

the box to derive an expression for x. In ( b ) 
and (c), we can proceed similarly to obtain 
expressions for the effective spring 
constant, the new equilibrium position of 
the box, and frequency of oscillations when 
the box is released. 



y 

k(x-x 0 ) 


mg 


(a) Apply = 0 to the box to 

obtain: 

Solve for x: 


k(x-x 0 )-mg = 0 


mg 

x = —- + x, 


Substitute numerical values and 
evaluate x: 


(I00kg)(9.81m/s 2 ) |05m 
500 N/m 

2.46 m 


(b ) Draw the free-body diagram for 
the block with the two springs 
exerting equal upward forces on it: 



y 

k(x-x„) 

k(x-x„) 


mg 


Apply ^ F =0 to the box to 

k(x - x n )+k(x - Xq)- mg = 0 

obtain: 

or 


£eff(*-*o)-™g = 0 (1) 


where 


Ktr = 2k 
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When the box is displaced from this 
equilibrium position and released, 
its motion is simple harmonic 
motion and its frequency is given 
by: 

Substitute numerical values and 
evaluate co : 



1 2(500 N/m) 
V iookg 


3.16 rad/s 


(c) Solve equation (1) forx: 


Substitute numerical values and 
evaluate x: 


x = 


mg 

2k 


+ Xn 


(i00kg)(9.8inVs 2 ) +( , 5m 
2(500 N/m) 

1.48m 


109 •• 


Picture the Problem We’ll differentiate the expression for the period of simple 


pendulum T = 2n — with respect to g, 

V s 

AT 

approximation to establish that « — 


separate the variables, and use a differential 

iAg 
2 g ' 


(a) Express the period of a simple 
pendulum in terms of its length and 
the local value of the acceleration 
due to gravity: 

Differentiate this expression with 
respect to g to obtain: 


Separate the variables to obtain: 


Approximate dT and dg by AT and 
Ag for Ag « g: 


T = 2tt 

\g 


^VZg-3/ 2 

dg dg 

-]L 

~ _ 2g 

dT _ 1 dg 

T ~~2 


AT 

T 


1 Ag 

2 g 


Ag = -2g 


AT 

T 


(. b ) Solve the result in part (a) for Ag: 
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Express AT/T: 


Substitute and evaluate A g: 


AT nA s Id lh 

-= -90 —x-x- 

T d 24h 3600s 

= -1.04x10 3 

Ag = -2(9.81m/s 2 )(-1.04xl0 3 ) 


= 0.0204 m/s 2 = 


2.04 cm/s' 


110 •• 

Picture the Problem We can find the frequency of the vibrating system from its angular 
frequency; this depends on the spring constant and the total mass involved in the motion. 
The energy of the system can be found from the amplitude of its motion. 


(a) Relate the frequency of the 
vibrating system to its angular 
frequency: 

Substitute numerical values and 
evaluate /: 

Express the total energy of the E = \kA 2 

system: 


evaluate E: 


Substitute numerical values and 


E = 4(240N/m)(0.6m) 2 = 


43.2 J 


2k 2k V 2m 


f _J_ 240 N/m 
2k \ 2(0.6kg) 


2.25 Hz 


(b) (1) The glue dissolves when the 
spring is at maximum compression: 

Relate the frequency to the system’s 
new angular frequency: 


f = = ^ I ,v 

1 2k 2k V rn 


Substitute numerical values and 
evaluate f : 


f 


J_ /240 N/m 
2 K]j 0.6kg 


3.18Hz 


Express the system’s new amplitude 
as a function of the oscillator’s 
maximum speed and its new angular 
frequency: 

Find the maximum speed of the 
oscillator: 



v max = Aco = 2 7ifA = 2^(2.25s ^(O.hm) 
= 8.48 m/s 
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Substitute and evaluate A\. 


A x =(8.48 m/s). 


0.6kg 
240 N/m 


42.4cm 


Express and evaluate the energy of 
the system: 


E, = jkA t 2 = | (240 N/m)(0.424m) 2 
= 21.6 J 


( b ) (2) The glue dissolves when the 
spring is at maximum extension and 
f 2 is the same as f: 


fi = 


3.18Hz 


Because the second object is at rest, 

a 2 =a = 

0.600 m 

the amplitude and energy of the 
system are unchanged: 

and 



II 

II 

(N 

43.2 J 
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Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right and assume that the object is displaced to the right. In case (a), note that the two 
springs undergo the same displacement whereas in ( b ) they experience the same force. 


(a) Express the net force acting on 
the object: 


F net = ~K X - k 2 X = ~i k l + k 2 ) X = k eff X 


where k ef{ = 


k x + k 2 


(b ) Express the force acting on each 
spring and solve for x 2 : 


F = -k x x, = -k 2 x 2 



Express the total extension of the 
springs: 


Xj + x. 



v eff 


F __ -k x x x 


X x +X 2 x,+x 2 
k x x x _ 1 

k, ~ 11 

X x +—-x x —l- 

k 2 k x k : 


Solve for /c e n: 
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Take the reciprocal of both sides of 
the equation to obtain: 


1 


v eff 


1 1 

-1- 

K k 2 


*112 •• 

Picture the Problem If the displacement of the block is y= A sin cot, its acceleration is 
a = -orAsincot. 

(a) At maximum upward extension, the block is momentarily at rest. Its downward 
acceleration is g. The downward acceleration of the piston is co 2 A. Therefore, if (» 1 A > g, 
the block will separate from the piston. 

(. b ) Express the acceleration of the a = —A or sin cot 

small block: 


For co''A = 3g and A = 15 cm: a — 3gsin<yt- g 


Solve for t: 


t = —sin 

co 


m 

v3y 



-1 


Substitute numerical values and 
evaluate t: 


t = 


0.15m 
'3(9.81 m/s 2 ) 


sin 


-i 


0.0243s 


113 •• 

Picture the Problem The plunger and ball are moving with their maximum speed as they 
pass through their equilibrium position (x = 0). Once it has passed its equilibrium 
position, the acceleration of the plunger becomes negative; therefore it begins to slow 
down and the ball, continuing with speed v s , separates from the plunger. We can find this 
separation speed by equating it to the maximum speed of the plunger. Application of 
conservation of energy to the motion of the plunger will allow us to express the distance 
at which the plunger comes momentarily to rest. 


(a) The ball will leave the plunger 
when the plunger is moving with its 
maximum speed; i.e., at its 
equilibrium position: 



(. b ) Express the speed of the ball v s = v max = A co = x 0 co 

upon separation in terms of the 
maximum speed of the plunger: 
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The angular frequency is given by: 


Substitute to obtain: 


(c) Apply conservation of energy to 
the plunger: 


Solve for x { : 



V s = 


in, + ra 

b p 


K { -K t +U f>8 - U i s = 0 
or, because K { = C/ ; = 0, 

~\ m /:+\kx 2 f =o 



Substitute for v s and simplify to obtain: 


m„ 


m b + m p 


114 •• 

Picture the Problem Applying Newton’s 2 nd law to the box as it is about to slip will 
allow us to express // s in terms of the maximum acceleration of the platform which, in 
turn, depends on the amplitude and angular frequency of the oscillatory motion. 

(a) Apply ^ F x = ma x to the box 
as it is about to slip: 

fs.max 

Apply ^ F y =0 to the box: 

O 

II 

bo 

5 

1 

Use /s,max = to eliminate 

/ s max a, to F n between the two 

equations: 

A mg = ma mn 

and 

_ ^max 

Ms ~ 

g 

Relate the maximum acceleration of 

the oscillator to its amplitude and 
angular frequency: 

«max = A ® 2 

Substitute for a max : 

A co 2 4 n z A 


A = 
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Substitute numerical values and 
evaluate // s : 


4;r 2 (0.4m) 
(0.8 s) 2 (9.81 m/s 2 ) 


2.52 


(. b ) Solve the equation derived 
above for A max : 


rp 2 

_ M _ 

co 1 An 2 


Substitute numerical values and 
evaluate A max : 


(0.4) (9.81 m/s 2 )(0.8 s) 2 
An 1 

6.36 cm 
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Picture the Problem In ( b ), we can use the condition F net = dU/dx = 0 for stable 
equilibrium to find the value ofx = x 0 at stable equilibrium. In (c) and (d), we can simply 
follow the outline provided in the problem statement. In (e), we can obtain the frequency 


from f = 


2 n 



using the value for k from the potential function. 


(a) A graph of U(x) follows: 



(b ) Express the condition for equilibrium: 


dU 

dx 


= 0 


Differentiate U with respect to x: 

dU 

d 

u 0 

(x o'] 


- - 

—+ — 


dx 

dx 


ya x J 


1 a 

2 


( 

CL X 

a 

l X ) 
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Set this derivative equal to zero and 
solve for x: 


U n 


i-4' 

x o J 


-o 


and 





or a = 



(c) Express U(x {] + s): 


(d) Expand (l + /?) 1 to obtain: 


Substitute in U(x<, + s): 


(e) Express the potential energy of a 
simple harmonic oscillator: 

If the particle whose potential energy 
is given in part ( d) is to undergo 
simple harmonic motion: 


U(x 0 +e) = U Q 


= U lt 


x n + s a 

— -+- 

a x n + £ 


X n £ 1 

—+ —+- 


a a x 0 | £ 
a a 


or, because x 0 = a, 


u(x 0 +£) = u a 


£ 1 
1 + —+ ■ 


n . £ 

1 + - 


u n 


! + /? + (! + 1 


where fd = — 
a 


(i+/?r=i+(-i)/?+ ( 'fA p 


2x1 


+ . 


I-P + P 2 


U(x o +e) = U 0 


1 + fd + l-fd + /d 2 


= u,[l + p\ 


= 2U,+U 0 — 
a 


constant + U. 


0 2 
a 


U = constant + \k£ 2 


k = 2 ^- 
a 
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Express the frequency of the simple 
harmonic motion, substitute for k, and 
simplify to obtain: 


f = _L [I = ± S 

2n \m 2n\ a 2 m 


1 

2U 0 

2m ^ 

m 


116 ••• 

Picture the Problem Let m represent the mass of the cylindrical drum, R its radius, and k 
the stiffness constant of the spring. We can find the angular frequency of the oscillations 
by equating the maximum kinetic energy of the drum and the maximum energy stored in 
the spring. We can then express the frequency of the system in terms of its angular 
frequency. The application of Newton’s 2 nd law, under on-the-verge-of-sliding conditions, 
together with the introduction of the oscillator’s total energy, will lead us to an expression 
for the minimum value of the coefficient of static friction. 


(a) Express the frequency of y _ ( 0 _ 

oscillation of the system for small 2n 

displacements from equilibrium: 


(1) 


Express the kinetic energy of the 
drum and simplify to obtain: 


Apply conservation of energy to 
obtain: 


K = +\mv 


= i{±mR 1 


= \m\ 2 


R 


+ jmv 2 


^rnax = >vL = 1 ^ 


Substitute A co for v max : 


^m(Acof =jkA 2 


Solve for co: 



Substitute in equation (1) to obtain: 




Substitute numerical values and 
evaluate /: 


J_ f2(4000 N/m) 

2n\ 3(6 kg) 


3.36Hz 


(b) Apply y \F X = 0 to the drum to kA - / s max = 0 

or 
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establish the condition that governs 
slipping: 

kA-jU s F n =0 

Using F n = mg, solve for // s : 

kA 

M s = - ( 2 ) 

mg 

Express the oscillator’s total energy 
in terms of the amplitude of its 
motion: 

E = \kA 2 kA = -JlEk 


Substitute in equation (2) to obtain: 


Substitute numerical values and 
evaluate // s : 

*117 ••• 

Picture the Problem The pictorial representation shows the two blocks connected by the 
spring and displaced from their equilibrium positions. We can apply Newton’s 2 nd law to 
each of these coupled oscillators and solve the resulting equations simultaneously to 
obtain the differential equation of motion of the coupled oscillators. We can then 
compare this differential equation and its solution to the differential equation of motion 
of the simple harmonic oscillator and its solution to show that the oscillation frequency is 

(0 = (A:///) 1 ^ where //= m\m 2 l(m\ + m 2 ) is the reduced mass of the system. 


Ms = 


mg 


Ms = 


V2(5j)(4000N/m) 
(6kg)(9.81m/s 2 ) 


3.40 




jnnmmmmmr 


»>2 


I 

*1 


I 

*2 


*■ -k(x,-x 2 ) 

"i <8 -- - 


'»2g 


Apply = ma to the block 

whose mass is m\ and solve for its 
acceleration: 


Apply IT = ma to the block 
whose mass is m 2 and solve for its 




= m x a x 


= in ! 



or 


a \ ~ 

~k( 


d 2 x l 

~dF 

Xj -x 2 


= -(x l -x 2 ) 
in, 


) = m 2 a 2 = m ] 
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acceleration: 


or 


Subtract the first equation from the 
second to obtain: 


The reduced mass of the system is: 


Substitute to obtain: 


Compare this differential equation 
with the differential equation of the 
simple harmonic oscillator: 

The solution to this equation is: 


Express the solution to equation (1): 


d x. 


Q 2 = i,2 


dr m 


=—(x 2 -x,) 


d 2 {x 2 — xj _ d 2 x 
dt 2 dt 2 

where x = X 2 -x\ 


= —k 


r \ P 

— + — 

m 2j 


X 


1 1 1 

— =-1-or /j = 

// m l m 2 


m l + m 2 


d 2 x k 



d 2 x k 



x = x 0 cos {cot+ 5) 
where co = 

x = x 0 cos(«t + 5) 


where co = 




( 1 ) 
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Picture the Problem We can use co = (k ///)' - and // = 11 : 0112/(011 + oi 2 ) from Problem 
117 to find the spring constant for the HC1 molecule. 


Use the result of Problem 118 to 
relate the oscillation frequency to 
the spring constant and reduced 
mass of the HC1 molecule: 

Solve for k to obtain: 


Express the reduced mass of the 
HC1 molecule: 



k = juco 2 


mon , 

M = -— 

m , + m 2 


mon-iCO 2 

k =- 

111 ! + m 2 


Substitute to obtain: 
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Express the masses of the hydrogen m x = 1 amu = 1.67x1 O' 27 kg 

and Cl atoms: and 

777 2 = 35.45 amu = 5.92xl0’ 26 kg 


Substitute numerical values and evaluate k: 


(l.67x 1CT 27 kg)(5.92x!0 26 kg)(8.969x 10° s' 1 ) 2 
1.67x10 27 kg+ 5.92xlO 26 kg 


13.1N/m 


119 •• 

Picture the Problem In Problem 117, we derived an expression for the oscillation 
frequency of a spring-and-two-block system as a function of the stiffness constant of the 
spring and the reduced mass of the two blocks. We can solve this problem, assuming that 
the "spring constant" does not change, by using the result of Problem 117 and the reduced 
mass of a deuterium atom and a Cl atom in the equation for the oscillation frequency. 


Use the result of Problem 117 to 
relate the oscillation frequency to 
the spring constant and reduced 
mass of the HC1 molecule: 

Express the reduced mass of the 
HC1 molecule: 

Express the masses of the deuterium 
and Cl atoms: 


Evaluate the reduced mass of the 
molecule: 


Substitute numerical values and 
evaluate or. 



m,m, 

M = -— 

m x + m 2 

7721 = 2 amu = 3.34x1 O ' 27 kg 
and 

/ 22 2 = 35.45 amu = 5.92xl0' 26 kg 


_ (3.34x ICE 27 kg)(5.92xl(r 26 kg) 
~ 3.34 xlCT 27 kg + 5.92x ICE 26 kg 

= 3.16xl(T 27 kg 


co = 


13-lN/m 
3.16x 10' 27 kg 


6.44x10° rad/s 


120 ••• 

Picture the Problem The pictorial representation shows the block moving from right to 
left with an instantaneous displacement x from its equilibrium position. The free-body 
diagram shows the forces acting on the block during the half-cycles that it moves from 
right to left. When the block is moving from left to right, the directions of the kinetic 
friction force and the restoring force exerted by the spring are reversed. We can apply 
Newton’s 2 nd law to these motions to obtain the differential equations given in the 
problem statements and then use their solutions to plot the graph called for in (c). 
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WWWW V 



i 

i 



kx 


ffe 


mg 


(a) Apply JV = ma x to the block 

while it is moving to the left to 
obtain: 

Using f k = /j k F n =ju k mg, eliminate f k 
in the differential equation of 
motion: 


Let x 0 


« to obtain: 
k 


The solution to the differential 
equation is: 


The initial conditions are: 

Apply these conditions to obtain: 


Solve these equations 
simultaneously to obtain: 


f k —kx = m 



m - 


d 2 x 


dt 2 


or 


in - 


d 2 x 


dt 2 


-kx + n k mg 


-k 


x - 


k , 


d x , / \ 

m —r- = -k[x - X,,) 
dt 2 v 0J 


or 


d\' k , 


— 

- =-x = -co X 

dt 2 

m 


provided x' = x - xo and 


Mk m g _ M k g 


x 0 — 

k co 2 



x' = x 0 'cos {art+ 8) 
and its derivative is 
v' = -<wc 0 'sin(cot + S) 

x'(0) = x-x 0 and v'(o) = 0 

x'(o) = Xq'coscJ = x-x 0 
and 

v '(o) = -cox 0 ' sin 8 = 0 


8 - 0 and x 0 ' = x — x 0 
and 

x' = (x-x 0 )cos<z>t 
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or 


x 


= (x - x 0 )cos cot + x 0 


( 1 ) 


0b ) Apply Y.r = ma to the block 

while it is moving to the right to 
obtain: 


- f k —kx = m 



Using fi = ju k F n =ju k mg, eliminate/ k 
in the differential equation of 
motion: 


u. mg 

Let x n = — 1 -to obtain: 

0 k 


The solution to the differential 
equation is: 


The initial conditions are: 

Apply these conditions to obtain: 


Solve these equations 
simultaneously to obtain: 



or 



-kx - jU k mg 


-k 


x + 


k , 


d\ 

-k{x + x 0 ) 

ffl n. - 

dt 2 

or 


d 2 x" _ 

- — x ” = -or X ” 
m 

dt 2 

provided x' 

' = x + x 0 and 


/v»g _ /4 g 
k _ or 


x" = x 0 ” cos(cot + 8) 
and its derivative is 
v " = -cox" sin(ntf + 8) 

x"(o) = x + x 0 and v"(o) = 0 

x"(0) = x 0 "cos^ = x + x 0 
and 

v"(0) = -(Ox”sm8 = 0 


8 = 0 and x 0 " = x + x 0 
and 

x" = (x + x 0 )cos&>t 
or 

x = (x + x 0 )cosn>t-x 0 


( 2 ) 


(c) A spreadsheet program to calculate the position of the oscillator as a function of time 
(equations (1) and (2)) is shown below. The constants used in the position functions (xo = 
1 m and T= 2 s were used for simplicity) and the formulas used to calculate the positions 
are shown in the table. After each half-period, one must compute a new amplitude for the 
oscillation, using the final value of the position from the last half-period. 
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Cell 

Content/Formula 

Algebraic Form 

B1 

1 

Xq 

B2 

10 

A 

C7 

C6 + 0.1 

t + At 

D7 

($B$2-$B$l)*COS(PI()*C7)+$B$l 

(A -x 0 )cos 7rt + x 0 

D17 

(ABS($D$6+$B$ l))*COS(PI()*Cl 7)-$B$ 1 

x + x 0 

COS 7ti - x 0 

D27 

(ABS($D$6-$B$l))*COS(PI()*C27)+$B$l 

x-x 0 

COS TU + x 0 

D37 

(ABS($D$36+$B$l))*COS(PI()*C37)-$B$l 

x + x 0 

COS 7Tt — Xq 

D47 

($D$46-$B$ 1 )*COS(PI()*C47)+$B$ 1 

(x - x 0 )cos 7lt + x 0 



A 

B 

C 

D 

1 

x0= 

1 

m 


2 

A= 

10 



3 





4 



t 

X 

5 



(s) 

(m) 

6 



0.0 

10.00 

7 



0.1 

9.56 

8 



0.2 

8.28 

9 



0.3 

6.29 

10 



0.4 

3.78 






53 



4.7 

0.41 

54 



4.8 

0.19 

55 



4.9 

0.05 

56 



5.0 

0.00 


The graph shown below was plotted using the data from columns C (t) and 


D(x). 


Note that the motion of the block ceases after five half - cycles. 
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121 ••• 

Picture the Problem The diagram shows the half-cylinder displaced from its equilibrium 
position through an angle 9. The frequency of its motion will be found by expressing the 
mechanical energy E in terms of 9 and d9/dt. For small 9 we will obtain an equation of 


the form E = \k0~ +\I 


to time will lead to 0 = 


' dd^ 

ydt j 

kO+I 


. Differentiating both sides of this equation with respect 


d-e 

dt 2 


, an equation that must be valid at all times. 
dt 


Because the situation of interest to us requires that d9ldt is not always equal to zero, we 
d~Q d 2 6 k 

have 0 = k 6 + / —or — — -l— <9 = 0, the differential equation of simple harmonic 
dt 2 dt 2 I 

motion with <x> 1 = k/I . The distance from O to the center of mass D, where, from 
Problem 8-39, D = (4/3 n)R, and the distance from the contact point C to the center of 
mass is r. Finally, we’ll take the potential energy to be zero where 9 is zero and assume 
that there is no slipping. 



Apply conservation of energy to obtain: 


E = U + K 


= Mg(h-D)+-I t 


d6_ 
\dt j 


( 1 ) 


From Table 9-1, the moment of 
inertia of a solid cylinder about an 
axis perpendicular to its face and 
through its center is given by: 


Wyu,d,,=|(2V)tf 2 = MR ! 
where M is the mass of the half-cylinder. 
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Express the moment of inertia of the 
half-cylinder about the same axis: 


[ 0, half cylinder 




Use the parallel-axis theorem to 
relate 7 cm to 7 0 : 


I 0 =h m +MD- 


Substitute for 7 cm and solve for 7 cm : 


h m =h~DM 


= -MR~ -D-M 

2 


Apply the parallel-axis theorem a 
second time to obtain an expression 
for 7 C : 


7 r = —MR 2 -D 2 M + Mr 2 

c 2 


= M 




— R 2 -D 2 +r 2 

v2 j 


Apply the law of cosines to obtain: 


r 2 = R 2 +D 2 -2RDcos0 


Substitute for r in equation (2) to obtain: 


7 C =M 


1 


R 2 -D 2 +R 2 +D 2 - 2RD cos 6 


= MR' 


J 


— -2—cos <9 
\2 R 




Substitute for h and 7 c in equation (1): 


E = MgD( 1 - cos 0)+ ^MR 2 


3 D Y cW) 

— 2 — cos 0 — 

2 R yy dt j 


1 , 

Use the small angle approximation cos 0 « 1 — — 9 to obtain: 


E = ^MgD6 2 +^MR : 


3 _D 
2 R 


[: i-e 2 


iV de '^ 1 


J\ dt J 


Because 6 2 « 2, we can neglect the 0 ' in the square brackets to obtain: 


1 


E = -MgD0~ +-MR 


1_ of 3 „DYd0' 


-2 

2 R A dt j 
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Differentiating both sides with respect to time yields: 


and 


dft 

0 = MgD0—— + MR 2 

dt 


R- 


r l_2—)(— Vj2 ^ 

2 R j v dt j 


d^e 

y dt 2 j 


f 3 

f d 2 e 'j 

{ 2 RJ 

V d 2 y 


d 2 e 


-+- 


gD 


dt 2 ' r2 (3 


-- 2—1 
2 RJ 


+ gDO = 0 : 


6 = 9, 


the differential equation of simple harmonic motion with co~ = 


gD 


r * 


R 


D 


\ ■ 


--2 
y2 Rj 


Substitute for D to obtain: 


co 2 = 


4 

3 n 


g 


A_JL 

2 3 n 


R 


r 8 ^ 

K 9n-\6 j 


g_ 

R 


Express the period of the motion in 
terms of co and simplify to obtain: 



\( 9ti-\6 \R 

A 8 Jg 


7.78 

[r 



g 


*122 ••• 

Picture the Problem The net force acting on the particle as it moves in the tunnel is the 
x-component of the gravitational force acting on it. We can find the period of the particle 
from the angular frequency of its motion. We can apply Newton’s 2 nd law to the particle 
in order to express co in terms of the radius of the earth and the acceleration due to gravity 
at the surface of the earth. 

(a) From the figure we see that: F F ^ _ GmM E x 

r Jr Sill C/ ~ 1 

x r 7-) j 

R e r 

GmM P 
=- 


Because this force is a linear restoring 
force, the motion of the particle is simple 
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harmonic motion. 

( b ) Express the period of the particle j, _ 2^r 

as a function of its angular CO 

frequency: 

Apply y F r = ma Y to the particle: GmM E ^ ^ 

J JC — YYld 

R l 


(i) 


Solve for a: 


Use GM e = gR g to simplify ox 


GM C 


a = -- 


Rt 


-x = -co X 


where 




Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate T: 



T = 


| 6.37 x IQ 6 m 
]] 9.81m/s 2 


5.06 x 10 3 s 


84.4 min 


123 ••• 

Picture the Problem The amplitude of a damped oscillator decays with time according 


to A = A 0 e 


-{b/2m)t 


. We can find b/2m from co' = co n 


1 - 


b 


2m co, 


and then substitute in 


o J 


the amplitude equation to find the factor by which the amplitude is decreased during each 
oscillation. We’ll use our result from (a), together with the dependence of the energy of 
the oscillator on the square of its amplitude, to find the factor by which its energy is 
reduced during each oscillation. 


(a) Express the variation in A = A 0 e^ 2 "'^ (1) 

amplitude with time: 
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Relate the damped and undamped 
frequencies of the oscillator: 


co = co, 


1- 


2 moo. 


oj 


(14-46) 


Solve for b/2m : 


Find the period of the damped 
oscillations: 

Substitute in equation (1) with t = T 
to obtain: 


(b ) Express the energy of the 
oscillator at time t= 0: 


b f oA 

~Z 2~ 

2 m y co 0 


= ®oVl-(0-9f 


= 0.436<y 0 



2 n 
0.9 co 0 


A_ 

A 


-(0.436« 0 ) 


2 K 

0.9 co n 


= e 3-04 


0.0478 



kA 


2 

0 


Express the energy of the oscillator E = \kA 

at time t=T: 


Divide the second of these 
equations by the first, simplify, and 
substitute to evaluate E/E 0 : 




' A ^ 


V A 


0.00228 


(0.0477) 2 


124 

Picture the Problem We can differentiate Equation 14-52 twice and substitute x and 
d 2 xldt 2 in Equation 14-51 to determine the condition that must be satisfied in order for 
Equation 14-52 to be a solution of Equation 14-51. 


The differential equation of motion 
is Equation 14-51: 

Its proposed solution is Equation 
14-52: 


d 2 x . dx 2 I-- 

m —- + b -1- mco n x = r n cos cot 

dt 2 dt 0 0 

x = Acos(cot-d ) 


Obtain the first and second 
derivatives of x: 


dx 

dt 

and 


-Acosm{pot - d) 
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-Aco 2 cos(cot - 8) 


Substitute in the differential equation to obtain: 

-mAco 2 cos{cot - 8)-bAcosin{cot - 8)+mcolAcos{cot - 8) = F 0 cos cot 

Using trigonometric identities, expand cos (cot -8) and sin(<y/ - 8 ) to obtain: 

- mA co 2 (cos cot cos 8 + sin cot sin 8) - bA ry(sin cot cos 8 - cos cot sin 8 ) 

+ m cOqA( cos cot cos 8 + sin cot sin 8)= F 0 cos cot 

Factor mA( cos cot cos 8 + sin cot sin 8 ) from the first and third terms to obtain: 

mA(cOg - co 2 )(cos cot cos 8 +sin cot sin 8) - bAco(sin cot cos 8 -cos cot sin 8)= F 0 cos cot 


Factor cos cot cos 8 from the first term on the left-hand side of the equation and 
sin cot cos 8 from the 2 nd term: 



-co 


\cos cot cos 8) 


1 + 


sin cot sin 8 2 
cos cot cos 8 ; 


= F 0 cos cot 


f 

bAco{sincotcosS) 1 

V 


cosntfsin^ 

sinntfcos^y 


Simplify to obtain: 



(cos cot cos £)(l + tan cot tan 8) - bA m(sin cot cos 8 
= F 0 cos cot 


1 


inn 8 d 
tan cot j 


Divide both sides of the equation by m(co 2 } - co 2 ): 


A(cos cot cos ^)(l + tan cot tan 8) - t^f C ° 2 \ ( s ^ n cos 8^1- tan ^ 


m[ool - co 2 )' \ tan cot J 


F n 


m[col - co 1 ) 


cos cot 


tan 8 = 


bco 


e ^ Fi 

m[co 0 - co") 


The phase constant for a driven oscillator 
is given by Equation 14-54: 
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Substitute for tan 8 : 


^(cosntf cosc7) 


1 + tan cot 


bco 


bAco 


m[col -co 2 )J m(cOg -co 2 ) 


(sinntf cosc7) 


bo 

\ol - or 
tan ot 


I m[ol - or ) 


F n 


m[o)l - or) 


cos ot 


Simplify to obtain: 


A(cosot cos£)(l + tan 2 s)= — t~F —^cos ot 


m[ol - or ) 


2 - 1 


Use the trigonometric identity 1 + tan 8 - 


2 c ' 


cos 8 


Simplify to obtain: 


A(cosotcos8 )—\— = — -t-Y ^—^cosnrf 
cos 8 m[o 0 - o J 


F cos S 

A cosot = —r—r- y cosot 

m[og - or j 


Thus x = Acos(ot-8)isa 
solution to Equation 14-51 
provided: 


A = 


F 0 cos8 
m[o)l - or) 


*125 ••• 

Picture the Problem We can follow the step-by-step instructions provided in the 
problem statement to obtain the desired results. 


(a) Express the average power 
delivered by a driving force to a 
driven oscillator: 


P = F v = FvcosO 
or, because 0is 0°, 

P = Fv 


Express fas a function of time: F = F 0 cos ot 

Express the position of the driven x = A cos [ot -8) 

oscillator as a function of time: 
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Differentiate this expression with 
respect to time to express the 
velocity of the oscillator as a 
function of time: 

Substitute to express the average 
power delivered to the driven 
oscillator: 

( b ) Expand sin(<yf — S) to obtain: 

Substitute in your result from (a) 
and simplify to obtain: 


(c) Integrate sin 9 cos 9 over one 
period to determine (sin 9 cos 0 ): 


Integrate cos" 9 over one period to 
determine (cos'#\: 


Substitute and simplify to express 


= -Acosin(cot - 8) 


P = (F q cos cot)[- A co sin(&>f - f>)] 
= -A coF 0 cos cot sin(<z>f -S) 


sin(<yf - S) = sin cot cos 8 - cos cot sin 8 

P = -A coF 0 cos cot (sin cot cos 8 
-cos cot sine?) 

AcoF 0 sin 8 cos 2 cot 
- A coF q cos 8 cos cot sin cot 


sin 9 cos 9) = — 
In 


J_ 
2 n 

= 0 


In 

^sin9cos9d9 


—sin 2 9\ 
2 


2 n 


-« 2n 

cos 2 9) = — f cos 2 9d9 
2 n 


1 

2 n 

\_ 

2 n 


-« 2 n 

-J(l + cos2 9)d9 


" 0 

2 n 


J d9 + \ J cos2 9d9 




P m = AcoF 0 sinc^cos 2 cot\ 

- A coF 0 cos 8(cos cot sin cot) 
= \AcoF 0 sin 8- AcoF 0 cos£(o) 
= \AcoF 0 sin8 
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Using the triangle, express sine): 


Using equation 14-53, reduce this 
expression to the simpler form: 


(e) Solve sinrJ = f or or 
F 

1 n 


sin 8 = 


bco 

V 

^ m 1 

-a 2 , 

2 +bW 


sin 8 = 

bco A 

bA 

sin 8 


Substitute in the expression for P m 
to eliminate co: 


i 7 2 

-^-sin 2 8 
2b 


Substitute for sin 8 from (cl) to 
obtain Equation 14-55: 


1 

2 


boo 2 Ft 

rn 

co 2 ,-co 2 / 

’ +b 2 co 2 


126 ••• 

Picture the Problem We can follow the step-by-step instructions given in the problem 
statement to derive the given results. 


(a) Express the condition on the 
denominator of Equation 14-55 
when the power input is half 
its maximum value: 


m 2 {col -co 2 ) + b 2 a> 2 = 2b 2 col 
and, for a sharp resonance, 
m 2 (col ~ ) ~ b'CQy 


Factor the difference of two squares m 2 [(ry 0 - co)(oo (] + co)J ~ b 2 a>l 

to obtain: or 

m 2 (co u - cof(co 0 + cof « b 2 ool 


{b) Use the approximation m 2 (co 0 - cof (2 co 0 ) 2 « b 2 col 

co+ coo ~ 2 coq to obtain: 
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Solve for coq- co\ 


co 0 -co = 



( 1 ) 


(c) Using its definition, express Q: 


Q = 


co 0 m 

~b~ 


Solve for b: 


b = 


co 0 m 

~Q 


(d) Substitute for b in equation (1) , 

it/Q UJ 

to obtain: 2 Q 


Solve for co\ 


co = co 0 ± — 

IQ 


Express the two values of co: 


oo + = 


and 


co = 


oo 0 + 


2 Q 


co 0 - 


2 Q 


Remarks: Note that the width of the resonance at half-power 
is A co = co + - co =co 0 !Q,m agreement with Equation 14-49. 


127 

Picture the Problem We can find the equilibrium separation for the Morse potential by 
setting dUldr = 0 and solving for r. The second derivative of U will give the "spring 

constant" for small displacements from equilibrium. In (c), we can use CO = yjk/ju, 

where k is our result from (b) and // is the reduced mass of a homonuclear diatomic 
molecule, to find the oscillation frequency of the molecule. 

( a) A spreadsheet program to calculate the Morse potential as a function of r is shown 
below. The constants and cell formulas used to calculate the potential are shown in the 
table. 


Cell 

C ontent/Formula 

Algebraic Form 

B1 

5 

D 

B2 

0.2 

P 

C9 

C8 + 0.1 

r + Ar 

D8 

$B$1*(1-EXP(-$B$2*(C8-$B$3))) A 2 

fj[\- e Pir ,;i1 ] 2 
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A 

B 

C 

D 

1 

D= 

5 

eV 


2 

Beta= 

0.2 

nrrT 1 


3 

r0= 

0.75 

nm 


4 





5 





6 



r 

U(r) 

7 



(nm) 

(eV) 

8 



0.0 

0.13095 

9 



0.1 

0.09637 

10 



0.2 

0.06760 

11 



0.3 

0.04434 

12 



0.4 

0.02629 






235 



22.7 

4.87676 

236 



22.8 

4.87919 

237 



22.9 

4.88156 

238 



23.0 

4.88390 

239 



23.1 

4.88618 


The graph shown below was plotted using the data from columns C (r) and 
D (U(r)). 



(. b ) Differentiate the Morse potential 
with respect to r to obtain: 

dU . U e^-'A 

dr dr rL J 

Set this derivative equal to zero for 

extrema: 

O 

II 

1 

1 

<N 

1 
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Solve for r to obtain: 


Evaluate the second derivative of 
U(f) to obtain: 


Evaluate this derivative at r = r 0 : 


Recall that the potential function for 
a simple harmonic oscillator is: 

Differentiate this expression twice to 
obtain: 

By comparison with equation (1) we 
have: 



d 2 U 

dr 2 


j- 2 /?Z)[l - e~ /Hr ~ r,,) 
2 j3 2 De~ ri{r ~ r,,) 


d 2 U 


dr 2 


= 2 p 2 D 


( 1 ) 


U = \kx 2 



k = 


2 p 2 D 


( c ) Express the oscillation frequency 
of the diatomic molecule: 


Express the reduced mass of the 
homonuclear diatomic molecule: 

Substitute and simplify to obtain: 



where // is the reduced mass of the 
molecule. 


m l m 2 _ m 2 _ m 
m ] + in 2 2m 2 


CO = 

12 P 2 D 


1 

• m 

V m 

\ 

2 



Remarks: An alternative approach in (6) is the expand the Morse potential in a 
Taylor series 

U(r ) = U{r 0 ) + (r - r 0 )U’ (r 0 ) + — (r - r 0 ) 2 U' ’ (r 0 ) + higher order terms 

2! 

to obtain U(r) » fi 2 D{r -r 0 ) 2 . Comparing this expression to the energy of a spring- 
and-mass oscillator we see that, as was obtained above, k = 2 fi 2 D . 





Chapter 15 
Wave Motion 

Conceptual Problems 


*1 • 

Determine the Concept The speed of a transverse wave on a rope is given by 
v = JF/ jLl where F is the tension in the rope and /./ is its linear density. The waves on the 

rope move faster as they move up because the tension increases due to the weight of the 
rope below. 


Determine the Concept The distance between successive crests is one wavelength and 
the time between successive crests is the period of the wave motion. Thus, T= 0.2 s and 


f = \/T = 5 Hz. ( b ) is correct. 


3 

Picture the Problem True. The energy per unit volume (the average energy density) is 
given by Tj m = \ pof s\ where ,v 0 is the displacement amplitude. 


4 

Determine the Concept At every point along the rope the wavelength, speed, and 
frequency of the wave are related by A =v/f. The speed of the wave, in turn, is given 

by v = tJfJju where F is the tension in the rope and // is its linear density. Due to the 

weight of the rope below, the tension is greater at the top and the speed of the wave is 
also greater at the top. Because A oc v, the wavelength is greater at the top. 

*5 • 

Determine the Concept The speed of the wave v on the bullwhip varies with the tension 
F in the whip and its linear density // according to v = -]Fj)i . As the whip tapers, the 

wave speed in the tapered end increases due to the decrease in the mass density, so the 
wave travels faster. 

6 • 

Picture the Problem The intensity level of a sound wave (3, measured in decibels, is 
given by /3 = (l0 dB)log(/// 0 ) where In = 1 O' 12 W/m 2 is defined to be the threshold of 

hearing. 

Express the intensity of the 60-dB 60dB = (lOdB)log^ => I 60 = 10 6 / 0 

sound: I 0 


1153 
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Express the intensity of the 30-dB 
sound: 

Because I(,o = 10 3 / 30 : 


30dB = (lOdB)log— => / 30 = 10 3 / 0 


The statement is false. 


7 

Determine the Concept No. Because the source and receiver are at rest relative to each 
other, there is no relative motion of the source and receiver and there will be no Doppler 
shift in frequency. 

8 

Determine the Concept Because there is no relative motion of the source and receiver, 
there will be no Doppler shift and the observer will hear sound of frequency f 0 . 

(a) is correct. 


*9 .. 

Determine the Concept The light from the companion star will be shifted about its mean 
frequency periodically due to the relative approach to and recession from the earth of the 
companion star as it revolves about the black hole. 

10 • 

Determine the Concept In any medium, the wavelength, frequency, and speed of a wave 
are related through A = v/f. Because the frequency of a wave is determined by its source 
and is independent of the nature of the medium, if v differs in the two media, the 
wavelengths will also differ. In this situation, the frequencies are the same but the speeds 
of propagation are different. 

11 • 

(a) True. The particles that make up the string move at right angles to the direction the 
wave is propagating. 

( b ) False. Sound waves in air are longitudinal waves of compression and rarefaction. 

(c) False. The speed of sound in air varies with the square root of the absolute 
temperature. The speed of sound at 20°C is 4% greater than that at 5°C. 

12 • 

Determine the Concept In any medium, the wavelength, frequency, and speed of a 
sound wave are related through A = v/f Because the frequency of a wave is determined 
by its source and is independent of the nature of the medium, if v is greater in water than 
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in air, A will be greater in water than in air. 


(a) is correct. 


*13 • 

Determine the Concept There was only one explosion. Sound travels faster in water 
than air. Abel heard the sound wave in the water first, then, surfacing, heard the sound 
wave traveling through the air, which took longer to reach him. 


14 •• 

Determine the Concept The graph shown below shows the pulse at an earlier time (-A t) 
and later time (At). One can see that at t = 0, the portion of the string between 1 cm and 2 
cm is moving down, the portion between 2 cm and 3 cm is moving up, and the string at 
x - 2 cm is instantaneously at rest. 



15 •• 

Determine the Concept The velocity of the string at t = 0 is shown. Note that the 
velocity is negative for 1 cm <x<2 cm and is positive for 2 cm < x < 3 cm. 
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16 •• 

Determine the Concept As the jar is evacuated, the speed of sound inside the jar 
decreases. Because of the mismatch between the speed of sound inside and outside of the 
jar, a larger fraction of the sound wave is reflected back into the jar, and a smaller 
fraction is transmitted through the glass of the bell jar. 

*17 •• 

Determine the Concept Path C. Because the wave speed is highest in the water, and 
more of path C is underwater than A or B, the sound wave will spend the least time on 
path C. 

Estimation and Approximation 

18 •• 

Picture the Problem The rate at which energy is delivered by sound waves is the 
product of its intensity and the area over which the energy is delivered. We can use the 
definition of the intensity level of the speech at 1 m to find the intensity of the sound and 
the formula for the area of a sphere to find the area over which the energy is distributed. 


Express the power of human speech 
as a function of its intensity: 

Express the area of a sphere of 
radius 1 m: 

Use /? = (lOdB)log(/// 0 ) to solve 

for the intensity of the sound at the 
65-dB level: 


Substitute and evaluate P: 


P = IA 

A = 4 w 2 = 4;r(lm) 2 = 4;rm 2 
65dB = (l0dB)log— 

A) 

and 

/ = 10 6 5 / 0 = 10 6 5 (lO 12 W/m 2 ) 
= 3.16x10 6 W/m 2 

P = (3.16 x 1(T 6 W/m 2 )(4tt m 2 ) 
= 3.97xl(T 5 W 


19 •• 

Picture the Problem Let d represent the distance from the bridge to the water under the 
assumption that the time for the sound to reach the man is negligible; let t be the elapsed 
time between dropping the stone and hearing the splash. We’ll use a constant- 
acceleration equation to find the distance to the water in all three parts of the problem, 
just improving our initial value with corrections taking into account the time required for 
the sound of the splash to reach the man on the bridge. 
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(a) Using a constant-acceleration 
equation, relate the distance the 
stone falls to its time-of-fall: 


Substitute numerical values and 
evaluate d: 

( b ) Express the actual distance to the 
water d' in terms of a time 
correction At: 

Express At: 


Substitute to obtain: 


d = v 0 t + \gi 


or, because v 0 = 0, 
d = \gt 2 


d = |(9.81 m/s 2 )(4s) 2 


78.5 m 


d' = \g{t- At) 


At = 


d 


d'= jg t 



Substitute numerical values and 
evaluate d’: 


d' = f (9.81m/s°) 


4s- 


78.5m V 
340m/s y 


69.7 m 


(c) Express the total time for the 
rock to fall and the sound to return 
to the man: 


At = At r . + At , 

falling rock sound 



Rewrite the equation in quadratic 
form: 


d--2v: 


1 At 
— + — 

.s Uy 


d + v;(At) 2 =0 


Substitute numerical values to 
obtain: 

Solve for the positive value of d: 


d 2 -(2.63xl0 4 m)<i + 1.85xl0 6 m 2 = 0 


d = 


70.5 m 


... about 1% larger than 


our result in part ( b) and 11% smaller than 
our first approximation in (a). 


*20 •• 

Picture the Problem You can use a protractor to measure the angle of the shock cone 
and then estimate the speed of the bullet using sin 9 = v/u. The speed of sound in 
helium at room temperature (293 K) is 977 m/s. 
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Relate the speed of the bullet u to v 

the speed of sound v in helium and s ^ n @ - ~ 

u 

the angle of the shock cone 6 : 


Solve for u : v 

u =- 

sin# 

Measure 6 to obtain: 0 « 70° 


Substitute numerical values and 
evaluate u: 


911 mis 

u =- 

sin 70° 


1.04km/s 


21 •• 

Picture the Problem Let d be the distance to the townhouses. We can relate the speed of 
sound to the distance to the townhouses to the frequency of the clapping for which no 
echo is heard. 


Relate the speed of sound to the 
distance it travels to the townhouses 
and back to the elapsed time: 

Express d in terms of the number of 
strides and distance covered per 
stride: 

Relate the elapsed time At to the 
frequency /of the clapping: 

Substitute numerical values and 
evaluate v: 

Express the percent difference 
between this result and 340 m/s: 


2d 
v = — 

At 

d = (30 strides )(l. 8 m/stride) = 54m 


At = — = -1- 

/ 2.5 claps/s 


= 0.4s 


v = 


2(54 m) 
0.4s 


270m/s 


340 m/s -270 m/s 
340 m/s 


20 . 6 % 


Speed of Waves 


22 • 

Picture the Problem The speed of sound in a fluid is given by v = *Jb] p where B is the 
bulk modulus of the fluid and p is its density. 


(a) Express the speed of sound in 
water in terms of its bulk modulus: 



Substitute numerical values and 

1 2.0 xlO 9 N/m 2 


evaluate v: 

V 10 3 kg/m 3 

1.41 km/s 
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(. b ) Solve v = -yJ~B/~p for B: 

Substitute numerical values and 
evaluate B\ 


B = pv 2 

B = (l 3.6 x 10 3 kg/m 3 )(l 410 m/s) 2 
= 2.70xlO 10 N/m 2 


*23 • 

Picture the Problem The speed of sound in a gas is given by v = ^ jyRT/M where R is 

the gas constant, T is the absolute temperature, Mis the molecular mass of the gas, and y 
is a constant that is characteristic of the particular molecular structure of the gas. Because 
hydrogen gas is diatomic, y = 1.4. 


Express the dependence of the speed 
of sound in hydrogen gas on the 
absolute temperature: 



Substitute numerical values and 
evaluate v: 


I T .4(8.314 J/mol-K)(300Kj 

\ 2x10 3 kg/mol 

1.32km/s 


24 • 

Picture the Problem The speed of a transverse wave pulse on a wire is given by 
v = -yjF/n where F is the tension in the wire, m is its mass, L is its length, and // is its 
mass per unit length. 


Express the dependence of the speed 
of the pulse on the tension in the 
wire: 



where // is the mass per unit length of the 
wire. 


Substitute numerical values and 
evaluate v: 



900 N 
0.1kg/7m 


251m/s 


25 • 

Picture the Problem The speed of transverse waves on a wire is given by 
v = tJF/h where F is the tension in the wire, m is its mass, L is its length, and /u is its 
mass per unit length. 
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Express the dependence of the speed 
of the pulse on the tension in the 
wire and the linear density of the 
wire: 

Solve for nr. 


Substitute numerical values and 
evaluate m: 



FL 



(550N)(0.8m) 

(l50m/s) 2 


19.6g 


*26 • 

Picture the Problem The speed of a wave pulse on a wire is given by v = -yjF/ jU where 
F is the tension in the wire, m is its mass, L is its length, and ju is its mass per unit length. 


(a) Doubling the length while 
keeping the mass per unit length 
constant does not change the linear 
density: 

(. b ) Because v depends of \F, 
doubling the tension increases v by a 
factor of a/2 : 


v = 


20m/s 


v = 


V2(20m/s) = 


28.3 m/s 


(c) Because v depends on 


i/V/c 


doubling // reduces v by a factor of 

v/2 : 


v = 


20m/s 

VT 


14.1 m/s 


27 • 

Picture the Problem The speed of a transverse wave on the piano wire is given by 
v = y]F /h where F is the tension in the wire, m is its mass, L is its length, and // is its 
mass per unit length. 


(a) The speed of transverse waves 
on the wire is given by: 



Substitute numerical values and 
evaluate v: 


500 N 


1 (0.005 kg)/(0.7m) 


v = 


265 m/s 
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( b ) Letting m' represent the mass of 
the wire when copper has been 
wrapped around the steel wire, 
express Am, the amount of copper 
wire required: 

Express the new wave speed v': 


Am = m' - m 



Express the ratio of the speed of the 
waves in part (a) to the reduced 
wave speed: 



Solve for and evaluate m'\ 


m' = 4 m 


Substitute to obtain: 


Am = m' - m = 4m - m = 3(5 g) 
= 15.Og 


28 •• 

Picture the Problem We can estimate the accuracy of this procedure by comparing the 
estimated distance to the actual distance. Whether a correction for the time it takes the 
light to reach you is important can be decided by comparing the times required for light 
and sound to travel a given distance. 


(a) Convert 340 m/s to km/s: 


v = 


340 —x 


lkm 
1000 m 


0.340 km/s 


(b ) Express the fractional error in 
the procedure: 


(c) Compare the time required for 
light to travel 1 km to the time 
required for sound to travel the same 
distance: 


As 

s 


s - s 


estimated 


0.007 

0.340 


0.340/-0.333/ 
0.340/ 


2.06% 


lkm 


At 


light 


At 1 km 

sound _ 


V 

c 


340 m/s 
3x 10 8 m/s 


10 


v 
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Because this fraction is so small, a correction for the time for light to 
reach you is not important. 


*29 •• 

Picture the Problem The speed of a transverse wave on a string is given by 
v = tJf// j where F is the tension in the wire and // is its linear density. We can 

differentiate this expression with respect to F and then separate the variables to show that 
the differentials satisfy clvjv = jdF/F . We’ll approximate the differential quantities to 

determine by how much the tension must be changed to increase the speed of the wave to 
312 m/s. 


(a) Evaluate dv/dF: 


dv _ d [F 
dF dF \ /j 


i n l_i z. 

2]IF]u~2'f 


Separate the variables to obtain: 


dv _ 1 dF 
v ~2 F 


(b) Solve for dF: 


dF = 2F— 

V 


Approximate dF with A F and dv 
with Av to obtain: 


AF = 2F 


Av 


v 


Substitute numerical values and 
evaluate A F: 


AF = 2(500 N) 


12m/s 
300 m/s 


40.0 N 


30 •• 

Picture the Problem The speed of sound in a gas is given by v = -J/RT/M where R is 

the gas constant, T is the absolute temperature, M is the molecular mass of the gas, and y 
is a constant that is characteristic of the particular molecular structure of the gas. We can 
differentiate this expression with respect to T and then separate the variables to show that 
the differentials satisfy dv/v = \dT)T . We’ll approximate the differential quantities to 

determine the percentage change in the velocity of sound when the temperature increases 
from 0 to 27°C. Lacking information regarding the nature of the gas, we can express the 
ratio of the speeds of sound at 300 K and 273 K to obtain an expression that involves just 
the temperatures. 
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(a) Evaluate dv/dT: 


Separate the variables to obtain: 


(b ) Approximate dT with AT and dv 
with Av and substitute numerical 
values to obtain: 

(c) Using a differential 
approximation, approximate the 
speed of sound at 300 K: 


Substitute numerical values and 
evaluate v 30 o k- 


Use v = yjjRT / M to express the 
speed of sound at 300 K: 

Use v = yj/RT~J m to express the 
speed of sound at 273 K: 

Divide the first of these equations 
by the second and solve for and 
evaluate v 30 o k- 


dv _ d 
~dT ~ ~dT 

_\_v_ 

~2T 


lyRT 

1 

1 M 

( yR~\ 

V M 

21 

JyRT 

[m) 


dv _ 1 dT 
v ~2 T 


Av l AT 1 


2 T 


27 K 
273K 


4.95% 


V 300K * V 273K + V 273K 


Av 

V 


= V 


273 K 


, Av^ 
1 + — 

V v J 


300 K 


= (33 lm/s)(l + 0.0495) = 


347 m/s 


300 K 


l /R (300 K) 
~ V M 


273 K 


l ]R(273K) 
~ V M 


IjR( 300K) 


k 300K 


k 273K 


M 


300 


l?R (273 K) V 273 


M 


and 


v 3ook =(331m/sX 


300 


273 


347 m/s 


Note that these two results agree to three 
significant figures. 


31 ••• 

Picture the Problem The speed of sound in a gas is given by v = yj/RT/M where R is 
the gas constant, T is the absolute temperature, Mis the molecular mass of the gas, and y 
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is a constant that is characteristic of the particular molecular structure of the gas. Because 
T= t + 273 K, we can differentiate v with respect to t to show that dv/dt = j(v/T). 


Evaluate dv/dt: 


Substitute for t to obtain: 


^(/ + 273K) 

M 

1 1 M 

~2 y yR{t + 273K) \M , 
_l__r 
2 T 


dv _ d 
dt dt 


dv _ 1 v 
~dt~2 / + 273K 


Use the approximation 




AT 




v(()»v(0“C)+i 

= v(0°C) +Av 
where 


f+ 273K 


( 1 ) 


to wnte: 


Av = — 

2 


331m/s 

T+273K 


For t« 273 K: 


Substitute in equation (1) to obtain: 



331m/s 
273 K 


t = (0.606 m/s -K)t 


v{t) - v(0°C)+ (0.606m/s • K)t 
= 331m/s + (0.606m/s-K)t 


32 •• 

Picture the Problem Let d be the distance to the munitions plant, v\ be the speed of 
sound in air, v 2 be the speed of sound in rock, and At be the difference in the arrival times 
of the sound at the man’s apartment. We can express At in terms of 1 1 and t2 and then 
express these travel times in terms of the distance d and the speeds of the sound waves in 
air and in rock to obtain an equation we can solve for the distance from the man’s 
apartment to the munitions plant. 

Express the difference in travel t t -t 2 = At 

times for the sound wave 

transmitted through air and the 

sound wave transmitted through the 

earth: 
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Express the transmission times in 
terms of the distance traveled and 
the speeds in the two media: 

Substitute to obtain: 


Solve for d\ 


Substitute numerical values and 
evaluate d : 


d 

t x = — and 1 2 

U 


d_ 

^2 


d d 
- = At 


or 

d 


r \ P 


V v i 


= d 


y 2 


V J 


= A t 


v 2 -v, 

c l _ (340m/s)(3000m/s)/^ \ 
3000 m/s-340 m/s 

= 1.15km 


33 ••• 

Picture the Problem The locations of the 
lightning strike (L), dorm room (R), and 
baseball park (P) are indicated on the 
diagram. We can neglect the time required 
for the electromagnetic pulse to reach the 
source of the radio transmission, which is 
the ballpark. The angle 6 is related to the 
sides of the triangle through the law of 
cosines. We’re given the distance dm and 
can find the other sides of the triangle 
using the speed of sound and the elapsed 
times. 



N 

A 


Using the law of cosines, relate the angle 6 to the distances that make up the sides 
of the triangle: 

d RR = dl ? + dp R - 2d LP d ?R cos(l 80° - 0) = d[ P + d PR + 2 d LP d PR cos 6 


6 = cos - 


d 1 _j 2 ^ 

u LR U LP “PR 


Solve for &. 


i 
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Express the distance from the d LP = v s At LP = (340m/s)(2s) = 680 m 

lightning strike to the ball park: 

Express the distance from the d LR = v s At LR = (340m/s)(6s) = 2040 m 

lightning strike to the dorm room: 


Substitute and evaluate &. 


6 = cos 1 


" (2040 m) 2 -(680 m) 2 - (l 600 m) 2 ^ 
2(680 m)(l 600 m) 


±58.4° 


The lightning struck 680 m from the ballpark, 58.4° W (or E) of north. 


*34 ••• 

Picture the Problem Choose a coordinate 
system in which station Alpha is at the 
origin and the axes are oriented as shown 
in the pictorial representation. Because 
0.75 mi = 1.21 km, Alpha’s coordinates are 
(0, 0), Beta’s are (1.21 km, 0), and those of 
the lightning strike are (x, y). We can relate 
the distances from the stations to the speed 
of sound in air and the times required to 
hear the thunder at the two stations. 

Relate the distance d a to the position 
coordinates of Alpha and the 
lightning strike: 

Relate the distance dp to the 
position coordinates of Beta and the 
lightning strike: 

Relate the distance d a to the speed 
of sound in air v and the time that 
elapses between seeing the lightning 
at Alpha and hearing the thunder: 

Relate the distance dp to the speed 
of sound in air v and the time that 
elapses between seeing the lightning 
at Beta and hearing the thunder: 

Substitute in equations (1) and (2) to 
obtain: 



(x - 1.21km) 2 + y 2 = dp (2) 

d a =vA t a = (340m/s)(3.4s)= 1156 m 


dp =vAtp = (340m/s)(2.5s) = 850m 


x 2 + v 2 =(l 156 m) 2 =1.336 km 2 (3) 
and 
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Subtract equation (4) from equation 
(3) to obtain: 


Solve for x to obtain: 

Substitute in equation (3) to obtain: 

Solve for y, keeping the positive 
root because the lightning strike is 
to the north of the stations, to 
obtain: 

The coordinates of the lightning 
strike are: 


(x - 1.21km) 2 + y 2 = (850 m)~ 

= 0.7225 km 2 

x 2 -(x-1.21km) 2 = 1.336 km 2 

-0.7225 km 2 
or 

(2.42km)x-(l.21km)‘ = 0.6135km 2 
x = 0.855 km 

(0.855km) 2 +v 2 =1.336 km 2 
y = 0.778km 


(0.855 km, 0.778 km) 
or 

(0.531 mi, 0.484 mi) 


35 ••• 

Picture the Problem The velocity of longitudinal waves on the Slinky is given by 
v = -Jb/ p where B is the bulk modulus of the material from which the slinky is 
constructed and p is its mass per unit volume. The velocity of transverse waves on the 
slinky is given by v = yjF/p where F is the tension in the slinky and p is its mass per 

unit length. Substitution for B and p will lead to v = Lyjk/m in (a) and similar 
substitutions, together with the assumption that L 0 « L will yield the same result for ( b ). 

(a) Express the velocity of 
longitudinal waves on the slinky: 



For the slinky: 


m 



and 



AF/V 


(2) 


P = 


m 

AL 


and P = 


-k 


AL 

~A 


Letting A be the cross-sectional area 
of the slinky: 
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Substitute in equation (2) and 

B = k — 

simplify to obtain: A 


Substitute in equation (1): 


, L 


v = 

k — 

A 

lJ* 


1 

m 

V m 


1 

AL 


(. b ) Express the velocity of transverse 


[f 


waves on the slinky: 

V 1 

A 



For the slinky: 


m 



and 

r 

F = kAL=k(L-L 0 ) = kL 1 

V 

« kL if L 0 « L 


A) 

L 


\ 

J 


Substitute in equation (3) to obtain: 



The Wave Equation 


36 


Picture the Problem The general wave equation is 


d 2 y 1 d 2 y 


. To show that each of 


dx 2 V 2 dt 2 

the functions satisfies this equation, we’ll need to find their first and second derivatives 
with respect to x and t and then substitute these derivatives in the wave equation. 


(a) Find the first two spatial 
derivatives of y{x,t) = k(x + vtf : 


Find the first two temporal 
derivatives of y(x,t) = k (x + vt ) ? : 


— = 3 k(x + vt) 2 
dx 

and 

d 2 v 

-y = 6k(x + Vt) (1) 

dx~ 


— = 3 kv{x + vt) 
dt v ’ 

and 
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Express the ratio of equation (1) to 
equation (2): 


(. b ) Find the first two spatial 
derivatives of y(x,t ) = Ae lkfl " vt> : 


Find the first two temporal 
derivatives of y(x,t ) = Ae lktl " vt> : 


—^ = 6kv 2 (x + vt) (2) 

dt 2 v ' 

8x 2 _ 6k(x + vt) 
d 2 y 6 kv 2 (x + vt) 

w 

confirming that y(x, t ) = k(x + vt) 3 
satisfies the general wave equation. 

^ = ikAe ik{x - v,) 
dx 

and 

^4 = i 2 k 2 Ae ik(x - vt) 
dx 2 

or 

^4 = ~k 2 Ae ,k(x - Vt) (3) 

dx 1 

^ = -ikvAe ,k(x - vt] 
dt 

and 

^4 = i 2 k 2 v 2 Ae ik[x - v,) 
dt 2 

or 

^4 = -k 2 v 2 Ae ik{x ~ v,) (4) 
St 2 



Express the ratio of equation (3) to 
equation (4): 


(c) Find the first two spatial 
derivatives of y(x, t) = In k(x - vt): 


d x 2 _ -k 2 Ae ik{x - V,) 
d 2 y ~ -k 2 v 2 Ae ik{x - v,) 
dt 2 

confirming that y(x,t) = Ae' ki ' n| 
the general wave equation. 



satisfies 


dy _ k 
dx x-vt 
and 

g 2 v k 2 

dx 2 (x-vt) 2 


(5) 
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Find the first two temporal 
derivatives of v(x, t) = In k(x -vt ): 


Express the ratio of equation (5) to 
equation (6): 


ov _ vk 

dt x - vt 
and 

a 2 2 / 2 

o y _ v k 

dt 2 (x - vt)~ 


(6) 


8 2 y k2 

dx 2 _ (x-vtf _| 1 

2/2 2 

ay v k v 

dt 2 (x - vt) 2 

confirming that v(x, / ) = In k(x - vt) 
satisfies the general wave equation. 


*37 


Picture the Problem The general wave equation is 


d 2 y 1 d 2 y 


. To show that 


dx v dt" 

y = A sin kx cos cot satisfies this equation, we’ll need to find the first and second 
derivatives of y with respect to x and t and then substitute these derivatives in the wave 
equation. 


Find the first two spatial derivatives 
of v = ^sinAxcos&>t: 


Find the first two temporal 
derivatives of y = A sin kx 'cos cot : 


Express the ratio of equation (1) to 
equation (2): 


dv A1 , 

— = Ak cos kx cos cot 
dx 

and 

5 2 T , ?_2 


dx 2 


= - Ak - sin kx cos cot 


= -coA sm kx sin cot 


dy_ 
dt 
and 

5 2 T ,.2 


dt 


= -co Asin kx cos cot 


(1) 


( 2 ) 


d 2 y 

Q x 2 _ - Ak 2 sin kx cos cot _ k 2 
d 2 y - A co 2 sin kx cos cot co 2 

W 

~ T 


confirming that y = Asinkxcoscot 
satisfies the general wave equation. 
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Harmonic Waves on a String 

38 • 

Picture the Problem We can find the velocity of the waves from the definition of 
velocity and their wavelength from A = vj f. 


Express the wavelength of the A — V 

waves: / 


Using the definition of velocity, find 
the wave velocity: 


Ax 
v = — 
At 


6 m 

0.5s 


= 12m/s 


Substitute to obtain: 


A 


12m/s 
60s 1 


20.0 cm 


39 • 

Picture the Problem Equation 15-13, y{x,t) = Asm{kx-cot), describes a wave 

traveling in the positive x direction. For a wave traveling in the negative x direction we 
have v(x, t) = A sin(&x + cot). 


(a) Factor k from the argument of 
the sine function to obtain: 


( b ) Substitute k = 2k/ A and 
(D = 2rf to obtain: 


(c) Substitute k = 2 k j A and 
co = 2kIT to obtain: 


y{x,t) = Asmk 


co 

x - 1 

k , 


A sin k{x - vt) 


y{x,t)= A 


sin 


2k 

T 


x — 2 Tift 


J 


Asvo.2k 


r x ' 

—ft 

K A j 


y(x,t)= A 


sin 


2k 2k ^ 
A T j 


v4sin2;r 

fx 1 ^ 



U T J 
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(d) Substitute k = 2njX to obtain: 


( e ) Substitute k = 2nj X and 
(o = 2 nf to obtain: 


y(x,t) = A sin 


In 


\ 


x-cot 
V X j 


a ■ 2;r 

= A sin — 
X 


c 


x — 


Xco 

In 


^4 sin — (x-vt) 
X V ’ 


y{x, t) = A sin (kx - 2 nft) 


= A sin Inf 


f k > 
-x — t 


2 nf 


A sin 2nf 


— t 

) 


For waves traveling in the negative x 
direction, we simply change the - signs to 
+ signs. 


*40 • 

Picture the Problem We can use /= c/X to express the frequency of any periodic wave 
in terms of its wavelength and velocity. 


(a) Find the frequency of light of 
wavelength 4x10 7 m: 



2.998 xlQ 8 m/s 
4x10 7 m 


= 7.50 x 10 14 Hz 


Find the frequency of light of 
wavelength 7x10 7 m: 



2.998xlQ 8 m/s 
7 x 10~ 7 m 


= 4.28 x 10 14 Hz 


Therefore the range of frequencies 
is: 

(b ) Use the same relationship to 
calculate the frequency of these 
microwaves: 


4.28 x 10 14 Hz < / < 7.50 x 10 14 Hz 


c _ 2.998x 10 s m/s 
X 3x10 2 m 

l.OOxlO 10 Hz 


41 • 

Picture the Problem The average power propagated along the string by a harmonic 
wave is P av = \ juco 1 A 2 v, where v is the speed of the wave, and //, ox and A are the linear 
density of the string, the angular frequency of the wave, and the amplitude of the wave, 
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respectively. 

Express and evaluate the power propagated P av = 4//nr A 2 v 
along the string: 

The speed of the wave on the string is 
given by: 

Substitute for v to obtain: , , l~P 

P av =±pco 2 A 2 l- 



Substitute numerical values and evaluate P m : 


P m = y(4^- 2 )(0.05kg/m)(l0s 1 ) (0.05 m) 1 


80 N 


0.05 kg/m 


9.87 W 


42 • 

Picture the Problem The average power propagated along the rope by a harmonic wave 
is P dV = j pco 2 A 2 v, where v is the velocity of the wave, and p, co, and A are the linear 

density of the string, the angular frequency of the wave, and the amplitude of the wave, 
respectively. 


Rewrite the power equation in terms P m = \ pco~A 2 v = 2n 2 pf A 2 v 

of the frequency of the wave: 


Solve for the frequency: 


_ i 

2n 2 pA 2 v 2 ttA pv 


The wave velocity is given by: 



Substitute for v and simplify to 
obtain: 



JL 

2kA\^F 


Substitute numerical values and evaluate/: 
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1 

2(100 W) 

2;r(0.01m) 

1 


^O.lkg^ 

l 2m J 

(60 N) 


171 Hz 


43 •• 

Picture the Problem Equation 15-13, y(x,t)= Asm{kx-cot\ describes a wave 

traveling in the positive x direction. For a wave traveling in the negative x direction, we 
have y{x, t) = A sin (Ax + cot). We can determine A, k, and to by examination of the wave 

function. The wavelength, frequency, and period of the wave can, in turn, be determined 
from k and to. 


Because the sign between the kx and cot terms is positive, the wave 
is traveling in the negative x direction. 


Find the speed of the wave: 


co _ 314s 1 
k ~ 62.8 nC 1 


5.00 m/s 


(b) The coefficient of x is k and: 


k = 


2 n 

T 


Solve for and evaluate A: 


2 n _ 2 k 
~ k~ 62.8m 


10.0cm 


The coefficient of t is co and: 


co _ 314s" 1 
In 2 n 


50.0 Hz 


The period of the wave motion is the 
reciprocal of its frequency: 



1 

50 s 1 


0.0200 s 


(c) Express and evaluate the 
maximum speed of any string 
segment: 


v max = Aco = (0.001m)(314rad/s) 
= 0.314m/s 


44 •• 

Picture the Problem Let the positive x direction be to the right. Then equation 15-13, 
y(x,t) = A sin(kx — cot), describes a wave traveling in the positive x direction. We can 

find co and k from the data included in the problem statement and substitute in the general 
equation. The maximum speed of a point on the string can be found from v max = Aco and 

the maximum acceleration from a nrix = Aco 2 . 
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(a) Express the general form of the y[x,t) = Asm(kx — cot) 

equation of a harmonic wave 
traveling to the right: 

Evaluate co: co = Irf = 2;r(80 s _1 ) = 503 s _1 

Determined: , co 503s _1 _ , 

k= — = -= 41.9m 

v 12m/s 


Substitute to obtain: y(x,t ) = (0.025 m)sin (41.9 m 1 )x - (503 s ')/ 


(. b ) Express and evaluate the 
maximum speed of a point on the 
string: 


v max =^© = (0.025m)(503s _1 ) 
= 12.6m/s 


(c) Express the maximum a max = A of 

acceleration of a point on the string: 


Substitute numerical values and 
evaluate a max : 


0m„=(O.O25m)(5O3s- 1 ) 2 
= 6.33km/s 2 


45 •• 

Picture the Problem The average total energy of waves on a string is given by 
A E w = j H(Q 2 A 2 Ax, where // is the linear density of the string, co is its angular 

frequency, A the amplitude of the wave motion, and, in this problem, Ax is the length of 
the string. The average power propagated along the string is P av = \iiGf A 2 v. 


(a) AEav is given by: 


A E m = \ fiarA 1 Ax = 2;r 2 juf 1 A 2 Ax 


Evaluate A E = \ /uco 2 A Ax with Ax = L = 20 m: 


A E„, = 2n‘ 


°' Q6kg I (200 s 1 ) 2 (0.012 m) 2 (20 m) - 
20m 


6.82 J 


P w = \hco 2 A 2 v 


(b) Express the power transmitted 
past a given point on the string: 
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The speed of the wave is given by: 



Substitute for v to obtain: 



Substitute numerical values and evaluate P m : 


P„ = lie* 


M(200s-') 2 (0.012mf 
20m 


1 


50N 


0.06kg 


20 m 


44.0 W 


*46 •• 

Picture the Problem The power propagated along the rope by a harmonic wave is 
P = \ /uco 1 A 1 v where v is the velocity of the wave, and //, co, and A are the linear density 

of the string, the angular frequency of the wave, and the amplitude of the wave, 
respectively. We can use the wave function y = (A fl e bx )sin (kx-cot) to determine the 

amplitude of the wave at x = 0 and at point x 


(a) Express the power associated P = \ /uco 1 A \ 

with the wave at the origin: 


Evaluate the amplitude atx = 0: 

4o)= 

o 

II 

o 

o 


Substitute to obtain: 

p(o)= 

j fuoo 2 A/v 


(b ) Express the amplitude of the 

A(x) = 

o 

1 

S' 


wave at x: 




Substitute to obtain: 


{//cj 2 (A n e /u ) 2 v 


= 

j /u co 2 A^ve 

—2 bx 


47 •• 

Picture the Problem The average power propagated along the rope by a harmonic wave 
is P m = j /uco 2 A 2 v where v is the velocity of the wave, and ft, ox and A are the linear 

density of the string, the angular frequency of the wave, and the amplitude of the wave, 
respectively. 
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(a) Express the average power 
transmitted along the wire: 

Substitute numerical values and 
evaluate / J av : 


( b ) Because P av oc f 2 : 


Because P av oc A 2 : 


Because P m oc v and v oc : 


(c) 


P m = j /uco 2 A 2 v = 2 nf A 2 v 

P av =2^- 2 (0.01kg/m)(400s‘) 2 
x(o.5xlO 3 m)~(lOm/s) 
= 79.0 mW 


Increasing / by a factor of 10 would 
increase P av by a factor of 100. 


Increasing A by a factor of 10 would 
increase/ 5 ^ by a factor of 100. 


Increasing F by a factor of 10 4 would 
increase v by a factor of 100 and P av 
by a factor of 100. 


Depending on the adjustability of the 
power source, increasing / or A 
would be the easiest. 


*48 ••• 

Picture the Problem We can use the assumption that both the wave function and its first 
spatial derivative are continuous atx = 0 to establish equations relating A, B, C, k h and k 2 . 
Then, we can solve these simultaneous equations to obtain expressions for B and C in 
terms of A, V\, and v 2 . 


(a) Lctydx, t) represent the wave 
function in the region x < 0, and 
y 2 (x, t) represent the wave function 
in the region x > 0. Express the 
continuity of the two wave functions 
atx = 0: 


Because the sine function is odd; 
i.e., sin(- 9) = - sin 0 : 


Ti (0,t)= v 2 (0,f) 
and 

A sin^ (o) - cot ] + B sinf^ (o) + cot\ 
= Csin[A' 2 (())- fe>/] 
or 

A sin(- cot) + B sin cot = C sin(- cot) 

- Asm cot + B sin cot = -C sin cot 
and 

A-B = C 


(1) 







1178 Chapter 15 


Differentiate the wave functions 
with respect to x to obtain: 


Express the continuity of the slopes 
of the two wave functions at x = 0: 


Because the cosine function is even; 
i.e., cos(— 6) = cos#: 


Multiply equation (1) by k\ and add 
it to equation (2) to obtain: 

Solve for C: 


Solve for CIA and substitute co/v\ for 
k\ and co/v 2 for /c 2 to obtain: 


Substitute in equation (1) to obtain: 


= Ak x cos(k x x - cot ) 
dx 

+ Bk x cos{k x x + cot) 
and 

= Ck 2 cos (k^x - cot ) 
dx 


dx 

and 


IV =0 


& 2 

dx 


'x =0 


Ak, cos[C', (0) - col ] + Bk ] cos[C', (0) + cot] 
= Ck 2 cos[A : 2 (0) - cot] 


or 


Ak x cos(— cot) + Bk x cos cot 

= Ck 2 cos(— cot) 

Ak x cos cot + Bk x cos cot = Ck 2 cos cot 
and 

k x A + k x B = k 2 C (2) 

2 k x A = (k x +k 2 )C 


C= 2k ' A =--- A 

k^ + ^2 1 + 1^2 j k-y 


C 


A 1 + k^2 jk\ 


! + Vi/v 2 


A- B = 


r 2 A 

V 1 + V 1 / V 2 J 


A 


B_ = l ~ V J V 2 

A 1 + Vj / v 2 


Solve for B/A: 
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(. b ) We wish to show that 

B 2 + (v 1 /v 2 )C* 2 = A 2 

Use the results of (a) to obtain the 
expressions B = -[(1 - a)/( 1 + a )] A 
and C = 2AI{\ + a), where a = vi/v 2 . 

Substitute these expressions into 

B 2 + (v!/v 2 )C 2 = A 2 

and check to see if the resulting 
equation is an identity: 


B 2 + — C 2 = A 2 


1 -a 
1 + a 


r 


A + a 
1 - a 


l + a 


V 

+ a\ 


l + a 


A 2 


1 + a 


(l - a) 2 + 4a 
(l + a) 2 

l-2a + a 2 +4a 


= A 2 

= 1 

= 1 

= 1 


1 + 2 a + a 
(l + a) 2 
(l + a) 2 


= i 

= i 


1 = 1 


The equation is an identity: 


Therefore, 



Remarks: Our result in (a) can be checked by considering the limit of B/A as 
v 2 /vi —» 0. This limit gives B/A = +1, telling us that the transmitted wave has zero 
amplitude and the incident and reflected waves superpose to give a standing wave 
with a node at x = 0. 

Harmonic Sound Waves 


*49 


Picture the Problem The pressure variation is of the form p(x,t)= p 0 cos k(x — vt) 


n 


where k = — and v = 340 m/s. We can find X from k and /from co and k. 


(a) By inspection of the equation: 


P o 


0.750Pa 


,2 n n 

(b ) Because k = — = —: 

X 2 


X = 


4.00 m 


O) 2 7lf 

(c) Solve v = — =-for/to obtain: 

k k 


/= 


-(340 m/s) 


2 n 


2 n 


85.0 Hz 
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(d) By inspection of the equation: 


v = 


340 m/s 


50 • 

Picture the Problem The frequency, wavelength, and speed of the sound waves are 
related by v = fX. 


(a) Express and evaluate the 
wavelength of middle C: 



340 m/s 
262 s' 1 


1.30 m 


(. b ) Double the frequency 
corresponding to middle C; solve 
for and evaluate X: 



340 m/s 
2(262 s -1 ) 


0.649m 


51 • 

Picture the Problem The pressure amplitude depends on the density of the medium p, 
the angular frequency of the sound wave p, the speed of the wave v, and the displacement 
amplitude .v ( > according to p 0 = pcovs 0 . 


(a) Solve p 0 = pcovs 0 for s 0 : _ p 0 

s o ~ 

pcov 


Substitute numerical values and 
evaluate so: 


(l 0 4 atm)(l .01325 x 10 5 Pa/atm) 
27r(l .29 kg/m 3 )(l 00 s 1 )(340 m/s) 

3.68x10 5 m 


(j b ) Use p 0 = pcovs (} to find /><,: 


p Q = 2^-(l.29kg/m’)(300s ] )(340m/s)(l0 7 m) 


8.27x10" Pa 


52 • 

Picture the Problem The pressure amplitude depends on the density of the medium p, 
the angular frequency of the sound wave p, the speed of the wave v, and the displacement 
amplitude .v 0 according to p 0 = pcovs 0 . 


s 


0 


P 0 


(a) Solve p Q = pcovs 0 for s 0 : 


pcov 












Substitute numerical values and 
evaluate .sv,: 
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(. b ) Proceed as in ( a ) with /= 1 kHz: 


29 Pa 

0 27r(l .29 kg/m 3 )(l 000 s” 1 )(340 m/s) 

= 2.10xl0 5 m 


29 Pa 

0 2tt(i .29 kg/m 3 )(l 000 )(340 m/s) 

= 1.05x10 "m 


53 • 

Picture the Problem The pressure or density wave is 90° out of phase with the 
displacement wave. When the displacement is zero, the pressure and density changes are 
either a maximum or a minimum. When the displacement is a maximum or minimum, the 
pressure and density changes are zero. We can use p 0 = pcovs 0 to find the maximum 

value of the displacement at any time and place. 


(a) If the pressure is a maximum at 
xj when t = 0: 


the displacement s is zero. 


(b) Solve p 0 = pcovs 0 for s 0 : _ P 0 

s o ~ 

pcov 


Substitute numerical values and 
evaluate so: 


(lO 4 atm)(l.01325xl0 : 'Pa/atm) 
2 tt(i .29 kg/m 3 )(l 000 s“‘ )(340 m/s) 

3.68 pm 


*54 • 

Picture the Problem A human can hear sounds between roughly 20 Hz and 20 kHz; a 
factor of 1000. An octave represents a change in frequency by a factor of 2. We can 
evaluate 2 V = 1000 to find the number of octaves heard by a person who can hear this 
range of frequencies. 


Relate the number of octaves to the 
difference between 20 kHz and 20 
Hz: 

Take the logarithm of both sides of 
the equation to obtain: 


2 n =1000 


log2 w = loglO 3 
or 

AHog2 = 3 

= —-— = 9.97 ~ 
log 2 


Solve for and evaluate N: 


10 
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Waves in Three Dimensions: Intensity 

55 • 

Picture the Problem The pressure amplitude depends on the density of the medium p , 
the angular frequency of the sound wave p, the speed of the wave v, and the displacement 
amplitude .Vo according to p 0 = pcovs () . The intensity of the waves is given by 

7 = 4- pco 2 s\\ = y —- and the rate at which energy is delivered (power) is the product of 

> 

the intensity and the surface area of the piston. 

(a) Using p 0 = pcavs 0 , evaluate p 0 : p Q = 2^-(l.29kg/m , )(500s _i ) 

x(340m/s)(0.1xl(T 3 m ) 

= 138Pa 


(/;) Use / = to find the 
- pv 


intensity of the waves: 


J_ (l38Pa) 2 

~ 2 (l .29kg/m 3 ](340 m/s) 

= 21.7 W/m 2 


(c) Using / J ,v = IA to find the power 
required to keep the piston 
oscillating: 


=(21.6W/m 2 )(lO- 2 m 2 ) 
= 0.217 W 


56 • 

Picture the Problem The intensity of the sound from the spherical source varies 
inversely with the square of the distance from the source. The power radiated by the 
source is the product of the intensity of the radiation and the surface area over which it is 
distributed. 


(a) Relate the intensity at 10 m to the 
distance from the source: 



or 


10 4 W/m 2 =- . av ., 

4;r(l0m)~ 


4^r' 2 


Letting r' represent the distance at 
which the intensity is 10 6 W/m 2 , 
express the intensity as in part (a): 


10~ 6 W/m 2 









Divide the first of these equations 
by the second to obtain: 
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Solve for and evaluate r'\ 


P 

( b ) Solve / = —for P av : 

An r 

Substitute numerical values and 
evaluate P av : 


10 4 W/m 2 _ 4^(l Om) 2 

10' 6 W/m 2 ~ P m 
Aw' 2 


r = 


= V(l0 2 )(l0m) 2 = 


100 m 


P =Anr I 


P m = 4n(\ 0 m) 2 (l 0~ 4 W/m 2 ) = 


0.126 W 


*57 • 

Picture the Problem Because the power radiated by the loudspeaker is the product of the 
intensity of the sound and the surface area over which it is distributed, we can use this 
relationship to find the average power, the intensity of the radiation, or the distance to the 
speaker for a given intensity or average power. 


(a) Use P v . = Am 2 1 to find the total 

acoustic power output of the 
speaker: 


P K = 4^(20 m ) 2 (l0 2 W/m 2 ) 
= 50.3 W 


(. b ) Relate the intensity of the sound | q 2 _ U 

at 20 m to the distance from the 4^(20 111 )“ 

speaker: 


Relate the threshold-of-pain 
intensity to the distance from the 
speaker: 


lW/m 2 =-^r 

Anr 


Divide the first of these equations 
by the second; solve for and 
evaluate r: 


r = ^10 2 (20 m) 2 


2.00 m 


P 

(c) Use / = —to find the 
Am~ 

intensity at 30 m: 


/(30 m) 


50.3 W 

4^(30 m)" 

4.45 x 10~ 3 W/m 2 
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58 •• 

Picture the Problem We can use conservation of energy to find the acoustical energy 
resulting from the dropping of the pin. The power developed can then be found from the 
given time during which the energy was transformed from mechanical to acoustical form. 
We can find the range at which the dropped pin can be heard from / = PIAn r 2 . 


(a) Assuming that / = PI Arc r 2 , express 
the distance at which one can hear the 
dropped pin: 



Use conservation of energy to 
determine the sound energy generated 
when the pin falls: 


Express the power of the sound pulse: 


E = 


P = 


(0.0005 )(mgh) 

(0.0005)(0.1xl0 3 kg)(9.81m/s 2 ) 
x (l in) 

4.91x10 7 J 
E _ 4.91xlQ~ 7 J 
At 0.1s 


= 4.91 x 10^ 6 W 


Substitute numerical values and 
evaluate r. 


r = 


4.91x10 6 W 
4 tt( 10 11 W/m 2 ) 


198 m 


(b ) Repeat the last step in (a) with 
1= 1 O' 8 W/m 2 : 


I 4.91x10 6 W 
1 ~ V 4tt( 10 8 W/m 2 ) 


6.25 m 


Intensity Level 

59 • 

Picture the Problem The intensity level of a sound wave /?, measured in decibels, is 
given by p = (lOdB)log(/// 0 ) where 7 0 = 10 12 W/m 2 is defined to be the threshold of 

hearing. 


f 

P = (lOdB)log 

V 


10 

10 


10 


12 


W/m 2 N 
W/m 2 y 


= lOloglO 2 = 


20.0 dB 


(a) Using its definition, calculate the 
intensity level of a sound wave 
whose intensity is 10' 10 W/m 2 : 
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(. b ) Proceed as in (a) with 
1= 10~ 2 W/m 2 : 


P = 


f 

(lOdB)log 

v 


10~ 2 W/m 2 ' 

10 12 W/m 2 y 


= lOloglO 10 


lOOdB 


60 • 

Picture the Problem The intensity level of a sound wave p, measured in decibels, is 
given by (3 = (lOdB)log(/// 0 ) where I 0 = 10 12 W/m 2 is defined to be the threshold of 

hearing. 

(a) Solve p = (l 0 dB) log(/// 0 ) for / / = 10 Ml0dB) / o 

to obtain: 


Evaluate / for /?= 10 dB: 


/ = 10 (lOdB)/(10dB) / 1Q/ 


= 10(10 12 W/m 2 ) = 


1CT 11 W/m 2 


(b) Proceed as in (a) with /?= 3 dB: 


/ = 10 ( 3 dB)/(iodB ) 7 = 21 


= 2(1 0 12 W/ 111 2 ) 


2x10 12 W/m 2 


*61 • 

Picture the Problem The intensity level of a sound wave p, measured in decibels, is 
given by p = (lOdB)log(/// 0 ) where 7 0 = 10 12 W/m 2 is defined to be the threshold of 

hearing. 


Express the sound level of the rock 
concert: 


^concert =( 10 dB)log 


r I ^ 

concert 

\ h J 


( 1 ) 


Express the sound level of the dog’s 
bark: 


50 dB = (lOdB)log 


1 dog 

\ h J 


Solve for the intensity of the dog’s 
bark: 


4, E =10T = 10 5 (l0- p -W/m 2 ) 

= 10~ 7 W/m 2 


Express the intensity of the rock 
concert in terms of the intensity of 
the dog’s bark: 


10*4, =10 4 (l«~ 7 W/m 2 ) 
= 10^ 3 W/m 2 














1186 Chapter 15 


Substitute in equation (1) and 
evaluate /Concert: 


A—, =(!0dB)log 


10 ' W/rn 2 x 


v 10 12 W/m 2 y 


= (l0dB)logl0 9 


90.0 dB 


62 • 

Picture the Problem The intensity level of a sound wave ft., measured in decibels, is 
given by /? = (lOdB)log(/// 0 ) where 7 0 = 10 12 W/m 2 is defined to be the threshold of 

hearing. 


Express the intensity level of the 
louder sound: 


A =(l0dB)log 


■v 

V 2 oy 


Express the intensity level of the 
softer sound: 


A=(l0dB)log 


'I A 

's 

J 


Express the difference between the 
intensity levels of the two sounds: 


P L -P,= 30dB 


= (lOdB 


[ 

(iA 


f4Yl 

log 

x L 

14 ) 

-log 

14 4 


f 

= (lOdB)log 

v 

= (lOdB)log 

V 


hJl 0 
IJh) 


Solve for and evaluate the ratio IJh\ 


4 

4 


10 3 and 


(a) is correct. 


63 • 

Picture the Problem We can use the definition of the intensity level to express the 
difference in the intensity levels of two sounds whose intensities differ by a factor of 2. 


Express the intensity level before the 
intensity is doubled: 


f 

A = (lOdB)log 

V 



f 2I^ 


v4 j 


Express the intensity level with the 
intensity doubled: 


A = (lOdB)log 
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Express and evaluate Aj3= // - fi \: 


A/? = A-A 


4 


= (lOdB)log-(lOdB)log 




wo y 
' 2 /' 


v/oy 


= (lOdB)log — =(l0dB)log2 

w y 


= 3.01dB: 


3.0 dB 


*64 • 

Picture the Problem We can express the intensity levels at both 90 dB and 70 dB in 
terms of the intensities of the sound at those levels. By subtracting the two expressions, 
we can solve for the ratio of the intensities at the two levels and then find the fractional 
change in the intensity that corresponds to a decrease in intensity level from 90 dB to 70 
dB. 

Express the intensity level at 90 dB: , . { / N 

90 dB = (lOdB)log 

v 4 


Express the intensity level at 70 dB: 


Express Aj3= /3 90 - /%: 


Solve for I 90 : 

Express the fractional change in the 
intensity from 90 dB to 70 dB: 


70 dB = (lOdB)log 


(I 3 

1 70 

V^oy 


A/? = 20 dB 




= (lOdB)log -(lOdB)log 
= (lOdB)log 


V^oy 
f I ^ 

1 90 

vAo y 


f i ^ 

_70 

v 4 y 


4> = ioo/ 70 


4o 4o _ 100/ 70 4> 


90 


100/ 


99% 


70 


65 •• 

Picture the Problem The intensity at a distance r from a spherical source varies with 
distance from the source according to / = P m / Am ~ 2 . We can use this relationship to 

relate the intensities corresponding to an 80-dB intensity level (/ 80 ) and the intensity 
corresponding to a 60-dB intensity level (/6o) to their distances from the source. We can 
relate the intensities to the intensity levels through /? = (lOdB)log(/// 0 ). 
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(a) Express the intensity of the 
sound where the intensity level is 80 
dB: 


[ 10 


4xr{ 0 


Express the intensity of the sound 
where the intensity level is 60 dB: 

Divide the first of these equations 
by the second to obtain: 


Solve for r. 


Find the intensity of the 80-dB 
sound level radiation: 


Find the intensity of the 60-dB 
sound level radiation: 


Substitute and evaluate r. 


P 

T _ av 
i 60 — ' 


4 nr 


80 


60 


4;r(l0m) 2 


100 nr 


4 nr~ 


= (lOm) pi 


60 


80 dB = (lOdB)log 


f I ^ 
1 80 

J 


and 

^80 


L n =10 8 / a =10 -4 W/m 2 


60 dB = (lOdB)log 


f 1 ^ 
1 60 

V A) J 


and 

^60 


= 10 6 / n = 10~ 6 W/m 2 


= (lOm) 


10~ 4 W/m 2 
1 O' 6 W/m 2 


100 m 


( b ) Using the intensity 
corresponding to an intensity level 
of 80 dB, express and evaluate the 
power radiated by this source: 


P = I»* 

= (l0^ 4 W/m 2 )[47i(l0m) 2 
= 0.126 W I 


66 •• 

Picture the Problem Let I\ and / 2 be the intensities of the sound at distances r\ and 
We can relate these intensities to the intensity levels through 
P = (lOdB)log(/// 0 ) and to the distances through I = P m /Anr 2 . 





















Using /? = (lOdB)log(/// 0 ), 
express the ratio /////: 
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Express the ratio of the intensities at 
distances r x and r 2 from the source 
and solve for I 2 : 

Substitute and simplify to obtain: 


Pi (lOdB)log(/ ; //„) 
P (lOdB)log(/,// 0 ) 
_ log/ 2 -log/ 0 
log/!- log I 0 

I r 2 r 2 

f = ^and / 2 =V> 

h r 2 r 2 


A 

A 


lOlog %I X -101og/ 0 
r 2 _ 

log/,- log I 0 


101og/i +201og(/ J 1 /r 2 )-101og/ 0 
lOlogJ -101og/ 0 


10 l°g(/i //p) + 2° logQj 4) 
10 log(/, // 0 ) 


A +201og(/i/u) 

A 


67 •• 

Picture the Problem We can use /? = (lOdB)log(/// 0 ) where /o = 1(T 12 W/m 2 is 

defined to be the threshold of hearing, to find the intensity level at 20 m. Because the 
power radiated by the loudspeaker is the product of the intensity of the sound and the 
surface area over which it is distributed, we can use this relationship to find either the 
average power, the intensity of the radiation, or the distance to the speaker for a given 
intensity or average power. 


(a) Relate the intensity level to the 
intensity at 20 m: 


(5 = (lOdB)log 
= (lOdB)log 


\h J 


10 2 W/m 
JO 12 W/m 

= (l0dB)log(l0‘°) = 


2 h 


y 


lOOdB 


(b) Use /J = Am’ 1 1 to find the total 

acoustic power output of the 
speaker: 


J v = 4420m) 2 (lO 2 W/m 2 ) 
= 50.3 W 


Ay 

4;r(20 111) 2 


(c) Relate the intensity of the sound 
at 20 m to the distance from the 
speaker: 


10~ 2 W/m 2 
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Relate the threshold-of-pain lW/m 2 - ^ av 

intensity to the distance from the 4 nr 1 

speaker: 


Divide the first of these equations 
by the second; solve for and 
evaluate r. 

P 

(cl) Use / = —to find the 
4m~ 

intensity at 30 m: 


Find the intensity level at 30 m: 


r = ^IO 2 (20 m) 2 


2.00 m 


/(30 m) 


50.3 W 
4;r(30 m) 2 


= 4.45 x 10~ 3 W/m 2 


\ 4.45x10 3 W/m 

/?(30m) = (lOdB)log--r— 

' 6 10” 12 W/m 2 

= (l0dB)log4.45xl0 9 

= 96.5 dB 


68 •• 

Picture the Problem Let /' and / represent the sound in consecutive years. Then, we can 
use (5 = (lOdB)log(/// 0 ) to express the annual increase in intensity levels. 


(a) Express the annual change in 
intensity level: 


Solve for /'//: 


(. b ) Because doubling of the 
intensity corresponds to A/3 = 3 dB 
and the intensity is increasing 1 dB 
annually: 


A/3 = /?'-/? = 1 dB 

= (lOdB)log —-(lOdB)log — 

A) A) 

= (l0dB)logy 


— = 10° 1 = 1.26 
/ 


and the annual increase in intensity 

This is not a plausible annual 


is 


26 %. 


increase because, if it were true, the 
intensity level would increase by a factor 
of 10 in ten years. 


The intensity level will double 
in 3 years. 
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69 •• 

Picture the Problem We can find the intensities of the three sources from their intensity 
levels and, because their intensities are additive, find the intensity level when all three 
sources are acting. 


(a) Express the sound intensity level 
when the three sources act at the 
same time: 


Find the intensities of each of the 
three sources: 


/^sources =( 10dB ) lo g- 


3 sources 


= (lOdB)log /70 + /73 +/8 ° 


70 dB = (l 0 dB)log—^ => I 70 = 10 7 1 0 
^0 

73dB = (l0dB)log —=>/ 73 = 10 73 / 0 
and 

80dB = (l0dB)log —=>/ 80 = 10 8 / 0 


Substitute and evaluate fy sources' 


^=(l0dB)log 10,/ » + 1 ° ,3/ » +10l/ » 

-L n 


81.1 dB 


(lOdB)log(lO 7 + 10 73 + 10 8 ) 


(b) Find the intensity level with the 
two least intense sources eliminated: 


A, = (lOdB)logffti = (lOdB)log(lO 8 ) 

■*o 

= 80.0 dB 


Eliminating the two least intense sources does not reduce the intensity 
level significantly. 


*70 

Picture the Problem Let P be the power radiated by the source of sound, and r be the 
initial distance from the source to the receiver. We can use the definition of intensity to 
find the ratio of the intensities before and after the distance is doubled and then use the 
definition of the decibel level to find the change in its level. 


Relate the change in decibel level to 
the change in the intensity level: 


A/3 = lOlogf 
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Using its definition, express the 
intensity of the sound from the 
source as a function of P and r. 

Express the intensity when the 
distance is doubled: 

Evaluate the ratio of / to : 


Substitute to obtain: 


I = 


P 

4 nr 2 


/' = 


4^(2r) 2 16;r; 


P 

I _ 4k r 2 

7~ p 


= 4 


16 KV~ 


Aft = 101og4 = 6.02 dB 
and 


(c) is correct. 


71 ••• 

Picture the Problem The sound level can be found from the intensity of the sound due to 
the talking people. When 38 people are talking, the intensities add. 

Express the sound level when all 38 „ , R \, 38/j 

people are talking: 38 ^ I 0 

= (l0dB)log38 + (l0dB)log— 

7 

= (l0dB)log38 + 72dB 
= 87.8 dB 


An equivalent but longer solution: 


Express the sound level when all 38 
people are talking: 

Express the sound level when only 
one person is talking: 

Solve for and evaluate I\\ 


387 

As =(l0dB)log— 1 
‘o 

ft, =72dB = (l0dB)log^ L 

7 

ft = 10 72 / 0 = 10 72 (l0 12 W/m 2 ) 
= 1.58x10 5 W/m 2 


Express the intensity when all 38 people 7s ~ 38/, 
are talking: 
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The decibel level is: 


As = (lOdB)log 


38(l.58xlCr 5 W/m 2 ) 
1CT 12 W/m 2 


87.8 dB 


*72 ••• 

Picture the Problem Let ij represent the efficiency with which mechanical energy is 
converted to sound energy. Because we’re given information regarding the rate at which 
mechanical energy is delivered to the string and the rate at which sound energy arrives at 
the location of the listener, we’ll take the efficiency to be the ratio of the sound power 
delivered to the listener divided by the power delivered to the string. We can calculate the 
power input directly from the given data. We’ll calculate the intensity of the sound at 35 
m from its intensity level at that distance and use this result to find the power output. 


Express the efficiency of the 
conversion of mechanical energy to 
sound energy: 

Find the power delivered by the bow 
to the string: 

Using (3 = (lOdB)log(/// 0 ), find 
the intensity of the sound at 35 m: 


Find the power of the sound 
emitted: 


77 = 


P. 


p m = Fv = (0.6N)(0.5m/s) = 0.3 W 


60dB = (l0dB)log — 

A 

and 

Am=10 6 / 0 =l(T 6 W/m 2 

P out = IA = 4n(\ 0 6 W/m 2 )(35 m) 2 
= 0.0154 W 


Substitute numerical values and 
evaluate rj\ 


0.0154 W 
0.3 W 


5.13% 


73 ••• 

Picture the Problem Because the sound intensities are additive, we’ll find the intensity 
due to one student by subtracting the background intensity from the intensity due to the 
students and dividing by 100. Then, we’ll use this result to calculate the intensity level 
due to 50 students. 


Ao = (lOdB)log—! 

'0 


Express the intensity level due to 50 
students: 
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Find the sound intensity when 100 
students are writing the exam: 


Find the sound intensity due to the 
background noise: 


Express the sound intensity due to 
the 100 students: 


60dB = (l0dB)log^ 

h) 

and 

I m = 10 6 / 0 = 10~ 6 W/m 2 

40dB = (l0dB)log /background 
and 

Wound = 10 4 / 0 = 10 8 W/m 2 

- Wound = 10- 6 w/m 2 -10~ 8 W/m 2 
«10~ 6 W/m 2 


Find the sound intensity due to 1 
student: 


1 100 


1 background 

Too 


= 10~ 8 W/m 2 


Substitute numerical values and 
evaluate the intensity level due to 50 
students: 


/^(lOdBjlog 


50(l0 8 W/m 2 ) 

10~ 12 W/m 2 


57.0 dB 


The Doppler Effect 


74 


Picture the Problem We can use equation 15-32 (A = 


v±u 


) to find the wavelength of 


v±u r 


the sound between the source and the listener and 15-35a (/ r =- L / s ) to find the 

v±u s 

frequency heard by the listener. 


(a) Because the source is 
approaching the listener, use the 
minus sign in the numerator of 
Equation 15-32 to find the 
wavelength of the sound between 
the source and the listener: 


340m/s-80m/s 
200s 1 


1.30 m 
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( b ) Because the listener is at rest and 
the source is approaching, u r = 0 and 
the denominator of Equation 1 5-3 5a 
is the difference between the two 
speeds: 


fr= - fs 

v-u. 


340 m/s 


340m/s-80m/s 


(200 s -1 ) 


262 Hz 


75 • 

Picture the Problem In the reference frame described, the speed of sound from the 
source to the listener is reduced by the speed of the wind. We can find the wavelength of 
the sound in the region between the source and the listener from v =fi L Because the 
sound waves in the region between the source and the listener will be compressed by the 
motion of the listener, the frequency of the sound heard by the listener will be higher than 

the frequency emitted by the source and can be calculated using f r = A ~“ r / s . 

v±w s 


(a) The speed of sound in the 
reference frame of the source is: 


v = 340 m/s - 80 m/s = 


260 m/s 


(b) Noting that the frequency is 
unchanged, express the wavelength 
of the sound: 



260 m/s 
200 s -1 


1.30 m 


(c) Apply Equation 15-35a to 
obtain: 


/,= 


r v + u ^ 


\ V J 
r 


f 


260m/s + 80m/s 
260 m/s 


1(200 s -1 ) 


262 Hz 


76 • 

Picture the Problem We can use A = (y±u)/ /’ to find the wavelength of the sound in 

the region between the source and the listener and f T = A ~^ r f s to find the frequency 

v±u s 

heard by the listener. Because the sound waves in the region between the source and the 
listener will be spread out by the motion of the listener, the frequency of the sound heard 
by the listener will be lower than the frequency emitted by the source. 
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(a) Because the source is moving ^ _ 340 m/s + 80 m/s 

away from the listener, use the 200 s 1 

positive sign in the numerator of _ 2.10 m 

Equation 15-32 to find the - 

wavelength of the sound between 
the source and the listener: 


(b) Because the listener is at rest and 
the source is receding, u T = 0 and the 
denominator of Equation 1 5-35a is 
the sum of the two speeds: 


fr = 


V + IL 


fs 


340 m/s 


340 m/s+ 80 m/s 


(200s‘) 


162 Hz 


77 • 

Picture the Problem We can find the wavelength of the sound in the region between the 
source and the listener from v =fX. Because the sound waves in the region between the 
source and the listener will be compressed by the motion of the listener, the frequency of 
the sound heard by the listener will be higher than the frequency emitted by the source 

and can be calculated using f r = —— f s . 

v±u s 


(a) Because the wavelength is 
unaffected by the motion of the 
observer: 



340 m/s 
200 s ' 


1.70 m 


(. b ) Apply Equation 15-35a to obtain: 


fr = 


f V + U ^ 


fo 


+40m/s + 80m/s V 00s _A 
v 340m/s J 

247 Hz 


78 • 

Picture the Problem In this reference frame, the speed of sound will be increased by the 
speed of the listener. We can find the wavelength of the sound in the region between the 
source and the listener from v =fX. Because the sound waves in the region between the 
source and the listener will be compressed by the motion of the listener, the frequency of 
the sound heard by the listener will be higher than the frequency emitted by the source 
and can be calculated using V =/,'//. 
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(a) Moving at 80 m/s in still air: 


The observer experiences a 
wind velocity of 80 m/s. 


(b ) Use the standard Galilean 
transformation to obtain: 


v' = v + u T = 340m/s + 80m/s 
= 420m/s 


(c) Because the distance between 
the wave crests is unchanged: 


/T 


U 

/ 


340 m/s 
200 s 1 


1.70 m 


(i d) Using the speed of sound in this 
reference frame, express and 
evaluate the frequency heard by the 
listener: 


fr 


V _ 420m/s 
I 7 ” 1.70m 


247 Hz 


79 • 

Picture the Problem Because the listener is moving away from the source, we know that 

the frequency he/she will hear will be less than the frequency emitted by the source. We 

- v ± u r . „ , , . , , . . 

can use y r =- L y s , with u s = 0 and the minus sign in the numerator, to determine its 

v±u s 

value. 


Relate the frequency heard by the 
listener to that of the source: 


fr = 


'V-U ' 


/s 


{ 340m/s-80m/s V 
^ 340 m/s ) K ’ 

153 Hz 


80 • 

Picture the Problem The diagram shows 
the position of the supersonic plane at time 
t after it was directly over a person located 
at point P 5000 m below it. Let u represent 
the speed of the plane and v the speed of 
sound. We can use trigonometry to 
determine the angle of the shock wave as 
well as the location of the jet x when the 
person on the ground hears the shock wave. 
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(a) Referring to the diagram, 
express 6 in terms of v, u, and t: 


( b ) Using the diagram, relate the 
angle 9 to the altitude h of the 
plane and the distance x and solve 
forx: 

Substitute numerical values and 
evaluate x: 



1 

f 1 1 


f 1 ^ 

— 

= sin 


= sin 


\ut y 


[li/Vj 


UiJ 


23.6° 


tan 6 = ■ 


h 

tan 9 


5000 m 
tan23.6° 


11.4 km 


81 • 

Picture the Problem If both u s and u r are much smaller than the speed of sound v, then 

A f u 

the shift in frequency is given approximately by — = ±—, where u = u s ± u r is the 

f v 

relative speed of the source and receiver. For purposes of this problem, we’ll assume that 
you are an Olympics qualifier and can run at a top speed of approximately 10 m/s. 


Express the frequency, f„ you hear 
in terms of the frequency of the 
source f s and your running speed u : 


f = 


'V + U' 


\ V J 


f 


Assuming that you can run 10 m/s , 
substitute numerical values and 
evaluate f T : 


fr = 


340m/s + 10m/s 
340m/s 


x 

(l 000 Hz) 

J 


1029 Hz 


Using the positive sign (you are 
approaching the source), express 


and evaluate the ratio 


V. 

/, ' 


4T _ _ 10 m/s_ _ 2 94 % 

f t 340 m/s 


Because this fractional change in frequency is less than the 3% criterion for 
recognition of a change in frequency, it would be impossible to use your 
sense of pitch to estimate your running speed. 


82 •• 

Picture the Problem Because the car is moving away from the radar device, the 
frequency f it receives will be less than the frequency emitted by the device. The 
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microwaves reflected from the car, moving away from a stationary detector, will be of a 
still lower frequency f t '. We can use the Doppler shift equations to derive an expression 
for the speed of the car in terms of difference of these frequencies. 


Express the frequency f received by 
the moving car in terms of f s , u, and 
v: 


/ = 


^C~U^ 


\ c J 


f 


( 1 ) 


Express the frequency f' received 
by the stationary source in terms of 
f, u, and v: 


// = 


f c — uf 


V c 


f 


( 2 ) 


Substitute equation (1) in equation 
( 2 ) to eliminate f T : 


Express the frequency difference 
detected at the source: 



( C-M V f 

2 w^| 

f' = 

f - 

1 - 


V C J 

v C J 

provided u«c 

{ 2U ] 

A f = 

I 

II 

i 



V c J 



Solve for u: 


Substitute numerical values and 
evaluate u: 


u = 


2/s 


A/ 


m = 3x 10^ (293Hz) 


2(2 GHz) 


...m 1km 3600 s 

= 22.0 — x —-— x- 

s 10 m h 


= 79.1 km/h 


*83 •• 

Picture the Problem Because the radial component u of the velocity of the raindrops is 
small compared to the speed v = c of the radar pulse, we can approximate the fractional 
change in the frequency of the reflected radar pulse to find the speed of the winds 
carrying the raindrops in the storm system. 

Express the shift in frequency when 
the speed of the source (the storm 
system) u is much smaller than the 
wave speed v = c: 


ff_ _ l j_ 

fs c 
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Solve for u : 


u 


Af 
c — 

f 


Substitute numerical values and 
evaluate u: 


= (2.998 xlO 8 m/s) 
= 156m/sx 


325 Hz 
625 MHz 
0.6215 mi/h 


0.2778 m/s 


349 mi/h 


84 •• 

Picture the Problem Let the depth of the submarine be represented by D and its vertical 
speed by u. The submarine acts as both a receiver and source. We can apply the definition 
of average speed to determine the depth of the submarine and use the Doppler shift 
equations to derive an expression for the vertical speed of the submarine in terms of the 
frequency difference. 


(a) Using the definition of average 2 D = vAt => D = \vAt 

speed, relate the depth of the 
submarine to the time delay between 
the transmitted and reflected pulses: 


evaluate D : 


Substitute numerical values and 


D = T(l.54km/s)(80ms) = 


61 . 6 m 


(b) Express the frequency f 
received by the submarine in terms 
of f 0 , u, and c: 

Express the frequency f received 
by the destroyer in terms of f, u, and 
c: 

Substitute equation (1) in equation 
(2) to eliminate f T : 


f —\ c - u \f 
Jr J s 

V c ) 


( 1 ) 


f c±u^ 


//= — f t 

V c J 


( 2 ) 


/.-Mr. 

V C J 

provided u « c. 


f 2 
1 ± — 

V c J 


fs 


4 f=f-f=f- 

_ 2- U r 

_ J S 


r 1± 2U 

V C J 


fs 


Express the frequency difference 
detected by the destroyer: 


c 
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Solve for u: 


u = 


2/s 


4 f 


Substitute numerical values and 
evaluate u: 


u = 


1.54km/s 
2(40 MHz) 


(0.0420 MHz) 


0.809 m/s 


where the positive speed indicates that the 
velocity of the submarine is downward. 


85 •• 

Picture the Problem Because the car is moving away from the radar unit, the frequency 
/ r it receives will be less than the frequency emitted by the unit. The radar waves 
reflected from the car, moving away from a stationary detector, will be of a still lower 
frequency f. Let u represent the relative speed of the police car and the receding car 
(140 km/h) and use the Doppler shift equations to derive an expression for the difference 
between/j, the transmitted signal, and f. 


Express the frequency f received 
by the moving car in terms of f s , u, 
and c: 

Express the frequency f received 
by the stationary source in terms of 
f, u, and c: 

Substitute equation (1) in equation 
(2) to eliminate f T : 


Express the frequency difference 
detected at the source: 


Substitute numerical values and 
evaluate A/: 


f c — u^ 


fr = - Z 

V C ) 


( 1 ) 


( c — u^ 


fr = — / 

V C J 


( 2 ) 


r, u\ 

2 

f 

111 ' 

1 — 

fs ~ 

1 - 


V cy 


V 

C J 


// = 

provided u « c 


z 


A/ = Z-/ r =Z- 


fl-— A 

v C J 


z 


_ 2 u 

~ J s 

C 


A/ = 


^ km lh ^ 

140-x- 

h 3600s j 

3x 10 s m/s 


(3xl0 10 Hz) 


= 7.78kHz 
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86 •• 

Picture the Problem Because the car is moving away from the radar unit, the frequency 
f it receives will be less than the frequency emitted by the unit. The radar waves 
reflected from the car, moving away from a stationary detector, will be of a still lower 
frequency //. Let u represent the relative speed of the police car and the receding car (80 
km/h) and use the Doppler shift equations to derive an expression for the difference 
between f, the transmitted signal, and //. 


Express the frequency f received 
by the moving car in terms of f s , u, 
and c: 


f = 


f C~U^ 


V C 


f 


( 1 ) 


Express the frequency f received 
by the stationary source in terms of 
f, u, and c: 

Substitute equation (1) in equation 
(2) to eliminate f\ 


Express the frequency difference 
detected at the source: 


Substitute numerical values and 
evaluate A/: 


// = 


^ c-vf 


V c 


f 


( 2 ) 


r, if 

2 

f 2 if 

i— 

fs ~ 

1- 

V c) 


L c J 


// = 

provided u « c. 


f 


f 


4 / = f -f = f~ 


_ 2 U r 

J s 
C 


I 2 u 
V c j 


/So 


A/ = 


' 8 ot21x-L_' 

h 3600 s j 

3 x 10 s m/s 


(3xl0 10 Hz) 


4.44 kHz 
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87 •• 

Picture the Problem The diagram shows 
the position of the supersonic plane flying 
due west at time t after it was directly over 
point P 12 km below it. Letx be measured 
from point P, u represent the speed of the 
plane, and v be the speed of sound. We can 
use trigonometry to determine the angle of 
the shock wave as well as the location of 
the jet x when the person on the ground 
hears the shock wave. 



Using the diagram to relate the 
distance x to the shock-wave angle 
6 and the elevation of the plane: 


tan 6* = 


h 


x 


and x = 


h 

tan 0 


Referring to the diagram, express 6 
in terms of v, u, and t and determine 
its value: 


1 

fvO 

1 

f ' 1 

sin 

— 

= sin 



K ut y 


yU/v) 


= sin 


m 

xl-6. 


38.7° 


Substitute numerical values and 
evaluate x: 


12 km 

A ~~ tan38.7° 


15.0km west of P. 


88 •• 

Picture the Problem The change in frequency of source as it oscillates on the air track is 
A f u 

3 Hz. We can use — « ±— to find the maximum speed of the vibrating mass-spring 

/s '' 

system in terms of this change in frequency and then use this speed to find the energy of 
the system. Knowing the energy of the system, we can find the amplitude of its motion. 
We can calculate the period of the motion from knowledge of the mass of the radio and 
the stiffness constant of the spring. 

(a) Express the energy of the E =\mu ^ (1) 

vibrating mass-spring system in 
terms of its maximum speed: 


Relate the change in the frequency 
heard by the listener to the 
maximum speed of the oscillator: 


4 f =± « 

fs v 

where u = u s ± u t is the relative speed of the 
source and receiver and v is the speed of 
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Solve for and evaluate u = u max : 


Substitute numerical values in 
equation (1) and evaluate E\ 

(. b ) Relate the energy of the 
oscillator to the amplitude of its 
motion: 

Solve for A to obtain: 


Substitute numerical values and 
evaluate A: 


sound. 


A/ 3Hz , , v 

= —v = —-(340 m/s) 


fo 


800 Hz 


= 1.275 m/s 


E = y(0.1kg)(l.275m/s 2 ) 2 


81.3mJ 


E = \kA 2 



A 


| 2(81.3mj) 

\ 200N/m 


2.85 cm 


89 •• 

Picture the Problem The received and transmitted frequencies are related through 
f =- —f s , where the variables have the meanings given in the problem statement. 

V±M S 

Because the source and receiver are moving in the same direction, we use the minus signs 
in both the numerator and denominator. 


(a) Relate the received frequency f T 
to the frequency fo of the source: 


(b ) Apply the binomial expansion to 
(l - U s / V ) 1 : 

Substitute to obtain: 


fr = 

(l-«s/v) 1 ~\ + uJv 
/ r =(l-M r /v)( 1 + M s /v)/ 0 

= ['+ U s l V - U r / V - ( W r / V )( W S / V )l / 0 

z«A 

V J 

because both u s and u r are small compared 



\-uJv f 

i / Jo 

l-ujv 

{\-uJvf\-uJv) ’/ 0 


to V. 
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Because u Te i = u s - u r 


// 


w 

v ) 


fo 


90 •• 

Picture the Problem Because the students are walking away from each other, the 
frequency/' each receives will be less than the frequency/ = 440 Hz emitted by their 
tuning forks. Let u represent the speed of each student and use the Doppler shift 
equations to derive an expression for the difference between /, the frequency of the 
tuning fork each carries, and the frequency heard from the other’s tuning fork. Because 
this equation will contain u, we’ll be able to solve for and evaluate each student’s 
walking speed. 


Using equation 15-35a, express the 
frequency f received by either 
student, when they are walking 
away from each other, in terms of/, 
u, and v: 


_ 1 — u/v f 
l + u/v 

= (\-u/v J\+u/v) '/ 


Expand (l + u/v) 1 binomially: 


(l + u/v) 1 xl-u/v provided 


U « V. 


Substitute and simplify to obtain: 


Express the frequency difference 
heard by each student: 


f r = (l-u/v) 2 f s 

= (l-2 u/v + u 2 /v 2 )f s 
* (1 — 2 u/v)f s 
for it « v. 


¥ = fo~fr=fs 


f 

1 

V 


2 u^ 

v J 


fs = 


111 

V 


fs 


Solve for u: 


u = 


ML 

2/s 


V 


Substitute numerical values and 
evaluate u: 


2 Hz 


u = 


2(440 Hz) 


(340 m/s) = 


0.773m/s 


91 •• 

Picture the Problem The student serves as a source moving toward the wall, and a 
moving receiver for the echo. The received and transmitted frequencies are related 

through/,. = V ~ U; /. We’ll express the frequency received by the wall and the 
v±w s 

frequency it transmits back to the moving student in order to express the difference in the 
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frequency the student hears from the wall and frequency she hears directly from her 
tuning fork. Because this expression will contain the student’s walking speed, we’ll be 
able to solve for and evaluate this speed. 


Relate the frequency f received by 
the wall to the frequency of the 
student’s tuning fork f: 


4f = /.-// = /. 



c 


( 

1 

V 


2 ii' 

c J 


fs 


Because the source is moving 
toward a stationary receiver: 


fr = 


1 — u, /v 


fs=( l - U s/ V Vfs 


Apply the binomial expansion to 

0-“s/ v ) 

Substitute to obtain: 

Relate the frequency// reflected 
from the wall and received by the 
student to the frequency f reflected 
from the wall: 

Substitute for f to obtain: 


Expand (l — ujv) 1 binomially: 


Express the difference between the 
frequency the student receives from 
the wall and the frequency of her 
tuning fork: 


(\-uJv) ' *l+u»/v 
because m s « v. 

/ r =(l + M s /v)/ 0 

\±ujv _ 1 

1±M S /V 1 1 -Ujv 

because the source (the wall) is at rest and 
the receiver is approaching. 

l-ujv 

= (\+uJv^\-uJv) '/ s 

( l ~ u J v V *l + ujv 
because m s « v. 

f r > = (\ +u J v )(\ +u Jv)f s 

*(l + 2 ujv)f s 
because m s « v 

A/ = //-/ s 

= (1 + 2 ujv)f s -f s 
= ^/ s 
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Solve for u s : 


4 / 

2/ s 


Substitute numerical values and 
evaluate u s : 


4 Hz 

2(512 Hz) 


(340 m/s) = 


1.33m/s 


*92 •• 

Picture the Problem The frequency heard by the stationary observer will vary with time 
as the speaker rotates on its support arm. We can use a Doppler equation to express the 
frequency heard by the observer as a function of the velocity of the source and find the 
velocity of the source from the expression for the tangential velocity of an object moving 
in a circular path. 


Express the frequency f heard by a 
stationary observer: 


z = 


1 -ujv 


f s =(\-ujv) '/ 


Expand (l - u s /v) * to obtain: 


Substitute in the expression for f\ 

Express the speed of the source as a 
function of time: 


Substitute in equation (1) to obtain: 


Substitute for v and simplify: 


(1-uJvY *l + ujv 
because ujv « 1 


z 


z 


z 


(1 + ujv)f s (1) 

rcosin cot 

(0.8 m)(4 rad/s)sin[(4 rad/s)/] 

(3.2 m/s)sin[(4 rad/s)/] 

1 + 3.2 m/s s j n [^4 rac |/ s )/ ] j f s 

V v ) 

1 + ~^ 1T ^ S sin[(4 rad/s)/] j(l 000 s 1 ) 
340m/s J 


1000 Hz + (9.41 Hz)sin[(4 rad/s)/] 


93 •• 

Picture the Problem The simplest way to approach this problem is to transform to a 
reference frame in which the balloon is at rest. In that reference frame, the speed of sound 
is v = 340 m/s, and u r = 36 km/h = 10 m/s. Then, we can use the equations for a moving 
receiver and a moving source to find the frequencies heard at the window and on the 
balloon. 
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(a) Express the observed frequency 
in terms of the frequency of the 
source: 

Substitute numerical values and 
evaluate f r \ 


fr = 


V Vj 


fs 


f = 


f 10m/s ^ 
1 + - 


v 340m/s j 


(800 Hz) = 


824 Hz 


(b) Treating the tall building as a 
moving source, express the 
frequency of the reflected sound 
heard by a person riding in the 
balloon: 


// = 


1 -^ 


f 


V J 


Substitute numerical values and 
evaluate fi: 


fr' = 


1 


10 m/s 
340 m/s 


1 - 


(824 Hz) = 


849 Hz 


94 •• 

Picture the Problem We can relate the frequencies f and f heard by the stationary 
observer behind the car to the speed of the car u and the frequency of the car’s hom f s . 
Dividing these equations will eliminate the frequency of the car’s hom and allow us to 
solve for the speed of the car. We can then substitute to find the frequency of the car’s 
hom. We can find the frequency heard by the driver as a moving receiver by relating this 
frequency to the frequency reflected from the wall. 


(a) Relate the frequency heard by 
the observer directly from the car’s 
hom to the speed of the car: 

Relate the frequency reflected from 
the wall to the speed of the car: 

Divide equation (2) by equation (1) 
to obtain: 


fr = 


1 


1 + u/v 


fs 


f' = --- f 

J r i / J s 

l-u/v 

f : 1+m/v 

/r I-U/V 


u = 


f'-f 

Is —2jl v 

// + // 


( 1 ) 


(2) 


Solve for u: 
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Substitute numerical values and 
evaluate u: 


(b) Solve equation (1) for f: 


u = 


863 Hz-745 Hz 
863 Hz+ 745 Hz 


(340 m/s) 


_._,m 1km 3600 s 

24.95 —x—-—x - 

s 10 3 m h 

89.8 km/h 


f s =(\+u/v)f r 


Substitute numerical values and 
evaluate / s : 


fs = 


1 + 


24.95 m/s^ 
340m/s j 


(745 Hz) 


800 Hz 


(c) The driver is a moving receiver 
and so we can relate the frequency 
heard by the driver to the frequency 
reflected by the wall (the frequency 
heard by the stationary observer): 

Substitute numerical values and 
evaluate /driver: 


./driver 


(l + «) 
V v) 


// 


./driver 


1 + 


24.95 m/s 
340 m/s 


(863 Hz) 


= 926 Hz 


95 •• 

Picture the Problem Let t—0 when the driver sounds her hom and let the distance to the 
cliff at that instant be d. The received and transmitted frequencies are related 

through / = ^ ~ 1 ' 1 /’ . Solving this equation for/ will allow us to determine the 
v ± ll 


frequency of the car hom. We can use the total distance the sound travels (car-to-cliff 
plus cliff back to car ... now closer to the cliff) to determine the distance to the cliff when 
the hom was briefly sounded. 


Relate the frequency heard by the 
driver to her speed and to the 
frequency of her hom: 


= 1 + ujv 
\~ujv 


_ f 

l + ujv 


Solve for/: 
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Substitute numerical values and evaluate/ s : 


loob'V lh 


1 — 


h 3600s 


1 - 


27.78 m/s 


/. --^^(S40Hz) . -^» 8 40Hz). 7!3Hz 


100 ——— 

h 3600s 


1 + 


340 m/s 


1 + 


27.78 m/s 
340 m/s 


Relate the distance d to the cliff at 
t = 0 to the distance she travels in 
time At = 1 s, her speed u, and the 
speed of sound v: 

Solve for d: 

Substitute numerical values and 
evaluate d: 


d + {d — uAt) = vA t 


d = \(u + v)A t 

d = j (27.78 m/s + 340 m/s)(ls) 


- 184m 


96 •• 

Picture the Problem You’ll year the sonic 
boom when the surface of its cone reaches 
your plane. In the diagram the Concorde is 
at C and your plane is at P. The distance 
h = 3 km. The distance between the planes 
when you hear the sonic boom is d. We can 
use trigonometry to determine the angle of 
the shock wave as well as the separation of 
the planes when you hear the sonic boom. 

Using the Pythagorean theorem, relate 
the separation of the planes d, to the 
distance h and the angle 9 : 

Solve for d to obtain: 



Express 9 in terms of v, u, and t: 
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Substitute numerical values and 
evaluate 9\ 


6 = sin ' 


( i A 


v 1 - 6 y 


38.7 C 


Substitute numerical values and 
evaluate /?: 


d = (3 km) 


1 


1-cos 2 38.7° 


4.80 km 


*97 •• 

Picture the Problem The sun and Jupiter orbit about their effective mass located at their 
common center of mass. We can apply Newton’s 2 nd law to the sun to obtain an 
expression for its orbital speed about the sun-Jupiter center of mass and then use this 
speed in the Doppler shift equation to estimate the maximum and minimum wavelengths 
resulting from the Jupiter-induced motion of the sun. 


Letting v be the orbital speed of the 
sun about the center of mass of the 
sun-Jupiter system, express the 
Doppler shift of the light due to this 
motion when the sun is approaching 
the earth: 


f = _<L = f 1 + v/c 

J X’ -v/c 


c 1 + v/c 
Tvi-v/c 


Solve for M\ 


k' = K 


1 -v/c 


1 + v/c 
= ^(i-v/cXi + v/c) -1 
= 4l-v/c) 1/2 (l + v/c)- 1/2 


Because v « c, we can expand 
(l-v/c) 1/2 and (l + v/c)~ 1/2 
binomially to obtain: 


(l-v/cf «l-f 
2c 

and 

(i + vA+'+i-f 

2c 


Substitute to obtain: 


1-v/c f V A 
1 + v/c l 2c 


1 -- 


When the sun is receding from the 
earth: 

Hence the motion of the sun will 
give an observed Doppler shift of: 



V c) 
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Apply Newton’s 2 nd law to the sun: 




Solve for v to obtain: 


Measured from the center of the 
sun, the distance to the center of 
mass of the sun-Jupiter system is: 

The effective mass is related to the 
masses of the sun and Jupiter 
according to: 


Substitute for M eff and r cm to obtain: 



(oK + ^j , 

M s +M } M s +M } 


_L_j_ i 


or 

M 


eff 


M s M i 

M s +M } 


c M s M j 
M s +M s 

M s +M, 



Using = 7.78 x 10 11 m as the mean orbital radius of Jupiter, substitute numerical 
values and evaluate v: 


/ (6.673 xlCT 11 N •m 2 /kg 2 )(l.99xlQ 30 kg) 
V 7.78x10" ill 


1.306xl0 4 m/s 


Substitute in equation (1) to obtain: 


A'x (500 mn) 


1 ± 


1.306xl0 4 m/s^ 
2.998x10 s m/s y 


= (500nm)(l±4.36xl0- 5 ) 


The maximum and minimum 
wavelengths are: 


^max 

(500 mn) 1 

1 + 4.36x10 5 ) 

and 



Anin = 

(500nm)( 

1 -4.36x 10 5 ) 


98 — 

Picture the Problem Choose a coordinate system in which downward is the positive y 
direction. Let d represent the distance the tuning fork has fallen when the student hears a 
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frequency of 400 Hz, t\ the time for the source to fall that distance, and h the time for the 
sound to travel back to the student. We can a constant-acceleration equation to express d 
in terms of the time that elapses between the dropping of the tuning fork and the return of 
the sound to the student. A Doppler-effect equation will allow us to solve for the speed of 
the tuning fork when the student hears a frequency of 400 Hz; we can use constant- 
acceleration equations to find the fall time for the fork and the return time for the sound 
from the tuning fork. 


Using a constant-acceleration 
equation, relate the distance the 
source has fallen to the elapsed 
time: 


d = v 0 t + \ai 
or, because v 0 = 0 and a = g, 
d = \gt 2 (1) 

where t = t\ + A 


Relate the frequency f heard by the 
student to the speed of the falling 
tuning fork: 

Solve for u s : 


Substitute numerical values and 
evaluate u s : 

Letting y be the distance the fork 
has fallen when its speed is u s , use a 
constant-acceleration equation to 
relatey and u s : 


fr = 


l + ujv 


fs 


(L 

U 


A 

1 V 

) 


' 440 Hz 
v 400 Hz 


A 

1 (340 m/s) = 34.0 m/s 

) 


K =v 0 2 +2 gy 
or, because vo = 0, 

K = 2 gy 


Solve fory: 


y = 


2 g 


Substitute numerical values and 
evaluate y: 


(34.m/s) 2 
‘ 2(9.81 m/s 2 ) 


58.92 m 


Using a constant-acceleration 
equation, relate the speed of the 
falling tuning fork to its time of fall 
t\. 

Solve for and evaluate t \: 


w s = v o + gt i 
or, because vo = 0, 
W s = gt i 


ti 


u s 34.0 m/s 
g 9.81m/s 2 



1214 Chapter 15 


Using the relationship between 
distance traveled, time and average 
speed, find the time t 2 for the sound 
to travel back to the student: 

Substitute in equation (1) and 
evaluate d : 



58.92 m 
340 m/s 


0.173s 


d = j (9.81 m/s 2 )(3.466 s + 0.173 s) 2 
= 65.0 m 


99 •• 

Picture the Problem The angle dof the Cere nk ov shock wave is related to the speed of 
light in water v and the speed of light in a vacuum c according to sin 6 = v/c. 


Relate the speed of light in water v 
to the angle of the Cerenkov cone: 

Solve for v: 

Substitute numerical values and 
evaluate v: 


• a v 
sin 0 = — 

c 

v = c sin 6 

v = (2.998x10 s m/s)sin48.75° 
= 2.25 x10 s m/s 


General Problems 

100 • 

Picture the Problem The equation of a wave traveling in the positive x direction is of the 
form y\x,t) = f(x- vt) and that of a wave traveling in the negative x direction 
is y(x,t) = f(x + vt). 
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(a) The pulse at t = 0 shown below was plotted using a spreadsheet program: 



(. b ) The wave function must be of the t(x,/) = f (x — vt) = f\x — (lOm/s)/] 

form: because v = 10 m/s 


Replace x with x - (lO m/s)/ to obtain: 


y(x,t) 


_0.12 m 3 _ 

(2.00m) 2 + [x-(l0m/s)/]~ 


(c) The wave function must be of the 
form: 


y(x,t) = f(x + vt) = /[x + (l0m/s)/] 
because v = 10 m/s 


Replace x with x + (lOm/s) / to obtain: 


y{x,t) 


_0.12 m 3 _ 

(2.00 m) 2 +[x + (l0m/s)/] 2 


101 • 

Picture the Problem Let the subscript 1 refer to the initial situation-a tension of 800 N 
and a wavelength of 24 cm. Let the subscript 2 refer to the conditions that the tension is 
600 N and the wavelength unknown. We can express the wavelengths of the waves on the 
wire in terms of the two tensions in the wire and then eliminate the constant frequency by 
expressing the ratio of the two wavelengths. Finally, we can solve this equation for /L. 



/ 


Express the wavelength in terms of 
the frequency and speed of the 
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wave: 

Express the speed of the wave as a 
function of the tension in the wire: 

Substitute to obtain: 


Express the wavelength when the 
tension in the wire is 600 N: 

Express the wavelength when the 
tension in the wire is 800 N: 

Divide the first of these equations 
by the second and solve for A 2 : 

Substitute numerical values and 
evaluate A 2 \ 



A 2 = 


1 K 


A 


I IK 

fin 



a 2 


(24 cm) 


600 N 
800 N 


20.8 cm 


102 • 

Picture the Problem Let m represent the mass of the rubber tubing whose length is L. 
We can express the travel time for the pulse t in terms of the separation of the post and 
the pulley and its speed. The speed of the pulse, in turn, can be found from the tension in 
the rubber tubing and its linear density. 


Express the time required for the 
pulse to travel the length of the 
tubing in terms of its speed and the 
length of the rubber tubing: 

Relate the speed of the pulses to the 
tension in the tubing: 


t 


L 


v 



Substitute for v and simplify to 
obtain: 



t 


< (l0m)(0.7kg) 
i 110N 


0.252s 


Substitute numerical values and 
evaluate t: 
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103 • 

Picture the Problem The diagram shows 
the boat traveling on a still lake with a 
speed v. A bow wave generated a time t 
earlier is shown at an angle of 6 with the 
direction of the boat’s motion. We can use 
trigonometry to relate the speed of the bow 
wave to the speed of the boat. 



Using the diagram, relate u and v to 
the angle &. 


sin# = 


vt 

ut 


v 

u 


Solve for v: 


v = u sin 0 


Substitute numerical values and 
evaluate v: 


v = (l0m/s)sin20 o 


3.42 m/s 


104 • 

Picture the Problem The frequencies and wavelengths of the sound waves are related to 
the speed of sound through /= v/T. 


(a) Use/= v/A to find/: 


(. b ) Proceed as in (a): 


(c) Proceed as in (a) and (/;): 


/ 


340 m/s 
10(0.3m) 


113Hz 


/ 


340 m/s 
0.1(0.3 m) 


11.3kHz 


/ 


340 m/s 
10(0.06 m) 


567 Hz 


/ 


340 m/s 
0.1(0.06 m) 


56.7kHz 
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105 • 

Picture the Problem The diagram depicts 
the whistle traveling in a circular path of 
radius r = 1 m. The stationary listener will 
hear the maximum frequency when the 
whistle is at point 1 and the minimum 
frequency when it is at point 2. These 
maximum and minimum frequencies are 
detennined by f 0 and the tangential speed 
u s = InrIT. We can relate the frequencies 
heard at point P to the speed of the 
approaching whistle at point 1 and the 
speed of the receding whistle at point 2. 



p 


Relate the frequency heard at point 
P to the speed of the approaching 
whistle at point 1: 


f = 

J max 


1 — ujv 


fs 


Use the relationship between 
translational velocity and angular 
velocity to find the speed u s of the 
whistle: 


/, \( rev 27rrad 

u s =ra> = { 1 mj 3-x- 

V s rev 

= 18.85m/s 


Substitute numerical values and 
evaluate / max : 


f 

J m 


-i8k/^ 00Hz > 

340 m/s 
529 Hz 


Relate the frequency heard at point 
P to the speed of the receding 
whistle at point 2: 


f ■ = 

J min 


1 


1 + ujv 


f 


Substitute numerical values and 
cvaluatc/ min : 


f • = 

J min 


1 

18.85 m/s 
340 m/s 


(500 Hz) 


474 Hz 


106 • 

Picture the Problem The crest-to-crest separation of the waves is their wavelength. We 
can find the frequency of the waves from v =fk. When you lift anchor and head out to sea 
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you’ll become a moving receiver and we can apply f t - - L / s to calculate the 



(a) Express the frequency of the 
ocean waves in terms of their speed 
and wavelength: 



Substitute numerical values and 
evaluate f s : 



(. b ) Express the frequency of the 
waves in tenns of their speed and 
the speed of a moving receiver: 


f r ={\+ujv)f s 


Substitute numerical values and 
evaluate f: 



v 


15 m/s ^ 
8.9m/s y 


(0.593 Hz) = 1.59 Hz 


107 •• 

Picture the Problem Let t be the time of travel of the lefthand pulse and the subscripts L 
and R refer to the pulse coming from the left and right, respectively. Because the pulse 
traveling from the right starts later than the pulse from the left, its travel time is t - At, 
where At = 25 ms. Both pulses travel at the same speed and the sum of the distances they 
travel is 12 m. 

Express the total distance the two pulses d = d L + d R 
travel: =vt + v(t -At) 

Solve for vt to obtain: vt = \{d + vAt) 

The speed of the pulse is given by: 




Substitute for v to obtain: 
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Substitute numerical values and evaluate vt: 


Vt = j 

|(l80N)(l2m)/ in3 \ 
12m + y n ’ 25x10 s 

= 

7.99 m 


V 0.085kg v ’ 




*108 •• 

Picture the Problem Let the frequency of the car’s horn be f s , the frequency you hear as 
the car approaches f, and the frequency you hear as the car recedes f. We can use 

f =- —f s to express the frequencies heard as the car approaches and recedes and 

v±u s 

then use these frequencies to express the fractional change in frequency as the car passes 
you. 


Express the fractional change in 4 f_ _ q | 

frequency as the car passes you: f 


Relate the frequency heard as the car 
approaches to the speed of the car: 


f = 


1 -ujv 


fs 


Express the frequency heard as the 
car recedes in terms of the speed of 
the car: 


// = 


1 


1 + w /v 


fs 


Divide the second of these 
frequency equations by the first to 
obtain: 


// _ 

ft l + U s/ V 

and 

/r /r '_ A /_ 1 

fr fr fr 1 + U s / V 


Solve u s : 

Substitute numerical values and 
evaluate u s : 


w.. = 


u, = 


01 

1.9 

01 

1.9 


v 

(340 m/s) 


,_ or ,m 1km 3600 s 

17.89 — x—— x- 

s 10 3 h 


64.4 km/h 
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109 •• 

Picture the Problem The pressure amplitude can be calculated directly from 

p 0 = pcovs 0 , and the intensity from I = \pea 1 SgV. The power radiated is the intensity 

times the area of the driver. 

(a) Relate the pressure amplitude to p 0 = pcovs 0 

the displacement amplitude, angular 
frequency, wave velocity, and air 
density: 

Substitute numerical values and p 0 = (l .29 kg/m ’)[ 2 ^( 8 00 s )] 

evaluate p 0 : x (340m/s)(o.025 x 10~ 3 m) 

= 55.1N/m 2 


( b ) Relate the intensity to these 
same quantities: 

Substitute numerical values and 
evaluate /: 


/ = j pa 2 SgV 

I = ^ (l.29 kg/m 3 )[2^(800 s ')] 2 
x (o.025xlO 3 m)"(340m/s) 
= 3.46 W/m 2 


(c) Express the power in terms of P = IA = n r 2 I 

the intensity and the area of the 
driver: 

Substitute numerical values and p = ^-((). l m ) 2 ( 3 .46 W/m 2 

evaluate P: 

110 •• 

Picture the Problem The frequency of the sound wave is related to the density of the air, 
displacement amplitude, and velocity by / = \ pa) 2 s\\>. 

Relate the intensity of the sound I = \ pco 2 s\v 

wave to the density of the air, 
displacement amplitude, velocity, 
and angular frequency: 


- 


0.109 W 


1 


Solve for the angular frequency: 


21 
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Solve for f. 


Substitute numerical values and 
evaluate /: 


f=y-jr~ 

27TS 0 \ pv 



1 

1 

2 

10~ 2 W/m 2 


In 

10 ” 6 m 

]j (l.29kg/m 3 )(340m/s) 

1.07 kHz 


111 •• 

Picture the Problem The force exerted on the plate is due to the change in momentum of 
the water. We can use Newton’s 2 nd law in the form F = Ap/At to relate F to the mass of 
water in a length of tube equal to v s A t and to the speed of the water. This mass of water, 
in turn, is given by the product of its density and the volume of water in a length of the 
tube equal to v s At. 


Relate the force exerted on the plate to p _ A/? _ A mv w 

the change in momentum of the water: At At 


Express Am in terms of the mass of Am = pAV = pv. A At 

water in a length of tube equal to v s A t: 

Substitute to obtain: F = pv s Av w 


Substitute numerical values and evaluate F: 


F = (lO 3 kg/m 3 )(l.4km/s)[;r(0.05m) 2 ](7m/s) 


77.0 kN 


112 •• 

Picture the Problem Let d be the horizontal distance from the soap bubble to the 
position of the microphone. The angle 6 of the shock wave is related to the speed of 
sound in air u and the speed of the bullet c according to sin 6 = u/v. We can determine 9 

from the given information and then use this angle to find d. 

Express d in terms of the angle of 
the shock wave and the distance 
from the soap bubble to the 
laboratory bench: 


0.35 m 
tan 0 


sin 6 = ■ 


v 


Relate the speed of the bullet to the 
angle of the shock-wave cone: 
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Solve for 9 to obtain: 


Q ■ i u 
9 = sin — 


Substitute to obtain: , 0.35 m 


tan 

. | u 

sin — 


v _ 


Substitute numerical values and 
evaluate d\ 


d = 


0.35m 


tan 


sin 


-i 


1.25w 


26.3 cm 


113 •• 

Picture the Problem The source of the problem is that it takes a finite time for the sound 
to travel from the front of the line of marchers to the back. We can use the given data to 
determine the time required for the beat to reach the marchers in the back of the column 
and then use this time and the speed of sound to find the length of the column. 


Express the length of the column in 
terms of the speed of sound and the 
time required for the beat to travel 
the length of the column: 

Calculate the time for the sound to 
travel the length of the column: 

Substitute and evaluate L\ 


L = vA t 


At = -min = 0.6 s 

100 


L = (340m/s)(0.6s) = 


204 m 


114 •• 

Picture the Problem The interval between the arrival times of the echo pulses heard by 
the bat is the reciprocal of the frequency of the reflected pulses. We can use 

f T = ——— L / s to relate the frequency of the reflected pulses to the speed of the bat and 
v±w„ 


the frequency it emits. 

Relate the interval between the At — ^ 

arrival times of the echo pulses f t 

heard by the bat to frequency of the 
reflected pulses: 


_ l + ujv f 
l-ujv 


Relate the frequency of the pulses 
received by the bat to its speed and the 
frequency it emits: 
















1224 Chapter 15 


Substitute to obtain: 


A t = 


l ~ u s! v 

(l + ujv)f s 


Substitute numerical values and 
evaluate At: 


At = 


12m/s 
340 m/s 


1 + 


12m/s 
340 m/s 



11.6 ms 


*115 •• 

Picture the Problem Let d be the distance to the moon, h be the height of earth's 
atmosphere, and v be the speed of light in earth’s atmosphere. We can express d the 
distance measured when the earth’s atmosphere is ignored, in terms of the time for a 
pulse of light to make a round-trip from the earth to the moon and solve this equation for 
the length of correction d' - d. 


Express the roundtrip time for a t - t earth , s atmosphere + t aut of earth , s atmosphere 

pulse of light to reach the moon and k d - h 

= 2 —+ 2 - 

return: ,, n 


Express the "measured" distance d ' 
when we do not account for the 
atmosphere: 


1 


1 


f 


d' = —ct = — c 
2 2 


h 


2 —+ 2 
V v 


d-h' 

c J 


=—h+d-h 
v 


Solve for the length of correction 
d' - d: 


d'-d = h 


fc 

u 


X 

1 

J 


Substitute numerical values and 
evaluate d ' - d: 


f 

d' -d = (8 km) 

V 


c 

0.99997c 


24.0 cm 


x 

1 


Remarks: This is larger than the accuracy of the measurements, which is about 3 to 
4 cm. 

116 •• 

Picture the Problem The frequency of the waves on the wire is the same as the 
frequency of the tuning fork and their period is the reciprocal of the frequency. We can 
find the speed of the waves from the tension in the wire and its linear density. The 
wavelength can be determined from the frequency and the speed of the waves and the 
wave number from its definition. The general form of the wave function for waves on a 
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wire is y(x,t ) = A sin(£x ± cot ), so, once we know k and co, because A is given, we can 
write a suitable wave function for the waves on this wire. The maximum speed and 
acceleration of a point on the wire can be found from the angular frequency and 
amplitude of the waves. Finally, we can use P aY = \ jUC0 2 A 2 v to find the average rate at 

which energy must be supplied to the tuning fork to keep it oscillating with a steady 
amplitude. 


(a) The frequency of the waves on 
the wire is the same as the 
frequency of the tuning fork: 

The period of the waves on the wire 
is the reciprocal of their frequency: 


/ = 


400 Hz 



_1 _ 

400 s 1 


2.50ms 


(. b ) Relate the speed of the waves to 
the tension in the wire and its linear 
density: 



lkN 


0.01 kg/m 


316m/s 


(c) Use the relationship between the 
wavelength, speed and frequency of 
a wave to find A: 


v _ 316m/s 
/” 400s 1 


79.0 cm 


Using its definition, express and 
evaluate the wave number: 



2 n 

79x10 2 m 


7.95 m 1 


id) Determine the angular frequency co = 2 7$ = 2^(400 s 1 )=2.51xl0 3 s 1 

of the waves: 


Substitute for A, k, and co in the general form of the wave function to obtain: 


y{x,t) = 


(0.50mm)sin (7.95 m 1 

lx -1 

(2.51x10V 1 ’ 



(e) Relate the maximum speed of a v max = A CO 

point on the wire to the amplitude of = (o.5 x 10~ 3 m)(2.51 x 10 3 s _1 ) 

the waves and the angular frequency 
of the tuning fork: 


1.26 m/s 
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Express the maximum acceleration 
of a point on the wire in terms of the 
amplitude of the waves and the 
angular frequency of the tuning 
fork: 


= Aco 2 


= (0.5x10 3 m)(2.51xlOV 
= 3.15xl0 3 m/s 2 


(/) Express the average power P dV = \juco 2 A 2 v 

required to keep the tuning fork 

oscillating at a steady amplitude in 

terms of the linear density of the 

wire, the amplitude of its vibrations, 

and the speed of the waves on the 

wire: 


Substitute numerical values and evaluate P m : 


P av = } (0.1 kg/m)(2.51 x 10 3 s 1 ) 2 ( 0.5 x 10 3 m) 2 (316 m/s): 


24.9 W 


117 ••• 

Picture the Problem Because the chain is 
rolling at high speed we can neglect the 
effect of gravity. The diagram shows a 
small portion of the chain. We’ll assume 
that the angle 6 is small even though it 
shown as a large angle in the diagram. Let 
Am be the mass of the segment of the chain 
shown. We’ll apply Newton’s 2 nd law to 
the segment in order to relate the tension in 
the chain to its linear density and speed. 



(a) Apply X^mdiai =m A —to a 

segment of the chain whose mass is 
Am: 

Express Am in terms of //, 9, and R: 
Express F net in terms of T and 9: 





Am - jjdi = fiR6 

^net ~ 2C Sin "y 0 


2F sm\6 = juOvl 


Substitute to obtain: 
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Solve for F : 

F~- 

P&l 



2sinf 

Apply the small angle approximation 
sin \ 6 ~ j 6 : 

F = 

pOvl 

2 fee) 

( b ) The wave speed is the same as the 



[F 

speed at which the chain is moving: 

v o = 

1 

p 


(c) 


As seen by an observer at rest, the pulse remains at the same position 
because its speed along the chain is the same as the speed of the chain. 
With respect to a fixed point on the chain, the pulse travels through 360°. 


118 ••• 

Picture the Problem Let Am represent the mass of the segment of length 
Ax = 1 mm. We can find the wave speed from the given data for the tension in the rope 
and its linear density. The wavelength can be found from v = //.. We’ll use the definition 
of linear momentum to find the maximum transverse linear momentum of the 1-mm 
segment and apply Newton’s 2 nd law to the segment to find the maximum net force on it. 


(a) Find the wave speed from the 
tension and linear density: 



ION 
0.1 kg/m 


lO.Om/s 


(b ) Express the wavelength in terms 
of the speed and frequency of the 
wave: 



lOm/s 

5s~‘ 


2.00m 


(c) Relate the maximum transverse 
linear momentum of the 1 -mm 
segment to the maximum transverse 
speed of the wave: 

Substitute numerical values and 
evaluate p nmx : 


P max = AmV rnax = P^xAcO = Irf/UAxA 


Pmax = 2^(5 S^X 0 - 1 kg/m) 

x(lx 10 3 m)(0.04m) 
= 1.26x 10~ 4 kg • m/s 
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(d) Apply X C adial - m— to the 

r 

1 - mm segment and simplify to obtain: 

Substitute numerical values and 
evaluate C max : 


a v~ a a2( ° 2 a a 2 

F max = Am — = M*-— = MX4 0) 

A A 

~ *®Pmax 


F max = M 5 ){ ] 26 Xl0- 4 kg- m/s) 

= 3.96 mN 


*119 ••• 

Picture the Problem We can relate the speed of the pulse to the tension in the rope and 
its linear density. Because the rope hangs vertically, the tension in it varies linearly with 
the distance from its bottom. Once we’ve established the result in part (a), we can 
integrate the resulting velocity equation to find the time for the pulse to travel the length 
of the rope and then double this time to get the round-trip time. 


(a) Relate the speed of transverse 
waves to tension and linear density: 

Express the force acting on a 
segment of the rope of length y: 

Substitute to obtain: 


(b) Because the speed of the pulse 
varies with the distance from the 
bottom of the rope, express v as 
dy/dt and solve for dt: 

Integrate the left side of the equation 
from 0 to t and the right side from 0 
to 3 m: 


The time for the pulse to make the 
round-trip is: 



F = mg = fiyg 



dy_ 

dt 


V&v and dt 


1 dy 

y[g Vk 



= 1.106s 


2-^3 m 
V9.81m/s 2 


Cund-trip = = 2(l. 106 s) = 


2.21s 













Wave Motion 1229 


120 ••• 

Picture the Problem We can follow the step-by-step instructions outlined above to 
obtain the given expressions for A U. 


(a) Express the potential energy of a 
segment of the string: 

AU =F{Al-Ax) 

For Ay/Ax « 1: 

A t = Ax 1 + y(Av/Ax) 2 j 
and 

A£-Ax = Ar[l + j(Ay/Ax) 2 ]- Ax 
= j (Ay/ Ax) 2 Ax 

Substitute to obtain: 

AU = f[|(Av/Ax) 2 ] 

= \F{Ay / Ax)~ Ax 

( b ) Differentiate 

y{x,t) = A sin {kx - cot) to obtain: 

— = kA cos (kx - cot) 
dx 

Approximate Ay!Ax by dytdx and 
substitute in our result from part (a): 

AU = ^F(kAcos(kx-cot)) 2 Ax 
= \ FA 2 k 2 Ax cos 2 {kx - cot) 
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Chapter 16 

Superposition and Standing Waves 

Conceptual Problems 


*1 .. 

Picture the Problem We can use the speeds of the pulses to determine their positions at 
the given times. 


t = 0s 



1 = Is 


i—r 


1 i 


f = 2s 



f = 3 s 



2 

Picture the Problem We can use the speeds of the pulses to determine their positions at 
the given times. 


t = 0s 



1-□ 


1 = 1 s 


1 = 2s 


~n , n 

rm 


I = 3 s 


i—czr 



Determine the Concept Beats are a consequence of the alternating constructive and 
destructive interference of waves due to slightly different frequencies. The amplitudes of 


the waves play no role in producing the beats, (c) is correct. 


4 

(a) True. The harmonics for a string fixed at both ends are integral multiples of the 
frequency of the fundamental mode (first harmonic). 

( b ) True. The harmonics for a string fixed at both ends are integral multiples of the 
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1232 Chapter 16 


frequency of the fundamental mode (first harmonic). 

(c) True. If i is the length of the pipe and v the speed of sound, the excited harmonics are 
v 

given by f n — n —, where n= 1,3,5... 


Determine the Concept Standing waves are the consequence of the constructive 
interference of waves that have the same amplitude and frequency but are traveling in 


opposite directions. ( b ) is correct. 


*6 • 

Determine the Concept Our ears and brain find frequencies which are small-integer 
multiples of one another pleasing when played in combination. In particular, the ear 
hears frequencies related by a factor of 2 (one octave) as identical. Thus, a violin sounds 
much more "musical" than the sound of a drum. 


7 

Picture the Problem The first harmonic 
displacement-wave pattern in an organ pipe 
open at both ends and vibrating in its 
fundamental mode is represented in part (a) 
of the diagram. Part ( b ) of the diagram 
shows the wave pattern corresponding to 
the fundamental frequency for a pipe of the 
same length L that is closed at one end. 
Letting unprimed quantities refer to the 
open pipe and primed quantities refer to the 
closed pipe, we can relate the wavelength 
and, hence, the frequency of the 
fundamental modes using v =/2. 


L 


\ X 
X 

X \ 


(a) 



Express the frequency of the first y _ v 

harmonic in the open pipe in terms ' X, 

of the speed and wavelength of the 
waves: 


Relate the length of the open pipe to 
the wavelength of the fundamental 
mode: 


4=2 L 
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Substitute to obtain: 


/,= 


v 


2 L 


Express the frequency of the first 
harmonic in the closed pipe in terms 
of the speed and wavelength of the 
waves: 



v 


Relate the length of the closed pipe 
to the wavelength of the 
fundamental mode: 


A/= 4 L 


Substitute to obtain: 



4 L 2yiL) 



Substitute numerical values and 
evaluate f x ': 


//= 1(400 Hz) = 200 Hz 


and ( a ) is correct. 


8 

Picture the Problem The frequency of the fundamental mode of vibration is directly 
proportional to the speed of waves on the string and inversely proportional to the 
wavelength which, in turn, is directly proportional to the length of the string. By 
expressing the fundamental frequency in terms of the length L of the string and the 
tension F in it we can examine the various changes in lengths and tension to determine 
which would halve it. 

Express the dependence of the f _ v 

frequency of the fundamental mode ' A l 

of vibration of the string on its 
wavelength: 

Relate the length of the string to the \ = 2L 

wavelength of the fundamental 

mode: 


Substitute to obtain: 



Express the dependence of the speed 
of waves on the string on the tension 
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in the string: 


Substitute to obtain: 


/,= 



2 L\ju 


(a) Doubling the tension and the length would increase the frequency by a factor 


-f V2/2. 


0 


(j b ) Halving the tension and keeping the length fixed would decrease the frequency by a 
factor of l/ V2 . 

(c) Keeping the tension fixed and halving the length would double the frequency. 

(c) is correct. 


9 

Determine the Concept We can relate the resonant frequencies of an organ pipe to the 
speed of sound in air and the speed of sound to the absolute temperature. 

Express the dependence of the f ~ — 

resonant frequencies on the speed of X 


sound: 


Relate the speed of sound to the 
temperature of the air: 



where y and R are constants, M is the 
molar mass of the gas (air), and T is the 
absolute temperature. 


Substitute to obtain: 



Because v oc 4t , increasing the temperature increases the resonant frequencies. 


*10 • 

Determine the Concept Because the two waves move independently, neither impedes 
the progress of the other. 
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11 • 


Determine the Concept No; the wavelength of a wave is related to its frequency and 
speed of propagation (2 = v/f). The frequency of the plucked string will be the same as 
the wave it produces in air, but the speeds of the waves depend on the media in which 
they are propagating. Because the velocities of propagation differ, the wavelengths will 
not be the same. 


12 • 


Determine the Concept No; when averaged over a region in space including one or 
more wavelengths, the energy is unchanged. 


13 • 


Determine the Concept When the edges of the glass vibrate, sound waves are produced 
in the air in the glass. The resonance frequency of the air columns depends on the length 
of the air column, which depends on how much water is in the glass. 

14 « 

Picture the Problem We can use v =fA to relate the frequency of the sound waves in the 
organ pipes to the speed of sound in air, nitrogen, and helium. We can use 
v = -yJ/RT/M to relate the speed of sound, and hence its frequency, to the properties of 
the three gases. 

Express the frequency of a given f ~ — 

note as a function of its wavelength X 

and the speed of sound: 


Relate the speed of sound to the 
absolute temperature and the molar 
mass of the gas used in the organ: 



where y depends on the kind of gas, R is a 
constant, T is the absolute temperature, and 
Mis the molar mass. 


Substitute to obtain: 



For air in the organ pipes we have: 



( 1 ) 



When nitrogen is in the organ pipes: 


I 

I 


( 2 ) 
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Express the ratio of equation (2) to 
equation (1) and solve for / N : 


A 2 J y N 2 ^ air 

/air \Yan M H 2 


f — f I ^ N 2 

J N? / air -i * ^ 

V ^air 


Because = /a„- an d M air > M^: f^ > / air 

i-e., _ 

/ will increase for each organ pipe. 


If helium were used, we’d have: 


/ H e 


= /ai 


Y He M air 

fair M Ue 


Because y He > / air and M air » M 


./lie fan 


i.e.. 


the effect will be even more 
pronounced. 


*15 •• 

Determine the Concept Increasing the tension on a piano wire increases the speed of the 
waves. The wavelength of these waves is determined by the length of the wire. Because 
the speed of the waves is the product of their wavelength and frequency, the wavelength 


remains the same and the frequency increases. ( b ) is correct. 


16 •• 

Determine the Concept If connected properly, the speakers will oscillate in phase and 
interfere constructively. If connected incorrectly, they interfere destructively. It would be 
difficult to detect the interference if the wavelength is short, less than the distance 
between the ears of the observer. Thus, one should use bass notes of low frequency and 
long wavelength. 

17 •• 

Determine the Concept The pitch is determined mostly by the resonant cavity of the 
mouth; the frequency of sounds he makes is directly proportional to their speed. Because 
VHe > v air (see Equation 15-5), the resonance frequency is higher if helium is the gas in 
the cavity. 
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*18 

Determine the Concept The light is being projected up from underneath the silk, so you 
will see light where there is a gap and darkness where two threads overlap. Because the 
two weaves have almost the same spatial period but not exactly identical (because the 
two are stretched unequally), there will be places where, for large sections of the cloth, 
the two weaves overlap in phase, leading to brightness, and large sections where the two 
overlap 90° out of phase (i.e., thread on gap and vice versa) leading to darkness. This is 
exactly the same idea as in the interference of two waves. 

Estimation and Approximation 

19 •• 

Determine the Concept Pianos are tuned by ringing the tuning fork and the piano note 
simultaneously and tuning the piano string until the beats are far apart; i.e., the time 
between beats is very long. If we assume that 2 s is the maximum detectable period for 
the beats, then one should be able to tune the piano string to at least 0.5 Hz. 

*20 • 

Picture the Problem We can use v =fA\ to express the resonance frequencies in the 

A 

organ pipes in terms of their wavelengths and L = n-^-,n = 1,2,3, ...to relate the length 
of the pipes to the resonance wavelengths. 


(a) Relate the fundamental f ~ V 

frequency of the pipe to its 1 A l 

wavelength and the speed of sound: 


Express the condition for 
constructive interference in a pipe 
that is open at both ends: 

Solve for A\. 


L = n^-,n= 1,2,3,... (1) 

4=2 L 


Substitute and evaluate f \: 


/i 


v _ 340m/s 

2 L ~ 2(7.5x10 2 m) 


2.27 kHz 


(b) Relate the resonance frequencies 
of the pipe to their wavelengths and 
the speed of sound: 


L 


V 


A. 


A 


2 L 


Solve equation (2) for A„: 


n 
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Substitute to obtain: 


Set f n = 20 kHz and evaluate n: 


- v 340m/s 

Jn = n - = n ~l -n-\ 

2 L 2(7.5 xicr 2 m) 
= «(2.27kHz) 


20 kHz 
11 ~ 2.27kHz 


8.81 


The eighth harmonic is within the range defined as audible. The ninth harmonic 
might be heard by a person with very good hearing. 


21 •• 

Picture the Problem Assume a pipe length of 5 m and apply the standing-wave 
resonance frequencies condition for a pipe that is open at both ends (the same conditions 
hold for a string that is fixed at both ends). 


Relate the resonance frequencies for 
a pipe open at both ends to the length 
of the pipe: 


f n =n—,n = \,2,3,... 


Evaluate this expression for n = 1: 


r _ 340 m/s 
1 2(5 m) 


34.0 Hz 


Express the dependence of the speed 
of sound in a gas on the temperature: 



where y and R are constants, M is the 
molar mass, and T is the absolute 
temperature. 


Because v oc fr, the frequency will be somewhat higher in the summer. 


Superposition and Interference 

22 • 

Picture the Problem We can use A = 2y 0 cosy 5 to find the amplitude of the resultant 
wave. 


A = 2y 0 cos-f c7 = 2(0.02 m)cos^- 






3.86 cm 


(a) Evaluate the amplitude of the 
resultant wave when 8 = nKr. 
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(. b ) Proceed as in (a) with 8 = n! 3: 


A = 2 y 0 cosycJ = 2(0.02m)cos-^ 


C 7t^ 


VW 


3.46 cm 


23 • 

Picture the Problem We can use A = 2 y 0 cos2c7 to find the amplitude of the resultant 
wave. 


Evaluate the amplitude of the 
resultant wave when 8 = nt 2: 


A = 2 y 0 cosy^ = 2(0.05m)cos^- 






7.07 cm 


*24 • 

Picture the Problem The phase shift in the waves generated by these two sources is due 
to their separation of 2/3. We can find the phase difference due to the path difference 
Ax 

from 5 = 2n — and then the amplitude of the resultant wave from A = 2 v 0 cos \ 8. 


Evaluate the phase difference 8 


8 = 2n 


Ax 

T 




Find the amplitude of the resultant 
wave: 


A 


= 2 v 0 cos ^8 = 2^4 cos 


-n 


\ 

) 


= 2^4 cos — = 
3 



25 • 

Picture the Problem The phase shift in the waves generated by these two sources is due 
to a path difference Ax = 5.85 m - 5.00 m = 0.85 m. We can find the phase difference due 

Ax 

to this path difference from 8 = 2 n — and then the amplitude of the resultant wave 

2 

from A = 2 y 0 cos ^ 8. 


(a) Find the phase difference due to 
the path difference: 


8 = 2k — 
2 



340 m/s 
100 s 1 


3.4m 


Calculate the wavelength of the 
sound waves: 


■l 













1240 Chapter 16 


Substitute and evaluate 8 : 


0.85m 

o = in - 

3.4m 


n 


rad = 


90.0° 


(b ) Relate the amplitude of the 
resultant wave to the amplitudes of 
the interfering waves and the phase 
difference between them: 


A = 2y 0 cos\8 = 2A cos — 


1 f n^ 




= yf2A 


*26 • 

Picture the Problem The diagram is shown below. Lines of constructive interference are 
shown for path differences of 0, A, 2A, and 3 A. 



27 • 

Picture the Problem The intensity at the point of interest is dependent on whether the 
speakers are coherent and on the total phase difference in the waves arriving at the given 

Ax I | 

point. We can use 8 = 2 n — to determine the phase difference S, A = \2p 0 cos 40] to 

A 

find the amplitude of the resultant wave, and the fact that the intensity / is proportional to 
the square of the amplitude to find the intensity at P for the given conditions. 


(a) Find the phase difference 8: 


o = 2 n -— = n 
A 


Find the amplitude of the resultant 
wave: 

Because the intensity is proportional 
to A 2 : 


A = \2p 0 cos \n\ = 0 


1 = 

0 

1 = 

2 I Q 


(. b ) The sources are incoherent and 
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the intensities add: 

(c) Express the total phase 
difference: 


Find the amplitude of the resultant 
wave: 

Because the intensity is proportional 
to A 2 : 


^sources ^path difference 

, 9 Ax 9 (l A 
= n + in — = n + 2 tt 
A 




= 2 n 


A = \2p 0 cos j (27rJ = 2 p 0 


fagJ 

7 2 


Po 


P 0 


2 ^0 


4/ n 


28 • 

Picture the Problem The intensity at the point of interest is dependent on whether the 
speakers are coherent and on the total phase difference in the waves arriving at the given 

\x . | | 

point. We can use 8 = 2 n — to determine the phase difference 8, A = |2 p 0 cos 4 8\ to 

A. 

find the amplitude of the resultant wave, and the fact that the intensity / is proportional to 
the square of the amplitude to find the intensity at P for the given conditions. 

(a) Find the phase difference 8: 8 -2n—~2n 

n x~ n 

Find the amplitude of the resultant A = j2p 0 cos \ (2;r)| = 2p 0 

wave: 


Because the intensity is proportional 
to A 2 : 




(b ) The sources are incoherent and 
the intensities add: 



(c) Express the total phase 
difference: 


A lol = S K 


+ S. 


path difference 


= n + 2n 


Ax 

T 


f 

71 + 2k 

V 


A 

I 


\ 

J 


= 3 7t 


Find the amplitude of the resultant 


A = \2p 0 cos j (3;t)| = 0 
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wave: 

Because the intensity is proportional 
to A 2 : 



29 • 

Picture the Problem Let P be the point located a distance r x from speaker 1 and a 
distance r 2 from speaker 2. If the sound at point P is to be either a maximum or a 
minimum, the difference in the distances to the speakers will have to be such that this 
difference compensates for the 90° out-of-phase condition of the speakers. 

(a) Express the phase shift due to the _ Sources ^ _ 90° ^ 

speakers in terms of a path difference: 360° 360° 


satisfy in order to compensate for this 
path difference: 


Express the condition that r 2 — 1 \ must 




(b) In this case, the smallest difference 
in path is again 2/4, but now: 



*30 •• 

Picture the Problem The drawing shows a 
generic point P located a distance r x from 
source S x and a distance r 2 from source S 2 . 
The sources are separated by a distance d 
and we’re given that d < 2/2. Because the 
condition for destructive interference is 
that 8 = nK where n = 1, 2, 3,..., we’ll 
show that, with d < 2/2, this condition 
cannot be satisfied. 


// 




/ 


/ 

y / 

/ / 

/ 

/ 


// 


/ 


'N 

-| */ 

i / 

i / 


Relate the phase shift to the path ^ _ 2 ^ ^ r 

difference and the wavelength of the A 

sound: 


Relate A r to d and &. 


A r < d sin 0 < d 


c - dsmO 

o < 2 n - 

2 


< 2 n 


d_ 

2 


Substitute to obtain: 
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Because d < X/2 : 


, 9 V 2 

O < 27V —— = TV 

X 


Express the condition for destructive 8 = nn 

interference: where n = 1, 2, 3,... 


Because 8 < tv, there is no complete destructive interference in any direction. 


31 •• 

Picture the Problem Let the positive x direction be the direction of propagation of the 
wave. We can express the phase difference in terms of the separation of the two points 
and the wavelength of the wave and solve for A. In part ( b ) we can find the phase 
difference by relating the time between displacements to the period of the wave. I in part 
(c) we can use the relationship between the speed, frequency, and wavelength of a wave 
to find its velocity. 

(a) Relate the phase difference to the g _ ^ Ax 

wavelength of the wave: X 


Solve for and evaluate A: 


A = 2 tv 


Ax 

~8 


= In 


5 cm 
n 1 6 


60.0 cm 


( b ) Express and evaluate the period 
of the wave: 



1 

40 s 1 


= 25 ms 


Relate the time between the two 
displacements to the period of the 
wave: 


5 ms = 


]_ 

5 


T 


Express the phase difference 
corresponding to one-fifth of a 
period: 


8 = 


2 TV 
5 


(c) Express the wave speed in terms 
of its frequency and wavelength: 


v = fA = { 40s ! )(0.6m) 


24.0m/s 


32 •• 

Picture the Problem Assume a distance of about 20 cm between your ears. When you 
rotate your head through 90°, you introduce a path difference of 20 cm. We can apply the 
equation for the phase difference due to a path difference to determine the change in 
phase between the sounds received by your ears as you rotate your head through 90°. 
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Express the phase difference due to ^ ^ 20 cm 

the rotation of your head through X 

90°: 


Find the wavelength of the sound 
waves: 



340 m/s 
680s 1 


= 50 cm 


Substitute to obtain: 


S=2n 2 ^- 
50 cm 


0.8;r rad 


33 •• 

Picture the Problem Because the sound intensity diminishes as the observer moves, 
parallel to a line through the sources, away from her initial position, we can conclude that 
her initial position is one at which there is constructive interference of the sound coming 
from the two sources. We can apply the condition for constructive interference to relate 
the wavelength of the sound to the path difference at her initial position and the 
relationship between the velocity, frequency, and wavelength of the waves to express this 
path difference in terms of the frequency of the sources. 

Express the condition for Ar = nX, n = 1,2,3,... (1) 

constructive interference at 
(40 m, 0): 

Express the path difference A r: Ar = r B — r A 


Using the Pythagorean theorem, find r _ m ) 2 + (2 4m) 2 

r B : 

Substitute for r B and evaluate Ar: \ r _ ^(40m) 2 + (2.4m) 2 - 40 m 

= 0.07194m 


Substitute in equation (1) and solve 
for X: 

Using v = fX, express / in terms 
of X and n: 


. 0.07194m 

A = - 

n 

. _ v _ 340 m/s 

^ ~ H 0.07194m 0.07194m 

= (4726 Hz)» 


/,= 


and f 2 = 


Evaluate / for n = 1 and 2: 


4726 Hz 


9452 Hz 
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34 •• 

Picture the Problem Because the sound intensity increases as the observer moves, 
parallel to a line through the sources, away from her initial position, we can conclude that 
her initial position is one at which there is destructive interference of the sound coming 
from the two sources. We can apply the condition for destructive interference to relate the 
wavelength of the sound to the path difference at her initial position and the relationship 
between the velocity, frequency, and wavelength of the waves to express this path 
difference in terms of the frequency of the sources. 


Express the condition for 

A r = 

n — , n = 1 

,3,5,. 


destructive interference at (40 m, 0): 


2 



Express the path difference Ar: 

A r = 

r B~ r A 



Using the Pythagorean theorem, 

l B = 

V (40 m) 2 + 

(2.4 

A 

find r B : 


Substitute for r B and evaluate A r. 

A r = 

V(40 mf 

f(2.4 

3 

ro 

i 

O 


= 

0.07194m 


Substitute in equation (1) and solve 

. 2(0.07194 m) 

A — — 

0.1439m 

for A: 


n 


n 

Using v = fA, express / in terms 

f„ = 

V 

n - 

- = n 

340 m/s 

of A: 


0.1439m 

0.1439m 


= 

(2363Hz)h 


Evaluate / for n = 1 and 3: 

/ = 

2363 Hz 




and 


/ 3 = 


7089 Hz 


*35 •• 

Picture the Problem We can use the trigonometric identity 


cosH + cos B = 2 cos 


A + B 


V 


cos 


A-B 


to derive the expression given in (a) and the 


speed of the envelope can be found from the second factor in this expression; i.e., 
fromcos[(A£/2)x-(A<y/ 2 )t], 

(a) Express the amplitude of the resultant wave function y(x,t): 


y(x, t ) = H(cos(^x - co jt)+ cos (k 2 x - co 2 t )) 
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Use the trigonometric identity cos A + cos B = 2 cos 


f A + B^ 


f A-B^ 


cos 


V * ) 


to obtain: 


V * J 


y(x,t ) = 2 A 
= 2 A 


k,x - co,t + Cx - coA k,x - co x t - k*,x + coj 

cos —- - ---—cos —- 5 ---— 


cos 


+ ^2 (0\ + (Or, 

X t 


cos 


J 


k, - kr, (Or. - (O, 

— - =-~x + — - -t 


V 


2 l 


Substitute <o ave = (a>\ + &h)/2, k me = (k\ + k 2 )l2, A a>= a>\ - Oh and Ak - k\ - k 2 to obtain: 


y(x,t) = 


24[cos(A' avc x - ® ave t)cos 


A 


Ak A (o 

— x - 1 

V 2 2 j 


(b) A spreadsheet program to calculate y{x,t) between 0 m and 50 m at t = 0, 0.5 s, and 1 s 
follows. The constants and cell formulas used are shown in the table. 


Cell 

Content/F ormula 

Algebraic Form 

Bll 

B 10+0.25 

x + Ax 

CIO 

COS($B$3*B10-$B$5*$C$9) 

+ COS($B$4*B10-$B$6*$C$9) 

y(x,0) 

DIO 

COS($B$3 *B 10-$B$5 *$D$9) 

+ COS($B$4*B 10-$B$6*$D$9) 

y(x, 0.5 s) 

E10 

COS($B$3*B10-$B$5*$E$9) 

+ COS($B$4*B 10-$B$6*$E$9) 

y(x,\ s) 



A 

B 

c 

D 

E 

l 






2 






3 

kl= 

1 

nr 1 



4 

k2= 

0.8 

nr 1 



5 

wl= 

1 

rad/s 



6 

w2= 

0.9 

rad/s 



7 


X 

y(x,0) 

y(x,0.5 s) 

y(x,l s) 

8 


(m) 




9 



0.000 

2.000 

4.000 

10 


0.00 

2.000 

-0.643 

-1.550 

11 


0.25 

1.949 

-0.207 

-1.787 

12 


0.50 

1.799 

0.241 

-1.935 

13 


0.75 

1.557 

0.678 

-1.984 

14 


1.00 

1.237 

1.081 

-1.932 







206 


49.00 

0.370 

-0.037 

0.021 

207 


49.25 

0.397 

0.003 

-0.024 

208 


49.50 

0.397 

0.065 

-0.075 

209 


49.75 

0.364 

0.145 

-0.124 

210 


50.00 

0.298 

0.237 

-0.164 





Superposition and Standing Waves 1247 

The solid line is the graph of y(x,0), the dashed line that of v(x,0.5 s), and the dotted line is 
the graph of y(x, 1 s). 



(c) Express the speed of the n _ A <x> _co x — co 2 

i ^envelope . , , , 

envelope: F A k k l - k 2 


Substitute numerical values and 

evaluate Vgnvelope- 


v envelope 


1 rad/s-0.9 rad/s 
lm _1 -0.8 m 1 


0.500 m/s 


36 •• 

Picture the Problem The diagram shows 
the two sources separated by a distance d S] 

and the path difference As. Because the j, 

lines from the sources to the distant point 
are approximately parallel, the triangle 
shown in the diagram is approximately a 
right triangle and we can use trigonometry 
to express As in terms of d and ft In the d 

second part of the problem, we can apply a 
small-angle approximation to the larger 
triangle shown in Figure 16-29 to relate y m 
to D and 9 and then use the condition for 
constructive interference to relate y m to D, 

2, and d. 



(a) Using the diagram, relate As to 
the separation of the sources and the 
angle ft 


sin 0 « 


— and As « 
d 


dsmO 


(b ) For 9 « 1, we can approximate 


A s ~ d tan 6 
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sin 9 with tan 9 to obtain: 

Referring to Figure 16-29, express 
tannin terms of y and D: 

Substitute to obtain: 


Express the condition on the phase 
difference for constructive 
interference: 

Substitute for As: 


tan 6 ~ — 
D 


As* 


dy m 

D 


8 = 2k 


As 

T 


= 2mi, m = 1,2,3,... 



= 2 7m, m = 1,2,3,... 


Simplify and solve for y m \ 


y m 


DA 

m - 

d 


37 •• 

Picture the Problem Because a maximum is heard at 0° and the sources are in phase, we 
can conclude that the path difference is 0. Because the next maximum is heard at 23°, the 
path difference to that position must be one wavelength. We can use the result of part (a) 
of Problem 36 to relate the separation of the sources to the path difference and the angle 
9. We’ll apply the condition for constructive interference to determine the angular 
locations of other points of maximum intensity in the interference pattern. 


Using the result of part (a) of Problem ^ _ As 

36, express the separation of the sin# 

sources in terms of As and 9 : 


Evaluate d with As = A and #=23°: 


Express the condition for additional 
intensity maxima: 


d = 


A 


sin 23° / sin 23 

340 m/s 


(480s“ 1 )in23° 


1.81m 


d sin 9 m = mA 

where m = 1, 2, 3, ..., or 

mA 


d.„ = sin 1 


d 
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Evaluate this expression for m = 2: 


i 2(340 m/s) 
(480 s _1 )(l. 81m) 


51.5° 


Remarks: It is easy to show that, for m > 2, the inverse sine function is undefined 
and that, therefore, there are no additional relative maxima at angles larger than 
51.5°. 


*38 ••• 

Picture the Problem Because the speakers are driven in phase and the path difference is 
0 at her initial position, the listener will hear a maximum at (D, 0). As she walks along a 
line parallel to the y axis she will hear a minimum wherever it is true that the path 
difference is an odd multiple of a half wavelength. She will hear an intensity maximum 
wherever the path difference is an integral multiple of a wavelength. We’ll apply the 
condition for destructive interference in part ( a ) to determine the angular location of the 
first minimum and, in part ( b ), the condition for constructive interference find the angle at 
which she’ll hear the first maximum after the one at 0°. In part (c), we can apply the 
condition for constructive interference to determine the number of maxima she can hear 
as keeps walking parallel to they axis. 


(a) Express the condition for 
destructive interference: 


Evaluate this expression for m = 1: 


(b) Express the condition for 
additional intensity maxima: 


Evaluate this expression for m = 1: 


d sin 9„, = m — 

2 

where m = 1, 3, 5,..., or 

. _/ m/O 

9,„ = sin 


\2d j 


9, = sin 1 


f \ 
v 


2 fd 


= sin 


340 m/s 
2(600 s')(2m) 


= 8.14 c 


d sin 9,„ = mA 


where m = 0, 1, 2, 3,..., or 

. _/ m/O 

9,„ = sin 


V « J 


9 X = sin 1 


f \ 

v 


\f d J 


= sin 


340 m/s 
(600 s 1 )(2m) 


= 16.5 C 
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(c) Express the limiting condition 
on sin6E 


sin 6,„ 


m — < 1 
d 


Solve for m to obtain: 


,d 

m < — = 
/l 


fd _ (600 s 1 )(2m) 
v 340m/s 


3.53 


Because m must be an integer: 



39 «• 

Picture the Problem Let d be the separation of the two sound sources. We can express 
the wavelength of the sound in terms of the d and either of the angles at which intensity 
maxima are heard. We can find the frequency of the sources from its relationship to the 
speed of the waves and their wavelengths. Using the condition for constructive 
interference, we can find the angles at which intensity maxima are heard. Finally, in part 
(d), we’ll use the condition for destructive interference to find the smallest angle for 
which the sound waves cancel. 


(a) Express the condition for 
constructive interference: 

Solve for 2: 

Evaluate 2 for m = 1: 


d sin 0 m = mA (1) 

where m = 0, 1, 2, 3,... 

l _ dsm6 m 

m 

A = (2m)sin(0.140rad) 

= 0.279 m 


(b) Express the frequency of the 
sound in terms of its wavelength 
and speed: 



340 m/s 
0.279 m 


1.22 kHz 


(c) Solve equation (1) for 6 m \ 


0 m = sin 


= sin 


' mX\ . j 

- = sin 

m(0.279m) 

V d ) 

[(0.1395>«] 

2 m 


m 

d m 


(rad) 

3 

0.432 

4 

0.592 

5 

0.772 


The table shows the values for 6 as 
a function of nr. 
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6 

0.992 

7 

1.354 

8 

undefined 


(i d) Express the condition for 
destructive interference: 


Solve for 6 m \ 


d sin 6 m = m — 
m 2 

where m = 1, 3, 5,... 


6 * 


= sin 


f X) 

m — 

V 2 d) 


Evaluate this expression for m = 1: 


0, = sin 1 


0.279m~ 


2(2 m) 



0.0698 rad 


40 ••• 

Picture the Problem The total phase shift in the waves arriving at the points of interest is 
the sum of the phase shift due to the difference in path lengths from the two sources to a 
given point and the phase shift due to the sources being out of phase by 90°. From 
Problem 39 we know that A = 0.279 m. Using the conditions on the path difference Ax for 
constructive and destructive interference, we can find the angles at which intensity 
maxima are heard. 


Letting the subscript "pel " denote 
"path difference" and the subscript 
"s" the "sources", express the total 
phase shift S: 


Express the condition for 
constructive interference: 

Solve for Ax to obtain: 


Relate Ax to d to obtain: 


«, «, «, , Ax n 

8 — 8 a 8 — 2 n - 1 — 

pd s A 4 

where Ax is the path difference between the 
two sources and the points at which 
constructive or destructive interference is 
heard. 


„ „ Ax n _ . ^ 

8 = 2 n -1— = In, \n, 6 k,... 

X 4 


8 8 8 8 

where m = 1, 2, 3,... 

(8m -1) 


Ax = 


8 


X = d sin 0„ 


where the "c" denotes constructive 
interference. 
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Solve for 9 C \ 


0,. = sin 1 


(8 m - l)/l 


8 d 


m 


1,2,3, 


The table shows the values for 0 C for 
m = 1 to 5: 


Express the condition for destructive 
interference: 


m 

9c 

1 


7.01° 


2 


15.2° 


3 


23.6° 


4 


35.1° 


5 


42.8° 



«, _ Ax n 

8 = in — h— = n,3n,5n ,... 
X 4 


Solve for Ax to obtain: 


Letting "d " denotes destructive 
interference, relate Ax to d to obtain: 


A 3,11,19, (8m - 5) 

Ax = -X, — X, — X,... = - -X 

8 8 8 8 

where m = 1, 2, 3,... 


Ax 


(8m -5) 


X = d sin 0 A 


Solve for 0 d : 


0 A = sin - 


(8m - 5)2 


8 d 


, m 


1,2,3,. 


The table shows the values for 9a for 
in = 1 to 5: 


m 

9a 

1 


3.00° 


2 


11.1° 


3 


19.3° 


4 


28.1° 


5 


37.6° 



41 — 

Picture the Problem We can calculate the required phase shift from the path difference 

/\,v 

and the wavelength of the radio waves using 8 = 2n — . 


8 = In 


As 

X 


Express the phase delay as a 
function of the path difference and 


( 1 ) 
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the wavelength of the radio waves: 

Find the wavelength of the radio 
waves: 

Express the path difference for the 
signals coming from an angle 6 
with the vertical: 

Substitute numerical values and 
evaluate As: 

Substitute in equation (1) and 
evaluate S: 

Beats 



3x 10 s m/s 
20 x 10 6 s 1 


= 15 m 


As = d sin 6 


As = (200m)sinl0 o = 34.73m = 2.315/1 
= 2/1 + 0.315/1 


* „ 0.315/1 

o = in - 

A 


= 1.98 rad = 


113° 


42 • 

Picture the Problem The beat frequency is the difference between the frequency of the 
tuning fork and the frequency of the violin string. Let f 2 = 500 Hz. 

(a) Express the relationship between f 2 - f x ± 4/ 

the beat frequency of the =500 Hz ± 4 Hz 

frequencies of the two tuning forks: 


Solve for^: f 2 = 


504 Hz or 496 Hz 


If the beat frequency is increased, then f 2 = 504 Hz; if it is diminished, 
f 2 =496 Hz. 


43 •• 

Picture the Problem The Doppler shift of the siren as heard by one of the drivers is 
given by the fonnula for source and receiver both moving and approaching each 
other f t = f s [(l + u / v)/(l — u / v)], where u is the speed of the ambulance and v is the 
speed of sound. 


■/heat fx fs 


where f is the frequency heard by either 
driver due to the other’s siren, 


(a) Express the beat frequency: 
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Express f: 


Substitute to obtain: 


Substitute numerical values and 
evaluate / bea t : 


1 + 


fr=fs 


1- 


1 + - 

/beat =/s-“/, =/, 

1 -" 


1 + 


V 


-1 


u 


1 - 

V v j 


= /s 


-1 


/„» =(500 Hz)- 


340 m/s 


22.4 m/s 


-1 


70.5 Hz 


The person on the street hears no beat frequency as the sirens of both 
ambulancesare Doppler shifted up by the same amount (approx. 35 Hz). 

Standing Waves 


*44 • 

Picture the Problem We can use v =fX to relate the second-harmonic frequency to the 
wavelength of the standing wave for the second harmonic. 

Relate the speed of transverse waves v = f 2 A 2 

on the string to their frequency and 

wavelength: 


Express A 2 in terms of the length L X 2 — L 

of the string: 


Substitute for A 2 and evaluate v: 


v = f 2 L = (60 s 1 )(3 m) = 


180m/s 


45 • 

Picture the Problem We can find the wavelength of this standing wave from the 
standing-wave condition for a string fixed at both ends and its frequency from v =f}A 3 . 
We can use the wave function for a standing wave on a string fixed at both ends 
( y n (x,/) = A n sin k n x cos co n t )) to write the wave function for the wave described in this 

problem. 
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(a) Using the standing-wave 
condition for a string fixed at both 
ends, relate the length of the string 
to the wavelength of the harmonic 
mode in which it is vibrating: 

Solve for A 3 : 


Express the frequency of the third 
harmonic in terms of the speed of 
transverse waves on the string and 
their wavelength: 

( b ) Write the equation for a standing 
wave, fixed at both ends, in its third 
harmonic: 

Evaluate k 3 : 


Evaluate m?: 


X 

L = n—, n = 1,2,3,... 
2 




— L -—(3 m) 
3 3 


2.00 m 



50m/s 
2 m 


25.0 Hz 




, t) = A 3 sin k 3 x cos a> 3 t 


j 2jV 2 TV i 

k 3 = — =-= n m 

X 3 2 m 

eo 3 =2vrf 3 = 2^(25 s _1 )= 50^ s _1 


Substitute to obtain: 
co= 50^s _1 . 


y 3 


(x,t) = (4 mm) sin kx cos co t 


where k= nm 1 and 


46 • 

Picture the Problem The first harmonic 
displacement-wave pattern in an organ pipe 
open at both ends and vibrating in its 
fundamental mode is represented in part (a) 
of the diagram. Part (b ) of the diagram 
shows the wave pattern corresponding to 
the fundamental frequency for a pipe of the 
same length L that is closed at one end. We 
can relate the wavelength to the frequency 
of the fundamental modes using v = fX. 


L 


\ / 
X 


(a) 



fu 


X, 


l,open 


(a) Express the dependence of the 
frequency of the fundamental mode 
of vibration in the open pipe on its 
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wavelength: 

Relate the length of the open pipe to 
the wavelength of the fundamental 
mode: 

Substitute and evaluate /i i0pen : 


(.b ) Express the dependence of the 
frequency of the fundamental mode 
of vibration in the closed pipe on its 
wavelength: 

Relate the length of the closed pipe 
to the wavelength of the 
fundamental mode: 

Substitute to obtain: 


Aopen — 2C 


f \ ,open ^ r 


v 340m/s 


2 L 2(10 m) 


17.0Hz 


A 


closed 


K 


closed 


A,closed 47- 


/1 


1,closed 


V _ 340 m/s 
4 L~ 4(l 0 m) 


8.50Hz 


47 • 

Picture the Problem We can find the speed of transverse waves on the wire using 
v = yjF//u and the wavelengths of any harmonic from L = n n = 1,2,3,.... We can 

use v =f /1 to find the frequency of the fundamental. For a wire fixed at both ends, the 
higher harmonics are integer multiples of the first harmonic (fundamental). 


(a) Relate the speed of transverse 
waves on the wire to the tension in 
the wire and its linear density: 



Substitute numerical values and 
evaluate v: 

( b ) Using the standing-wave 
condition for a wire fixed at both 
ends, relate the length of the wire to 
the wavelength of the harmonic 
mode in which it is vibrating: 

Solve for X\\ 


I 968 N 

\ (0.005 kg)/(l ,4 m) ~ 

521m/s 


n~~, n = 1,2,3,... 

2 



4 =2Z = 2(l.4m) 


2.80m 
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Express the frequency of the first 
harmonic in terms of the speed and 
wavelength of the waves: 



521m/s 

2.80m 


186 Hz 


(c) Because, for a wire fixed at both 
ends, the higher harmonics are integer 
multiples of the first harmonic: 


fi “2/j -2(l86Hz)- 
and 

A = 3/i = 3(l 86 Hz) = 


372 Hz 


558Hz 


48 • 

v 

Picture the Problem We can use Equation 16-13, f n = n — = nf,n = 1,3,5,..., to find 

4 L 

the resonance frequencies for a rope that is fixed at one end. 


(a) Using the resonance-frequency 
condition for a rope fixed at one 
end, relate the resonance 
frequencies to the speed of the 
waves and the length of the rope: 

Solve for f: 


f n =n— = nf l ,n = l, 3,5,... 


_ 20m/s 
~ 4(4 m) 


1.25 Hz 


Because this rope is fixed at just one end, the system does not support a 
second harmonic. 


(c) For the third harmonic, n = 3: 


A = 3,/i = 3(l .25 Hz) = 


3.75 Hz 


49 • 

Picture the Problem We can find the fundamental frequency of the piano wire using the 
general expression for the resonance frequencies of a wire fixed at both ends, 

f n = n — = nf, n = 1,2,3,..., with n = 1. We can use v = ^F//u to express the 

2 L 

frequencies of the fundamentals of the two wires in terms of their linear densities. 


Relate the fundamental frequency of y _ v 

the piano wire to the speed of 1 2 L 

transverse waves on it and its linear 
density: 
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Express the dependence of the 
speed of transverse waves on the 
tension and linear density: 



Substitute to obtain: 


Doubling the linear density results 
in a new fundamental frequency /' 
given by: 





-lIZ 

2L\2ju 


1 f 1 


v/2 2 L 



1 

77 


A 


Substitute for f\ to obtain: 


/,’ = -^(200Hz) = 


141Hz 


*50 • 

Picture the Problem Because the frequency and wavelength of sounds waves are 
inversely proportional, the greatest length of the organ pipe corresponds to the lowest 
frequency in the normal hearing range. We can relate wavelengths to the length of the 
pipes using the expressions for the resonance frequencies for pipes that are open at both 
ends and open at one end. 


Find the wavelength of a 20-Hz note: 


A = ■ 


A 


lowest 


340 m/s 
20 s 1 


= 17m 


(a) Relate the length L of a closed- 
at-one-end organ pipe to the 
wavelengths of its standing waves: 


A 

L = n—, n = 1,3,5,... 
4 


Solve for and evaluate A\. 



17m 

4 


4.25 m 


( b ) Relate the length L of an open ^ ^ n -\ 2 3 

organ pipe to the wavelengths of its 2 

standing waves: 


Solve for and evaluate A\. 



17m 

~Y~ 


8.50m 


51 •• 

Picture the Problem We can find A and / by comparing the given wave function to the 
general wave function for a string fixed at both ends. The speed of the waves can then be 
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found from v =fi l. We can find the length of the string from its fourth harmonic 
wavelength. 


(a) Using the wave function, relate 
k and A: 



0.20 cm 1 


Solve for A: 


A = 


2 rc 

0.20cm 


\0n: cm = 


31.4 cm 


Using the wave function, relate/ co = 2rf = 300 s 1 

and ox 


Solve for f. 


(b) Express the speed of transverse 
waves in terms of their frequency 
and wavelength: 


300 s ' 
2 n 


47.7 Hz 


v = fA = (47.7 Hz )(0.314 m) 
= 15.0m/s 


(c) Relate the length of the string to L — n ^ n n ~\ 2 2 

the wavelengths of its standing- 2 

wave patterns: 


52 •• 

Picture the Problem We can find A and / by comparing the given wave function to the 
general wave function for a string fixed at both ends. The speed of the waves can then be 
found from v =fA. In a standing wave pattern, the nodes are separated by one-half 
wavelength. 

(a) Express the speed of the traveling v = .A 

waves in terms of their frequency and 
wavelength: 


Solve for L when n = 4: 


L = 2A 4 = 2(31.4 cm) = 


62.8 cm 


Using the wave function, relate k ^ _ 2tt _ ^ m _i 

and A: A 


Solve for A: 


A = 


2 n 

2.5nU‘ 


= 0.8;rm = 2.51m 


co - 2rf = 500s 


Using the wave function, relate co 


1 
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and /: 

Solve for /: 


Substitute to find v: 


Express the amplitude of the 
standing wave in terms of the 
amplitude of the two traveling 
waves that result in the standing 
wave: 

Solve for and evaluate A: 

(b) The distance between nodes is 
half the wavelength: 

(c) Because there is a standing wave 
on the string, the shortest possible 
length is: 


500 s 1 
2n 


79.6 Hz 


v = (79.6 s 1 )(2.51m) 


200 m/s 


^sw — 


A = 

A _ 
2 ~ 

^inin 


A 

^SW _ 

2 

2.51m 


2 

A 

2 


0.05 m 

2 

2.50cm 


= 1.26 m 



1.26m 
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53 •• 

Picture the Problem We can evaluate the wave function of Problem 52 at the given 
times to obtain graphs of position as a function of x. We can find the period of the motion 
from its frequency / and find / from its angular frequency co. 

(a) The function v(x,0) is shown below: 



The functions y(x, T/4) and y(x,3T/4) are shown below. Because these functions are 
identical, only one graph is shown. 












3 . 






2 . 






I i ■ 






o ■ 

E-h 

J" . 











^ -2 ■ 






-3 ■ 


















0.0 0.5 1.0 1.5 2.0 2.5 

x (m) 
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The function y(x,T/2) follows: 



( b ) Express the period in terms of T _ — 

the frequency: / 

Using the wave function, relate co co = Irf = 500s 1 

and/: 


Solve for /: 

Substitute for/ and evaluate T: 


500 s ' 
2 n 


T = 


1 

79.6s 1 


79.6 Hz 


12.6ms 


Because the string is moving either upward or downward when 
y(x) = 0 for all x,the energy of the wave is entirely kinetic energy. 


*54 •• 

Picture the Problem Whether these frequencies are for a string fixed at one end only 
rather than for a string fixed at both ends can be decided by determining whether they are 
integral multiples or odd-integral multiples of a fundamental frequency. The length of the 
string can be found from the wave speed and the wavelength of the fundamental 
frequency using the standing-wave condition for a string with one end free. 


the ratio of the first two frequencies: 


(a) Letting the three frequencies be 
represented by f, f, and f", find 


/ 75 Hz 


f' 125 Hz 
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Find the ratio of the second and 
third frequencies: 


f 125Hz _ 5^ 
/" ~ 175Hz ~\J_ 


(b) 


There are no even harmonics, so the string must be fixed at one end only. 


(c) Express the resonance 
frequencies in terms of the 
fundamental frequency: 

Noting that the frequencies are 
multiples of 25 Hz, we can conclude 
that: 


f n =nfi,n = l, 3,5,... 


/ 3 _75Hz 


25 Hz 


Because the frequencies are 3,5, and 7 times the fundamental frequency, 
they are the third, fifth, and seventh harmonics. 


(e) Express the length of the string 
in terms of the standing-wave 
condition for a string fixed at one 
end: 

Using v =/i2i, find 2,: 


2 

L = n — ,n = 1,3,5,... 
4 



400 m/s 
25 s -1 


= 16m 


Evaluate L for A\ = 16 m and n = 1: 



16 m 
4 


4.00 m 


55 « 

Picture the Problem The lowest resonant frequency in this closed-at-one-end tube is its 
fundamental frequency. This frequency is related to its wavelength through v 
We can use the relationship between the nth harmonic and the fundamental 
frequency, f n = {in + \)f , n = 1,2,3,..., to find the highest frequency less than or equal 

to 5000 Hz that will produce resonance. 

(a) Express the length of the space 
above the water in terms of the 
standing-wave condition for a 
closed pipe: 


A 

L = n —, n = 1,3,5,... 
4 


2 „ = 


4 L 


n = 1,3,5,... 


n 


Solve for 2„: 
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Anax corresponds to n = 1: 


'max 


4Z = 4(l.2m)=4.8m 


Using v = / min /1 

max? find f mm \ 


f . 

J min 



(b ) Express the nth harmonic in 
terms of the fundamental frequency 
(first harmonic): 



To find the highest harmonic below 5000Hz — (in + l)(70.8Hz) 

5000 Hz, let f, = 5000 Hz: 


Solve for n (an integer) to obtain: 


n = 34 


Evaluate fa: 


fa = 69 f = 69(70.8 Hz) = 4.89kHz 


(c) There are 34 harmonics higher 


35 


than the fundamental frequency so 
the total number is: 

56 •• 

Picture the Problem Sound waves of frequency 460 Hz are excited in the tube, whose 
length L can be adjusted. Resonance occurs when the effective length of the tube 
L et f = L + AL equals jA, jA, jA, and so on, where A is the wavelength of the sound. 

Even though the pressure node is not exactly at the end of the tube, the wavelength can be 
found from the fact that the distance between water levels for successive resonances is 
half the wavelength. We can find the speed from v = fA and the end correction from the 

fact that, for the fundamental, L e{{ = jA = L x + AL, where L\ is the distance from the top 
of the tube to the location of the first resonance. 

( a ) Relate the speed of sound in air v = fo 

to its wavelength and the frequency 
of the tuning fork: 

Using the fact that nodes are ^ = 2(55.8 cm — 18.3 cm) 

separated by one-half wavelength, =75 cm 

find the wavelength of the sound 
waves: 



Substitute and evaluate v: 


345 m/s 
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(b) Relate the end correction A L to L efl = jA 

the wavelength of the sound and = f. + A L 

effective length of the tube: 

Solve for and evaluate AL: A L=jA — L l = ^(75cm)-18.3cm 

= 0.450 cm 


*57 •• 

Picture the Problem We can use v = fA to express the fundamental frequency of the 
organ pipe in terms of the speed of sound and v = to relate the speed of sound and 

the fundamental frequency to the absolute temperature. 


Express the fundamental frequency 
of the organ pipe in terms of the 
speed of sound: 

Relate the speed of sound to the 
temperature: 


Substitute to obtain: 

Using primed quantities to represent 
the higher temperature, express the 
new frequency as a function of T: 


f = 


v 

~A 



where y and R are constants, M is the 
molar mass, and T is the absolute 
temperature. 


/ = 


A 


f = 


A' 


yRT 

M 



As we have seen, A is proportional 
to the length of the pipe. For the 
first question, we assume the length 
of the pipe does not change, so 
A = A'. Then the ratio of/' to/is: 
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Solve for and evaluate/' with 
T' = 305 K and T = 289 K: 


/ = / 3 


305 K 


1 305K 
\ 289K 


= (440.0 Hz). 


305K 

289K 


452 Hz 


It would be better to have the pipe expand so that v/L, where Z is the 
length of the pipe, is independent of temperature. 


58 •• 

Picture the Problem We can express the wavelength of the fundamental in a pipe open 
at both ends in terms of the effective length of the pipe using A = 2Z eff = 2(Z + AZ), 

where Z is the physical length of the pipe and A = v/f. Solving these equations 
simultaneously will lead us to an expression for Z as a function of D. 

Express the wavelength of the A = 2Z eff = 2 (Z + A L) 

fundamental in a pipe open at both w h ere L is its physical length, 

ends in terms of the pipe’s effective 
length L eS : 


Solve for L to obtain: 


L=--AL =--0.31860 
2 2 


Express the wavelength of middle C A — — 

in terms of its frequency / and the f 

speed of sound v: 


Substitute to obtain: 


L = — - 0.318622) 

2 / 


Substitute numerical values to 
express L as a function of D: 


Evaluate L for D = 1 cm: 


L _ 340 m/s 
~ 2(256s' 1 
= 0.664 m-0.31860 

Z = 0.664 m-0.3186(0.0 lm) 
= 66.1cm 


Z = 0.664 m-0.3186(0. lm) 
= 63.2 cm 


-0.31860 


Evaluate Z for D = 10 cm: 
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Evaluate L for D = 30 cm: L — 0.664 m — 0.3186(0.3 m) 

= 56.8cm 


59 •• 

Picture the Problem We know that, when a string is vibrating in its fundamental mode, 
its ends are one-half wavelength apart. We can use v = /a to express the fundamental 
frequency of the organ pipe in terms of the speed of sound and v = to relate the 

speed of sound and the fundamental frequency to the tension in the string. We can use 
this relationship between / and L, the length of the string, to find the length of string 
when it vibrates with a frequency of 650 Hz. 


standing wave, vibrating in its 
fundamental mode, to the length L 
of the string: 

(b ) Relate the speed of the waves v =fX 

combining to form the standing 
wave to its frequency and 
wavelength: 

Express the speed of transverse 
waves as a function of the tension in 
the string: 



(a) Express the wavelength of the 


A = 2 L = 2(40 cm) = 


80 cm 


Substitute and solve for F to obtain: 


Substitute numerical values and 
evaluate F: 


where m is the mass of the string and L is 
its length. 

Ffr500s-f(0.8m) i l2xl °" k8 

V ' 0.4m 

= 480 N 


(c) Using v =fA and assuming that y _ v_ _ r 

the string is still vibrating in its A 2 L 

fundamental mode, express its 
frequency in terms of its length: 
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Solve for L: 

L = — 

2/ 

Letting primed quantities refer to a 
second length and frequency, 
express L' in terms of/': 

L' = — 

2/ 

Express the ratio of L' to L and 

solve for L 

L f f 

Evaluate Lesom: 

_ 500 Hz 

^650Hz — rrr\TT ^500 Hz 

650 Hz 

500Hz/.. x 

=-(40 cm) = 30.77 cm 

650 Hz v ’ 

You should place your finger 

9.23 cm from the scroll bridge. 


60 •• 

Picture the Problem Let/ represent the frequencies corresponding to the A, B, C, and D 
notes and x(f') represent the distances from the end of the string that a finger must be 
placed to play each of these notes. Then, the distances at which the finger must be placed 
are given by x(f') = L(f G )-L(f'). 


Express the distances at which the 
finger must be placed in terms of the 
lengths of the G string and the 
frequencies/' of the A, B, C, and D 

notes: 

x(f) = L(f a )-L(f) (1) 

Assuming that it vibrates in its 
fundamental mode, express the 
frequency of the G string in terms of 
its length: 

V V 

fc= = 

4 2 L a 

Solve for L G \ 

L a = 

2/ g 

Letting primed quantities refer to 
the string lengths and frequencies of 

L'= V 

2/' 








Superposition and Standing Waves 1269 


the A, B, C, and D notes, express L' 
in terms of/': 

Express the ratio of L' to L and 
solve for L 

Evaluate L' = L(f) for the notes A, 
B, C and D to complete the table: 


Use equation (1) to evaluate x(f') 
and complete the table to the right: 


V_ 


fo 

f 


/' 


Note 

Frequency 

L(f') 


(Hz) 

(cm) 

A 

220 

26.73 

B 

247 

23.81 

C 

262 

22.44 

D 

294 

20.00 


Note 

Frequency 

L(f') 

x(f') 


(Hz) 

(cm) 

(cm) 

A 

220 

26.73 


3.27 


B 

247 

23.81 


6.19 


C 

262 

22.44 


7.56 


D 

294 

20.00 


10.0 



61 •• 

Picture the Problem We can use the fact that the resonance frequencies are multiples of 
the fundamental frequency to find both the fundamental frequency and the harmonic 
numbers corresponding to 375 Hz and 450 Hz. We can find the length of the string by 
relating it to the wavelength of the waves on it and the wavelength to the speed and 
frequency of the waves. The speed of the waves is, in turn, a function of the tension in the 
string and its linear density, both of which we are given. 

(a) Express 375 Hz as an integer nf x = 375 Hz (1) 

multiple of the fundamental 
frequency of the string: 

Express 450 Hz as an integer {n + \)f =450 Hz (2) 

multiple of the fundamental 
frequency of the string: 



Solve equations (1) and (2) 
simultaneously for f : 


75.0 Hz 
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( b ) Substitute in equation (1) to obtain: n = 5 


The harmonics are the fifth and sixth. 


(c) Express the length of the string 
as a function of the speed of 
transverse waves on it and its 
fundamental frequency: 

Express the speed of transverse 
waves on the string in terms of the 
tension in the string and its linear 
density: 

Substitute to obtain: 


2 2/j 




Substitute numerical values and 
evaluate L: 


1 f 360N 
“ 2(75 s -1 )^ 4xl0~ 3 kg/m 


2.00 m 


62 •• 

Picture the Problem We can use the fact that the resonance frequencies are multiples of 
the fundamental frequency and are expressible in terms of the speed of the waves and 
their wavelengths to find the harmonic numbers corresponding to wavelengths of 0.54 m 
and 0.48 m. We can find the length of the string by using the standing-wave condition for 
a string fixed at both ends. 


(a) Express the frequency of the 
nth harmonic in terms of its 
wavelength: 



v 

0.54 m 


Express the frequency of the ^ + j jy ■ _ v _ v 

(n + l)th harmonic in terms of its A n+1 0.48 m 

wavelength: 


n = 8 


The harmonics are the eighth and ninth. 


Solve these equations 
simultaneously for n: 
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(. b ) Using the standing-wave 
condition, both ends fixed, relate 
the length of the string to the 
wavelength of its nth harmonic: 

Evaluate L for the eighth harmonic: 


L = n—,n = 1,2,3,... 

2 


f 

L = 8 

V 


0.54 m 

2 


) 


2.16m 


63 •• 

Picture the Problem The linear densities of the strings are related to the transverse wave 
speed and tension through v = yjF/ju. We can use v = fX = 2f 'L to relate the frequencies 
of the violin strings to their lengths and linear densities. 


(a) Relate the speed of transverse 
waves on a string to the tension in 
the string and solve for the string’s 
linear density: 


Express the dependence of the 
speed of the transverse waves on 
their frequency and wavelength: 

Substitute to obtain: 


Substitute numerical values and 
evaluate ju E : 



and 

F 


v = f E ^ 
= 2f E L 


*f E L 2 

_ _90N_ 

//e 4[l.5(440 s 1 )] 2 (0.3 m) 2 

= 5.74 xl0~ 4 kg/m 
= 0.574 g/m 


90 N 

Ma 4(440s‘) 2 (0.3m) 2 
= 1.29x10 3 kg/m 
= 1.29 g/m 


(b ) Evaluate // A : 
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Evaluate // D : __ 90 N _ 

4(293 s') 2 (0.3 m) 2 
= 2.91x10 3 kg/m 
= 2.91g/m 


Evaluate /fc: __ 90 N _ 

4(l95s^') 2 (0.3m) 2 
= 6.57x10 3 kg/m 
= 6.57 g/m 


64 •• 

Picture the Problem The spatial period is one-half the wavelength of the standing wave 
produced by the sound and its reflection. Hence we can solve c = /'2' for 2' and use 

/'= /[l/(l - v/c)] to derive an expression for 272 in terms of c, v, and f. 


(a) Express the wavelength of the 
reflected sound as a function of its 
frequency and the speed of sound in 
air: 

Use the expression for the Doppler- 
shift in frequency when to source is 
in motion to obtain: 


Substitute to obtain: 


Substitute numerical values and 
evaluate the spatial period of the 
standing wave: 


2 ’ = 


c 

7 


/'=/- 


1- 


where c is the speed of sound. 


2 ' 


2 2 f if— 


1— 


c 

27 


M 

V c) 


c-v 


2 / 


2' 340 m/s - 22.4 m/s 

2 ~ 2(500s' 1 ) 


0.318m 















Superposition and Standing Waves 1273 


As the ambulance moves closer to the wall, the sound waves from its siren 
will periodically move in and out of resonance (i.e., the reflected waves 
will sometimes interfere constructively and sometimes partially 
destructively) so the intensity will periodically get louder and softer. 


65 •• 

Picture the Problem Beat frequencies are heard when the strings are vibrating with 
slightly different frequencies. To understand the beat frequency heard when the A and E 
strings are bowed simultaneously, we need to consider the harmonics of both strings. In 
part (c) we’ll relate the tension in the string to the frequency of its vibration and set up a 
proportion involving the frequencies corresponding to the two tensions that we can solve 
for the tension when the E string is perfectly tuned. 


The two sounds produce a beat because the third harmonic of the A 
string equals the second harmonic of the E string, and the original frequency 
of the E string is slightly greater than 660 Hz. If f E = (660 + A/')Hz, a 
beat of 2A f will be heard. 


( b ) Because/beat increases with 
increasing tension, the frequency of 
the E string is greater than 660 Hz. 
Thus the frequency of the E string 
is: 


f E =660Hz + j(3Hz) 
= 661.5 Hz 


(c) Express the frequency of a string 
as a function of its tension: 



I 



When the frequency of the E string 
is 660 Hz we have: 


660 Hz = -,P^. 

A V A 


When the frequency of the E string 
is 661.5 Hz we have: 


661.5 Hz 


I f 8QN 

A V jU 


Divide the first of these equations 
by the second and solve for F 660 Hz to 
obtain: 


F. 


660 Hz 


f 660 Hz 
v 661.5 Hz j 


(80N) = 


79.6N 


66 •• 

Picture the Problem We can use the condition for constructive interference of the waves 
reflected from the walls in front of and behind you to relate the path difference to the 
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wavelength of the sound. We can find the wavelength of the sound from its frequency 
and the speed of sound in air. 


Express the total path difference as Ax - Ax nearwall + Ax farwall (1) 

you walk toward the far wall of the 

hall: 

Express the condition on the path n /1 = Ax where n = 1, 2, 3, ... (2) 

difference for constructive 

interference: 


The reduction in the distance to the Ax nea rwaii = 2 d 

nearer wall as you walk a distance d 

is: 

The increase in the distance to the Ax far wall = 2d 

farther wall as you walk a distance d 

is: 

Substitute in equation (1) to find the Ax = 2d + 2d = 4d 

total path difference as you walk a 
distance d: 


Relate A to/and v: 


A = — 


f 


Substitute in equation (2) to obtain: 


n — = 4 d 

f 


Solve for and evaluate d for n = 1: 


v _ 340m/s 
~ 47” 4(680 s 1 ) 


12.5 cm 


*67 


Picture the Problem Let the wave function for the wave traveling to the right be 
y R (x, t)= A sin (/ex - cot-5 ) and the wave function for the wave traveling to the left 
be y L {x,t) = Asin{kx + cot + A)and use the identity 


sin a + sin fd = 2 sin 


a + ( &-P 


cos 


to show that the sum of the wave functions 


7 


can be written in the form y{x,t) = ^4'sinCxcos(<y/ + S). 









Superposition and Standing Waves 1275 


Express the sum of the traveling waves of equal amplitude moving in opposite directions: 
y(x,t)= y R (x,t) + y L {x,t) = Asin{kx - cot - S) + A sin(kx + cot + 8) 


Use the trigonometric identity to obtain: 


y{x,t)= 2 Asm 


kx- cot - <5 + kx + cot + 8 


\ 


= 2Asinkxcos{- cot - 8) 

Because the cosine function is even; 
i.e., cos(-0) = cos &. 


cos 




kx - cot - 8 - kx - cot - 8 


V 


J 


y{x,t)= 2Asmkxcos{oot + 8) 
= A'sin kxcos(cot +8) 
where A’ = 2A. 


Thus we have: 


y{x,t)= A'sinkxcos(cot + 8) 


provided^' = 2 A. 


68 •• 

Picture the Problem We can find and /c 3 from the given information and substitute to 
find the wave function for the 3 rd harmonic. We can use the time-derivative of this 
expression (the transverse speed) to express the kinetic energy of a segment of mass dm 
and length dx of the string. Integrating this expression will give us the maximum kinetic 
energy of the string in terms of its mass. 


(a) Write the general form of the 
wave function for the 3 rd harmonic: 

Evaluate oh,\ 

Using the standing-wave condition 
for a string fixed at one end, relate 
the length of the string to its 3 rd 
harmonic wavelength: 


y 3 (x, t ) = A 3 sin k 3 x cos co 3 t 


co 3 =27zf 3 =2;r(l00s ')=200;rs 


L = 3 


and 


A, 


3 44 h) 8 

A, = —L = —(2 m) = —m 
3 3 3 v 3 


, In In In _ 

k 3 = — = t——- r— = — m 

3 A 3 (8/3)m 4 


Evaluate k 3 : 


-l 
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Substitute numerical values and 
evaluate K mix : 


= im(200^s l ) 2 (0.03m) 2 

= (88.8 J/kg)m 


Substitute to obtain: 


y 3 


(x,t) = 


(0.03 m) 


sin 


f 3 k _] 
— m 

V 4 


cos(200;rs 1 )i 


( b ) Express the kinetic energy of a clK = \ dmv 2 

segment of string of mass dm: 

Express the mass of the segment in dm = fidx 

terms of its length dx and the linear 
density of the string: 

Using our result in (a), evaluate v y : 


v„ = ■ 


dt 


(0.03m)sin 


3 n _! 

— m 

4 


= -(200^s 1 )(0.03m)sin 
^3 n , 


J 
r 3 n 


m 

4 7 


(200;rs *)i 

sin(200^s _1 )i 


= -(6^m/s)sin 


— m 

4 7 


sin(200;rs 1 ) 1 


Substitute to obtain: 


dK = 


{6n m/s)sin 

f 3 n 
— m 

X 


A 4 7 

. 


sin 


(200tts ')- 


/udx 


Express the condition on the time 
that dK is a maximum: 


sin(200;rs 1 )t = 1 
or 

( 200 = 


1 

n 1 

3 K 

200;rs~ 

1 2 ’ 200;rs~ 1 

2 

2.50ms,7.50ms,... 



Solve for and evaluate t: 
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Because the string’s maximum 
kinetic energy occurs when 
y(x,t) = 0: 

(c) Integrate dK from ( b ) over the 
length of the string to obtain: 


The string is a straight line. 


L 

if max = J i \ 0J A sin kx sin cot] 2 /udx 
0 

L 

= \ /uco 1 A 1 J sin 2 kxdx 
o 

= \/uco 2 A 2 ^-\\kx-\sm 2kx] L Q 
= \mco 2 A 2 

where m is the mass of the string. 


*69 •• 

Picture the Problem We can equate the expression for the velocity of a wave on a string 
and the expression for the velocity of a wave in terms of its frequency and wavelength to 
obtain an expression for the weight that must be suspended from the end of the string in 
order to produce a given standing wave pattern. By using the condition on the 
wavelength that must be satisfied at resonance, we can express the weight on the end of 
the string in terms of mfL, and an integer n and then evaluate this expression for n = 1, 
2, and 3 for the first three standing wave patterns. 

Express the velocity of a wave on 
the string in terms of the tension T 
in the string and its linear density /j: 

v= 11= fiz 

where mg is the weight of the object 
suspended from the end of the string. 

Express the wave speed in terms of 
its wavelength A and frequency /: 

ll 

> 

Eliminate v to obtain: 

II 

c |0rq 

Solve for mg: 

mg = juf 2 A 2 

Express the condition on A that 
corresponds to resonance: 

A = —,n = 1,2,3,... 
n 

Substitute to obtain: 

f 2 l\ 2 

mg = juf ,77 = 1,2,3,... 

V n 

or 

4juf 2 L 2 

mg = 2 ,77 = 1,2,3,... 
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Evaluate mg for n = 1: 


Evaluate mg for n = 2: 


mg 


_ 4(0.415g/m)(80s' 1 ) 2 (0.2 

m ) 2 

= 'W 


= 0.425 N 

which corresponds, at sea level, to a mass 
of 43.3 g. 


mg 


_ 4(0.415g/m)(80s' 1 ) 2 (0.2 

m ) 

= W 


= 0.106N 

which corresponds, at sea level, to a mass 
of 10.8 g. 


Wave Packets 


70 • 

Picture the Problem We can find the maximum duration of each pulse under the 
conditions given in the problem from the reciprocal of frequency of the pulses and the 
range of frequencies from the wave packet condition on Act) and At. 


(a) The maximum duration of each 
pulse is its period: 



7-1 


id's 


= 10 7 s = 


0.100 jus 


( b ) Express the wave packet AcoAt ~ 1 or 2nAfAt «1 

condition on Aa> and At: 


Solve for Af: 


A/ 


1 T 
2nAt 2 n 


Substitute numerical values and 
evaluate Af: 


A/ 


ioV 1 

2n 


1.59 MHz 


71 • 

Picture the Problem We can approximate the duration of the pulse from the product of 
the number of cycles in the interval and the period of each cycle and the wavelength from 
the number of complete wavelengths in Ax. We can use its definition to find the wave 
number k from the wavelength X. 



(a) Relate the duration of the pulse to 
the number of cycles in the interval and 
the period of each cycle: 


At * NT = 
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(. b ) There are about N complete 
wavelengths in Ax; hence: 


A « 


Ax 

N 


(c) Use its definition to express the 
wave number k: 


k 


2 n _ 2 7tN 
A Ax 


(d) 


N is uncertain because the waveform dies out gradually rather than stopping 
abruptly at some time; hence, where the pulse starts and stops is not well 
defined. 


(e) Using our result in part (c), 
express the uncertainty in k : 


2 ttAN 
Ax 


2 n 
Ax 


because AN= ±1. 


General Problems 


72 • 

Picture the Problem We can use v =fA and v = -JfJJi to relate the tension in the piano 
wire to its fundamental frequency. 


Relate the tension in the wire to the 
speed of transverse waves on it: 



Express the speed of the transverse v = fa 

in terms of their wavelength and 

frequency: 


Equate these expressions and solve 
for F to obtain: 

Relate A for the fundamental mode 
of vibration to the length of the 
piano wire: 

Substitute to obtain: 

Substitute numerical values and evaluate F: 


F _ mf 2 A 2 
L 

A = 2L 

F = 4 mf 2 L 

F = 4(7 x 10 3 kg)(261.63s 1 ) 2 (0.8m) 
= 1.53kN 
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73 • 

Picture the Problem We can use v =f,A n to express the resonance frequencies of the ear 

A 

canal in terms of their wavelengths and L = n —n = 1,3,5,... to relate the length of the 
ear canal to its resonance wavelengths. 


(a) Relate the resonance frequencies 
to the speed of sound and the 
wavelength of the compressional 
vibrations: 

Express the condition for 
constructive interference in a pipe 
that is open at one end: 

Solve for A n : 



A 

L = n—,n =1,3,5,... 
4 



n 


Substitute to obtain: 


Evaluate/|,/ 2 , and fy 


0 b ) 


v 340m/s 

■^ n ~ n 4L~ ” 4(2.5x10 2 in) 
= «(3.40kHz) 


/.= 


3.40kHz 


/ 3 =3x 3.40kHz 
and 


f 5 =5x 3.40 kHz 


10.2 kHz 


17.0kHz 


Frequencies near 3400 Hz will be 
most readily perceived. 


74 


A 


Picture the Problem We can use L = n—, n =1,3,5,... to express the wavelengths of 

4 

the fundamental and next two harmonics in terms of the length of the rope and v =f,A„ 

[f 

and v = — to relate the resonance frequencies to their wavelengths. 


(a) Express the condition for 
constructive interference on a rope 


A 

L = n — ,n = 1,3,5,... 
4 
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that is fixed at one end: 
Solve for A„: 


Evaluate A n for n = 1, 3, and 5: 


(b) Relate the resonance frequencies 
to the speed and wavelength of the 
transverse waves: 

Express the speed of the transverse 
waves as a function of the tension in 
the rope: 


Substitute to obtain: 


Evaluate for n = 1, 3, and 5: 


4 L _ 4(4 m) 16m 

n n n 


K = 


16.0m 


16m 


5.33 m 


and 




16m 


3.20 m 


/ = — 
” A 



where m and L are the mass and length of 
the rope. 


_J_ /?£ _J_ I (400 N) (4 m) 
n 0.16kg 

lOOm/s 


1 = 
A = 

and 

fs = 


lOOm/s 

16m 

lOOm/s 

5.33m 


lOOm/s 
3.20 m 


6.25 Hz 


18.8Hz 


31.3Hz 


75 •• 

Picture the Problem The path difference at the point where the resultant wave an 
amplitude A is related to the phase shift between the interfering waves according to 
Ax/A = 5/In . We can use this relationship to find the phase shift and the expression for 

the amplitude resulting from the superposition of two waves of the same amplitude and 
frequency to find the phase shift. 
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Express the relation between the 
path difference and the phase shift at 
the point where the resultant wave 
has an amplitude A: 

A 1 8 

Ax = A — 

2n 

Express the amplitude resulting 
from the superposition of two waves 
of the same amplitude and 
frequency: 

A = 2_y 0 cos 4-A 

Solve for and evaluate 8: 

o A 1 A 2 n 

o=2 cos -= 2cos — = — 

2_y 0 2 A 3 

Substitute and simplify to obtain: 

£ 

ii 

A 

II 


76 •• 

Picture the Problem We can use v =f,X„ to express the resonance frequencies of the 

/L 

string in terms of their wavelengths and L = n-^-,n = 1,2,3, ...to relate the length of the 

string to the resonance wavelengths for a string fixed at both ends. Our strategy for part 
( b ) will be the same ... except that we’ll use the standing-wave condition 
X 

L = n—,n = 1,3,5,... for strings with one end free. 


(a) Relate the frequencies of the 
harmonics to their wavelengths and 
the speed of transverse waves on the 
string: 

II 

Express the standing-wave condition 
for a string with both ends fixed: 

2 

L = n—, n = 1,2,3,... 

2 

Solve for A n : 

n 

Substitute to obtain: 

f - v 

^ 11 2 L 

Express the speed of the transverse 
waves as a function of the tension in 
the string: 

ii 

> 
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Substitute to obtain: 


Calculate the 1 st four harmonics: 


( b ) Express the standing-wave 
condition for a string fixed at one 
end: 




1 / 18N 

~ ” 2(35 m)\ 0.0085kg/m 
= «(0.657Hz) 


/ = 


0.657 Hz 


f 2 = 2(0.657 Hz) = 
f 3 =3(0.657 Hz) = 
and 

/ 4 =4(0.657 Hz) = 


1.31Hz 
1.97 Hz 


2.63Hz 


2 

L = n—,n=l,3, 5,... 
4 


Solve for A„: 



n 


The resonance frequencies equation 
becomes: 


Calculate the 1 st four harmonics: 


1 I 18N 
~ U 4(35 m)\ 0.0085kg/m 
= n(0.329Hz) 


f = 


0.329Hz 


/ 3 = 3(0.329 Hz) = 

0.987 Hz 

f 5 =5(0.329 Hz) = 

1.65 Hz 

and 


f 7 =7(0.329 Hz) = 

2.30Hz 


77 •• 

Picture the Problem We’ll model the shaft as a pipe of length L with one end open. We 
can relate the frequencies of the harmonics to their wavelengths and the speed of sound 
using v =f„K and the depth of the mine shaft to the resonance wavelengths using the 
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standing-wave condition for a pipe with one end open; L = « = 1,3,5 


Relate the frequencies of the 
harmonics to their wavelengths and 
the speed of sound: 

f = — 

J n * 

K 

Express the standing-wave 
condition for a pipe with one end 

open: 

2 

L = n —, n =1,3,5,... 

4 

Solve for A n : 

n 

Substitute to obtain: 

r v 

f ’ =n 4i 

For f n = 63.58 Hz: 

63.58Hz = n — 

AL 

For f n+2 = 89.25 Hz: 

89.25Hz = (n + 2)— 

V J AL 

Divide either of these equations by 
the other and solve for n to obtain: 

n = 4.95 ~ 5 

Substitute in the equation for 
f,=fs = 63.58 Hz: 

Js AL 

Solve for and evaluate L\ 

T 5v 5(340m/s) ^ 

L = - = —> -A= 6.68m 

4 f 5 4(63.58s ) - 


78 •• 

Picture the Problem We can use the standing-wave condition for a string with one end 
free to find the wavelength of the 5 th harmonic and the definitions of the wave number 
and angular frequency to calculate these quantitities. We can then substitute in the wave 
function for a wave in the nth harmonic to find the wave function for this standing wave. 


(a) Express the standing-wave 
condition for a string with one end 

free: 

2 

L = n—,n = 1,3,5,... 

4 
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Solve for and evaluate A 5 : 


(b) Use its definition to calculate the 
wave number: 

(c) Using its definition, calculate the 
angular frequency: 

(i d) Write the wave function for a 
standing wave in the «th harmonic: 

Substitute to obtain: 



4(5 m) 
5 


4.00 m 



2 TV 7t 1 

-= — m 

4m 2 


®:5 


2nf 5 = 24400 s" 1 ) 


800;r s 1 


y n {x,t)= A sin k n x cos co n t 


t 5 


(x,t) = ^4sin(A: 5 x)cos(<y 5 t) = 


(0.03 m) 


sin 


—111 

V2 j 


x 


cos(800;rs 


79 •• 

Picture the Problem The coefficient of the factor containing the time dependence in the 
wave function is the maximum displacement of any point on the string. The time 
derivative of the wave function is the instantaneous speed of any point on the string and 
the coefficient of the factor containing the time dependence is the maximum speed of any 
point on the string. 


Differentiate the wave function with 
respect to t to find the speed of any 
point on the string: 


(a) Referring to the wave function, 
express the maximum displacement 
of the standing wave: 

Evaluate equation (1) atx = 0.10 m: 


Referring to the derivative of the 
wave function with respect to t, 
express the maximum speed of the 


d_ 

8t 


[0.02 sin An xcos 60^ t\ 


-(0.02)(60;r) sin An x sin 60;r t 
-1 In sin An x sin 60^ t 


TmaxW = (0.02m)sin[(4^m" 1 )xJ (1) 


Tmax(0-10m) = (0.02rn) 

x sin[(4^m 1 )(0.10 m)] 
= 1.90 cm 


V v,max M = 0 - 2 ^ m/s)sin[(4^ nT 1 )x] (2) 
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standing wave: 


Evaluate equation (2) atx = 0.10 m: 

V y,max (0.10 Hi) = (l Hit m/s) 

xsin[(4^m _1 )(0.10m)] 
= 3.59m/s 

(b) Evaluate equation (1) at 

v max (0.25m) = (0.02 m) 

x = 0.25 m: 

x sin^^m 1 )(0.25 m)] 

= 0 

Evaluate equation (2) atx = 0.25 m: 

V v,max(0-25m) = (l.2;rm/s) 

x sin[(4^- nT 1 )(0.25 m)] 
= 0 

(c) Evaluate equation (1) at 

y max (o. 3 0 m ) = (o. 02 m ) 

x = 0.30 m: 

x sin [(4^ nT 1 )(0.3 0 m)] 

= 1.18 cm 

Evaluate equation (2) atx = 0.30 m: 

V.v,max (0-30 m) = (l.2;z-m/s) 

x sin[(4;nn -1 )(0.30m)] 
= 2.22m/s 

(i d) Evaluate equation (1) at 

y max (0.50m) = (0.02m) 

x = 0.50 m: 

x sin [(4^ m _1 )(0.5 0 m)] 

- 0 

Evaluate equation (2) atx = 0.50 m: 

^max( 0 - 50m ) = (l-2^m/s) 

xsin[(4^m' )(0.50m)] 
= 0 


80 •• 

Picture the Problem In part (a) we can use the standing-wave condition for a wire fixed 
at both ends and the fact that nodes are separated by one-half wavelength to find the 
harmonic number. In part ( b ) we can relate the resonance frequencies to their 
wavelengths and the speed of transverse waves and express the speed of the transverse 
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waves in terms of the tension in the wire and its linear density. 


(a) Express the standing-wave 
condition for a wire fixed at both 
ends: 


2 

L = n—, n = 1,2,3,... 

2 


Solve for n: 


Solve for and evaluate X \: 


2 L 
n = — 

K 

\=2 L = 2(2.5 m) = 5 m 


Relate the distance between nodes to 
the distance of the node closest to 
one end and solve for X„: 


H, = 0.5m 
and 

K =lm 


Substitute and evaluate n: 


2(2.5 m) 
lm 



( b ) Express the resonance y _ v _ n v 

frequencies in terms of the their ” X n \ 

wavelengths and the speed of 
transverse waves on the wire: 


Relate the speed of transverse waves 
on the wire to the tension in the 
wire: 

Substitute and simplify to obtain: 


Evaluate f, for n = 1, 2, and 3: 



\ V m 5m y 0.1kg 
= «(5.48 Hz) 


/i = 


5.48 Hz 


f 2 =2(5.48 Hz) = 
and 

/ 3 =3(5.48 Hz) = 


11.0Hz 


16.4Hz 


*81 •• 

Picture the Problem We can use v = fX to relate the speed of sound in the gas to the 
distance between the piles of powder in the glass tube. 
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(a) 


At resonance, standing waves are set up in the tube. At a displacement 
antinode, the powder is moved about; at a node the powder is stationary, 
and so it collects at the nodes. 


( b ) Relate the speed of sound to its v ~ fA 

frequency and wavelength: 


Letting D = distance between nodes, A = 2D 

relate the distance between the nodes 
to the wavelength of the sound: 


Substitute to obtain: 


v = 


2 fD 


(c) If we let the length L of the tube 
be 1.2 m and assume that v air = 344 
m/s (the speed of sound in air at 
20°C), then the 10 th harmonic 
corresponds to D = 25.3 cm and a 
driving frequency of: 


f 

J air 


2D 


344 m/s 
2(0.253 m) 


680 Hz 


If / = 2 kHz and v He = 1008 m/s (the speed of sound in helium at 20°C), 
then D for the 10 th harmonic in helium would 25.3 cm and D for the 10 th 
harmonic in air would be 8.60 cm. Hence, neglecting end effects at the 
driven end, a tube whose length is the least common multiple of 8.60 cm 
and 25.3 cm (218 cm) would work well for the measurement of the 
speed of sound in either air or helium. 


82 •• 

Picture the Problem We can use v = JF/jU to express A as a function of v and 
v = fA to relate v to the frequency and wavelength of the string’s fundamental mode. 
Because, for a string fixed at both ends,/, = nf, we can extend our result in part (a) to 
part ( b ). 

(a) Relate the speed of the 
transverse waves on the string to the 
tension in it: 


A = //v 2 



Solve for F: 


( 1 ) 
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Relate the speed of the transverse 
waves on the string to their 
frequency and wavelength: 

< 

II 

> 

Express the wavelength of the 
fundamental mode to the length of 
the string: 

CN 

II 

W 

Substitute to obtain: 

v = 2fL 

Substitute in equation (1) to obtain: 

F = Af 2 IS M (2) 

Substitute numerical values and 

evaluate F : 

F = 4(60 s 1 ) 2 (2.5 m) 2 (8 x 10 3 kg/m) 
= 720 N 

( b ) For the nth harmonic, equation 
(2) becomes: 

K=fF 2 P = n 2 f 1 L 2 f 1 = n 2 {7 20 N) 

Evaluate this expression for n = 2, 3, 

and 4: 

F 2 = 4(720 N)= 2.88 kN 

F 3 = 9(720 N)= 6.48 kN 

and 

F 4 =16(720N)= 11.5kN 


83 •• 

Picture the Problem We can use the conditions A f = f and f n = nf , where n is an 

integer, which must be satisfied if the pipe is open at both ends to decide whether the pipe 
is closed at one end or open at both ends. Once we have decided this question, we can use 
the condition relating A/and the fundamental frequency to determine the latter. In part 
(c) we can use the standing-wave condition for the appropriate pipe to relate its length to 
its resonance wavelengths. 


(a) Express the conditions on the 
frequencies for a pipe that is open at 
both ends: 

Evaluate Af=f : 

Using the 2 nd condition, find n: 


A/ = A 

and 

fn = nf 

Af = 1834Hz-1310Hz = 524Hz 

n=A= BioHz =25 
f 524 Hz 
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The pipe is closed at one end. 


( b ) Express the condition on the 
frequencies for a pipe that is open at 
both ends: 


A/ = 2 f x 


Solve for and evaluate f : 


/j =iA/ = ^(524Hz) = | 262Hz 


(c) Using the standing-wave 
condition for a pipe open at one end, 
relate the length of the pipe to its 
resonance wavelengths: 



4 


For n = 1 we have: 



Substitute numerical values and 
evaluate L\ 



84 •• 

Picture the Problem We can relate the speed of sound in air to the frequency of the 
violin string and the wavelength of the sound in the open tube that is closed at one end by 
water. The wavelength of the sound, in turn, is a function of the length of the air column 
and so we can derive an expression for the speed of sound as a function of the frequency 
of the transverse waves on the violin string and the length of the air column above the 
water. Knowing that the violin string is vibrating in its fundamental mode, we can 
express this frequency in terms of the tension in the string and its linear density. 

Express the speed of sound in the v s = f x \ 

tube in terms of its fundamental 
frequency and wavelength: 

Using the standing-wave condition j _ \ ^ <- 

tor a tube open at one end, relate the 4 

speed of sound to the length of the 
air column in the tube: 

Solve for \ = 4Z, aircolumn 



l^air column 


Substitute to obtain: 


( 1 ) 
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Express the frequency of the 
transverse waves on the violin 
string in terms of their wavelength 
and the speed with which they 
propagate on the string: 

Relate the speed of the transverse 
waves on the string to the tension in 
it: 



v 


21 . 


'string 



Substitute to obtain: 


/ = 


FL. 


string 


2 L 


string 


m 



Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate v s : 


v = 4 L 


F 


air column - 


4 ™4,ring 


= 2 L 


F 


air column 


mL, 


string 


= 2(0.18 m) 


I (440 N) 

(l 0 3 kg)(0.5m) 


= 338m/s 


The method is not very accurate because it neglects end effects 
(see Problem 56). 


85 •• 

Picture the Problem We know that the superimposed traveling waves have the same 
wave number and angular frequency as the standing-wave function, have equal 
amplitudes that are half that of the standing-wave function, and travel in opposite 
directions. From inspection of the standing-wave function we note that 
k = j n m _1 and co = 40;r s 1 . We can express the velocity of a segment of the rope by 

differentiating the standing-wave function with respect to time and the acceleration by 
differentiating the velocity function with respect to time. 

(a) Write the wave function for the wave traveling in the positive x direction: 


yi{x,t)= 

(O.Olm)sin 

—m 1 x-(40;rs 



V2 J J 
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Write the wave function for the wave traveling in the negative x direction: 
>>2 (*>*) = 


(0.01m) sin 


f ~ \ 

-m 1 

V 2 j 


x + 


(40^ s 1 )t 


(,b ) Express the distance d between 
nodes in terms of the wavelength of 
the standing wave: 

d = \y l 


Use the wave number to find the 

wavelength: 

k = _1 = 

2 n 

T 


and 

A = 4 m 


Substitute and evaluate d: 

d = 1(4 m) = 

2.00 m 


(c) Differentiate the given wave function with respect to t to express the velocity of any 
segment of the rope: 


/ \ <9 


A 


(0.02m)sin| — m 1 xcos(40^s 1 )f 

V2 J 


= -(0.8;rm/s)sin — m 1 xsin(40^s 

\2J 


Evaluate v (lm,f): 


(lm,f) =-(0.8;rm/s)sin^y m 1 j(lm)sin(40;rs 1 )t 

= -(0.8^ m/s)sin(40;r s _1 )t 
- (2.51 m/s)sin(40;r s _1 )t 


(d) Differentiate v v (x,t) with respect to time to obtain a (x,t): 




(n \ ( \ 

-(0.8;rm/s)sin — m 1 xsin^O^sj 


= -(32;r 2 m/s 2 )sin| 


f n 
— m 

V 2 j 


\x cos 


( 40 ^ s 1 )t 
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Evaluate a v (lm,t): 

a (lm,t) 


(32 n 2 m/s 2 ^ 
(32;r 2 m/s 2 ^ 

sinj 

cos 

^m-'l 
,2 ) 

[40^ s -1 ^ 

3m)cos(40^s ')i 

-(316m/s 2 / 

cos 

(40^s _1 

)t 



86 •• 

Picture the Problem We can use the definition of intensity to find the intensity of each 
speaker, the dependence of intensity on the square of the amplitude of the wave 
disturbance to express the amplitudes of the waves, and the dependence of the intensity 
on whether the speakers are coherent and their phase difference to find the intensity at the 
given point. 


(a) Express the intensity as a 
function of the distance of a point 
from the source: 


I = 


P 

Attt 2 


Evaluate I \: 


Evaluate I 2 . 


(.b ) Using v = /7L, find the 
wavelength of the sound: 


, EmW 
1 4^(2 m) 2 


19.9//W/m 2 


h 


EmW 

4^(3m)' 


8.84 /M/m 2 


v _ 340m/s 
/“ 680 s 1 


0.5 m 


Express the path difference in terms 
of A: 


Express the intensity at point P due 
to the sound from source 1: 


Express the intensity at point P due 
the sound from source 2: 


Ax = 22, 

and so there is constructive interference at 
point P. 

/, = constant x A 2 
or 

A = cJT x 

where C is a constant. 

1 2 = constant x Al 
or 

A 2 = cJT 2 
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Express the square of the resultant 
amplitude at point P: 

Solve for and evaluate /: 


(c) If they are driven coherently but 
are 180° out of phase we will have 
destructive interference at point P 
and the intensity is given by: 

(d) Because the sources are 
incoherent, the intensities add 
arithmetically: 

87 •• 

Picture the Problem In Chapter 14, 
Section 14.1, it was shown that a harmonic 
function could be represented by a vector 
rotating at the angular frequency co. The 
simplest way to do this problem is to use 
that representation. The vectors, of equal 
magnitude, are shown in the diagram. 

We can find the resultant wave function by 
finding the magnitude and direction of the 
resultant vector. 


^ 3 =c 2 (Vf+VT) J =c s / 


9.9 //W/m 2 

+ ^8.84 //W/m 2 J 

55.3//W/m 2 


(VWVF ) 2 

/ 


^19.9 //W/m 2 

-yjs.84 //W/m 2 j 

2.21//W/m 2 


h +I 2 

19.9//W/m 2 +8.84//W/m 2 

28.7 //W/m 2 



y 



From the diagram it is evident that: 

Find the sum of the x components of 
the vectors: 

Relate the magnitude of the 
resultant vector to the sum of its x 
andy components: 


2>,=o 

Xu v = ^4cos60° + y4cos60° + /4 = 2 A 



) ! + £vj 


+ (0) 2 =2 A 

















Find the direction of the resultant 
vector: 

Express the resultant wave: 
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6 = tan 1 ' = tan 1 1 Al_ =0 


fZv,) 

-wfA) 

lX V xJ 

\2AJ 


y TCS (x,t) = 2Asm(kx-a>t) 


0.1 sin (kx-cot) 


88 « 

Picture the Problem The diagram shows a 
two dimensional plane wave propagating at 
an angle f?with respect to the x axis. At a 
given point in time, the surface of constant 
phase for the wave is the line defined by 
K x + k y y = or y = -{k x lk y )x + <j). 

The wave itself moves in a direction 
perpendicular to the wavefront, i.e., in a 
direction specified by a line with slope 
kjk x . Choose two points (x, y ) and 
(x + Ax, y + Ay) that have a separation of 1 
wavelength along such a line. 

Express the phase difference <f> 
between the two points that have a 
separation of 1 wavelength along 
the line y = -{k x /k v jbc + (f) in terms 

of the spatial separation A r of the 
points: 


Surfaces of constant phase 



d) 2n ,2 n . 

— = — or (h = — A r 
A r A A 

where A r = (Ax)' + (Ay) 2 


Substitute (j>= r 2n\.o obtain: 


2^ = ^VW 2+ (4v) 2 

or 

A - ^(Axf +(Ay) 2 (1) 


Express <f> in terms of k x , k v . Ax and Ay: 


(f) = kAr = k x Ax + k v Ay 

or, because <f>= In, 
k x Ax + k v Ay = 2 n 


Because Ay = 



k r Ax +—Ax = 2 k 


or 

2nk x 



Ax = 
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Similarly: 


Av = 


2nk y 


k 2 x +k 


2 

y 


Substitute in equation (1) to obtain: 

f iTTk ^ 

2 

f 2 7zk ^ 



+ 

y 

i 

V^k) 




2 n 

J k * +k i 


Relate the wave velocity v to its 
angular frequency co and wave 
number k\ 

CO 

k 

A 

co — 

2 n 


Substitute for A to obtain: 

CO 

2 n 

CO 


2n 

\l k * +k y 



Express the angle between the wave 
velocity and the x axis: 


2 7dc„ 


6 = tan 1 — = tan 1 ' ' 

Ax 27Tk x 


k 2 +k: 


k: + k: 




tan 1 


v k x j 


*89 •• 

Picture the Problem We can express the fundamental frequency of the organ pipe as a 
function of the air temperature and differentiate this expression with respect to the 
temperature to express the rate at which the frequency changes with respect to 
temperature. For changes in temperature that are small compared to the temperature, we 
can approximate the differential changes in frequency and temperature with finite 
changes to complete the derivation of A f/f= 'AA777’. In part (b) we’ll use this relationship 
and the data for the frequency at 20°C to find the frequency of the fundamental at 30°C. 

(a) Express the fundamental 
frequency of an organ pipe in terms 
of its wavelength and the speed of 
sound: 


Relate the speed of sound in air to 
the absolute temperature: 
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where 



Defining a new constant C, 
substitute to obtain: 


Differentiate this expression with 
respect to T: 

Separate the variables to obtain: 


/ = —Vr =c'Vr 

A, 

because 2 is constant for the fundamental 
frequency we ignore any change in the 
length of the pipe. 

# = 1 ct -V2 = X 

dT 2 2T 

df^_)_dT_ 

f~2T 


For AT « T, we can approximate df 
by A/and dT by AT to obtain: 

( b ) Express the fundamental 
frequency at 30°C in terms of its 
frequency at 20°C: 

Solve our result in (a) for A/: 


A/ _ 1 AT 

Y~~2~Y 


/30 =/ 20 + 4 / 


A/ = i/ 


AT 

T 


Substitute numerical values and 
evaluate A/: 


/30 


10K 

200 Hz+ |(200 Hz)- 

2V ; 293K 

203 Hz 


90 •• 

Picture the Problem We’ll use a spreadsheet program to graph the wave functions 
individually and their sum as functions of x at t = 0 and at t = 1 s. In (c) and (d) we can 
add the wave functions algebraically to find the result wave function at t = 0 and at 
t = 1 s. 


(a) and (d) A spreadsheet program to calculate values fory\(x,t) and }h(x,t) between and 
plot their graphs is shown below. The constants and cell formulas used are shown in the 
table. 


Cell 

C ontent/Formula 

Algebraic Form 

A5 

-5.0 

X 

A6 

A5+0.1 

x + Ax 
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B5 

0.05/(2+(A5-2*$B$l) A 2) 

TiM) 

C5 

-0.05/(2+(A5+2*$B$l) A 2) 

y 2 (x,0) 

D5 

0.05/(2+(A5-2*$B$l) A 2) 

-0.05/(2+(A5+2*$B$l) A 2) 

Vi(x,0)+v 2 (x,0) 

E5 

0.05/(2+(A5-2*$B$2) A 2) 

-0.05/(2+(A5+2*$B$2) A 2) 

y x {x,\)+y 2 {x,\) 



A 

B 

c 

D 

E 

1 

t= 

0 




2 

t= 

1 

s 



3 






4 

X 

yi(x,o) 

y2(x,0) 

yl(x,0)+y2(x,0) 

yl(x,l)+y2(x,l) 

5 

-5.0 

0.001 

-0.001 

0.000 

-0.001 

6 

-4.9 

0.001 

-0.001 

0.000 

-0.002 

7 

-4.8 

0.001 

-0.001 

0.000 

-0.002 

8 

-4.7 

0.001 

-0.001 

0.000 

-0.002 

9 

-4.6 

0.001 

-0.001 

0.000 

-0.002 

10 

-4.5 

0.001 

-0.001 

0.000 

-0.002 







110 

5.5 

0.001 

-0.001 

0.000 

0.001 

111 

5.6 

0.001 

-0.001 

0.000 

0.001 

112 

5.7 

0.001 

-0.001 

0.000 

0.001 

113 

5.8 

0.001 

-0.001 

0.000 

0.001 


The four curves on the graph are identified in the legend, y i is traveling from left to right 
and y 2 from right to left. As time increases, Vi is farther to the right and y 2 is farther to the 


left. 
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( b ) Express the resultant wave function at t = 0: 


Vi(x,0)+ v 2 (x,0) 


0.02 m 3 -0.02m 3 

2 m 2 +x 2 2 m 2 + x 2 



(c) Express the resultant wave function at t- 1 s: 


J 1 (x,ls)+v 2 (x,ls) = 


0.02 m 3 


+ - 


-0.02 m 


2m 1 +(x-2s) 2m 2 +(x + 2s) 


91 •• 

Picture the Problem We can relate the frequency of the standing waves in the open- 
ended tube to its length and the speed of sound in air. 


(a) What you hear is the fundamental mode of the tube and its overtones. A more 
physical explanation is that the echo of the finger snap moves back and forth along the 
tube with a characteristic time of 2 Lie, leading to a series of clicks from each echo. 
Because the clicks happen with a frequency of c/2L, the ear interprets this as a musical 
note of that frequency. 

( b ) Express the frequency of the 
sound in terms of the length of the 
tube: 



Solve for L : 


L = 


2 / 


Substitute numerical values and 
evaluate L\ 


340m/s 
~ 2(440 s- 1 ) 


38.6cm 


92 •• 

Picture the Problem To find the total kinetic energy of the «th mode of vibration, we’ll 
need to differentiate y n (x,t ) = A n sin k n x cos 0 ) n t with respect to time, substitute in the 

expression for A K, and then integrate over the length of the string. 


(a) Write the wave function for a 
standing wave on a string fixed at 
both ends: 


y n ( x ’t) = A n sin k n x cos co n t 


where k = . 


Using the standing-wave condition L = n— n = 1,2 3 

for a string with both ends fixed, 2 

relate the length of the string to the 
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wavelength of the nth harmonic: 


Solve for A„: 0 2 L 

K = — 

n 


Substitute in the expression for k n to 
obtain: 

Differentiate this expression with 
respect to t: 

Substitute in the given expression 
and simplify to obtain: 


f = |k smk„x cos G) n t] 
ot at 

= -co„A„ sin kx sin cot 

n n n n 

A K = \ ju{- <x> n A n sin k n x sin cojf Ax 
= j juco 2 A 2 sin 2 A:„xsin 2 cojAx 


Integrate this expression over the 
length of the string to find its total 
kinetic energy: 


L 

K = j jUC0 2 A 2 sin 2 co„tj sin 2 
0 


r K 
n—x Vix 




L 


J 



(b ) Express the condition that 
A k lluv . 


sin 2 co n t = 1 


( 1 ) 


Substitute to obtain: 


TS _ 
max 


t mat 2 A 2 


(c) From equation (1), for K = K mm \ 


Evaluate the wave function in (a) 

, n 

when ooj = — : 

2 

(d) Using the result from part ( b ), 
express the maximum kinetic 
energy: 

Relate a>„ to cc >\: 

Substitute to obtain: 


sin 2 co n t = 1 or co n t = 


n 

~2 


n 'l 

x,- 

= A n sinCxcos — = 

0 

l 1 ( °n) 

” " 2 



^max = I meal A; 


co n = nco x 

^max = 

or, because m and a>\ are constants, 
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K oc 

max 


n 2 A: 


Remarks: Our result in part (6) is exactly the same result obtained in Problem 68 
with a>„ and A„ replacing co and A. 


93 •• 

v 

Picture the Problem We can use f, = n —, n = 1,2,3,... to relate the resonant 

2 L 

frequencies to the length of the string and the speed of transverse waves on the string and 
v = tJf/h to express the speed of the transverse waves on the string in terms of the 

tension in the string. Differentiating of the resulting expression with respect to F will lead 

df 1 dF 

to —- =-. For changes in/that are small compared to f we can use a differential 

fn 2 F 

. ■ , . A/„ 1 A F 

approximation to obtain-=-. 

fn 2 F 


(a) Using the standing-wave 
condition for a string fixed at both 
ends, relate the resonant frequencies 
to the length of the string and the 
speed of transverse waves on the 
string: 


f n =n—,n=l,2, 3, 


Express the speed of transverse 
waves on the string in terms of the 
tension in the string: 



Substitute to obtain: 


Differentiate f n with respect to F to 
obtain: 



cVf 


because n, L, and ju are constants. 


dF 2 fF 2 F 


Separate the variables to obtain: 


df L = fdF^ 
L 2 F 


Because no conditions were placed on its derivation, this expression is valid for 
all harmonics. 
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(. b ) Because A/ «f one can 
approximate the differential 
quantitities in our result for part ( a ) 
to obtain: 

Solve for A F/F: 


4^ = IAF 
fn 2 F 


af = 2 a^ 

F f, 


Substitute numerical values and 
evaluate A F/F: 


A F _ f 2 Hz N 
F ~ ^260 Hz y 
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Picture the Problem Let the sources be denoted by the numerals 1 and 2. The phase 
difference between the two waves at point P is the sum of the phase difference due to the 
sources S> and the phase difference due to the path difference 8. 


(a) Write the wave function due to 
source 1: 

Write the wave function due to 
source 2: 


J\ (x, t) = A 0 cos(kx l -cot) 


f 2 (x,t)= A 0 cos(k(x l + Ax)-co/ + S s ) 


(b ) Express the sum of the two wave functions: 


f(x,t)=f(x,t)+f 2 (x,t) = A 0 cos(kx ] -cot)+ AgCOs(k(x x +A x)- cot + 8 S ) 
= A n [cosfAx, - oot)cos{k{x x + Ax)-cot + Sj\ 


f 

Use cos a + cos (3 = 2 cos 

V 


a + f}'' 


f 

cos 

V 


a- 


to obtain: 


f(x,t) = 2A 0 



f kAx 

SA 


f 

f 

Ax^l 


cos 


+ — 

cos 

k 

X + 

— 

-cot + — 


{ 2 

2 ) 


V 


22 

2 ) 


Express the phase difference 8 in 
terms of the path difference Ax and 
the wave number k: 


8 _ 

Ax 


— = k or kAx = 8 

A 
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Substitute to obtain: 




2 A 0 


cos 


8 + 8 . 


cos 


X + - 


Ax 


V V 


-a>t + - 


The amplitude of the resultant wave 
function is the coefficient of the 
time-dependent factor: 


A = 


2A 0 cos±(S + S s ) 


( c ) Express the intensity at an 
arbitrary point P: 


Evaluate / for 8= 0 and S s = Ct: 

Because the average value of 
cos 2 6 over a complete period is 'A: 


I P = C'A 2 

= C'[24,cos|(<? + ^)] 2 
= C'[44 cos 2 !(<? + <?,)] 


/ = C"[4<cos'+(0)] 

I,„ « 24 = 21, 


and 

/ oc 


4/ 0 cos 2 }(0) 


(d) Evaluate / for Ax = jA and Ax = 8 = n 

S s = Ct: I = C [44 cos 2 \{tt + O)] 

and at t = 0, 1 = 0. i.e., the waves interfere 
destructively. 


A spreadsheet program to calculate the intensity at point Pas a function of time for a zero 
path difference and a path difference of X is shown below. The constants and cell 
formulas used are shown in the table. 


Cell 

Content/F ormula 

Algebraic Form 

B1 

1 

C 

B7 

B6+0.1 

t + A t 

C6 

COS($B$6*B6/2) A 2 

cos 2 \{Ct) 

D6 

COS($B$6*B6/2-PI()/2) A 2 

cos 2 |(^- + Ct) 



A 

B 

c 

D 

1 

O 

1 

s- 1 


2 





3 





4 


t 

1 

I 

5 


(s) 

(W/m A 2) 

(W/m A 2) 

6 


0.00 

1.000 

0.000 
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7 


0.10 

0.998 

0.002 

8 


0.20 

0.990 

0.010 

9 


0.30 

0.978 

0.022 






103 


9.70 

0.019 

0.981 

104 


9.80 

0.035 

0.965 

105 


9.90 

0.055 

0.945 

106 


10.00 

0.080 

0.920 


The solid curve is the graph of cos \{Ct) and the dashed curve is the graph of 
cos 2 \{n + Ct). 
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Picture the Problem We can differentiate the sum of the two wave functions to find the 
velocity of a segment dx of the string. We can find the kinetic energy of this segment 
from dK = \v 2 dm = \ juv'dx and integrate this expression from 0 to L to find the total 

kinetic energy of the resultant wave. 

(a) Express the resultant wave function: 

y r (x, t ) = y, (x, t ) + y 2 (x, t) = A l cos o.\t sin k x x + A 2 cos co 2 t sin k 2 x 


Differentiate this expression with respect to t to find v y : 


e (x, t ) = — [ A j cos cod s i n h\ x + ^2 cos s i n ^i x \ 
dt 


- cd x A x sin co x t sin k x x - co 2 A 2 sin co 2 t sin k 2 x 
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( b ) Express the kinetic energy of a segment of the string of length tlx and mass dm: 

dK = \ v 2 y dm = j ftVydx = \ ju{(o x A x sin co x t sin k x x + co 2 A 2 sin <x> 2 t sin k 2 xf dx 
\/j\g)\a [j 2 sin 2 o) x t sin 2 k x x + 2 co x co 2 A x A 2 sin co x t sin k x x sin co 2 t sin k 2 x 
+ co 2 A 2 sin 2 co 2 t sin 2 k 2 x\ix 


(c ) Integrate dK from 0 to L to obtain: 


L, 

K = y //J cofAf sin 2 co x t sin 2 k x xdx 

0 

L 

+ jju J 2 (o x co 2 A x A 2 sin co x t sin k x x sin co 2 t sin k 2 xdx 
o 

L 

+ 2^1 ^2^2 sin 2 ^ sin 2 k 2 xdx 

0 

L 

r tc 

= jna> x A x sin 2 co x t sin 2 n x —xdx 

0 L 

L 

+ jUO) x co 2 A x A 2 sin co x t sin co 2 t J sin n x — x sin n 2 — xdx 

o L L 

L 

+ j juoi 2 A; sin 2 co 2 t J sin 2 n 2 —xdx 

o L 

= (| juco x A x sin 2 (o x t\\L)+(jU(o x a> 2 A x A 2 sin co x tsm oj 2 l){()) ih 


+ (| /lio) 2 A 2 sin 1 o) 2 tj\L ) 


\mco[ A 2 sin 2 co x t + jinco 2 A 2 sin 2 co 2 t 


Note that, from Problem 92: j/nco x A x sin 2 co x t + ^mco 2 A 2 sin 2 cod = K x + K 


96 ••• 

Picture the Problem We can use the relationship K max = jtnco 2 A 2 from Problem 92 to 


express the maximum kinetic energy of the wire and v =fX and v = -JfJJi to find an 

A U f dv 

expression for co. In part ( d) we’ll use-« \F 


Ax 


\dxj 


from Problem 15-120 to 


determine where the potential energy per unit length has its maximum value. 


(a) From Problem 92 we have: 


^max = o i or A 


(1) 
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Express a>\ in terms of f \: 

Relate f\ to the speed of transverse 
waves on the wire and the 
wavelength of the fundamental 
mode: 

Express the speed of the transverse 
waves on the wire in terms of the 
tension in the wire: 





V 

2 L 


where L is the length of the wire. 



Substitute and simplify to obtain: 


fi = 


2 L 


FL 

m 



Substitute for a>\ and f\ in equation 
(1) to obtain: 


K 




A 2 



Substitute numerical values and 
evaluate K rmx : 


(b ) Express the wave function for a 
standing wave in its first harmonic: 


^w (2xir2m)i 


19.7mJ 


y x (x, t ) = A x sin k x x cos co x t 


At the instant the transverse 
displacement is given by 
(0.02 m) sin (^x/2): 


cos co x t = 1 => co x t = 0 
and 


K = 


(c) dK is a maximum where the 
displacement of the wire is greatest; 
i.e., at its midpoint: 

(d) From Problem 15-120: 


= jL=i( 2m) = 


1.00 m 


A U 
Ax 


1 

2 


\dxj 


2 


Express the condition on dy/dx that 
maximizes AU/Ax: 


dyjdy' 
dx j 
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Differentiate 

y x ( x, t) = A x sin k x x cos co x t with 
respect to x and set the derivative 
equal to zero for extrema: 


Solve for k\x and then x: 


8y x 8 / . , \ 

-^- L = — ( A x sin k x x cos co x t) 
dx dx 

= k x A x cos k x x cos co x t 

= 0 


or 


cos£,x = 0 


tx = - 


and 

x = — = ^^ = \A = \{2L) 
2 k x 2(2tt) 4 4V 7 


= i( 2m ) = 


1.00 m 


i.e., the potential energy per unit length is a 
maximum at the midpoint of the wire. 


Remarks: In part ( d) we’ve shown that AU/Ax has an extreme value at x = 1 m. To 
show that AU/Ax is a maximum at this location, you need to examine the sign of the 
2 nd derivative of^i(x,t) at this point. 

97 ••• 

(a) A spreadsheet program to evaluate f/x) is shown below. Typical cell formulas used are 
shown in the table. 


Cell 

Content/Formula 

Algebraic Form 

A6 

A5+0.1 

x + Ax 

B4 

2*B3+1 

2/7 + 1 

B5 

(-l) A B$3*COS(B$4*$A5) 

/B$4*4/PI() 

4^(-l)" cos((2/7 + l)x) 
n „ =0 2/? +1 

C5 

B5+(-l) A C$3*COS(C$4*$A5) 

/C$4*4/PI() 

4 -A (-1)" cos((2/7 + l)x) 
n n=0 2/7 +1 



A 

B 

C 

D 


K 

L 

1 








2 








3 


0 

1 

2 


9 

10 

4 


1 

3 

5 


19 

21 

5 

0.0 

1.2732 

0.8488 

1.1035 


0.9682 

1.0289 

6 

0.1 

1.2669 

0.8614 

1.0849 


1.0134 

0.9828 

7 

0.2 

1.2479 

0.8976 

1.0352 


1.0209 

0.9912 

8 

0.3 

1.2164 

0.9526 

0.9706 


0.9680 

1.0286 

9 

0.4 

1.1727 

1.0189 

0.9130 


1.0057 

0.9742 

10 

0.5 

1.1174 

1.0874 

0.8833 


1.0298 

1.0010 
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130 

12.5 

1.2704 

0.8544 

1.0952 


0.9924 

1.0031 

131 

12.6 

1.2725 

0.8503 

1.1013 


0.9752 

1.0213 

132 

12.7 

1.2619 

0.8711 

1.0710 


1.0287 

0.9714 

133 

12.8 

1.2386 

0.9143 

1.0141 


1.0009 

1.0126 

134 

12.9 

1.2030 

0.9740 

0.9493 


0.9691 

1.0146 

135 

13.0 

1.1554 

1.0422 

0.8990 


1.0261 

0.9685 


The solid curve is plotted from the data in columns A and B and is the graph office) for 1 
term. The dashed curve is plotted from the data in columns A and F and is the graph of 
J{x) for 5 terms. The dotted curve is plotted from the data in columns A and K and is the 
graph of/(x) for 10 terms. 



( b ) Evaluate J[2n) to obtain: 


/( 20 = 


4_ 

n 

+ 

4_ 

n 


'cosin cos 3(2;r) 
v - 1 3 

COS 5(2^) N 

5 

riii ^ 

I 3 5 7 ) 


= 1 

which is equivalent to the Liebnitz 
formula. 


98 ••• 

(a) A spreadsheet program to evaluate/(x) is shown below. Typical cell formulas used are 
shown in the table. 


Cell 

Content/Formula 

Algebraic Form 

A6 

A5+0.1 

x + Ax 

B4 

2*B3+1 

2n + \ 

B5 

(-l) A $B$3*sin($B$4*A5)/ 

($B$4) A 2*4/PI() 

4 ^ (-1)" sin(2« + l)x 
n„ (in +1) 2 
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C5 


B5+((-l) A $C$3*sin($C$4*A5)/ 

($C$4) A 2*4/PI() 


4 y, (-1)" sin(2/; + l)x 
n „ {in +1) 2 



A 

B 

C 

D 


K 

L 

1 








2 








3 


0 

1 

2 


9 

10 

4 


1 

3 

5 


19 

21 

5 

0.0 

0.0000 

0.0000 

0.0000 


0.0000 

0.0000 

6 

0.1 

0.1271 

0.0853 

0.1097 


0.0986 

0.1011 

7 

0.2 

0.2530 

0.1731 

0.2159 


0.2012 

0.1987 

8 

0.3 

0.3763 

0.2654 

0.3163 


0.3004 

0.3005 

9 

0.4 

0.4958 

0.3640 

0.4103 


0.3983 

0.4008 

10 

0.5 

0.6104 

0.4693 

0.4998 


0.5011 

0.4985 









72 

6.7 

0.5155 

0.3812 

0.4256 


0.4153 

0.4171 

73 

6.8 

0.6291 

0.4877 

0.5146 


0.5183 

0.5154 

74 

6.9 

0.7365 

0.6005 

0.6034 


0.6171 

0.6182 

75 

7.0 

0.8365 

0.7181 

0.6963 


0.7148 

0.7166 

76 

7.1 

0.9282 

0.8380 

0.7968 


0.8183 

0.8155 


Graphs of 'fix) for 1, 5, and 10 terms are shown below. Note that there is little difference 
between the graphs for 5 terms and 10 terms of this triangular wave function. 
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Picture the Problem From the diagram above, the «th echo will reflect n - 1 times going 
out, and the same number of times going back. If we "unfold" the ray into a straight line, 
we get the representation shown below. Using this figure we can express the distance d n 
traveled by the «th echo and then use this result to express the time delay between the n th 
and n + l th echoes. The reciprocal of this time delay is the frequency corresponding to the 
«th echo. 


























































1310 Chapter 16 



(a) Apply the Pythagorean theorem 
to the right triangle whose base is L, 
whose height is 2 (n - 1), and whose 
hypotenuse is d„ to obtain: 

Express the time delay between the 
n th and 77 + I* echoes: 


d„ = 2^4(77-1)V+C 2 
A»„ = ^ 


Substitute to obtain: 2 ( 0 —-7 

A /„ = -[l/( 2nfr 2 +L 2 


A spreadsheet program to calculate A t n as a function of n is shown below. The constants 
and cell formulas used are shown in the table. 


Cell 

Content/F ormula 

Algebraic Form 

B1 

90 

L 

B2 

1 

r 

B3 

340 

c 

B8 

B7+1 

77 + 1 

Cl 

2/$B$3*((2*(B7-l) 

*$B$2) A 2+$B$1 A 2) A 0.5 

AC 



A 

B 

C 

D 

1 

L= 

90 

m 


2 

r= 

1 

m 


3 

c= 

340 

m/s 


4 





5 





6 


n 

t(n) 

delta t(n) 

7 


1 

0.5294 

0.0001 

8 


2 

0.5295 

0.0004 

9 


3 

0.5299 

0.0007 

10 


4 

0.5306 

0.0009 

11 


5 

0.5315 

0.0012 
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202 


196 

2.3544 

0.0115 

203 


197 

2.3659 

0.0115 

204 


198 

2.3773 

0.0115 

205 


199 

2.3888 

0.0115 

206 


200 

2.4003 

0.0115 


The graph of At,, as a function of n shown below was plotted using the data from 
columns B and D. 



The frequency heard at any time is 1/A t n , so because A t n increases over 
time, the frequency of the culvert whistler decreases. 


The highest frequency corresponds 
to 77 = 1 and is given by: 

Substitute for A t\ to obtain: 


Substitute numerical values and 
evaluate/highest: 


./highest 

-/highest 


Ai 


highest 


J_ 

a h 

j__ v 

At i 2(^(2)V+A-Va) 

340 m/s 

2^4(lm) 2 +(90m) 2 -90m) 
7.65kHz I 


The lowest frequency end can be found by examining the limit of At,, as n —» oo: 


lin W K = lim^ x . 


L 


i 2n )y+ TTAT- 2 ( n ~ i )y + 


L 1 


(2n) 


(2(« - OT 


= —(ln-2n + 2) = — 


V 


V 
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Express/Jowest in terms of A t x : 


Substitute numerical values and 
evaluate/J 0W es t : 


A 


lowest 


A t 


v 

4 r 


_ 340 m/s 

Slowest a (-t \ 

4(1 mj 


85.0 Hz 




Chapter 17 

Temperature and the Kinetic Theory of Gases 

Conceptual Problems 

*1 

(a) False. If two objects are in thermal equilibrium with a third, then they are in thermal 
equilibrium with each other. 

( b ) False. The Fahrenheit and Celsius temperature scales differ in the number of intervals 
between the ice-point temperature and the steam-point temperature. 

(c) True. 

(i d) False. The result one obtains for the temperature of a given system is thermometer- 
dependent. 

2 

Determine the Concept Put each in thermal equilibrium with a third body; e.g., a 
thermometer. If each body is in thermal equilibrium with the third, then they are in 
thermal equilibrium with each other. 

3 

Picture the Problem We can decide which room was colder by converting 20°F to the 
equivalent Celsius temperature. 

Using the Fahrenheit-Celsius conversion, = f Vf ~32°) = |(20°-32°) 

convert 20°F to the equivalent Celsius 
temperature: 


= -6.67 C 

Mert's room was colder. 


4 

Picture the Problem We can apply the ideal-gas law to the two vessels to decide which 
of these statements is correct. 

Apply the ideal-gas law to the P X V X = N x kT x 

particles in vessel 1: 

Apply the ideal-gas law to the P 2 V 2 = N 2 kT 2 

particles in vessel 2: 

Divide the equation for vessel 1 by P\V\ _ N x kT\ 

the equation for vessel 2: P 2 V 2 N 2 kT 2 
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Because the vessels are identical and 
are at the same temperature and 
pressure: 


1 = — L and N, = N- 

n 2 


(a) is correct. 


5 

Determine the Concept From the ideal-gas law, we have/ 5 = nRT)V . In the process 
depicted, both the temperature and the volume increase, but the temperature increases 
faster than does the volume. Hence, the pressure increases. 

*6 •• 

Determine the Concept From the ideal-gas law, we have V = nRT/P. In the 
process depicted, both the temperature and the pressure increase, but the pressure 
increases faster than does the temperature. Hence, the volume decreases. 

7 

True. The kinetic energy of translation K for n moles of gas is directly proportional to the 
absolute temperature T of the gas (k = \ nkT ). 


8 

Determine the Concept We can use v ms 
to the rms speed of its molecules. 

Express the dependence of the rms 
speed of the molecules of a gas on 
their absolute temperature: 


yj3 RtJm to relate the temperature of a gas 


3 RT 
M 

where R is the gas constant, M is the molar 
mass, and T is the absolute temperature. 


Because v^, oc V/ 7 , the temperature must be quadrupled in order 
to double the rms speed of the molecules. 


9 

Picture the Problem The average kinetic energy of a molecule, as a function of the 
temperature, is given by K m = \kT and the pressure, volume, and temperature of an ideal 

gas are related according to PV = NkT. 

Express the average kinetic energy K dV = 4 kT 

of a molecule in terms of its 

temperature: 
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From the ideal-gas law we have: PV = NkT 

Eliminate kT between these ^ 3 P V 

tv ay = - 

equations to obtain: ‘ 2 N 


If P is doubled at constant V, K m increases by a factor of 2. 


If V is doubled at constant P, K av increases by a factor of 2. 


10 •• 

Picture the Problem We can express the rms speeds of the helium atoms and the 
methane molecules using v rms = ^3RT/M. 


Express the rms speed of the 
helium atoms: 


v ™s( H e) 



Express the rms speed of the 
methane molecules: 

Divide the first of these equations 
by the second to obtain: 

Use Appendix C to find the molar 
masses of helium and methane: 


uch> J5 

v —(He) I m ch. 

v to (CH 4 ) \M Ht 

' , „„,(He) l l6g/mol , 
v m (CH 4 ) \ 4g/mol 


and 


(b) is correct. 


11 • 

False. Whether the pressure changes also depends on whether and how the volume 
changes. In an isothermal process, the pressure can increase while the volume decreases 
and the temperature is constant. 

12 

Determine the Concept For the Celsius scale, the ice point (0°C) and the boiling point of 
water at 1 atm (100°C) are more convenient than 273 K and 373 K; temperatures in 
roughly this range are normally encountered. On the Fahrenheit scale, the temperature of 
warm-blooded animals is roughly 100°F; this may be a more convenient reference than 
approximately 300 K. Throughout most of the world, the Celsius scale is the standard for 
nonscientific purposes. 
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*13 • 

Determine the Concept Because 10 7 » 273, it does not matter. 

14 

Determine the Concept The average speed of the molecules in an ideal gas depends on 
the square root of the kelvin temperature. Because v av oc -Jt , doubling the temperature 

while maintaining constant pressure increases the average speed by a factor of V2. 

(. d ) is correct. 


15 

Determine the Concept From the ideal-gas law, we have PC = nRT. Halving both the 


temperature and volume of the gas leaves the pressure unchanged. ( b ) is correct. 


16 


Determine the Concept The average translational kinetic energy of the molecules of an 
ideal gas is given by K = \ NkT = \nRT. The temperature of the ideal gas is related to 


the pressure of the gas. 


(d) is correct. 


17 • 

Determine the Concept The only conclusion we can draw from the information that the 
vessel contains equal amounts, by weight, of helium and argon is that the temperatures of 


the helium and argon molecules are the same. ( d ) is correct. 


18 •• 

Determine the Concept The two rooms are in thermal equilibrium and, because they are 
connected, the air in each is at the same pressure. Because P = NkT/V, and the volume of 
each room is identical, /V A T A = N B T B , so the cooler room (A) has more air in it. 


19 • 

Determine the Concept The rms speed of an ideal gas is given by v rrns = ^3 RT/M and 
its average kinetic energy by = \ kT. Because the gases are at the same temperature, 

their average kinetic energies are the same. Because v ms = RTjM, the rms speeds 
are inversely proportional to the square root of the molecular masses. 

20 •• 

Determine the Concept The pressure is a measure of the change in momentum per 
second of a gas molecule on collision with the wall of the container. When the gas is 
heated, the average velocity, the average momentum, and pressure of the molecules 


increase. 
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*21 •• 

Determine the Concept Because the temperature remains constant, the average speed of 
the molecules remains constant. When the volume decreases, the molecules travel less 
distance between collisions, so the pressure increases because the frequency of collisions 
increases. 


22 •• 

Picture the Problem The average kinetic energies of the molecules are given by 
K, iv = m v 2 ) :i = \k.T. Assuming that the room’s temperature distribution is uniform, 

we can conclude that the oxygen and nitrogen molecules have equal average kinetic 
energies. Because the oxygen molecules are more massive, they must be moving slower 
than the nitrogen molecules. ( b ) is correct. 


23 •• 

Determine the Concept The average molecular speed of He gas at 300 K is about 1.4 
km/s, so a significant fraction of He molecules have speeds in excess of earth’s escape 
velocity (11.2 km/s). Thus, they "leak" away into space. Over time, the He content of the 
atmosphere decreases to almost nothing. 

Estimation and Approximation 

*24 •• 

Picture the Problem Assuming the steam to be an ideal gas at a temperature of 373 K, 
we can use the ideal-gas law to estimate the pressure inside the test tube when the water is 
completely boiled away. 


Using the ideal-gas law, relate the 
pressure inside the test tube to its 
volume and the temperature: 

Relate the number of particles A to 
the mass of water, its molar mass M, 
and Avogadro’s number N A - 
Solve for N: 

Relate the mass of 1 mL of water to 
its density: 

Substitute for m, /V A , and M (18 
g/mol) and evaluate N: 


p= NkT 

V 

m M 

n = n~ 

N = m— 

M 

m = pV = (l 0 3 kg/m 3 )(l (T 6 m 3 ) = 1 g 

\ 6.022xlO 23 particles/mol 
18 g/mol 

= 3.35xl0 22 particles 
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Substitute numerical values and evaluate P: 

p _ (3.35xl0 22 particles)(l.381xl0~ 23 J/K)(373K) 

10x10 6 m 3 

.^/-vs-vx/ 7 1 atm 

= 172x10' N/m 2 x---— 

1.01xl0 5 N/m 2 

= 171atm 


25 ••• 

Picture the Problem We can find the escape temperatures for the earth and the moon by 
equating, in turn, 0.15v e and v ms of O 2 and H 2 . We can compare these temperatures to 
explain the absence from the earth’s upper atmosphere and from the surface of the moon. 


(a) Express v rms for 0 2 : _ jjRT 

Vnns ~\~M~ 

where R is the gas constant, T is the 
absolute temperature, and M is the molar 
mass of oxygen. 

Equate 0.15v e and v ms : „ , r— — - I3RT 

0 A 5 Rg = i~w 


Solve for T to obtain: 


Evaluate T for 0 2 : 


(b) Substitute numerical values and 
evaluate T for H 2 : 


T= 0M5gR^M 

3 R 


( 1 ) 


_ 0.045(9.81m/s 2 )(6.37xl0 6 m) 
3(8.314 J/mol-K) 
x (32x10 3 kg/mol) 

= 3.61x10 3 K 

T _ 0.045(9.81m/s 2 )(6.37xl0 6 m) 
‘ ~ 3(8.314J/mol-K) 

x (2x10 3 kg/mol) 


225 K 


If v ms > yv e or T > 25r atm , H 2 molecules escape. Therefore, the more 
energetic H 2 molecules escape from the upper atmosphere. 
















(< d) Express equation (1) at the 
surface of the moon: 


Temperature and the Kinetic Theory of Gases 1319 


y 7 _ 

3 R 
3 R 

0.0025g earth i? moon M 

R 


Substitute numerical values and evaluate T for O 2 : 


T = 


0.0025(9.8lm/s 2 )(l.738 x 10 6 m)(32x IQ 3 kg/mol) 
8.314J/mol- K 


164K 


Substitute numerical values and evaluate T for H 2 : 


T _ 0.0025(9.81m/s 2 )(l.738xl0 6 m)(2xl0~ 3 kg/mol) 

1 ~ 8.314J/mol-K 


10.3K 


If we assume that the temperature on the moon with an atmosphere would 
have been approximately 1000 K, then all 0 2 and H 2 would have 
escaped during the time since the formation of the moon to the present. 


26 •• 

Picture the Problem We can use v ms = yj3RT/M to calculate the rms speeds of H 2 , 0 2 , 

and C0 2 at 273 K and then compare these speeds to 20% of the escape velocity on Mars 
to decide the likelihood of finding these gases in the atmosphere of Mars. 


Express the rms speed of an atom as 

3 RT 

a function of the temperature: 


(a) Substitute numerical values and 


13(8.314 J/mol-K)(273K) 

evaluate v rms for H 2 : 

y 

K rms,H 2 -\, 

2 xlCT 3 kg/mol 

L85km/s 

( b ) Evaluate v rm s for 0 2 : 

Kms,0 2 ^ 

(3(8.314 J/mol-K)(273K) 
32 xlO 3 kg/mol 

461m/s 
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(c) Evaluate v„n S for CO 2 : 


/ 3(8.314J/mol-K)(273K) 
y 44 xlO 3 kg/mol 

393 m/s 


(d) Calculate 20% of v esc for Mars: v = y v esc = | (5 km/s) = 1 km/s 


Because v is greater than v ms for C0 2 and 0 2 but less than v nns for H 2 
0 2 and C0 2 , but not H 2 , should be present. 


*27 •• 

Picture the Problem We can use v ms = ^3RT/M to calculate the rms speeds of H 2 , 0 2 , 

and C0 2 at 123 K and then compare these speeds to 20% of the escape velocity on Jupiter 
to decide the likelihood of finding these gases in the atmosphere of Jupiter. 


Express the rms speed of an atom as 
a function of the temperature: 

(a) Substitute numerical values and 
evaluate v rms for H 2 : 

( b ) Evaluate v* for 0 2 : 


(c) Evaluate v rms for C0 2 : 


(d) Calculate 20% of v esc for Jupiter: 


3 RT 
M 

1 3(8.314 J/mol- K)(l23K) 
y 2 xlO -3 kg/mol 

1.24km/s 

| 3(8.314 J/mol-K)(123K) 

y 32 x 10~ 3 kg/mol 

310m/s 


13(8.314 J/mol-K)(l 23 K) 

V rms,C0 2 --J 44 xlO^ 3 kg/mol 

= 264 m/s 

v = |v esc = |(60km/s)= 12km/s 


Because v is greater than for 0 2 , C0 2 , andH 2 , 0 2 ,C0 2 ,andH 2 should 
be found on Jupiter. 
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Temperature Scales 

28 • 

Picture the Problem We can convert both of these temperatures to the Fahrenheit scale 
and then express their difference to find the range of temperatures. 

Solve the Fahrenheit-Celsius t ¥ = jt c +32° 

conversion equation for the 
Fahrenheit temperature: 

Find the Fahrenheit equivalent of 
-12°C: 

Find the Fahrenheit equivalent of 
-TO. 

The difference between these two 
temperatures is the range on the 
Fahre nh eit scale: 

Remarks: We could take advantage of the fact that 9 F° = 5 C° to arrive at the 
aforementioned result in which the range of Celsius temperatures happens to be 5C°. 
If the temperature difference were other than 5C°, we could set up a proportion to 
quickly find the range on the Fahrenheit scale. 

29 • 

Picture the Problem We can use the Fahrenheit-Celsius conversion equation to find this 
temperature on the Celsius scale. 

Convert 1945.4°F to the equivalent t c = |(t F —32°)= |(l945.4° —32°) 

Celsius temperature: _ inAqop 


t F = f(-12°) + 32° = 10.4° 

t ¥ =f(-7°) + 32 0 = 19.4°F 

Range = 19.4°F-10.4°F 
= 9.00F 0 


*30 • 

Picture the Problem We can use the Fahrenheit-Celsius conversion equation to express 
the temperature of the human body on the Celsius scale. 

t c = | (f F - 32°) = 1(98.6° -32°) 

= 37.0°C 


Convert 98.6°F to the equivalent 
Celsius temperature: 
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31 • 

Picture the Problem While we could use 100 C 
Equation 17-1 to relate the Celsius 
temperature to the length of the column of 
mercury in the thermometer, an alternative C 

solution is to use the diagram to the right to 
set up a proportion that will relate the 
Celsius temperature to the calibration 
temperatures and to the lengths of the 

0°C 

mercury column. 


I'lno 

-h< 


-4 


Using the diagram, set up a 
proportion relating the temperatures 
to the lengths of the column of 
mercury: 

Solve for and evaluate L t \ 


(a) Substitute 22.0°C for t c and 
evaluate L t : 


(.b ) Substitute 25.4 cm for L t and 
evaluate t c : 


h- o°c _ A -L 0 
100°C-0°C L m -L 0 


L tjAoo L o) + L 

1 100 ° 

c(24.0cm-4.0cm) 

= -^-- + 4.0 cm 

100 ° 

t (20.0cm) 

= —- L + 4.0cm 

100 ° 

r (22.0°C)(20.0cm) . _ 

‘ 100 ° 

= 8.40 cm 


25.4 cm-4.0 cm inno 

t= -x 100 

20 cm 

= 107°C 


32 • 

Picture the Problem We can use the temperature conversion equations 

t F = jt (: + 32° and t c = T — 273.15 K to convert 10 7 K to the Fahrenheit and Celsius 

temperatures. 

Express the kelvin temperature in terms T = / c: + 273.15 K 
of the Celsius temperature: 
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(a) Solve for and evaluate tc'. 


t c =r-273.15K = 10 7 K-273.15K 


10 7 K 


( b ) Use the Celsius to Fahrenheit 
conversion equation to evaluate tf. 


t F =f (l0 7o c)+32° 


1.80x 10 7o F 


33 • 

Picture the Problem While we could 
convert 77.35 K to a Celsius temperature 
and then convert the Celsius temperature 
to a Fahrenheit temperature, an alternative 
solution is to use the diagram to the right 
to set up a proportion for the direct 
conversion of the kelvin temperature to its 
Fahrenheit equivalent. 


°F 

212 - - 


K 

- - 373.15 


32 


273.15 


h 


77.35 


Use the diagram to set up the 32°F — t F _ 273.15 K — 77.35 K 

proportion: 212°F-32°F ~ 373.15K-273.15K 

or 

32°F-t F _ 195 
180F° ~ 100 


Solve for and evaluate tf 


t F = 32°F 


195 

——x 180F° = 

100 


-319°F 


34 • 

Picture the Problem We can use the fact that, for a constant-volume gas thermometer, 
the pressure and absolute temperature are directly proportional to calibrate the given 
thermometer; i.e., to find the constant of proportionality relating P and T. We can then 
use this equation to find the temperature corresponding to a given pressure or the pressure 
corresponding to a given temperature. 

Express the direct proportionality P = CT 

between the pressure and the where C is a constant. 

temperature: 

Use numerical values to evaluate C: ^ _ P _ 0.400 atm 

~ T~ 273.15K 

= 1.464 x 10~ J atm/K 
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Substitute to obtain: 


(a) Use equation (2) to find the 
temperature: 

( b ) Use equation (1) to find the 
boiling point of sulfur: 


P = (l.464xl0 3 atm/K)r (1) 

or 

T = (682.9 K/atm)/ 5 (2) 

T = (682.9K/atm)(0.1atm) 

- 68.3K 


P = (l .464 x 10 3 atm/K) 
x (444.6 +273.15)K 
= 1.05 atm 


*35 • 

Picture the Problem We can use the information that the thermometer reads 50 torr at 
the triple point of water to calibrate it. We can then use the direct proportionality between 
the absolute temperature and the pressure to either the pressure at a given temperature or 
the temperature for a given pressure. 


Using the ideal-gas temperature scale, 
relate the temperature to the pressure: 


_ 27U16K _ 27U16K 

P 3 50 torr 

- (5.463 K/torr)P 


(a) Solve for and evaluate P when 
7= 300 K: 


P = (0.1830torr/K)r 
= (0.1830torr/K)(300K) 

= 54.9torr 


(b ) Find T when the pressure is 678 torr: T - (5.463K/torr)(678torr) 

= 3704K 


36 • 

Picture the Problem We can use the equation for the ideal-gas temperature scale to 
express the temperature measured by this thermometer in terms of its pressure and the 
given data to calibrate the thermometer. 


r _ 273.16K p 
P 3 


Write the equation for the ideal-gas 
temperature scale: 


17-4 
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(a) Solve for and evaluate the 
thermometer’s triple-point pressure: 


(. b ) Substitute for P 3 in Equation 17-4: 


P,= 


T = 


273.16K 

T 

22.0 torr 


273.16K p 
22.0 torr 

2.17K 


273.16K 

373K 


(30 torr) 


273.16K 
22.0 torr 


(0.175 torr) 


37 • 

Picture the Problem We can find the temperature at which the Fahrenheit and Celsius 
scales give the same reading by setting t F = t c in the temperature-conversion equation. 


Set t F = t c in t c = |(t F -32°): 


<P=f(<P-32°) 


Solve for and evaluate t F : 


h ~ 


-40.0°C 


-40.0°F 


Remarks: If you’ve not already thought of doing so, you might use your graphing 
calculator to plot t c versus tp and t F = tc (a straight line at 45°) on the same graph. 
Their intersection is at (-40, -40). 


38 • 

Picture the Problem We can use the Celsius-to-absolute conversion equation to find 371 
K on the Celsius scale and the Celsius-to-Fahrenheit conversion equation to find the 
Fahrenheit temperature corresponding to 371 K. 

Express the absolute temperature as T = t c + 273.15 K 

a function of the Celsius 

temperature: 


Solve for and evaluate tc: 


t c = T-273.15K 


= 371K-273.15K = 


97.9°C 


Use the Celsius-to-Fahrenheit 
conversion equation to find t F : 


t ¥ =^t c + 32° = 1(97.9°) + 32° 
= 208°F 


39 • 

Picture the Problem We can use the Celsius-to-absolute conversion equation to find 90.2 
K on the Celsius scale and the Celsius-to-Fahrenheit conversion equation to find the 
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Fahrenheit temperature corresponding to 90.2 K. 

Express the absolute temperature as a T = t c + 273.15 K 

function of the Celsius temperature: 


Solve for and evaluate t C - 




7-273.15K 

90.2K-273.15K 


-183°C 


Use the Celsius-to-Fahrenheit 
conversion equation to find tf. 


t F = +32° = |(-183°) + 32° 

= -297°F 


40 

Picture the Problem We can use the 
diagram to the right to set up proportions 
that will allow us to convert temperatures 
on the Reaumur scale to Celsius and 
Fahrenheit temperatures. 



R 


- 80 ° 


0 °- 


- 32 ° 


- 0 ° 


Referring to the diagram, set up a t c -0°C _ t R -0°R 

proportion to convert temperatures on 100°C — 0°C 80°R — 0°R 

the Reaumur scale to Celsius 
temperatures: 


Simplify to obtain: 


100 


= — or t c 
80 c 


1.25f R 


Referring to the diagram, set up a 
proportion to convert temperatures on 
the Reaumur scale to Fahrenheit 
temperatures: 

Simplify to obtain: 


t v -32°F _ t R -0°R 

212°F-32°F ~ 80°R-0°R 


t v -32 
180 


= — Or tr, 
80 F 


K+ 32 


*41 ••• 

Picture the Problem We can use the temperature dependence of the resistance of the 
thermistor and the given data to determine Rq and B. Once we know these quantities, we 
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can use the temperature-dependence equation to find the resistance at any temperature in 
the calibration range. Differentiation of R with respect to T will allow us to express the 
rate of change of resistance with temperature at both the ice point and the steam point 
temperatures. 

(a) Express the resistance at the ice 
point as a function of temperature of 
the ice point: 

Express the resistance at the steam 
point as a function of temperature of 
the steam point: 

Divide equation (1) by equation (2) 7360Q _ ^ _ ^g/ 273 K s/ 373 k 

to obtain: 153Q 


153Q = R 0 e B/mK (2) 


7360Q = R 0 e B/mK (1) 


Solve for B by taking the logarithm 
of both sides of the equation: 


Solve equation (1) for R 0 and 
substitute for B: 


(. b ) From (a) we have: 


In 48.1 = B\ 


1 1 


A 


and 
B = 


V273 373 j 
In 48.1 


K 


-1 


1 1 

273 373 


A 


3.94x 10 K 




R n = 73600 = (7360Q>^ /273K 


0 ^5/273 K 

= (7360Q)e 


-3.94xl0 3 K/273K 


= 3.97 x 10 _ Q 


R = (3.97 x 10~ 3 Clje 


3.94xl0 3 K/T 


Convert 98.6°F to kelvins to obtain: T — 310K 


Substitute to obtain: 


7? = (3.97xlO^Qy- 94xlo3K/310K 

= 1.3 lkQ 


dR_ 

dT 


d_ 

dl 

-B 


— (R,e BlT )=R,e BIT 
dT y ° ’ ° 

R,e B/T =- 


-r2 0 


dT^Ty 


(c) Differentiate R with respect to T 
to obtain: 


RB 

rj-i2 
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Evaluate dR/dT at the ice point: 


Evaluate dR/dT at the steam point: 


( dR > 


(7360Q)(3.94x10 3 k) 

\dT ) 

ice point 

(273.16 K) 2 


= 

-389Q/K 



'djC 

ydT , 


steam point 


(153Q)(3.94x10 3 k) 
(373.16 K) 2 

- 4.330/K 


(d) 


The thermistor is more sensitive; i.e., it has greater sensitivity at lower 
temperatures. 


The Ideal-Gas Law 


42 • 

Picture the Problem Let the subscript 1 refer to the gas at 50°C and the subscript 2 to 
the gas at 100°C. We can apply the ideal-gas law for a fixed amount of gas to find the 
ratio of the final and initial volumes. 


Apply the ideal-gas law for a fixed 
amount of gas: 


Substitute numerical values and 
evaluate V 2 tV\. 


PV PV 

1 2 y 2 _ 1 V\ 

T T 
1 \ 

or, because P 2 = P\, 

K t x 


v, 

Vi 


(273.15 + 100)K 
(273.15 + 50)K 


1.15 


43 • 

Picture the Problem We can use the ideal-gas law to find the number of moles of gas in 
the vessel and the definition of Avogadro’s number to find the number of molecules. 

Apply the ideal-gas law to the gas: PV = nRT 

PV 

n =- 

RT 


Solve for the number of moles of gas 
in the vessel: 
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Substitute numerical values and 
evaluate n: 


(4atm)(lOL) 


(8.206x10 

~ 2 L • atm/mol • K)(273 K) 

1.79mol 



Relate the number of molecules N in N = nN A 

the gas in terms of the number of 
moles n: 


Substitute numerical values and evaluate N: 


N = (l.79 mol) (6.022 x 10 2j molecules/mol) 


1.08 x 10 24 molecules 


44 •• 

Picture the Problem We can use the ideal-gas law to relate the number of molecules in 
the gas to its pressure, volume, and temperature. 


Solve the ideal-gas law for the number ^ _ PV 

of molecules in a gas as a function of kT 

its pressure, volume, and temperature: 


Substitute numerical values and 
evaluate N: 


45 •• 

Picture the Problem The pictorial 
representation to the right, in which T 0 
represents absolute zero, summarizes the 
information concerning the temperatures 
and pressures we are given. We know, 
from the ideal-gas law, that the pressure of 
a fixed volume of gas is proportional to its 
absolute temperature. We can use the 
diagram to set up a proportion relating the 
temperatures and pressures that we can 
solve for T 0 . 


_ (l 0 8 torr)(l 33.32 Pa/torr)(l 0 6 m 2 ) 
(l .381x10 23 J/K)(300 K) 

= 3.22 xlO 8 


T. glips 


T, kinds 


22 


12.5 


- 10 - 


8.7 


T 0 


0 


Apply the ideal-gas law to obtain: 22 glips -T 0 _ -10 glips - T 0 

\2.5klads 8.7 kl ads 


T = 
1 o 


-83.2 glips 


Solve for T 0 to obtain: 
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Remarks: Because the gas is ideal, its pressure is directly proportional to its 
temperature. Hence, a graph of P versus T will be linear and the linear equation 
relating P and T can be solved for the temperature corresponding to zero pressure. 

46 •• 

Picture the Problem Let the subscript 1 refer to the tires when their pressure is 180 kPa 
and the subscript 2 to conditions when their pressure is 245 kPa. Assume that the air in 
the tires behaves as an ideal gas. Then, we can apply the ideal-gas law for a fixed amount 
of gas to relate the temperatures to the pressures and volumes of the tires. 


(a) Apply the ideal-gas law for a C 2 h 2 _ Py x 

fixed amount of gas to the air in the T 2 T x 

tires: 


(1) 


Solve for T 2 : 


p 

T 2 =T x -1 
P 


because V\ = V 2 . 


Substitute numerical values to 
obtain: 


245 kPa 
180kPa 

87.7°C _ 



360.7K 


(j b ) Use equation (1) with 
V 2 = 1.07 V\. Solve for T 2 : 


T 

1 2 


PV 

zJl—Lt 

pr i 1 


1.07 


f p 

~T\ 

P 

Vh 


) 


Substitute numerical values and 
evaluate T 2 : 


T 

1 2 


1.07(360.7K) = 385.9K 


113°C 


47 •• 

Picture the Problem We can apply the ideal-gas law to find the number of moles of air 
in the room as a function of the temperature. 


(a) Use the ideal-gas law to relate the 
number of moles of air in the room to 
the pressure, volume, and temperature 
of the air: 

Substitute numerical values and 
evaluate n: 


PV 

n =- 

RT 


(1) 


(l01.3kPa)(90 m 3 ) 
(8.314J/mol-K)(300K) 

3.66 xlO 3 mol 
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(. b ) Letting n' represent the number 

of moles in the room when the 

temperature rises by 5 K, express 
the number of moles of air that 

leave the room: 

An = n - n' 

Apply the ideal-gas law to obtain: 

, PV 

n' = - (2) 

RT 

Divide equation (2) by equation (1) 

to obtain: 

n'T T 

— = — and n = n — 
n T' T' 

Substitute for n' to obtain: 

T ( T ^ 

An = n — n — = n 1- 

V \ T'j 

Substitute numerical values and 

evaluate An: 

An = (3.66 x 10 3 mol) f 1 300K 1 
v \ 305K J 

= 60.0 mol 


*48 « 

Picture the Problem Let the subscript 1 refer to helium gas at 4.2 K and the subscript 2 
to the gas at 293 K. We can apply the ideal-gas law to find the volume of the gas at 4.2 K 
and a fixed amount of gas to find its volume at 293 K. 


(a) Apply the ideal-gas law to the 
helium gas and solve for its volume: 

v _ nRT x 

1 P 

1 1 

Substitute numerical values to 

obtain: 

(0.08206L-atm/mol-K)(4.2K) 

V | /I 

latm 

= (0.3447 L/mol)n 

Find the number of moles in 10 g of 

helium: 

n = 10g =2.5 mol 

4g/mol 

Substitute for n to obtain: 

V, = (0.3447L/mol)(2.5mol) 

= 0.862L 

( b ) Apply the ideal-gas law for a 
fixed amount of gas and solve for 

PV PV 

1 2 v 2 1 V\ 

T T 

l 2 j \ 
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the volume of the helium gas at 
293 K: 


and, because P\ = P 2 , 



Substitute numerical values and 
evaluate V 2 : 


293K^ 862l j = 

2 4.2K v ’ 


60.1L 


49 •• 

Picture the Problem Because the helium is initially in the liquid state, its temperature 
must be 4.2 K. Let the subscript 1 refer to helium gas at 4.2 K and the subscript 2 to the 
gas at 293 K. We can apply the ideal-gas law for a fixed volume of gas to relate the 
pressure at 293 K to the pressure at 4.2 K and use the ideal-gas law to find the pressure at 
4.2 K. 


Apply the ideal-gas law for a fixed 
amount of gas: 

Solve for its pressure at 293 K: 


Apply the ideal-gas law to the 
helium gas at 4.2 K and solve for its 
pressure: 

Substitute numerical values to 
obtain: 


Find the number of moles in 10 g of 
helium: 

Substitute for n to obtain: 

Substitute in equation (1) and 
evaluate P 2 : 


P 2 V 2 




P 2 = 




= Pi 


VT 

v 2 1 \ 

because V\ = V 2 


h 

P l 


*\ = 


nRT x 


(i) 


(0.08206L-atm/mol-K)(4.2K) 

1 ~ H 6L 

= (0.05744 atm/mol)« 


1Qg = 2.5 mol 
4g/mol 


P l = (0.05744atm/mol)(2.5 mol) 
= 0.1436 atm 


(0.1436 atm) 


293 K 
4.2K 


10.0 atm 


*50 •• 

Picture the Problem Let the subscript 1 refer to the tire when its temperature is 20°C 
and the subscript 2 to conditions when its temperature is 50°C. We can apply the ideal- 
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gas law for a fixed amount of gas to relate the temperatures to the pressures of the air in 
the tire. 


(a) Apply the ideal-gas law for a 
fixed amount of gas and solve for 
pressure at the higher temperature: 


Substitute numerical values to 
obtain: 


(. b ) Solve equation (1) for P 2 with 
V 2 = 1.1 V] and evaluate P 2 . 


PV PV 

1 2 r 2 _ 1 1_J 

T T 
1 2 



because V\ = V 2 


(1) 


321K 

P ; =-(200kPa + 101kPa) 

- 293K v ' 

= 332kPa 

and 

^ 2 , g au g e =332 kPa -101 kPa 
= 231kPa 


P 2 = 


V 2 T x 


323K 

~ 1.1(293 K) 
= 302 kPa 


(200 kPa + lOlkPa) 


and 

^ 2 ,gauge = 302kPa-lOlkPa 


201kPa 


51 •• 

Picture the Problem Let p K and p 0 be the number densities (i.e., the number of 

particles per unit volume) of N 2 and 0 2 , respectively. We can express the density of air in 

terms of the densities of nitrogen and oxygen and their number densities 

as p. m = m N p N2 + m (l p {) . By applying the ideal-gas law, we can find the number 

density of air and, using the given composition of air, calculate the number densities of 
nitrogen and oxygen. Finally, we can find the masses of nitrogen and oxygen molecules 
from their atomic masses. Knowing p^ , p () , m h , and m () , we can calculate p im . 

Express the density of air in terms of 
the densities of nitrogen and oxygen: 

Using the ideal-gas law, relate the 
number density of air N/V to its 
temperature and pressure: 


Pair =™n 2 Pn 2 + m pPo 2 (1) 

N P 

PV = NkT and — = — 
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Substitute numerical values and 
evaluate the number density of air: 


Because air is approximately 74% 
N 2 and 26% 0 2 : 


Calculate the masses of N 2 and 0 2 
molecules: 


Substitute in equation (1) and 
evaluate /v: 


N_ 1.01 x 10 5 N/m 2 
~V~ (1.381 x10~ 23 J/k)(297K) 

= 2.46xl0 25 m 3 

=0.74^ = 0.74(2.46 xl0 25 m- 3 ) 

= 1.82x 10 25 m 3 
and 

p Q , = 0.26y = 0.26(2.46 xl0 25 m“ 3 ) 

= 6.40xl0 24 m 3 

m N = (28u)(l.660x 10 27 kg/u) 

= 4.65 x 10 26 kg 
and 

m 0 = (32u)(l.660x10 27 kg/u) 

= 5.31x10 26 kg 

Air = (4.65x10 26 kg)(l.82xl0 25 m 3 ) 

+ (5.31 x 10 26 kg)(6.40 x 10 24 m 3 
= 1.19 kg/m 3 


52 •• 

Picture the Problem Let the subscript 1 refer to the conditions at the bottom of the lake 
and the subscript 2 to the surface of the lake and apply the ideal-gas law for a fixed 
amount of gas. 

Apply the ideal-gas law for a fixed 
amount of gas: 

Solve for the volume of the bubble 
just before it breaks the surface: 


py 2 _ py 


v 2 = K 


T P 

1 2 1 1 

TP 

1 \ 1 2 


p i = p Mm + Pgh 
= 101.3kPa 

+ (l 0 3 kg/m 3 )(9.81 m/s 2 )(40 m) 
= 493.7kPa 


Find the pressure at the bottom of 
the lake: 
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Substitute numerical values and v _ L <- 3 \ (298K)(493.7kPa) 

evaluate U 2 : Cm ' (278K)(l01.3kPa) 

= 78.4 cm 3 


53 •• 

Picture the Problem Assume that the volume of the balloon is not changing. Then the 
air inside and outside the balloon must be at the same pressure of about 1 atm. The 
contents of the balloon are the air molecules inside it. We can use Archimedes principle 
to express the buoyant force on the balloon and we can find the weight of the air 
molecules inside the balloon 


Express the net force on the balloon 
and its contents: 

Using Archimedes principle, 
express the buoyant force on the 
balloon: 


Express the weight of the air inside 
the balloon: 


Substitute in equation (1) for B and 

Wair inside the balloon tO obtain. 


Express the densities of the air 
molecules in terms of their number 
densities, molecular mass, and 
Avogadro’s number: 

Using the ideal-gas law, relate the 
number density of air N/V to its 
temperature and pressure: 

Substitute to obtain: 


C 1 _ D _ , ,. 

1 net ^ ^air inside the balloon 


(i) 


^ ^displaced fluid ^displaced IIiikA 


or 


— A ^balloon £ 

where p 0 is the density of the air outside 
the balloon. 


w. 


air inside the balloon P\ ^balloon & 


where p x is the density of the air inside the 
balloon. 


■^net Po ^balloon & P\ ^balloon & 

= (a, — a) ^balloon 


( 2 ) 


P = 


M 

w 


A kVj 


N P 

pv = NkT and — = — 
V kT 


P = 


M 


( p ^ 


N 


A \kTj 


F = 

net 


MP 


N a k 


T T 

V o L \J 


^balloon & 


Substitute in equation (2) and 
simplify to obtain: 
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Assuming that the average molecular weight of air is 29 g/mol, substitute numerical 
values and evaluate F net : 


F = 

M net 


(29g/mol)(l.01x 10 5 N/m 2 ' 


( 1 1 ^ 

(6.022 x 10 23 particles/mol)(l .381 x 10 23 J/K) 

^297K 348 K J 


: (l.5m 3 )(9.81m/s 2 ) 


2.56N 


54 ••• 

Picture the Problem We can find the number of moles of helium gas in the balloon by 
applying the ideal-gas law to relate n to the pressure, volume, and temperature of the 
helium and Archimedes principle to find the volume of the helium. In part ( b ), we can 
apply the result of Problem 13-95 to relate atmospheric pressure to altitude and use the 
ideal-gas law to determine the pressure of the gas when the balloon is fully inflated. In 
part (c), we’ll find the net force acting on the balloon at the altitude at which it is fully 
inflated in order to decide whether it can rise to that altitude. 


(a) Apply the ideal-gas law to the ^ _ PV 

helium in the balloon and solve RT 

for n: 


( 1 ) 


Relate the net force on the balloon F B — rv skin — vv load — vv, Ic = 30 N 

to its weight: 


Use Archimedes principle to 
express the buoyant force on the 
balloon in terms of the volume of 
the balloon: 

Substitute to obtain: 


C 7 _ -14 1 

1 B ^displaced air 

= p*yg 

P,Jg - W skm - W load - Pn/S = 30 N 


Solve for the volume of the helium: y _ 30 N + w skin + w load 

(flur-Afek 


Substitute numerical values and 
evaluate V: 


30N + 50N + 110N 
“ (l.293kg/m 3 -0.179kg/m 3 ) 

1 

X (9.81m/s 2 ) 

= 17.39m 3 
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Substitute numerical values in 
equation (1) and evaluate n: 


n = 


(latm)(l7.39m 3 ) 

_y_ 

8.206 x 10 2 L • atm/mol • K)(273K) 


A 1L ' 

v 10~ 3 m 3 y 


776 mol 


(. b ) Using the result of Problem 13- 
95, express the variation in 
atmospheric pressure with altitude: 


P{h) = P 0 e~ h/ll ° 
where h 0 = 7.93 km 


Solve for Jr. 


h = h 0 In 


p(i,\ 


( 2 ) 


Neglecting changes in temperature with elevation, apply the ideal-gas law to find the 
pressure at which the balloon’s volume will be 32 m 3 : 


P = 


nRT _ (776mol)(8.206x 10 2 L• atm/mol• k)(273K) 


V 


32 m x 


1L 


= 0.543 atm 


10 3 in 3 


Substitute in equation (2) and 
evaluate h: 


h = (7.93km)ln 


f 1 atm ' 


0.543 atm 


4.84 km 


(c) Express the condition that must be 
satisfied if the balloon is to reach its 
fully inflated altitude: 


^ct = F V.~ ^tot ^ 0 


(3) 


Express w tot : 


W tot =W load + W skin+ W He 

= 110 TV + 50 TV + w. 


He 


= 160 N + w. 


He 


Express the weight of the helium: 


W He = Pnfg 


Substitute for vv H e and evaluate iv to t: 


vfoi = 1 60 N + p Uc Vg 

= 160 N + (0.179 kg/m 3 )(l 7.38 in 3 ) 
x (9.81m/s 2 ) 

= 190.5N 
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Determine the buoyant force on the F B = p, dn h Vg (4) 

balloon at h = 4.84 km: 


Express the dependence of the 
density of the air on atmospheric 
pressure: 


Substitute and evaluate F B . 


P _ Pair,/; 

P i, Pair 
or 

_ P 

Pair./i jj Pair 
Pi 


(5) 


F b = 

*0 

= 0 . 543 ( 1 .293 kg/m 3 )(32m 3 ) 
x (9.81m/s 2 ) 

= 219.9N 


Substitute in equation (3) and F net — 219.9N-190.5N — 29.4N > 0 

evaluate F net : 


Because F net > 0, the balloon will rise higher than the altitude at which it is 
fully inflated. 


(, d) The balloon will rise until the net force acting on it is zero. Because the buoyant 
force depends on the density of the air, the balloon will rise until the density of the air 
has decreased sufficiently for the buoyant force to just equal the total weight of the 
balloon. 


Substitute equation (5) in equation 
(2) to obtain: 

Using equation (4), find the density 
of the air such that F B = 190.5 N: 


Substitute numerical values and 
evaluate h: 


h = h 0 In 

Pair, h 

_F^_ 190.5N 

Pan ’ h ~Vg~ (32m’)(9.81 m/s 2 ) 
= 0.6068 kg/m 3 


f 

h = (7.93 km) In 

v 


1.293 kg/m 3 
0.6068 kg/m 3 


5 


J 


6.00 km 
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Kinetic Theory of Gases 

*55 • 

Picture the Problem We can express the rms speeds of argon and helium atoms by 
combining PV = nRT and v nns = -^3 RT/M to obtain an expression for Vm in terms of 
P, V, and M. 


Express the rms speed of an atom as a 3RT 

function of the temperature: ™ s \ M 

From the ideal-gas law we have: ^ j _ PV 

n 

Substitute to obtain: \3PV 


Vrms V nM 


(a) Substitute numerical values and evaluate for an argon atom: 


Kms( Ar ) 


1 3(l0 atm)(l01.3 kPa/atm)(l0 3 m 3 ) 
]j (lmo l)(40xl0 3 kg/mol) 


276m/s 


(b) Substitute numerical values and evaluate v nns for a helium atom: 


Wns( H e) 


1 3(l0atm)(l01.3kPa/atm)(l0 J m ’) 
y (lmo 1)(4 x 10 ' kg/mol) 


872m/s 


56 • 

Picture the Problem We can express the total translational kinetic energy of the oxygen 
gas by combining K = \nRT and the ideal-gas law to obtain an expression for K in terms 

of the pressure and volume of the gas. 


Relate the total translational kinetic 
energy of translation to the 
temperature of the gas: 

Using the ideal-gas law, substitute 
for nRT to obtain: 


K=\nRT 


K = jPV 


K = |(l01.3kPa)(lCr 3 m 3 ) 


152 J 


Substitute numerical values and 
evaluate K: 
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57 • 

Picture the Problem Because we’re given the temperature of the hydrogen atom and 
know its molar mass, we can find its rms speed using v ms = ^3RT/M and its average 
kinetic energy from K av = \kT. 


Relate the rms speed of a hydrogen 
atom to its temperature and molar 
mass: 

Substitute numerical values and 
evaluate Vrtn S : 


Express the average kinetic energy 
of the hydrogen atom as a function 
of its temperature: 

Substitute numerical values and 
evaluate K av : 


3 RT 
M 


| 3(8.314J/mol-K)(l0 7 K) 

\ 1(T 3 kg/mol 

499km/s 




K dv = |(l.381x 10 -23 J/K)(l0 7 k) 
= 2.07x10 16 J 


*58 

Picture the Problem Because there are 6 squared terms in the expression for the total 
energy of an atom in this model, we can conclude that there are 6 degrees of freedom. 
Because the system is in equilibrium, we can conclude that there is energy of \kT per 

molecule or \RT per mole associated with each degree of freedom. 


Express the average energy per atom 
in the solid in terms of its 
temperature and the number of 
degrees of freedom: 

Relate the total energy of one mole 
to its temperature and the number of 
degrees of freedom: 


E 


av 


atom 


N(\kT)=({\kT) 


3 kT 


E 


tot 


mole 


N{\RT) = 6(\RT) 


3 RT 


59 • 

Picture the Problem We can combined = —j= -- and PV = nRT to express the 

V2 n v n d~ 


mean free path for a molecule in an ideal gas in terms of the pressure and temperature. 














Express the mean free path of a 
molecule in an ideal gas: 


Temperature and the Kinetic Theory of Gases 


1341 


Solve the ideal-gas law for the 
volume of the gas: 

Substitute in our expression for n v to 
obtain: 

Substitute in the expression for the 
mean free path to obtain: 


■Jl.n v n d 1 

where 

n v = N/V = nN A /V 


V = 


nRT 

P 


nN Ap P 

nRT kT 


A = 


kT 

4lPnd 2 


60 •• 

Picture the Problem We can find the collision time from the mean free path and the 
average (rms) speed of the helium molecules. We can use the result of Problem 43 to find 
the mean free path of the molecules and v^, = ^3RT /M to find the average speed of the 

molecules. 


Express the collision time in terms of 
the mean free path for and the average 
speed of a helium molecule: 

Use the result of Problem 43 to 
express the mean free path of the 
gas: 

Substitute numerical values and 
evaluate A: 


Express the average speed of the 
molecules: 

Substitute numerical values and 
evaluate Vrms: 


, _ kT 
4lP7id 2 

(l.381xlCT 23 J/k)(300K) 
V2(7xl0^ n Pa)Tr(l0 10 m) 2 
= 1.332 x 10 9 m 


3 RT 
M 

/ 3(8.314J/mol-K)(300K) 
\ 4 xlO 3 kg/mol 

= 1.368 xlO 3 m/s 
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Substitute in equation (1) and 
evaluate r. 


1.332x IQ 9 m 
1.368xl0 3 m/s 


9.74x 10 5 s 


*61 •• 

Picture the Problem We can use K = \kT and AU = mgh = Mgh/N A to express the 

ratio of the average kinetic energy of a molecule of the gas to the change in its 
gravitational potential energy if it falls from the top of the container to the bottom. 


Express the average kinetic energy 
of a molecule of the gas as a 
function of its temperature: 

Letting h represent the height of the 
container, express the change in the 
potential energy of a molecule as it 
falls from the top of the container to 
the bottom: 

Express the ratio of K to A U and 
simplify to obtain: 


K = \kT 


AU = mgh = 


Mgh 

^7 


K _ \kT _ 3 NJcT 
AU ~ Mgh^ ~ 2Mgh 
N a 


Substitute numerical values and evaluate K/AU: 


K _ 3 ( 6 . 022 xl0 23 )(l.38lx 1CT 23 J/K)(300K) 
AU ~ 2(32 x 10“ 3 kg)(9.81 m/s 2 )(0.15 m) 


7.95 xlO 4 


The Distribution of Molecular Speeds 


62 •• 

Picture the Problem Equation 17-37 gives the Maxwell-Boltzmann speed distribution. 
Setting its derivative with respect to v equal to zero will tell us where the function’s 
extreme values lie. 


Differentiate Equation 17-37 with 
respect to v: 


df _ d 
dv dv 


f 


m 
2kT j 


y/2 


v 2 e~ mv2 / 2kT 


m 


y/2 


f 


2 kT 


.3 A 


2v- 


mv 


kT 


2 jlkT 
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Set dfldv = 0 for extrema and solve 
for v: 


2 v 


mv' 

It 


= o^ 



Examination of the graph of/(v) makes it 
clear that this extreme value is, in fact, a 
maximum. See Figure 17-16 and note that 
it is concave downward at v = ^2kT/m. 

Remarks: An alternative to the examination of fly) in order to conclude that 
v = JlkT/ m maximizes the Maxwell-Boltzmann speed distribution function is to 

show that d 2 fldv 2 < 0 at v = yjlkT/m. 


*63 •• 

Picture the Problem We can show that /(v) is normalized by using the given integral to 
integrate it over all possible speeds. 


Express the integral of Equation 17-37: 


Let a = mj2kT to obtain: 


f V/ 2c 




w A 

J f(v)dv = -~i=a i/2 j v 2 e~ av dv 


Use the given integral to obtain: 



i.e., fly) is normalized. 


64 •• 

Picture the Problem In Problem 63 we showed that/(v) is normalized. Hence we can 

oo 

evaluate v av using j vf(v)dv . 
o 

Express the average speed of the 
molecules in the gas: 


W, = 


«j 

J yf(v)d\ 


m 

2 kT 


s. 3/2 c 


-mv 2 jlkT 


v e 


dv 
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Substitute a = mjlkT : 


Use the given integral to obtain: 


4 



a 3/2 1 vV av2 dv 
o 



2 

2 kT 


m 


2 1 



*65 •• 

Picture the Problem Choose a coordinate system in which downward is the positive 
direction. We can use a constant-acceleration equation to relate the fall distance to the 
initial velocity of the molecule, the acceleration due to gravity, the fall time, and 
Vhhj. = y]3kT/m to find the initial velocity of the molecules. 

(a) Using a constant-acceleration y = v 0 t + jgt 2 (1) 

equation, relate the fall distance to 

the initial velocity of a molecule, the 

acceleration due to gravity, and the 

fall time: 


Express the rms speed of the atom to 

V - 1 

3 kT 

its temperature and mass: 

Ums V 

m 

Substitute numerical values and 

V J 
rms 1 1 

3(l.381xl0 23 J/K)(l20nK) 

evaluate Vnn S : 

(85.47u)(l.660xl0- 27 kg/u) 


= 5.92x10 3 m/s 

Letting v rms = vo, substitute in 
equation (1) to obtain: 

0 .1m = 

(5.92x10 3 m/s)t + }(9.81m/s 

Solve this equation to obtain: 

t= 0.142s 


(b) If the atom is initially moving 
upward: 


Urns = V 0 


-5.92 x 10 3 m/s 


0.1m = (-5.92x10 3 m/s)t 

+ |(9.81m/s 2 )r 


Substitute in equation (1) to obtain: 
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Solve this equation to obtain: 


t = 


0.143s 


General Problems 


66 • 

Picture the Problem We can use = ^3 RT/M to relate the temperature of the H 2 

molecule to its rms speed. 


Relate the rms speed of the molecule 
to its temperature: 

Solve for the temperature: 

Substitute numerical values and 
evaluate T: 


3 RT 
M 

T _ M* L 

3 R 

T _ (2 x 10~ 3 kg/mol)(331m/s) 2 
~ 3(8.314 J/mol-K) 

= 8.79K 


67 •• 

Picture the Problem We can use the ideal-gas law to find the initial temperature of the 
gas and the ideal-gas law for a fixed amount of gas to relate the volumes, pressures, and 
temperatures resulting from the given processes. 

(a) Apply the ideal-gas law to 
express the temperature of the gas: 



Substitute numerical values and 
evaluate T: 


T _ (lQ1.3kPa)(l0xlQ- 3 nr') 
~ (lmol)(8.314J/mol-K) 


122K 


( b ) Use the ideal-gas law for a fixed 
amount of gas to relate the 
temperatures and volumes: 


Solve for and evaluate T 2 : 




p 2 v 2 


T T 
1 \ 1 2 

or, because P\ = P 2 

K_v 2 


t 2 =^t x = 2(122 k) = 


V, 


244 K 


(c) Use the ideal-gas law for a fixed 
amount of gas to relate the 


Ty T 2 
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temperatures and pressures: 


Solve for T 2 : 


Substitute numerical values and 
evaluate P 2 : 


or, because V\ = V 2 , 



T 

P 2 =—P l 

2 j, 1 


= 350K^ latm ) = 

2 244K v ' 


1.43 atm 


68 •• 

Picture the Problem We can use the definition of pressure to express the net force on 
each wall of the box in terms of its area and the pressure differential between the inside 
and the outside of the box. We can apply the ideal-gas law for a fixed amount of gas to 
find the pressure inside the box. 

Using the definition of pressure, F ~ AM 

express the net force on each wall of = A(P mside - P outsldc ) 

the box: 


Use the ideal-gas law for a fixed 
amount of gas to relate the initial 
and final pressures of the gas: 


Solve for and evaluate ^inside: 


Substitute and evaluate F: 


PP _PV 2 
T\ P 

or, because V\ = V 2 , 

P P 
1 1 _ y_2_ 

T T 
U 1 2 

« = 4.id, = |^ = ( 10 ‘ 3kPa ) 

= 135.1kPa 

F = (0.2m) 2 (l35.1kPa -101.3 kPa) 

= 1.35kN 


*69 •• 

Picture the Problem We can use the molar mass of water to find the number of moles in 
2 L of water. Because there are two hydrogen atoms in each molecule of water, there 
must be as many hydrogen molecules in the gas formed by electrolysis as there were 
molecules of water and, because there is one oxygen atom in each molecule of water, 
there must be half as many oxygen molecules in the gas formed by electrolysis as there 
were molecules of water. 
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Express the electrolysis of water 
into H 2 and 0 2 : 

n(H 2 0)-w?(H 2 ) + i «(0 2 ) 

Express the number of moles in 2 L 

/i(H,0)- 2000 8 -111 mol 

of water: 

V - 18 g/mol 

Because there is one hydrogen atom 

for each water molecule: 

h(H 2 )= lllmol 

Because there are two oxygen atoms 

n(0 2 ) = y ?z(H 2 0) = y (l 11 mol) 

for each water molecule: 

= 55.5 mol 


70 •• 

Picture the Problem The diagram shows 
the cylinder before removal of the 
membrane. We’ll assume that the gases are 
at the same temperature. The approximate 
location of the center of mass (CM) is 
indicated. We can find the distance the 
cylinder moves by finding the location of 
the CM after the membrane is removed. 
Express the distance the cylinder 
will move in terms of the movement 
of the center of mass when the 
membrane is removed: 



0 CM 10 


Ax 


— x — x 

cm,after cm,before 


Apply the ideal-gas law to both 
collections of molecules to obtain: 


Vn, =«(N 2 )tr 
and 

Polo, =n(0 2 )kT 


Divide the first of these equations 
by the second to obtain: 


A »(n 2 ) 

p o, 4°i) 


or, because P N = 2P 0 , 


2 J4 «(n 2 ) 

Pc, n (°l) 


=> n( N 2 ) = 2«(0 2 ) 


Express the mass of 0 2 in terms of m(0 2 ) = 7i(0 2 )M(0 2 ) 

its molar mass and the number of 
moles of oxygen: 
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Express the mass of N 2 in terms of /j?(N 2 ) = 2 «(C>2)M(N2). 

its molar mass and the number of 
moles of nitrogen: 

Using its definition, express the center of mass before the membrane is removed: 

«(N 2 )m(N,K„.n, +”(02M0 2 k„.o, 

Urn,before £ ^ W ( Nj )m(N 2 ) + «(0 2 )/W (O, ) 

i 

_ 2»(Q2) M ( N 2km,N 2 +»( Q 2) M (°2km,0 2 

2«(0 2 )m(N 2 )+ /?(0 2 )m(0 2 ) 

_ 2M(N 2 )x cmN2 + M (0 2 )x cm(h 

2M(N 2 ) + M(0 2 ) 


Substitute numerical values and evaluate v crrLhC iore: 


x 


cm, before 


2(l0cm)(28g)+ (30cm)(32g) 
2(28g) + 32g 


17.27cm 


Locate the center of mass after the . _ 2(20cm)(28g) + (20cm)(32g) 

membrane is removed: cm ' aftei 2(28 g) + 32 g 

= 20.0 cm 


Substitute to obtain: 


Ax = 20.00 cm-17.27 cm 
= 2.73 cm 


Because momentum must be conserved during this process and the center of 
mass moved to the right, the cylinder moved 2.73 cm to the left. 


71 •• 

Picture the Problem We can apply the ideal-gas law to the two processes to find the 
number of moles of hydrogen in terms of the number of moles of nitrogen in the gas. 
Using the definition of molar mass, we can relate the mass of each gas to the number of 
moles of each gas and their molar masses. 

Apply the ideal-gas law to the first P X V = [2«(N 2 ) + «(H 2 )]i?7j 

case: 


Apply the ideal-gas law to the 


3 P X V = [2h(N 2 ) + 2«(H 2 )]lRT x 
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second case: 

Divide the second of these equations 
by the first and simplify to express 
n(\ 1 2 ) in terms of n( N 2 ): 

Relate the m N to «(N 2 ): 


Relate the m n to n( H 2 ): 


Substitute in equation (1) and solve 
for m N : 


h(H 2 ) = 2«(N 2 ) (1 ) 


m N =n(N 2 )M(N 2 ) 

= fl(N 2 )(28 g/mol) 
and 


28g/mol 


m H = «(H 2 )m(H 2 ) 

= »(H 2 )(2 g/mol) 
and 


'(h 2 )= 


m. 


2 g/mol 


m H _ 2 m N 

2 g/mol 28 g/mol N 



*72 •• 

Picture the Problem Initially, we have 3 PqV= iiqRTq. Later, the pressures in the three 
vessels, each of volume V, are still equal, but the number of moles is not. The total 
number of moles, however, is constant and equal to the number of moles in the three 
vessels initially. Applying the ideal-gas law to each of the vessels will allow us to relate 
the number of moles in each to the final pressure and temperature. Equating this sum n 0 
will leave us with an equation in F and P 0 that we can solve for F. 

Relate the number of moles of gas in n 0 = n l + n 2 + n 3 

the system in the three vessels 
initially to the number in each vessel 
when the pressure is P' \ 

Relate the final pressure in the first 
vessel to its temperature and solve 
for 

Relate the final pressure in the pt_ n 2 ^{^o) n _ P'V 

second vessel to its temperature and V 2 3 RT 0 

solve for n 2 : 


p, = ”1 


R(2T„) 


V 


=> n, = 


P'V 
2 RL 
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Relate the final pressure in the third D , n :^a „ C'L 

1 s ’ /? ^ 

vessel to its temperature and solve F RT 0 

for ny. 


Substitute to obtain: 


Express the number of moles in the 
three vessels initially in terms of the 
initial pressure and total volume: 


P'V P'V P'V 

fit) —-1-1- 

2 RT 0 3RT 0 RT 0 


f 1 1 

P'V 11 

' P'V y 

U 3 J 

RT 0 6 

l^o J 


3M 

RT a 


Equate the two expressions for n 0 
and solve for P' to obtain: 


P' = 



73 •• 

Picture the Problem We can use the ideal-gas temperature scale to relate the temperature 
of the boiling substance to its pressure and the pressure at the triple point. If we assume a 
linear relationship between P/P 3 and P3, we can calibrate this equation using the data from 
any two (or all) of the temperature measurements and then extrapolate this equation to zero 
gas pressure to find the ideal-gas temperature of the boiling substance. 


Using the ideal-gas temperature 
scale, relate the temperature of the 
boiling substance to its pressure and 
the pressure at the triple point: 

Find the temperature of the first 
measurement: 


T = 273.16K 


f p\ 

y~P.j 


(i) 


T, 


f 

273.16K 


734torr 


\ 


v 5 00 torr y 


273.16 K(l .4680) 
40 LOOK 


Find the temperature of the third 
measurement: 


f 

= 273.16K 


146.65 torr 




100 torr y 


= 273.16K(l.4655) 
= 400.59K 























Assume a linear relationship 
between P/P 3 and /A: 
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Substitute using the data from the 
first measurement: 


Substitute using the data from the 
third measurement: 


Solve these equations 
simultaneously for a: 

Substitute in equation (1) to obtain: 


P 

— = a + bP, 


where a is the pressure ratio for /A = 0. 


734torr 

500torr 


= a + 6(500 torr) 


or 


1.4680 = a + b (500 torr) 


146.65 torr 
100 torr 


= a + 6(l00 torr) 


or 


1.4665 = a + b{\ 00 torr) 


a = 1.46613 


T = 273.16K(l.46613) = 


400.49K 


*74 •• 

Picture the Problem Because the O 2 molecule resembles 2 spheres stuck together, which 
in cross section look something like two circles, we can estimate the radius of the 
molecule from the formula for the area of a circle. We can express the area, and hence the 
radius, of the circle in terms of the mean free path and the number density of the 
molecules and use the ideal-gas law to express the number density. 


Express the area of two circles of 
diameter d that touch each other: 


Solve for d to obtain: 


Relate the mean free path of the 
molecules to their number density 
and cross-sectional area: 

Solve ford to obtain: 



A 


1 

"A 


d = 


Substitute in equation (1) to obtain: 
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Use the ideal-gas law to relate the 
number density of the 0 2 molecules 
to their temperature and pressure: 


PV = NkT or n v 


N__P_ 
V ~ kT 


Substitute to obtain: 


Substitute numerical values and 
evaluate d : 



d _ I 2(l.381 x 10~ 23 J/k)(300K)~ 
~ \ 7r(l.01 x 10 5 Pa)(7.1x 10 8 m) 


= 6.06 x 10~ 10 m = 


0.606 nm 


75 •• 

Picture the Problem We can use its definition to express the mean free path of the 
molecules and the ideal-gas law to obtain an expression for the number density of the 
hydrogen gas molecules. 


(a) Relate the mean free path of the 
molecules to their number density 
and cross-sectional area: 

Use the ideal-gas law to relate the 
number density of the H 2 molecules 
to their temperature and pressure: 

Express the effective cross-sectional 
area of a H 2 molecule: 

Substitute for n v and A to obtain: 


Substitute numerical values and 
evaluate A: 


( b ) Relate the available volume per 
molecule to the number density n v : 

Substitute numerical values and 
evaluate V/N: 


Express the volume of a spherical 
molecule: 


n v A 

N P 

PV = NkT or « = — = — 

V kT 

A = \7vd 2 

3 4 kT 

Pnd 2 

4(i.381x1Q- 23 J/k)(300K) 
tt(\ .0 1X 1 0 5 N/m 2 ) (l .6 X 10 10 m) 2 
= 2.04x10 6 m 


_U _J_ _kT_ 

N ~ n v ~ P 

V _ (i.381x1Q- 23 J/k)(300K) 
N~ 1.01 x 10 5 N/m 2 

= 4.10x10 26 m 3 


V = j7vr 3 = \nd 3 
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Solve for d: 


Substitute numerical values and 
evaluate d: 




4.28 nm 


The mean free path is larger by 
approximately a factor of 1000. 


76 ••• 

Picture the Problem Let A be the cross-sectional area of the cylinder. We can use the 
ideal-gas law to find the height of the piston under equilibrium conditions. In ( b ), we can 
apply Newton’s 2 nd law and the ideal-gas law for a fixed amount of gas to the show that, 
for small displacements from its equilibrium position, the piston executes simple 
harmonic motion. 


(a) Express the pressure inside the 
cylinder: 

Apply the ideal-gas law to obtain a 
second expression for the pressure 
of the gas in the cylinder: 

Equate these two expressions: 


Solve for h to obtain: 


At STP, 0.1 mol of gas occupies 
2.24 L. Therefore: 




— P..,„ + 


nRT 


Mg_ 

A 

nRT 


V hA 


( 1 ) 


+ Mg_ 
A 


nRT 

~hA 


h = 


nRT 


AP^+Mg 
2.4 m 


1 + 


Mg 

AP 


(2,4 m)AP Mm 
AP Mm + Mg 


(2.4m)^ = 2.24x10 3 m 3 
and 

A = 9.33xl0~ 4 m 2 


2.4 m 

~ f 1.4 kg)(9.81 m/s 2 ) 

+ (9.333x10 4 m 2 )(l01.3kPa) 

2.096m 


Substitute numerical values and 
evaluate h: 
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(b ) Relate the frequency of vibration 
of the piston to its mass and a 
''stiffness'' constant: 


Letting y be the displacement from 
equilibrium, apply ^F v =ma y to 

the piston in its equilibrium 
position: 

For a small displacement y above 
equilibrium: 


Using the ideal-gas law for a fixed 
amount of gas and constant 
temperature, relate P m ' to P m : 

Solve for PP : 


'-if 

where M is the mass of the piston and k is a 
constant of proportionality. 

P\r\A m g P'd\m A — 0 


PJA- mg - P alm A = ma y 
or 

P J A ~ P n A = ma y (3) 


PAV = P n y 

or 


Pj{v + A.y)=P*v 

V 


P' = P 

in in 


and 


V + Ay 


PJA = P-A- 


Ah 


Ah + Ay 


= P-A- 


1 + ^ 


Substitute in equation (3) to obtain: 


PA 


r L Vl 
1 + — 




h 


— P. A = ma. 


or, fory « h, 

1 —— 
h 


PA 


V 


-P„Ax ma. 




(4) 


Simplify equation (4): 


- p m A y~ ma 
n 


Substitute in equation (1) to obtain: 


f nRT^ 
V Ah j 


v 

A — x ma. 


or 


f nRT^ 


V h 2 j 


y « ma v 
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Solve for a y : 


nRT 

a v =-v v 

mh 2 


or 

k 

a v = - y, the condition for SHM 

m 

k nRT 

where — =- 7 

m mh 


Substitute in equation (2) to obtain: 


_L l nRT 

2 n V mh 2 


Substitute numerical values and evaluate/: 


1 I(O. lmo l)(8.314J/mol-K)(300K) 
2n y (l.4kg)(2.096m) 2 


1.01Hz 


*77 ••• 


Picture the Problem We can show that 


v 

J f(v)dv = I (x), whcrc /( v) is the Maxwell- 
0 


Boltzmann distribution function, x = mV 2 /2kT, and I(x) is the integral whose values are 
tabulated in the problem statement. Then, we can use this table to find the value of x 
corresponding to the fraction of the gas molecules with speeds less than v by evaluating 
I(x). 


(a) The Maxwell-Boltzmann speed 
distribution/^) is given by: 


Express the fraction F( V) of 
particles with speeds less than 
V= 400 m/s: 


/M= 


{ 


m 

2 kT j 


n3/2 


2 -mv 2 /2kT 

v e 


which means that the fraction of particles 
with speeds between v and 
v + dv is f(v)dv. 


F(v) = \f(v)dv 


m 

2kT j 


\3/2 V 


v 2 e- mvl/2kT dv 


Change integration variables by 
letting z = v-JmjlkT so we can use 

the table of values to evaluate the 
integral. Then: 



dv = 
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Substitute in the integrand ofF(V) 
to obtain: 


Transform the integration limits to 
correspond to the new integration 

variable z = vJmjZkT : 


2 mv 2 /2kT r 2 

" 1 dv = z 


v e 


2kT kT 


m 
2 kT 
V m J 


dz 


V m J 

2 -z 2 > 

z e dz 


When v = 0, z = 0, 
and 

when v=V,z = V ^Jm/2kT 


The new lower integration limit is 0. Evaluate z = V Jm/2kT to find the upper limit: 


z = 


(400 m/s). 


(32 u)(l .661x10 27 kg) 
2(l .38 lx 10~ 23 J/K)(273K) 


1.06 


Evaluate F(400 m/s) to obtain: 


400 m/s 


^(400 m/s) = J f(v)d 

0 

= /(l.06) 

where l{x) = ~^= [ z 2 e~~ dz 


/ \ 3/2 400 m/s 


III 


\2kTj 


2 -mv 2 IlkT 7 

v e ' civ = 


1.06 


2 —z~ 7 

z e dz 


Letting r represent the fraction of the 
molecules with speeds less than 400 
m/s, interpolate from the table to 
obtain: 


( b ) Express the fraction r of the 
molecules with speeds between 
Ei = 190 m/s and V 2 = 565 m/s: 


Evaluate x\ and x 2 to obtain: 


r-0.438 0.788-0.438 


1.06-1 

and 


r = 


48.0% 


1.5-1 


’■=F(V 1 )-F(V 1 ) = I(x 1 )-I(x 1 ) 
where 

Xj = Ej y]m/2kT and x 2 = V 2 Jm/2kT 


and 


x. 


(190 m/s). 


(32u)(l .661x10 27 kg) 
2(l .381x10 23 J / k)(273 K) 


0.504 


x 2 


(565 m/s). 


(32u)(l.661x10 27 kg) 
2(l .381x10 23 J/ k)(273 K) 


1.50 


Substitute to obtain: 


r = /(l.50)-/(0.504) 


(1) 
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Using the table, evaluate 7(1.50): 


/(l.50) = 0.788 


Letting r represent the fraction of 
the molecules with speeds less than 
190 m/s, interpolate from the table 
to obtain: 


r-0.081 _ 0.132-0.081 

0.504-0.5 ~ 0.6-0.5 

and 

r = 0.083 


Substitute in equation (1) to obtain: 


r = 0.788-0.083 


70.5% 
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Chapter 18 

Heat and the First Law of Thermodynamics 

Conceptual Problems 


l 

Picture the Problem We can use the relationship Q = me AT to relate the temperature 
changes of bodies A and B to their masses, specific heats, and the amount of heat 
supplied to each. 


Express the change in temperature 
of body A in terms of its mass, 
specific heat, and the amount of heat 
supplied to it: 

Express the change in temperature 
of body B in terms of its mass, 
specific heat, and the amount of heat 
supplied to it: 

Divide the second of these equations 
by the first to obtain: 

Substitute and simplify to obtain: 


A T a = 


Q 


A T b =- 


Q 


m B c B 


AT b _ m A c A 
AT a m B c B 


AT b _ (2m B )(2c B ) 


AT ' 


= 4 


or 

A T b = 


4 AT. 


*2 • 

Picture the Problem We can use the relationship Q = me AT to relate the temperature 
changes of bodies A and B to their masses, specific heats, and the amount of heat 
supplied to each. 


Relate the temperature change of AT = _ Q. _ 

block A to its specific heat and A M A c A 

mass: 

Relate the temperature change of AT = _ 0— 

block B to its specific heat and B M B c B 

mass: 


1359 
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Equate the temperature changes to 
obtain: 


M b c b M a c a 


Solve for ca- 


C A = 


Me 

m 4 


and 


ib) is correct. 


3 

Picture the Problem We can use the relationship Q = me A T to relate the amount of 
energy absorbed by the aluminum and copper bodies to their masses, specific heats, and 
temperature changes. 


Express the energy absorbed by the Q A \ ~ m A\ c A.A^ 

aluminum object: 


Express the energy absorbed by the Q Cu - m cu c ciA^ 

copper object: 


Divide the second of these equations 
by the first to obtain: 

Because the object’s masses are the 
same and they experience the same 
change in temperature: 


Qcu _ m Cu C Cu^T 
Qm m M C AA T 

Qcu _ C Cu < 1 
Qm c m 


or 

Qcu < Qm and 


(c) is correct. 


4 

Determine the Concept Some examples of systems in which internal energy is 
converted into mechanical energy are: a steam turbine, an internal combustion engine, 
and a person performing mechanical work, e.g., climbing a hill. 

*5 • 

Determine the Concept Yes, if the heat absorbed by the system is equal to the work 
done by the system. 


6 • 

Determine the Concept According to the first law of thermodynamics, the change in the 
internal energy of the system is equal to the heat that enters the system plus the work 
done on the system. 


(b) is correct. 
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7 

Determine the Concept A E mX = Q in + W on . For an ideal gas, AE mt is a function of T 

only. Because W on = 0 and Q m = 0 in a free expansion, AL im = 0 and T is constant. For a 
real gas, E int depends on the density of the gas because the molecules exert weak 
attractive forces on each other. In a free expansion, these forces reduce the average 
kinetic energy of the molecules and, consequently, the temperature. 


8 

Determine the Concept Because the container is insulated, no energy is exchanged with 
the surroundings during the expansion of the gas. Neither is any work done on or by the 
gas during this process. Hence, the internal energy of the gas does not change and we can 
conclude that the equilibrium temperature will be the same as the initial temperature. 
Applying the ideal-gas law for a fixed amount of gas we see that the pressure at 
equilibrium must be half an atmosphere, (c) is correct. 


9 

Determine the Concept The temperature of the gas increases. The average kinetic 
energy increases with increasing volume due to the repulsive interaction between the 
ions. 


*10 •• 

Determine the Concept The balloon that expands isothermally is larger when it reaches 
the surface. The balloon that expands adiabatically will be at a lower temperature than the 
one that expands isothermally. Because each balloon has the same number of gas 
molecules and are at the same pressure, the one with the higher temperature will be 
bigger. An analytical argument that leads to the same conclusion is shown below. 


Letting the subscript "a" denote the 
adiabatic process and the subscript 
"i" denote the isothermal process, 
express the equation of state for the 
adiabatic balloon: 

For the isothermal balloon: 


f j-, \Vr 


PV r = PV r => V = V 

Lro f ' f,a *f,a *0 


\ p f J 


( p ^ 

P oK = PfV u => v u = V 0 ^ 


V u _ 


v n 


6 p ^ 

1 o 

K p a 


f p V-'A 


V, 


f,a 


f P V /x 

M) 


V n 


\ P f J 


\ P f J 


Divide the second of these equations 
by the first and simplify to obtain: 
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Because Po/Pf > 1 and y> 1: 


V > V 

' f,i " f,a 


11 • 

Determine the Concept The work done along each of these paths equals the area under 
its curve. The area is greatest for the path A—>B—>C and least for the path A—»D—»C. 

(a) is correct. 


12 • 

Determine the Concept An adiabatic process is, by definition, one for which no heat 


enters or leaves the system. ( b ) is correct. 


13 • 

(a) False. The heat capacity of a body is the heat needed to raise the temperature of the 
body by one degree. 

( b ) False. The amount of heat added to a system when it goes from one state to another is 
path dependent. 

(c) False. The work done on a system when it goes from one state to another is path 
dependent. 

{d) True. 


(e) True. 
(/) True. 
(g) True. 


*14 • 


Determine the Concept For a constant-volume process, no work is done on or by the 
gas. Applying the first law of thermodynamics, we obtain Q m = AE mt . Because the 
temperature must change during such a process, we can conclude that 


AE mt * 0 and hence Q m ■£ 0. 


(. b ) and ( d ) are correct. 


15 • 

Determine the Concept Because the temperature does not change during an isothermal 
process, the change in the internal energy of the gas is zero. Applying the first law of 
thermodynamics, we obtain Q in = -W 0 „ = W by t h e system- Hence 


( d) is correct. 
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16 •• 

Determine the Concept The melting point of propane at 1 atm pressure is 
83 K. Hence, at this low temperature and high pressure, C 3 H 8 is a solid. 

17 •• 

Picture the Problem We can use the given dependence of the pressure on the volume 
and the ideal-gas law to show that if the volume decreases, so does the temperature. 

We’re given that: p4V = constant 

Because the gas is an ideal gas: PV = {l 3 yfv'jyfv = constant Vf = nRT 

Solve for T: _ (constant)VF 

nR 


Because T varies with the square root of V, if the volume decreases, 
the temperature decreases. 


*18 •• 

Determine the Concept At room temperature, most solids have a roughly constant heat 
capacity per mole of 6 cal/mol-K (Dulong-Petit law). Because 1 mole of lead is more 
massive than 1 mole of copper, the heat capacity of lead should be lower than the heat 
capacity of copper. This is, in fact, the case. 

19 •• 

Determine the Concept The heat capacity of a substance is proportional to the number 
of degrees of freedom per molecule associated with the molecule. Because there are 6 
degrees of freedom per molecule in a solid and only 3 per molecule (translational) for a 
monatomic liquid, you would expect the solid to have the higher heat capacity. 

Estimation and Approximation 

*20 •• 

Picture the Problem The heat capacity of lead is c = 128 J/kg-K. We’ll assume that all 
of the work done in lifting the bag through a vertical distance of 1 m goes into raising the 
temperature of the lead shot and use conservation of energy to relate the number of drops 
of the bag and the distance through which it is dropped to the heat capacity and change in 
temperature of the lead shot. 

(a) Use conservation of energy to 
relate the change in the potential 
energy of the lead shot to the 
change in its temperature: 


Nmgh = me AT 

where N is the number of times the bag of 
shot is dropped. 
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Solve for AT to obtain: 


AT = Nmgh _ Ngh 
me c 


Substitute numerical values and 
evaluate AT: 


Ar _ 50(9.8rm/s 2 )(lm) 

128J/kg-K 


3.83K 


0 b ) 


It is better to use a larger mass because the rate at which heat is lost by the 
lead shot is proportional to its surface area while the rate at which it gains 
heat is proportional to its mass. The amount of heat lost varies as the 
surface area of the shot divided by its mass (L 2 /L 3 = If 1 ); which decreases 
as the mass increases. 


21 •• 

Picture the Problem Assume that the water is initially at 30°C and that the cup contains 
200 g of water. We can use the definition of power to express the required time to bring 
the water to a boil in terms of its mass, heat capacity, change in temperature, and the rate 
at which energy is supplied to the water by the microwave oven. 

Use the definition of power to relate AW me A T 

the energy needed to warm the ^ = ^ = ^ 

water to the elapsed time: 

Solve for At to obtain: , me AT 

A t = - 

P 


Substitute numerical values and evaluate At: 


A t = 


(0.2kg)(4.18kJ/kg •K)(373K-303K) _ 


600 W 


97.5s = 


1.63 min 


, an elapsed time 


that seems to be consistent with experience. 


22 • 

Picture the Problem The adiabatic 
compression from an initial volume V\ 
to a final volume V 2 between the 
isotherms at temperatures T\ and T 2 is 
shown to the right. We’ll assume a room 
temperature of 300 K and apply the 
equation for a quasi-static adiabatic 
process with y air = 1.4 to solve for the 
ratio of the initial to the final volume of 
the air. 



Express TV 7 1 = constant in terms T } V 7 = TV/ 1 

of the initial and final values of T 
and V: 
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Solve for V\/V 2 to obtain: 


Substitute numerical values and 
evaluate V\/V 2 : 


V 


frr, \ 


1 _ 


V, 


\ T 1 J 


r -1 


K 

v 2 


"506KV 4 - 1 

v 300K y 


3.69 


23 

Picture the Problem We can use Q = mc p AT to express the specific heat of water 

during heating at constant pressure in terms of the required heat and the resulting change 
in temperature. Further, we can use the definition of the bulk modulus to express the 
work done by the water as it expands. Equating the work done by the water during its 
expansion and the heat gained during this process will allow us to solve for c p . 


Express the heat needed to raise the 
temperature of a mass m of a 
substance whose specific heat at 
constant pressure is c p by AT: 

Solve for c p to obtain: 


Use the definition of the bulk 
modulus to express the work done 
by the water as it expands: 


Assuming that the work done by the 
water in expanding equals the heat 
gained during the process, substitute 
to obtain: 

Using the definition of the 
coefficient of volume expansion, 
express AV (see Chapter 20, 

Section 1): 

Substitute to obtain: 


Q = mc p AT 



p in A T 


B _ AP _VAP 
~ AV/V ~ AV 
or 

W = VAP = BAV 

_ BAV 
p mAT 


AV = pVAT 


B/3VAT _ BfW 


mAT 


m 
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Use the data given in the problem 
statement to find the average 
volume of 1 kg of water as it warms 
from 4°C to 100°C: 


P 

_lkg_ 

1.0000 g/cm 3 + 0.9584 g/cm 3 
2 


= 1.02x10 3 m 3 


Substitute numerical values and evaluate c p : 


_ (2x IQ 8 N/m 2 )(o.2Q7xlQ~ 3 K' 1 )(l.02xl0 -3 m 3 ) _ 


lkg 


42.2 J/kg -K 


Express the ratio of c p to c wa t er : 


c p 42.2 J/kg-K 


4184 J/kg-K 


= 1.01x10' 


or 


C r = 


(l .01 %)r 


*24 •• 

Picture the Problem We can apply the condition for the validity of the equipartition 
theorem, i.e., that the spacing of the energy levels be large compared to kT, to find the 
critical temperature T c \ 

Express the failure condition for the kT c ~ 0.15 eV 

equipartition theorem: 

Solve for T c \ j _ 0-15eV 

c “ k 


Substitute numerical values and 
evaluate T c : 


1.602x1 O' 19 J 
eV 


0.15eVx 


T =- 

c 1.38lx 10 23 J/K 


1740K 


Heat Capacity; Specific Heat; Latent Heat 


*25 • 

Picture the Problem We can use the conversion factor 1 cal = 4.184 J to convert 2500 
kcal into joules and the definition of power to find the average output if the consumed 
energy is dissipated over 24 h. 


(a) Convert 2500 kcal to joules: 


4 184 J 

2500 kcal = 2500 kcal x— 

cal 


10.5MJ 
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(. b ) Use the definition of average 
power to obtain: 


A E 

At 


1.05xl0 7 J 


24 hx 


3600s 


121W 


Remarks: Note that this average power output is essentially that of a widely used 
light bulb. 


26 • 

Picture the Problem We can use the relationship Q = me AT to calculate the amount of 
heat given off by the concrete as it cools from 25 to 20°C. 


Relate the heat given off by the 
concrete to its mass, specific heat, 
and change in temperature: 

Substitute numerical values and 
evaluate Q : 


Q = me AT 


Q = (l 0 5 kg)(l kJ/kg • K)(298 K - 293 K) 
= 500MJ 


27 • 

Picture the Problem We can find the amount of heat that must be supplied by adding the 
heat required to warm the ice from -10°C to 0°C, the heat required to melt the ice, and 
the heat required to warm the water formed from the ice to 40°C. 

Express the total heat required: Q = (? wanTllce + Q me i tiC e + £?waimwater 

Substitute for each term to obtain: Q = mc ice AT ice + mL { + mc mter AT watei 

= ™( C ice A 4e + L f + C water Ar watJ 


Substitute numerical values and evaluate Q: 

Q = (0.06 kg) [(0.49 keal/kg - K)(273K-263K) + 79.7 keal/kg 
+ (l keal/kg ■ K)(313 K - 273 K)] 

= 7.48 kcal 


28 •• 

Picture the Problem We can find the amount of heat that must be removed by adding the 
heat that must be removed to cool the steam from 150°C to 100°C, the heat that must be 
removed to condense the steam to water, the heat that must be removed to cool the water 
from 100°C to 0°C, and the heat that must be removed to freeze the water. 
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Express the total heat that must be 
removed: 


Q C?cool steam ^condense steam 
Qcoo\ water ^freeze water 


Substitute for each term to obtain: 


Q = mc steam AT steam + rnL v 
+ ffl C w ate r ALte r + m 4 

= m ( C steam A ^steam + K + C water A ^water + L f 


Substitute numerical values and evaluate Q : 


Q = (0.1kg)[(2.01kJ/kg • K)(423K-373 K)+2.26 MJ/kg 

+ (4.18kJ/kg-K)(373K-273K)+333.5kJ/kg] 


= 311.2kJx 


lkcal 
4.184kJ 


74.4 kcal 


29 •• 

Picture the Problem We can find the amount of nitrogen vaporized by equating the heat 
gained by the liquid nitrogen and the heat lost by the piece of aluminum. 


Express the heat gained by the Q N = tn N L vN 

liquid nitrogen as it cools the piece 
of aluminum: 

Express the heat lost by the piece of Q M = m M c M AT M 

aluminum as it cools: 


Equate these two expressions and 
solve for m N : 


W N^vN W A1 C A1^^A1 


and 


m N = 


m A\ C A\^Al 


L 


'vN 


Substitute numerical values and evaluate m N : 


m 


N 


(0.05 kg)(0.90 J/kg • K)(293 K - 77 k) 
199kJ/kg 


= 4.88x10 5 kg = 


48.8 mg 
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30 •• 

Picture the Problem Because the heat lost by the lead as it cools is gained by the block 
of ice (we’re assuming no heat is lost to the surroundings), we can apply the conservation 
of energy to determine how much ice melts. 

Apply the conservation of energy to A Q = 0 

this process: or 

—/n P b(Z-fpb + c p b AT Pb )+ m w L fv/ = 0 


Solve for m w : 


m = - 
w 


Pb( A,Pb +c Pb A7 Pb 

L. 
f,w 


Substitute numerical values and evaluate m w : 


m 


W 


(0.5kg)(24.7kJ/kg + (0.128kJ/kg • K)(600K -273K)) 
333.5 kJ/kg 


99.8g 


*31 •• 

Picture the Problem The temperature of the bullet immediately after coming to rest in 
the block is the sum of its pre-collision temperature and the change in its temperature as a 
result of being brought to a stop in the block. We can equate the heat gained by the bullet 
and half its pre-collision kinetic energy to find the change in its temperature. 


Express the temperature of the 
bullet immediately after coming to 
rest in terms of its initial 
temperature and the change in its 
temperature as a result of being 
stopped in the block: 

Relate the heat absorbed by the 
bullet as it comes to rest to its 
kinetic energy before the collision: 

Substitute for Q and K to obtain: 


T = 71 +AT 
= 293K + A T 


Q = \K 

m Ph c Pb AT =j(j m Pb v ) 



Solve for AT: 


A T = 
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Substitute to obtain: 


Substitute numerical values and 
evaluate T: 


T = 293K + — 
Ac 

'^Pb 


T = 293K + 


(420 m/s) 2 
4(0.128 kJ/kg-K) 


= 638K = 


365°C 


32 •• 

Picture the Problem We can find the heat available to warm the brake drums from the 
initial kinetic energy of the car and the mass of steel contained in the brake drums from Q 
/U s tee|UsteclA7- 


Express /77 stee i in terms of Q: 


m. 


steel 


Q 


^ steel 


AT 


Find the heat available to warm the 
brake drums from the initial kinetic 
energy of the car: 

Substitute for Q to obtain: 


Q = K = \m c 


m L 


steel 


_ i'V 2 

C steel Ar 


Substitute numerical values and 
evaluate /n ste ef 


(1400 kg) 


'so^x- 111 ^ 


h 3600s 


^ steel — C 


_ ,, kcal 4.186kJ 

0.11-x- 

kg • K kcal 


(120 K) 


6.26 kg 


Calorimetry 

33 • 

Picture the Problem Let the system consist of the piece of lead, calorimeter, and water. 
During this process the water will gain energy at the expense of the piece of lead. We can 
set the heat out of the lead equal to the heat into the water and solve for the final 
temperature of the lead and water. 

Apply conservation of energy to the AQ = 0 or Q m = Q iml 

system to obtain: 
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Express the heat lost by the lead in Q out = m pb c Ph AT pb 

terms of its specific heat and 
temperature change: 

Express the heat absorbed by the Q m = m w c w AT w 

water in terms of its specific heat 
and temperature change: 

Substitute to obtain: m w c w AT w = m Ph c Ph AT Pb 


Substitute numerical values: 

(0.5kg)(4.18kJ/kg • K )(t f - 293K) = (0.2kg)(0.128kJ/kg • K)(363K- t f ) 


Solve for t { to obtain: 


t f = 293.8K = 


20.8°C 


*34 • 

Picture the Problem During this process the water and the container will gain energy at 
the expense of the piece of metal. We can set the heat out of the metal equal to the heat 
into the water and the container and solve for the specific heat of the metal. 

Apply conservation of energy to the AQ = 0 or (7 gaincd = (9 lost 

system to obtain: 

Express the heat lost by the metal in Q lost = m metlil c m( . tal AT met!ll 

terms of its specific heat and 
temperature change: 

Express the heat gained by the water (gained = /H « c 'w A K + /,7 cont a ,ner c mct a i A ^w 

and the container in terms of their 
specific heats and temperature 
change: 

Substitute to obtain: 


^container^'metal^^w ^metal^metal^^metal 


Substitute numerical values: 

(0.5 kg)(4.18 kJ/kg • K)(294.4 K - 293 K) + (0.2 kg)(294.4 K - 293 K)c metal 

= (0.1 kg)(373 K - 294.4 K)c metal 
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Solve for c meta i: 

Cnetal= 0.386kJ/kg-K 

35 •• 

Picture the Problem We can use Q = 

= me AT to express the mass m of water that can be 


heated through a temperature interval A T by an amount of heat energy Q. We can then 
find the amount of heat energy expended by Armstrong from the definition of power. 


Express the amount of heat energy 

Q required to raise the temperature 
of a mass m of water by AT: 

Q = mcAT 

Solve for m to obtain: 

Q 

m =- 

cAT 

Use the definition of power to relate 
the heat energy expended by 
Armstrong to the rate at which he 
expended the energy: 

P = Q-^ Q = PAt 

At 

Substitute to obtain: 

PAt 

m =- 

cAT 

Substitute numerical values and 
evaluate m: 

_ (400J/s)(3600s/h)(5h/d)(20d) 

(4.184 kJ/kg • K)(373 K - 297 K) 

= 453kg 


36 •• 

Picture the Problem During this process the ice and the water formed from the melted 
ice will gain energy at the expense of the glass tumbler and the water in it. We can set the 
heat out of the tumbler and the water that is initially at 24°C equal to the heat into the ice 
and ice water and solve for the final temperature of the drink. 


Apply conservation of energy to the 
system to obtain: 

AQ = 0 or 0 ga ,ned = filost 

Express the heat lost by the tumbler 

and the water in it in terms of their 

specific heats and common 
temperature change: 

Ql ost — m glass C glass^^ W hvatcrCvatcr A ^ 

Express the heat gained by the ice 

and the melted ice in terms of their 

specific heats and temperature 

2gamed = W ice C ice A 4e+ W ice4 

+ m c AT 

ice water water ice water 
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changes: 

Substitute to obtain: 


W ice C ice A7 ice + "fAl 


4 - m. r AT 

ice water water ice water 


W glass C glass A ^ ^ water C water 


Substitute numerical values: 

(0.03 kg)(0.49kcal/kg • K)(273 K - 270 K) + (0.03 kg)(79.7 kcal/kg) 

+ (0.03kg)(lkcal/kg-K> f = (0.025 kg)(0.2 kcal/kg • K)(297 K-/,) 
+ (0.2kg)(l kcal/kg • K)(297 K - t f ) 


Solve for tf. 




283.6K 


10.6°C 


37 •• 

Picture the Problem Because we can not tell, without performing a couple of 
calculations, whether there is enough heat available in the 500 g of water to melt all of 
the ice, we’ll need to resolve this question first. 

(a) Determine the heat required to Q me nice = /7 VcA 

melt 200 g of ice: = (0.2kg)(79.7kcal/kg) 

= 15.94kcal 


Determine the heat available from 2 W ater - m water c water A7 ™ter 

500 g of water: = (0.5kg)(lkcal/kg-K) 

x (293 K-273 K) 

= lOkcal 


Because Q KMCr < Qmch ice- 


The final temperature is 0°C. 


( b ) Equate the energy available _ Q water 

^ice 

from the water g water to m lce Lf and L f 

solve for m icc : 


Substitute numerical values and 
evaluate mi Ce : 


m- 


lOkcal 
79.7 kcal/kg 


125 g 
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38 •• 

Picture the Problem Because the bucket contains a mixture of ice and water initially, we 
know that its temperature must be 0°C. We can equate the heat gained by the mixture of 
ice and water and the heat lost by the block of copper and solve for the amount of ice 
initially in the bucket. 

Apply conservation of energy to the A Q = 0 or (7 ga]ncd = g lost 

system to obtain: 

Express the heat lost by the block of £7 lost = m cu c ca^cu 

copper: 

Express the heat gained by the ice <2 gained = m {ce L f + w icewater c water A7T cewater 

and the melted ice: 


Substitute to obtain: 


^ice^f "k ^icewater^"waterA7j cewater 


- m Cu c Cu AT Cu = 0 


Solve for m ice : 


^Cu ^ Cu A T Cu TTZice water water A 7j ce water 


L r 


Substitute numerical values and evaluate m ice : 

_ (3.5kg)(0.0923kcal/kg-K)(353K-281K) 
79.7kcal/kg 

(l .2 kg)(l kcal/kg • K)(281K - 273 K) 
79.7kcal/kg 

= 171 g 


39 •• 

Picture the Problem During this process the ice and the water formed from the melted 
ice will gain energy at the expense of the condensing steam and the water from the 
condensed steam. We can equate these quantities and solve for the final temperature of 
the system. 

(a) Apply conservation of energy to AQ = 0 or g gained = g lost 

the system to obtain: 

Express the heat required to melt the (7 gaini . d ^ice^f k ^ ice water*'water ^^water 

ice and raise the temperature of the 
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ice water: 

Express the heat available from 20 g <2 lost = w stea,A + m s^un c 

of steam and the cooling water 
formed from the condensed steam: 


Substitute to obtain: 


^icAf ^icc waterwater^”^\vatcr ^stewAv ^steam*' water ^ ^water 


Substitute numerical values: 

(0.15 kg)(79.7 keal/kg)+(0.15 kg)(l keal/kg-K)(t f -273 K) 

= (0.02 kg)(540 keal/kg)+(0.02 kg)(l keal/kg • K)(373 K - t t ) 


Solve for t { : 




277.94K 


4.94°C 


(b) 


Because the final temperture is greater than 0°C, no ice is left. 


40 •• 

Picture the Problem During this process the ice will gain heat and the water will lose 
heat. We can do a preliminary calculation to determine whether there is enough heat 
available to melt all of the ice and, if there is, equate the heat the heat lost by the water to 
the heat gained by the ice and resulting ice water as the system achieves thermal 
equilibrium. 

Apply conservation of energy to the A Q = 0 or (7 ga]ncd = Q lost 

system to obtain: 

Find the heat available to melt the ice: Q mai i = /tt wat er c water Atwater 

= (l kg) (l keal/kg • K) 
x(303K-273K) 

= 30kcal 


Find the heat required to melt all of fimeitice = m \cAf 

the ice: = (0.05kg)(79.7kcal/kg) 

= 3.985 kcal 


Because Q mai \ > Q me i t ice , we know 


0 , 


— TVL c AT 

lost water water water 
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that the final temperature will be 
greater than 273 K and we can 
express Q\ osi in terms of the change 
in temperature of the water: 

Express Q sained : 


a 


— YYl T _i_ yin q AT 

gained ice f ice water water ice water 


Equate the heat gained and the heat m ,cc C' + m ,cc waterfivater^ fee water ^ waterwater^ Cvater 

lost to obtain: 


Substitute numerical values to obtain: 

(0.05 kg)(79.7kcal/kg)+(0.05kg)(lkcal/kg-K)(r f - 273 K) 

= (1 kg)(lkcal/kg • K)(303 K - T f ) 


Solving for T f yields: 


T 
1 r 


= 297.8K = 


24.8°C 


Find the heat required to melt 500 g of ice: 


= (0.5kg)(79.7kcal/kg) 
= 39.85kcal 


Because the heat required to melt 500 g of ice is greater than the heat available, 
the final temperature will be 0°C. 


*41 •• 

Picture the Problem Assume that the calorimeter is in thermal equilibrium with the 
water it contains. During this process the ice will gain heat in warming to 0°C and 
melting, as will the water formed from the melted ice. The water in the calorimeter and 
the calorimeter will lose heat. We can do a preliminary calculation to determine whether 
there is enough heat available to melt all of the ice and, if there is, equate the heat the 
heat lost by the water to the heat gained by the ice and resulting ice water as the system 
achieves thermal equilibrium. 

Find the heat available to melt the ice: 


C?avail 


^water^water^Tvater ^calCal^Tvater 

= [(0.5kg)(4.18kJ/kg • K)+(0.2kg)(0.9kJ/kg -K)](293K -273 K) 
= 45.40kJ 
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Find the heat required to melt all of the ice: 

fineltice = W ice C ice A 4e + W icA 

= (0.1kg)(2kJ/kg-K)(273K-253K) + (0.1kg)(333.5kJ/kg) 
= 37.35kJ 


(u) Because avail ■'’ f?melt ices We A (7 ^ ^gained C?lost 

know that the final temperature will 
be greater than 0°C. Apply the 
conservation of energy to the system 
to obtain: 

Express £7lost in terms of the final C^losl (/^water^water A ) A ^vvalcr l calorimeter 

temperature of the system: 

Express Q gained in terms of the final (? gamed = m ,cc c ,cA T ,cc + n hcc L i 

temperature of the system: 


Substitute to obtain: 


W ,ccfcc A ^mce "fee A "fee waterLvater A ^icc water (^water^water + «calC cal )Ar, 


water+calorimeter 


Substitute numerical values: 

37.35kJ + (0.1kg)(4.18kJ/kg-K)(t f -273K) 

= [(0.5kg)(4.18kJ/kg-K) + (0.2kg)(0.9kJ/kg-K)](293K-t f ) 


Solving for t t yields: 


= 276 K = 


2.99°C 


(. b) Find the heat required to raise 200 g of ice to 0°C: 

a™« = = (0.2kg)(2kJ/kg.K)(273K-253K)= S.OOkJ 


Noting that there are now 600 g of water in the calorimeter, find the heat available from 
cooling the calorimeter and water from 3°C to 0°C: 


a 


avail 


— yyi c A T - 4 - i'll n A T 

1 waterwater water *calcal water 

= [(0.6 kg)(4.18 kJ/kg • K) + (0.2 kg)(0.9kJ/kg • K)](293 K - 273 K) 
= 8.064 kJ 
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Express the amount of ice that will 
melt in terms of the difference 
between the heat available and the 
heat required to warm the ice: 

Substitute numerical values and 
evaluate m me i te d ice* 


Find the ice remaining in the system: 


m 


melted ice 


C^avail Q\\ 

Lr 


yyj 

melted ice 


8.064 kJ-8 kJ 
333.5 kJ/kg 
0.1919 g 


m 


remaining ice 


= 200g -0.1919g 


199.8g 


Because the initial and final conditions are the same, the answer would be 
the same. 


42 •• 

Picture the Problem Let the subscript B denote the block, wi the water initially in the 
calorimeter, and W 2 the 120 mL of water that is added to the calorimeter vessel. We can 
equate the heat gained by the calorimeter and its initial contents to the heat lost by the 
warm water and solve this equation for the specific heat of the block. 


Apply conservation of energy to the 
system to obtain: 

Express the heat gained by the 
block, the calorimeter, and the water 
initially in the calorimeter: 


Express the heat lost by the water 
that is added to the calorimeter: 


A Q = 0 or 0 gained = 0 lost 


^gained 


+ m c AT 7 

W| W] w 


Cu Cu Cu 


= (m B c B + m Cu c Cu + m w c W] )a T 

because the temperature changes are the 
same for the block, calorimeter, and the 
water that is initially at 20°C. 


0 


lost 


{m B c B +m Cu c Cu +mc 


)a T = 


m c AT 

W 9 W 9 W 


Substitute to obtain: 
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Substitute numerical values to obtain: 

[(0.1 kg)c B + (0.025 kg)(0.386 kJ/kg • K)+ (0.06kg)(4.18 kJ/kg • K)](327 K - 293 K) 
= (l20xl0 3 kg)(4.18kJ/kg-K)(353K-327K) 

Solve for c B to obtain: c„ = 

D 


1.23 kJ/kg -K 
0.294 cal/g-K 


43 •• 

Picture the Problem We can find the temperature t by equating the heat gained by the 
warming water and calorimeter, and vaporization of some of the water. 


Apply conservation of energy to the A Q - 0 or Q glimcd = Q Xo%l 

system to obtain: 


Express the heat gained by the Q gained = « w , vaporize A,w + m w c w AT w 

warming and vaporizing water: +m c AT 


Express the heat lost by the 100-g Q lost - m cu c cu^cu 

piece of copper as it cools: 


Substitute to obtain: 


YYl T 

w, vaporized f, t 


+ ffl w c w Af w + m cal c cal AT w = m Cu c Cu AT Cu 


Substitute numerical values: 

(1.2 g)(540 cal/g) + (200 g)(l cal/g • K)(311K - 289 K) 

+ (l50g)(0.0923cal/g • K)(31 IK - 289K) = (l00g)(0.0923cal/g • K)(f - 31 IK) 


Solve for t to obtain: 


r = 891K = 


618°C 


44 •• 

Picture the Problem We can find the final temperature of the system by equating the 
heat gained by the calorimeter and the water in it to the heat lost by the cooling aluminum 
shot. In ( b ) we’ll proceed as in (a) but with the initial and final temperatures adjusted to 
minimize heat transfer between the system and its surroundings. 
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Apply conservation of energy to the A Q = 0 or 0 gained = Q lost 

system to obtain: 

(a) Express the heat gained by the gained = m w c w^T w + m cai c Ai^^w 

warming water and the calorimeter: 

Express the heat lost by the 2 lost = m shot c M AT M 

aluminum shot as it cools: 

Substitute to obtain: (« w c w + "C/'ai ) A K = m sh 0 t c \A T M 

Substitute numerical values to obtain: 

[(500g)(l cal/g • K)+ (200 g)(0.0923 cal/g • K)](t f - 293 K) 

= (300 g)(0.215 cal/g • K)(373 K - t f ) 

Solve for t f to obtain: f f =301.9K = 28.9°C 

(b) Let the initial and final t\ = 20°C - t 0 (1) 

temperatures of the calorimeter and and 

its contents be: t { = 20°C + to 

where U and tf are the temperatures above 
and below room temperature and t 0 is the 
amount t; and t f must be below and above 
room temperature respectively. 

Express and the heat gained by the Q m = t^ w c w AT w + m cal c M AT w 

water and calorimeter: = (m w c w + m cal c Al )AT W 

Express the heat lost by the aluminum Q out = m shot c M AT M 

shot as it cools: 

Equate Q m and 0 out to obtain: (« w c w + m cal c AI )Ar = m shot c M AT M 

Substitute numerical values: 

[(500 g)(l cal/g • K)+ (200 g)(0.215 cal/g • K)](293 K + 1 0 - 293 K + 1 0 ) 

= (300 g)(0.215 cal/g • K)(373 K - 293 K - 1 0 ) 

t Q =277.49 K = 4.49°C 


Solve for and evaluate to: 
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Substitute in equation (1) to obtain: 


t ] = 20°C -4.49°C 


15.5°C 


First Law of Thermodynamics 


45 • 

Picture the Problem We can apply the first law of thermodynamics to find the change in 
internal energy of the gas during this process. 

Apply the first law of Afs int = Q m + W on 

thermodynamics to express the 

change in internal energy of the gas 

in terms of the heat added to the 

system and the work done on the 

gas: 


The work done by the gas equals the 
negative of the work done on the 
gas. Substitute numerical values and 
evaluate AE ml : 


4 184J 

AE =600 calx----300J 

ini i 

cal 


2.21kJ 


*46 • 

Picture the Problem We can apply the first law of thermodynamics to find the change in 
internal energy of the gas during this process. 


Apply the first law of 
thermodynamics to express the 
change in internal energy of the gas 
in terms of the heat added to the 
system and the work done on the 
gas: 

The work done by the gas is the 
negative of the work done on the 
gas. Substitute numerical values and 
evaluate AE, m : 


A E mt =Q in +W on 


4 184 J 

AE mt = 400kcalx—---800kJ 

cal 

= 874 kJ 


47 • 

Picture the Problem We can use the first law of thermodynamics to relate the change in 
the bullet’s internal energy to its pre-collision kinetic energy. 
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Using the first law of thermodynamics, AC ml = & n+Kn 

relate the change in the internal energy 0 r, because Q m = 0, 

of the bullet to the work done on it by A E =W = AK = -{K c - K) 

int on Viz/ 

the block of wood: 


Substitute for AE- mb K f , and K, to obtain: mc n (h ~h) = - (o 


-yfflV 


2 


) 


2 


Solve for t { : 



Substitute numerical values and 
evaluate t{. 


t f = 293K + 


(200 m/s) 2 


2(0.128 kJ/kg-K) 


= 449K = 176°C 


48 • 


Picture the Problem What is described above is clearly a limiting case because, as the 
water falls, it will, for example, collide with rocks and experience air drag; resulting in 
some of its initial potential energy being converted into internal energy. In this limiting 
case we can use the first law of thermodynamics to relate the change in the gravitational 
potential energy (take U g = 0 at the bottom of the waterfalls) to the change in internal 
energy of the water and solve for the increase in temperature. 


(a) Using the first law of 
thermodynamics and noting that, 
because the gravitational force is 
conservative, W on = -A U, relate the 
change in the internal energy of the 
water to the work done on it by 
gravity: 


A£ int =a„+^„ 

or, because Q m = 0, 


A£ i , = W , »=-AV =~{U,~U i ) 


Substitute for AE mt , U f , and U, to 
obtain: 



Solve for AT: 



Substitute numerical values and 
evaluate AT: 
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(j b ) Proceed as in ( a ) with 
Ah = 740 m: 


Ar _ (9.81m/s 2 )(740 m) 
4.18 kJ/kg-K 


1.74K 


49 • 

Picture the Problem We can apply the first law of thermodynamics to find the change in 
internal energy of the gas during this process. 


Apply the first law of 
thermodynamics to express the 
change in internal energy of the gas 
in terms of the heat added to the 
system and the work done on the 
gas: 

The work done by the gas is the 
negative of the work done on the 
gas. Substitute numerical values and 
evaluate AE mt : 


A E mt = Q m + 


A E„ 


= 20 calx 


4.184J 

cal 


30 J = 


53.7J 


50 •• 

Picture the Problem We can use the definition of kinetic energy to express the speed of 
the bullet upon impact in terms of its kinetic energy. The heat absorbed by the bullet is 
the sum of the heat required to wann to bullet from 202 K to its melting temperature of 
600 K and the heat required to melt it. We can use the first law of thermodynamics to 
relate the impact speed of the bullet to the change in its internal energy. 


Using the first law of 
thermodynamics, relate the change 
in the internal energy of the bullet to 
the work done on it by the target: 

Substitute for AL im , K { , and K t to 
obtain: 


Solve for v to obtain: 


A E mt =Q m +W on 

or, because Q m = 0, 

*E,„,=W m =AK = -(K,-K) 

mc ?h &T ?h + tnL [ph = 1(1 — ' />iv ) = ' mi 
or 

mc n (r MP -T-)+ mL fVh =\mv 2 

V = (^MP _ ) + ^pb ] 


Substitute numerical values and evaluate v: 

v = a / 2{(0. 128 kJ/kg • K)(600 K-303K)+24.7 kJ/kg} = 


354m/s 
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*51 •• 

Picture the Problem We can find the rate at which heat is generated when you rub your 
hands together using the definition of power and the rubbing time to produce a 5°C 
increase in temperature from A Q = (dQ/dl )Al and 

Q = mcAT. 


(a) Express the rate at which heat is 
generated as a function of the friction 
force and the average speed of your 
hands: 


dQ 

dt 


= P = Av = juF n v 


Substitute numerical values and 
evaluate dQldf. 

(b ) Relate the heat required to raise 
the temperature of your hands 5 K to 
the rate at which it is being 
generated: 

Solve for At: 


Substitute numerical values and 
evaluate At: 


dQ 

dt 


0.5(35 N)(0.35 m/s) 


6.13 W 


a Q = 


-^-A t = me AT 
dt 


. mcAT 

At =-— 

dQjdt 


Af _ (0.35kg)(4kJ/kg-K)(5K) 
6.13 W 


= 1143sx 


lmin 

60s 


19.0 min 


Work and the PFDiagram for a Gas 

52 • 

Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. Because no work is done along the constant volume (vertical) part 
of the path, the work done by the gas is done during its isobaric expansion. We can then 
use the first law of thermodynamics to find the heat added to the system during this 
process. 
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(a) The path from the initial state (1) 
to the final state (2) is shown on the 
PV diagram. 


P, atm 



The work done by the gas equals the area under the shaded curve: 


»'b„,. = ™r = (3atm)(2L) = 


3atmx 


101.3 kPa 
atm 


V 10 j m 


y 


2Lx- 


3 _ 3 3 

J 


L 


608 J 


(. b ) The work done by the gas is the 
negative of the work done on the 
gas. Apply the first law of 
thermodynamics to the system to 
obtain: 


Q m =AE mt -W on 

= (^int,2 ~ ~^hnt,l ) ( _ ^by gas ) 

= (^int,2 — ^mt,l )+ ^by gas 


Substitute numerical values and 
evaluate Q m : 


a n 


(912J-456J) + 608J 


1.06kJ 


53 • 

Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. Because no work is done along the constant volume (vertical) part 
of the path, the work done by the gas is done during its isobaric expansion. We can then 
use the first law of thermodynamics to find the heat added to the system during this 
process 


(a) The path from the initial state (1) 
to the final state (2) is shown on the 
PV diagram. 


P, atm 
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The work done by the gas equals the area under the curve: 


W btm = PW = ( 2atm)(2L) = 


f 101.3kPa 

2atmx- 

V atm 


2Lx 


10 3 nr 3 ^ 
L 


405 J 


(. b ) The work done by the gas is the 
negative of the work done on the 
gas. Apply the first law of 
thermodynamics to the system to 
obtain: 

Substitute numerical values and 
evaluate Q m : 


Q m =AE mt -W on 

= fet,2-^i„ U )-(-^bygas) 

= (^int,2 ~ ^int,l )+ ^bygas 


Q m = (912 J -456 j) + 405 J = 


*54 •• 

Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. Because no work is done along the constant volume (vertical) part 
of the path, the work done by the gas is done during its isothermal expansion. We can 
then use the first law of thermodynamics to find the heat added to the system during this 
process. 


(a) The path from the initial state (1) 
to the final state (2) is shown on the 
PV diagram. 


The work done by the gas equals the 
area under the curve: 


P, atm 



W 

VV U 


by gas 




P,K M 


3L 

1L 


= Py In 3 


Substitute numerical values and evaluate fVby gas : 
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Wy 


by gas 


f 101.3kPa 

3atmx- 

v atm j 


' ( 10 j m 


3 m 3 A 


lLx- 


L 


In 3 = 


334 J 


(. b ) The work done by the gas is the 
negative of the work done on the 
gas. Apply the first law of 
thermodynamics to the system to 
obtain: 


Q ia =AE iBt -Wo B 

= (l^inl,2 ^int,l) ( ^bygas) 

= {Em? w b , 


by gas 


Substitute numerical values and 
evaluate Q m '- 


Q m =(912J-456J)+334J = 


790 J 


55 •• 

Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. We can then use the first law of thermodynamics to find the heat 
added to the system during this process. 


(a) The path from the initial state (1) 
to the final state (2) is shown on the 
PV diagram: 


P, atm 



The work done by the gas equals the 
area under the curve: 


W = A 

by gas trapezoid 


= 5 atm • L x 


= 4- (3 atm + 2 atm)(2 L) 
101.3 J 


atm-L 


507 J 


( b ) The work done by the gas is the 

Q in =AE iat -W on 


negative of the work done on the 

= (^hnt,2 ~ ^hnt,l )~ (r“ ^bygas ; 


gas. Apply the first law of 
thermodynamics to the system to 

obtain: 

= { E int,2 ~ ^int.1 )+ ^bygas 


Substitute numerical values and 

Q m = (912 J-456 j) + 507 J = 

963 J 

evaluate Q m : 
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Remarks: You could use the linearity of the path connecting the initial and final 
states and the coordinates of the endpoints to express P as a function of V. You 
could then integrate this function between 1 and 3 L to find the work done by the 
gas as it goes from its initial to its final state. 


56 •• 

Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. 


The path from the initial state i to 
the final state /is shown on the PV 
diagram: 


The work done by the gas equals the 
area under the curve: 



^bygas =4 rap ezoid =i( lat m + 3atm)(50L) 


= 100atm-Lx 


101.3 J 
atm - L 


10.1 kJ 


Remarks: You could use the linearity of the path connecting the initial and final 
states and the coordinates of the endpoints to express P as a function of V. You 
could then integrate this function between 1 and 3 L to find the work done by the 
gas as it goes from its initial to its final state. 

57 •• 

Picture the Problem We can find the work done by the gas from the area under the PV 
curve provided we can find the pressure and volume coordinates of the initial and final 
states. We can find these coordinates by using the ideal gas law and the condition 
T = AP 2 . 


Apply the ideal-gas law with 
n = 1 mol and T = AP 2 to obtain: 

Solve the condition on the 
temperature for the pressure of the 
gas: 


PV = RAP 2 => V = RAP (1) 
This result tells us that the volume varies 
linearly with the pressure. 









Find the pressure when the 
temperature is 4T 0 : 
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Using equation (1), express the 
coordinates of the final state: 

The PV diagram for the process is 
shown to the right: 


The work done by the gas equals the 
area under the curve: 




= 2 R 


(2W) 


\ 

\ 

\ 



W = A 

by gas trapezoid 


ipv 

2 1 (TO 


?(p,+3p„P-K-K) 


*58 • 

Picture the Problem From the ideal gas law, PV= NkT, or V= NkT/P. Hence, on a VT 
diagram, isobars will be straight lines with slope 1 IP. 


A spreadsheet program was used to plot the following graph. The graph was plotted for 1 
mol of gas. 
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59 •• 

Picture the Problem The PV diagram 
shows the isothermal expansion of the ideal 
gas from its initial state 1 to its final state 2. 
We can use the ideal-gas law for a fixed 
amount of gas to find Vo and then evaluate 
PdV for an isothermal process to find the 

work done by the gas. In part (b) of the 
problem we can apply the first law of 
thermodynamics to find the heat added to 
the gas during the expansion. 


\ 

P, kPa \ 



(a) Express the work done by a gas 
during an isothermal process: 


Apply the ideal-gas law for a fixed 
amount of gas undergoing an 
isothermal process: 

Solve for and evaluate Vy. 


Substitute numerical values and 
evaluate W: 


(.b ) Apply the first law of 
thermodynamics to the system to 
obtain: 


K yl , = )pdV = nRT\‘^ = P,v] dV 


V 


V P 

py x = P 2 V 2 or — = — 


K Pi 


^ 200kPa (4L) = 8L 

2 P 2 1 lOOkPa v ’ 


tr byg a S =(200kPa)(4L)J 


dV 

V 


= (800kPa-L)[lnF] 
= (800kPa-L)ln 


^8L A 


= 800kPa• L x 


v 4L y 


10~ 3 m 3 


555 J 


Q = AE . - W 

z-'in int on 

or, because AC int = 0 for an isothermal 


process, 

e„=->r„ 




by gas 


Because the work done by the gas is 
the negative of the work done on the 
gas: 
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Substitute numerical values and O 

evaluate Q m \ 

Heat Capacities of Gases and the Equipartition Theorem 

60 • 

Picture the Problem We can find the number of moles of the gas from its heat capacity 
at constant volume using C v =\nR . We can find the internal energy of the gas from 

E ml = C V T and the heat capacity at constant pressure using C p = C v + nR . 


555 J 


(a) Express C v in terms of the 
number of moles in the monatomic 
gas: 

Solve for n: 


Substitute numerical values and 
evaluate n: 


C y =\nR 


n = 


2 C v 

3 R 


2(49.8 j/k) 
3(8.314 J/mol-K) 


3.99 


(. b ) Relate the internal energy of the E int = C V T 

gas to its temperature: 


Substitute numerical values and 
evaluate E mt : 


E mt =(49.8J/K)(300K) = 


14.9kJ 


(c) Relate the heat capacity at 
constant pressure to the heat 
capacity at constant volume: 

Substitute numerical values and 
evaluate C P : 


C p = C v + nR = \nR + nR = \nR 


C P ={(3.99)(8.314 J/mol-K) 
= 82.9 J/K 


61 • 

Picture the Problem The Dulong-Petit law gives the molar specific heat of a solid, c'. 
The specific heat is defined as c = c'/M where Mis the molar mass. Hence we can use 
this definition to find M and a periodic table to identify the element. 


(a) Apply the Dulong-Petit law: 


, 3 R 

c =3R or c = - 

M 
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Solve for M : 


M = 


3 R 


c 


Substitute numerical values and 
evaluate M: 


24.9 J/mol-K 

M =- 

0.447 kJ/kg-K 


55.7g/mol 


Consulting the periodic table of the 
elements we see that the element is 
most likely iron. 


*62 •• 

Picture the Problem The specific heats of air at constant volume and constant pressure 
are given by cy = Cy/m and cp = Cp/m and the heat capacities at constant volume and 
constant pressure are given by C v = ^nR andC P =^nR , respectively. 


(a) Express the specific heats per 
unit mass of air at constant volume 
and constant pressure: 


Express the heat capacities of a 
diatomic gas in tenns of the gas 
constant R, the number of moles n, 
and the number of degrees of 
freedom: 



m 

and 



m 


C v = \nR 
and 

C P =inR 


Express the mass of 1 mol of air: 


m = 0.74M n , + 0.26M o 


Substitute in equation (1) to obtain: 


_ 5 nR 

v ~ 2(0.74M N: + 0.26M o ) 


Substitute numerical values and evaluate c v : 


c 


v 


5(l mol) (8.314 J/mol • K) 
2[o.74(28 x 10 3 kg)+ 0.26(32 x 10 3 kg)] 


716 J/kg • K 


InR 

C? ~ 2(0.74M N2 + 0.26M o ) 


Substitute in equation (2) to obtain: 
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Substitute numerical values and evaluate cp: 


c p 


7(lmol)(8.314J/mol-K) 
2[o.74(28x 10 3 kg)+ 0.26(32 x 10 3 kg)] 


1002 J/kg -K 


(b) Express the percent difference between the value from the Handbook of Chemistry> 
and Physics and the calculated value: 


% difference = 


1.032 J/g • K -1.002J/g • K 
1.032 J/g • K 


2.91% 


63 •• 

Picture the Problem We know that, during a constant-volume process, no work is done 
and that we can calculate the heat added during this expansion from the heat capacity at 
constant volume and the change in the absolute temperature. We can then use the first 
law of thermodynamics to find the change in the internal energy of the gas. In part (//), 
we can proceed similarly; using the heat capacity at constant pressure rather than 
constant volume. 


(a) The increase in the internal 
energy of the ideal diatomic gas is 
given by: 

Substitute numerical values and 
evaluate AE int : 


For a constant-volume process: 


AL nl =\nRAT 


AE mt =f(l mol)(8.315 J/mol • K)(300 K) 
= 6.24kJ 



From the 1 st law of thermodynamics Q m - A£i nt - W on 

we have: 


evaluate Q m : 

(b ) Because AEint depends only on A/Z inl = 

the temperature difference: 

Relate the heat added to the gas to Q m = C ? AT = (f nR + nR)AT = ^iiRAT 

its heat capacity at constant pressure 
and the change in its temperature: 


6.24 kJ 


Substitute numerical values and 


Qm = 6.24kJ-0 = 


6.24 kJ 
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Substitute numerical values and 
evaluate Q m : 

Apply the first law of 
thermodynamics to find W: 

(c) Integrate dW on = P dV to obtain: 


Substitute numerical values and 
evaluate W 0 


Q in = |(lmol)(8.314J/mol-K)(300K) 
= 8.73kJ 


W on = AE [nt -Q m = 8.73kJ-6.24kJ 
= 2.49 kJ 


K, = I PdV = P(v, -V,)=„R(T,-T,) 

Vi 

W on = (lmol)(8.314J/mol-K)(300K) 

= 2.49 kJ 


64 •• 

Picture the Problem Because this is a constant-volume process, we can use 
Q = C y AT to express Q in terms of the temperature change and the ideal-gas law for a 

fixed amount of gas to find AT. 


Express the amount of heat Q that 
must be transferred to the gas if its 
pressure is to triple: 

Using the ideal-gas law for a fixed 
amount of gas, relate the initial and 
final temperatures, pressures and 
volumes: 

Solve for 7}: 

Substitute and simplify to obtain: 


Q = C V AT 
= \nR{T f -T 0 ) 

P 0 V 3 P 0 V 
To T t 


Tf = 3r 0 


Q = ±nR{2T 0 ) = 5{nRT 0 ) = 


5P 0 V 


65 •• 

Picture the Problem Let the subscripts i and f refer to the initial and final states of the 
gas, respectively. We can use the ideal-gas law for a fixed amount of gas to express V in 
terms of V and the change in temperature of the gas when 13,200 J of heat are transferred 
to it. We can find this change in temperature using Q = C P AT . 

Using the ideal-gas law for a fixed P\V _ PfV 

amount of gas, relate the initial and T T { 










final temperatures, volumes, and 
pressures: 
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Because the process is isobaric, we 
can solve for V to obtain: 


V' = v^ = v 


T t +AT 

fi 


f 

V 1 

V 


| at"' 


T 


J 


Relate the heat transferred to the gas Q = C p A T = \nRAT 

to the change in its temperature: 


Solve AT: 


A T = 


2Q 

InR 


Substitute to obtain: 


V = V 


1 + 



InRT,) 


One mol of gas at STP occupies 22.4 L. Substitute numerical values and evaluate V: 


F = (22.4x1 (T 3 



V 


_ 2(l3.2kj) _" 

7(1 mol) (8.314 J/mol • K)(273 K), 


59.6L 


66 •• 

Picture the Problem We can use the relationship between Cp and Cy (C p = C v + nR) 

to find the number of moles of this particular gas. In parts ( b ) and (c) we can use the 
number of degrees of freedom associated with monatomic and diatomic gases, 
respectively, to find C P and Cy. 

(a) Express the heat capacity of the C ? = C v + nR 

gas at constant pressure to its heat 
capacity at constant volume: 

Solve for n: C P - C v 

n = — -— 

R 


Substitute numerical values and 
evaluate n: 


29.1J/K 
8.314 J/molK 


3.50 mol 


C v =\nR 


(j b ) Cy for a monatomic gas is given 
by: 
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Substitute numerical values and 
evaluate C v : 

Express Cpfor a monatomic gas: 

Substitute numerical values and 
evaluate C P : 

(c) If the diatomic molecules rotate 
but do not vibrate they have 5 
degrees of freedom: 


C v =f(3.5mol)(8.314J/mol-K) 
= 43.6 J/K 


C p = f nR 

C P =f(3.5 mol)(8.314 J/mol-K) 
= 72.7 J/K 


C v = 4 nR = |(3.5mol)(8.314J/mol-K) 
= 72.7 J/K 
and 

C p = = y(3.5mol)(8.314 J/mol-K) 

= 102 J/K 


*67 •• 

Picture the Problem We can find the change in the heat capacity at constant pressure as 
CO 2 undergoes sublimation from the energy per molecule of CO 2 in the solid and gaseous 
states. 


Express the change in the heat 
capacity (at constant pressure) per 
mole as the CO 2 undergoes 
sublimation: 

Express C p . gas in terms of the number 
of degrees of freedom per molecule: 


We know, from the Dulong-Petit 
Law, that the molar specific heat of 
most solids is 3 R = 3 Nk. This result 
is essentially a per-atom result as it 
was obtained for a monatomic solid 
with six degrees of freedom. Use 
this result and the fact CO 2 is 
triatomic to express Cp, S0 Iki: 

Substitute to obtain: 


AC =C -C 

v -' Pjgas '-'p, solid 


because each molecule has three 
translational and two rotational degrees of 
freedom in the gaseous state. 

Cp,soi ld = 3 atoms = 9Nk 

atom 


AC P = \Nk 


f Nk = 


Nk 
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68 •• 

Picture the Problem We can find the initial internal energy of the gas from 

U i = \nRT and the final internal energy from the change in internal energy resulting 

from the addition of 500 J of heat. The work done during a constant-volume process is 
zero and the work done during the constant-pressure process can be found from the first 
law of thermodynamics. 

(a) Express the initial internal E jnli = \ nRT 

energy of the gas in terms of its 

temperature: 


Substitute numerical values and 
evaluate E ^y . 


E mt , = i(l mol)(8.314 J/mol • K)(273 k) 


3.40kJ 


( b ) Relate the final internal energy 
of the gas to its initial internal 
energy: 



Express the change in temperature 
of the gas resulting from the 
addition of heat: 



Substitute to obtain: 



Substitute numerical values and 
evaluate £i„ tj r: 



(c) Relate the final internal energy 
of the gas to its initial internal 
energy: 



Apply the first law of 
thermodynamics to the constant- 
volume process: 



Substitute numerical values and 


E m =3.40 kJ + 500 J= 3.90 kJ 


evaluate E, nl y 
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69 •• 

Picture the Problem We can use C Vwater = f\\Nk) to express Cy,water and then count 
the number of degrees of freedom associated with a water molecule to determine f. 


Express Cv, wate r in terms of the 
number of degrees of freedom per 
molecule: 


C,„=f(iNk) 

where/ is the number of degrees of 

freedom associated with a water molecule. 


There are three translational degrees of freedom and three rotational 
degrees of freedom. In addition, each of the hydrogen atoms can vibrate 
against the oxygen atom, resulting in an additional 4 degrees of freedom 
(2 per atom). 


Substitute for/to obtain: 


C 


V,water 


io(^m) 


5Nk 


Quasi-Static Adiabatic Expansion of a Gas 


*70 •• 

Picture the Problem The adiabatic 
expansion is shown in the PV diagram. We 
can use the ideal-gas law to find the initial 
volume of the gas and the equation for a 
quasi-static adiabatic process to find the 
final volume of the gas. A second 
application of the ideal-gas law, this time 
at the final state, will yield the final 
temperature of the gas. In part (c) we can 
use the first law of thermodynamics to find 
the work done by the gas during this 
process. 


\ 

\ 

P, atm \ 



(a) Apply the ideal-gas law to y _ nRT { 

express the initial volume of the ' 

gas: 


Substitute numerical values and 
evaluate V,: 


v : = 


(l mol)(8.314 J/mol • K)(273 K) 


lOatmx 


101.3kPa 

atm 


= 2.24 xlCT 3 m 3 


2.24L 
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Use the relationship between the 
pressures and volumes for a quasi¬ 
static adiabatic process to express 
Vf. 


Substitute numerical values and 
evaluate Vf 


(. b ) Apply the ideal-gas law to 
express the final temperature of the 
gas: 

Substitute numerical values and 
evaluate Tf. 


Pi v/=p f v/^v ( = v l 


f p VA 


Vf =V i 


( p \ x !r 


\ P f J 


5.88L 


f 

(2.24 L) 

V 


10 atm 
2 atm 


n3/5 


t = 


Pip 

nR 


(2atm)(5.88L) 

8.206xlO 2 L-atm/mol• K 

143K 


(c) Apply the first law of 
thermodynamics to express the 
work done on the gas: 

Substitute numerical values and 
evaluate W on : 


W = AE,-0 

or, because the process is adiabatic, 
W on =AE M =C w AT = ±nRAT 

W on = | (l mol)(8.314 J/mol • K)(-130 K) 
= -1.62kJ 


Because W\ 


by the gas ' 


-W m f. 


w. 


by gas 


1.62 kJ 


71 • 

Picture the Problem We can use the temperature-volume equation for a quasi-static 
adiabatic process to express the final temperature of the gas in terms of its initial 
temperature and the ratio of its heat capacities/. Because C P = C v + nR , we can 

determine /for each of the given heat capacities at constant volume. 

Express the temperature-volume T i V i r ~ l = T { V { r ~ 

relationship for a quasi-static adiabatic 

process: 


T = T 

i { i j 


ru 

y -1 

ro 

= T. 

[vj 


IV 
K2 V xj 




Solve for the final temperature: 
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(a) Evaluate 7 for C v = \nR : 


C P _ | nR 
C v \nR 


5. 

3 


Evaluate T { \ 

( b ) Evaluate y for C v =4 nR: 


T t =(293K)(2) I_1 = 

y _ _^P_ _ IKK _ 1 

c v 5 


465 K 


Evaluate 7): 


7} =(293K)(2) fl 


387K 


72 • 

Picture the Problem We can use the temperature-volume and pressure-volume equations 
for a quasi-static adiabatic process to express the final temperature and pressure of the 
gas in terms of its initial temperature and pressure and the ratio of its heat capacities. 


Express the temperature-volume 
relationship for a quasi-static 
adiabatic process: 

Solve for the final temperature: 


Using y = 5/3 for neon, evaluate 7}: 


rvy' = T t .vy 


Tf=T 1 



y- 1 

(vA 


= T- 


UJ 


Iw 



r -1 


T f =(293K)(4) !_1 


738 K 


Express the relationship between the 
pressures and volumes for a quasi¬ 
static adiabatic process: 

Solve for P { : 


Substitute numerical values and 
evaluate P{. 




p f =Pi 


^ V 




P f = (l atm) (4) = 


10.1 atm 


*73 •• 

Picture the Problem We can use the ideal-gas law to find the initial volume of the gas. 
In part ( a) we can apply the ideal-gas law for a fixed amount of gas to find the final 
volume and the expression (Equation 19-16) for the work done in an isothermal process. 
Application of the first law of themrodynamics will allow us to find the heat absorbed by 
the gas during this process. In part ( b ) we can use the relationship between the pressures 
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and volumes for a quasi-static adiabatic process to find the final volume of the gas. We 
can apply the ideal-gas law to find the final temperature and, as in (a), apply the first law 
of thermodynamics, this time to find the work done by the gas. 


Use the ideal-gas law to express the y _ nRT { 

initial volume of the gas: 1 P { 


Substitute numerical values and 
evaluate V\. 


_ (0.5mol)(8.314J/mol-K)(300K) 
; ~ 400 kPa 

= 3.12x10 3 m 3 = 3.12L 


(a) Because the process is 
isothermal: 

Use the ideal-gas law for a fixed 
amount of gas to express V t : 


Substitute numerical values and 
evaluate V(. 

Express the work done by the gas 
during the isothermal expansion: 

Substitute numerical values and 
evaluate W bygas : 


Noting that the work done by the 
gas during the process equals the 
negative of the work done on the 
gas, apply the first law of 
thermodynamics to find the heat 
absorbed by the gas: 


T t =T- = \ 300 K 


m _ P t V f 


or, because T= constant, 

P 

V f = V i — 

Pf 


V f =( 3.12L) 


A 400kPa A 


160kPa 


7.80L 


^b y g as ~ nRTln^- 


II,..,, = (0.5 mol)(8.314 J/mol • K) 


:(300K)l: 


n 


A 7.80L A 

V 3.12L j 


= 1.14 kJ 


Q,=A£,,-r„=0-(-1.14kj) 


= 1.14 kJ 
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(. b ) Using y= 5/3 and the 
relationship between the pressures 
and volumes for a quasi-static 
adiabatic process, express V r : 

Substitute numerical values and 
evaluate V(. 


p.yr = P,V{ ^ v f = v { 


f p yr 


yPfj 


Vf = 


(3.12L) 


400kPa 

160kPa 


y/s 

J 


5.41L 


Apply the ideal-gas law to find the j _ PfVf 

final temperature of the gas: f nR 


Substitute numerical values and 
evaluate 7}: 


_ (l60kPa)(5.41xlCT 3 m 3 ) 
f ~ (0.5mol)(8.314 J/mol • K) 

= 208K 


For an adiabatic process: 



Apply the first law of W on = AE mt - Q m = C\ AT - 0 = \nRAT 

thermodynamics to express the work 
done on the gas during the adiabatic 
process: 

Substitute numerical values and W on = f (0.5mol)(8.314 J/mol • K) 

evaluate W on : x (208 K - 300 K) 

= -574J 


Because the work done by the gas 
equals the negative of the work done 
on the gas: 


W u 


by gas 


= -(-574 j) = 


574 J 


74 « 

Picture the Problem We can use the ideal-gas law to find the initial volume of the gas. 
In part ( a) we can apply the ideal-gas law for a fixed amount of gas to find the final 
volume and the expression (Equation 19-16) for the work done in an isothermal process. 
Application of the first law of thermodynamics will allow us to find the heat absorbed by 
the gas during this process. In part ( b ) we can use the relationship between the pressures 
and volumes for a quasi-static adiabatic process to find the final volume of the gas. We 
can apply the ideal-gas law to find the final temperature and, as in (a), apply the first law 
of thermodynamics, this time to find the work done by the gas. 
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Use the ideal-gas law to express the y _ nRT\ 

initial volume of the gas: 1 P 


Substitute numerical values and 
evaluate Vf 


_ (0.5mol)(8.314 J/mol- K)(300K) 
; ~ 400 kPa 

= 3.12x10 3 m 3 =3.12L 


(a) Because the process is isothermal: 


T 


= T = 


300K 


Use the ideal-gas law for a fixed 
amount of gas to express Vf 


W _ P t V , f 

T i T t 

or, because T = constant, 


P 

V { =V i — 
P 

1 f 


Substitute numerical values and 
evaluate T f : 


( 

Vf = (3.12L) 

V 


400 kPa ^ 
160kPa y 


7.80L 


Express the work done by the gas 
during the isothermal expansion: 

Substitute numerical values and 
evaluate Wb ysas : 


Noting that the work done by the gas 
during the isothermal expansion 
equals the negative of the work done 
on the gas, apply the first law of 
thermodynamics to find the heat 
absorbed by the gas: 

(. b) Using y= 1.4 and the relationship 
between the pressures and volumes 
for a quasi-static adiabatic process, 
express Vf. 


W»„=nRT InL 


J^bygas = (0.5mol)(8.314J/mol-K) 


:(300K) In 


A 7.80L A 

v 3.12L y 


= 1.14 kJ 


Q n =A£ int -r on =0-(-L14kj) 
= 1.14 k J 


propyl 


K = V i 


/ p \yy 
\ p f J 
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Substitute numerical values and evaluate 
V f : 


V f = 


(3.12L) 


400 kPa 
160kPa 


y/i - 4 

J 


6.00L 


Apply the ideal-gas law to express j _ PfVf 

the final temperature of the gas: f nR 


Substitute numerical values and 
evaluate T ( \ 


(l60kPa)(6xl(T 3 m 3 ) 
f “ (0.5mol)(8.314 J/mol• K) 

= 23 IK 


For an adiabatic process: 



Apply the first law of W on = A£ inl - Q m = C V AT - 0 = \ nRAT 

thermodynamics to express the work 
done on the gas during the adiabatic 
expansion: 

Substitute numerical values and W 0B = f(0.5mol)(8.314 J/mol-K) 

evaluate W on \ x(231K-300K) 

= -717 J 


Noting that the work done by the 
gas during the adiabatic expansion is 
the negative of the work done on the 
gas, we have: 


W, 


by gas 


= —(— 717 J) = 


717 J 


75 •• 

Picture the Problem We can eliminate the volumes from the equations relating the 
temperatures and volumes and the pressures and volumes for a quasi-static adiabatic 
process to obtain a relationship between the temperatures and pressures. We can find the 
initial volume of the gas using the ideal-gas law and the final volume using the pressure- 
volume relationship. In parts (d) and (c) we can find the change in the internal energy of 
the gas from the change in its temperature and use the first law of thermodynamics to 
find the work done by the gas during its expansion. 

(a) Express the relationship between Tyy 1 = T ( V t '' 1 

temperatures and volumes for a 
quasi-static adiabatic process: 
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Express the relationship between pV/ = P ( V t y (1) 

pressures and volumes for a quasi¬ 
static adiabatic process: 


Eliminate the volume between these 
two equations to obtain: 


r f =7i 


V 

1 f 

yPj 


Substitute numerical values and 
evaluate 7}: 


f 

T t =(500K) 

v 


latm 
5 atm 


A 1- 5/3 


263 K 


(. b) Solve equation (1) for V(. 


v { =v { 


r P A 


K P t J 


Apply the ideal-gas law to express 

Vn 


V : = 


nR p 

P 


Substitute numerical values and y _ (0.5mol)(8.314 J/mol- K)(500K) 

evaiuate Fj: 1 5atmx 10L3kPa 

atm 

= 4.10L 


Substitute for V, and evaluate V(. 


(d) Relate the change in the internal 
energy of the helium gas to the 
change in its temperature: 

Substitute numerical values and 
evaluate AE m[ : 


( 

V f = (4.10L) 

v 


5 atm 1 
latm 


10.8L 


A E int = C\AT = jnRAT 


A E int = |(0.5 mol)(8.314 J/mol-K) 
x(263K-500K) 

= -1.48kJ I 


(c) Use the first law of W on = A E int - Q m = A E mt - 0 = AE ml 

thermodynamics to express the work 
done on the gas: 

Substitute numerical values and W on = -1.48kJ 

evaluate W on : 
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Because the work done by the gas 
equals the negative of W 0n : 


= 1.48kJ 


*76 ••• 

Picture the Problem Consider the process to be accomplished in a single compression. 
The initial pressure is 1 atm =101 kPa. The final pressure is (101 + 482) kPa = 583 kPa, 
and the final volume is 1 L. Because air is a mixture of diatomic gases, y air = 1.4. We can 
find the initial volume of the air using P { V i 7 = P f V/ and use Equation 19-39 to find the 
work done by the air. 

Express the work done in an jy _ PV■ —P t V f ^ 

adiabatic process: y — 1 

Use the relationship between 
pressure and volume for a quasi¬ 
static adiabatic process to express 
the initial volume of the air: 


P yr =PfV r ^ Vi = V t 


( p\ 
£f 

\ P iJ 


Substitute numerical values and 
evaluate V,: 


r = (i l) 


583kPa 

lOlkPa 


) 


3.50L 


Substitute numerical values in equation (1) and evaluate W\ 


_ (l01kPa)(3.5xlQ- 3 m 3 )-(583kPa)(l0^m 3 ) 
1.4-1 

where the minus sign tells us that work is done on the gas. 


-574 J 


77 — 

Picture the Problem We can integrate PdV using the equation of state for an adiabatic 
process to obtain Equation 18-39. 


Express the work done by the gas 
during this adiabatic expansion: 

For an adiabatic process: 


Substitute and evaluate the integral 
to obtain: 


= J w 

b 

PV r = constant = C (1) 
and 

P = CV r 

K, s , = c)v-’dv = -P-(vf -Kp 

b 1 Y 













Heat and the First Law of Thermodynamics 1407 


From equation (1) we have: 


cvt r = P 2 V 2 r and CVl~ y = P x V x r 


Substitute to obtain: 



which is Equation 18-39. 


Cyclic Processes 

78 « 

Picture the Problem To construct the PV diagram we’ll need to determine the volume 
occupied by the gas at the beginning and ending points for each process. Let these points 
be A, B, C, and D. We can apply the ideal-gas law to the starting point (A) to find Fa. To 
find the volume at point B, we can use the relationship between pressure and volume for 
a quasi-static adiabatic process. We can use the ideal-gas law to find the volume at point 
C and, because they are equal, the volume at point D. We can apply the first law of 
thermodynamics to find the amount of heat added to or subtracted from the gas during 
the complete cycle. 

(a) Using the ideal-gas law, express y _ nRT^\ 

the volume of the gas at the starting A P A 

point A of the cycle: 


Substitute numerical values and 
evaluate Fa: 


_ (lmol)(8.314J/mol-K)(293K) 

' A , ^ ^ t 


c 101.3kPa 

5 atm x- 

atm 


= 4.81L 


Use the relationship between 
pressure and volume for a quasi¬ 
static adiabatic process to express 
the volume of the gas at point B; the 
end point of the adiabatic expansion: 



Substitute numerical values and 
evaluate Fb: 



Using the ideal-gas law for a fixed 
amount of gas, express the volume 
occupied by the gas at points C and 


v = V 

v c v D 



D: 
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Substitute numerical values and 
evaluate Vp. 


The complete cycle is shown in the 
diagram. 


Vc = 


(l mol) (8.314 J/mol • K) (293 K) 


latmx 


101.3kPa 

atm 


= 24.0L 


P, atm 


t— i r—i— 

!\ i ! i 

n 

Til 

1 11/ 

— 1-4 

1 

1 1 1 i 

k 4-1-1 — 

1 1 

1 

-3 — 

1 

— i — 
1 

"T" 

1 

"T“ 

X- 


i . 


10 


15 20 


25 


■V, L 


(b) Note that for the paths A—>B and B—»C, W by gas , the work done by the gas, is 
positive. For the path D—»A, W by gas is negative, and greater in magnitude than 
Wa->c- Therefore the total work done by the gas is negative. Find the area enclosed 
by the cycle by noting that each rectangle of dotted lines equals 5 atm-L and 
counting the rectangles: 


W, 


by gas 


f 

« -(l 3 rectangles)(5 atm • L/rectangle) = (- 65 atm • L) 

v 


101.3 J 
atm • L 


) 


-6.58kJ 


(c) The work done on the gas equals 
the negative of the work done by the 
gas. Apply the first law of 
thermodynamics to find the amount 
of heat added to or subtracted from 
the gas during the complete cycle: 

(d) Express the work done during 
the complete cycle: 


a, =A£ bl -IT„=0-(-6.58kj) 

= 6.58kJ 

because A E mt = 0 for the complete cycle 


W = W +W +W +W 

VV " A^vB T "B->C T T "D->A 


= 


p yr -pvr 
1 a' a 'b'b 


Y -1 


Because A—>B is an adiabatic process: 
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Substitute numerical values and 
evaluate W a ^r'. 


B—>C is an isobaric process: 


C—»D is a constant-volume process: 
D —>A is an isobaric process: 


W, 


A—>B 


(5 atm)(4.82 L) - (l atm)(l 5.2 L) 
~ 1.4-1 

^101.3 


= (22.3 atm-L) 


atm-L 


= 2.25kJ 


Wj^c=PAV 

= (latm)(24.0L-15.2L) 

= (8.80atm-L)f 1QL3J l 
V atm • L J 

= 0.891kJ 
W C ^ D = 0 

W D ^ A = PAV = (5 atm) (5 L - 24 L) 



= -9.62 kJ 


Substitute to obtain: IF - 2.25kJ + 0.891kJ + 0 9.62kJ 

= -6.48kJ 

Note that our result in part ( b ) agrees with 
this more accurate value to within 2%. 


*79 •• 

Picture the Problem The total work done as the gas is taken through this cycle is the 
area bounded by the two processes. Because the process from 1 —>2 is linear, we can use 
the formula for the area of a trapezoid to find the work done during this expansion. We 
can use lF| sothermal process = ln(F f /FI) to find the work done on the gas during the 

process 2—>1. The total work is then the sum of these two terms. 

Express the net work done per cyck 

Work is done by the gas during its 
expansion from 1 to 2 and hence is 
equal to the negative of the area of 
the trapezoid defined by this path 
and the vertical lines at V\ = 11.5 L 
and V 2 = 23 L. Use the formula for 
the area of a trapezoid to express 


W M = W M +W 3 ^ l ( 1 ) 

^2 = - Aap 

= - j(23L-l 1.5L)(2atm + latm) 
= -17.3L-atm 
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0W 


Work is done on the gas during the 
isothermal compression from V 2 to 
V\ and hence is equal to the area 
under the curve representing this 
process. Use the expression for the 
work done during an isothermal 
process to express W 2 -*\. 


W 2 ^=nRT In 


9U 


Apply the ideal-gas law at point 1 to find the temperature along the isotherm 2 —> 1: 


T = 


PV 

nR 


(2atm)(ll.5L) _ 

(lmo l)(8.206xl0 2 L-atm/mol-K) 


= 280K 


Substitute numerical values and evaluate W 2 ^\. 


W 

vy 2->l 


(lmol)(8.206xl0 2 L • atrrhmol-K.)(280K)ln 


11.5L 
23 L 


= 15.9L ■ atm 


Substitute in equation (1) and 
evaluate W net : 


W„, 


-17.3L-atm + 15.9L-atm 


-1.40L-atmx 


101.325 J 
L-atm 


-142 J 


Remarks: The work done by the gas during each cycle is 142 J. 

80 •• 

Picture the Problem We can apply the ideal-gas law to find the temperatures T u T 2 , and 
I 3 . We can use the appropriate work and heat equations to calculate the heat added and 
the work done by the gas for the isothermal process ( 1 — >2), the constant-volume process 
(2—>3), and the isobaric process (3—>1). 
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(a) The cycle is shown in the diagram: 


(c) Use the ideal-gas law to find 7\: 

Because the process 1 —>2 is isothermal: 
Use the ideal-gas law to find 7V 

(. b ) Because the process 1 —>2 is 
isothermal, Q in ,i^ 2 = W b ygas,i^ 2 : 


P, atm 



Substitute numerical values and evaluate Q^i^: 


0 in , 1^2 = (2mol)(8.314J/mol-K)(24.4K)ln 




Because process 2—>3 takes place at 
constant volume: 



Because process 2—>3 takes place at Qmj.-+i - A£' ma ^ :i - C w A T - \nR(T 3 — T 2 ) 

constant volume, W nn ?^ = 0, and: 

Substitute numerical values and evaluate Q m a^ 3 - 
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Q in 2^3 =|(2mol)(8.314J/mol-K)(48.7K-24.4K)= 606J 


Because process 3—>1 is isobaric: 


Q^=C P AT = \nR{T x -T,) 


Substitute numerical values and evaluate 


Q^ t =|(2 mol)(8.314 J/mol • K)(24.4K - 48.7 K) = -l.OlkJ 


The work done by the gas from 3 to 
1 equals the negative of the work 
done on the gas: 



■PuAV-Pufc-V,) 


Substitute numerical values and 
evaluate lV hv „^ 3 . 2 - 


by gas,3—»1 


(2atm)(2L -4L) 


by gas,3—>2* 



v atm • L J 


405 J 


81 


• •• 


Picture the Problem We can find the temperatures, pressures, and volumes at all points 
for this ideal monatomic gas (3 degrees of freedom) using the ideal-gas law and the work 
for each process by finding the areas under each curve. We can find the heat exchanged 
for each process from the heat capacities and the initial and final temperatures for each 
process. 

Express the total work done by the W hygaSjtot = Wd->a + ^a->b + ^b->c + ^c->d 

gas per cycle: 

1. Use the ideal-gas law to find the y _ n RT D 

volume of the gas at point D: P D 


(2mol)(8.314J/mol-K)(360K) 


(2 atm) (l 01.3 kPa/atm) 
= 29.5L 


2. We’re given that the volume of 
the gas at point B is three times that 
at point D: 


V =V =w 

r B ' C D 

= 88 . 6 L 


Use the ideal-gas law to find the pressure of the gas at point C: 
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nRT c _ (2mol)(8.206x 10 2 L-atm/mol-K)(360K) ggy atm 
V c ~ 88.6L ~ am 


We’re given that the pressure at 
point B is twice that at point C: 

3. Because path DC represents an 
isothermal process: 

Use the ideal-gas law to find the 
temperatures at points B and A: 


P B = 2 P c = 2(0.667 atm) = 1.33 atm 
T d =T c = 360K 


= 

nR 

(l.333atm)(88.6L) 

(2 mol)(8.206x 10 2 L ■ atm/mol • k) 
= 720K 


Because the temperature at point A 
is twice that at D and the volumes 
are the same, we can conclude that: 

The pressure, volume, and 
temperature at points A, B, C, and D 
are summarized in the table to the 
right. 


4. For the path D—>A, W D ^ A = 0 
and: 


P A = 2 P D = 4 atm 


Point 

P 

V 

T 


(atm) 

(L) 

(K) 

A 

4 

29.5 

720 

B 

1.33 

88.6 

720 

C 

0.667 

88.6 

360 

D 

2 

29.5 

360 


Qd^A = AE m,D^A = J» RAT I^A 

= i"R(T A -T D ) 


Substitute numerical values and evaluate Qd^a- 

Q d ^ a = 1(2 mol)(8.314 J/mol • K)(720 K - 360 K) = 8.98 kJ 


For the path A—>B: 


W a->b = Qa^b = " RT a,b ln l 


K 

kVa j 


Substitute numerical values and evaluate W A ^ B : 

W A ^ B = (2 mol) (8.314 J/mol • K)(720 K)ln| 


a 88.6L a 

V 29.5L j 


13.2kJ 
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and, because process A—>B is isothermal, A£ int A—>B = 0 


For the path B—>C, W B ^ C = 0, and: Qb~>c = A6/ B _, c = C V AT = \nR.{T c -T b ) 


Substitute numerical values and evaluate Qb^c- 

Qb^c = 1(2 mol) (8.314 J/mol • K)(360K - 720 K) = -8.98 kJ 


For the path C—>D: 


^C-D = nRT C.D ln 


V A 

v D 

v^cy 


Substitute numerical values and evaluate W ( 


C->D- 


W C ^ D = (2mol)(8.314J/mol-K)(360K)ln 


A 29.5L A 

V 88.6L j 


= -6.58kJ 


Also, because process A—>B is isothermal, A E ] 

e^ D =^D=-6.58kJ 


int,A—»B 


= 0, and 


Qm, W on , and AE ml are summarized 
for each of the processes in the table 
to the right. 


Referring to the table, find the total 
work done by the gas per cycle: 


Process 

fin 

W on 

A^int 


(kJ) 

(kJ) 

(kJ) 

D—»A 


8.98 


0 

8.98 

A—»B 


13.2 


-13. 

2 

0 

B—»C 


-8.98 


0 

-8.9 

8 

C—»D 


-6.58 


6.58 

0 


W =W +W +W +W 

"tot " D->A T " A^B T " B->C T " C->D 

= 0 + 13.2 kJ + 0-6.58kJ 
= 6.62 kJ 


Remarks: Note that, as it should be, Aiijnt is zero for the complete cycle. 

*82 ••• 

Picture the Problem We can find the temperatures, pressures, and volumes at all points 
for this ideal diatomic gas (5 degrees of freedom) using the ideal-gas law and the work for 
each process by finding the areas under each curve. We can find the heat exchanged for 
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each process from the heat capacities and the initial and final temperatures for each 
process. 

Express the total work done by the gas ^bygas,tot = ^d->a + + ^c->d 

per cycle: 

1. Use the ideal-gas law to find the v _ n RT D 

V d 

volume of the gas at point D: P D 

_ (2mol)(8.314J/mol-K)(360K) 

(2 atm)(l 01.3 kPa/atm) 

= 29.5L 


2. We’re given that the volume of the U B = = 3F, 

gas at point B is three times that at point = 88.6L 

D: 


Use the ideal-gas law to find the pressure of the gas at point C: 

nRT c (2mol)(8.206xl0~ 2 L-atm/mol-K)(360K) 

P r = -F. = v-A-A- L = o. 667 atm 

V c 88.6L 

We’re given that the pressure at point B is P B = 2 P c = 2(0.667 atm) = 1.33 atm 
twice that at point C: 

3. Because path DC represents an T D =T C = 360K 

isothermal process: 


Use the ideal-gas law to find the 
temperatures at points B and A: 



Because the temperature at point A is P A = 2 P D = 4 atm 

twice that at D and the volumes are the 
same, we can conclude that: 

The pressure, volume, and temperature 
at points A, B, C, and D are summarized 
in the table to the right. 
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B 

1.33 

88.6 

720 

C 

0.667 

88.6 

360 

D 

2 

29.5 

360 


4. For the path D—>A, W Q ^ A = 0 and: 


Q^k = a ^a ={n/?Ar D _ >A = f»^C r A -r D ) 

= | (2 mol)(8.314 J/mol • K)(720 K - 3 60 K) 
= 15.0kJ 


For the path A—»B: 


= 0a^b = nRT KB ln 


= 13.2 kJ 


(y A 

Y B 

J 


f 

(2 mol)(8.314 J/mol • K)(720K)ln 

v 


88.6L 

29.5L 


A 

) 


and, because process A—»B is isothermal, AE mt A ^ B = 0 


For the path B—>C, W B ^ C = 0 and: 

Q b ^ c = AU b ^ c = C y AT = jnR(T c -r B ) = |(2mol)(8.314J/mol-K)(360K-720K) 
= -15.0kJ 


For the path C—»D: 


= (2 mol)(8.314 J/mol • K)(360 K)ln 


(v ^ 

W C ^ D = nRT CD ln -f- 
vcy 

Also, because process A—»B is isothermal, A£ int A—>B = 0 and 


r 29.5Q 
V 88.6L j 


- -6.58kJ 


= Wr^n = -6.58kJ 


0C->D — rr C—>D 


Qm, W oa , and AEint are summarized for 
each of the processes in the table to 
the right. 


Process 

Qin 

Ikon 

A£int 


(kJ) 

(kJ) 

(kJ) 

D—>A 


15.0 


0 

15.0 

A—»B 


13.2 


-13.2 

0 

B—»C 


-15.0 


0 

-15.0 

C—>D 


-6.58 


6.58 

0 
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Referring to the table and noting that the work done by the gas equals the negative of 
the work done on the gas, find the total work done by the gas per cycle: 


^bygas,tot =^A +^B +^C +^D =0 + 13.2 kJ + 0-6.58kJ = 


6.62 kJ 


Remarks: Note that for the complete cycle is zero and that the total work done 
is the same for the diatomic gas of this problem and the monatomic gas of problem 
81. 


83 ••• 

Picture the Problem We can use the equations of state for adiabatic and isothermal 
processes to express the work done on or by the system, the heat entering or leaving the 
system, and the change in internal energy for each of the four processes making up the 
Camot cycle. We can use the first law of thermodynamics and the definition of the 
efficiency of a Camot cycle to show that the efficiency is 1 -QJ Qu¬ 


ia) The cycle is shown on the PV 
diagram to the right: 



(j b ) Because the process 1 —>2 is 
isothermal: 

Apply the first law of 
thermodynamics to obtain: 


A E 


int, 1 —>2 


= 0 




( V 2 ') 


Qh ~ ^l->2 — ^l—>2 — 

>iRT h In 




AU^ 4 = 0 


(c) Because the process 3 —>4 is 
isothermal: 
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Apply the first law of 
thermodynamics to obtain: 


(d) Apply the equation for a quasi¬ 
static adiabatic process at points 4 
and 1 to obtain: 

Solve for the ratio V\/V 4 : 


Apply the equation for a quasi-static 
adiabatic process at points 2 and 3 to 
obtain: 

Solve for the ratio Vi/Vy. 


Equate equations (1) and (2) and 
rearrange to obtain: 

(e) Express the efficiency of the 
Carnot cycle: 

Apply the first law of 
thermodynamics to obtain: 


Substitute to obtain: 


fy ^ 

Q c =Q 3 ^=W^ 4 =nRT c ln 

\ V 3J 


- nRT. In 


4 C 

kV.j 


where the minus sign tells us that heat is 
given off by the gas during this process. 


TV?- 1 
1 c y 4 


T V r ~ X 

1 h y \ 


K 

v 4 


( 'j' \ 




T y r ~ l 
1 h v 2 


=m - 1 


CD 


V 2 

r 3 


( rp \ 


kT.j 


( 2 ) 


Yl = Yi 
v 4 v, 


w 

£ =- 

a 

^on = ^hnt,cycle — Qm 

=o-(a-a)=-(a-a) 


because E mi is a state function and 

^hnt, cycle = ^ • 


s _ ^by the gas _ 

a 

_ Qh ~ Qc _ 

a 


a 
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if) In part ( b ) we established that: 


In part (c) we established that the 
heat leaving the system along the 
path 3—>4 is given by: 

Divide the second of these equations 
by the first to obtain: 


( V ^ 

0 . = In -4 

vi J 


(v ^ 

Qc = "RT e In ^ 

V 47 


& 

a 


nRT In 


' 3 

V^4 7 


nRT h In 


r V A 

V^y 


F F 

because — = —. 
F F 

v 4 r 1 



Remarks: This last result establishes that the efficiency of a Carnot cycle is also 
T 

given by s c =1- -. 


General Problems 


84 • 

Picture the Problem The isobaric process 
is shown on the PV diagram. We can 
express the heat that must be supplied to 
gas in terms of its heat capacity at constant 
pressure and the change in its temperature 
and then use the ideal-gas law for a fixed 
amount of gas to relate the final 
temperature to the initial temperature. 


\ 


\ 


\ 




' \ 

I \ 
I 


Jf 


\ 


T, = 300 K 


50 100 150 200 


Zr=-V.L 


Relate Q m to C P and AT: 


a, =C r AT = C t (T,-T i ) = inR(T,-T i ) 


Use the ideal-gas law for a fixed 
amount of gas to relate the initial 
and final volumes, pressures, and 
temperatures: 


m PfK 

T i T t 

or, because the process is isobaric, 

Yl = Yl 

T T f 


Solve for 7V: 


T r = —T- = = 4F 


F 


50L 






















1420 Chapter 18 


Substitute to obtain: 

Substitute numerical values and 
evaluate Q m \ 


Q m =i„R(4T,-3T,) = 1 i n RT, 

Q m =^(3mol)(8.314J/mol-K)(300K) 
= 56.1kJ 


85 • 

Picture the Problem We can use the first law of thermodynamics to relate the heat 
removed from the gas to the work done on the gas. 


Apply the first law of Q m - A E int - W on - -W oa 

thermodynamics to this process: because A E int = 0 for an isothermal process. 


Substitute numerical values to obtain: 

Because ^removed Qm- 


a n =-isokj 


^removed 


180kJ 


*86 • 

Picture the Problem We can find the number of moles of the gas from the expression for 
the work done on or by a gas during an isothermal process. 


Express the work done on the gas 
during the isothermal process: 


W = nRT\n 


V 

\ v ~j 


Solve for n: 


W 


n = 


RT In 


2 C 

\ v tj 


Substitute numerical values and 
evaluate n: 


n = 


-180kJ 


(8.314J/mol-K)(293K)ln 


v5y 


45.9 mol 


87 • 

Picture the Problem We can use the ideal-gas law to find the temperatures T A and T c . 
Because the process EDC is isobaric, we can find the area under this line geometrically 
and the first law of thermodynamics to find Qaec- 
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(a) Using the ideal-gas law, find the 
temperature at point A: 


Using the ideal-gas law, find the 
temperature at point C: 


P V 

1 A' A 

nR 

(4atm)(4.01L) 

(3 mo l)(8.206x10 ^ L-atm/mol-K) 
= 65.2K 


P V 

1 me 

nR 

(latm)(20L) 

(3 mo l)(8.206x 10 2 L • atm/mol• k) 
81.2K 


( b ) Express the work done by the gas 
along the path AEC: 


^aec=^ae+^ec=0 + P ec AF ec 

= (l atm)(20 L - 4.01L) 
101.3 J 


= 16.0L-atmx- 


L-atm 


1.62kJ 


(c) Apply the first law of £?aec W abc +AE m =W abc +C v AT 

thermodynamics to express Q AEC : = W AKC + \nRAT 

= Wabc + \nR{T c -T a ) 


Substitute numerical values and evaluate (2 A fc : 


Remarks The difference between W A ec and Qaec is the change in the internal energy 
AE'int.AEC during this process. 

88 •• 

Picture the Problem We can use the ideal-gas law to find the temperatures T A and T c . 
Because the process AB is isobaric, we can find the area under this line geometrically. 

We can use the expression for the work done during an isothermal expansion to find the 
work done between B and C and the first law of thermodynamics to find Qmo 


Q aec = 1.62 kJ +1 (3 mol) (8.314 J/mol • K)(81.2 K - 65.2 k) = 


2.22 kJ 
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(a) Using the ideal-gas law, find the 
temperature at point A: 


Use the ideal-gas law to find the 
temperature at point C: 


T - 

A nR 


(4atm)(4.01L) 

(3 mo 1)(s.206x 10 ' L ■ atm/mol • k) 


65.2K 


p v 

T 

nR 


(l atm)(20L) 

(3 mo l)(8.206x 10 2 L ■ atm/mol ■ K.) 


= 81.2K 


(. b) Express the work done by the 
gas along the path ABC: 


w abc = w ab +w bc 

= P^C m +nRT B lnA 

' B 


Use the ideal-gas law to find the volume of the gas at point B: 


Vb = 


nRT B 

ur 


(3 mol)(8.206 x 10 2 L • atm/mol• k)(8 1.2K) _ c nnT 

• U U 1 —j 

4 atm 


Substitute to obtain: 


W = 

"" ABC 


f 

(4 atm) (5 L - 4.01L) + (3 mol)(8.206 x 10~ 2 L • atm/mol • k)(8 1.2 K)ln 

v 


20L 

5L 


) 


= 31.7L-atmx 


101.3 J 
atm 


(c) Apply the first law of 
thermodynamics to obtain: 


3.21kJ 

QhBC ~ WABC + A^int = ^ABC + CyAT 
= W AEC +\nRAT 
= W A[C +i„R(T c -T A ) 


Substitute numerical values and evaluate Qabc- 


Q abc = 3.21 kJ +1 (3 mol) (8.314 J/mol • K)(81.2 K - 65.2 K) 


3.81kJ 


Remarks: The difference between Rabc and £? A bc is the change in the internal 
energy AE^abc during this process. 
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*89 « 

Picture the Problem We can use the ideal-gas law to find the temperatures T A and T c . 
Because the process DC is isobaric, we can find the area under this line geometrically. 
We can use the expression for the work done during an isothermal expansion to find the 
work done between A and D and the first law of thermodynamics to find Qadq. 


(a) Using the ideal-gas law, find the 
temperature at point A: 


Use the ideal-gas law to find the 
temperature at point C: 


(j b ) Express the work done by the 
gas along the path ADC: 


p V 

1 A v A 

7 iR 

_ (4atm)(4.01L) 

(3 mo l)(8.206x10 ^ L-atm/mol-K) 

- 65.2K 


. _ P c Vc 

c nR 

_ (latm)(20L) 

(3 mo l)(8.206x 10 2 L-atm/mol-K) 

= 81.2K 


W A dc=W ad +W D c 

(v ^ 

= nRT. In -h 
V 

\ y A 


+ p AV 

T 1 DC ^ r DC 


Use the ideal-gas law to find the volume of the gas at point D: 

_ nRT d _ (3mol)(8.206x10 2 L-atm/mol-K)(65.2K) _ ^ 

" P D 1 atm 


Substitute numerical values and evaluate Wadc- 


W ADC = (3mol)(8.206x 10 2 L • atm/mol-K)(65.2K)ln 

+ (latm)(20L-16.1L) 

101.325 J 


a 16 . 1 L^ 


4.OIL 


= 26.2 L-atm x 


L • atm 


2.65kJ 


0ADC ~ ^ADC + ^"int _ ^ADC + CyAT 

= W kdc +}nRAT 
= W MX +±nR(T c -T J ) 


(c) Apply the first law of 
thermodynamics to obtain: 
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Substitute numerical values and evaluate Qadq. 


Q adc = 2.65 kJ + j (3 mol) (8.314 J/mol • K)(81.2 K - 65.2 K) 


3.25 kJ 


90 » 

Picture the Problem We can use the ideal-gas law to find the temperatures T A and T c . 
Because the process AB is isobaric, we can find the area under this line geometrically. 
We can find the work done during the adiabatic expansion between B and C using 
W BC = -C v AT bc and the first law of themiodynamics to find Qabc- 


The work done by the gas along 
path ABC is given by: 


Use the ideal-gas law to find T A : 


Use the ideal-gas law to find T B : 


Use the ideal-gas law to find 7c: 


~ ^AB^^AB C v A T hc 

= P AB AV AB -±nRAT BC 
because, with Q m = 0, W B c = -AE inUBC . 


A nR 

(4atm)(4.01L) 

(3 mo l)(8.206x 10 2 L-atm/mol-K) 
= 65.2K 

B nR 

(4atm)(8.71L) 

(3 mo l)(8.206x 10 2 L-atm/mol-K) 
= 142K 

. _ P C V C 

c nR 

_ (latm)(20L) 

(3 mo 1) (s. 2 06 x 10 L • atm/mol ■ k) 

= 81.2K 


Apply the pressure-volume P B V B = P ( V A 

relationship for a quasi-static an q 

adiabatic process to the gas at 
points B and C to find the 
volume of the gas at point B: 
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V B = 


f p h 

r c 


V 


V c = 


b y 

= 8.71L 


/ 1 atm ' 
4 atm 


(20 L) 


Substitute numerical values and evaluate Wabc- 


W A B C = (4atm)(8.71L —4.01L)--|(3mol)(8.206xl0 2 L-atm/mol-K) 

x(81.2K-142K) 

101.325 J 


= 41.3L-atmx 


atm 


4.18kJ 


Apply the 1 st law of 
thermodynamics to obtain: 


0ABC — ^ABC + ^hnt — ^ABC + C y AT 
= W ABC +jnRAT 

= w ABC +i>tR(r c -r A ) 


Substitute numerical values and evaluate Qabc- 


Q abc = 4.18 kJ +1 (3 mol) (8.314 J/mol • K)(81.2 K - 65.2 K) 


4.78kJ 


91 •• 

Picture the Problem We can find c at T- 4 K by direct substitution. Because c is a 
function of T, we’ll integrate dQ over the given temperature interval in order to find the 
heat required to heat copper from 1 to 3 K. 

(a) Substitute for a and b to obtain: c = (o.0108 J/kg • K 2 )T 

+ (7.62 x 10^ 4 J/kg • K 4 )r 3 

Evaluate c at T= 4 K: c(4K)= (o.0108 J/kg • K 2 )(4K) 

+ (7.62 x 1 O' 4 J/kg-K 4 )(4K) 3 
= 9.20x10 2 J/kg-K 


(b) Express and evaluate the integral of Q : 

T f 3K 3K 

Q = J c(t) dT = ( 0 . 01 08 J/kg • K 2 ) J TdT + (7.62 x 1 0 4 J/kg • K 4 ) J T^dT 


= (0.0108 J/kg -K 2 ) 



IK 

+ (7.62 x 10 ~ 4 J/kg-K 4 ) 


rj~ »4 

T 


3 K 


IK 


IK 


0.0584J/kg 
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Picture the Problem We can use the first law of thermodynamics to relate the heat 
escaping from the system to the amount of work done by the gas and the change in its 
internal energy. We can use the expression for the work done during an isothermal 
process to find the temperature along the isotherm. 


Apply the first law of 
thermodynamics to this isothermal 
process: 

For an isothermal process: 


a 


= A£ int -^or 



Substitute to obtain: 


IF 


"On = 


f 

-170calx 

V 


4.184 .C 
cal j 


= 711J 


Because W bys!is = -W on : 


fK 


by gas 


-711J 


Express the work done during an 
isothermal process: 


W bygas =nRT\n 


r z O 


Solve for T=T X = T f : 


Substitute numerical values and 
evaluate T: 


T = 


W, 


by gas 


nR In 


\ V \ J 


T = 


-711J 


(2mol)(8.314 J/mol-K)ln 


f 8L A 


v 18L y 


= 52.7K 


93 •• 

Picture the Problem Let the subscripts 1 and 2 refer to the initial and final values of 
temperature, pressure, and volume. We can relate the work done on a gas during an 
adiabatic process to the pressures and volumes of the initial and final points on the path 
PV -P,V, 

using W = —— 1 and find P\ by eliminating P 2 using P^V' = /7F7 , where, for a 

7-1 

diatomic gas, y= 1.4. Once we’ve determined P\ we can use the ideal-gas law to find T\ 
and the first law of thermodynamics to find T 2 . Finally, we can apply the ideal-gas law a 
second time to determine P 2 . 
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Relate the work done on a gas 
during an adiabatic process to the 
pressures and volumes of the initial 
and final points on the path: 


Using the equation for a quasi-static 
adiabatic process, relate the initial 
and final pressures and volumes: 

Substitute to obtain: 


Solve for/h: 


Substitute numerical values and 
evaluate P \: 


Use the ideal-gas law to find 7\: 


Apply the first law of 
thermodynamics to obtain: 


Solve for and evaluate T 2 : 


W„ 


P&-PV 2 

/-I 


Pi 


V i 


£ 

Pi 


V 2 


\ 

J 


7-1 


py r =pyi => = 






= 


f 

ru 

r ^ 

v x - 

v 2 

V 

W> 

7 




7-1 

lf(7-l) 




F, 


(— 820 j)(l ,4— l) 

M “ / \ 1.4 “ 

18L-W (8L) 


47.6 kPa 


2 i = 


_ (47.6kPa)(l8L) 

«/? (2mol)(8.314J/mol-K) 


= 51.5K 


M iBt =Q in + W OD 

or, because Q m = 0 for an adiabatic process, 

A£,„ = if„=c v Ar = i^(r 2 -j;) 


7 ; = 7 ;- 


|«7? 


= 51.5K- 


-820 J 


| (2 mol) (8.314 J/mol • K) 


71.2K 
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Use the ideal-gas law to find P 2 \ 


P 2 = 


nRT 2 

(2mol)(8.314J/mol-K)(71.2K) 

8 L 


148kPa 


94 •• 

Picture the Problem Let the subscripts 1 and 2 refer to the initial and final state 
respectively. Because the gas is initially at STP, we know that V\ = 22.4 L, P x = 1 atm, 
and T\ = 273 K. We can use W = —nRT ln(V, /V l ) to find the work done on the gas 

during an isothermal compression. We can relate the work done on a gas during an 
adiabatic process to the pressures and volumes of the initial and final points on the path 
PV -PV 

using W = — 5 -=—=- and find P\ by eliminating P 2 using P X V{' = P 2 V 2 , where, for a 

7~ 1 

diatomic gas, y = 1.4. 


(a) Express the work done on the 
gas in compressing it isothermally: 


W.„ =-nRT In 


■V 


V, 


V'l/ 


Find the number of moles in 30 g of 
CO(M=28g/mol): 


30 g = 1.07 mol 
28g/mol 


Substitute numerical values and evaluate W on : 


W m 


-(1.07 


mol)(8.314J/mol-K)(273K)ln 


i'= 

3.91 kJ 




( b ) Express the work done on the 
gas in compressing it adiabatically: 


W„„ 


y -1 


v, 



v 2 


\ 

J 


7 - 1 


w =m 


- 2 _ 


Pi 


r vV 

K V 2j 


Using the equation for a quasi-static 
adiabatic process, relate the initial 
and final pressures and volumes: 
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Substitute for P 2 /P iand simplify to obtain: 


W = — 


f 

(vA 

y ^ 


f 

(vA 

y ') 

V, 


f 

(vA 

r\ 

v x - 


v ., 

P x 

v x - 



py x 

1 

0 

io 



V 


) 


V 

^2) 

5 

7 


V 

y 

\ v 2 ) 

J 


7~ 1 


r-i 


r-i 


Substitute numerical values and evaluate W on : 


_ (l 01.3 kPa)(l .07 mol)(22.4 L/mol)(l - 0.2(5)‘ 4 ) 

1.4-1 


5.49kJ 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final state 
respectively. Because the gas is initially at STP, we know that V\ = 22.4 L, P\ = 1 atm, 
and T x = 273 K. We can use W = —nRT\x\(V 2 /V ] ) to find the work done on the gas 


during an isothermal compression. We can relate the work done on a gas during an 
adiabatic process to the pressures and volumes of the initial and final points on the path 


using W = 


P X V { -P 2 V 2 


7~ 1 


and find P\ by eliminating P 2 using 7 = P 2 V 2 . We can find y 


using the data in Table 19-3. 


(a) Express the work done on the 
gas in compressing it isothermally: 


W m =-nRT In 




Find the number of moles in 30 g of 
C0 2 (M = 44 g/mol): 


30g 

44 g/mol 


0.682 mol 


Substitute numerical values and evaluate W oa : 

W on = -(0.682 mol)(8.314 J/mol • K)(273K)lnf - 


-- 

2.49 kJ 

UJ 



pv -PV 
\y = _£o_ -U 2 


7-1 


(b ) Express the work done on the 
gas in compressing it adiabatically: 
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Using the equation for a quasi-static 
adiabatic process, relate the initial 
and final pressures and volumes: 


m=m- 


r v^ r 

\ V 2j 


Substitute for / j 2 /7 j i and simplify to obtain: 


W„, 


f 

(v \\ 

y \ 


r 

(V-^ 

y \ 

K 


r 

fv,) 

y\ 

v x - 


V , 

P } 

V 1 - 



p x v x 

1 

o 

iu 




v 

\ V 2 ) 




v 

\ V 2 ) 

5 



v 

\ V 2 ) 

J 


y -1 y -1 y -1 


From Table 18-3 we have: 


Evaluate y. 


c v = 3.39 R 
and 


c p =(3.39 + 1.02)/? = 4.41/? 


c 4 41 R 

y = — = __f_ = 1.30 

c v 3.39 R 


Substitute numerical values and evaluate W on : 


IF = 


(l01.3kPa)(0.682mol)(22.4L/mol)(l-0.2(5)* 3 ) 
1.3-1 


3.20kJ 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final states 
respectively. Because the gas is initially at STP, we know that V\ = 22.4 L, P\ = 1 atm, 
and Ti = 273 K. We can use W = —nRT ln(F 2 /F,) to find the work done on the gas 

during an isothermal compression. We can relate the work done on a gas during an 
adiabatic process to the pressures and volumes of the initial and final points on the path 
py _ py 

using W = ——■-=-^=-and find P\ by eliminating^ using P t V{' = P-, F/, where, for a 

Y -1 

monatomic gas, y= 1.67. 


(a) Express the work done on the 
gas in compressing it isothermally: 


W =-nRT In 




Find the number of moles in 30 g of 
Ar (M= 40 g/mol): 


30g 

40 g/mol 


0.750mol 


Substitute numerical values and evaluate lV on : 
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W on = -(0.75 mol)(8.314 J/mol • K)(273K)ln 


/ i A 




2.74 kJ 


( b ) Express the work done on the gas 
in compressing it adiabatically: 


W m 


py -pv 

1 V\ 1 2 y 2 


r -1 


Vi 


P2 

Pi 


v 2 


v 

) 


7 -1 


Using the equation for a quasi-static 
adiabatic process, relate the initial 
and final pressures and volumes: 


py r = pj t- 


'v? 

\ V 2j 


Substitute for P 2 /P\ and simplify to obtain: 


W„, 


( 

(k) 

r ^ 


r 

(k) 

r ^ 
V, 


r 

fO 

r\ 

V l - 


v ., 

p x 

v x - 



py 

1 

0 

ij 




[v 2 ) 




l v 2 ) 

5 



l v 2 ) 

J 


y -1 y-1 y -1 


Substitute numerical values and evaluate W on : 


IF =- 


(l01.3kPa)(0.75mol)(22.4L/mol)(l-0.2(5) 1 - 67 ) 
1.67-1 


4.93 kJ 
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Picture the Problem We can use conservation of energy to relate the final temperature to 
the heat capacities of the gas and the solid. We can apply the Dulong-Petit law to find the 
heat capacity of the solid at constant volume and use the fact that the gas is diatomic to 
find its heat capacity at constant volume. 


Apply conservation of energy to this 
process: 


A0 = O 


or 


Cv,„h, -100K)-C v ^(200K-r,) = 0 

(100K)(C v J+(200K)(C 

V,solid ) 


T = 

1 f 


Agas , _ 

c + c 

^V,gas ^ W,solid 


Solve for T { : 
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Using the Dulong-Petit law, 
determine the heat capacity of the 
solid at constant volume: 

Determine the heat capacity of the 
gas at constant volume: 


^v, solid ~ ^nR 

= 3(2 mol)(8.314 J/mol • K) 
= 49.9 J/K 

C V,gas =J llR 

= f(lmol)(8.314 J/mol-K) 
= 20.8 J/K 


Substitute numerical values and evaluate T f : 


_ (100K)(20.8J/K) + (200K)(49.9J/K) 
f ~ 20.8 J/K + 49.9 J/K 


171K 


*98 « 

Picture the Problem We can express the work done during an isobaric process as the 
product of the temperature and the change in volume and relate Q to AT through the 
definition of C P . Finally, we can use the first law of thermodynamics to show that AE inl = 
C V AT. 


(a) 


For an ideal gas, the internal energy is the sum of the kinetic energies of the 
gas molecules, which is proportional to kT. Consequently, U is a function 
of T only and A E int = C V AT. 


(b ) Use the first law of 
thennodynamics to relate the work 
done on the gas, the heat entering the 
gas, and the change in the internal 
energy of the gas: 

At constant pressure: 


Relate Q m to C P and AT: 


A£,„, = Q„ + K 


= Pfc-V^nRfa-T^ 11 RAT 
and 

W on =-W hy&s =-nRAT 
On = C ? AT 


Substitute to obtain: 


A E int =C P AT-nRAT 


= (C P -nR)AT = 


C V AT 
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Picture the Problem We can use Q m = C\AT = \nRAT to find Q m for the constant- 

volume process and Q m = C P AT = ^nRAT to find Q m for the isobaric process. The 

v t 

work done by the gas is given by W = J PdV. Finally, we can apply the first law of 

v, 

thermodynamics to find the change in the internal energy of the gas from the work done 
on the gas and the heat that enters the gas. 


(a) The heat added to the gas 
during this process is given by: 

Substitute numerical values and evaluate 

Qm- 

For a constant-volume process: 


Qm =\nRAT 

Q m = 4 (l mol)(8.314 J/mol • K)(300 k) 
= 3.74kJ 

w = FTT 

r r by the gas ^ 


Apply the 1 st law of AE mt = Q m +W on (1) 

thennodynamics to obtain: 


Substitute for Q m and W on in 
equation (1) and evaluate AE m {- 


AE int = 3.74kJ + 0 = 


3.74kJ 


(b ) Relate the heat absorbed by the 
gas to the change in its 
temperature: 


Qm = C P AT = \nRAT 

= |(lmol)(8.314J/mol-K)(300K) 

= 6.24kJ 


For a constant-pressure process 
that begins at temperature T t and 
ends at temperature T f , the work 
done by the gas is given by: 


K,*, m = ipd’ / = P(r<-r i ) 

v x 

= "R(T,-T,) 


Substitute numerical values and 
evaluate W bytbesas : 


K, tog „ = (1 mol)(8.314 J/mol • K)(300K) 
= 2.49kJ 


Apply the 1 st law of AE mt = W on + Q m 

themiodynamics to express the 

change in the internal energy of 

the gas during this isobaric 

expansion: 
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Because the Jkb yg a S = -W oa .- 


^int — ^by the gas + fin 


Substitute numerical values and 


AE mt = -2.49 kJ + 6.24 kJ = 3.75kJ 


evaluate AE mt \ 

Remarks: Because AElnt depends only on the initial and final temperatures of the 
gas, the values for Aiijnt for Part (a) and Part ( b ) should be they same. They differ 
slightly due to rounding. 
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Picture the Problem We can use Q m = C P AT to find the change in temperature during 
this isobaric process and the first law of thermodynamics to relate W, Q, and AE iat . We 
can use AE- mt = \nRAT to find the change in the internal energy of the gas during the 

isobaric process and the ideal-gas law for a fixed amount of gas to express the ratio of the 
final and initial volumes. 

(a) Relate the change in temperature ^ _ Q m _ Q m 

to Q m and C P and evaluate AT: C P \nR 


500 J 


|(2mol)(8.314J/mol-K) 


8.59K 


( b ) Apply the first law of 
thermodynamics to relate the work 
done on the gas to the heat supplied 
and the change in its internal 
energy: 


K n =M mt -Q m =C v AT-Q m 

= \nRAT-Q m 


Substitute numerical values and 
evaluate W on \ 


W 0B =f(2mol)(8.314J/mol-K)(8.59K) 
-500 J 
= -143J 


Because tfibygas = -Ikon: 

(c) Using the ideal-gas law for a 
fixed amount of gas, relate the 
initial and final pressures, volumes 
and temperatures: 




T T 
1 r 


or, because the process is isobaric, 
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Solve for and evaluate L/K,: 


V f _ T { _ T l +AT 

_ 293.15K + 8.59K 
293.15K 


101 •• 

Picture the Problem Knowing the rate at which energy is supplied, we can obtain the 
data we need to plot this graph by finding the time required to warm the ice to 0°C, melt 
the ice, warm the water formed from the ice to 100°C, vaporize the water, and warm the 
water to 110°C. 


Find the time required to warm the ^ _ m c ice AT 

ice to 0°C: 1 P 

_ (0.1kg)(2kJ/kg -K)(10K) 
100 J/s 

= 20.0s 


Find the time required to melt the ice: 


_ mL f _ (0.1kg)(333.5kJ/kg) 
P 100 J/s 

= 333.5s 


Find the time required to heat the 
water to 100°C: 


Find the time required to vaporize 
the water: 


At, 


mc w AT 


P 

(0.1 kg)(4.18kJ/kg • K)(l 00 K) 
100 J/s 


= 418s 


_ mLy _ (0.1kg)(2257kJ/kg) 
P lOOJ/s 

= 2257 s 


Find the time required to heat the 
vapor to 110°C: 


A t 5 


me 


steam 


AT 


P 

(0.1kg)(2kJ/kg-K)(l0K) 

lOOJ/s 


= 20s 
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The temperature T as a function of 
time t is shown to the right: 


T,°C 



*102 •• 

Picture the Problem We know that, for an adiabatic process, Q m = 0. Hence the work 
done by the expanding gas equals the change in its internal energy. Because we’re given 
the work done by the gas during the expansion, we can express the change in the 
temperature of the gas in terms of this work and Cy. 


Express the final temperature of the 
gas as a result of its expansion: 

Apply the equation for adiabatic 
work and solve for AT: 


Substitute and evaluate T { : 


T=T+AT 


W =-C AT 

vv adiabatic '-'V ZAJ 

and 

W W 

^Y _ _ adiabatic _ adiabatic 


C, 


4 nR 


W 

_ Y adiabatic 

~ ' | nR 

= 3° 0K - 7 - v 3 ' 5kJ -, 

4 (2 mol)(8.314 J/mol • K) 




103 •• 

Picture the Problem Because P\V( = APy*, 
and Vf = Vi/2, the path for which the work 
done by the gas is a minimum while the 
pressure never falls below P ; is shown on 
the adjacent PV diagram. We can apply the 
first law of thermodynamics to relate the 
heat transferred to the gas to its change in 
internal energy and the work done on the 
gas. 


8 P, 


- 


v4 T 
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Using the first law of 
thermodynamics, relate the heat 
transferred to the gas to its change in 
internal energy and the work done 
on the gas: 

Solve for Q m : 

Express the work done during this 
process: 


Express AE int for the process: 


A E mt =Q m + W on 


O = AE. - W 

•sLin ^^int on 

w -w +w 

on isobaric process constant volume 

= P i AI’ + 0=I>(jV 1 -V 1 ) 

= }P i V i =}nRT = jRT 

because n = 1 mol. 

A E mt = C W AT = pi RAT = \nR{3T) 

= ! RT 

because n = 1 mol. 


Substitute to obtain: 


fin 


9 _ 

2 


RT 


1 

2 


RT = 


ART 


104 •• 

Picture the Problem We can solve the ideal-gas law for the dilute solution for the 
increase in pressure and find the number of solute molecules dissolved in the water from 
their mass and molecular weight. 


Solve the ideal gas law for P to p _ NkT 

obtain: V 


Express the number of solute ^ _ mN A 

molecules N in terms of the number A /V/ NaCI 

of moles n and Avogadro’s number 

and then express the number of 

moles in terms of the mass of the 

salt and its molecular mass: 

Substitute to obtain: p _ tnN A kT 

“ M NaC1 F 


Substitute numerical values and evaluate P: 


p _ (30g)(6.022 x 10 23 particles/mol)(l .381x10 23 J/k)(297K) 

(58.4g/mol)(l 0 ’ in') 


1.27 x 10 6 N/m 2 
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105 « 

Picture the Problem Let the subscripts 1 and 2 refer to the initial and final states in this 
adiabatic expansion. We can use an equation describing a quasi-static adiabatic process to 
express the final temperature as a function of the initial temperature and the initial and 
final volumes. 


Using the equation for a quasi-static 
adiabatic process, relate the initial 
and final volumes and temperatures: 

Solve for and evaluate T 2 : 


r v ?- 1 

1 2 y 2 




y -1 


T =T 
1 2 1 \ 




396K 


(300K)(2) 1 - 4 ^ 1 


106 •• 

Picture the Problem We can simplify our calculations by relating Avogadro’s number 
Na, Boltzmann’s constant k, the number of moles n, and the number of molecules A in the 
gas and solving for N A k. We can then calculate L^ook and U M k, k and their difference. 

Express the increase in internal 
energy per mole resulting from the 
heating of diamond: 

Express the relationship between 
Avogadro’s number N A , 

Boltzmann’s constant k, the number 
of moles n, and the number of 
molecules Ain the gas: 

Substitute in the given equation to 
obtain: 

Determine (Aook: t T _ 3(8.314J/mol-K)(l060K.) 

^ 300 K ~ ^1060 K/300K _ | 

= 795 J 


Determine (Aook: t T _ 3(8.314 J/mol-K)(l060K.) 

^eOOK — ^1060K/600K _ | 

= 5.45kJ 


~ ^600 K ^300K 


nR = Nk => R = —k=N A k 


u = - 3RT * 


e T » /T -l 
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Substitute to obtain: AC/ - C/ 600K -C/ 300K - 5.45kJ-795J 

= 4.66 kJ 


*107 ••• 

Picture the Problem The isothermal 
expansion followed by an adiabatic 
compression is shown on the PV diagram. 
The path 1 —>2 is isothermal and the path 
2—>3 is adiabatic. We can apply the ideal- 
gas law for a fixed amount of gas and an 
isothermal process to find the pressure at 
point 2 and the pressure-volume 
relationship for a quasi-static adiabatic 
process to determine^ 


P 



(a) Relate the initial and final 
pressures and volumes for the 
isothermal expansion and solve for 
and evaluate the final pressure: 

( b ) Relate the initial and final 
pressures and volumes for the 
adiabatic compression: 


Take the natural logarithm of both 
sides of this equation and solve for 
and evaluate y : 


PV =PV 

'l'l 1 2 y 2 

and 

V V 

P = P — = P —— = 

r 2 M T , r 0 




2K 


±P 

2 1 0 


PV r =PV r 
1 2 y 2 


or 

iPpKY = 1.32W 
which simplifies to 
2 y = 2.64 


yin 2 = In 2.64 
and 

ln2.64 


r = 


In 2 


= 1.40 


.'. the gas is diatomic. 


In the isothermal process, T is constant, and the translational kinetic energy 
is unchanged. 


In the adiabatic process, T 3 = 1.32 T 0 , and the translational kinetic energy 
increases by a factor of 1.32. 
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108 ••• 

Picture the Problem In this problem the specific heat of the combustion products 
depends on the temperature. Although C P increases gradually from (9/2)A per mol to 
(15/2))? per mol at high temperatures, we’ll assume that C P = 4.5)? below T= 2000 K and 
C P = 7.5)? above T= 2000 K. We’ll also use R = 2.0 cal/mol-K. We can find the final 
temperature following combustion from the heat made available during the combustion 
and the final pressure by applying the ideal-gas law to the initial and final states of the 
gases. 


(a) Relate the heat available in this ^available = nC ? AT 

combustion process to the change in = n(7.5R)(T f —7]) 

temperature of the triatomic gases: 


Solve for T f to obtain: 


T = 


^available 

1.5nR 


+ T 


( 1 ) 


Express Q available to heat the gases 
above 2000 K: 


^available ^released Q-9 mol to 2000K 

C^heatCO, C?steam 


( 2 ) 


Express the energy released in the Released = \(l 516 kcal) = 758kcal 

combustion of 1 mol of benzene: 


Noting that there are 3 mol of H 2 0 Q s tea m _ n M w c w AT + n M w L y 

and 6 mol of C0 2 , find the heat = (3 mol)(l 8 g/mol) 

required to form the products at x (l ca l/g • K)(373K -300K) 

+(3mol)(l8g/mol)(540cal/g) 
= 33.10kcal 
and 

Sheatco, = nC p AT = 4.5nRAT 

= 4.5(6 mol)(2 cal/mol-K) 
x(373K-300K) 

= 3.942 kcal 


Find Q required to heat 9 mol of gas 09moito2oooK - nC p AT - 4.5nRAT 

to 2000 K: = 4.5(9mol)(2cal/mol-K) 

x(2000K-373K) 

= 43.93 kcal 
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Substitute in equation (2) to obtain: 


Substitute in equation (1) and 
evaluate 7}: 


Apply the ideal-gas law to express 
the final volume in terms of the final 
temperature and pressure: 


(. b) Apply the ideal-gas law to relate 
the final temperature, pressure, and 
volume to the number of moles in 
the final state: 

Apply the ideal-gas law to relate the 
initial temperature, pressure, and 
volume to the number of moles in 
the initial state: 

Divide the first of these equations by 
the second and solve for P { : 


Find the initial volume V, occupied 
by 8.5 mol of gas at 300 K and 1 
atm: 


Available = 758kcal-131.79kcal 
-3.94 kcal-33.10kcal 
= 589.2 kcal 


T = 

1 f 


589.2kcal 

7.5(9 mol)(2 cal/mol • K) 


+ 2000K 


6364K 


(9mol)(8.314J/mol-K)(6364K) 

101.3kPa 

4.70 m 3 


P f V f = n f RT f 


PV = n,RT, 


P f V ’ f _ n f RT ( 
PV ~ n-RT- 


or, because 7>= T„ 


P t =Pi 


f \ 

n f 

(K) 

Ui J 

UJ 


(3) 


V t = (22.4L/mol)(8.5 


f 

mol) 

v 


300K" 
273 K y 


= 209.2 L 
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Substitute numerical values in 
equation (3) and evaluate V(. 


P { = (101.3 kPa) 


9 mol N 

f 209.2L^j 

v 8.5mol y 

latm 

[4700L J 


101.325kPa 


0.0471 atm 


*109 ••• 

Picture the Problem In this problem the specific heat of the combustion products 
depends on the temperature. Although C P increases gradually from (9/2) A per mol to 
(15/2))? per mol at high temperatures, we’ll assume that C P = 4.5)? below T= 2000 K and 
C P = 7.5 R above T= 2000 K. We can find the final temperature following combustion 
from the heat made available during the combustion and the final pressure by applying 
the ideal-gas law to the initial and final states of the gases. 


(a) Apply the ideal-gas law to find 
the pressure due to 3 mol at 300 K 
in the container prior to the reaction: 


( b ) Relate the heat available in this 
adiabatic process to C v and the 
change in temperature of the gases: 

Because T> 2000 K: 

Substitute to obtain: 

Solve for 7} to obtain: 


nRT t 


(3mol)(8.314J/mol-K)(300K) 

80L 

93.5 kPa 


^^int ^available 

= cAt,-t.) 


C v = Cp —nR = n(l .5R)-nR = 6.5 nR 
^available = 6.5/?/?(7| — T { ) 

_ ^available | j' 

f ~ 6.5 nR 5 


Find Q required to raise 2 mol of Q t = C V AT 

C0 2 to 2000 K: eat 2 


For T< 2000 K: 


C v = C P - nR = «(4.5 )?)-nR = 3.5nR 
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Substitute for CV and find the heat 
required to warm to C0 2 to 2000 K: 


Find Q available to heat 2 mol of 
C0 2 above 2000 K: 


0heatco 2 = 3.5 n RAT 

= 3.5(2 mol)(8.314 J/mol-K) 
x(2000K-300K) 

= 98.94kJ 

Available =560kJ-98.94kJ 
= 461. lkJ 


Substitute in equation (1) and 
evaluate T { : 


T = 

1 f 


_ 461.1kJ _ 

6.5(2 mol)(8.314 J/mol-K) 


+ 2000K 


6266 K 


Apply the ideal-gas law to relate the P f V f = n f RT f 

final temperature, pressure, and 
volume to the number of moles in 
the final state: 


Apply the ideal-gas law to relate the P\V t = n l RT l 

initial temperature, pressure, and 
volume to the number of moles in 
the initial state: 


Divide the first of these equations by 
the second and solve for Pf. 


P f V ’ f _ n f RT f 
PV: ~ n.RT. 


or, because Vf = V„ 


P t =Pi 




V H i J 


( r r \ 


\ T u 


( 2 ) 


Substitute numerical values in 
equation (2) and evaluate Pf. 


f 

P f =(93.53kPa) 

v 


2 mol 

3 mol 


A 


6266K" 
300 K , 


1.30 MPa 


(c) Substitute numerical values in 
equation (2) and evaluate Pf for 
r f =273 K: 


f 

P f =(93.53 kPa) 

v 


2 mol" 
3mol y 


" 273 K " 
v 300K y 


56.7 kPa 





1444 Chapter 18 


110 ••• 

Picture the Problem The molar heat capacity at constant volume is related to the internal 

1 dU 

energy per mole according to c v =-. We can differentiate U with respect to 

n dT 

temperature and use nR = Nk or R = N to establish the result given in the problem 
statement. 


From Problem 106 we have, for the ,, _ 3N A kT E 

internal energy per mol: e E/ — 1 

Relate the molar heat capacity at _ 1 dU 

Cy 

constant volume to the internal n dT 

energy per mol: 


TT ' I uu 

Use c v =-to express c v : 

n dT 


_\ d_ 
n dT 

= 3RE 


2N A kT E 
e T ^ T - 1 


= 3 RT C 


d_ 

dT 


& T -l 


= 3 RE 


-1 


(e r “ /T -\J 


-1 

e R /T 

( T 7 "\ 

1 E 


3 R 

( t ^ 

1 E 

2 e TT 

-1 

r-i 

1 

_1 

l T 2 )_ 


VTJ 

(e T '' T -\) 2 
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Picture the Problem We can rewrite our expression for c v by dividing its numerator and 

denominator by e r ' : ^ and then using the power series for e to show that, for T > Te, 
c v « 3R . In part (/;), we can use the result of Problem 103 to obtain values for c v every 

100 K between 300 K and 600 K and use this data to find A U numerically. 


(a) From Problem 110 we have: 


Divide the numerator and 
denominator by e T,;/T to obtain: 


c v = 3 R 


c v = 3 R 


= 3 R 


f T \ 

1 E 

hi 

CN _ 

[Tj 

(e T '/ T -\) 2 

f T \ 

1 E 

2 1 

UJ 

e 2TjT _ 2e T E / r +l 

e T * /T 

f T \ 

1 E 

2 1 

UJ 

e rJT _ 2 + e -T E /T 
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Apply the power series expansion to 
obtain: 


Substitute to obtain: 


e 7 ®/ 7 —2 + e~ T ^ T = i + — + — 
T 2 


T 1 

+ ...-2 + 1 —^ + - 

T 2 


\T 

+ ... 


\ * J 


for T > T b 


W J 


c v « 3 R 


J 


3 R 


V ‘ 2 


( b ) Use the result of Problem 110 to 
verify the table to the right: 


T 

c v 

(K) 

(J/mol-K) 

300 

9.65 

400 

14.33 

500 

17.38 

600 

19.35 


The following graph of specific heat as a function of temperature shown to the right was 
plotted using a spreadsheet program: 
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Integrate numerically, using the formula for the area of a trapezoid, to obtain: 

A U = ^(100 K)(9.65 +14.33) J/mol • K + {(lOO K)(l4.33 +17.38) J/mol • K 
+ 4(l00K)(l7.38 + 19.35)j/mol-K 


4.62 kJ 


a result in good agreement (< 1% difference) with the result of Problem 106. 

112 ••• 

Picture the Problem In ( a ) we’ll assume that z=f ( A/V , T, k, m) with the factors 
dependent on constants a, b, c, and d that we’ll find using dimensional analysis. In ( b ) 
we’ll use our result from (a) and assume that the diameter of the puncture is about 2 mm, 
that the tire volume is 0.1 m 3 , and that the air temperature is 20°C. 


(a) Express v=f{A!V, T, k, m ): 



( 1 ) 


Rewrite this equation in terms of the 
dimensions of the physical quantities 
to obtain: 



v 1 


where K represents the dimension of 
temperature. 


Simplify this dimensional equation 
to obtain: 


T 1 = L~ fl K fi M f L 2c K~ c T' 2c M rf 


or 


= L 



Equate exponents to obtain: 


T: -2c = 1, 

L : 2c - a = 0, 
K: b-c = 0, 


and 

M: c+d =0 


Solve these equations 
simultaneously to obtain: 



and 
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Substitute in equation (1): 


r = 


A 

V 




V 

j m 

a i 

~kT 


( b ) Substitute numerical values and evaluate r. 


T = 


0.1m 3 I (1.293 kg/m 3 )(0.1 m 3 ) 

^(2xl0- 3 m) 2 H8.314J/moLK)(293K) 
4 V ’ 


= 232 s = 


3.87 min 
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Chapter 19 

The Second Law of Thermodynamics 

Conceptual Problems 

l 

Determine the Concept Friction reduces the efficiency of the engine. 

*2 • 

Determine the Concept As described by the second law of thermodynamics, more heat 
must be transmitted to the outside world than is removed by a refrigerator or air 
conditioner. The heating coils on a refrigerator are inside the room-the refrigerator 
actually heats the room it is in. The heating coils on an air conditioner are outside, so the 
waste heat is vented to the outside. 

3 

Determine the Concept Increasing the temperature of the steam increases the Carnot 
efficiency, and generally increases the efficiency of any heat engine. 

4 

Determine the Concept To condense, water must lose heat. Because its entropy change 
is given by dS = dQ KV /T and dQ iev is negative, the entropy of the water decreases. 

(c) is correct. 


*5 • 

Determine the Concept 

(a) Because the temperature changes during an adiabatic process, the internal energy of the 
system changes continuously during the process. 


(b) Both the pressure and volume change during an adiabatic process and hence work is 
done by the system. 


(c) A Q = 0 during an adiabatic process. Therefore AS 


0 . 


( c ) is correct. 


(d) Because the pressure and volume change during an adiabatic process, so does the 
temperature. 

6 •• 

(a) False. The complete conversion of mechanical energy into heat is not prohibited by 
either the 1 st or 2 nd laws of thermodynamics and is common place in energy 
transformations. 

( b ) True. This is the heat-engine statement of the 2 nd law of thermodynamics. 


1449 
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(c) False. The efficiency of a heat engine is a function of the thermodynamic processes of 
its cycle. 

(d) False. With the input of sufficient energy, a heat pump can transfer a given quantity of 
heat from a cold reservoir to a hot reservoir. 

(e) False. The only restriction that the refrigerator statement of the 2 nd law places on the 
COP is that it can not be infinite. 

if) True. The Carnot engine, as a consequence of its thermodynamic processes, is 
reversible. 

( g ) False. The entropy of one system can decrease at the expense of one or more other 
systems. 

(h) True. This is one statement of the 2 nd law of thermodynamics. 

7 •• 

Determine the Concept The two 

paths are shown on the PV diagram 
to the right. We can use the concept 
of a state function to choose from 
among the alternatives given as 
possible answers to the problem. 

V. V, 



(a) Because E int is a state function and the initial and final states are the same for the two 
paths and AE mtA =AE mtB . 


(b ) and (c) S, like E mt , is a state function and its change when the system moves from one 
state to another depends only on the system’s initial and final states. It is not dependent 
on the process by which the change occurs and A S A = A S B . 


id) 


(d) is correct. 
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*8 •• 

Determine the Concept The processes 
A—>B and C—>D are adiabatic; the 
processes B—>C and D—»A are isothermal. 
The cycle is therefore the Camot cycle 
shown in the adjacent PV diagram. 


P 



9 

Determine the Concept Note that A—>B is an adiabatic expansion. B—>C is a constant 
volume process in which the entropy decreases; therefore heat is released. C—>D is an 
adiabatic compression. D—>A is a constant volume process that returns the gas to its 
original state. The cycle is that of the Otto engine (see Figure 19-3). 


10 •• 

Determine the Concept Refer to Figure 
19-3. Here a-^b is an adiabatic 
compression, so S is constant and T 
increases. Between b and c, heat is added 
to the system and both S and T increase. 
c—>d is again isentropic, i.e., without 
change in entropy, d—>a releases heat and 
both S and T decrease. The cycle on an ST 
diagram is sketched in the adjacent figure. 


s 



11 •• 

Determine the Concept Referring to Figure 
19-8, process 1 —>2 is an isothermal 
expansion. In this process heat is added to 
the system and the entropy and volume 
increase. Process 2—>3 is adiabatic, so S is 
constant as Fincreases. Process 3 —>4 is an 
isothermal compression in which S 
decreases and V also decreases. Finally, 
process 4—>1 is adiabatic, i.e., isentropic, 
and S is constant while V decreases. The 
cycle is shown in the adjacent SV diagram. 


S 
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12 « 

Picture the Problem The SV diagram of the Otto cycle is shown in Figure 19-13. (see 
Problem 9) 


13 •• 

Determine the Concept Process A^B is 
at constant entropy, i.e., an adiabatic 
process in which the pressure increases. 
Process B—>C is one in which P is 
constant and S decreases; heat is exhausted 
from the system and the volume decreases. 
Process C—>D is an adiabatic compression. 
Process D—>A returns the system to its 
original state at constant pressure. The 
cycle is shown in the adjacent PV diagram. 


P 



*14 • 

Picture the Problem Let AT be the change in temperature and 
s= (7j, - T c )/T h be the initial efficiency. We can express the efficiencies of the Carnot 
engine resulting from the given changes in temperature and examine their ratio to decide 
which has the greater effect on increasing the efficiency. 


If T h is increased by AT , T, the new 
efficiency is: 

If T c is reduced by AT, the efficiency 
is: 

Divide the second of these equations 
by the first to obtain: 


„,_ T h +AT-T c 

T h +AT 

T h -T c +AT 

T h 

T h ~T c +AT 

s" _ T h _T b + AT 
V~ T h +AT-Tl~ T h 
T+AT 


Therefore, a reduction in the temperature of the cold reservoir by AT 
increases the efficiency more than an equal increase in the temperature 
of the hot reservoir. 
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Estimation and Approximation 

15 •• 

Picture the Problem The maximum efficiency of an automobile engine is given by the 
efficiency of a Carnot engine operating between the same two temperatures. We can use 
the expression for the Camot efficiency and the equation relating V and T for a quasi¬ 
static adiabatic expansion to express the Camot efficiency of the engine in terms of its 
compression ratio. 


Express the Carnot efficiency of an 
engine operating between the 
temperatures T c and T h : 

Relate the temperatures T c and T h to 
the volumes V c and Th for a quasi¬ 
static adiabatic compression from V c 
to V h : 


Solve for the ratio of T c to T h : 


Substitute to obtain: 


Express the compression ratio r: 


Substitute once more to obtain: 



T c vr=wr 1 


T V 

1 c _ ' h _ 


r -\ 


T h K 


r -1 


K 

kKj 


£ c = ] - 


/ \ y -1 


K 

K 


S c - 1 y -1 


Substitute numerical values for r and 
y(1.4 for diatomic gases) and 
evaluate Eq\ 


£ c = l~ 


(*r 


4-1 


= 0.565 = 


56.5% 


*16 •• 

Picture the Problem If we assume that the temperature on the inside of the refrigerator 
is 0°C (273 K) and the room temperature to be about 30°C (303 K), then the refrigerator 
must be able to maintain a temperature difference of about 30 K. We can use the 
definition of the COP of a refrigerator and the relationship between the temperatures of 
the hot and cold reservoir and | Q h | and Q c to find an upper limit on the COP of a 

household refrigerator. In ( b ) we can solve the definition of COP for Q c and differentiate 
the resulting equation with respect to time to estimate the rate at which heat is being 
drawn from the refrigerator compartment. 


(a) Using its definition, express the 
COP of a household refrigerator: 


COP = — 

w 


(1) 
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Apply the 1 st law of 
thermodynamics to the refrigerator 
to obtain: 

Substitute for W and simplify to 
obtain: 


Assume, for the sake of finding the 
upper limit on the COP, that the 
refrigerator is a Carnot refrigerator 
and relate the temperatures of the 

hot and cold reservoirs to \Q h \ and 

0 C : 

Substitute to obtain: 


Substitute numerical values and 
evaluate COP max : 


(b) Solve equation (1) for Q c : 


Differentiate equation (2) with 
respect to time to obtain: 

Substitute numerical values and 
evaluate dQJdt: 


w + Q C = \Q b 


COP = 


Qc 

&I-Sc 


l 

<2 C 


\9A = ^ 

Q c T c 


COP 



rnp =__ 

max 303 K 

273 K 

Q c = w(c op) 


9.10 


( 2 ) 


da 

dt 


= (cop) 


dW 

dt 


^ = (9.10)(600J/s) = 

dt 


5.46kW 


17 •• 

Picture the Problem We can use the definition of intensity to find the total power of 
sunlight hitting the earth and the definition of the change in entropy to find the changes 
the entropy of the earth and the sun resulting from the radiation from the sun. 

(a) Using its definition, express the 
intensity of the sun’s radiation on 
the earth in terms of the power 
delivered to the earth P and the 
earth’s cross sectional area A: 



P = IA = IttR 2 

where R is the radius of the earth. 


Solve for P and substitute for A to 
obtain: 
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Substitute numerical values and 
evaluate P: 

P = ;r(l .3 kW/m 2 )(6.37 x 10 6 m) 2 
= 1.66x 10 17 W 

(b ) Express clS em Jdt for the earth 
due to the flow of solar radiation: 

dearth _ P 

dt T earth 

Substitute numerical values and 
evaluate dS earth /dt: 

AO 1.66xl0 17 W 

dearth = - 

earth 290 K 

= 5.72 xlO 14 J/K-s 

(c ) Express dS sun /dt for the sun due 
to the outflow of solar radiation 
hitting the earth : 

dS m .... P 
dt T sun 

Substitute numerical values and 
evaluate dS sun /dt: 

dS SUB _ 1.66xl0 17 W 
dt 5400 K 

= 3.07 xlO 13 J/K-s 


18 •• 

Picture the Problem We can use the definition of intensity to find the total power 
radiated by the sun and the definition of the change in entropy to find the change in the 
entropy of the universe resulting from the radiation of 10 11 stars in 10 11 galaxies. 


(a) Using its definition, express the 
intensity of the sun’s radiation on 
the location of earth in terms of the 
total power it delivers to space P 
and the area of a sphere A whose 
radius is the distance from the sun to 
the earth: 

ii 

X | Ta 

Solve for P and substitute for A to 
obtain: 

P = IA = AnIR 1 

where R is the distance from the sun to the 
earth. 

Substitute numerical values and 
evaluate P: 

P = 4^-(l .3 kW/m 2 )(l .5 x 1 0 11 m) 2 
= 3.68xl0 26 W 

(Jj) ExprCSS AtSuniversg. 

AS-™. = 

1 universe 
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Substitute numerical values and 
evaluate Muniverse: 


AS.. 


10 22 (3.68x10 26 w) 

2.73K 

1.35 x 10 48 J/K • s 


19 •• 

Picture the Problem We can use the definition of entropy change to estimate the 
increase in entropy of the universe as a result of the heat produced by a typical human 
body. The entropy change is equivalent to the entropy change if the heat from the body 
were added to the universe reversibly. 


Express the increase in entropy of 
the universe as a result of the heat 
produced by a human body: 


_ ^6day + ^fiiight 

T T 

day night 


Using the definition of power, 
express the total heat produced by a 
human body: 

Assume that half of the heat is 
produced during the day and half at 
night: 

Substitute to obtain: 


A Q = PAt 


AOlay = A Q mght = \PAt 


AS.. 


I PAt 

\PAt 

2 

+ 2 

T 

T 

1 day 

night 


r , 


1 

4 PAt 

— + - 


T T 

\ day night J 


Use T = f (t F — 32)+ 273 to obtain: T day - 294 K and 7ni g ht - 286 K 

Substitute numerical values and evaluate A5 U : 


AS U = T(i00J/s)(24h/d)(3600s/h) 


1 


■ + ■ 


1 


294K 286K 


29.8 kJ/K 


*20 ••• 

Picture the Problem If you had one molecule in a box, it would have a 50% chance of 
being on one side or the other. We don’t care which side the molecules are on as long as 
they all are on one side, so with one molecule you have a 100% chance of it being on one 
side or the other. With two molecules, there are four possible combinations (both on one 
side, both on the other, one on one side and one on the other, and the reverse), so there is 
a 25% (1 in 4) chance of them both being on a particular side, or a 50% chance of them 
both being on either side. Extending this logic, the probability of A molecules all being 
on one side of the box is P = 2/2 N , which means that, if the molecules shuffle 100 times a 
second, the time it would take them to cover all the combinations and all get on one side 


or the other is t = 


2 ( 100 ) 


. In ( e ) we can apply the ideal gas law to find the number of 
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molecules in 1 L of air at a pressure of 10 12 torr and an assumed temperature of 300 K. 


(a) Evaluate t for N = 10 molecules: 


(. b ) Evaluate t for N = 100 molecules: 


(c) Evaluate t for N = 1000 
molecules: 


'T i , M000 i , i O 1000 i 

To evaluate 2 let 1U —2 and 
take the logarithm of both sides of 
the equation to obtain: 

Solve for x to obtain: 

Substitute to obtain: 


(d) Evaluate t for 
N = 6.02x10 23 molecules: 


T 1 i , ^>6.02xl0 23 i , 

To evaluate 2 let 

HE = 2 6 02x1 ° :3 and take the 
logarithm of both sides of the 
equation to obtain: 

Solve forx to obtain: 

Substitute to obtain: 


(e) Solve the ideal gas law for the 
number of molecules iV in the gas: 

Assuming the gas to be at room 
temperature (300 K), substitute 
numerical values and evaluate N: 


2 ( 100 ) 

2 100 

2 ( 100 ) 


5.12s 


6.34x 10 27 s 


2 .01x 10 20 y 


21000 

t ~ 2(100) 

(l000)ln2 = xlnlO 


x = 301 
10 301 


t = 


= 0.5 x 10 299 s 


2 ( 100 ) 


1.58 x 10 290 y 


26.02 x 10 23 

l ~ 2 ( 100 ) 

(6.02 x 10 23 )ln2 = xlnlO 


23 


x «10 

10 10 
t 


2(100) 


10 10 ' y 


N = 


PV 

kT 


_ (l0- 12 torr)(l33.32Pa/torr)(l0- 3 m 3 ) 
(l .381x10 23 J/K)(300 K) 

= 3.22x10 7 molecules 
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Evaluate Efor N= 3.22x10 7 
molecules: 


rji i i o3.22x10 7 i . 

To evaluate 1 let 

10' = 2 3 " x10 and take the 
logarithm of both sides of the 
equation to obtain: 

Solve for x to obtain: 

Substitute to obtain: 


Express the ratio of this waiting 
time to the lifetime of the universe 
T 

1 universe* 


23.22x10 7 

2(l00) 

(3.22x 10 7 )ln2 = xlnlO 


x «10 7 

T= io 107 


2 ( 100 ) 

T _ 10‘° 7 y 


IO 10 y 


10 10 y 


10 


10' 


or 
T : 


IO 10 T 


Heat Engines and Refrigerators 

21 • 

Picture the Problem We can use the definition of the efficiency of a heat engine to relate 
the work done W, the heat absorbed Q m , and the heat rejected each cycle Q m - 

(a) Express Q m in terms of W and s : 


(b ) Solve the definition of efficiency 
for and evaluate I Q out I: 


_ W _ 100J 
s ~ 0.2 


500 J 


laJ=e..(i-d=(5ooj)(i-o.2) 


22 • 

Picture the Problem We can use its definition to find the efficiency of a heat engine 
from the work done, the heat absorbed, and the heat rejected each cycle. 

(a) Use the definition of the _ W _ 120 J _ 

efficiency of a heat engine: Q m 400 J - 


(b ) Solve the definition of efficiency 
for and evaluate \Q mil |: 


|a»l=a,(i-0=(4ooj)(i-o.3) 

= 280 J 














The Second Law of Thermodynamics 1459 


23 • 

Picture the Problem We can use its definition to find the efficiency of the engine and 
the definition of power to find its power output. 


(a) Apply the definition of the 
efficiency of a heat engine: 


£ - 1 



60J 

100J 


40.0% 


( b ) Use the definition of power to 
find the power output of this engine: 


p= AIV = eQ b 
At At 


0.4(100 j) 
0.5s 


80.0 W 


*24 • 

Picture the Problem We can apply their definitions to find the COP of the refrigerator 
and the efficiency of the heat engine. 

(a) Using the definition of the COP, 
relate the heat absorbed from the 
cold reservoir to the work done each 
cycle: 

Relate the work done per cycle to Q h W = \Q h \ ~ Q c 

and Q c : 


COP = — 

w 


Substitute to obtain: 


Substitute numerical values and 
evaluate COP: 


COP = 


Qc 

\Q h \-Qc 


COP = 


5kJ 

|8kj|-5kJ 


1.67 


( b ) Use the definition of efficiency _ W_ 

to relate the work done per cycle to Q b 

the heat absorbed from the high- 
temperature reservoir: 


3kJ 

8kJ 


Substitute numerical values and 
evaluate s : 


37.5% 














1460 Chapter 19 


25 •• 

Picture the Problem To find the heat added during each step we need to find the 
temperatures in states 1, 2, 3, and 4. We can then find the work done on or by the gas 
along each pass from the area under each straight-line segment and the heat that enters or 
leaves the system from Q = C V AT and Q = C ? AT. We can find the efficiency of the 

cycle from the work done each cycle and the heat that enters the system each cycle. 


(a) The cycle is shown to the right: 



0 I-1-1-1-1-L. 

0 10 20 30 40 50 

V (L) 


Apply the ideal-gas law to state 1 to 
find T\\ 


The pressure doubles while the 
volume remains constant between 
states 1 and 2. Hence: 

The volume doubles while the 
pressure remains constant between 
states 2 and 3. Hence: 

The pressure is halved while the 
volume remains constant between 
states 3 and 4. Hence: 

For path 1—>2: 


T _ 

1 nR 

(latm)(24.6L) _ 

(l mo l)(8.206xl0 2 L ■ atm/mol ■ K.) 

= 300K 

T 2 =2T x =6WK 


T 2 =1T 2 =\10QK 


T 4 =\T 2 =600 if 


and 

Ql->2 = ^hnt,l—>2 = ^V^^l->2 


w^ 2 =pav x _ 



\RAT^ 2 =f(8.314 J/mol • K)(600 K - 300 K) 


3.74kJ 
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For path 2—>3: 


101 325 T 

W,_ 3 =PAV ^2 = (2 atm)(49.2L- 24.6 L) = 49.20 L- atm x---- 

L • atm 

= 4.99 kJ 


Q 2 ^ 3 =C P AT 2 ^ 3 = jRAT 2 ^ 3 =|(8.314J/moTK)(l200K-600K) 
= 12.5kJ 


For path 3— >4: 


w ^ 4 = pav 3 ^ 



and 

Q 3 ^ 4 =AE int ^ 4 =C w AT 3 ^ 4 = \RAT 3 ^ 4 =f(8.314J/mol-K)(600K-1200K) 
= -7.48kJ 


For path 4—>1: 


and 


W 4 ^ = PA V 4 ^ =(latm)(24.6L -49.2 L) = -24.6 L- atm 

L • atm 

= 2.49 kJ 


Q 4 ^ = CpAT^, ={RAT 4 ^ = 1(8.314 J/mol-K)(300K-600K) 
= -6.24kJ 


( b) Use its definition to find the 
efficiency of this cycle: 



W +W 

" 2->3 ^ n 4^l 

01->2 + 02^3 


4.99kJ-2.49kJ 
3.74kJ + 12.5kJ 


15.4% 


Remarks: Note that the work done per cycle is the area bounded by the rectangular 
path. 
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26 •• 

Picture the Problem The three steps in the 
process are shown on the PV diagram. We 
can find the efficiency of the cycle by 
finding the work done by the gas and the 
heat that enters the system per cycle. 



o _.__ 

0 10 20 
V(L) 


Express the efficiency of the cycle: 

Find the heat entering or leaving the 
system during the adiabatic 
expansion: 

Find the heat entering or leaving the 
system during the isobaric 
compression: 

Find the heat entering or leaving the 
system during the constant-volume 
process: 

Apply the 1 st law of thermodynamics 
to the cycle (A£ int cycle = 0) to 

obtain: 


Substitute and evaluate s : 


W 

£ = - 

fin 

fi=o 


q 2 = c y at 2 = \rat 2 = \pav 2 

= ^(latm)(lOL - 20L) = -35 atm • L 

fi 3 = C y AT 3 = jRAT 3 = jAPV 3 
= f (2.64atm-latm)(lOL) 

= 41 atm • L 

Kn = A fint - fin = "fin 

= fii + fi 2 + Qi 
= 0 -35atm- L + 41atm • L 
= 6 atm • L 


41 atm • L 


27 « 

Picture the Problem We can find the efficiency of the cycle by finding the work done 
by the gas and the heat that enters the system per cycle. 
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Apply the ideal-gas law to states 1, 2, 3, and 4 to find the pressures at these points: 


Pi = 


nRT x 


(l mol)(8.206x10 2 L • atm/mol • k)(400 K) 
24.6 K 


1.33 atm 


Proceed as above to obtain the 
values shown in the table: 


Point 

P 

V 

T 


(atm) 

(L) 

(K) 

1 

1.330 

24.6 

400 

2 

0.667 

49.2 

400 

3 

0.500 

49.2 

300 

4 

1.000 

24.6 

300 


The PV diagram is shown to the 
right: 


Express the efficiency of the cycle: 



Find the work done by the gas and the heat that enters the system during the 
isothermal expansion from 1 to 2: 


W ^ 2 = Qi^i = nRT x In 


v^iy 


= 2.305kJ 


f 

(lmol)(8.314J/mol-K)(400K)ln 

v 


49.2L 

24.6L 


\ 

) 


Find the work done by the gas and the heat that enters the system during the 
constant-volume compression from 2 to 3: 


and 


Q 2 ^ 3 = C v AT 2 ^3 = (21J/K)(300K-400K) = -2.10kJ 
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Find the work done by the gas and the heat that enters the system during the isothermal 
expansion from 3 to 4: 


^4 = Q]—>4 = llRT 4 ln 


v 4 


= -1.729kJ 


(l mol) (8.314 J/mol • K)(300 K)ln 

V 


24.6L 
49.2 L 


\ 


Find the work done by the gas and the heat that enters the system during the 
constant-volume process from 4 to 1: 


= o 

and 

Q 4 ^ = C V A7^, = (21J/K)(400K-300K) = 2.10kJ 

Evaluate the work done each cycle: W = h / l _ >2 + W 2 _^ 3 + W 3 ^ 4 + W 4 _ A 

= 2.305 kJ +0-1.729kJ + 0 
= 0.5760 kJ 


Find the heat that enters the system Q m - Q\^i + (? 4 ^i 

each cycle: = 2.305kJ + 2.100kJ 

= 4.405 kJ 


Substitute numerical values in 
equation (1) and evaluate s : 


_ 0.5760kJ 
4.405 kJ 


13.1% 


*28 « 

Picture the Problem We can use the ideal-gas law to find the temperatures of each state 
of the gas and the heat capacities at constant volume and constant pressure to find the heat 
flow for the constant-volume and isobaric processes. Because the change in internal 
energy is zero for the isothermal process, we can use the expression for the work done on 
or by a gas during an isothermal process to find the heat flow during such a process. 
Finally, we can find the efficiency of the cycle from its definition. 

(a) Use the ideal-gas law to find the j _ _ (l00kPa)(25L) 

temperature at point 1: 1 nR (lmol)(8.314 J/mol-K) 

= 301K 













Use the ideal-gas law to find the 
temperatures at points 2 and 3: 


The Second Law of Thermodynamics 1465 


T =T _ P,V 2 _ (200kPa)(25L) 

2 3 nR (lmol)(8.314 J/mol • K) 

= 601K 


(b) Find the heat entering or leaving the system for the constant-volume process from 1 to 
2 : 


Q^ 2 = C v A7^ 2 =irat^ 2 =|(8.314J/mol-K)(601K-301K) 
= 3.74kJ 


Find the heat entering or leaving the system for the isothermal process from 2 to 3: 


Qi^ = nRT 2 In 


V 


f 

(l mol)(8.314 J/mol • K)(601 K)ln 

V 


50L" 

25L y 


3.46kJ 


Find the heat entering or leaving the system during the isobaric compression from 
3 to 1: 


= C P AT^ =\R\T^ X = { (8.314 J/mol-K)(301K-601K) 
= -6.24kJ 


(c) Express the efficiency of the cycle: £ _ W _ W ^ 

Qm Q\^> 2 + 02->3 

= 3.74kJ + 3.46kJ-6.24kJ 
= 0.960kJ 

because, for the cycle, AC/= 0. 

Substitute numerical values in equation (1) _ 0.960kJ _ 

and evaluate s : 3.74kJ+ 3.46kJ --- 


Apply the 1 st law of 
thermodynamics to the cycle: 


29 •• 

Picture the Problem We can use the ideal-gas law to find the temperatures of each state 
of the gas. We can find the efficiency of the cycle from its definition; using the area 
enclosed by the cycle to find the work done per cycle and the heat entering the system 
between states 1 and 2 and 2 and 3 to determine Q m . 
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(a) Use the ideal-gas law for a fixed 
amount of gas to find the 
temperature in state 2 to the 
temperature in state 1: 

Solve for and evaluate T 2 : 


Apply the ideal-gas law for a fixed 
amount of gas to states 2 and 3 to 
obtain: 


Apply the ideal-gas law for a fixed 
amount of gas to states 3 and 4 to 
obtain: 


PT L= m 
Ty T 2 


T 
1 2 


PV 

_ Ji 1 2 V 2 


x py x 



600K 


<»»S 


PV 

T = T ■ 5>3 


p 2 k 


= t 2 ^- 

V, 


1800K 


(600 K) 


(300L) 

(iool) 


PV 

T. = P 4 4 


PV 

1 y 2 



600K 


(i 8 ook) |u! 


(b) Express the efficiency of the 
cycle: 

Use the area of the rectangle to find 
the work done each cycle: 


Apply the ideal-gas law to state 1 to 
find the product of n and R: 


Noting that heat enters the system 
between states 1 and 2 and states 2 
and 3, express Q m : 



W = APAV 

= (300 L - 100L)(3atm - latm) 
= 400 atm • L 

nR (latm)(l00L) 

T x 200 K 

= 0.5 L -atm/K 

Qm = Q\^>2 + 

= C v A7J^ 2 + C p AT 2 ^ 

= \nRAT [ ^ 1 + 1 2 nRAT 2 _ >2 

= (VT^2+Vn^hR 


Substitute numerical values and evaluate Q m '- 


Qm = [f (600 K - 200 K) +1 (l 800 K - 600 K)](0.5 L • atm/K) = 2600 atm • L 
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Substitute numerical values in 
equation (1) and evaluate s : 


400 atm • L 
2600 atm • L 


15.4% 


30 ••• 

Picture the Problem To find the efficiency of the diesel cycle we can find the heat that 
enters the system and the heat that leaves the system and use the expression that gives the 
efficiency in terms of these quantities. Note that no heat enters or leaves the system 
during the adiabatic processes a^b and c—>d. 


Express the efficiency of the cycle 
in terms of Q c and Qh- 

Express Q for the isobaric warming 
process b—>c: 

Express Q for the constant-volume 
cooling process d—>a: 

Substitute to obtain: 


Using the equation of state for an 
adiabatic process, relate the 
temperatures T a and T h : 

Proceeding similarly, relate the 
temperatures T c and T d : 

Use equations (1) and (2) to 
eliminate T a and T d : 


£ = 1-^ 

a 

a-HabaL-U 

a^Habafc-U 


Cpfe-U 

, fc-rj 

r(T c -T b ) 

T.rr'=T„vr' a) 


T c vr'=m-' 


( 2 ) 


£ = 1 


= 1 




r(T,-T„) 


K 

T b 

iVh \ 

v 

T 

V 


f 

r i 

V 



because V a = V d . 
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Apply the ideal-gas law for a fixed 
amount of gas to relate T b and T c : 


Substitute and simplify to obtain: 


S = 1 — 


f f Nf-l 

/ y V 

C 

V 

\ r a J 


V„ 


fyV 


-A 


V 


v„ 


c \ a J 


r 


' v A 

1 -^ 

v Kj 


V f Tr 


1- 


K 

\ V a J 


K 

\ V aJ 


Y 


kK Kj 


ZL = fj l 
T c V c 

because P b = P c - 


-=*- = 1-- 


' (/ v 
c 

V 

V K A 


c. 


/ \y 


-A 


V„ 


V 


a\ r a J 


Y 


A A 

vr, a 


*31 •• 

Picture the Problem We can use the efficiency of a Carnot engine operating between 
reservoirs at body temperature and typical outdoor temperatures to find an upper limit on 
the efficiency of an engine operating between these temperatures. 


(a) Express the maximum efficiency 
of an engine operating between 
body temperature and 70°F: 


s r = 1 


T* 


Use T = | (t F — 32)+273 to obtain: 7b 0 d y - 310 K and T mom — 294 K 


Substitute numerical values and 
evaluate s c : 


S n = I - 


294 K 
310K 


5.16% 


The fact that this efficiency is considerably less than the actual efficiency 
of a human body does not contradict the second law of thermodynamics. 
The application of the second law to chemical reactions such as the ones 
that supply the body with energy have not been discussed in the text but 
we can note that don't get our energy from heat swapping between our 
body and the environment. Rather, we eat food to get the energy that we 
need. 
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Most warm - blooded animals survive under roughly the same conditions 
as humans. To make a heat engine work with appreciable efficiency, 
internal body temperatures would have to be maintained at an 
unreasonably high level. 


32 ••• 

Picture the Problem The Camot 
cycle’s four segments (shown to the 
right) are: (A) an isothennal expansion 
at T= T h from V\ to V 2 , (B) an adiabatic 
expansion from V 2 to V3, (C) an 
isothermal compression from V3 to V4 at 
T = T c , and (D) an adiabatic 
compression from V 4 to V\. We can find 
the Carnot efficiency for a gas described 
by the Clausius equation by expressing 
the ratio of the work done per cycle to 
the heat entering the system per cycle. 


Express the efficiency of the Camot 
cycle in terms of the work done and 
the heat that enters the system per 
cycle: 

Apply the first law of 
thermodynamics to segment A: 



£ = 


W_ 

a 


Qa 


= ^a+A E m , A =W A 




dV 
V - bn 


= nRT h In 


V 2 - bn ^ 
1) — bn j 


=a 


a 


c - Wc + AE inu c 


= W C = 



Follow the same procedure for 
segment C to obtain: 














1470 Chapter 19 


Apply the first law of 
thermodynamics to the complete 
cycle (AC jnl cycle = 0) to express W : 


Substitute and simplify to obtain: 


Apply the first law of 
thermodynamics to the adiabatic 
processes B and D: 


ir=a-|a 


= nRT h In 


'V 2 -bn) 

f 


-nRT In 

{ V x -bn) 

c 

V 


V 3 - bn ''I 
V 4 -bn ) 


nRT h In 


r V 2 - bn ^ 


£ = 


v V x - bn 


-nRT . In 


f V 3 -bn ^ 
-bnj 


T Ini 


= 1 -- 


nRT h ln| 


f V 3 - bn ^ 
K V 4 -bnJ 


f V 2 -bn A 

Fj - bn 


T h Ini 


r V 2 -bn ^ 

\ v i ~ bn j 


c/Q h = 0 = r/lfg + dE intB = PdV + C w dT 
nRT 


V -bn 


dV + C w dT 


Separate variables and integrate 
to obtain: 


Simplify to obtain: 


Using this result, relate V 2 and V 3 to 
T h and T c : 


Relate V\ and V 4 to T h and T c : 

Divide equation (1) by equation (2) 
and simplify to obtain: 


■ dT_ 
T 


nT r dV 


a, 




V - bn 
dV 


V -bn 


or 


lnT = -(;/ - \)\n{V - bn)+ constant 
= ln(F - bn) 7 1 + constant 


In T + ln {V -bn) 7 1 = constant 
or 

In T(V -bn) r ' = constant 
and 

T{y - bn) 7 1 = constant 
T„(V 2 -bn) r -' =T c (V,-bn) r -‘ (1) 


T^-bn)’-'=TXv,-bn)’-' ( 2 ) 

T„{v,-bi<r' T<(r 3 -bny-' 
T h (v,-b„y-' T h (v,-b„y-' 
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Substitute in our expression for s 
and simplify: 


V 2 - bn _ V 3 - bn 
V x - bn V 4 - bn 

T\J V 2- b A 


yV x -bn) 

the same as for an ideal gas. 



£ = 1 - 


v Fj - bn j 


T In 


r V 2 -bn A 


Second Law of Thermodynamics 

33 » 

Determine the Concept The relationship of the perfect engine and the refrigerator to 
each other and to the hot and cold reservoirs is shown below. To remove 500 J from the 
cold reservoir and reject 800 J to the hot reservoir, 300 J of work must be done on the 
system. Assuming that the heat-engine statement is false, one could use the 800 J rejected 
to the hot reservoir to do 300 J of work. Thus, running the refrigerator connected to the 
"perfect'' heat engine would have the effect of transferring 500 J of heat from the cold to 
the hot reservoir without any work being done, in violation of the refrigerator statement 
of the second law. 



*34 •• 

Determine the Concept The work done by the system is the area enclosed by the cycle, 
where we assume that we start with the isothermal expansion. It is only in this expansion 
that heat is extracted from a reservoir. There is no heat transfer in the adiabatic expansion 
or compression. Thus, we would completely convert heat to mechanical energy, without 
exhausting any heat to a cold reservoir, in violation of the second law. 
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Carnot Engines 

35 • 

Picture the Problem We can find the efficiency of the Carnot engine using 
£ = 1 — T c /T h and the work done per cycle from s = W/Q h . We can apply conservation 

of energy to find the heat rejected each cycle from the heat absorbed and the work done 
each cycle. We can find the COP of the engine working as a refrigerator from its 
definition. 


(a) Express the efficiency of the 
Carnot engine in terms of the 
temperatures of the hot and cold 
reservoirs: 

( b ) Using the definition of 
efficiency, relate the work done each 
cycle to the heat absorbed from the 
hot reservoir: 

(c) Apply conservation of energy to 
relate the heat given off each cycle 
to the heat absorbed and the work 
done: 

(d) Using its definition, express and 
evaluate the refrigerator’s coefficient 
of performance: 


, T c , 200 K 

£ r = 1 -- = 1 - 

T h 300 K 


33.3% 


r = fc &=(0.333)(l00j) = 


33.3 J 


\Q C — Qh 


W = 100J-33.3 J 


66.7 J 


cop = H 
W 


66.1 J 

33.3 J 


2.00 


36 • 

Picture the Problem We can find the efficiency of the engine from its definition and the 
additional work done if the engine were reversible from W = £ c Q h , where Sc is the 

Carnot efficiency. 


(a) Express the efficiency of the 
engine in terms of the heat absorbed 
from the high-temperature reservoir 
and the heat exhausted to the low- 
temperature reservoir: 

( b ) Express the additional work done 
if the engine is reversible: 


C _W _ Q h -Q c _ { Q c 

Qh Qh Qh 


200 J 
250 J 


20 . 0 % 


A W=W -W 

LS - rr rr Carnot "part a 











Relate the work done by a reversible 
engine to its Carnot efficiency: 
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a 


W = s c Q h = 

f 


T 

1 -^ 

V T hJ 


1 - 


200K 

300K 


(250j)= 83.3 J 


Substitute and evaluate AW: 


AW = 83.3J-50J = 33.3 J 


37 •• 

Determine the Concept Let the first engine be run as a refrigerator. Then it will remove 
140 J from the cold reservoir, deliver 200 J to the hot reservoir, and require 60 J of energy 
to operate. Now take the second engine and run it between the same reservoirs, and let it 
eject 140 J into the cold reservoir, thus replacing the heat removed by the refrigerator. If 
e 2 , the efficiency of this engine, is greater than 30%, then ( 7 , 2 , the heat removed from the 
hot reservoir by this engine, is 140 J/(l - £ 2 ) > 200 J, and the work done by this engine is 
W = £ 1 ( 7,2 > 60 J. The end result of all this is that the second engine can run the 
refrigerator, replacing the heat taken from the cold reservoir, and do additional 
mechanical work. The two systems working together then convert heat into mechanical 
energy without rejecting any heat to a cold reservoir, in violation of the second law. 

38 •• 

Determine the Concept If the reversible engine is run as a refrigerator, it will require 
100 J of mechanical energy to take 400 J of heat from the cold reservoir and deliver 500 J 
to the hot reservoir. Now let the second engine, with s 2 > 0.2, operate between the same 
two heat reservoirs and use it to drive the refrigerator. Because s 2 > 0.2, this engine will 
remove less than 500 J from the hot reservoir in the process of doing 100 J of work. The 
net result is then that no net work is done by the two systems working together, but a 
finite amount of heat is transferred from the cold to the hot reservoir, in violation of the 
refrigerator statement of the second law. 


*39 « 

Picture the Problem We can use the definition of efficiency to find the efficiency of the 
Camot engine operating between the two reservoirs. 


( a ) Use its definition to find the 
efficiency of the Camot engine: 


= 


W_ 

fih 


50 J 
150 J 


33.3% 


(. b ) If COP > 2, then 50 J of work will remove more than 100 J of heat from the cold 
reservoir and put more than 150 J of heat into the hot reservoir. So running engine (a) to 
operate the refrigerator with a COP > 2 will result in the transfer of heat from the cold to 
the hot reservoir without doing any net mechanical work in violation of the second law. 
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40 •• 

Picture the Problem We can use the definitions of the efficiency of a Carnot engine and 
the coefficient of performance of a refrigerator to find these quantities. The work done 
each cycle by the Carnot engine is given by W = s c Q h and we can use the conservation 

of energy to find the heat rejected to the low-temperature reservoir. 


(a) Use the definition of the 
efficiency of a Carnot engine to 
obtain: 


. T c 77K 

£ r =1 -- = 1 - 

T h 300 K 


74.3% 


(. b ) Express the work done each 
cycle in terms of the efficiency of 
the engine and the heat absorbed 
from the high-temperature reservoir: 

(c) Apply conservation of energy to 
obtain: 

(i d) Using its definition, express and 
evaluate the refrigerator’s 
coefficient of performance: 


W = £ c Q h =(0.743)(100J) = 


74.3 J 


|2c| = Q*~W = 100J-74.3J 


25.7 J 


COP = 



25.7 J 
74.3 J 


0.346 


41 •• 

Picture the Problem We can use the ideal-gas law for a fixed amount of gas and the 
equations of state for an adiabatic process to find the temperatures, volumes, and 
pressures at the end points of each process in the given cycle. We can use 
Q = C V A T and Q = CpAT to find the heat entering and leaving during the constant- 

volume and isobaric processes and the first law of thermodynamics to find the work done 
each cycle. Once we’ve calculated these quantities, we can use its definition to find the 
efficiency of the cycle and the definition of the Carnot efficiency to find the efficiency of 
a Carnot engine operating between the extreme temperatures. 


(a) Apply the ideal-gas law for a 

py ; _ py 

fixed amount of gas to relate the 

Ty T 3 

temperature at point 3 to the 

or, because P\ 

temperature at point 1: 

V. 

T — T 3 


U J- 1 

K 

Apply the ideal-gas law for a fixed 

py py 2 

amount of gas to relate the pressure 

Ty T 2 

at point 2 to the temperatures at 
points 1 and 2 and the pressure at 1: 

or, because V\ 


( 1 ) 
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Apply the state equation for an 
adiabatic process to relate the 
pressures and volumes at points 2 
and 3: 

Noting that V\ = 22.4 L, solve for 
and evaluate Vy. 


Substitute in equation (1) and 
evaluate Ty 


(b ) Process 1 —>2 takes place at 
constant volume (note that y= 1.4 
corresponds to a diatomic gas and 
that C P - Cv = R): 


Process 2—>3 takes place 
adiabatically: 

Process 3—>1 is isobaric (note that 
Cp = C\jK)\ 


( c ) Use its definition to express the 
efficiency of this cycle: 

Apply the first law of 
thermodynamics to the cycle: 


T 4?^ K 

P 0 = P, — = (l atm)-= 1.55 atm 

7j v '273K 

PV y = PV y 

J ri 1 Y7, 


v 3 = v 1 


V 

- (?? 4T ) 

/ 1.55 atm 

1.4 

U ) 


1 atm j 



= 30.6L 


T 3 =(273K)^^ = 373K 


22.4L 


and 


t 3 =T 3 - 273 = 


100°C 


Q 1 ^=C v Ar i ^ 2 =jRAT 1 


1—>2 


= |(8.314 J/mol • K)(423K - 273K) 


= 3.12kJ 


0 : 


2—>3 



fi-u _ C P Ar 3 ^j — j RAT t _^ 2 

= }(8.314 J/mol • K)(273K - 373 K) 

= 1 -2.91kJ 


W 

£ =- 

fin 

A^ int =fi n + ^ on 

or, because A/7 nl cycle = 0 (the system begins 

and ends in the same state) and 
W on = -W hytbegas =W, W = Q in . 
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Evaluate W\ 


Substitute and evaluate s : 


( d) Express and evaluate the 
efficiency of a Carnot cycle 
operating between 423 K and 
273 K: 


»'=Ze=e,-,2+a^+a-,, 

= 3.12kJ + 0-2.91kJ 
= 0.210kJ 


0.210kJ 

3.12kJ 


6.73% 



273 K 
423 K 


35.5% 


42 •• 

Picture the Problem We can find the maximum efficiency of the steam engine by 
calculating the Carnot efficiency of an engine operating between the given temperatures. 
We can apply the definition of efficiency to find the heat discharged to the engine’s 
surroundings in 1 h. 


(a) Find the efficiency of a Carnot 
engine operating between these 
temperatures: 

Find the efficiency of the steam 
engine as a percentage of the 
maximum possible efficiency: 

(. b ) Relate the heat discharged to the 
engine’s surroundings to Qh and the 
efficiency of the engine: 

Using its definition, relate the 
efficiency of the engine to the heat 
intake of the engine and the work it 
does each cycle: 

Substitute and evaluate | Q z | in 1 h: 



323K 
543 K 


40.5% 


£ 


steam engine 


0.30 

0.405 £ " U1X 


0.74k? 


max 


|a|=(i-0a 



PAt 

£ 


|a|=(i-4 


PAt 

£ 


= (1-0-3) 


(200kJ/s)(3600s) 


1.68GJ 


0.3 
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Heat Pumps 


*43 • 

Picture the Problem We can use the definition of the COPhp and the Carnot efficiency 
of an engine to express the maximum efficiency of the refrigerator in terms of the 
reservoir temperatures. We can apply equation 19-10 and the definition of power to find 
the minimum power needed to run the heat pump. 


(a) Express the COP H p in terms of 
T h and T c : 


Substitute numerical values and 
evaluate the COPhp: 


COP hp 


la I _ jaj 

w ~\Q h \-Q c 

l _ l 

O T 

l~r^ 1- — 

la I T h 

T h 

T b ~T c 


COP HP 


313K 

313K-263K 


6.26 


( b ) Using its definition, express the p _ W 

power output of the engine: At 


Use equation 19-10 to express the 
work done by the heat pump: 


W = 


la | 

l + COP HP 


Substitute and evaluate P: 


P= lal/^ 

l + COP HP 


20 kW 
1 + 6.26 


2.75kW 


(c) Find the minimum power if the 
COP is 60% of the efficiency of an 
ideal pump: 


\Q C \/At 20 kW 

1 + 0.6(COP hp lnas ) “ 1 + 0.6(6.26) 

4.2 lkW 


44 • 

Picture the Problem We can use the definition of the COP to relate the heat removed 
from the refrigerator to its power rating and operating time. By expressing the COP in 
terms of T c and T h we can write the amount of heat removed from the refrigerator as a 
function of T c , T h , P, and At. 
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(a) Express the amount of heat the 
refrigerator can remove in a given 
period of time as a function of its 
COP: 

Express the COP in terms of T h and 

T c : 


Substitute to obtain: 


Substitute numerical values and 
evaluate (Q c : 


(b) Find the heat removed if the 
COP is 70% of the efficiency of an 
ideal pump: 


Q c = (cop )w 

= (COP)PAt 


C0 P = H J&l - &~ w 


W sQ b sQ h 

l-g_l 1 

£ £ x _ r i 


-1 


T, 


T -T 

1 h 1 c 


Q c = 


r j, \ 

vM; 


PAt 


Q c = 


273 K 


293 K-273 K 


(370W)(60s) 


= 303kJ 


e;=(o-7) 


273 K ^ 


293 K-273 K 


(370W)(60s) 


= 212kJ 


45 • 

Picture the Problem We can use the definition of the COP to relate the heat removed 
from the refrigerator to its power rating and operating time. By expressing the COP in 
terms of T c and T h we can write the amount of heat removed from the refrigerator as a 
function of T c , T h , P, and At. 

(a) Express the amount of heat the 
refrigerator can remove in a given 
period of time as a function of its 
COP: 


Q,=(CO?)W 
= (COP)f'A/ 


















Express the COP in terms of T h and 
T c : 
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Substitute to obtain: 


Substitute numerical values and 
evaluate Q c : 


COP = 


lal lal 

W sQ„ sQ t , 
1 -e _ 1 


£ £ 

1 


-1 = 


1 - 


T -T 

-'h 1 c 


Q C = 


f t 3 

- PM 


Q c = 


r 273K A 
V 308K -273K j 


(370W)(60s) 


= 173kJ 


(b) Find the heat removed if the 
COP is 70% of the efficiency of an 
ideal pump: 


e;=(0.7) 


273 K 


V 308K - 273K j 


(370W)(60s) 


12 lkJ 


Entropy Changes 

46 • 

Picture the Problem We can use the definition of entropy change to find the change in 
entropy of the water as it freezes. 


Apply the definition of entropy 
change to obtain: 


AS = AQ =z mL L 
T T 


Substitute numerical values and 
evaluate AS: 


AS -(l8g)(333.5J/g) 
273 K 


-22.0J/K 


*47 •• 

Picture the Problem The change in the entropy of the world resulting from the freezing 
of this water and the cooling of the ice formed is the sum of the entropy changes of the 
water-ice and the freezer. Note that, while the entropy of the water decreases, the entropy 
of the freezer increases. 

Express the change in entropy of the A.S' U = AS” watcr + AA lreezcr (1) 

universe resulting from this freezing and 
cooling process: 
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Express AS wate r: 


^“^water ^-freezing ^^cooling 


( 2 ) 


Express AAf re ezin g : 


AC — ^freezing 

freezing ~ j t-V 

1 freezing 

where the minus sign is a consequence of 
the fact that heat is leaving the water as it 
freezes. 


Relate ^freezing to the latent heat of 
fusion and the mass of the water: 

Substitute in equation (3) to obtain: 


Express AS cooling : 


Substitute in equation (2) to obtain: 


Noting that the freezer gains heat (at 
263 K) from the freezing water and 
cooling ice, express A.S> rC czcr: 


^freezing WlLf 


AS 


freezing 


- mL f 


1 freezing 


^cooling = mC p In 


( T 1 \ 

1 f 

v^z 


AS w «,=-^ ClL +'»C p ln| 

± freezing 


( rji \ 

Zl 

\ T iJ 


ao _ ^Qice . ^^cooling ice 

^ freezer ~ rri ' m 


freezer 


freezer 


mL f mC p AT 


L freezer 


1 freezer 


Substitute for A5 wate r and A5f ree zer in equation (1): 


A = _mL L + .j 

U rri p 

1 freezing 

- L, 


( J 1 \ 

1 i 


mLf mCAT 

+-— +- 5 - 


freezer 


freezer 


= m 


f +C p ln 


L freezing 


( Hi \ 

i f 

\T,j 




freezer 


freezer 
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Substitute numerical values and evaluate AS U : 


AS U = (0.05kg) 


333.5 xl0 3 J/kg 
273 K 


f 

+ (2100J/kg-K)ln 

V 


263K^ 

273K y 


333.5 xl0 3 J/kg 
+ 263 K 


(2100J/kg-K)(273K-263K) 
263 K 


= 2.40 J/K 

and, because AS U > 0, the entropy of the universe increases. 


48 • 

Picture the Problem We can use the definition of entropy change and the first law of 
thermodynamics to express AS for the ideal gas as a function of its initial and final 
volumes. 


(a) Use its definition to express the 
entropy change of the gas: 


AS = 


A Q 
T 


Apply the first law of 
thermodynamics to the isothermal 
process: 


AQ = AE int -W oa =- 



l> f Y| 

-nRT In 



UJJ 


because AR int = 0 for an isothermal process. 


Substitute to obtain: 


AS = nR In 




= (2mol)(8.314 J/mol-K)ln 


^ 80 L A 

v 40L y 


11.5 J/K 


(. b ) Because the process is reversible: 



Remarks: The entropy change of the environment of the gas is -11.5 J/K. 

49 • 

Picture the Problem We can use the definition of entropy change and the 1 st law of 
thermodynamics to express AS for the ideal gas as a function of its initial and final 
volumes. 
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(a) Use its definition to express the ^ _ AQ 

entropy change of the gas: T 


Apply the first law of 
thermodynamics to the isothermal 
process: 


AQ = AE mt -W on =- 



(vA 

- n RT In 



UJJ 


because AE ml = 0 for an isothermal process. 


Substitute to obtain: 


AS = nR In 


V 


f 

= (2mol)(8.314 J/mol-K)ln 

V 


80L 
40 L 


\ 

) 


11.5 J/K 


( b ) Because the process is not 
quasi-static, it is non-reversible: 


AS,, > 



50 • 

Picture the Problem We can use the definition of entropy change to find the change in 
entropy of the water as it changes to steam. 


Apply the definition of entropy ^ _ A Q _ mL v 

change to obtain: T T 


Substitute numerical values and 
evaluate AS: 


(lkg)(2.26MJ/kg) 
373 K 


6.06kJ/K 


51 • 

Picture the Problem We can use the definition of entropy change to find the change in 
entropy of the ice as it melts. 


Apply the definition of entropy ^ _ AQ _ mL { 

change to obtain: T T 


Substitute numerical values and 
evaluate AS: 


AS = 


(lkg)(333.5kJ/kg) 
273 K 


1.22 k J/K 


52 •• 

Picture the Problem We can use the first law of thermodynamics to find the change in 
the internal energy of the system and the change in the entropy of the system from the 
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change in entropy of the hot- and cold-reservoirs. 


(a) Apply the 1 st law of 
thermodynamics to find the change 
in the internal energy of the system: 


A E =Q +W 

int ^in on 

= (200 J -100 j)- 50 J 
= 50 J 


( b ) Express the change in entropy of 
the system as the sum of the entropy 
changes of the high-and low- 
temperature reservoirs: 


AS = 


AS h -A5 c =f^ 

200J 100J 
300K 200K 


a 

T c 


0.167 J/K 


(c) Because the process is reversible: 



(d) Because 5 syste m is a state function: 


A E mt = 


50 J 


AS = 


0.167 J/K 


and 

AS u >0 


*53 » 

Picture the Problem We can use the fact that the system returns to its original state to 
find the entropy change for the complete cycle. Because the entropy change for the 
complete cycle is the sum of the entropy changes for each process, we can find the 
temperature T from the entropy changes during the 1st two processes and the heat 
rejected during the third. 


(a) Because S is a state function of 
the system: 

(. b ) Relate the entropy change for the 
complete cycle to the entropy 
change for each process: 

Substitute numerical values to 
obtain: 


Solve for T: 


AA com p[ el:eC y C j e 0 


— + ■^1 + — = 0 
T, T 2 T 


300J 200 J -400J A 

- +-+-= 0 


300 K 400K 


T= 267K 


54 •• 

Picture the Problem We can use the definition of entropy change and the 1 st law of 
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thermodynamics to express AS for the ideal gas as a function of its initial and final 
volumes. 


(a) Use its definition to express the ^ _ SQ 

entropy change of the gas: T 


Apply the first law of 
thermodynamics to the isothermal 
process: 


A Q = AE . - W =- 

int on 

because AE 1 ;,,, = 0 for free expansion 



fuV 

- / iRT In 

r f 


UJJ 


Substitute to obtain: 


AS = nR In 


V 


= (2mol)(8.314J/mol-K)ln 


^ 80 L a 

v 40L y 


11.5J/K 


(b) Because the process is 
irreversible, S u > 0 and, because no 
heat is exchanged: 


AS,, 


11.5 J/K 


55 •• 

Picture the Problem Because the ice gains heat as it melts, its entropy change is positive 
and can be calculated from its definition. Because the temperature of the lake is just 
slightly greater than 0°C and the mass of water is so much greater than that of the block 
of ice, the absolute value of the entropy change of the lake will be approximately equal to 
the entropy change of the ice as it melts. 


(a) Use the definition of entropy 
change to find the entropy change of 
the ice: 


mL f _ (200kg)(333.5kJ/kg) 
T ~ 273K 

244kJ/K 


( b ) Relate the entropy change of the 
lake to the entropy change of the 
ice: 


AS 


lake 


-AS- 


-244kJ/K 


(c) Because the temperature of the lake is slightly greater than that of the ice, the 
magnitude of the entropy change of the lake is less than 244 kJ/K and the entropy change 
of the universe is greater than zero. The melting of the ice is an irreversible process 

and 


AS,, > 0 
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56 •• 

Picture the Problem We can use conservation of energy to find the equilibrium 
temperature of the water and apply the equations for the entropy change during a melting 
process and for constant-pressure processes to find the entropy change of the universe, 
i.e., the piece of ice and the water in the insulated container. 


(a) Apply conservation of energy to 
obtain: 


Glost ^gained 

or 

a 


^melting ice +a 


cooling water ^melting ice ^warming water 


Substitute to relate the masses of the ice and water to their temperatures, specific 
heats, and the final temperature of the water: 

(l00g)(lcal/g • C°)(100°C -t) = (l00g)(79.7cal/g)+ (l00g)(lcal/g • C°)(f) 


Solve for t to obtain: 


t = 


10.2°C 


( b ) Express the entropy change of A S u = AS ICC + AS water 

the universe: 


Using the expression for the entropy 
change for a constant-pressure 
process, express the entropy change 
of the melting ice and warming ice- 
water: 


A C _ AC i AC 

‘“uce melting ice wanning water 


mLf 


+ mc P In 


A 

zl 

kT.j 


Substitute numerical values to obtain: 


A A, 


(0.1kg)(333.5kJ/kg) 
273 K 


f 

(0.1kg)(4.184kJ/kg-K)ln 

V 


283.2K^ 
273 K y 


= 138 J/K 


Find the entropy change of the cooling water: 


AS 


water 


f 

(0.1kg)(4.18kJ/kg-K)ln 

v 


283.2K^ 
373K , 


-115 J/K 


Substitute for A5i ce and AS wat er and 
evaluate the entropy change of the 


AS U = 138 J/K-115 J/K 
= 23.0 J/K 


universe: 
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Remarks: The result that AS,, > 0 tells us that this process is irreversible. 


*57 •• 

Picture the Problem We can use conservation of energy to find the equilibrium 
temperature of the water and apply the equations for the entropy change during a constant 
pressure process to find the entropy changes of the copper block, the water, and the 
universe. 


(a) Using the equation for the 
entropy change during a constant- 
pressure process, express the 
entropy change of the copper block: 

Apply conservation of energy to 
obtain: 


'^Cu — m Cu C Cu 


f T \ 
zl 

\ T l J 


Qost ^gained 

or 

a 


=a 


copper block Swarming water 


(1) 


Substitute to relate the masses of the block and water to their temperatures, 
specific heats, and the final temperature T f of the water: 

(lkg)(0.386kJ/kg-K)(373.15K-r f )=(4L)(lkg/L)(4.184kJ/kg-K)(r f -273.15K) 


Solve for T { : 


T f =275.40 K 


Substitute numerical values in equation (1) and evaluate A5 Cu : 


AS Cu 


/ 

(lkg)(0.386kJ/kg-K>n 

V 


275.40K a 

373.15K y 


-117 J/K 


(. b ) Express the entropy change of 
the water: 


AA waler HI W ater water ^ 


f T A 

1 r 


Substitute numerical values and evaluate A5 walcr : 


"275.40K^ 

v 273.15K y 


AA water =(4kg)(4.184kJ/kg.K)ln 


137 J/K 
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(c) Substitute for AS Cu and A.S’ walcr 
and evaluate the entropy change 
of the universe: 


AS u =AS Cu +AS mtei 
= -117J/K + 137J/K 
= 20.3 J/K 


Remarks: The result that AS U > 0 tells us that this process is irreversible. 

58 •• 

Picture the Problem Because the mass of the water in the lake is so much greater than 
the mass of the piece of lead, the temperature of the lake will increase only slightly and 
we can reasonably assume that its final temperature is 10°C. We can apply the equation 
for the entropy change during a constant pressure process to find the entropy changes of 
the piece of lead, the water in the lake, and the universe. 

Express the entropy change of the AS U = A,S pb + A.S' w 

universe in terms of the entropy 
changes of the lead and the water in 
the lake: 


Using the equation for the entropy change during a constant-pressure process, 
express and evaluate the entropy change of the lead: 


f 

AApb — m Ph c Ph In 

V 



( 

(2kg)(0.128kJ/kg-K)ln 

V 


283.1510 

373.15K y 


-70.66 J/K 


Find the entropy change of the water ^ _ Q w _ Q Pb _ m pb c Pb^T Ph 

in the lake: " T w T w T w 

_ (2kg)(0.128kJ/kg-K)(90K) 
283.15K 

= 81.37 J/K 


Substitute and evaluate A5 U : AS U = —70.66 J/K + 81.37 J/K 

= 10.7 J/K 


59 •• 

Picture the Problem Because the air temperature will not change appreciably as a result 
of this crash; we can assume that the kinetic energy of the car is transformed into heat at 
a temperature of 20°C. We can use the definition of entropy change to find the entropy 
change of the universe. 
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Express the entropy change of the 
universe as a consequence of the 
kinetic energy of the car being 
transformed into heat: 

Substitute numerical values and 
evaluate A.S' U : 


AS,, 


Q \mv 1 
T ~ T 


AS,, 


(1500kg) 


ioo^x 

h 


293.15K 


lh 

3600s 


J 


1.97kJ/K 


*60 •• 

Picture the Problem The total change in entropy resulting from the mixing of these 
gases is the sum of the changes in their entropies. 


(a) Express the total change in 
entropy resulting from the mixing 
of the gases: 

Express the change in entropy of 
each of the gases: 


Because the initial and final 
volumes of the gases are the same 
and both volumes double: 


AS = A S A + AS B 


A S A = nR In 


*fA 

v^y 


and 


A S B = nR In 


f V S 
J 


AS = 2nR In 




= 2 nR ln(2) 


Substitute numerical values and 
evaluate AS: 


AS = 2(l mol) (8.314 J/mol • K) ln(2) 
= 11.5J/K 


0 b ) 


Because the gas molecules are indistinguishable, the entropy doesn't change. 
A complete description of this phonomenon has been derived using 
quantum mechanics. 


Entropy and Work Lost 

*61 •• 

Picture the Problem We can find the entropy change of the universe from the entropy 
changes of the high- and low-temperature reservoirs. The maximum amount of the 500 J 
of heat that could be converted into work can be found from the maximum efficiency of 
an engine operating between the two reservoirs. 
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(a) Express the entropy change of 
the universe: 


Substitute numerical values and 
evaluate AS a : 


AS u =AS b +AS 


c 


_Q + Q_ 

T h T c 






AS U = (-500J) 


^400K 


0.417 J/K 


1 ^ 

300K y 


(b) Express the heat that could have W = £ nrdX Q h 

been converted into work in terms of 

the maximum efficiency of an 

engine operating between the two 

reservoirs: 


Express the maximum efficiency of _ _ ^ 7 C 

an engine operating between the two max C T h 

reservoir temperatures: 


Substitute and evaluate W: 


W = 


T 

1 — 


\ 

f, 300K^| 

Qh = 

1 

V 1 

v 400 K J 


(500 j) 


125 J 


62 « 

Picture the Problem Although in the adiabatic free expansion no heat is lost by the gas, 
the process is irreversible and the entropy of the gas increases. In the isothermal 
reversible process that returns the gas to its original state, the gas releases heat to the 
surroundings. However, because the process is reversible, the entropy change of the 
universe is zero. Consequently, the net entropy change is the negative of that of the gas in 
the isothennal compression. 


(a) Relate the entropy change of the 
universe to the entropy change of 
the gas during the isothermal 
compression: 


AS u =-AS gas =-«*ln 


V 


















1490 Chapter 19 


Substitute numerical values and evaluate AS U : 


f 

AS U = -(l mol) (8.314 J/mol • K)ln 

v 


12.3L 

24.6L 


\ 

) 


5.76 J/K 


(b) 


To the extent that the initial expansion was isothermal and 
reversible, no work was done and none was wasted in the 
cycle. 


(c) Express the wasted work in W losl = TAS U = (300K)(5.76 J/K) 

terms of T and the entropy change of _ }.73kJ 

the universe: 


General Problems 


63 • 

Picture the Problem We can use the definition of power to find the work done each 
cycle and the definition of efficiency to find the heat that is absorbed each cycle. 
Application of the first law of thermodynamics will yield the heat given off each cycle. 


(a) Use the definition of power to ^cycie = CAt = (200 W)(0. Is) 

relate the work done in each cycle to _ 2q qj 

the period of each cycle: - 


(b ) Express the heat absorbed in 
each cycle in terms of the work done 
and the efficiency of the engine: 


Q\ 


h, cycle 


w 

cycle 


20 J 
0.3 


66.7 J 


Apply the 1 st law of 
thermodynamics to find the heat 
given off in each cycle: 


|2c,cycle) = 2h,cycle = 66.7 J - 20 J 

= 46.7 J 


64 • 

Picture the Problem We can use their definitions to find the efficiency of the engine and 
that of a Camot engine operating between the same reservoirs. 


W_ 

a 


la 

a 


125 J 



16.7% 

150 J 



(a) Apply the definition of 
efficiency: 
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( b ) Find the efficiency of a Camot 
engine operating between the same 
reservoirs: 



293.15 

373.15 


21.4% 


Express the ratio of the two 
efficiencies: 


s 

z C 


16.7% 

21.4% 


0.780 


65 • 

Picture the Problem We can use the definition of efficiency to find the work done by the 
engine during each cycle and the first law of thermodynamics to find the heat exhausted 
in each cycle. 


(a) Express the efficiency of the 
engine in terms of the efficiency of a 
Camot engine working between the 
same reservoirs: 


f 

£ = 0.85£ c = 0.85 1 

V 



( 200 lO 




= 

51.0% 

500 K 




(b ) Use the definition of efficiency 
to find the work done in each cycle: 

(c) Apply the first law of 
thermodynamics to the cycle to 
obtain: 


W = £Q h = 0.5l(200kj) = 


102kJ 


|fic,cycle) = 2h,cycle = 200kJ - 102kJ 

= 98.0kJ 


*66 •• 

Picture the Problem We can use the expression for the Camot efficiency of the plant to 
find the highest efficiency this plant can have. We can then use this efficiency to find the 
power that must be supplied to the plant to generate 1 GW of power and, from this value, 
the power that is wasted. The rate at which heat is being delivered to the river is related to 
the requisite flow rate of the river by dQ/dt = cATpdV /dt. 


(a) Express the Carnot efficiency of 
a plant operating between 
temperatures T c and T h : 


= £ r = 1 


Ll 

T h 


Substitute numerical values and 
evaluate £c- 


, 298 K 

— 1- 

max 500 K 


0.404 


(c) Find the power that must be 
supplied, at 40.4% efficiency, to 
produce an output of 1 GW: 


output 


supplied 


1GW 

0.404 


2.48 GW 
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(j b ) Relate the wasted power to the 
power generated and the power 
supplied: 

Substitute numerical values and 
evaluate P ms{e &. 


P = P - P 

wasted supplied generated 


wasted 


2.48 GW-1 GW 


1.48 GW 


(i d) Express the rate at which heat is 
being dumped into the river: 


Solve for the flow rate dV/dt of the 
river: 

Substitute numerical values (see 
Table 19-1 for the specific heat of 
water) and evaluate dV/dt: 


dQ 

dt 


c&T— = 
dt 

^T dV 

dt 




dV _ dQjdt 
dt cATp 


dV 

dt 


1.48 x 10 9 J/s 


(4180 J/kg)(0.5 K)(l 0 3 kg/m 3 ) 


708m 3 /s= 7.08x 10 L/s 


67 • 

Picture the Problem We can find the rate at which the house contributes to the increase 
in the entropy of the universe from the ratio of AS to At. 

Using the definition of entropy 
change, express the rate of increase 
in the entropy of the universe: 

Substitute numerical values and 
evaluate AS/At: 


AS _ A Q/T _ AQ/At 
At At T 


AS _ 30kW 
At ~ 266K 


113W/K 


68 •• 

Picture the Problem Because the cycle represented in Figure 19-12 is a Carnot cycle, its 
efficiency is that of a Camot engine operating between the temperatures of its isotherms. 


Express the Camot efficiency of the 
cycle: 


= 


1 


L. 

T h 


Substitute numerical values and 
evaluate s c : 


300K 

750K 


60.0% 
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69 •• 

Picture the Problem All 500 J of mechanical energy are lost, i.e., transformed into heat 
in process (1). For process (2), we can find the heat that would be converted to work by a 
Camot engine operating between the given temperatures and subtract amount of work 
from 1 kJ to find the energy that is lost. In part ( b ) we can use its definition to find the 
change in entropy for each process. 


(a) For process (2): 


^2,max — ^recovered — £ cQk 


Find the efficiency of a Camot 
engine operating between 400 K and 
300 K: 

Substitute to obtain: 


, c=1 _C = 1 _ 300 ^ = 0 . 25 

71 40077 


^recovered = 0.25(lkj) = 250 J 


or 

750 J are lost. 


Process (1) is more wasteful of mechanical energy. Process (2) is 
more wasteful of total energy. 


(b) Find the change in entropy of the 
universe for process (1): 

Express the change in entropy of the 
universe for process (2): 


Substitute numerical values and 
evaluate A S 2 : 


AS, 


A Q _ 500J 
T ~ 300K 


1.67 J/K 


AS 2 = AS h +AS c 


AQ + AQ 
T h T c 


= AQ 




f 

AS 2 = (lkj) 

V 


1 

300K 


0.833 J/K 


1 ^ 

400 K y 


70 •• 

Picture the Problem Denote the three states of the gas as 1,2, and 3 with 1 being the 
initial state. We can use the ideal-gas law and the equation of state for an adiabatic 
process to find the temperatures, volumes, and pressures at points 1, 2, and 3. To find the 
work done during each cycle, we can use the equations for the work done during 
isothermal, isobaric, and adiabatic processes. Finally, we find the efficiency of the cycle 
from the work done each cycle and the heat that enters the system during the isothermal 
expansion. 















1494 Chapter 19 


(a) Apply the ideal-gas law to the 
isothermal expansion 1 —>2 to find /A: 

Apply the equation of state for an 
adiabatic process to relate the 
pressures and volumes at 1 and 3: 


The PV diagram is shown to the right: 


P, = P, — = (l 6atm)-^ = 4 atm 

2 V 2 4L 

PV r = PV r 
1 v\ 1 yi 


and 



o 1 - 1 -—•- l 

0 1 2 Vj 3 4 

V(L) 


(b) From (a) we have: 


^3 = 


2.29L 


Apply the equation of state for an 
adiabatic process (y=1.67) to relate 
the temperatures and volumes at 1 
and 3: 


T 3 Vf l = Tyr- 1 
and 


fC 

7~ 1 

- 

f 1L ^ 


— IUUU IV J 

^2.29L J 


344 K 


(c) Express the work done each 
cycle: 

For the process 1— >2: 


For the process 2—>3: 


w = W M +W 2 ^+W^ 



(vA 


fv} 

W^ 2 = nRT x In 

2 

= P X V X In 

2 


= (l6atm)(lL)ln| 
= 22.2 atm-L 


r 40 


' lL J 


W = P AV 

vv 2->3 1 2 LAy 2^>3 

= (4atm)(2.29L-4L) 
= -6.84atm • L 
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For the process 3 —»1: 


Substitute numerical values in 
equation (1) and evaluate W: 


W^,=-C„AT,^=-±nR(T,-T,) 

=-f iw-w) 

= -|[(l6atm)(lL)- (4atm)(2.29L)] 
= -10.3 atm • L 

W = 22.2atm-L-6.84atm-L 
-10.3atm-L 

= 5.06atm-L 


(cl) Using its definition, express 
and evaluate the efficiency of the 
cycle: 


s = 


W W 


w 


On 01-*2 

5.06 atm-L 


22.2 atm-L 


22 . 8 % 


*71 « 

Picture the Problem We can express the temperature of the cold reservoir as a function 
of the Carnot efficiency of an ideal engine and, given that the efficiency of the heat 
engine is half that of a Camot engine, relate T c to the work done by and the heat input to 
the real heat engine. 

Using its definition, relate the 
efficiency of a Camot engine 
working between the same 
reservoirs to the temperature of the 
cold reservoir: 

Solve for T c : T c = T h (l - s c ) 

Relate the efficiency of the heat W . 2 W 

engine to that of a Camot engine Q m 

working between the same 
temperatures: 

Substitute to obtain: 

T = T 

1 c -'ll 


2 






i- 


2 W 

Q m 



The work done by the gas in 
expanding the balloon is: 


W = PAL = (latm)(4L) = 4 atm ■ L 
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Substitute numerical values and evaluate T c : 


T c =(393.15K) 


4 atm • L x 


1- 


V 


101.325 J 
atm • L 


4kJ 


313K 


72 •• 

Picture the Problem We can use the definitions of the COP and s c to show that their 
relationship is COP = TJ (scTh). 

Using the definition of the COP, 
relate the heat removed from the 
cold reservoir to the work done each 
cycle: 

Apply energy conservation to relate Q c = Q h ~W 

Qc, Qh, and W: 


COP = — 
W 


Substitute to obtain: 


COP = 


Q,-w 

w 


Divide numerator and denominator 
by Qh and simplify to obtain: 


Because s c =W / Q h : 


COP = 


a-w 

w 


1 -— 

g h 

w 

a 


1 — £ 

cop = = 


T c 

Zjh 



R 


73 •• 

Picture the Problem We can use the definition of the COP to express the work the motor 
must do to maintain the temperature of the freezer in terms of the rate at which heat flows 
into the freezer. Differentiation of this expression with respect to time will yield an 
expression for the power of the motor that is needed to maintain the temperature in the 
freezer. 
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Using the definition of the COP, 
relate the heat that must be removed 
from the freezer to the work done by 
the motor: 

Solve for W\ 


Differentiate this expression with 
respect to time to express the power 
of the motor: 


COP = — 

w 


W = -Q- 
COP 

_ dW _ dQ c /dt 
dt COP 


Express the maximum COP of the 
motor: 


COP 



Substitute to obtain: 


p= da at 

dt T c 


Substitute numerical values and 
evaluate P: 


( 

P = (50 W) 

V 


50K 

250K y 


10.0W 


74 « 

Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 
pressures, and volumes at points A, B, and C and then find the work done by the gas and 
the efficiency of the cycle by using the expressions for the work done on or by the gas 
and the heat that enters the system for the isobaric, adiabatic, and isothermal processes of 
the cycle. 

(a) Apply the ideal-gas law to find y _ 

the volume of the gas at A: A P A 

_ (2mol)(8.314J/mol-K)(600K) 

101.325kPa 

5 atm x- 

atm 

= 19.7L 


(. b ) We’re given that: 


L b =2L a =2(19.7L) = 


39.4L 


T b = T a ^ = (600 K)^- - 


L a 




Apply the ideal-gas law to this 
isobaric process to obtain: 


1200K 
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(c) Because the process C—>A is 
isothermal: 

II 

(<T) Apply the equation of state for 

w 1 

an adiabatic process (/= 1.4) to find 

and 

the volume of the gas at C: 

II 


ry —1 


C 


( T 

f =(39.4L) 


A 1200K A 
v 600 K j 


223 L 


(e) Express and evaluate the work 
done by the gas during the isobaric 
process AB: 


W A-B= P a( V B~ V a) = P A ( 2V A - V A ) 

= F A F s =(5atm)(l9.7L) 
101.325 J 


= 98.50atm-Lx 


atm • L 


Apply the first law of 
thermodynamics to express the 
work done by the gas during the 
adiabatic expansion BC: 


= 9.98kJ 

W nn ^_c=M, 


on, B-C z_Uj 'int,B - C fin, B-C 
^hnt,B-C = ~ nC M‘ 

-\nRAT B c 


at; 


Substitute numerical values and evaluate Wb-c- 

W B _ c =-f(2 mol) (8.314 J/mol • K)(600K -1200 K) = 

The work done by the gas during the isothermal compression CA is: 


24.9kJ 


W C _ A = nRT c ln| 


f V A 

y A 

v^cy 


= (2 mol) (8.314 J/mol • K)(600 K)ln 


r \9.lO 
v 223 L j 


-24.2kJ 


(f) The heat absorbed during the isobaric expansion AB is: 

Q A _ B =nc ? AT A _ B =\nRAT A _ B =£(2mol)(8.314J/mol-K)(l200K-600K) 


= 34.9kJ 


The heat absorbed during the 
adiabatic expansion BC is: 


Qb c ~ 









Use the first law of thermodynamics 
to find the heat absorbed during the 
isothermal compression CA: 
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Qc A = ^C-A + A^intc-A = ^C-A 


-24.2kJ 


because AE inuC ~A = 0 for an isothermal 
process. 


(g) The thermodynamic efficiency s 
is: 


£ = 


W W A _ B +W B _c+W c _ A 


Q m 


Q. 


A-B 


Substitute numerical values and 
evaluate £. 


£ = 


9.98kJ + 24.9kJ-24.2kJ 
34.9kJ 


= 30.6% 


75 

Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 
pressures, and volumes at points B, C, and D and then find the work done by the gas and 
the efficiency of the cycle by using the expressions for the work done on or by the gas 
and the heat that enters the system for the various thermodynamic processes of the cycle. 


(a) Apply the ideal-gas law for a fixed 
amount of gas to the isothermal 
process AB: 


v / xV 

P b = P a~^ = (5atm) A 


K 

= 2.50 atm x 


2V a 


B A 

101.325kPa 


latm 


= 253kPa 


(b ) Apply the ideal-gas law for a fixed 
amount of gas to the adiabatic process 
BC: 


p v 

T c = p B ^~ SL 

p b v b 


Using the ideal-gas law, find the 
volume at B: 


nRT B 


(2mol)(8.314 J/mol • K)(600K) 


253kPa 


= 39.43L 


Use the equation of state for an 
adiabatic process and y= 1.4 to find 
the volume occupied by the gas at C: 


v c = v B 


r p 

f = (39.43 L) 

\*cJ 


f \ 1/1.4 

' 2.5atm ' 


v latm j 


= 75.87L 
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Substitute and evaluate 77: 


r c =(600K) < la,m) 9 5 87L) 
c v '(2.5atm)(39.43L) 


= 462 K 


(c) Express the work done by the gas 
in one cycle: 


w = W +W +W +W 

rr rr A-B T yr B-C ^ n C-D T " D-A 


The work done during the isothermal expansion AB is: 


W A _ B =nRT A ln| 


6 V ' 

V B 

v^a y 


= (2 mol) (8.314 J/mol • K) (600 K) In 


vV A j 


= 6.915 kJ 


The work done during the adiabatic expansion BC is: 

W B _ C = -C v AT B _ c = -%nRAT B _ c =-f(2mol)(8.314J/mol-K)(462K-600K) 
= 5.737kJ 

The work done during the isobaric compression CD is: 


W C _ D = P c (v d - V c ) = (l atm)(l9.7 L - 75.87 L) = -56.17 atm • L: 
= -5.690kJ 


101.325 J 
atm • L 


Express and evaluate the work done 
during the constant-volume process 
DA: 


*Va = o 


Substitute numerical values and 
evaluate W: 


W = 6.915kJ + 5.737kJ-5.690kJ + 0 


= 6.96 kJ 


Using its definition, express the 
thermodynamic efficiency of the 
cycle: 


s = 


W 


W 


Qin Qa II + Qn A 


( 1 ) 


Express and evaluate the heat 
entering the system during the 
isothermal process AB: 


<2a-B = ^A-B + A£ int , A _ B = ^A-B = 6.915k! 
Because A£ int = 0 for an isothermal process. 


Express the heat entering the system Q n A = C v AT n A = 4 nRAT l 


D-A 





during the constant-volume process 
DA: 
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Apply the ideal-gas law to the 
constant-volume process DA to 
obtain: 



(600 K) 


latm 
5 atm 


= 120K 


The heat entering the system during the process DA is: 

Q d _ a = f (2 mol) (8.314 J/mol • K)(600 K -120 k) = 20.0 kJ 


Substitute numerical values in 
equation (1) and evaluate the 
efficiency of the cycle: 


6.975kJ 

6.915kJ + 20.0kJ 


25.9% 


76 •• 

Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 
pressures, and volumes at points A, B, and C and then find the work done by the gas and 
the efficiency of the cycle by using the expressions for the work done on or by the gas 
and the heat that enters the system for the isobaric, adiabatic, and isothermal processes of 
the cycle. 


(a) Apply the ideal-gas law to find 
the volume of the gas at A: 


(j b ) We’re given that: 




nRT A 

Pa 

(2 mol) (8.314 J/mol • K)(600K) 

c 101.325kPa 

5 atm x- 

atm 

19.7L 


F b =2F a =2(19.7L) 


39.4L 


Apply the ideal-gas law to this 
isobaric process to obtain: 


T b =T a ^ = ( 600K) 2Fa 




V, 


1200K 


(c) Because the process CA is 
isothermal: 


T =T 
1 c 1 A 


600 K 


^vr i =T c vr l 


( 1 d) Apply the equation of state for 
an adiabatic process (y= 5/3) to find 
the volume of the gas at C: 


and 
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(e) Express and evaluate the work 
done by the gas during the isobaric 
process AB: 


v c = v B 


\ T c J 


111L 


( 

(39.4L) 

v 


1200K 
600 K 


\| 

J 


W t 


A-B 


PAVs-V*)=pA Wa-v a ) 

P A V A =(5atm)(l9.7L) 


98.50atm-Lx 


101.325 J 
atm • L 


9.98kJ 


Apply the first law of 
thermodynamics to express the work 
done by the gas during the adiabatic 
expansion BC: 


^on,B-C = ^hnt,B-C _ fin, B-C 
= ^hnt,B-C — 0 
= ^^int.B-C = — '(oC v A7^_ c ) 
= -\nRAT B _ c 


Substitute numerical values and evaluate Wb-c- 


W r 


on, B-C 


—| (2 mol)(8.314 J/mol • K)(600 K -1200 K) 


14.9kJ 


The work done by the gas during the isothermal compression CA is: 


W C _ A = nRT c ln| 


v A 

kVcJ 


-17.2kJ 


( 

(2 mol) (8.314 J/mol • K)(600K)ln 

v 


19.7L 

111L 


A 

) 


(f) The heat absorbed during the isobaric expansion AB is: 

Q mA _ B =nc P AT A _ B =inRAT A _ B =|(2mol)(8.314J/mol-K)(l200K-600K) 
= 24.9 kJ 



Express and evaluate the heat 
absorbed during the adiabatic 
expansion BC: 
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Use the first law of thermodynamics 
to express and evaluate the heat 
absorbed during the isothermal 
compression CA: 

(g) The definition of thermodynamic 
efficiency s is: 

Substitute numerical values and 
evaluate t:r. 


Qc A — ^C-A + ^hnt,C-A — ^C-A 

= -17.2kJ 


because AE mt = 0 for an isothermal process. 
W .._ W A -b+W b _ c +W c _ a 

Qn Qa B 

_ 9.98kJ + 14.9kJ-17.2kJ 
24.9kJ 

= 30.8% 


77 •• 

Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 
pressures, and volumes at points B, C, and D and then find the work done by the gas and 
the efficiency of the cycle by using the expressions for the work done on or by the gas 
and the heat that enters the system for the various thermodynamic processes of the cycle. 


(a) Apply the ideal-gas law for a 
fixed amount of gas to the 
isothermal process AB: 


v , , v 

Pb=P^ = ( 5atm) A 


V. 


= 2.50 atm x 


2K 


101.3 kPa 
latm 


253kPa 


(. b ) Apply the ideal-gas law for a 
fixed amount of gas to the adiabatic 
process BC: 


T = 


P C V C 

PbK 


Using the ideal-gas law, find the y _ n RT B 

volume at B: B P B 

_ (2mol)(8.314J/mol-K)(600K) 
253kPa 

= 39.43L 


Use the equation of state for an 
adiabatic process and y= 5/3 to find 
the volume occupied by the gas at 
C: 


v c = K 


r P A 1/r 

r B 

P 

v r c; 


= 68.33L 


f 

(39.43 L) 

V 


2.5 atm 
latm 


y/5 

J 
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Substitute and evaluate 77: 


r c =(600K) , (lalm) (f- 33L ) 
c v '(2.5atm)(39.43L) 


= 416K 


(c) Express the work done by the 
gas in one cycle: 


^ = ^A-B+^B-C+^C- D +^D-A CD 


The work done during the isothermal expansion AB is: 


( V ^ 

W A _ B = nRT A In 

Ca; 


= (2mol)(8.314J/mol-K)(600K)ln 


kKj 


= 6.915 kJ 


The work done during the adiabatic expansion BC is: 

W B _ C = -C v AT B _ c =-^nRAT B _c =-f(2mol)(8.314 J/mol-K)(416K-600K) 
= 4.589kJ 

The work done during the isobaric compression CD is: 


W c _ D = P c (V D - V c ) = (latm)(l9.7L -68.33L) = -48.63atm• L: 
=-4.926 kJ 


101.3 J 
atm-L 


The work done during the constant- 
volume process DA is: 


^D-A = 0 


Substitute numerical values in 
equation (1) to obtain: 


W = 6.915kJ + 4.589kJ-4.926kJ + 0 


= 6.58kJ 


The thermodynamic efficiency of 
the cycle is given by: 


a - 


W 


W 


Qm Qa-b Qd A 


( 2 ) 


The heat entering the system during 
the isothermal process AB is: 


Qa-B - W A-B + A^int, A- B ~ W A-B 

= 6.915kJ 

because AE ml = 0 for an isothermal process. 


The heat entering the system during 
the constant-volume process DA is: 


Qd-a = C v AT d a = \nRAT n A 
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Apply the ideal-gas law to the 
constant-volume process DA to 
obtain: 


T d = T a ^ = (600 = 120K 

P, 5atm 


The heat entering the system during the process DA is: 

Q^ h =f(2 mol) (8.314 J/mol • K)(600 K-120K) = 12.0kJ 


Substitute numerical values in 
equation (2) and evaluate the 
efficiency of the cycle: 


6.58kJ 

E ~ 6.915kJ + 12.0kJ 


34.8% 


78 •• 

Picture the Problem We can express the efficiency of the Otto cycle using the result 
from Example 19-2. We can apply the relation TV y ^ = constant to the adiabatic 
processes of the Otto cycle to relate the end-point temperatures to the volumes occupied 
by the gas at these points and eliminate the temperatures at c and d. We can use the ideal- 
gas law to find the highest temperature of the gas during its cycle and use this 
temperature to express the efficiency of a Camot engine. Finally, we can compare the 
efficiencies by examining their ratio. 


The efficiency of the Otto engine is 
given in Example 19-2: 


Apply the relation 

TV y ~ x = constant to the adiabatic 

process a—>b to obtain: 

Apply the relation 

TV 7 1 = constant to the adiabatic 

process c—>d to obtain: 


T -T 
e n =\- d a 


T- 71 


( 1 ) 


where the subscripts refer to the various 
points of the cycle as shown in Figure 19- 
3. 


T =T 

1 b 1 a 


r v v - 1 


\Kj 


T=T, 


f V V ^’ 

V d 

vKy 


T - T = T 

1 c 1 b 1 d 


(v ^ 

v d 

1 

7 

k_ 

(v] 

Ik) 


Vk) 


Subtract the first of these equations 
from the second to obtain: 
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In the Otto cycle, V a = C/and 
V c = V h . Substitute to obtain: 


Substitute in equation (1) and 
simplify to obtain: 


Apply the ideal-gas law to c and b to 
obtain an expression for the cycle’s 
highest temperature T c \ 

Express the efficiency of a Carnot 
engine operating between the 
maximum and minimum 
temperatures of the Otto cycle: 

Express the ratio of the efficiency of 
a Carnot engine to the efficiency of 
an Otto engine operating between 
the same temperatures: 


T — T =T 

1 c 1 b 1 d 


(v) 

r- 1 

f v) 


-T, 




InJ 


Y - 1 


= {T d ~T a ) 


f V ^ 


\ V bJ 


£ 0 =\~- 


T -T 

1 d 1 a 




y-i 


= 1 - 


kKj 


\ v bj 

T 

= 1 —^ 


Note that, while T a is the lowest 
temperature of the cycle, T b is not the 
highest temperature. 


P p p 

-e- = => T 1 = T h -e- > T, 

T T, c P h 


T 

s c =l~y 


'C _ 


T 

1—^ 

T 




> 


because T r > T h . 


*79 ■■■ 

Picture the Problem We can use nR = C p - C v , y = C P /C V , and TV y ~ { = a constant 

to show that the entropy change for a quasi-static adiabatic expansion that proceeds from 
state (Ei,Ei) to state ( V 2 ,T 2 ) is zero. 



(p') 


f k) 

AS = C v In 

x 2 

+ nR In 

r 2 



UJ 


Express the entropy change for a 
general process that proceeds from 
state 1 to state 2: 
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For an adiabatic process: 


Ty 


r v_^ 

\ V 2j 


7~ 1 


Substitute and simplify to obtain: 



rc 

y- 1 

ffO 


(vA 

AS = C v In 

+ nR In 

r 2 

= In 

r 2 


^ 2 J 






C v ln 


nR + 


V V 2J 


= In 




Vi 


V r iy 


(r-l)C v ln 


nR + ■ 


v 


-In¬ 

i', 


= In 


In — 

r, 


^\[n R -(r-i)c v ] 

V K l 


Use the relationship between C P and Cv ni? — C p — C, 
to obtain: 


Substitute for and rand simplify: 



fvA 


fc v ) 


AS = In 

2 

r -C - 

-^--1 
[Cy J 

C v 


0 


80 ••• 

Picture the Problem 

(a) Suppose the refrigerator statement of the second law is violated in the sense that heat 
Q c is taken from the cold reservoir and an equal mount of heat is transferred to the hot 
reservoir and W= 0. The entropy change of the universe is then AS U = QJT b - QJT C . 
Because T h > T c , S u < 0, i.e., the entropy of the universe would decrease. 

( b ) In this case, is heat Q h is taken from the hot reservoir and no heat is rejected to the 
cold reservoir, i.e., Q c = 0, then the entropy change of the universe is A S u = -Qu/T h + 0, 
which is negative. Again, the entropy of the universe would decrease. 

(c) The heat-engine and refrigerator statements of the second law only state that some 
heat must be rejected to a cold reservoir and some work must be done to transfer heat 
from the cold to the hot reservoir, but these statements do not specify the minimum 
amount of heat rejected or work that must be done. The statement 

A.S' L , > 0 is more restrictive. The heat-engine and refrigerator statements in conjunction 
with the Carnot efficiency are equivalent to A5 U > 0. 
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81 ••• 

Picture the Problem We can express the net efficiency of the two engines in terms of 
W\, W 2, and Qh and then use S\ = W\!Qh and s 2 = W 2 /Qm to eliminate W\, W 2 , Qh, and Q m 


Express the net efficiency of the two 
engines connected in series: 

W,+W 2 

P — 

net Qh 

Express the efficiencies of engines 1 
and 2: 

w x 

£ \= — 

Qh 

and 

W 2 

S 2 = - L - 

Q m 

Solve for W\ and W 2 and substitute 

to obtain: 

_ £ lQh + £ lQm _ | Qm 

Qh 1 Qh 2 

Express the efficiency of engine 1 in 
terms of Q m and Qh- 

£ =1-Qsl 

Qh 

Solve for QJ Q h \ 

^ = l-£, 

Qh 

Substitute to obtain: 

^net = ^ 1 + (l - C )^ 2 


*82 ••• 

Picture the Problem We can express the net efficiency of the two engines in terms of 
W\, W 2 , and Qv, and then use S\ = W\!Qh and s 2 = W 2 /Q m to eliminate W\, W 2 , Qh, and Q m 
Finally, we can substitute the expressions for the efficiencies of the ideal reversible 
engines to obtain s net = 1 -TjT h . 


Express the efficiencies of ideal 
reversible engines 1 and 2: 

*1=1“ (i) 

h 

and 

*2=1“*- ( 2 ) 

1 m 

Express the net efficiency of the two 
engines connected in series: 

^ne, = (3) 






Express the efficiencies of engines 1 
and 2: 
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Solve for W\ and W 2 and substitute 
in equation (3) to obtain: 

Express the efficiency of engine 1 in 
terms of Q m and Q b : 

Solve for QJ Q b : 


Substitute to obtain: 


W l , W 2 
£, = — L and £ 0 = —- 

& Q, n 


^net 


a 


On 

a 




e x =l- 


X 

a 


Q^ = l-£. 

& 


^nct = ei+(l-s 1 )e 2 


Substitute for s\ and £7 and 
simplify to obtain: 



83 ••• 

Picture the Problem There are 26 letters and four punctuation marks (space, comma, 
period, and exclamation point) used in the English language, disregarding capitalization, 
so we have a grand total of 30 characters to choose from. This fragment is 330 characters 
(including spaces) long; there are then 30 330 different possible arrangements of the 
character set to form a fragment this long. We can use this number of possible 
arrangements to express the probability that one monkey will write out this passage and 
then an estimate of a monkey’s typing speed to approximate the time required for one 
million monkeys to type the passage from Shakespeare. 

Assuming the monkeys type at 
random, express the probability P 
that one monkey will write out this 
passage: 

Use the approximation 
30 « VlOOO = 10 1 5 to obtain: 

Assuming the monkeys can type at a 
rate of 1 character per second, it 
would take about 330 s to write a 
passage of length equal to the 
quotation from Shakespeare. Find 
the time T required for a million 
monkeys to type this particular 
passage by accident: 


P = 


30 


330 


P = 


1 


10 


(1-5X330) 


10 


495 


= 10 


-495 


T = 


_ (330s)(l0 495 ) 
10 6 

= (3.30 x 10 491 s) 


iy 


3.16x 10s 


10 484 y 
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Express the ratio of T to Russell’s 
estimate: 


T _ 10 484 y 

^Russell 1()6 y 


or 


r* 


10 478 


T 

± Russell 




Chapter 20 

Thermal Properties and Processes 

Conceptual Problems 


*1 • 

Determine the Concept The glass bulb warm s and expands first, before the mercury 
warms and expands. 


Determine the Concept The heating of the sheet causes the average separation of its 
molecules to increase. The consequence of this increased separation is that the area of the 


hole always increases. ( b ) is correct. 


Determine the Concept Actually, it can be hard boiled, but it does take quite a bit longer 
than at sea level. 


(c) is the best response. 


4 

Determine the Concept Gases that cannot be liquefied by applying pressure at 20°C are 
those for which T c < 293 K. These are He, Ar, Ne, H 2 , 0 2 , NO. 

*5 •• 

(a) With increasing altitude, P decreases; from curve OF, T of the liquid-gas interface 
diminishes, so the boiling temperature decreases. Likewise, from curve OH, the melting 
temperature increases with increasing altitude. 

(b ) Boiling at a lower temperature means that the cooking time will have to be increased. 


6 • 

Picture the Problem We can apply the Stefan-Boltzmann law to relate the rate at which 
an object radiates thermal energy to its environment. 

Using the Stefan-Boltzmann law, P r = eoAT 4 

relate the power radiated by a body where A is the surface area of the body, a is 

to its temperature: Stefan’s constant, and e is the emissivity of 

the object. 

Because P varies with the fourth power of T, tripling the temperature increases the rate at 
which it radiates by a factor of 3 4 and 


(i d ) is correct. 


1511 
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*7 > 

Determine the Concept The thermal conductivity of metal and marble is much greater 
than that of wood; consequently, heat transfer from the hand is more rapid. 

8 • 

(a) True 

(b) True 

(c) False. The rate at which an object radiates energy is proportional to the fourth power of 
its absolute temperature. 

(</) False. Water contracts on heating between 0°C and 4°C. 

(e) True 


9 • 

Determine the Concept Because atoms are few and far between in space, the earth can 
not lose heat by conduction or convection. Thermal energy is radiated through space in the 


form of electromagnetic waves that move at the speed of light, (c) is correct. 


10 • 

Determine the Concept Because there is little, if any, molecule-to-molecule 
transportation of energy into a fireplace-heated room, the mechanisms are radiation and 
convection. 


11 • 

Determine the Concept In the absence of matter to support conduction and convection, 
radiation is the only mechanism. 

12 •• 

Determine the Concept Because the amount of heat lost by the house is proportional to 
the difference between the house temperature and that of the outside air, the rate at which 
the house loses heat (that must be replaced by the furnace) is greater at night when the 
temperature of the house is kept high than when it is allowed to cool down. 

13 •• 

Picture the Problem The rate at which heat is conducted through a cylinder is given by 
/ = dQ / dt = kAAT / Ax where A is the cross-sectional area of the cylinder. 


/ 


A 


= k A 7V d\ 


AT 

Ax 


Express the rate at which heat is 
conducted through cylinder A: 
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Express the rate at which heat is 
conducted through cylinder B: 



Equate these expressions to obtain: 


k A nd 



AT 

Ax 


or 



Because d A = 2 d B : 


M 2 <4) 2 = Kdl 


and 


4k A = k B => (a) is correct. 


14 


Determine the Concept Most objects of everyday experience are at temperatures near 
the mean temperature of the earth, about 300 K. Their blackbody spectrum therefore has 
a peak near T, nax = 2.898 mm KJ 300 K « 0.01 mm =10 pm = 10,000 nm. These 
wavelengths are in the infrared region of the spectrum, so the heat which most objects 
radiate away can be detected most easily in the infrared, which is the spectral region 
where most night-vision goggles and other types of optical "heat detectors" operate. 
Elowever, if the temperature of the object increases, the wavelength decreases; so the 
peak radiation can be found in any spectral region, not just the infrared. 


*15 


Determine the Concept The temperature of an object is inversely proportional to the 
maximum wavelength at which the object radiates (Wein’s displacement law). Because 
blue light has a shorter wavelength than red light, an object for which the wavelength of 
the peak of thermal emission is blue is hotter than one that is red. 

Estimation and Approximation 

16 ••• 

Picture the Problem We can express the heat current through the insulation 
in terms of the rate of evaporation of the liquid helium and in terms of the temperature 
gradient across the superinsulation. Equating these equations will 
allow us to solve for the thermal conductivity k of the superinsulation. 

Express the heat current in terms of I — L 


the rate of evaporation of the liquid 
helium: 


V 


dt 


Express the heat current in terms of 
the temperature gradient across the 
superinsulation and the conductivity 
of the superinsulation: 



Ax 
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Equate these expressions and solve 
for k: 


Using the definition of density, 
express the rate of loss of liquid 
helium: 

Substitute to obtain: 


Express the ratio of the area of the 
spherical container to its volume: 

Solve for A: 

Substitute to obtain: 


k = 


L v Ax 


dm 

dt 


AAT 


dm _ dV 
dt dt 


L v Axp 


k = 


dV 

dt 


AAT 


A 


V f;zr 3 


A = V36 nV 2 


L,.Axp 


k = 


dV 

dt 


\l36ftV 2 AT 


Substitute numerical values and evaluate k: 


(21kJ/kg)(7xlO 2 m)(l25kg/m 3 )^ Q ' 7 8 ^ Qg m 
^36^(200 xlO -3 m 3 ) 2 (288 K) 


3.13x10 6 W/m-K 


17 

Picture the Problem We can use the thermal current equation for the thermal 
conductivity of the skin. 


Use the thermal current equation to 
express the rate of conduction of 
thermal energy: 

Solve for k to obtain: 


Substitute numerical values and 
evaluate k : 


I=kA — 
Ax 



Ax 


k = 


130 W 


(l.8m 2 ) 


4K 
10 3 m 


18.1mW/m-K 
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*18 •• 

Picture the Problem The amount of heat radiated by the earth must equal the solar flux 
from the sun, or else the temperature on earth would continually increase. The emissivity 
of the earth is related to the rate at which it radiates energy into space by the Stefan- 
Boltzmann law P T = eoAT 4 . 


Using the Stefan-Boltzmann law, 
express the rate at which the earth 
radiates energy as a function of its 
emissivity e and temperature T: 

Solve for the emissivity of the earth: 


Use its definition to express the 
intensity of the radiation received 
by the earth: 


For 70% absoiption of the sun’s 
radiation incident on the earth: 

Substitute for P r and A and simplify 
to obtain: 

Substitute numerical values and 
evaluate e: 


P T = ecrA T 4 

where A' is the surface area of the earth. 


e =--— 

aA’T 4 


A 

where A is the cross-sectional area of the 
earth. 

j _ 0-7/j 
A 

_ 0.1 AI _ OJttR 2 ! _ 0.7/ 
aAT 4 ~ 4 nR 2 GT A ~ 4crT 4 

0.7(l 370 W/m 2 ) 

4(5.670xl0^W/m 2 -K 4 )(288K) 4 
= 0.615 


19 •• 

Picture the Problem The wavelength at which maximum power is radiated by the gas 
falling into a black hole is related to its temperature by Wien’s displacement law. 


Express Wien’s displacement law: 


^rnax 


2.898mm-K 


Substitute for T and evaluate /t 1Tiax : 


A _= 


2.898 mm-K 
10 6 K 


2.90nm 


Thermal Expansion 

20 • 

Picture the Problem We can find the length of the ruler at 100°C by adding its 
elongation due to the increase in temperature to its length at 20°C. We can find its 
elongation using the definition of the coefficient of linear expansion a = (AL/l)/ AT. 
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Express the length of the ruler at 
100°C in terms of its length at 20°C, 
its coefficient of linear expansion, 
and the change in its temperature: 


L 


100°C 


Z/ 20 °c 

Z 20 o C 


+ AL 

A aL 20 o C AT 


L 20 ° c (j + ocAT) 


Substitute numerical values and 
evaluate L UWC - 


L 100 o C = (30 cm)[l + (l 1 x 10 6 /K)(80 k)J 
= 30.026 cm 


21 •• 

Picture the Problem We can let the definition of the coefficient of linear expansion 
a = (A L/L)I AT , with AA replacing A L and A replacing L suggest a definition of the 
coefficient of area expansion. 


(a) Letting /represent the 
coefficient of area expansion we 
have: 

(. b ) For a square: 


Divide both sides of the equation by 
A to obtain: 

Substitute in equation (1) to obtain: 


Let AT —>0 to obtain: 


For a circle: 


Divide both sides of the equation by 
A to obtain: 


r = 


AA/A 

AT 


( 1 ) 


AA = [l(\ + ccAT)J -L 1 

= L 2 (l + 2aAT + a 2 AT 2 )-L 2 
= A(laAT +a 2 AT 2 ) 


— = 2aAT + cc 2 AT 2 
A 


r = 


2ccAT + a 2 AT 2 
AT 


= 2a + a 2 AT 


r~ 


2aAT 


AA = x[R{\ + aAT)} 2 -nR 2 

= 7rR 2 (l + 2aAT + a 2 AT 2 )-7rR 2 
= A(2aAT + a 2 AT 2 ) 

— = 2aAT + a 2 AT 2 


r = 


2aAT A a 2 AT 2 
AT 


= 2a A a 2 AT 


Substitute in equation (1) to obtain: 








Thermal Properties and Processes 1517 


Let AT —>0 to obtain: 


r~ 


2aAT 


22 •• 

Picture the Problem While the mass of a sample of aluminum will remain constant with 
increasing temperature, its volume will increase due to thermal expansion. Consequently, 
its density will decrease with increasing temperature. We can use the definition of density 
(mass/unit volume) to express the density when its volume has increased by AV and the 
definition of the coefficient of volume expansion to relate AL to the increase in 
temperature AT. The relationship /3= 3 a will allow us to relate the coefficient of volume 
expansion to the coefficient of linear expansion. 


Express the density of aluminum // 
when its volume has changed 
by AV: 

Using the definition of the 
coefficient of volume expansion, 
substitute for AVIV to obtain: 

Substitute numerical values and 
evaluate p': 


m _ m/V 
V + AV ~ 1 + AV/V 


1 + PAT 1 + 3aAT 

because J3=3a. 

2.70 x 10 3 kg/m 3 
P ~ 1 + 3(24 x 1CT 6 /k)(200 K) 

= 2.66 xlO 3 kg/m 3 


23 •• 

Picture the Problem Because the temperature of the steel shaft does not change, we need 
consider just the expansion of the copper collar. We can express the required temperature 
in terms of the initial temperature and the change in temperature that will produce the 
necessary increase in the diameter D of the copper collar. This increase in the diameter is 
related to the diameter at 20°C and the increase in temperature through the definition of the 
coefficient of linear expansion. 


Express the temperature to which 
the copper collar must be raised in 
terms of its initial temperature and 
the increase in its temperature: 

Apply the definition of the 
coefficient of linear expansion to 
express the change in temperature 
required for the collar to fit on the 


T = T t +AT 


AT = 


"A 


a 
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shaft: 


Substitute to obtain: 

T-T+ — 

1 ccD 

Substitute numerical values and 

evaluate T: 

T = 293K + 1 -° 6 -° 2 ^-v 

(17x10 6 /K)(5.98cm) 

= 490 K = 217°C 


*24 •• 

Picture the Problem Because the temperatures of both the steel shaft and the copper 
collar change together, we can find the temperature change required for the collar to fit the 
shaft by equating their diameters for a temperature increase AT. These diameters are 
related to their diameters at 20°C and the increase in temperature through the definition of 


the coefficient of linear expansion. 


Express the temperature to which the 
collar and the shaft must be raised in 

terms of their initial temperature and 
the increase in their temperature: 

T = T 1 +AT (1) 

Express the diameter of the steel 
shaft when its temperature has been 
increased by AT: 

^steel = Aiteel,20°C 0 + ^stccl^C) 

Express the diameter of the copper 
collar when its temperature has been 
increased by AT: 

= Au,20 c C 0 + a (\A'T) 

If the collar is to fit over the shaft 
when the temperature of both has 
been increased by AT: 

^Cu,20°C 0 + a cAT) 

= Ateel,20°C + a steeA^) 

Solve for AT to obtain: 

Substitute in equation (1) to obtain: 

_ Ateel,20°C ~-Au,20°C 

A’u,20°C Q -Cu — ^steel,20° C ^ steel 
j _ j | Ateel,20°C — ^Cu,20°C 

^Cu,20 o C^Cu ~ Ateel,20°Casteel 


Substitute in equation (1) to obtain: 
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Substitute numerical values and evaluate T: 


T = 293K + 7 - 6.0000 cm 5.9800 cm - —^ = S54K = 

(5.98cm)(l7x 10 6 /K]-(6.00cm)(l 1 x 10 6 /Kj 


581°C 


25 •• 

Picture the Problem The linear expansion coefficient of the container is one-third its 
coefficient of volume expansion. We can relate the changes in volume of the mercury and 
the container to their initial volumes, temperature change, and coefficients of volume 
expansion, and, because we know the amount of spillage, obtain an equation that we can 
solve for J3 C . 


Relate the linear expansion 
coefficient of the container to its 
coefficient of volume expansion: 


«c =\Po 


( 1 ) 


Express the difference in the change 
in the volume of the mercury and 
the container in terms of the 
spillage: 


AF Hg - AF C = 7.5mL 


Express A V Hg using the definition 

of the coefficient of volume 
expansion: 


A^ Hg = /? H / Hg Ar 


Express A V c using the definition of 
the coefficient of volume expansion: 


AV C =/? C V C A T 


Substitute to obtain: 


Solve for J3 C : 


PugV h & AT - P c V c AT = 7.5 mL 

P^y^AT-l.SmL 




VAT 


or, because V= V Hg = V c , 
jS H VAT-7.5 mL 




_ 


Ai g 


VAT 

1.5mL 


VAT 
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Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate a c : 






3 ' Hg 


7.5 mL 
3VA T 


7.5 mL 

= - 

Hg WAT 




}(0.18xl0 3 /k)- 
15.4x10 6 K ’ 


7.5 mL 

3(1.4LX40K) 


26 •• 

Picture the Problem We can use d Fe ,i68°c = <7 fc,2o°c(1+«fcA 7) to find the diameter of the 
hole in the aluminum sheet at 168°C and then t/ A i, 2 o°c = ^au68°c(1 _ «aiA 7) to find the 
diameter of the hole when the sheet has cooled to room temperature. 

Relate the diameter of the hole/steel ^Fe,i68°c = f4c.2o c c(l+«FcA7’) 

drill bit at 168°C to its diameter at 
20° C: 

Substitute numerical values and evaluate c?Fe,i68°c: 

rf Fe>16g „ c = (6-245 cm)[l + 11 x 10^ 6 K'(l48K)] = 6.255 cm 

Express the diameter of the hole in ^ai, 2 o°c = d\\, 168°C {\-a M AT) 

the plate at 20° C: 

Substitute numerical values and evaluate f/ A i, 2 o°c: 

d M ^ c = (6-255 cm)[l - (24 x 10~ 6 K 1 )(l48K)] = 


Remarks: Note that the diameter of the hole in the plate at 20°C is less than the 
diameter of the drill bit at 20°C. 


6.233 cm 
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*27 •• 

Picture the Problem Let L be the length 
of the rail at 20°C and L' its length at 
25°C. The diagram shows these 
distances and the height h of the buckle. 
We can use Pythagorean theorem to 
relate the height of the buckle to the 
distances L and L' and the definition of 
the coefficient of linear expansion to 
relate L and L'. 



Apply the Pythagorean theorem to 
obtain: 


h = 


fL') 

CN 

( L ) 

ll 2 J 


UJ 


= W l ,2 -l 2 


Use the definition of the coefficient 
of linear expansion to relate L and 
L': 

Substitute to obtain: 


Substitute numerical values and 
evaluate Jr. 


L' 2 =L\\ + « steel AT) 2 

or, because (a stC eiAT) 2 « 2a stee \AT, 

L' 2 * L\\ + 2« stee iA7) 

h = ^l}(\ + 2a^AT)-L 2 

= yV 2 «s,eel Ar 

h = 1 QQ 2 ° m ■^2 (i1x10~ 6 K~ 1 )(5K) 
= 5.24m 


28 •• 

Picture the Problem The amount of gas that spills is the difference between the change in 
the volume of the gasoline and the change in volume of the tank. We can find this 
difference by expressing the changes in volume of the gasoline and the tank in terms of 
their common volume at 10°C, their coefficients of volume expansion, and the change in 
the temperature. 

Express the spill in terms of the F sp m = AF gas - AF tank 

change in volume of the gasoline 
and the change in volume of the 
tank: 

Relate AF gas to the coefficient of A K gas = /? gas LA T 

volume expansion for gasoline: 

















1522 Chapter 20 


Relate AK tank to the coefficient of AK lank = P^VAT 

linear expansion for steel: or, because /? ste ei = 3« slec i, 

AF t ank= 3 CZ s teelVAT 

Substitute to obtain: F spm = /3 %as VAT- 3a stee \VAT 

= VAT (/? gas - 3« st eel) 


Substitute numerical values and evaluate F spi n: 


»U = (60L)(15K)[0.9x10^K- 1 


3(l 1x10 6 K ')] = 


0.780L 


29 •• 

Picture the Problem We can relate the diameter of the capillary tube to the height the 
mercury rises for a 1 °C increase in temperature and to the difference in the volume changes 
of the mercury in the bidb and the glass bulb. These volume changes can, in turn, be 
expressed in terms of the coefficients of volume expansion of mercury and glass. 

AV=AV Ug -AV glass =AAL 


Express the net change in volume of 
the mercury in the thermometer and 
the bulb and tube of the glass 
thermometer: 

Relate AK Hg to the coefficient of 
linear expansion for mercury: 

Relate AF g i ass to the coefficient of 
linear expansion for glass: 

Substitute to obtain: 


Solve for d: 


where A = nd 2 l\ is the cross-sectional area 
of the capillary tube and d is its diameter. 

AV Hg = p Hg VA T 

A V glass = AglassEA T 
or, because /fj.,., 3 

ATgiass 3« g i ass FAT 

^ = P«y&T-3a glm VAT 
= VAT(fl Hs -3a g J 



Substitute numerical values and evaluate d: 


d = 



3(9 x 1 (T 6 KA 1 )) 


0.255 mm 
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30 •• 

Picture the Problem We can relate the volume of the thermometer bulb to the height the 
mercury rises for the 8 C° increase in temperature and to the difference in the volume 
changes of the mercury in the bulb and the glass bulb. These volume changes can, in turn, 
be expressed in terms of the coefficients of volume expansion of mercury and glass. 

AV= AF H g - AF glass =AAL 


Express the net change in volume of 
the mercury in the thermometer and 
the bulb and tube of the glass 
thermometer: 

Relate AF Hg to the coefficient of 
linear expansion for mercury: 

Relate A F g ] ass to the coefficient of 
linear expansion for glass: 

Substitute to obtain: 

Solve for V and substitute for A: 


where A = mi 1 1A is the cross-sectional area 
of the capillary tube and d is its diameter. 

AE Hg = PugVAT 
or, because /? Hg = 3 a Hg , 

AE Hg = 3«HgEAT 

A V glass = fi&^VAT 
or, because J3 g i ass = 3« g i ass , 

AEglass 3a g lassEAr 

f3 Hs VAT-3a gl!lss VAT = AAL 
v= AAL 

7id 2 AL 

= 4(/9 Hg -3a gl ,„)A T 


Substitute numerical values and evaluate V: 


n\ 

(o.4xlO~ 3 m) 2 

(7.5x10 2 m 

) 

4| 

[0.1 8 x 10 3 K 1 - 3(9 x 10" 6 K 1 ) 

pk) 


7.70 mL 


31 

Picture the Problem We can determine whether the clock runs fast or slow from the 
expression for the period of a simple pendulum and the dependence of its length on the 
temperature. Letting T P represent the period of the pendulum and T the temperature, we 
can evaluate dTytdT and use a differential approximation to find the time gained or lost in 
a 24-h period. 

(a) Express the period of the 
pendulum in terms of its length: 


T p =2;rJ- 
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Because T p oc Vc and L is temperature dependent, the clock runs slow. 


(b) Because the clock runs slow at 
the higher temperature, we know 
that it will lose time. Express the 
loss in terms of the loss each period 
and the elapsed time At: 


T AT P A 

Loss = —-At 


( 1 ) 


dT P 

Write -as the product of 

dT 

dT dL 

-and -: 

dL dT 


dT p _ dTp dL 
dT dL dT 


Evaluate 


dTp 

dL 


and simplify to obtain: 


Express the dependence of the 
length of the pendulum on its 
calibration length L 0 and the 
coefficient of linear expansion of 
brass a: 


dTp _ d 
dL dL 


^ [l 

1 

^ 2n^ 

V 

2 n — 




u_ 

_ 2 

v g y 

yg) 


f 2n^ 


\g ) 


l£ = ± 

L 2 L 


In I- 


\ 

gy 


T 
— p 


2 L 

L=L 0 {\ + ccAT) 


, dL 

Evaluate -: 

dT 

Substitute to obtain: 


^ = jf[L,M + <*AT)] = aL„ 


dTp 

~d¥ 


r T ^ 

1 P 

J 




Use the differential approximation 
to obtain: 


AT d a ATp a 
= —1 „ or-= —A 1 


AT 2 


Tp 2 


Substitute numerical values and 
evaluate A T P /T P : 


at; 


= y(l9x 10^ 6 /k)(10K) 


= 9.50x10^ 




Substitute numerical values in 
equation (1) to obtain: 
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3600s^ 
h , 


8.21s 


32 ••• 

Picture the Problem The steel tube will fit inside the brass tube when its outside diameter 
equals the inside diameter of the brass tube. We can use the definition of the coefficient of 
linear expansion to express the diameters of the tubes when they fit in terms of the 
required temperature change and equate these expressions to find A T. 


Express the temperature at which 
the steel tube will fit inside the brass 
tube in terms of their initial 
temperature and the change in 
temperature: 

Express the condition that the steel 
tube will fit inside the brass tube: 

Relate the diameter of the steel tube 
to its initial diameter, coefficient of 
linear expansion, and the change in 
temperature: 

Relate the diameter of the brass tube 
to its initial diameter, coefficient of 
linear expansion, and the change in 
temperature: 

Substitute to obtain: 


T = T t + AT = 293K + AT (1) 


4eel = d 


brass 


^steel ^O.steel ^steel^^) 


^brass — ^0,brass + ^brass 


^0,steel (l + ^steel — ^0,brass + ^brass 


Solve for AT: 


AT = 


^0,steel d 0, brass 


^O.brass^brass ^O.steel^'steel 


Substitute numerical values and evaluate AT: 


AT == 


3.000cm-2.997cm 

(3.000cm)(l9 x 10 6 K 1 )-(2.997cm)(l 1 x 10 6 K 1 ) 


= 125K 


Substitute in equation (1) to evaluate AT: 


T = 293K + 125K = 418K = 


145°C 
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*33 ••• 

Picture the Problem We can use the definition of Young’s modulus to express the 
tensile stress in the copper in terms of the strain it undergoes as its temperature returns to 
20°C. We can show that A L/L for the circumference of the collar is the same as A did for 
its diameter. 


Using Young’s modulus, relate the 
stress in the collar to its strain: 


Express the circumference of the 
collar at the temperature at which it 
fits over the shaft: 

Express the circumference of the 
collar at 20°C: 

Substitute to obtain: 


Substitute numerical values and 
evaluate the stress: 


Stress = Yx Strain = Y 


A L 


L 


20° C 


where L 2 o°c is the circumference of the 
collar at 20°C. 


Lj< — 7idj 


A>0°c — -^20°C 


f 7id TAop 

Stress = Y- T 20 c 


Y- 


7ld 2 qo C 

- dr ~ ^20°C 

^20° C 


Stress = (l 1x10 u, N/m 2 ) 


0.02 cm 
5.98cm 


= 3.68x10 N/m 


The van der Waals Equation, Liquid-Vapor Isotherms, and Phase 
Diagrams 

34 • 

Picture the Problem We can apply the ideal-gas law to find the volume of 1 mol of steam 
at 100°C and a pressure of 1 atm and then use the van der Waals equation to find the 
temperature at which the steam will this volume. 







(a) Use the ideal-gas law to find the 
volume: 
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( b ) Solve van der Waals equation for 
T to obtain: 



nRT 

P 

(lmol)(8.314J/mol-K)(373K) 
, 101.325kPa 

latmx- 

atom 


= 3.06x10 2 m 3 x 


1L 

10 3 m 3 


= 30.6L 


T = 


P + 


an' 

T 2 


.2 A 


(V -bn) 


nR 


Substitute numerical values and evaluate T: 


( 25 

p + ™ 

l V 2 ) 

(V -bn) 

f 

101.3kPa + - 

V 

0.55 Pa -m 6 /mol 2 ) 

lmol)" 

nR 


3.06x10 2 m 3 

) 2 J 


3.06x10 2 m J - (30x10 6 m 3 /mol) (lmol) 
X (lmol)(8.314J/mol-K) 

375K 


35 » 

Picture the Problem We can find these temperatures and pressure by consulting Figure 
20-3. 


(a) At 70 kPa, water boils at: 


t 


90°C 


( b) At 0.5 atm (about 51 kPa): 


^boil 


82°C 


(c) For 4 oil = 115°C: 


Pa 


170kPa 


*36 •• 

Picture the Problem Assume that a helium atom is spherical. Then we can find its radius 
from V = r 3 and its volume from the van der Waals equation. 
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Express the radius of a spherical 
atom in terms of its volume: 

In the van der Waals equation, b is 
the volume of 1 mol of molecules. 
For He, 1 molecule = 1 atom. Use 
Avogadro’s number to express b in 
cmVatom: 

Substitute numerical values and 
evaluate r: 



_ (0.0237 L/mol)(l0 3 cm 3 /L) 
6.022 xl0 2j atoms/mol 
= 3.94x10 23 cm 3 /atom 


r = 



3^.94x10 23 cm 3 


4 n 


= 2.1 lxl0~ 8 cm = 


0.21 lnm 


37 

Picture the Problem Because, at the critical point, dP/dV= 0 and d 2 P/dV 2 = 0, we can 
solve the van der Waals equation for P and set its first and second derivatives equal to zero 
to find V c . We can then eliminate V c between these equations to find T c and then substitute 
in the van der Waals equation to express P c . Finally, we can use their definitions to rewrite 
the van der Waals equation in terms of the reduced variables. 


(a) Solve the van der Waals 
equation for P: 

Evaluate dP/dV: 


Evaluate 


d 2 P 
dV 2 ' 


nRT an 2 
V-bn T 2 


dP 

dV 


d_ 

dV 


nRT 
V -bn 

nRT 


{y-nb ) 2 


an 

~v r _ 

2 an 2 


= 0 for extrema 


( 1 ) 


( 2 ) 


d 2 P 
dV 2 


d_ 

dV 


nRT 


(v — nbj 


- + 


2 nRT 6 an 


{V-nbf V 4 


Ian 2 

~w~ 


= 0 for critical points 


(3) 


. 2 an 2 2 an 2 nRT 

Solve equation (2) tor-— : -— = --— 

C 3 V 3 ( V-nb) 2 


( 4 ) 
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6 an 

Solve equation (3) for ~~r~ '■ 


6an 2 nRT 

V 4 ~ (V-nb f 


Divide equation (4) by equation (5) 
and simplify to obtain: 


\V=W-nb) 


Solve for V= V c : 


V c =3 nb 


Substitute in equation (4): 


Simplify and solve for T c : 


21n 3 b 3 (3 nb-nb) 


21Rb 


Substitute for V c and T c in equation 
(1) and simplify to obtain: 


21 Rb a ' r 


3 bn-bn ( 3 bnf 21b 2 


(b) Using the result for V c from (a), 
express the reduced volume V r : 


V V 

V= — =- and V = 3 nbV r 

V. 3 nb 


Using the result for T c from (a), 
express the reduced temperature T r : 


_ T _ 21RbT 
r ~ T~ 8 a 


T= J^_ T 

21Rb 


Using the result for P c from (a), 
express the reduced pressure P r : 


_P _ 21b 1 P 
T ~ P.~ a 


P = - T Pr 

21b 2 


Substitute in the van der Waals 
equation to obtain: 


, , ,, o (3 nbV r -bn) 


21b 1 r (3 nbVj 


= nR—^—T 

21 Rb 
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Simplify to obtain: 


Heat Conduction 


P+- 


V: 


(3F r -l) = 8r, 


38 • 

Picture the Problem We can use their definitions to find the thermal resistance of the bar, 
the thermal current in the bar, and the temperature gradient in the bar. Because the 
temperature varies linearly with distance along the bar, we can express the temperature in 
terms of the thermal gradient and evaluate this expression 25 cm from the hot end. 


(a) Using its definition, find the 
thermal resistance of the bar: 


( b ) Using its definition, find the 
thermal current in the bar: 


Ax _ Ax 
kA knr 2 

2 m 

(401 W/m • K.)[/r(l 0 4 m 2 )] 

15.9K/W 



100K 

15.9K/W 


6.29 W 


(c) Substitute numerical values and 
evaluate the temperature gradient: 


AT 

Ax 


100K 
2 m 


= 50K/m = 


50K/m 


(i d) Express the linear dependence of 
the temperature in the bar on the 
distance from the cold end: 


T T 7 dT A 

T = T n -\ -Ax 

0 dx 


Substitute numerical values and 
evaluate J(1.75 m): 


r(l .75 m) = 273 K + (50K/m)(l .75 m) 


= 360.5K = 


87.5°C 


39 • 

Picture the Problem We can use its definition to express the thermal current in the slab 
in terms of the temperature differential across it and its thermal resistance and use the 
definition of the R factor to express / as a function of AT, the cross-sectional area of the 
slab, and Rf. 


1 = 


AT 

R 


Express the thermal current through 
the slab in terms of the temperature 
difference across it and its thermal 
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resistance: 

Substitute to express R in terms of 
the insulation’s R factor: 

Substitute numerical values and 
evaluate I: 


AT AAT 


R t / A R t 


(20ft)(30ft)(68°F-30°F) 

llh-ft 2 ■ 

F°/Btu 

2.07kBtu/h 



40 •• 

Picture the Problem We can use R = Ax/kA to find the thermal resistance of each cube 

and the fact that they are in series to find the thermal resistance of the two-cube system. 
We can use / = AT/R to find the thermal current through the cubes and the temperature 

at their interface. 


(a) Using its definition, express the 
thermal resistance of each cube: 

Substitute numerical values and 
evaluate the thermal resistance of 
the copper cube: 

Substitute numerical values and 
evaluate the thermal resistance of 
the aluminum cube: 

(j b ) Because the cubes are in series, 
their thermal resistances are 
additive: 


kA 


Cu (401 W/m • K)(3 cm) 2 
= 0.0831K/W 


A1 (237 W/m • K)(3 cm) 2 
= 0.141K/W 

^ = ^Cu + ^A1 

= 0.0831 K/W+ 0.141 K/W 
= 0.224 K/W 


(c) Using its definition, find the 
thermal current: 



373K-293K 
0.224 K/W 


357 W 


(cl) Express the temperature at the interface - 373 K - A T Cu 

interface between the two cubes: 

Express the temperature differential A T Cu = I Cu R Cu = IR Cu 

across the copper cube: 
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Substitute numerical values and 
evaluate T mlcrla _ cc : 


I 

interface 


373 K -IR Cu 

373 K - (357 w)(0.0831 K/W) 


= 343.3 K = 


70.3°C 


41 •• 

Picture the Problem We can use / = AT/R and/? = Ax/kA to find the thermal current in 

each cube. Because the currents are additive, we can find the equivalent resistance of the 
two-cube system from/? eq = AT / 1. 


( a ) Using its definition, express the 

—< 

II 

1 > 

1 ^ 

thermal current through each cube: 

R 

Using its definition, express the 

r = A 

thermal resistance of each cube: 

kA 

Substitute to obtain: 

kAAT 


Ax 


( 1 ) 


Substitute numerical values in equation (1) and evaluate the thermal current in the 
copper cube: 


'Cu 


(401 W/m • K)(3 cm) 2 (373 K - 293 K) 
3 cm 


962 W 


Substitute numerical values in equation (1) and evaluate the thermal current in the 
aluminum cube: 


A1 


(237W/m-K)(3cm) 2 (373K-293K) 
3 cm 


569 W 


(b) Because the cubes are in parallel, 
their total thermal currents are 
additive: 

(c) Use the relationship between the 
thermal current, temperature 
differential and thermal resistance to 
find R eq : 


I=I C u+Im= 962W + 569W 
= 1.53kW 


, _ AT _ 373K-293K 
eq ~ ~T ~ 1.53kW 


0.0523K/W 
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42 •• 

Picture the Problem The cost of operating the air conditioner is proportional to the 
energy used in its operation. We can use the definition of the COP to relate the rate at 
which the air conditioner removes heat from the house to rate at which it must do work 
to maintain a constant temperature differential between the interior and the exterior of the 
house. To obtain an expression for the minimum rate at which the air conditioner must do 
work, we’ll assume that it is operating with the maximum efficiency possible. Doing so 
will allow us to derive an expression for the rate at which energy is used by the air 
conditioner that we can integrate to obtain the energy (and hence the cost of operation) 
required. 


Relate the cost C of air conditioning 
the energy W required to operate the 
air conditioner: 

Express the rate dQ/dt at which heat 
flows into a house provided the 
house is maintained at a constant 
temperature: 


Use the definition of the COP to 
relate the rate at which the air 
conditioner must remove heat dW/dt 
to maintain a constant temperature: 

Solve for dW/dt: 


Express the maximum value of the 
COP: 


Letting COP = COP max , substitute to 
obtain an expression for the 
minimum rate at which the air 
conditioner must do work in order to 
maintain a constant temperature: 

Substitute for dQ/dt to obtain: 


Separate variables and integrate this 
equation to obtain: 


C = uW (1) 

where u is the unit cost of the energy. 



= kAT 


where AT is the temperature difference 
between the interior and exterior of the 
house. 


COP = 


dQ/dt 

dW/dt 


dW/dt 


dQ/dt 

COP 


COP,. 



where T c is the temperature of the cold 
reservoir. 


dW _ dQ/dt ^ 
dt T c 


^ = *^Ar = i.(Ary 

dt T T c x 

W = y(ATf]dt' = QaT) 2 M 

0 
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Substitute in equation (1) to obtain: 


C = Uy(AT) 2 At 


oc 



43 ••• 

Picture the Problem We can follow the step-by-step instructions given in the problem 
statement to obtain the differential equation describing the variation of T with r. 
Integrating this equation will yield an equation that we can solve for the current I. 


Conservation of energy requires that thermal current through each 
shell be the same. 


( b ) Express the thermal current / 
through such a shell element in 
terms of the area A = 4nr 2 , the 
thickness dr, and the temperature 
difference dT across the element: 


, , A dT 

I = -kA — 
dr 


- Ankr 1 


dT_ 

dr 


where the minus sign is a consequence of 
the heat current being opposite the 
temperature gradient. 


(c) Separate the variables: 


dT = 


I dr 
Ank r 2 


Integrate from r = r\ to r = r 2 : 


Solve for / to obtain: 


/ r dr 


[dT = -— f 

4 nk •' r 


4 

and 


T -T = 
1 2 1 \ 


I 

V 

r2 / 

fi o 

Ank 

1 

^ 1 
1_ 

Ank 

- 1 

^ 1 


1 = 


An b\r 2 


r 2 ~r t 


(T,-T t ) 


(d) When r 2 - n « n: 


= r 


Let r 2 - ri = A r and substitute to obtain: 


1 = 


An kb 
A r 




An kr 2 


AT 
A r 


which is Equation 20-7. 


*44 .. 

Picture the Problem We can use the expression for the thermal current to express the 
thickness of the walls in terms of the thermal conductivity of copper, the area of the walls, 
and the temperature difference between the inner and outer surfaces. Letting AA/Ax' 
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represent the area per unit length of the pipe and L its length, we can eliminate the surface 
area and solve for and evaluate L. 

Write the expression for the thermal j _ ^ AT 

current: Ax 


Solve for .4: 


A = 


/Ax 

kAT 


Express the total surface area of the 
pipe: 


A = 


AA 

Ax' 


L 


Substitute for A and solve for L to I Ax 

obtain: ^ _ kAT 

AA/ Ax' 


Substitute numerical values and 

1 

O 

ZtT' 

X 

l— 1 

o 

1 

_1 

evaluate /: 

L = 

(401 W/m ■ K)(873 K - 498 K) 


0.12m 

= 

665 m 



45 ••• 

Picture the Problem Consider an element with a cylindrical area of length/, radius r, 
and thickness dr. We can relate the heat current through this element to the conductivity 
of the walls of the pipe, its length and radius, and the temperature gradient across the 
wall. We can separate the variables in the resulting differential equation and integrate to 
find the rate of heat transfer. 


(a) Express the heat current through 
the cylindrical element: 


Separate the variables: 


/ = -kA — = -2n kLr — 
dr dr 

where the minus sign is a consequence of 
the heat current being opposite the 
temperature gradient. 

I dr 


dT = — 


2k kL 


Integrate from r = r\ to r = r 2 and 
T= T { to T= T 2 : 



/ | dr 

2 nkL^ r 

r i 


and 
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7 \-Z= — 


2k kL 


in/-];; 


2k kL 


-In— 


2k kL 


-In — 


Solve for / to obtain: 


/ = 


2k kL 
ln(r,/r 2 ) 


fc-? - ,) 


Remarks: If we use the above result in Problem 44 (take 0.12 m 2 to be the outside 
area per unit length of the pipe), then ri = 1.91 cm and r 2 = 1.51 cm. Solving for L one 
obtains 746 m. 

Radiation 

46 • 

Picture the Problem We can apply Wein’s displacement law to find the wavelength at 
which the power is a maximum. 

Use Wein’s displacement law to 
relate the wavelength at which the 
power is a maximum to the surface 
temperature of the skin: 

Substitute numerical values and 
evaluate /t,n ax : 

47 • 

Picture the Problem We can apply the Stefan-Boltzmann law to find the net power 
radiated by the wires of its heater to the room. 

Relate the net power radiated to the P Kl = eaA^T 4 - ) 

surface area of the heating wires, their 
temperature, and the room 
temperature: 


X = 


2.898 mm-K 


2 , 


2.898 mm -K 
273K + 33K 


9.47 jum 



Solve for .4: 
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Substitute numerical values and evaluated: 


A = 


lkW 


(l) (5.6703 x 10 8 W/m 2 • K 4 ) [(l 173 K) 4 - (293 K) 4 


9.35x10 3 m 2 


48 •• 

Picture the Problem The rate at which the sphere absorbs radiant energy is given by 
dQ/dt = mcdT/dt and, from the Stephan-Boltzmann law, P net = eaA{T 4 -T 0 4 ), where 

A is the surface area of the sphere, T 0 is its temperature, and T is the temperature of the 
walls. We can solve the first equation for dT/dt and substitute P na for dQ/dt in order to 
find the rate at which the temperature of the sphere changes. 


Relate the rate at which the sphere 

P t = 

_dQ = 

dT 
me - 


absorbs radiant energy to the rate at 


dt 

dt 


which its temperature changes: 





Solve for dT/dt. 

dT 

P 

_ net _ 

P 

x net 

p 

± net 


dt 

me 

pVc 

4 7Tr 3 pc 

Apply the Stefan-Boltzmann law to 

P -- 

net 

- eaA(r 

‘-t) 



relate the net power radiated to the _ 4^ r 2 eo -(p 4 ~ T 4 ) 

sphere to the difference in 
temperature of the walls and the 
blackened copper sphere: 

Substitute to obtain: dT _ 4/rr 2 ecr(r 4 -T 0 4 ) 

dt j7rr 3 pc 

3 e <r(r 4 -r a 4 ) 

rpc 


Substitute numerical values and evaluate dT/dt\ 


dT_ 

dt 


3(l)(5.6703 x lO" 8 W/m 2 -K 4 ) [(293 K) 4 -(273K) 4 ] 
(4x 10 2 m)(8.93x 10 3 kg/m 3 )(0.386kJ/kg • K) 


2.24x10 3 K/s 


49 

Picture the Problem We can apply the Stephan-Boltzmann law to express the net power 
radiated by the incandescent lamp to its surroundings. 
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Express the rate at which energy is 


p„=e®((r 4 -r:) 


radiated to the surroundings: 


( (T Yl 


= eoAT 4 

H- 





Evaluate (T 0 /T) 4 : 


yo 

\Tj 


273K 

1573K 


9x10 


and, because this ratio is so small, we can 
neglect the temperature of the surroundings. 


Substitute to obtain: 
Solve for T: 


P^neaAr 


T = 


f P \ 7 4 

^net 

\eoA j 


Express the temperature T 'when the 
electric power input is doubled: 


(IP 

jv _ net 


\l/4 


ecrA 


Divide the second of these equations 
by the first: 



Solve for J': 


r = (2 ) 1/4 r 


Substitute numerical values and 
evaluate T' 


T' = (2) 1/4 (l573K) = 1871K 
= 1598°C 


50 •• 

Picture the Problem We can differentiate Q = mL, where L is the latent heat of boiling 
for helium, with respect to time to obtain an expression for the rate at which the helium 
boils away. 


Express the rate at which the helium 
boils away in terms of the rate at 
which its container absorbs radiant 
energy: 


dm 

dt 



ecmd 1 
L 


f 

T 4 1 

V 


f t A 

1 o 

UJ 


4^ 

J 


eon d 2 




L 
























Thermal Properties and Processes 1539 


when To « T. 


Substitute numerical values and evaluate dmldt : 


dm 

dt 


(l)(5.6703x 1CT 8 W/m 2 ■K 4 )j(0.3mJ = 2 

21kJ/kg 1 ’ 


68x10“ 


9.66x10 kg/h = 96.6 g/h 


kg 3600s 
— ^x - 

s h 


General Problems 


*51 • 

Picture the Problem The distance by which the tape clears the ground equals 
the change in the radius of the circle formed by the tape placed around the 
earth at the equator. 


Express the change in the radius of 
the circle defined by the steel tape: 


Substitute numerical values and 
evaluate A R. 


A R = RaAT 

where R is the radius of the earth, a is the 
coefficient of linear expansion of steel, and 
AT is the increase in temperature. 

AR = (6.37 x 10 6 m)(l 1 x 10“ 6 K 1 )(30K) 
= 2.10x 10 3 m 
= 2.10 km 


52 •• 

Picture the Problem We can differentiate the definition of the density of an isotropic 
material with respect to T and use the definition of the coefficient of volume expansion to 
express the rate at which the density of the material changes with respect to temperature. 
Once we have an expression for dp in terms of dT, we can apply a differential 
approximation to obtain A p in terms of AT. 

Using its definition, relate the _ m 

density of the material to its mass V 

and volume: 

Using its definition, relate the AV = fdVAT 

volume of the material to its 
coefficient of volume expansion: 
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Differentiate p with respect to T and 
simplify to obtain: 


Use a differential approximation to 
obtain: 


dp dp dV 


dT 

dV dT 

= 

-ePpv 

V 1 

or 


dp = 

-pfklT 

A P'~ 

= -pjdAT 


m 
V 2 


53 « 

Picture the Problem We can apply the Stefan-Boltzmann law to express the effective 
temperature of the sun in terms of the total power it radiates. We can, in turn, use the 
intensity of the sun’s radiation in the upper atmosphere 
of the earth to approximate the total power it radiates. 


Apply the Stefan-Boltzmann law to P r = eoAT 4 

relate the energy radiated by the sun 
to its temperature: 

Solve for T\ f p 

r = 4 — 

V euA 

Express the area of the sun: A = 4nR^ 


Relate the intensity of the sun’s 
radiation in the upper atmosphere to 
the total power radiated by the sun: 


1 = 


Pr 

4 ftR 2 


where R is the earth-sun distance. 


Solve for P r : 


P r =4ftR 2 I 


Substitute for P r and A and simplify 
to obtain: 


4k R 2 1 _ I R 2 ! 
ecr4ft Rl y eoRl 


Substitute numerical values and evaluate T: 


T = 4 


(l.5xlQ 11 m) 2 (l.35kW/m 2 ) 


V (l)(5.67xl0 8 W/m 2 -k)(6.96x 10 8 m) 2 


5767 K 
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54 

Picture the Problem We can solve the thermal-current equation for the R factor 
of the material. 

Use the equation for the thermal I — kA ^ 

current to express / in terms of the Ax 

temperature gradient across the 
insulation: 

Rewrite this expression in terms of j _ AT _ AT _ AAT 

the R factor of the material: Ax R f 

kA A 


Solve for the R factor: 




AAT 

I 


6 A 


one side 


AT 


I 


Substitute numerical values and evaluate R: 


R f = 


12inx 


2.54xl(T 2 m^ 


in 


100W 


(363K-293K) = 


0.390 


K-m- 

W 


nonn K-m 2 9F° 10.76ft 2 1054J lh 
= 0.390—-—x-x--—x-x- 


5K 


nr 


Btu 3600s 


2.21 


F°-ft -h 
Btu 


55 •• 

Picture the Problem Because the temperature of the copper-aluminum interface is 
(T\ + T 2 )/2, we can conclude that the temperature differences across the two sheets must 
be the same. We also know, because the sheets are in series, that the heat currents 
through them are equal. 


Express the thermal current through 
the aluminum sheet: 


1 A1 


k M A 


A T m 
Ax m 


Express the thermal current through 
the copper sheet: 


/ - k A A ^ Cu 

^ Cu "-Cu^Cu 


Ax, 


Cu 


yt A A7 A1 _ j A AT Cu 

A "-Cu^Cu 


Ax 


A1 


Ax, 


Cu 


Equate these currents and solve for 
Axm: 


and 
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Substitute numerical values and 
evaluate Ax a1 : 


Ax a1 = Ax Cu 



Av a , 


(2 cm) 


237 W/m-K 
401W/m-K 


1.18 cm 


56 •• 

Picture the Problem We can relate the stress in the bar to the strain due to its elongation 
using the definition of Young’s modulus and express the strain 
in terms of the coefficient of linear expansion and the change in temperature 
of the bar. 


Using the definition of Young’s F 

modulus, relate the force exerted by y _ _A_ 

the bar on each wall to the strain in ^ 

the bar due to the change in its L 

length: 


Using the definition of the 
coefficient of linear expansion, 
express the strain in the bar: 


A L 
L 


= aAT 


Substitute to obtain: 


Y = 


F 

aAAT 


Solve for F: 


F = aAYAT 


Substitute numerical values and evaluate F: 


F = (l 1 x 10 6 K 1 )s:(0.022 in) 2 (200 GN/m 2 )(40 K) 


1.34x10 5 N 


57 •• 

Picture the Problem We can use the definition of the coefficient of volume expansion 
with the ideal-gas law to show that /?= 1/77 

(a) Use the definition of the ^ _ 1 dV 

coefficient of volume expansion to V dT 

express (5 in terms of the rate of 
change of the volume with 
temperature: 
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For an ideal gas: 


V =- and-= — 

P dT P 


nRT , dV nR 


Substitute to obtain: 



VP T 


( b ) Express the ratio of the 
experimental value to the theoretical 
value: 


Aex p Ah 

Ah 


0.003673 K 1 -—K 


273 


K 

273 


< 0.3% 


58 


•• 


Picture the Problem We can express L as the difference between L B and L A 
and express these lengths in terms of the coefficients of linear expansion brass 
and steel. Requiring that L be constant will lead us to the condition that 

Ea/Lb = 0!b / a A . 

(a) Express the condition that L does L = L B - L A 

not change when the temperature of = constant 

the materials changes: 


Using the definition of the 
coefficient of linear expansion, 
substitute for L B and L A : 


L = (L b + a B L B AT)-{L A + a A L A AT) 
= {L b ~ L a ) + {a B L B — C( a L a )A T 
— L + ( oc b L b — cc a L a )A T 


or 


(a B L B -a A L A )AT = 0 


The condition that L remain 
constant when the temperature 
changes by AT is: 


ct B L B a A L A — 0 



Solve for the ratio of L A to L B : 
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(j b ) From (a) we have: 


t _ t _ t _ t ^brass 

^steel _ ^brass 


a E 


a, 


steel 


= (250 cm) 


19x10 6 K 
11x10 6 K 


i 


i 


= 432 cm 
and 

L = L b -L a = 432cm-250cm 
= 182 cm 


59 •• 

Picture the Problem We can apply the thermal-current equation to calculate 
the heat loss of the earth per second due to conduction from its core. We can 
also use the thermal-current equation to find the power per unit area radiated 
from the earth and compare this quantity to the solar constant. 


Express the heat loss of the earth per 
unit time as a function of the thermal 
conductivity of the earth and its 
temperature gradient: 




dt 


Ax 


or 

dQ 


= 4nRlk — 
dt Ax 


( 1 ) 


Substitute numerical values and evaluate dQ!dt\ 


dQ 

dt 


4;r(6.37xl0 6 m) (0.74J/m-s-K) 


f 1C°^ 


v 30m j 



1.26x 10 kW 


Rewrite equation (1) to express the 
thermal current per unit area: 

Substitute numerical values and 
evaluate l!A\ 


Express the ratio of HA to the solar 
constant: 


/ _ AT 
A Ax 


J ] C° i 

- = (0.74J/m-s-K) 

A ^30m y 

= 0.0247 W/m 2 


I/A _ 0.0247 W/m 2 
solar constant 1.35kW/m : 


< 


0 . 002 % 
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60 •• 

Picture the Problem We can find the temperature of the outside of the copper bottom by 
finding the temperature difference between the outside of the saucepan and the boiling 
water. This temperature difference is related to the rate at which the water is evaporating 
through the thermal-current equation. 


Express the temperature outside the T out = T m + AT 

pan in terms of the temperature = 373 K + AT 

inside the pan: 

Relate the thermal current through 
the bottom of the saucepan to its 
thermal conductivity, area, and the 
temperature gradient between its 
surfaces: 

Sol ve for AT: AT = —— Ax 

kA At 


At Ax 


Because the water is boiling: 


A Q = mL v 


Substitute to obtain: 


AT = 


mL v Ax 
kAAt 


Substitute numerical values and evaluate AT: 


(0.8kg)(2.26MJ/kg)(3xl(T 3 m) 

(401 W/m • K) 

— (0.15 m) 2 

_4 . 

(600 s) 


1.28K 


Substitute numerical values and 
evaluate T out : 


T out = 373 K +1.28K = 374.3 K 
= 101.3°C 


*61 •• 

Picture the Problem We’ll do this problem twice. First, we’ll approximate the answer 
by disregarding the fact that the surrounding insulation is cylindrical. In the second 
solution, we’ll obtain the exact answer by taking into account the cylindrical insulation 
surrounding the side of the tank. In both cases, the power required to maintain the 
temperature of the water in the tank is equal to the rate at which thermal energy is 
conducted through the insulation. 
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1 st solution : 

Using the thermal current equation, 
relate the rate at which energy is 
transmitted through the insulation to 
the temperature gradient, thermal 
conductivity of the insulation, and 
the area of the insulation/tank: 

Letting d represent the inside 
diameter of the ta nk and L its inside 
height, express and evaluate its 
surface area: 


Substitute numerical values and 
evaluate I: 


I = kA 


AT 

Ax 


A ~ Aide + Aases 


= n dL + 2 


f nd^ 


= 7t{dL + \d 2 ) 

= ^[(0.55m)(l .2 m) +4(0.55 
= 2.55 m 2 



/ 

/ = (0.035 W/m-K)(2.55m 2 ) 

v 


74 K 
0.05 m y 


132 W 


2 nd solution : 

Express the total heat loss as the 
sum of the losses through the top 
and bottom and the side of the hot- 
water ta nk : 

Express / through the top and 
bottom surfaces: 


Substitute numerical values and 

evaluate /top and bottom- 


d Aop and bottom Aide 


/ =2 

top and bottom 


AT 


kA — 
Ax j 


= 4 nd~k 


2, A T 




top and bottom 


Ax 

= 4^(0.55m) 2 

(0.035 W/m-K)(74K) 


0.05 m 


= 24.6 W 


1 side 


, A dT 

= -kA -= - 

dr 


Letting r represent the inside radius 
of the tank, express the heat current 


■2nkLr— 

dr 
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through the cylindrical side: 


Separate the variables: 


Integrate from r = r\ to r = r 2 and 
T= Ti to T= T 2 : 


Solve for / side to obtain: 


Substitute numerical values and 
evaluate 7 S jd e : 


Substitute for 7 side and evaluate 7: 


where the minus sign is a consequence of 
the heat current being opposite the 
temperature gradient. 


J dv 

dT = - 51555 - 

271 kL r 


\dT 


side 


■ dr 


n 

and 


2 TtkL* r 


T -T =- 

1 2 1 l 


I 


side 


InkL 


in/-];; 


I Y 

side 2 


2 nkL 


2xkL, ^ 

1 Vi 1 \) 


side 


In — 


I Y 

side 1 

27tkL r 2 


MOXBSWAn-K) (l - 2m ) (74K) 

, f 0.325 

In - 

^ 0.275 m y 

= 117 W 


I 


24.6 W + 117 W 


142 W 


62 ••• 

Picture the Problem We can use R = AT/I and 7 = - kAdT/dt to express dT in terms of the 
linearly increasing diameter of the rod. Integrating this expression will allow us to find AT 
and, hence, R. 


Express the thermal resistance of the 
rod in terms of the thermal current in 
it: 



(1) 


Relate the thermal current in the rod 
to its thermal conductivity k, cross- 
sectional area A, and temperature 
gradient: 



dx 


where the minus sign is a consequence of 
the heat current being opposite the 
temperature gradient. 
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Using the dependence of the 
diameter of the rod on x, express the 
area of the rod: 



^(1 + ax) 


Substitute to obtain: 


I = 



dl (l + ax\ 


dJ_ 

dx 


Separate variables to obtain: 


Integrate T from T\ to T 2 and x from 
0 to L: 


Substitute for AT and / in equation 
(1) and simplify to obtain: 


dT = — 


Idx 


n 

4 

41 


d^l + axf 
dx 


nkd-l (l + ax ) 2 


\dr = — 2 i_ r 

' n kdl | 


41 r dx 


T .:kd\ “ (l + axf 

and 

4TT 

T 2 -T l =AT = --- 

n kdl (' Tcik) 


4IL 


R 


7rkdl(\ + aL) 

l 


4 L 


7tkdl{\ + aL) 


63 ••• 

Picture the Problem Let A T= T 2 - T t . We can apply Newton’s 2 nd law to establish the 
relationship between L2 and LI and angular momentum conservation to relate a>i and a>\ 
We can express both E 2 and E\ in terms of their angular momenta and rotational inertias 
and take their ratio to establish their relationship. 


Apply ^ r = to the spinning 
disk: 


Because ^ z = 0, AL = 0 


and 

L 2 = L x 


Apply conservation of angular 
momentum to relate the angular 
velocity of the disk at T 2 to the 
angular velocity at Tp 


I 2 (X> 2 I\&>\ 

and 

/ , 

co 2 = —co l 

2 
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Express I 2 : 

/ 7 = mr 2 = nu\ (l + a AT ) 2 
= 1^1 + 2aAT + (aAT) 2 ) 

* /, (l + 2aAT) 

because ( aAT ) 2 is small compared to aAT. 

Substitute and apply the binomial 
expansion formula to obtain: 

0)2 ~ /j (l + 2aAT ) ^ 
and, because 2aAT « 1, 
co 2 « (l - 2aAT)o) ] 

Express E 2 in terms of L 2 and I 2 . 

It It 

E - hr = 

2/ 2 2 1 2 

because L 2 = L\. 

Express E\ in terms of L\ and I\. 

E i = — 

2/, 

Express the ratio of E 2 to E\. 

L\ 

E 2 _ 2 1 2 _ I , 

E x C- I 2 

2/, 

Solve for E 2 and substitute for the 
ratio of/i to I 2 : 

E 2 =E x ^= E l (]-2aAT) 

1 2 


64 ••• 

Picture the Problem The amount of heat radiated by the earth must equal the solar flux 
from the sun, or else the temperature on earth would continually increase. The emissivity 
of the earth is related to the rate at which it radiates energy into space by the Stefan- 
Boltzmann law P x = eoAT 4 . 


Using the Stefan-Boltzmann law, 
express the rate at which the earth 
radiates energy as a function of its 
emissivity e and temperature T: 

P t = eoA T 4 

where A' is the surface area of the earth. 

Use its definition to express the 
intensity of the radiation P d 
absorbed by the earth: 

/ = or P = AI 

A 

where A is the cross-sectional area of the 
earth. 

For 70% absoiption of the sun’s 
radiation incident on the earth: 

P a = 0.7 AI 
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Equate P v and P d and simplify: 


0.7 AI = eoA'T 4 

or 

O.lxR 2 ! = e(4xR 2 oT A ) 


Solve for T to obtain: 


T 



= Ce - 1/4 


( 1 ) 


Substitute numerical values for / and a 
and simplify to obtain: 


I 0.7(l370 W/m 2 ) ~ 

~ V 4(5.670x 10 8 W/m 2 • K 4 )e 

= (255K)e- 1/4 


A spreadsheet program to evaluate T as a function of e is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell 

F ormula/C ontent 

Algebraic Form 

B1 

255 


B4 

0.4 

e 

B5 

B4+0.01 

e + 0.1 

C4 

$B$1/(B4 A 0.25) 

(255K)e- 1/4 



A 

B 

C 

D 

1 

T= 

255 

K 


2 





3 


e 

T 


4 


0.40 

321 


5 


0.41 

319 


6 


0.42 

317 


7 


0.43 

315 







23 


0.59 

291 


24 


0.60 

290 


25 



289 


26 



287 
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A graph of T as a function of e is shown below. 



Treating e as a variable, differentiate 
equation (1) to obtain: 


— = --Ce~ 5/4 de (2) 

de 4 


Divide equation (2) by equation (1) 
to obtain: 


Use a differential approximation to 
obtain: 

Solve for Ae: 


dT_ 

T 


- ' Ce- 5/4 de 
4_ 

Ce - 1/4 


1 de 
4 e 


AT _ 1 Ae 

T ~ 4 e 

. . AT 

Ae = —4e - 

T 


Substitute numerical values 
(e ~ 0.615 for r ear th = 288 K) and 
evaluate Ae: 


1 K 

Ae = -4(0.615)- 

v y 288K 


-0.00854 


or about a 1.39% change in e. 


65 ••• 

Picture the Problem We can differentiate the expression for the heat that must be 
removed from water in order to form ice to relate dQ/dt to the rate of ice build-up dm/dt. 
We can apply the thermal-current equation to express the rate at which heat is removed 
from the water to the temperature gradient and solve this equation for dm/dt. In part (b) we 
can separate the variables in the differential equation relating dm/dt and AT and integrate 
to find out how long it takes for a 20-cm layer of ice to be built up. 

(a) Relate the heat that must be Q = mL f 

removed from the water to freeze it 
to its mass and heat of fusion: 
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Differentiate this expression with 
respect to time: 


clQ _ dm 
— 

dt dt 


Using the definition of density, m — pV ~ pAx 

relate the mass of the ice added to 
the bottom of the layer to its density 
and volume: 


Differentiate with respect to time to 
express the rate of build-up of the 
ice: 


dm . dx 
— = pA — 
dt dt 


Substitute to obtain: 


dQ 

dt 


L f pA 


dx 

dt 


Apply the thermal-current equation: 


dt x 


Equate these expressions and solve 
for dx/dt: 


Substitute numerical values and 
evaluate dx/dt : 


L f pA 


dx 

dt 



and 

dx k AT 


dt L f p x 


( 1 ) 


dx_ (0.592 W/m-K)(lOK) 

dt ~ (333.5 kJ/kg) (917 kg/m 3 )(0.01 m) 
= 1.94 //m/s 
= 0.698 cm/h 


( b ) Separate the variables in equation 

( 1 ): 


xdx = 


kAT 

L f P 


dt 


Integrate x from x\ to x f and t' from 
0 to t : 


|xhx = — \dt 


and 


(*f-*i 2 ) = 


L f P 0 
kAT 


pL f 


-t 


t _ pLf[x f x { ) 


Solve for t to obtain: 


2kAT 
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Substitute numerical values and evaluate t: 


t = 


(917kg/m- 1 )(333.5kJ/kg) [ (o 2m f _( 0 0 , m f 1 = j 03x , 0 < 

o/A crn au/»v, fUiafi 7 v 7 -i 


2(0.592 W/m • K)(l 0 K) 


sx- 


lh Id 


3600s 24h 


11.9 d 


*66 ••• 

Picture the Problem We can use the thermal current equation and the definition of heat 
capacity to obtain the differential equation describing the rate at which the temperature of 
the water in the 200-g container is changing. Integrating this equation will 
yield T = T 0 e IjK< . Substituting for dT/dt in dQ/dt = -CdT/dt and integrating will lead 

toQ = CT 0 (l-e~ t/RC ). 



(a) Use the thermal current equation 
to express the rate at which heat is 
conducted from the water at 60°C by 
the rod: 

Using the definition of heat capacity, 
relate the thermal current to the rate 
at which the temperature of the water 
initially at 60°C is changing: 


j _ AT _ T 
R ~ R 

because the temperature of the second 
container is maintained at 0°C. 

/ = ^ = -c^ (, 

dt dt 


Equate these two expressions to 
obtain: 



R 


T , the differential equation 


describing the rate at which the 
temperature of the water in the 200-g 
container is changing. 


Separate variables to obtain: 


dT 

1 , 



- dt 


T 

RC 


r dT' 

lr,, , 

f 

[- 

=- \dt => In 

— 

J 7"' 

T ± 

i 0 

RC I 

T 

Wo y 


1 

- 1 

RC 


Integrate dT from T 0 to T and dt 
from 0 to t : 
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Transform from logarithmic to 
exponential form and solve for T to 
obtain: 

( b ) Use its definition to express the 
thermal resistance R\ 


T=T 0 e 


-t/RC 


R = 


Ax 

kA 


( 2 ) 


Substitute numerical values (see 
Table 20-8 for the thermal 
conductivity of copper) and evaluate 
R: 


(401 W/m • K.)(l .5 x 10 4 in 2 ) 
I 1.66K/W I 


Use its definition to express the heat 
capacity of the water and the copper 
container: 

Substitute numerical values (see 
Table 18-1 for the specific heats of 
water and copper) and evaluate C: 


C = m c c c + m w c w = m c c c + p w V w c w 

C = ( 0.2kg)(386kJ/kg-K) 

+ (l 0 3 kg/m 3 )(0.7 L)(4.18kJ/kg • K) 
= 3.00kJ/K 


Evaluate the product of R and C to 
find the "time constant" r: 


r = RC = (l .66 K/W )(3.00kJ/K) 


=4985s= 


1.38 h 


(c) Solve equation (1) for dQ to obtain: 


Integrate dQ' from Q = 0 to Q 
and dT from T 0 to T: 


dQ = -C 


f dT} 

V dt j 


dt = -CdT 


O T 

| dQ' = - j CdT => (9 = C{T 0 - T{t)) 


Substitute (equation (2) for T(t) to obtain: q _ _ j e t/nc 


A spreadsheet program to evaluate Q as a function of t is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 



Cell 

Formula/Content 

Algebraic Form 

D1 

1.35 

r 

D2 

60 

T 0 

D3 

3000 

C 

A6 

0 

t 

A7 

A6+0.1 

t + At 

B6 

$B$2*EXP(-A6/$B$1) 

T 0 e~ t,RC 

Cl 

$B$3*$B$2*(1 -EXP(-A6/$B$ 1)) 

CT 0 (\-e' IRC ) 
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A 

B 

C 

D 

E 

1 

tau= 

1.35 

h 



2 

T0= 

60 

deg-C 



3 

C= 

3000 

J/K 



4 






5 

t (hr) 

T 

Q 

Q/1000 


6 

0.0 

60.00 

0.00E+00 

0 


7 

0.1 

55.72 

1.29E+04 

13 


8 

0.2 

51.74 

2.48E+04 

24 








13 

0.7 

35.72 

7.28E+04 

71 


14 

0.8 

33.17 

8.05E+04 

79 


15 

0.9 

30.81 

8.76E+04 

86 


16 

1.0 

28.61 

9.42E+04 

92 








33 

2.7 

8.12 

1.56E+05 

152 


34 

2.8 

7.54 

1.57E+05 

154 


35 

2.9 

7.00 

1.59E+05 

155 



From the table we can see that the temperature of the container drops to 30°C in a little 
more than 


0.9h. 


If we wanted to know this time to the nearest hundredth of an hour. 


we could change the step size in the spreadsheet program to 0.01 h. A graph of T as a 
function of t is shown in the following graph. 
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A graph of Q as a function of t follows. 



67 ••• 

Picture the Problem We can use the Stefan-Boltzmann equation and the definition of 
heat capacity to obtain the differential equation expressing the rate at which the 
temperature of the copper block decreases. We can then approximate the differential 
equation with a difference equation for the purpose of solving for the temperature of the 
block as a function of time using Euler’s method. 

(a) Express the rate at which heat is 
radiated away from the cube: 

Using the definition of heat 
capacity, relate the thermal current 
to the rate at which the temperature 
of the cube is changing: 


dQ = c dT 
dt dt 


Equate these expressions to obtain: 




Approximate the differential 

AT 

equation by the difference equation: 

At 

Solve for AT: 

AT = 


or 


T = 

1 n +1 


eoAt, 


C 


-v 




ecrA (, 
C 




(i) 
























Use the definition of heat capacity 
to obtain: 
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C = me = pVc 


Substitute numerical values (see 
Figure 13-1 for p Cu and Table 19-1 
for ecu) and evaluate C: 


C = (8.93x 10 3 kg/m 3 )(l0 6 m 3 ) 
x(0.386kJ/kg-K) 

= 3.45 J/K 


( b ) A spreadsheet program to calculate T as a function of t using equation (1) is shown 
below. The formulas used to calculate the quantities in the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

B1 

5.67xl(T 8 

cr 

B2 

6.00x10^ 

A 

B3 

3.45 

C 

B4 

273 

To 

B5 

10 

At 

A9 

A8+$B$5 

t+At 

B9 

B8-($B$1*$B$2/$B$3) 

*(B8 A 4-$B$4 A 4)*$B$5 




A 

B 

C 

1 

sigma= 

5.67E-08 

W/m A 2-K A 4 

2 

A= 

6.00E-04 

m A 2 

3 

O 

3.45 

J/K 

4 

T0= 

273 

K 

5 

dt= 

10 

s 

6 




7 

t(s) 

T (K) 


8 




9 


562.92 




553.56 




544.85 






248 


288.22 


249 


288.08 


250 


287.95 


251 


287.82 
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From the spreadsheet solution, the time to cool to 15°C (288 K) is about 2420 s 
40.5 min. A graph of T as a function of t follows. 





Chapter 21 

The Electric Field 1: Discrete Charge Distributions 

Conceptual Problems 


*1 .. 

Similarities: Differences: 


The force between charges and There are positive and negative charges but 

masses varies as 1/r 2 . only positive masses. 

The force is directly proportional to Like charges repel; like masses attract. 

the product of the charges or 

masses. 


The gravitational constant G is many orders 
of magnitude smaller than the Coulomb 
constant k. 


2 

Determine the Concept No. In order to charge a body by induction, it must have charges 
that are free to move about on the body. An insulator does not have such charges. 


Determine the Concept During this sequence of events, negative charges are attracted 
from ground to the rectangular metal plate B. When S is opened, these charges are trapped 
on B and remain there when the charged body is removed. Hence B is negatively charged 
and (c) is correct. 


4 

(a) Connect the metal sphere to ground; bring the insulating rod near the metal sphere 
and disconnect the sphere from ground; then remove the insulating rod. The sphere will 
be negatively charged. 

(b) Bring the insulating rod in contact with the metal sphere; some of the positive charge 
on the rod will be transferred to the metal sphere. 

(c) Yes. First charge one metal sphere negatively by induction as in (a). Then use that 
negatively charged sphere to charge the second metal sphere positively by induction. 


1 
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*5 •• 

Determine the Concept Because the spheres are conductors, there are free electrons on 
them that will reposition themselves when the positively charged rod is brought nearby. 


(a) On the sphere near the positively 
charged rod, the induced charge is negative 
and near the rod. On the other sphere, the 
net charge is positive and on the side far 
from the rod. This is shown in the diagram. 

( b ) When the spheres are separated and far 
apart and the rod has been removed, the 
induced charges are distributed uniformly 
over each sphere. The charge distributions 
are shown in the diagram. 

6 • 

Determine the Concept The forces acting 
on +q are shown in the diagram. The force 
acting on +q due to -Q is along the line 
joining them and directed toward -Q. The 
force acting on +q due to +(Q is along the 
line joining them and directed away from 
+ 0 - 



Because charges +Q and -Q are equal in magnitude, the forces due to these charges are 
equal and their sum (the net force on +q) will be to the right and so (e) is correct. Note 

that the vertical components of these forces add up to zero. 


Determine the Concept The acceleration of the positive charge is given by 

p n _ 

a = — = —E. Because qo and m are both positive, the acceleration is in the same 
in m 


direction as the electric field. 


(d) is correct. 


*8 • 

Determine the Concept E is zero wherever the net force acting on a test charge is 
zero. At the center of the square the two positive charges alone would produce a net 
electric field of zero, and the two negative charges alone would also produce a net 
electric field of zero. Thus, the net force acting on a test charge at the midpoint of the 
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square will be zero. 


(i b ) is correct. 


9 

(a) The zero net force acting on Q could be the consequence of equal collinear charges 
being equidistant from and on opposite sides of Q. 

(b) The charges described in (a) could be either positive or negative and the net force on 
Q would still be zero. 


(c) Suppose Q is positive. Imagine a negative charge situated to its right and a larger 
positive charge on the same line and the right of the negative charge. Such an arrangement 
of charges, with the distances properly chosen, would result in a net force of zero acting 
on Q. 


(d) Because none of the above are correct, 


(i d ) is correct. 


10 • 

Determine the Concept We can use the 
rules for drawing electric field lines to 
draw the electric field lines for this system. 
In the sketch to the right we’ve assigned 2 
field lines to each charge q. 


*11 • 

Determine the Concept We can use the 
rules for drawing electric field lines to 
draw the electric field lines for this system. 
In the field-line sketch to the right we’ve 
assigned 2 field lines to each charge q. 
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*12 • 

Determine the Concept We can use the 
rules for drawing electric field lines to 
draw the electric field lines for this system. 
In the field-line sketch to the right we’ve 
assigned 7 field lines to each charge q. 



13 • 

Determine the Concept A positive charge will induce a charge of the opposite sign on 
the near surface of the nearby neutral conductor. The positive charge and the induced 
charge on the neutral conductor, being of opposite sign, will always attract one another, 
(o) is correct. 


*14 • 

Determine the Concept Electric field lines around an electric dipole originate at the 
positive charge and terminate at the negative charge. Only the lines shown in ( d) satisfy 


this requirement. ( d ) is correct. 


*15 •• 

Determine the Concept Because 0* 0, a dipole in a uniform electric field will 
experience a restoring torque whose magnitude is pE x sin 6 . Hence it will oscillate 

about its equilibrium orientation, 6= 0. If 6« 1, sint?» 6, and the motion will be simple 
harmonic motion. Because the field is nonuniform and is larger in the x direction, the 
force acting on the positive charge of the dipole (in the direction of increasing x) will be 
greater than the force acting on the negative charge of the dipole (in the direction of 
decreasing x) and thus there will be a net electric force on the dipole in the direction of 
increasing x. Hence, the dipole will accelerate in the x direction as it oscillates about 
9=0. 

16 •• 

(a) False. The direction of the field is toward a negative charge. 

( b ) True. 

(c) False. Electric field lines diverge from any point in space occupied by a positive 
charge. 


(d) True 
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(e) True 


17 •• 

Determine the Concept The diagram 
shows the metal balls before they are 
placed in the water. In this situation, the net 
electric field at the location of the sphere 
on the left is due only to the charge -q on 
the sphere on the right. If the metal balls 
are placed in water, the water molecules 
around each ball tend to align themselves 
with the electric field. This is shown for 
the ball on the right with charge -q. 





(a) The net electric field E net that produces a force on the ball on the left is the 
field E due to the charge —q on the ball on the right plus the field due to the layer 
of positive charge that surrounds the ball on the right. This layer of positive 
charge is due to the aligning of the water molecules in the electric field, and the 
amount of positive charge in the layer surrounding the ball on the left will be less 
than +q. Thus, E net < E. Because E net < E, the force on the ball on the left is less 
than it would be if the balls had not been placed in water. Hence, the force will 
decrease when the balls are placed in the water. 


(b ) When a third uncharged metal ball is 
placed between the first two, the net 
electric field at the location of the sphere 
on the right is the field due to the charge +q 
on the sphere on the left, plus the field due 
to the charge —Q and +Q on the sphere in 
the middle. This electric field is directed to 
the right. 




The field due to the charge —Q and +(Q on the sphere in the middle at the location of the 
sphere on the right is to the right. It follows that the net electric field due to the charge 
+q on the sphere on the left, plus the field due to the charge —Q and +Q on the sphere in 
the middle is to the right and has a greater magnitude than the field due only to the charge 


+q on the sphere on the left. Hence, the force on either sphere will 


increase 


if a third 


uncharged metal ball is placed between them. 


Remarks: The reduction of an electric field by the alignment of dipole moments 
with the field is discussed in further detail in Chapter 24. 
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*18 •• 

Determine the Concept Yes. A positively charged ball will induce a dipole on the metal 
ball, and if the two are in close proximity, the net force can be attractive. 

*19 •• 

Determine the Concept Assume that the wand has a negative charge. When the charged 
wand is brought near the tinfoil, the side nearer the wand becomes positively charged by 
induction, and so it swings toward the wand. When it touches the wand, some of the 
negative charge is transferred to the foil, which, as a result, acquires a net negative charge 
and is now repelled by the wand. 

Estimation and Approximation 

20 •• 

Picture the Problem Because it is both very small and repulsive, we can ignore the 
gravitational force between the spheres. It is also true that we are given no information 
about the masses of these spheres. We can find the largest possible value of Q by 
equating the electrostatic force between the charged spheres and the maximum force the 
cable can withstand. 

Using Coulomb’s law, express the 
electrostatic force between the two 
charged spheres: 

Express the tensile strength Siensiie of 
steel in terms of the maximum force 
F max in the cable and the cross- 
sectional area of the cable and solve 
for F: 

Equate these forces to obtain: 


Solve for Q: 


F = 


kQ 2 


F 

O _ max _ s 77 _ A C 

^tensile A ^max tensile 


^-AS 

^2 ^“^tensile 


Q _ £ I ^^tensile 


Substitute numerical values and evaluate Q: 


g .(lm)JM xl °-WX5.2xl 0, N/ m q 


8.99 x 10 N • m /C 


2.95 mC 


21 •• 

Picture the Problem We can use Coulomb’s law to express the net force acting on the 
copper cube in terms of the unbalanced charge resulting from the assumed migration of 
half the charges to opposite sides of the cube. We can, in turn, find the unbalanced charge 
^unbalanced from the number of copper atoms N and the number of electrons per atom. 
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(a) Using Coulomb’s law, express 
the net force acting on the copper 
rod due to the imbalance in the 
positive and negative charges: 

Relate the number of copper atoms 
N to the mass m of the rod, the 
molar mass M of copper, and 
Avogadro’s number <Y A : 

Solve for A to obtain: 


F = 


kO 2 

^ -^unbalanced 


(l) 


N _ m _ p Cu V md 

n a m m 


N 


_ PcuK 


rod 


M 


AC 


Substitute numerical values and evaluate N : 

_ (8.93 x 10 3 kg/m 3 )(o.5 x 10 2 m)~(4x 10 2 m)(6.02 x 10 23 atoms/mol) 

63.54xl0~ 3 kg/mol 

= 8.461 x 10 22 atoms 


Because each atom has 29 electrons 
and protons, we can express 

^unbalanced aS. 


a nl „„»,=l(29)(lO-’)e'W 


Substitute numerical values and evaluate ^unbalanced: 

e„b.,.„ t ,d = i(29)(l0- 7 )(l-6>‘10 H ’c)(8.461xl0 J2 )= 1.963xl0- 2 C 


Substitute for (Unbalanced in equation (1) to obtain: 


(8.99xlO 9 N -m 2 /C 2 )(l.963x 10 2 c) 2 

(0.01m) 2 


3.46xlO‘°N 


(b) Using Coulomb’s law, express 
the maximum force of repulsion 
Cmax in terms of the maximum 
possible charge Q mm : 

Solve for Q milx : 


Express F, mx in terms of the tensile 
strength SUsHe of copper: 


F _ kQL 

max 2 


r 2 F 

0 . _ max 

max "A i 


F - S A 

max ^ tensile^ 

where A is the cross sectional area of the 
cube. 
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Substitute to obtain: 


£?max 


i 


r “^tensile^ 


Substitute numerical values and evaluate (9 max : 


h^in:i\ 


| (0.01m) 2 (2.3xlQ 8 N/m 2 )(l0~ 4 m 2 ) 

: 8.99x 10 9 N • m 2 /C 2 


= 1.60x10 5 C 


Because Unbalanced = 2 fimax ■ ^unbalanced = ^(l .60 X 10 5 C) 

= 32.0 pC 


Remarks: A net charge of -32 juC means an excess of 2.00xl0 14 electrons, so the net 
imbalance as a percentage of the total number of charges is 4.06xKT u = 4xl0“ 9 %. 


22 ••• 

Picture the Problem We can use the definition of electric field to express E in terms of 
the work done on the ionizing electrons and the distance they travel A between collisions. 
We can use the ideal-gas law to relate the number density of molecules in the gas p and 
the scattering cross-section a to the mean free path and, hence, to the electric field. 


(a) Apply conservation of energy to 
relate the work done on the 
electrons by the electric field to the 
change in their kinetic energy: 

From the definition of electric field 
we have: 

Substitute for F and As to obtain: 


Referring to pages 545-546 for a 
discussion on the mean-free path, 
use its definition to relate A to the 
scattering cross-section a and the 
number density for air molecules n: 

Substitute for A and solve for E to 
obtain: 


W = AK = FAs 


F = qE 

W = qEA , where the mean free path A is 

the distance traveled by the electrons 
between ionizing collisions with nitrogen 
atoms. 



an 


anW 

q 


H ~ V~ kT 


Use the ideal-gas law to obtain: 
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Substitute for n to obtain: 


c jPW 
qkT 


( 1 ) 


Substitute numerical values and evaluate E : 


_ (lO 19 m 2 )(l0 5 N/m 2 )(l e V) (l. 6 x 1CT 19 J/eV) 
(l.6x 10- 19 c)(l.38xl0 -23 J/K)(300K) 


2.41xl0 6 N/C 


( b ) From equation (1) we see that: 


E oc P 


and 


EozT 


i.e., E increases linearly with pressure and 
varies inversely with temperature. 


*23 •• 

Picture the Problem We can use Coulomb’s law to express the charge on the rod in 
terms of the force exerted on it by the soda can and its distance from the can. We can 
apply Newton’s 2 nd law in rotational form to the can to relate its acceleration to the 
electric force exerted on it by the rod. Combining these equations will yield an expression 
for Q as a function of the mass of the can, its distance from the rod, and its acceleration. 


Use Coulomb’s law to relate the 
force on the rod to its charge Q and 
distance r from the soda can: 

Solve for Q to obtain: 


Apply X Center of mass = 7 « t0 the 

can: 

Because the can rolls without 
slipping, we know that its linear 
acceleration a and angular 
acceleration a are related according 
to: 

Because the empty can is a hollow 
cylinder: 

Substitute for / and a and solve for 
F to obtain: 

Substitute for F in equation (1): 


F = 


kQ 2 


r 


2 



FR = la 


a 

a = — 

R 

where R is the radius of the soda can. 


I = MR 2 

where M is the mass of the can. 


MR 2 a 
R 2 


= Ma 
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Substitute numerical values and 
evaluate Q: 


Q = 


|(0.1 m) 2 | 

(0.018 kg) 

(lm/s 2 ) 

1 8.99 xlO 9 N m : 

l /C 2 


141nC 


24 •• 

Picture the Problem Because the nucleus is in equilibrium, the binding force must be 
equal to the electrostatic force of repulsion between the protons. 


Apply I* = 0 to a proton: 

Solve for F b mdin g : 

Using Coulomb’s law, substitute for 

F, electrostatic- 

Substitute numerical values and evaluate F. 


F - F =0 

binding electrostatic 


F =F 

binding electrostatic 


K 


_ kq° 

binding 2 

r 


electrostatic* 


F 


binding 


(8.99xl0 9 N-m 2 /C 2 )(l.6xl0 l9 c) 2 
(l 0 15 m) 2 


230N 


Electric Charge 


25 • 

Picture the Problem The charge acquired by the plastic rod is an integral number of 
electronic charges, i.e., q = n e (-e). 

Relate the charge acquired by the q = n e {~ e) 

plastic rod to the number of 
electrons transferred from the wool 
shirt: 

Solve for and evaluate n e \ _ _q_ _ - 0.8//C 

” e “-e ~ -1.6xl0 -19 C 


5.00x 10 12 


26 • 

Picture the Problem One faraday = N^e. We can use this definition to find the number of 
coulombs in a faraday. 

Use the definition of a faraday to calculate the number of coulombs in a faraday: 

1 faraday = N A e = (6.02x 10 23 electrons)(l.6xl0~ 19 C/electron) = 


9.63x 10 4 C 
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*27 • 

Picture the Problem We can find the number of coulombs of positive charge there are in 
1 kg of carbon from Q — 6 n c e , where n c is the number of atoms in 1 kg of carbon and 

the factor of 6 is present to account for the presence of 6 protons in each atom. We can 
find the number of atoms in 1kg of carbon by setting up a proportion relating Avogadro’s 
number, the mass of carbon, and the molecular mass of carbon to n c . 


Express the positive charge in terms 
of the electronic charge, the number 
of protons per atom, and the number 
of atoms in 1 kg of carbon: 

Using a proportion, relate the 
number of atoms in 1 kg of carbon 
nc, to Avogadro’s number and the 
molecular mass M of carbon: 

Substitute to obtain: 


Q = 6 n c e 


m, 


N a 


M 


N A m c 

M 


Q = 


6 N A m c e 
M 


Substitute numerical values and evaluate Q : 


0 = 


6(6.02xl0 23 atoms/mol)(lkg)(l.6xl0 19 c) 
0.012kg/mol 


4.82 x10 7 C 


Coulomb’s Law 


28 • 

Picture the Problem We can find the forces the two charges exert on each by applying 
Coulomb’s law and Newton’s 3 rd law. Note that r l2 =i because the vector pointing from 

q\ to q 2 is in the positive x direction. 

(a) Use Coulomb’s law to express £; _ kq x q 2 „ 

-*12 2 2 

the force that q\ exerts on q 2 : ' \ 2 


Substitute numerical values and evaluate F l 2 : 


* 1.2 = 


(8.99xl0 9 N-m 2 /C 2 )(4pC)(6pC) 
(3 m) 2 


(24.0 mN)/ 
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(j b ) Because these are action-and- 
reaction forces, we can apply 
Newton’s 3 rd law to obtain: 


^2.1 = ' 


^12 = 


(24.0 mN)/ 


(c) If q 2 is -6.0 juC: 


* 1.2 = 


■99x 10 9 N • m 2 /C 2 )(4pC)(- 6pC) ? 
(3 m) 2 


i = 


- (24.0 mN)/ 


and 


F 2jI = = (24.0 mN)i 


29 • 

Picture the Problem q 2 exerts an attractive force F 2 , on c/\ and q 2 a repulsive force F 3 , 
We can find the net force on q\ by adding these forces. 

_ -3 -2 R, -1 0 1 2 3 

F 3 ,i * ♦ l» " —I-•-1-1-♦--v, m 

q i = -6 /xC q 2 = 4 /xC q , = -6 /xC 


Express the net force acting on q\\ 

Express the force that q 2 exerts on 

q\. 


Express the force that q 2 exerts on 

q\- 


Substitute and simplify to obtain: 



Substitute numerical values and evaluate F x : 


F x =(8.99xl0 9 N-m 2 /C 2 )(6/C) 


r 4jUC 

(3 m) 2 (6 m) 2 


1 = 


1.50x10 2 N)/ 
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30 •• 

Picture the Problem The configuration of 
the charges and the forces on the fourth 
charge are shown in the figure ... as is a 
coordinate system. From the figure it is 
evident that the net force on q 4 is along the 
diagonal of the square and directed away 
from </ 3 . We can apply Coulomb’s law to 
express F l 4 , F 24 and F 34 and then add 

them to find the net force on q 4 . 


y, m 


0.05 



q 3 = -3 nC 


0.05 


Express the net force acting on q 4 : F 4 = F x 4 + F-, 4 + F 3 4 


Express the force that q\ exerts on 

q 4 : 


A,4 2~7 

n , 


Substitute numerical values and evaluate F { 4 : 


F U4 =(8.99x 1 0 9 N-m 2 /C 2 )(3nC) 


r 3nC A 
v (0.05m)' j 


j = (3.24x10^ 


Express the force that q 2 exerts on q 4 : 


£■ _ kc l2^4 ■ 

-* 2,4 -- 5 - 1 

r 2A 


Substitute numerical values and evaluate F- 


2,4 ' 


F 2a =(8.99xl0 9 N-m 2 /C 2 )(3nC) 


r 3nC A 
y(0.05m)’ j 


i =(3.24x10 


Express the force that q 2 exerts on q 4 : 


F 3 4 = ^Mir 3 4 , where r 3 4 

r 3.4 

pointing from q 2 to q 4 . 


Express r 3 4 in terms of E , and r x 4 : 


r 3,4 = r 3,,+ r i,4 


= (0.05 m)i + (0.05 m)j 


3 nC 


3 nC 

- x, m 


5 n)7 


' n)/ 


is a unit vector 
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Convert r 3 4 to r 34 : 


* 3,4 = 


r 34 _ (0.05 m)/ + (0.05m)y 

C, 4 | Vl 0 - 05111 )^! 0 - 05111 ) 2 

= 0.707/ + 0.707 j 


Substitute numerical values and evaluate F 


3,4 


F 3A = (8.99xl0 9 N-m 2 /C 2 )(-3nC) 


( \ 

3nC 


(o.05V2 m ) 2 
= -(l. 14xlCT 5 N)/ -(l. 14x 10 5 N)j 


(o.707 / + 0.707 j) 


Substitute and simplify to find F 4 : 


F 4 = (3.24 x 10 ~ 5 N)j + (3.24 x 10 ~ 5 n)/ - (l. 14 x 10 ^ 5 n)/ - (l. 14 x 10 ~ 5 n)) 


2.10x 10 5 N)/ + (2. lOx 10 5 N)j 


31 •• 

Picture the Problem The configuration of the charges and the forces on q 3 are shown in 
the figure ... as is a coordinate system. From the geometry of the charge distribution it is 
evident that the net force on the 2 juC charge is in the negative y direction. We can apply 
Coulomb’s law to express F l 3 and F 2 3 and then add them to find the net force on g 3 . 



^3 — ^ 1,3 


+ F. 


2,3 


The net force acting on g 3 is given by: 
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Express the force that q\ exerts on 
qi- 


Express the force that q 2 exerts on 

qi- 

Substitute for F i 3 and F 2 3 and 
simplify to obtain: 


Substitute numerical values and 
evaluate F 3 : 


F { 3 = F cos 6i -FsmO j 
where 
P _ k( h<h 

(8.99 x 10’ N ■ nr / C ; )(5/C)(2 pC) 
(0.03 m) 2 +(0.08m) 2 

= 12.3 N 


and 

9 = tan 1 


3 cm 
v 8 cm y 


20 . 6 ° 


F 2 3 = -F cos 9 i - F sin 6 j 


F 3 = F cos 6i-Fsm6j-F cos 6 i 
- F sin 6 j 
= -2F sin 9 j 

F, = -2(12.3 N)sin 20.6° j 
= -(8.66N )j 


*32 •• 

Picture the Problem The positions of the 
charges are shown in the diagram. It is 
apparent that the electron must be located 
along the line joining the two charges. 
Moreover, because it is negatively charged, 
it must be closer to the -2.5 /jC than to the 
6.0 /jC charge, as is indicated in the figure. 
We can find the x and y coordinates of the 
electron’s position by equating the two 
electrostatic forces acting on it and solving 
for its distance from the origin. 



We can use similar triangles to express this 
radial distance in terms of the x and y 
coordinates of the electron. 

F u = F^ e 


Express the condition that must be 
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satisfied if the electron is to be in 
equilibrium: 

Express the magnitude of the force 
that q\ exerts on the electron: 

Express the magnitude of the force 
that q 2 exerts on the electron: 

Substitute and simplify to obtain: 


Substitute for q\ and q 2 and 
simplify: 

Solve for r to obtain: 


Use the similar triangles in the 
diagram to establish the proportion 
involving they coordinate of the 
electron: 

Solve forjy: 

Use the similar triangles in the 
diagram to establish the proportion 
involving the x coordinate of the 
electron: 

Solve forx e : 


F 


l,e 


kq x e 

[r + 7 1.25m) 


F. 


2,e 



r 


2 


?1 _ 1^1 

(r + 71.25m) 2 r ' 

(-1.4m" 2 ) r 2 + (2.2361m -1 )r 
+ 1.25m = 0 

r = 2.036 m 
and 

r = -0.4386 m 

Because r < 0 is unphysical, we’ll consider 
only the positive root. 


y e _ 2.036 m 
0.5 m 1.12 m 


v e = 0.909 m 

_ 2.036m 
lm 1.12m 


x e = 1.82 m 


The coordinates of the electron’s 
position are: 


(-1.82m,-0.909m) 
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*33 •• 

Picture the Problem Let q\ represent the 
charge at the origin, q 2 the charge at (0, 0.1 
m), and q; the charge at 
(0.2 m, 0). The diagram shows the forces 
acting on each of the charges. Note the 
action-and-reaction pairs. We can apply 
Coulomb’s law and the principle of 
superposition of forces to find the net 
force acting on each of the charges. 

Express the net force acting on q\\ 



F = F +F 

A 1 A 2,1 T A 3,1 


Express the force that q 2 exerts on q x \ 


*21 = 


kq 2 q l „ _ kq 2 q l Li _ kq 2 q l 


r 2,l = 


2,1 


2,1 


' 2,1 ' 2,1 


2,1 


Substitute numerical values and evaluate F 2 l : 


F 2 , = (8.99 x10 s N-m 2 /C 2 )(2 ju£) \ 1/<C \ -0.1m)j = (l.80N)j 

(O.lmj 


Express the force that q 2 exerts on q\\ _ kq 2 q x 

-*3,1 — 3 *3,1 


Substitute numerical values and evaluate 

F 31 = (8.99 x10 s N-m 2 /C 2 )(4 


3,1 ■ 




(-1/iC) 

(0.2m) 3 


(-0.2 m)/ = (0.899 N)/ 


Substitute to find F x : 




(0.899 N)/ + (1.80 N)j 


Express the net force acting on q 2 : F 2 = F 32 + F l2 



= F 3>2 -(1.80N);* 

because F l 2 and F 2 , are action-and-reaction 


forces. 
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Express the force that <73 exerts on q 2 : p _ kq 2 q 2 - 

■**3,2 — 3 *3,2 

*3,2 

= ^[(- 0 . 2 m)/+( 0 . lm )j] 

*3,2 


Substitute numerical values and evaluate F 3 2 : 

F 3 2 = (8.99 x 10 9 N • m 2 /C 2 )(4 //C) [(- 0.2 m)i + (0.1 m )j 

(0.224 111 ) J 

= (-1.28 N)/+ (0.640 N)j 
Find the net force acting on q 2 : 

F 2 = ~ 1 1 - 80N )/' = (- 1 - 28N )* ; + (°- 640N W - (!- 80 N)j 

= (-1.28N)/-(l.l6N)y 

Noting that F l 3 and F 3 , are an action-and-reaction pair, as are F 2 3 and F 3 2 , 
express the net force acting on q 2 . 

F 3 = F Ij3 + F 23 =-F xx -F X2 =-(0.899 n)/-[(-1.28 n)/ +(0.640 N)jJ 
= (0.38 IN)/-(0.640 N)y 


34 •• 

Picture the Problem Let q\ represent the 
charge at the origin and <73 the charge 
initially at (8 cm, 0) and later at (17.75 
cm, 0). The diagram shows the forces 
acting on q 2 at (8 cm, 0). We can apply 
Coulomb’s law and the principle of 
superposition of forces to find the net 
force acting on each of the charges. 



Express the net force on q 2 when it 
is at (8 cm, 0 ): 


F 2 (8cm,0) = F l3 + F 2 


2,3 


1 k Q 2 q 2 

3 *1,3 ^ 3 *2,3 


'1,3 


2,3 


= kq. 


( hr . ,62 


Vh,3 


3 *1,3 3 *2,3 


2,3 
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Substitute numerical values to obtain: 


(-19.7N)/= 

(8.99 x 10 9 N • m 2 /C 2 )(2 /jC) 


, ,, (0.08 m)/ +- —(0.04m)i 

(0.08 m ) 3 V (0.04m) 3 


Solve for and evaluate Qy. 


Q 2 = — 3.00 juC 


Remarks: An alternative solution is to equate the electrostatic forces acting on q 2 when it is 
at (17.75 cm, 0). 


35 •• 

Picture the Problem By considering the symmetry of the array of charges we can see that 
the v component of the force on q is zero. We can apply Coulomb’s law and the principle 
of supeiposition of forces to find the net force acting on q. 


Express the net force acting on q: 


^q ^Q(m x axis.f/ ^ ^0 at 4x\q 


Express the force on q due to the 
charge Q on the x axis: 


kqQ 


(2 on* axis, <7 j^2 


Express the net force on q due to the 
charges at 45°: 


Substitute to obtain: 


2 F, 


(2 at 45°,<7 


= 2—^pcos45°/ 
R 2 

2 kqQ ? 


x/2 R 2 
F =M/ + 2 kqQ l 


Rr 


V2 R 2 


kqQ 


R- 


1 + 


42 


36 ••• 

Picture the Problem Let the H + ions be in the x-y plane with Hi at (0, 0, 0), H 2 at (a, 0, 
0), and H 3 at (a/2,a>/3/2,o). The bT 3 ion, q 4 in our notation, is then at 
(a/ 2, aj 2x/3, a^/2/3) where a =1.64x1 (T 10 m. To simplify our calculations we’ll set 
ke 1 / a 2 = C = 8.56 x 10 9 N . We can apply Coulomb’s law and the principle of 
superposition of forces to find the net force acting on each ion. 
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Noting that the magnitude of q 4 is three times that of the other charges and that it is 
negative, express F 4 j: 
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Substitute to find F 1 : 


R = -Ci - C 


1 7 a/3 7 

-l +- J 

2 2 

v z z J 


+ 3C 




r 


l + 


v z y 


i 


A 


iS. 


J + 


'IP 

Jb 


Cy/6k 


From symmetry considerations: 


F =F =F = 

± 2 1 3 1 1 


CV 6 £ 


Express the condition that molecule is + F 2 + F 3 + F 4 = 0 

in equilibrium: 

Solve for and evaluate F 4 : F 4 = —(pj + F 2 + f ) = —3F 1 

= -3Cj6k 


The Electric Field 

*37 • 

Picture the Problem Let q represent the charge at the origin and use Coulomb’s law for 
E due to a point charge to find the electric field atx = 6 m and -10 m. 

(a) Express the electric field at a point 
P located a distance x from a charge 
q: 

Evaluate this expression for 
x = 6 m: 

= (999N/C)/ 


E(x)= k ^f P0 

x 

f ( 6 m ) J 899xl0 ’ Nm ; /ci >< 4 ^ / 


( b ) Evaluate E at x = -10 m: 


l?(-10m) = 


.99xl0 9 N-m7C 


(10 m) 2 




-360N/C)/ 


(c) The following graph was plotted using a spreadsheet program: 
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*38 • 

Picture the Problem Let q represent the charges of +4 /jC and use Coulomb’s law for 
E due to a point charge and the principle of superposition for fields to find the electric 
field at the locations specified. 


Noting that q\ = q 2 , use Coulomb’s law and the principle of superposition to express the 
electric field due to the given charges at a point P a distance x from the origin: 


A*)=AM+AM 

f 

= (36 kN -m 2 /c) 


kq x 


_ ,vt ?i 


<h, p 


+ 


kq 2 


TV + 


(8 m- x) 

1 


,2 '?2>P 

X 


(8 m- x) 


,2 *?2,P 


y 


kq x 


f 


1 , 



?i.p 


+ 


1 

(8 m - x) 2 


?2 .P 


x 


y 


(a) Apply this equation to the point at x = -2 m: 


E(- 2 m) = (36kN ■ m 2 /c) 


(2m) 2 ^ ‘^(lOm) 2 ^ 


(-9.36kN/C)i 


(b ) Evaluate E at x = 2 m: 


£(2m) = (36kN.m ! /c) '(/)+'(-/) 

(2 m ) (6 m ) 


(8.00kN/C)i 
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(c) Evaluate E at x = 6 m: 


£(6m)=(36kN-m J /c) ^W(/)+ (Ar(->') 


(-8.00kN/C)i 


(d) Evaluate E at x = 10 m: 


^(l0m) = (36kN 




(9.35 kN/C)/ 


(e) From symmetry considerations: 


£(4m) 



(f) The following graph was plotted using a spreadsheet program: 



39 • 

Picture the Problem We can find the electric field at the origin from its definition and 
the force on a charge placed there from F = qE . We can apply Coulomb’s law to find 


the value of the charge placed at y = 3 cm. 
(a) Apply the definition of electric 
field to obtain: 


E- L - (8xlO- 4 N)j 
q 0 2nC 


(400kN/C)j 


(. b ) Express and evaluate the force 
on a charged body in an electric 
field: 


F = qE = (- 4 nC)(400 kN/C)j 
= (-1.60mN)y 
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(c) Apply Coulomb’s law to obtain: 


Solve for and evaluate q\ 


OmN)) 

(0.03 m) 2 V 1 V 


q = 


(l.60mN)(0.03m) 2 
(8.99 x 10 9 N • m 2 /C 2 )(4nC) 


- 40.0 nC 


40 • 

Picture the Problem We can compare the electric and gravitational forces acting on an 
electron by expressing their ratio. We can equate these forces to find the charge that 
would have to be placed on a penny in order to balance the earth’s gravitational force on 
it. 


( a ) Express the magnitude of the F e - eE 

electric force acting on the electron: 


Express the magnitude of the 
gravitational force acting on the 
electron: 

Express the ratio of these forces to 
obtain: 

Substitute numerical values and 
evaluate FJF g : 


(b ) Equate the electric and 
gravitational forces acting on the 
penny and solve for q to obtain: 

Substitute numerical values and 
evaluate q\ 


F g = m e g 


F^ = eE_ 
F g mg 


F e _ (l.6x 1(T 19 c)(l50N/C) 
F g ~ (9.11x10 31 kg)(9.81m/s 2 ) 

= 2.69xl0 12 


or 

F = 


(2.69xl0 12 )F g 


i.e., the electric 
force is greater by a factor of 2.69x10 12 . 


q = 


mg 

E 


(3xlCT 3 kg)(9.81m/s 2 ) 

150N/C 

1.96x10 4 C 
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41 •• 

Picture the Problem The diagram shows 
the locations of the charges q\ and qi and 
the point on the x axis at which we are to 
find E. From symmetry considerations we 
can conclude that the y component of E at 
any point on the x axis is zero. We can use 
Coulomb’s law for the electric field due to 
point charges to find the field at any point 
on the x axis and F = qE to find the force 
on a charge q 0 placed on the x axis at 
x = 4 cm. 

(a) Letting q = q\ = q 2 , express the x- 
component of the electric field due 
to one charge as a function of the 
distance r from either charge to the 
point of interest: 

Express E x for both charges: 



E x = ^y-cos Oi 


E x = 2—(-cos Oi 
r 


Substitute for cos 0 and r, substitute numerical values, and evaluate to obtain: 


E=2 


kq 0.04m ? _ 2Aqr(0.04m) ? _ 2(8.99 x 10 9 N • m 2 /C 2 )(6nC)(0.04m) 

^ 1 ~ ^ 1 ~ T _ v, . ± \2 |3/2 


(0.03 m) 2 + (0.04 m) 2 


(34.5 kN/C)/ 


(. b ) Apply F ~ qE to find the force F = (2nC)(34.5kN/C)i 

on a charge qo placed on the x axis at 
x = 4 cm: 


(69.0 //N)/ 


*42 •• 

Picture the Problem If the electric field at x = 0 is zero, both its x and y components 
must be zero. The only way this condition can be satisfied with the point charges of +5.0 
/uC and -8.0 //C are on the x axis is if the point charge of +6.0 //C is also on the x axis. 
Let the subscripts 5, -8, and 6 identify the point charges and their fields. We can use 
Coulomb’s law for E due to a point charge and the principle of superposition for fields 
to determine where the +6.0 juC charge should be located so that the electric field atx = 0 


is zero. 
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Express the electric field at x = 0 in i?(o) = E 5lC + E _ 8/<c + E (]uC 

terms of the fields due to the charges _ q 

of +5.0 juC, -8.0 /jC, and +6.0 /jC: 


Substitute for each of the fields to 
obtain: 



+ 


kq, 


. kq o , 
r h — 1 x r 
2 * 6 ' 2 -■ 


= 0 


or 





0 


Divide out the unit vector / to _ ^6_ _ ff-8 _ q 

obtain: k r l r \ 


Substitute numerical values to 
obtain: 


5 6 -8 

(3 cm) 2 rl (4 cm) 2 


0 


Solve for r 6 : 


2.38cm 


43 •• 

Picture the Problem The diagram shows the electric field vectors at the point of interest 
P due to the two charges. We can use Coulomb’s law for E due to point charges and the 
superposition principle for electric fields to find E v . We can apply F = qE to find the 
force on an electron at (-1 m, 0). 





E P - E x + E 2 


(a) Express the electric field at 
(-1 m, 0) due to the charges q\ and qr. 










The Electric Field 1: Discrete Charge Distributions 27 


Evaluate E l : 

- _kq L , _ (8.99x IQ 9 N • m 2 /C 2 )(- 5//C) f (~5m)i +(2m)f 
'Ip 1,P (5 m) 2 + (2 m) 2 [ ^(5 mf + (2 mf , 

= (-1.55 x 10 3 N/c)(- 0.928 i + 0.371 j) 

= (l .44 kN/C)/ + (- 0.575 kN/C)j 

Evaluate E 2 : 

- _kq^, _ (8.99xIQ 9 N• m 2 /C 2 )(l2//C) f (-2m)i + (-2m)/ 
r i,p 2 ’ P (2 m) 2 + (2 m) 2 J(2m) 2 + (2m) 2 y 

= (l3.5 x 10 3 N/C)(- 0.707/ - 0.707 j) 

= (- 9.54 kN/C)/ +(-9.54 kN/C)j 

Substitute for E ] and E 2 and simplify to find E p : 

E p = (l .44 kN/C)/ + (- 0.575 kN/C )j + (- 9.54 kN/C)/ + (- 9.541<N/C)./ 

= (-8.10kN/C)/ +(-10.1 kN/C)j 

The magnitude of E p is: £ p = ^(-8. lOkN/C) 2 +(-10.1 kN/C) 2 

= I 12.9kN/C I 


The direction of E p is: 


0 E = tan 1 


-10.1 kN/C ' 
-8.10 kN/C y 



Note that the angle returned by your 


calculator for tan 


"-lO.lkN/C" 

v -8.10kN/C y 


is the 


reference angle and must be increased by 
180° to yield 9e. 


(b ) Express and evaluate the force on an electron at point P: 





28 Chapter 21 


F = qE p = (- 1.602 x 1(T 19 c)[(- 8. lOkN/C)/ + (-10.1 kN/C)j] 
= (l .30 x 10 15 n)/ + (l .62 x 10 15 N)) 


Find the magnitude of F : 

F = 

7(l.30xl(r 15 N 

f + (l.62xl0 -15 n) 


= 

2.08xl(T 15 N 



Find the direction of F : 


Of 


= tan 


1.62 xlO~ 15 
, 1.3xlCT 15 N , 


51.3° 


44 •• 

Picture the Problem The diagram shows the locations of the charges q\ and q 2 and the 
point on the x axis at which we are to find E . From symmetry considerations we can 
conclude that the y component of E at any point on the x axis is zero. We can use 
Coulomb’s law for the electric field due to point charges to find the field at any point on 
the x axis. We can establish the results called for in parts ( b ) and (c) by factoring the 
radicand and using the approximation 1 + a « 1 whenever a « 1. 


y 



(a) Express the x-component of the 
electric field due to the charges at y 
= a and y = -a as a function of the 
distance r from either charge to 
point P: 

Substitute for cos 0 and r to obtain: 


2—^-cos Oi 
r 


- kq x : 2 kqx ; 2 kqx i 

E r — 2— i — ^ l — wy* 


r 2 r 


[x 2 +a 2 ) 


2 kqx 


[x 2 +a 2 ) 


3/2 
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and 

r _ 2 kqx 

h x ~ ~r~2 iW 

[x- +a j 


(b) For x| « a,x 2 + a 2 » a 2 , so: 

r 2 kqx 

X ~(a 2 f 2 ~ 

2 kqx 

3 

a 



For |x » a,x 2 + a 2 « x 2 , so: 

r 2 kqx 

2 kq 


'" FT 

x 2 


(c) 


For x » a, the charges separated by a would appear to be a single charge 

2 kq 


of magnitude 2 q. Its field would be given by E x = 


Factor the radicand to obtain: 


For a «x: 




( n 2 \ 

1 - 3/2 

E x = 2kqx 

2 

X 

1 + — 


2 


l X J. 



, a 1 


and 

E x = 2Ax/x[x 2 ] ' 


2 kq 


*45 •• 

Picture the Problem The diagram shows the electric field vectors at the point of interest 
P due to the two charges. We can use Coulomb’s law for E due to point charges and the 
superposition principle for electric fields to find E v . We can apply F = qE to find the 
force on a proton at (-3 m, 1 m). 
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y, m 



(a) Express the electric field at E p = E x + E 

(-3 m, 1 m) due to the charges q\ and 

qi. 


Evaluate E x : 


E, = 


hE* _ (8.99 x 10 9 N • m 2 /C 2 )(- 4/iC) f (—5 m)i + (3 m )j 
r \.p KP (5 m) 2 + (3 m) 2 [7( 5m ) 2+ ( 3m ) 2 , 

= (- 1.06kN/C)(- 0.857/ + 0.514 j)= (0.908kN/C)/ + (- 0.544 kN/C)j 


Evaluate E 2 : 


E, = 


kq 2 . _ (8.99 x 10 9 N • m 2 /C 2 )(5 jriC) ( (- 4m)/ + (- 2 m)J 
r 2,p 2 ' P (4 m) 2 + (2 m) 2 J(4m) 2 + (2 m) 2 

= (2.25 kN/C)(- 0.894/ -0.447 j)= (- 2.01 kN/C)/ +(-1.01 kN/C)j 


Substitute and simplify to find E p : 

E P = (0.908kN/C)/ + (- 0.544 kN/C)j + (- 2.01 kN/C)/ + (- 1.01kN/C)j 
= (-1.1 OkN/C)/ + (-1.55 kN/C)./ 

The magnitude of E p is: E p = ^/(l. 1 OkN/C) 2 +(l.551<N/C) 2 


1.90 kN/C 
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The direction of E ? is: 


9 E = tan - 


-1.55kN/C 

-l.lOkN/C 


235° 


Note that the angle returned by your 


calculator for tan 


-l 


^-1.55kN/C^ 


-l.lOkN/C 


is the 


reference angle and must be increased by 
180° to yield 0 E . 


( b ) Express and evaluate the force on a proton at point P: 

F = qE P = (l.6 x 10 -19 c)[(- 1.10kN/C)/ + (-1.55 kN/C)jJ 
= (-1.76 x10' 16 n)/ +(-2.48x10 16 N)j 


The magnitude of F is: 


F 


/(- 1.76x10 -16 N 

2 + 

|-2.48x10 -16 N 

2 = 

3.04 x 10 -16 N 


The direction of F is: 


9, = tan 1 


/ -2.48x10 -16 N^ 
v -1.76x10 -16 N j 


235 c 


where, as noted above, the angle returned 
by your calculator for 


tan 


-l 


-2.48xl0 -16 N 


r \ 


-1.76x 10 -16 N 


is the reference 


angle and must be increased by 180° to 
yield Or. 


46 •• 

Picture the Problem In Problem 44 it is shown that the electric field on the x axis, due 
to equal positive charges located at (0, a) and (0,-a), is given by 
E x = 2kqx(x 2 + a 2 ) . We can identify the locations at which E x has it greatest values 

by setting dEJdx equal to zero. 


(a) Evaluate 


dE x _ : 
dx 
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"«1-8 

II 

2 kqx(x 2 + a 2 ) 1 

= 2 kq — 
dx 

/ 2 2 V 3 / 2 

x^x +a ) 

= 2 kq 

d ( 2 2 V 3 / 2 .( 2 

x —lx +a 1 +1 x +a 

L dx X ’ V 

2 


= 2 kq 


" 5/2 (2x) + 

( 2 2 V 3 / 2 

[x +fl j 

= 2 kq 

-3x 2 (x 2 + a 2 )~ 5/2 +(x 2 + a' 

V 3 / 2 



Set this derivative equal to zero: 


12/2. 2 V 5 / 2 ( 2 . 2 

- 3x ^x + a ) + Jx + a 



Solve for x to obtain: 



(. b ) The following graph was plotted using a spreadsheet program: 


2 kq = 1 and a = 1 



x 


47 ••• 

Picture the Problem We can determine the stability of the equilibrium in Part (a) and 
Part (b) by considering the forces the equal charges q at y = +a and y = -a exert on the 
test charge when it is given a small displacement along either the x or y axis. The 
application of Coulomb’s law in Part (c) will lead to the magnitude and sign of the charge 
that must be placed at the origin in order that a net force of zero is experienced by each of 
the three charges. 

( a ) Because E x is in the x direction, a positive test charge that is displaced from 
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(0, 0) in either the +x direction or the -x direction will experience a force pointing away 
from the origin and accelerate in the direction of the force. 

Consequently, the equilibrium at (0,0) is unstable for a small displacement along 
the x axis. 


If the positive test charge is displaced in the direction of increasing y (the positive y 
direction), the charge at y = +a will exert a greater force than the charge at 
v = -a, and the net force is then in the —y direction; i.e., it is a restoring force. Similarly, 
if the positive test charge is displaced in the direction of decreasing v (the negative y 
direction), the charge at y =-a will exert a greater force than the charge at y = -a, and the 
net force is then in the —y direction; i.e., it is a restoring force. 

Consequently, the equilibrium at (0,0) is stable for a small displacement along 
the y axis. 


(b) 


Following the same arguments as in Part (a), one finds that, for a negative test 
charge, the equilibrium is stable at (0,0) for displacements along the x axis 
and unstable for displacements along the y axis. 



(c) Express the net force acting on the 
charge at y = +a\ 


Solve for q 0 to obtain: 


Remarks: In Part (c), we could just as well have expressed the net force acting on 
the charge at y = -a. Due to the symmetric distribution of the charges at y = -a andy 
= +a, summing the forces acting on q 0 at the origin does not lead to a relationship 
between q 0 and q. 

*48 ••• 

Picture the Problem In Problem 44 it is shown that the electric field on the x axis, due to 
equal positive charges located at (0, a) and (0,-a), is given by 

E x = 2 kqx(x 2 + a 2 ) . We can use T = 2n^mjk' to express the period of the motion in 
terms of the restoring constant k'. 

(a) Express the force acting on the on lkq 2 x 


the bead when its displacement from 
the origin is x: 
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Factor a 2 from the denominator to 
obtain: 


Forx « a: 


( b ) Express the period of a simple 
harmonic oscillator: 

Obtain k' from our result in part (a): 

Substitute to obtain: 


F = 


2 


a 


2 kq 2 x 

f 2 



\3/2 

J 


F x = 

i.e., the bead experiences a linear restoring 
force. 


2 kcf 
-i x 


T 




T = 2tv 


m 

2 7T 

ma 3 

2 kq 2 

2 kq 2 

a 



Motion of Point Charges in Electric Fields 
49 • 

Picture the Problem We can use Newton’s 2 nd law of motion to find the acceleration of 
the electron in the uniform electric field and constant-acceleration equations to find the 
time required for it to reach a speed of 0.01c and the distance it travels while acquiring 
this speed. 

(a) Use data found at the back of e 1.6 x 10~ 19 C 

your text to compute e/m for an m 

electron: 


9.11x10 31 kg 
1.76 xlO 11 C/kg 


(b ) Apply Newton’s 2 nd law to relate _ F net _ eC 

the acceleration of the electron to m e m e 

the electric field: 


(l.6xl0 19 c)(l00N/C) 
9.11x10 31 kg 

1.76xl0 13 m/s 2 


Substitute numerical values and 
evaluate a: 
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The direction of the acceleration 
of an electron is opposite the 
electric field. 


(c) Using the definition of 
acceleration, relate the time required 
for an electron to reach 0.01c to its 
acceleration: 

Substitute numerical values and 
evaluate At: 



0 .01c 

a 


0.0l(3 xlQ 8 m/s) 
1.76xl0 13 m/s 2 


0.170/rs 


(d) Find the distance the electron 
travels from its average speed and 
the elapsed time: 


Ax = v av A t 

= | [0 + 0.0l(3 x 10 8 m/s)](0.170 jus) 
= 25.5cm 


*50 • 

Picture the Problem We can use Newton’s 2 nd law of motion to find the acceleration of 
the proton in the uniform electric field and constant-acceleration equations to find the 
time required for it to reach a speed of 0.01c and the distance it travels while acquiring 
this speed. 


(a) Use data found at the back of 
your text to compute elm for an 
electron: 


e _ 1.6 x10~ 19 C 
m p 1.67x10 27 kg 

= 9.58 xlO 7 C/kg 


Apply Newton’s 2 nd law to relate the _ F mt _ eE 

acceleration of the electron to the m p m p 

electric field: 

Substitute numerical values and 
evaluate a: 


_ (l.6xlQ~ 19 c)(l00N/C) 

~ 1.67x10 27 kg 

= 9.58xlO 9 m/s 2 

The direction of the acceleration 
of a proton is in the direction of 
the electric field. 
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(b) Using the definition of 
acceleration, relate the time required 
for an electron to reach 0.01c to its 
acceleration: 

Substitute numerical values and 
evaluate At: 


At = 


v 


a 


0.01c 

a 


_ 0.0l(3xlQ 8 m/s) 
~~ 9.58 xlO 9 m/s 2 


313 //s 


51 • 

Picture the Problem The electric force acting on the electron is opposite the direction of 

the electric field. We can apply Newton’s 2 nd law to find the electron’s acceleration and 

use constant acceleration equations to find how long it takes the electron to travel a given 

distance and its deflection during this interval of time. 

(a) Use Newton’s 2 nd law to relate the F . — eE 

a = — 251 =- 

acceleration of the electron first to the m m 

net force acting on it and then the 
electric field in which it finds itself: 


Substitute numerical values and 
evaluate a : 


a = 


1.6xl(T 19 C 
9.11x10 31 kg 


(400N/C)j 


(-7.03x10° m/s 2 )j 


(b ) Relate the time to travel a given 
distance in the x direction to the 
electron’s speed in the x direction: 


Ax _ 0.1m 

v x 2xl0 (l m/s 


50.0ns 


(c) Using a constant-acceleration 
equation, relate the displacement of 
the electron to its acceleration and 
the elapsed time: 


At = i«,( A/ ) 2 

= y(- 7.03 x 10° m/s 2 )(50ns) 2 y 
= (-8.79cm)/ 

i.e., the electron is deflected 8.79 cm 
downward. 


52 •• 

Picture the Problem Because the electric field is uniform, the acceleration of the 
electron will be constant and we can apply Newton’s 2 nd law to find its acceleration and 
use a constant-acceleration equation to find its speed as it leaves the region in which 
there is a uniform electric field. 


v 2 = Vg + 2aAx 


Using a constant-acceleration 
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equation, relate the speed of the or, because vo = 0, 

electron as it leaves the region of the v = -JlaAx 

electric field to its acceleration and 
distance of travel: 


Apply Newton’s 2 nd law to express 
the acceleration of the electron in 
terms of the electric field: 


F 

net 


m. 


eE_ 

m e 


Substitute to obtain: 


v = 


2eEAx 


m. 


Substitute numerical values and evaluate v: 

/ 2(l .6 x 10 19 c)(8x!0 4 N/c)(0.05m) 

V ~\ 9.11 x 1CT 31 kg 


3.75 x 10 7 m/s 


Remarks: Because this result is approximately 13% of the speed of light, it is only 
an approximation. 


53 •• 

Picture the Problem We can apply the work-kinetic energy theorem to relate the change 
in the object’s kinetic energy to the net force acting on it. We can express the net force 
acting on the charged body in terms of its charge and the electric field. 


Using the work-kinetic energy W = A K = E nci Ax 

theorem, express the kinetic energy 
of the object in terms of the net force 
acting on it and its displacement: 

Relate the net force acting on the E na = QE 

charged object to the electric field: 

Substitute to obtain: A K = K t - K { = QE/Sjc 

or, because = 0, 

K f = QEAx 


Q = 


EAx 


Solve for Q : 
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Substitute numerical values and 
evaluate Q : 


Q = 


0.12 J 

(300N/C)(0.50m) 


800//C 


*54 •• 

Picture the Problem We can use constant-acceleration equations to express the x and y 
coordinates of the particle in terms of the parameter t and Newton’s 2 nd law to express 
the constant acceleration in terms of the electric field. Eliminating the parameter will 
yield an equation for y as a function ofx, q, and m that we can solve for E y . 

Express the x and y coordinates of X = (v cos 0)t 

the particle as functions of time: and 

v = {vsm6)t-\a t 2 


Apply Newton’s 2 nd law to relate the ^ _ E ncly _ QE y 

O' ,, 

acceleration of the particle to the net m m 

force acting on it: 


Substitute in the y-coordinatc 
equation to obtain: 


y = (vsin^)f 


2m 


Eliminate the parameter t between 
the two equations to obtain: 

Set v = 0 and solve for E v : 


Substitute the non-particle specific 
data to obtain: 


(a) Substitute for the mass and 
charge of an electron and evaluate 
Ey. 


y = (tan 0)x - 


qE v 


2 mv~ cos" 6 


-x~ 


mv 2 sin 26 
qx 


_ m(3xl0 6 m/s) 2 sin70° 
g(0.015m) 

= (5.64 xlO 14 m/s 2 )— 

9 


(5.64x 10 14 m/s 2 ) 


9.1 1x10 31 kg 
1.6x10 19 C 


3.21kN/C 


(b ) Substitute for the mass and 
charge of a proton and evaluate E y \ 


(5.64 xlO 14 m/s 2 ) 


1.67 x IQ- 27 kg 
1.6x10 19 C 


5.89MN/C 
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55 •• 

Picture the Problem We can use constant-acceleration equations to express the x and y 
coordinates of the electron in terms of the parameter t and Newton’s 2 nd law to express 
the constant acceleration in terms of the electric field. Eliminating the parameter will 
yield an equation for y as a function ofx, q, and m. We can decide whether the electron 
will strike the upper plate by finding the maximum value of its y coordinate. Should we 
find that it does not strike the upper plate, we can determine where it strikes the lower 
plate by setting y(x) = 0. 


Express the x and y coordinates of the 
electron as functions of time: 

Apply Newton’s 2 nd law to relate the 
acceleration of the electron to the net 
force acting on it: 

Substitute in the y-coordinate equation 
to obtain: 

Eliminate the parameter t between the 
two equations to obtain: 


x = (v 0 cos 0)t 
and 

y = (v o sin0)f- \a y t 2 


m e m e 

y = (v o sm0)t-^t 2 
2 m e 

eE 

y(x) = (tan 0)x - -- 2 •' 2 X 2 (1) 

2 m e v 0 cos 0 


To find jmax, set dyldx = 0 for 
extrema: 


— = tan$- 
dx 


eE, 


my 0 cos" 6 


= 0 for extrema 


Solve for x' to obtain: 


Substitute x' i n y(x) and simplify to 
obtain jw 


x = 


m e vl sin 20 
2 eE., 


(See remark below.) 


T„ 


m e vl sin 2 0 
2 eE y 


Substitute numerical values and evaluate y max : 


y 


max 


( 9 .1 lx 10 31 kg )(5 X10 6 m/s) 2 sin 2 45° 
2(l.6x10 1 C)(3.5x 1 O’ N/C) 


1.02 cm 


and, because the plates are separated by 2 cm, the electron does not strike the upper 
plate. 










40 Chapter 21 


To determine where the electron will m vl sin 26 

x = ——-- 

strike the lower plate, set eE y 

v = 0 in equation (1) and solve for x to 

obtain: 

Substitute numerical values and evaluate x: 


(9.11x10 31 kg)(5xl0 6 m/s 

2 sin 90° 


4.07 cm 


(l .6 x 10 19 c)(3.5 x 10 3 N/C 



Remarks: x' is an extremum, i.e., either a maximum or a minimum. To show that it 
is a maximum we need to show that d 2 y/dx 2 , evaluated at x', is negative. A simple 
alternative is to use your graphing calculator to show that the graph ofy(v) is a 
maximum atx'. Yet another alternative is to recognize that, because equation (1) is 
quadratic and the coefficient of x 2 is negative, its graph is a parabola that opens 
downward. 


56 •• 

Picture the Problem The trajectory of the electron while it is in the electric field is 
parabolic (its acceleration is downward and constant) and its trajectory, once it is out of 
the electric field is, if we ignore the small gravitational force acting on it, linear. We can 
use constant-acceleration equations and Newton’s 2 nd law to express the electron’s x and 
v coordinates parametrically and then eliminate the parameter t to express y(x). We can 
find the angle with the horizontal at which the electron leaves the electric field from the x 
and y components of its velocity and its total vertical deflection by summing its 
deflections over the first 4 cm and the final 12 cm of its flight. 


(a) Using a constant-acceleration 
equation, express the x and y 
coordinates of the electron as 
functions of time: 


x(t)=v 0 t 

and 

v(l)=V + 2 a / 


Because v 0 , y = 0: 


x(t)=v 0 t (1) 

and 

y{t) = \a y t 2 


Using Newton’s 2 nd law, relate the 
acceleration of the electron to the 
electric field: 


F. 


a y = 


m„ 


-* E r 

m. 
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Substitute to obtain: 


Eliminate the parameter t between 
equations (1) and (2) to obtain: 


y(>)=-^r 

2m, 


( 2 ) 


y(x) = - 


eE 


2 m e v 2 0 


x =-- 


4 K 


v x 2 


Substitute numerical values and evaluate v(4 cm): 


j(0.04m) 


1.6x10 19 c)(2xl0 4 N/c)(0.04m) 2 
4(2x10 16 j) 


-6.40 mm 


( b ) Express the horizontal and vertical 
components of the electron’s speed as 
it leaves the electric field: 


v x = v 0 cos 9 
and 

v = v 0 sin 0 


Divide the second of these equations 
by the first to obtain: 


9 = tan 1 — = tan 1 — 


Using a constant-acceleration 
equation, express y v as a function of 
the electron’s acceleration and its 
time in the electric field: 


V y =V 0,y +a y t 

or, because vo, v = 0 

F 

v = a t =- —t = 

y y 

m. 


eE y x 


m„ v. 


o 


Substitute to obtain: 


( 

9 = tan -1 

V 


eEyX 

m e V l J 


( 

= tan -1 

v 


eEyX 

2 K 


Substitute numerical values and evaluate 0: 


9 = tan 1 


1.6x10 19 C 

)(2xlO 4 N/c)(0.04m)" 

2( 

2 x 10 -16 j' 

1 


-17.7° 


(c) Express the total vertical T total = T 4 cm + Ti 2 cm 

displacement of the electron: 


Relate the horizontal and vertical 
distances traveled to the screen to 
the horizontal and vertical 
components of its velocity: 


x = v x At 
and 

y = VyAt 
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Eliminate At from these equations to 
obtain: 

Substitute numerical values and 
evaluate v: 

Substitute for y 4cm and yncm and 
evaluate jw 


v = —x = (tan#)x 

y - [tan(-17.7°)](0.12m) = -3.83cm 

_y total = -0.640cm-3.83cm 
= -4.47 cm 

i.e., the electron will strike the fluorescent 
screen 4.47 cm below the horizontal axis. 


57 • 

Picture the Problem We can use its definition to find the dipole moment of this pair of 
charges. 

( a ) Apply the definition of electric 
dipole moment to obtain: 


(b) If we assume that the dipole is 
oriented as shown to the right, then 
p is to the right; pointing from the 

negative charge toward the positive 
charge. 

*58 • 

Picture the Problem The torque on an electric dipole in an electric field is given by 
i = pxE and the potential energy of the dipole by U = -p ■ E. 


p = qL 

and 

P = i 2 pC)(4//m) = 


P 


-q +q 


8.00x10 ls C-m 


Using its definition, express the 
torque on a dipole moment in a 
uniform electric field: 


(a) Evaluate rfor 0 = 0°: 


f = pxE 
and 

t = pE sin 6 

where 6 is the angle between the electric 
dipole moment and the electric field. 


r = pEsmO° = 
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(j b ) Evaluate rfor 9 = 90°: 


(c) Evaluate rfor 9 =30°: 


r = (0.5 e ■ nm)(4.0 x 10 4 N/c)sin90 c 


3.20xlCT 

24 N • m 

(0.5e- nm) 

(4.0 xlO 4 

1.60x10 

24 N • m 


(d) Using its definition, express the 
potential energy of a dipole in an 
electric field: 

Evaluate U for 6 = 0°: 


Evaluate U for 0 = 90°: 


Evaluate (7 for 0 = 30°: 


U = -p-E = -pE cos# 


U = -(0.5 e ■ nm)(4.0 x 10 4 N/c) cos0° 
= -3.20x10 24 J 

U = -(0.5 e • nm)(4.0 x 10 4 N/c)eos90° 

= ~ 0 ~ 


U = -(0.5 e • nm)(4.0 x 10 4 N/c)eos30° 
= -2.77 x 10~ 24 J 


*59 •• 

Picture the Problem We can combine the dimension of an electric field with the 
dimension of an electric dipole moment to prove that, in any direction, the dimension of 
the far field is proportional to l/[Z.] ? and, hence, the electric field far from the dipole falls 
off as 1/r 3 . 


Express the dimension of an electric 
field: 

Express the dimension an electric 
dipole moment: 


f £ l = M 
[ J b] ! 

IpMqIl] 


Write the dimension of charge in 
terms of the dimension of an electric 
dipole moment: 



M 

Id 


Substitute to obtain: 


M= 


MM 

MM 


EE 

Ml 


This shows that the field E due to a dipole 
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p falls off as 1/r 3 . 

60 •• 

Picture the Problem We can use its definition to find the molecule’s dipole moment. 
From the symmetry of the system, it is evident that the x component of the dipole 
moment is zero. 

Using its definition, express the p = pj + p j 

molecule’s dipole moment: 

From symmetry considerations we p x = 0 

have: 

They component of the molecule’s P y = qL = 2 eL 

dipole moment is: = 2(l .6 x 1CT 19 c)(0.058 nm) 

= 1.86x10 29 C-m 


Substitute to obtain: 


(l .86x10 29 C• m)/ 


61 •• 

Picture the Problem We can express the net force on the dipole as the sum of the 
forces acting on the two charges that constitute the dipole and simplify this expression 
to show that F na = Cpi. We can show that, under the given conditions, F net is also 

given by (dEjdx)pi by differentiating the dipole’s potential energy function with 
respect to x 

(a) Express the net force acting on F net = F q + F +q 

the dipole: 

Apply Coulomb’s law to express the F = —qE = -qC(x ] - a)i 

forces on the two charges: 

F = +qE = qC(x { + a)i 

Substitute to obtain: F net = -qC(x l - a)i + qC(x ] + a)i 


where p = 2 aq. 


= 2 aqC i = Cp i 
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(b) Express the net force acting on 
the dipole as the spatial derivative of 
U: 


F =■ 

net 


du 7 dr -1C 

- 1 =-- PyE r \i 

1 » L Jl X X J 

dx dx 


dE 7 

p x —-i 
dx 


62 ••• 

Picture the Problem We can express the force exerted on the dipole by the electric field 
as -dUldr and the potential energy of the dipole as -pE. Because the field is due to a 
point charge, we can use Coulomb’s law to express E. In the second part of the problem, 
we can use Newton’s 3 rd law to show that the magnitude of the electric field of the dipole 
along the line of the dipole a distance r away is approximately 2kp!r . 


(a) Express the force exerted by the 
electric field of the point charge on 
the dipole: 



dr 


where r is a unit radial vector pointing 
from Q toward the dipole. 


Express the potential energy of the 
dipole in the electric field: 


U = -pE = -p k 4 
r 


Substitute to obtain: 


d 

kQ 


2 kQp , 

dr 

-P — 
r 

r — 

3 V 

r 


( b ) Using Newton’s 3 rd law, express 
the force that the dipole exerts on 
the charge Q at the origin: 


E onQ =~E 


or F onQ r 


and 

F onQ =F 


—Fr 


Express F on 0 in terms of the field in F on 0 = QE 

which Q finds itself: 


Substitute to obtain: 


QE = 


2kQp 

3 


=>E = 



General Problems 

*63 • 

Picture the Problem We can equate the gravitational force and the electric force acting 
on a proton to find the mass of the proton under the given condition. 


(a) Express the condition that must 
be satisfied if the net force on the 
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proton is zero: 

Use Newton’s law of gravity and 
Coulomb’s law to substitute for F g 
and F e : 

Solve for m to obtain: 




Substitute numerical values and evaluate nr. 


m 


= (l.6x 10 19 c) 


8.99 xlO 9 N -m 2 /C 2 
6.67x10 11 N-m 2 /kg 2 


1.86 xl0~ 9 kg 


(b) Express the ratio of F e and Fg: £ e 2 

r 2 _ ke 1 

67;; 2 67?; 2 


Substitute numerical values to obtain: 


ke 2 

(8.99 x 10 9 N • m 2 / C 2 )(l .6 x 10 19 c) 2 


1.24xl0 36 

Gin; ( 

6.67 x 10 11 N • m 2 / kg 2 )(l .67 x 10 27 kg)" 



64 •• 


Picture the Problem The locations of the charges q\, q 2 and q 2 and the points at which 
we are calculate the field are shown in the diagram. From the diagram it is evident that 
E along the axis has no y component. We can use Coulomb’s law for E due to a point 
charge and the supeiposition principle to find E at points P\ and Pi. Examining the 
distribution of the charges we can see that there are two points where E = 0. One is 
between q 2 and q 2 and the other is to the left of q\. 


// 


k 

// // 


vA 


P 2 

H— x, cm 


15 


^ 00 ' 00 

-1 0 1 


T- 

3 
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Using Coulomb’s law, express the 
electric field at P\ due to the three 
charges: 


E Pl = E q + E q2 + E q2 

kq, : kq , j kq , ? 

= -4-i +-hi +-P-i 


2,P, 


'3 ,P, 


= k\ 


<h , <?2 , <?3 

2 ‘ 2 ‘ 2 

h,R V 2,P, r 3,P, 


Substitute numerical values and evaluate E /; : 


-5 //C 3 //C 5 /X3 : 

(4 cm)" (3 cm) 2 (2 cm) 2 

(l. 14x10 s N/C)/ 


E r , =(8.99xl0 9 N-m 2 /C 2 ) 


Express the electric field at P 2 \ 


E P 2 ~ E qi +E g 2 +E % 


<h | <h | ^3 
2 2 '2 


Substitute numerical values and evaluate E r , : 


E,, = (8.99 x 10 9 N • m 2 /C 2 ) 


-5 juC + 3/X3 + 5/X3 


(l6cm) 2 (l5cm) 2 (l4cmy 


(l .74 x 10 6 N/C’)i 


Letting x represent the x coordinate 
of a point where the magnitude of 
the electric field is zero, express the 
condition that E = 0 for the point 
between x = 0 and x = 1 cm: 



1 ,P ' 2,P 


or 

- 5 //C 3 juC 

(x + lcm) 2 x 2 



5//C 

(l cm - x) 2 


= 0 


Solve this equation to obtain: 


x = 


0.417cm 


Forx < -1 cm, let y = -x to obtain: 


5/j£ 3 juC 5 fj£ 

(v -1 cm) 2 v 2 (v + lcm) 2 


Solve this equation to obtain: 


x = 6.95 cm and 


y = 


-6.95 cm 
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65 •• 


Picture the Problem The locations of the charges qq 2 and q 2 and the point P 2 at which 
we are calculate the field are shown in the diagram. The electric field on the x axis due to 
the dipole is given by £ dipole = 2kp/x i where p = 2 aq x i . We can use Coulomb’s law 


for E due to a point charge and the superposition principle to find E at point P 2 . 
C 


/ 

////// 
CsV 00) 

+ + + 

-1 0 1 


-xA- 


—1— x, cm 
15 


Express the electric field at P 2 as the 
sum of the field due to the dipole and 
the point charge q 2 \ 


E r > 2 -^dipole + E q2 

_ 2 kp : kq 2 ; 

3 I + 2 l 

X X 


2k(2q x a): kq 2 2 

3 1 + 2 1 

x x 




+ q 2 


where a = 1 cm. 

Substitute numerical values and evaluate E p _: 


8.99 x 10 v N • m 2 / C 2 


E P = 


(l5xl0 2 m) 


4(5 //C)(l cm) 


15 cm 


+ 3//C 


1 = 


(l.73xlO 6 N/c)/ 


While the separation of the two charges of the dipole is more than 
10 % of the distance to the point of interest, i.e., x is not much greater 
than a, this result is in excellent agreement with that of Problem 64. 


*66 •• 

Picture the Problem We can find the percentage of the free charge that would have to 
be removed by finding the ratio of the number of free electrons n e to be removed to give 
the penny a charge of 15 pC to the number of free electrons in the penny. Because we’re 
assuming the pennies to be point charges, we can use Coulomb’s law to find the force of 
repulsion between them. 

(a) Express the fraction/of the free f ~ — 

charge to be removed as the quotient N 

of the number of electrons to be 
removed and the number of free 
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electrons: 

Relate N to Avogadro’s number, the 
mass of the copper penny, and the 
molecular mass of copper: 

Relate n e to the free charge Q to be 
removed from the penny: 


N m 

aT = m 


n = n a 


m 

M 


Q = n X~ e \ => n e 


Q 


-e 


Q 


f 


- -e _ 




m 

M 


QM 
meN A 


Substitute numerical values and evaluate/: 


f = 


(-15 //C)(63.5g/mol) 

(3 g)(l .6 x 10 19 C)(6.02 x 10 23 mol ') 


= 3.29 x 10^ 9 = 


(b) Use Coulomb’s law to express the 
force of repulsion between the two 
pennies: 




3.29xl(T 7 % 


Substitute numerical values and evaluate F: 


(8.99xl0 9 N-m 2 /C 2 )(9.38xl0 13 ) 2 (l.6xl0 19 c) 2 
(0.25 m) 2 


32.4N 


67 •• 

Picture the Problem Knowing the total charge of the two charges, we can use 
Coulomb’s law to find the two combinations of charge that will satisfy the condition that 
both are positive and hence repel each other. If just one charge is positive, then there is 
just one distribution of charge that will satisfy the conditions that the force is attractive 
and the sum of the two charges is 6 juC. 

(a) Use Coulomb’s law to express p _ kq l q 2 

‘ 2 

the repulsive force each charge r 12 

exerts on the other: 


Express qi in terms of the total 
charge and q\. 


<h=Q-Vi 
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Substitute to obtain: 

Substitute numerical values to obtain: 

II 

_ XT (8.99xlO 9 N 
8mN = A - 

m 2 /c2 )[(6/C)^ -q 2 \ 

(3 m) 2 

Simplify to obtain: 

q 2 +(-6 J uC)q i + 8.0l(/C) 2 =0 

Solve to obtain: 

q x = 3.99 juC and</ 2 = 2.01 //C 

or 

q x = 2.01 /jC andq 2 = 3.99 juC 

(. b ) Use Coulomb’s law to express 

F _ kc h<h 

the attractive force each charge 

exerts on the other: 

r 2 

r u 

Proceed as in (a) to obtain: 

q 2 + (-6/C)^ -8.0l(/C) 2 = 0 

Solve to obtain: 

q ] = 7.12/C and q 2 = -1.12/C 


68 •• 

Picture the Problem The electrostatic forces between the charges are responsible for the 
tensions in the strings. We’ll assume that these are point charges and apply Coulomb’s 
law and the principle of the supeiposition of forces to find the tension in each string. 


Use Coulomb’s law to express the 
net force on the charge +q : 

Substitute and simplify to obtain: 


Use Coulomb’s law to express the 
net force on the charge +4 q: 


T = F +F 

J 1 1 2q T 1 4q 


T, = 


kq(2q) kq(4q) 
d 2 (Id) 2 


3kq 


T =F +F 

1 2 1 q T 1 2q 


F 


k(2q\4q) kq(4q) 
d 2 (2df 


9 kq 2 


Substitute and simplify to obtain: 
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*69 •• 

Picture the Problem We can use Coulomb’s law to express the force exerted on one 
charge by the other and then set the derivative of this expression equal to zero to find the 
distribution of the charge that maximizes this force. 


Using Coulomb’s law, express the 
force that either charge exerts on the 

other: 

kq x q 2 

F - D> 

Express q 2 in terms of Q and q\. 

<h =Q~<h 

Substitute to obtain: 

V k( h{Q-<h) 

F - D> 

Differentiate F with respect to q\ 
and set this derivative equal to zero 

for extreme values: 

dF = k , d k(Q <?,)] 

dq x D dq x 

= 0 for extrema 

Solve for q\ to obtain: 

<h=\Q 

and 

=Q~q\ =iQ 

To determine whether a maximum 
or a minimum exists at q x =\Q , 

differentiate F a second time and 
evaluate this derivative at q l = \ Q : 

d ' F = * d [Q 2 ?1 ] 
dql D 2 dq x L 1J 

= -C(-2) 

D~ 

< 0 independently of q x . 
q x = q n = \Q maximizes F. 


*70 •• 

Picture the Problem We can apply Coulomb’s law and the superposition of forces to 
relate the net force acting on the charge q = -2 juC to x. Because Q divides out of our 
equation when F{x) = 0, we’ll substitute the data given for 
x = 8.0 cm. 


Using Coulomb’s law, express the net 
force on q as a function of x: 

F(r w k( iQ , k <i( 4 Q) 

{) x 2 (12cm -xf 
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Simplify to obtain: 


Solve for Q : 


EM 

kq 



4 

(l2cm-x) 2 


0 


0 = 



EM 

1 | 4 

x 2 (l2cm-x) 2 


Evaluate 0 for x = 8 cm: 


Q = 


126.4N 


(8.99xlO 9 N -m 2 /C 2 )(2 juC) 


+ - 


(8 cm) 2 (4 cm) 


3.00/42 


71 •• 

Picture the Problem Knowing the total charge of the two charges, we can use 
Coulomb’s law to find the two combinations of charge that will satisfy the condition that 
both are positive and hence repel each other. If the spheres attract each other, then there 
is just one distribution of charge that will satisfy the conditions that the force is attractive 
and the sum of the two charges is 200 /jC . 

(a) Use Coulomb’s law to express p _ kq x q 2 

2 

the repulsive force each charge r l 2 

exerts on the other: 

Express qi in terms of the total q 2 = Q ~ 9j 

charge and q\. 

Substitute to obtain: p _ kq x {Q -q^) 


Substitute numerical values to obtain: 


;0N (8.99xlO 9 N ■ m 3 /C 2 )[(200/jC)g 1 -qf] 

(0.6 m ) 2 


Simplify to obtain the quadratic equation: q j 2 + (- 0.2 rnC)^, + 3.20 x 10 3 (mC) 2 = 0 


Solve to obtain: 


<h 


17.5/X3 and^ 2 = 183/42 


or 
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183//C andg 2 = 17.5/XT' 


(b ) Use Coulomb’s law to express 
the attractive force each charge 
exerts on the other: 


F = _kq 1 q 1 


Proceed as in (a) to obtain: 


+(-0.2mC)^-3.20x10 3 (mC) 2 =0 


Solve to obtain: 


<h 


-15.0/X3 and q 2 = 215 /jC 


72 •• 

Picture the Problem Choose the 
coordinate system shown in the diagram 
and let U g = 0 where y = 0. We’ll let our 
system include the ball and the earth. Then 
the work done on the ball by the electric 
field will change the energy of the system. 
The diagram summarizes what we know 
about the motion of the ball. We can use 
the work-energy theorem to our system to 
relate the work done by the electric field to 
the change in its energy. 



Using the work-energy theorem, 
relate the work done by the electric 
field to the change in the energy of 
the system: 


^electric field — 

= k 2 -k 1+ u &2 -u &1 

or, because K\ = U gt2 = 0, 

W =K -U 

rr electric field L 'g,l 


Substitute for W^ ctric fie i d , K 2 , and 
U g fl and simplify: 


qEh = \mvf - mgh 


mgh = mgh 


Solve for m: 


m = 


qE 

g 


73 •• 

Picture the Problem We can use Coulomb’s law, the definition of torque, and the 
condition for rotational equilibrium to find the electrostatic force between the two 
charged bodies, the torque this force produces about an axis through the center of the 
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meter stick, and the mass required to maintain equilibrium when it is located either 25 cm 
to the right or to the left of the mid-point of the rigid stick. 


(a) Using Coulomb’s law, express the 
electric force between the two charges: 


_ kq,q 2 
F ~~ 


Substitute numerical values and evaluate F: 


(8.99xl0 9 N-m 2 /C 2 )(5xl0 7 C) 2 

(0.1m) 2 


0.225 N 


( b ) Apply the definition of torque to T = Fi 

obtain: 

Substitute numerical values and r = 

evaluate r. 


(0.225 N)(0.5m) 

0.113 N • m, counterclockwise 


(c) Apply X Center of the meter stick ^ 

to the meterstick: 

Solve for m: 


z - mg(' = 0 



Substitute numerical values and 
evaluate m: 

(d) Apply Y, 

^"center of the meter stick ^ 

to the meterstick: 

Substitute for r. 

Substitute for F: 


Solve for q 2 ' to obtain: 


0.H3N 

(9.81 m/s 2 )(0.25 m) 


0.0461kg 


— r + mgV = 0 


— Fi + mgV = 0 

- k JMl +mgt = o 

d 2 

where q' is the required charge. 

d 2 mgV 

g, =- 

kq\i 


Substitute numerical values and evaluate q{\ 


, _ (0.1 m) 2 (0.0461 kg)(9.81 m/s 2 )(0.25 m) 
qi ~ (8.99 x 10 9 N • m 2 / C 2 )(5 x 10~ 7 c)(0.5 m) 


5.03 x 10 -7 C 
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74 •• 

Picture the Problem Let the numeral 1 refer to the charge in the 1 st quadrant and the 
numeral 2 to the charge in the 4 th quadrant. We can use Coulomb’s law for the electric 
field due to a point charge and the superposition of forces to express the field at the 
origin and use this equation to solve for Q. 


Express the electric field at the origin due to the point charges Q\ 


E(0,0)=E i+ E 2 =^>\, a +4K« 

fi,0 r 2,0 

= k 4\- 4m)/ + (-2m)y] + *2[(- 4m)i + (2m)/] = -^, 


r 

= EJ 

where r is the distance from each charge to the origin and E = — 


(8 m )kQ 


Express r in terms of the coordinates 
(x, y) of the point charges: 

Substitute to obtain: 


Solve for Q to obtain: 


Substitute numerical values and 
evaluate Q\ 


r = ^x 2 + v 2 



Q = - 


(4kN/C) (4 m) 2 + (2 m) 2 


3/2 


(8.99 x 1 () 9 N • m 2 /C 2 )(8 m) 


-4.97 juC 


75 •• 

Picture the Problem Let the numeral 1 denote one of the spheres and the numeral 2 the 
other. Knowing the total charge Q on the two spheres, we can use Coulomb’s law to find 
the charge on each of them. A second application of Coulomb’s law when the spheres 
carry the same charge and are 0.60 m apart will yield the force each exerts on the other. 

(a) Use Coulomb’s law to express p _ kq x q 2 

2 

the repulsive force each charge r l 2 

exerts on the other: 
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Express q 2 in terms of the total charge q 2 = Q ~ q x 

and < 71 : 

Substitute to obtain: r kq x ( Q~q x ) 

r =-;- 


Substitute numerical values to obtain: 


120N (8.99x10’ N-m ; /C : )[(200/Ck,-^] 

(0.6 m ) 2 

Simplify to obtain the quadratic equation: q\ + (- 200 jL/C)q l + 4810(//C) 2 = 0 


Solve to obtain: 

= 

28.0 //C 

and q 2 = 

172 juC 


or 





= 

172//C 

aiuU / 2 = 

28.0 //C 


(b) Use Coulomb’s law to express ^ _ kq x q 2 

the repulsive force each charge r{ 2 

exerts on the other when 

q\ - qi = 100 fjC\ 

Substitute numerical values and evaluate F: 


F = (8.99 x 10 9 N • m 2 /C 2 



250N 


76 •• 

Picture the Problem Let the numeral 1 denote one of the spheres and the numeral 2 the 
other. Knowing the total charge Q on the two spheres, we can use Coulomb’s law to find 
the charge on each of them. A second application of Coulomb’s law when the spheres 
carry the same charge and are 0.60 m apart will yield the force each exerts on the other. 

(a) Use Coulomb’s law to express 
the attractive force each charge 
exerts on the other: 

Express q 2 in terms of the total 
charge and q\. 


1,2 

q 2 =Q-qi 
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Substitute to obtain: 


F _ kq x {Q-q x ) 


Substitute numerical values to obtain: 


120N = 


~(8.99x10 9 N 


Simplify to obtain the quadratic equation: 


m 2 /C 2 )[(200 /u£)q x - q f] 

(0.6m)‘ 

q\ + (- 200 // C)? 1 - 48 10(//C) 2 = 0 


Solve to obtain: 


9 , 

or 

9i 


-21.7 juC and q 2 = 222 /jC 


222 f/C and q 2 = -21.7 juC 


(b) Use Coulomb’s law to express p _ kq x q 2 

the repulsive force each charge r 22 

exerts on the other when 
q\ - qi = 100 /jC: 

Substitute numerical values and evaluate F: 


F = (8.99x 10 9 N -m 2 /C 2 



250N 


77 •• 

Picture the Problem The charge configuration is shown in the diagram as are the 
approximate locations, labeled x\ and x 2 , where the electric field is zero. We can 
determine the charge Q by using Coulomb’s law and the superposition of forces to 
express the net force acting on q 2 . In part (b), by inspection, the points where 
E = 0 must be between the -3 juC and +4 //C charges. We can use Coulomb’s law for the 
field due to point charges and the superposition of electric fields to determine the 
coordinates xi and x 2 . 

^ = -3.0 /xC q 2 = 4.0 /xC Q 

H-1-•-•- 

w x 2 0.2 0.32 


0 


x, m 
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(a) Use Coulomb’s law to express the 
force on the 4.0-/XT charge: 


F =F +F 

± 2 ± 1,2 T ± 0,2 

*Mi i i 

2 1 ' 2 

r i,2 r Q,2 

Q 


M) 


= kq- 


3a _ 

2 2 

h,2 r e,2 


i = F4 


Solve for Q\ 


Q = r, 


2,2 


r 2 

1,2 


A 

A 


Substitute numerical values and evaluate Q : 
Q = (0.12m) 


-3juC 

240 N 


-97.2 juC 

(0.2 m) 2 

8.99x 10 9 N • m 2 /C 2 )(4/X3)_ 



(/;) Use Coulomb’s law for electric fields and the superposition of fields to determine the 
coordinate x at which E = 0: 


or 


E = 


kQ i kq 2 : | kq x : _ Q 


(0.32 m - x) 7 (0.2 m - x) 7 x 2 


0 


<? 2 + % = 0 


(0.32 m -x) 2 (0.2 m-x) 2 x^ 


Substitute numerical values to obtain: 


-97.2//C 4//C -3 juC _ 

(0.32m-x) 2 (0.2m-x) 2 x 2 

97.2 _ 4 3 

(0.32m-x) 2 (0.2m-x) 2 x 2 


Xi 


0.0508 m 


and x 2 


0.169 m 


Solve (preferably using a graphing 
calculator!) this equation to obtain: 
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*78 •• 

Picture the Problem Each sphere is in 
static equilibrium under the influence of 
the tension T , the gravitational force F , 

and the electric force F E . We can use 
Coulomb’s law to relate the electric force 
to the charge on each sphere and their 
separation and the conditions for static 
equilibrium to relate these forces to the 
charge on each sphere. 



(a) Apply the conditions for static 
equilibrium to the charged sphere: 

Ef. = ^-rsine= 


and 


^ F y = T cos 6 - mg 

Eliminate T between these equations 

to obtain: 

tan 6 = 

mgr 

Solve for q: 

1 mg tan 6 


q=r i— 


Referring to the figure, relate the 
separation of the spheres r to the 
length of the pendulum L: 

Substitute to obtain: 


r = 2 L sin 0 


q = 


2 L sin 6 


mg tan 0 


( b ) Evaluate qfoxm = 10 g, L = 50 cm, and 9= 10°: 


q = 2(0.5m)sinl0°/Mi kg X 9 - 8 9 lm/sl )' a '; 10 ° = 


8.99x10 N-m /C 
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79 •• 

Picture the Problem Each sphere is in 
static equilibrium under the influence of 
the tension T, the gravitational force F' , 

and the electric force F E . We can use 
Coulomb’s law to relate the electric force 
to the charge on each sphere and their 
separation and the conditions for static 
equilibrium to relate these forces to the 
charge on each sphere. 



(a)Apply the conditions for static 
equilibrium to the charged sphere: 


YF x =F e -T sin0 = / %—sin 6* = 0 

^ r 

and 

^ F y =T cos 9 - mg = 0 


Eliminate T between these equations 
to obtain: 


tan 9 


kq 2 
mgr 2 


Referring to the figure for Problem r = 2L sin 0 

80, relate the separation of the spheres 
r to the length of the pendulum L: 

Substitute to obtain: ,, kq 2 

tan 6 =- ; , , 

4 mgL sin 0 

or 

sin 2 6 , tan6 > = ^ . (1) 

4 mgL 2 

Substitute numerical values and evaluate sin 2 0 tan 0 : 


sin 2 0 tan 0 = 


(8.99 x 10 9 N • m 2 /C 2 )(0.75 ju C) 2 
4(0.01 kg)(9.81 m/s 2 )(1.5 m) 2 


5.73x10 3 


Because sin 2 9 tan 0 « 1: 


sin 9 « tan 9 » 
and 

9 3 « 5.73x10 


0 

•3 


10.3° 


Solve for 9 to obtain: 


9 = 0.179 rad = 
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( b ) Evaluate equation (1) with replacing q~ with q\q 2 \ 

shr *tan* N ;,5,Q9x 10- . 
4(0.0 lkg)(9.81m/s 2 )(l.5m) 2 


Solve for 0 to obtain: 


6 = 0.172 rad = 9.86° 


80 •• 

Picture the Problem Let the origin be at 
the lower left-hand comer and designate 
the charges as shown in the diagram. We 
can apply Coulomb’s law for point charges 
to find the forces exerted on q\ by q 2 , q 2 , 
and <74 and superimpose these forces to find 
the net force exerted on q x . In part (/;), 
we’ll use Coulomb’s law for the electric 
field due to a point charge and the 
superposition of fields to find the electric 
field at point P( 0, E/2). 

(a) Using the superposition of forces, 
express the net force exerted on q\: 





F = F + F + F 

± 1 ± 2,1 ^ ■* 3,1 T A 4,1 


Apply Coulomb’s law to express F 2 x : 


Apply Coulomb’s law to express F 4 x : 


B _ kq 2 q x , _ kq 2 q x r 

*2,1 2~ *2.! 3 ^2,1 


2,1 


2,1 


^ 4,1 = 


k -^(-Lj)=fj 


kq 4 q x 2 _ kq 4 q x ^ 

2 '4,1 “ 3 M,1 


4,1 


4,1 


k ±^{-Li)=fi 


B _ kc l^ r. _ k <h<h = 

*3,1 — 2 r 3,l — 3 r 3,l 


3,1 


kq 2 


3,1 


2 3/2 E 3 

kq 7 


2 3 / 2 Z 2 


\-U-Lj) 

(i+j) 


Apply Coulomb’s law to express F 3 ,: 
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Substitute and simplify to obtain: 


F Kj 


kq 2 


■(/+;)■ 


kq 2 : 


V ' 2 3/2 Z 2 v * ' JJ+ L 2 1 

2 / \ 7 2 


kq 


L 1 


(? kq (2 


kq~ 


L 2 


1 - 


2V2 


M 


( 6 ) Using supeiposition of fields, 
express the resultant field at point 6 *: 


E P — E t + E., + _Zi 3 + Zi 4 ( 1 ) 


Use Coulomb’s law to express Zs,: 


f -h. 

C 1 “ .2 M,P ~ , 3 






y 


kq 




V z 7 




y 


4kq 2 
—r- / 
Z 2 


Use Coulomb’s law to express E 2 


E ~^f - 

-I '"ID 


k(-q)(L A 


'2,P 


-kq 


r 2 ,p \2 y 


Z 

V 2 y 


' Z,^ 

‘2 7 7 

V 2 y 


4Z<7 - 

—T 5 - / 

z 2 


Use Coulomb’s law to express E 3 


£■ _ O 3 > 

E-i - 2 r 3,P - 3 


3,P 


'3,P V 


' " Z^| 

— Li -/ 

2 0 1 


8Zg 


5 3 / 2 Z 2 


1 ~ 


A 

-i 

v 2y 


Use Coulomb’s law to express E 4 


F - ,2 

^4 — 2 *3,P — 


*(“?) 


3 


' A,P 

8kq 


5 3 / 2 Z 2 


U,P V 

1 ^ 


i z ^ 

Li - I 

2 ) 


1 ~-J 

V 2 y 


Substitute in equation (1) and simplify to obtain: 


F _ 4 kq 4 kq Skq f 

P L 2 J L 2 J 5 3 / 2 L 2 


-* j 

20 


8 Zc/ 


5 3 / 2 Z 2 


i ~—j 

. 20 


8A't/ 


Z 2 


, + 2I 

25 y 


81 
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Picture the Problem We can apply Newton’s 2 nd law in rotational form to obtain the 
differential equation of motion of the dipole and then use the small angle approximation 
sint?® 0 to show that the dipole experiences a linear restoring torque and, hence, will 
experience simple harmonic motion. 

Apply ^ T ~ I a to dipole: . ^ d 2 6 

- pE sin 9 = / —r- 

dr 

where r is negative because acts in such a 
direction as to decrease 0. 


For small values of 0, sint?® 0 
and: 


- pE6 = / 


d 2 6 
dt 2 


Express the moment of inertia of the I = \ ma 1 

dipole: 


Relate the dipole moment of the p = qa 

dipole to its charge and the charge 

separation: 

Substitute to obtain: d 2 6 _ 

\ma~ —y ~ ~qaE0 

dr 

or 

2qE 

— Y =- 0 

dt _ ma 

the differential equation for a simple 
harmonic oscillator with angular frequency 
co = JlqE/ ma . 


Express the period of a simple j, _ 2rc 

harmonic oscillator: co 


Substitute to obtain: 


T = 


2 n 

ma 

1 

2 qE 


82 •• 

Picture the Problem We can apply conservation of energy and the definition of the 
potential energy of a dipole in an electric field to relate q to the kinetic energy of the 
dumbbell when it is aligned with the field. 
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Using conservation of energy, relate 
the initial potential energy of the 
dumbbell to its kinetic energy when 
it is momentarily aligned with the 
electric field: 

Express the change in the potential 
energy of the dumbbell as it aligns 
with the electric field in terms of its 
dipole moment, the electric field, 
and the angle through which it 
rotates: 

Substitute to obtain: 


AK + AU = 0 
or, because Ki = 0, 

K+AU=0 

where K is the kinetic energy when it is 
aligned with the field. 

AU = U f -U i 

= -pE cos 6* f + pE cos 6 f 
= qaE( cos 60°-l) 


K + qaE( cos 60° -1) = 0 


Solve for q : __ E _ 

^ aE(\- cos 60°) 

Substitute numerical values and evaluate q\ 5 x 10 3 J 

C1 ~ (0.3m)(600N/C)(l-cos60°) 
= 55.6/42 


*83 •• 

Picture the Problem The forces the electron and the proton exert on each other 
constitute an action-and-reaction pair. Because the magnitudes of their charges are equal 
and their masses are the same, we find the speed of each particle by finding the speed of 
either one. We’ll apply Coulomb’s force law for point charges and Newton’s 2 nd law to 
relate v to e, m, k, and r. 

Apply Newton’s 2 nd law to the positron: he 1 v 2 ke 2 2 

—— = m — =>-= 2 

r T r r 


Solve for v to obtain: 



ke 2 

i 

2 mr 


84 •• 

Picture the Problem In Problem 81 it was established that the period of an electric 
dipole in an electric field is given by T - 2n-^ma/lqE. We can use this result to find 
the frequency of oscillation of a KBr molecule in a uniform electric field of 1000 N/C. 
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Express the frequency of the KBr 
oscillator: 

Substitute numerical values and 
evaluate /: 


1 

2 qE 



2 n 1 

J ma 



1 

12 (1.6x10' 

19 C 

o 

o 

o 

z 

2n 

y (l.4xl0' 2 

5 kg 

l(0.282nm) 

4.53 x 10 s Hz 




85 ••• 

Picture the Problem We can use Coulomb’s force law for point masses and the 
condition for translational equilibrium to express the equilibrium position as a function 
of k, q, Q, m, and g. In part (b) we’ll need to show that the displaced point charge 
experiences a linear restoring force and, hence, will exhibit simple harmonic motion. 

(a) Apply the condition for kqQ _ ^ ^ 

translational equilibrium to the point y 0 

mass: 


Solve for y ( i to obtain: 



(b ) Express the restoring force that 
acts on the point mass when it is 
displaced a distance Ay from its 
equilibrium position: 


Simplify this expression further by 
writing it with a common 
denominator: 


F = _kqQ__kqQ_ 
(t 0 + Ay) 2 y 2 0 
kqQ kqQ 
To + 2 y 0 Ay y 2 
because Av « y 0 . 


F = — 


2y 0 AykqQ 
To 4 +2yl Ay 
2 y, Ay kgQ 

V 

To ) 


4 

To 


1 + 2 


2 Ay kqQ 


To 


again, because Ay «yo- 


kqQ 

—t = m S 
To 


From the 1 st step of our solution: 
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Substitute to obtain: 


F = 


2 mg 

y 0 


Ay 


Apply Newton’s 2 nd law to the 
displaced point charge to obtain: 


m 


dAy 
dt 2 


-A-Sav 

y 0 


or 


d 2 Ay 
dt 2 


+ —A_y = 0 

To 


the differential equation of simple 
harmonic motion with 


0 ) = 


= V 2 &/to 


86 ••• 

Picture the Problem The tree-body 
diagram shows the Coulomb force the 
positive charge Q exerts on the bead that is 
constrained to move along the x axis. The x 
component of this force is a restoring 
force, i.e., it is directed toward the bead’s 
equilibrium position. We can show that, 
for x « L, this restoring force is linear 
and, hence, that the bead will exhibit 
simple harmonic motion about its 
equilibrium position. Once we’ve obtained 
the differential equation of SHM we can 
relate the period of the motion to its 
angular frequency. 


'/ 



Using Coulomb’s law for point ^ _ k{- q)Q _ kqQ 

charges, express the force F that +Q L 2 + x 2 L~ + x~ 

exerts on -q: 


kqQ 

L 2 +x 2 


cos# 


kqQ x 
L~ + x 2 yji 1 + x 2 



kqQ 

+ x-f 


x 


Express the component of this force 
along the x axis: 


F, = 
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Factor L 2 from the denominator of this 
equation to obtain: 


F= — 


kqQ 


L 


( 2 

. X 

¥ 

V ^ J 


3/2 


L 3 


because x « L. 


Apply ^ F x = ma x to the bead to 
obtain: 


m 


dx kqQ 


dt 2 


L 3 


x 


or 

d 2 x 


+ Mx = o 


dt mL 


the differential equation of simple 
harmonic motion with co = *JkqQ/mL 3 


Express the period of the motion of 
the bead in terms of the angular 
frequency of the motion: 



2n. 


mL 5 
kqQ 



87 ••• 

Picture the Problem Each sphere is in 
static equilibrium under the influence of 
the tension T, the gravitational force F g , 

^coulomb anc * l' 16 f° rce ¥ exerted by the 
electric field. We can use Coulomb’s law 
to relate the electric force to the charges 
on the spheres and their separation and the 
conditions for static equilibrium to relate 
these forces to the charge on each sphere. 



(<::/) Apply the conditions for static 
equilibrium to the charged sphere: 


Z F v = ^coulomb- 71 sin 0 



T sin 0 = 0 


and 

'YjFy = T cos 0 - mg -qE = 0 


Eliminate T between these equations 
to obtain: 


tan# = 


kq 2 


(,mg + qE)r 


67 


Referring to the figure for Problem 
78, relate the separation of the 


r = 2 L sin 0 
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spheres r to the length of the 
pendulum L: 

Substitute to obtain: 


Substitute numerical values and 
evaluate sin 2 # tan# to obtain: 

Because sin 2 # tan 0 « 1: 


Solve for 9 to obtain: 

(b) The downward electrical forces 
acting on the two spheres are no 
longer equal. Let the mass of the 
sphere carrying the charge of 0.5 juC 
be m\, and that of the sphere 
carrying the charge of 1.0 /XT be m 2 . 
The tree-body diagrams show the 
tension, gravitational, and electrical 
forces acting on each sphere. 
Because we already know from part 
(a) that the angles are small, we can 
use the small-angle approximation 
sin#» tan#»#. 

Apply the conditions for static 
equilibrium to the charged sphere 
whose mass is m\\ 


tan# = 


kq 2 


or 


sin" #tan# = 


4 (mg + qE)L 2 sin" 6 
kq 2 


4(iii g + qE)L 2 


( 1 ) 


sin 2 #tan# = 3.25xl0~ 3 


sin 9 « tan 9 « 9 


and 

9 3 «3.25xl0^ 3 


9 = 0.148 rad = 


8.48° 



2X,= 


bM± + T , sm«, 


kq ! q 2 


(L sin #j + L sin 9 2 ) 

kq x q 2 


2 +7j sin#! 


L 2 (6 ]+ e,j 


-+TA 


= 0 


and 
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Yj F y,i =T hy- m ig-Vi E = 0 


Apply the conditions for static 
equilibrium to the charged sphere 
whose mass is 


2 X: = 


sinft 


kq x q 2 


(.L sin 0 X +L sin 0 2 ) 

i t 

22 


2 + T 2 sin 0 2 


= 0 


and 

Tj F y,2 =T 2,y- m 2g-(h E = ^ 


Express B\ and &i in terms of the 
components of T x and T 2 : 



and 



( 1 ) 

( 2 ) 


Divide equation (1) by equation (2) 
to obtain: 


Substitute for T 2 , y and T i jV to obtain: 


A 

d 2 




because the horizontal components of 7j and 


T 2 are equal. 

6 X _ m 2 g + q 2 E 
() 2 m x g + q x E 


Add equations (1) and (2) to obtain: 


o+o _ | r ^ 2x _ i q - 

' 2 T Ur T %y L 2 (0,+0,J 


1 


1 


m \g + q\E m 2 g + q 2 E 


0\ + 0 2 - 3 


I kq x q 2 


L- 


1 


+ - 


1 


m x g + q x E m 2 g + q 2 E 


Solve for 61 + 62 '. 
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Substitute numerical values and evaluate 
di + 02 and 0 \ 102 . 


ft, + ft 2 =0.287 rad = 16.4 

and 

— = 1.34 

0, 


O 


Solve for 0\ and ft to obtain: 


0i = 


9.42° 


and ft, 


6.98° 


88 ••• 

Picture the Problem Each sphere is in 
static equilibrium under the influence of a 
tension, gravitational and Coulomb force. 
Let the mass of the sphere carrying the 
charge of 2.0 /jC be m\ = 0.01 kg, and that 
of the sphere carrying the charge of 1.0 juC 
be 7772 = 0.02 kg. We can use Coulomb’s 
law to relate the Coulomb force to the 
charge on each sphere and their separation 
and the conditions for static equilibrium to 
relate these forces to the charges on the 
spheres. 



Apply the conditions for static equilibrium 
to the charged sphere whose mass is m \: 


IX. =~ k ^+T ] sine, 


kq x q 2 


(.L sin 0 X + L sin ft,)’ 
kq x q 2 


- + T x sin ft. 


L 2 (e,+e 2 f 

= 0 

and 

2Xi =7 i.,- w is=° 


+m 


Apply the conditions for static equilibrium 
to the charged sphere whose mass is m 2 . 


2 X, = 


sine 2 


kq x q 2 


(k sin ft, + L sin ft 2 ) 

hqiq 2 

L 2 (e l+ e 2 ) 


, + T 2 sin ft 2 


2 +T 2 G 2 


= 0 
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71 


and 

Tj F y.2= T 2,y- m 2g = ° 


Using the small-angle approximation 

T 

ft = — 

sinft= tan 0 ~ 0, express 0\ and O 2 in 

1 T 

,y 

terms of the components of 7| and 

and 

T ■ 

* 

II 

Divide equation (1) by equation (2) 

T,., 

to obtain: 

0 , _ U 

ft t 2x 

T 

2,y 

because th 
T ] and f 2 ; 

Substitute for 7ft. and T 1 ,, to obtain: 

0 L _m 2 ^ 


ft m l 

Add equations (1) and (2) to obtain: 

ft + ft = 

Solve for 9\ + ft: 

ft + ft = 

Substitute numerical values and 

ft + ft = 

evaluate 0\ + ft and 0\/0 2 : 

and 

ft _1 

ft 2 

Solve for 6 \ and ft to obtain: 

ft = 9.4' 


( 1 ) 


( 2 ) 


2,y 


T 

I U> 


T T 

1 l,x , 1 2,x 


T T 

ftv 1 2,y 

kq,q 2 




—+ — 


m,g m 2 g 


kq x q 2 

1 1 

-+- 

1? 

L n hg m 2 g J 


and ft = 


18.9° 


Remarks: While the small angle approximation is not as good here as it was in the 
preceding problems, the error introduced is less than 3%. 
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89 ••• 

Picture the Problem We can find the effective value of the gravitational field by finding 
the force on the bob due to g and E and equating this sum to the product of the mass of 
the bob and g'. We can then solve this equation for E in terms of g , g', q, and M and 
use the equation for the period of a simple pendulum to find the magnitude of g' 


Express the force on the bob due to 
g and E : 


Solve for E to obtain: 


Using the expression for the period 
of a simple pendulum, find the 
magnitude ofg': 


( n A 

F = Mg + qE =M g + — E =Mg’ 

\ M ) 

where 

q 


s ,= s+iv E 

M 


E = -(g'-g) 

q 


T - 2k — 

U' 

and 

, _ 4 k 2 L _ 4;r 2 (lm) 
S ~~~ (l .2 s ) 2 


= 27.4m/s 2 


Substitute numerical values and evaluate E : 


5x10 3 kg 


E = 


-8.0/C 


(27.4m/s 2 )j - ( 9 . 8 1 m/s 2 )j\ = (-1.10 x 10 4 N/C)/ 


*90 ••• 

Picture the Problem We can relate the force of attraction that each molecule exerts on 
the other to the potential energy function of either molecule using/ 7 = — dU/dx. We can 

relate U to the electric field at either molecule due to the presence of the other through U 
= -pE. Finally, the electric field at either molecule is given by E = 2 kp/x 3 . 

Express the force of attraction 
between the dipoles in terms of the 
spatial derivative of the potential 
energy function of p\\ 

Express the potential energy of the 
dipole p\. 


F = J U 1 


dx 


( 1 ) 


U { =~p l E l 

where E\ is the field at p t due to pi- 
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Express the electric field at p\ due to 
Pi- 


F 2k Pi 

,= 1T 

where x is the separation of the dipoles. 


Substitute to obtain: 


u,=- 


2 k Pl p 2 


Substitute in equation (1) and 
differentiate with respect to x: 
Evaluate F for/y =p 2 = p and 
x = d to obtain: 


F = -± 
dx 


lkp x p 2 


x 


6 kp lPl 


x 


6kp 2 

~d*~ 
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Picture the Problem We can use Coulomb’s law for the electric field due to a point 
charge and superposition of fields to find the electric field at any point on they axis. By 
applying Newton’s 2 nd law, with the charge on the ring negative, we can show that the 
ring experiences a linear restoring force and, therefore, will execute simple harmonic 
motion. We can find co from the differential equation of motion and use/= coil n to find 
the frequency of the motion. 


(a) Use Coulomb’s law for the electric field due to a point charge and 
superposition of fields, express the field at point P on the y axis: 


kq x „ kq 2 £ _ kQ _. i kQ 


E p E l + E 2 2 r lP + 2 r 2 P 3 r l P + 3 r 2 P 


1..P 


'2 ,P 


'i ,p 


'2 ,P 


kQ 


l 1 2 V 

\a +y ) 


3/2 


L 


-i +yj +■ 


kQ 


' 2 . 2 W2 

f +- V ) 


L 


-i +yj 


2 kQy 


fr + y 2 ) 

[3/2 J 


where a = L12. 


Fy = qE y = 


2-kqQy . 

I 2 , 2V/2 J 

+y) 


(b ) Relate the force on the charged 
ring to its charge and the electric 
field: 


where q must be negative if F v is to be a 
restoring force. 
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(c) Apply Newton’s 2 nd law to the 
ring to obtain: 


Factor the radicand to obtain: 


Thus we have: 


m- 


d 2 y 

dt 2 


2 kqQ 


or 


d^y_ 

dt 2 


( 2 , 2W 2 

v 3 +y ) 

2 kqQ 

( 2 , 2W 2 

m\a +y J 


y 


y 



2 kqQ 


ma 


.2 A 


1 + 


y 


3/2 


y 


2 kqQ \6kqQ 

x - - y = —y 

ma mL 

provided y «a = Lt 2. 


d 2 y _ 1 6kqQ 

dt 2 mL 2 


or 



16 kqQ 
mL 3 


v = 0 


the differential equation of simple 
harmonic motion. 


Express the frequency of the simple y _ 

harmonic motion in terms of its 2 n 

angular frequency: 


From the differential equation 
describing the motion we have: 


co~ 


16 kqQ 
mL 2 


and 


_]_ 1 6 kqQ 
2 n V mL 3 


Substitute numerical values and evaluate/: 


J_ / 16(8.99 x IQ 9 N • m 2 /C 2 )(5//C)(2/C) 
2 k (0.03kg)(0.24m) 3 


9.37Hz 
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92 ••• 

Picture the Problem The free body 
diagram shows the forces acting on the 
microsphere of mass m and having an 
excess charge of q = Ne when the electric 
field is downward. Under terminal-speed 
conditions the sphere is in equilibrium 

under the influence of the electric force F e , 

its weighting, and the drag force F d . We 

can apply Newton’s 2 nd law, under 
terminal-speed conditions, to relate the 
number of excess charges N on the sphere 
to its mass and, using Stokes’ law, find its 
terminal speed. 

(a) Apply = ma v to the 

microsphere: 

Substitute for F e , m , and Ed,terminal to 
obtain: 


Solve for N to obtain: 

Substitute numerical values and 
evaluate j w 3 pg : 


Substitute numerical values and 
evaluate : 


Substitute numerical values in 
equation (1) and evaluate N : 


(b) With the field pointing upward, 
the electric force is downward and 
the application of = ma y to 


y 

M?e 



"mg 


YTi 

F e - mg - F d = ma y 
or, because a v = 0, 

F e ~mg-F d tormina, =0 

qE - pVg - ('-)7zr)rv x = 0 
or, because q = Ne, 

NeE - pg - 6/rrjrv t = 0 

v _ J^pg + b>nqrv l 

eE 

| n r 3 pg = y ^(5.5x1 0 - 7 111 } 

x (l .05 x 10 3 kg/m 3 )(9.81 m/s 2 ) 
= 7.18xl(T 15 N 

67TTjrv t = 6tv[ 1.8 x 10” 5 Pa • s)(5.5 x 10 -7 m) 
x (l.l6x 10 4 m/s) 

= 2.16x10 14 N 

n _ 7.18x10^ 15 N + 2.16x 10^ 14 N 
(l.6xl0 19 C)(6 x 10 4 V/m) 

F d,t—i~ F e - m g = 0 
or 

6/njrv\ - NeE - 1 nr 3 pg- = 0 
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the bead yields: 

Solve for v t to obtain: 


NeE + y;zr 3 pg 
6nqr 


Substitute numerical values and evaluate v t : 


3(l.6xl0 19 c)(6xl0 4 V/m) 

\+j?r\ 

(5.5x 10- 7 m) 3 (l.05xl0 3 kg/m 3 )(9.81 m/s 2 ) 

6k\ 

[1.8x10- 

5 Pa -s)(5.5 x 10 7 mj 

1 


1.93x10 4 m/s 


*93 ••• 

Picture the Problem The free body 
diagram shows the forces acting on the 
microsphere of mass m and having an 
excess charge of q = Ne when the electric 
field is downward. Under terminal-speed 
conditions the sphere is in equilibrium 

under the influence of the electric force F e , 

its weight mg, and the drag force F d . We 

can apply Newton’s 2 nd law, under 
terminal-speed conditions, to relate the 
number of excess charges N on the sphere 
to its mass and, using Stokes’ law, to its 
terminal speed. 



"”tg 


Fd 


(a) Apply ^ F = ma v to the 

microsphere when the electric field is 
downward: 


Substitute for F t and Fd,terminal to 
obtain: 


Solve for v u to obtain: 


With the field pointing upward, the 
electric force is downward and the 
application of ^F v = ma v to the 
microsphere yields: 


F c - mg - F d = ma y 
or, because a v = 0, 

F c ~ mg - F d , lcrminal = 0 

qE - mg - 6/i?]rv u = 0 
or, because q = Ne, 

NeE - mg - 6/r//rv u = 0 

NeE - mg 

v u =-— 

6 Ttqr 

F d, terminal ~ F e - mg = 0 

or 

67rr/rv d - NeE - mg = 0 


NeE + mg 
6nrp- 


Solve for Vd to obtain: 


( 2 ) 
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Add equations (1) and (2) to obtain: 


V=V u+ V d 


NeE - mg 
6 Kr/r 

NeE + mg 
6nr)r 


NeE _ qE 
2>7irp' 'hmjr 


This has the advantage that you don't need to know the mass of the 
microsphere. 


( b) Letting Av represent the change 
in the terminal speed of the 
microsphere due to a gain (or loss) 
of one electron we have: 

Noting that Av will be the same 
whether the microsphere is moving 
upward or downward, express its 
terminal speed when it is moving 
upward with N electronic charges on 
it: 

Express its terminal speed upward 
when it has N + 1 electronic 
charges: 

Substitute and simplify to obtain: 


Av = v 


JV+l 


NeE - mg 
bnijr 


v v+i — 


(N + \)eE - mg 
6 7trjr 


Av 


Ttf+l 


(N + \)eE - mg NeE - mg 

6711)1' 6711)1' 

eE 

6 711 ) 1 ' 


(l.6xlCT 19 c)(6xl0 4 V/m) 

6tt(i. 8x 10 5 Pa- 

m)(5.5 x 10 7 m) 

5.15x10 5 m/s 



Substitute numerical values and 
evaluate Av: 
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Chapter 22 

The Electric Field 2: Continuous Charge 
Distributions 


Conceptual Problems 

*1 .. 

(a) False. Gauss’s law states that the net flux through any surface is given 

by (f) na = | E n dA = 4nkQ m%iAe . While it is true that Gauss’s law is easiest to apply to 

symmetric charge distributions, it holds for any surface. 

(. b ) True 

2 

Determine the Concept Gauss’s law states that the net flux through any surface is given 
by (f) ml = j> E n dA = 47zkQ mside . To use Gauss’s law the system must display some 

symmetry. 

3 

Determine the Concept The electric field is that due to all the charges, inside and 
outside the surface. Gauss’s law states that the net flux through any surface is given 
by (f) ml = j '’> E n dA = 47ikQ ms]dc . The lines of flux through a Gaussian surface begin on 

charges on one side of the surface and terminate on charges on the other side of the 
surface. 


4 

Picture the Problem We can show that the charge inside a sphere of radius r is 
proportional to r 3 and that the area of a sphere is proportional to r 2 . Using Gauss’s law, 
we can show that the field must be proportional to r 3 /r 2 = r. 

Use Gauss’s law to express the ^ _ 4flfcjQ inside 

electric field inside a spherical A 

charge distribution of constant where A = 4 7tr~. 

volume charge density: 

Express gmside as a function of p and fi ns ide = = \npr s 

r: 


Substitute to obtain: 


E = 


4xk 3 /rpr 3 
4 7U' 2 


4 k Tip 

-— r 

3 
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*5 • 

( a ) False. Consider a spherical shell, in which there is no charge, in the vicinity of an 
infinite sheet of charge. The electric field due to the infinite sheet would be non-zero 
everywhere on the spherical surface. 

( b ) True (assuming there are no charges inside the shell). 

(c) True. 

(d) False. Consider a spherical conducting shell. Such a surface will have equal charges 
on its inner and outer surfaces but, because their areas differ, so will their charge 
densities. 


6 • 

Determine the Concept Yes. The electric field on a closed surface is related to the net 
flux through it by Gauss’s law: (f> = j> EdA = Q nsidc /e 0 . If the net flux through the closed 

surface is zero, the net charge inside the surface must be zero by Gauss’s law. 


Determine the Concept The negative point charge at the center of the conducting shell 


induces a charge +Q on the inner surface of the shell, (a) is correct. 


8 

Determine the Concept The negative point charge at the center of the conducting shell 
induces a charge +Q on the inner surface of the shell. Because a conductor does not have 
to be neutral, 


(d) is correct. 


*9 .. 

Determine the Concept We can apply Gauss’s law to determine the electric field for 
r < R { and r > R 2 . We also know that the direction of an electric field at any point is 
determined by the direction of the electric force acting on a positively charged object 
located at that point. 

From the application of Gauss’s law 
we know that the electric field in 
both of these regions is not zero and 
is given by: 



A positively charged object placed in either of these regions would experience an 


attractive force from the charge —Q located at the center of the shell, (b) is correct. 
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*10 •• 

Determine the Concept We can decide what will happen when the conducting shell is 
grounded by thinking about the distribution of charge on the shell before it is grounded 
and the effect on this distribution of grounding the shell. 


The negative point charge at the center of the conducting shell induces a positive charge 
on the inner surface of the shell and a negative charge on the outer surface. 

Grounding the shell attracts positive charge from ground; resulting in the outer surface 


becoming electrically neutral. ( b ) is correct. 


11 •• 

Determine the Concept We can apply Gauss’s law to determine the electric field for r < 
R\ and r > Ri. We also know that the direction of an electric field at any point is 
determined by the direction of the electric force acting on a positively charged object 
located at that point. 

From the application of Gauss’s law we know that the electric field in the region r < R\ 

^ kQ 

is given by E n = — r . A positively charged object placed in the region r < R\ will 
r 

experience an attractive force from the charge —Q located at the center of the shell. With 
the conducting shell grounded, the net charge enclosed by a spherical Gaussian surface 
of radius r > R 2 is zero and hence the electric field in this region is zero. 

(c) is correct. 


12 •• 

Determine the Concept No. The electric field on a closed surface is related to the net 
flux through it by Gauss’s law: (f) = | EdA = Q nsjdc /e 0 . (f> can be zero without E being 

zero everywhere. If the net flux through the closed surface is zero, the net charge inside 
the surface must be zero by Gauss’s law. 

13 •• 

False. A physical quantity is discontinuous if its value on one side of a boundary differs 
from that on the other. We can show that this statement is false by citing a 
counterexample. Consider the field of a uniformly charged sphere, p is discontinuous at 
the surface, E is not. 

Estimation and Approximation 

*14 « 

Picture the Problem We’ll assume that the total charge is spread out uniformly (charge 
density = cr) in a thin layer at the bottom and top of the cloud and that the area of each 
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surface of the cloud is 1 km 2 . We can then use the definition of surface charge density 
and the expression for the electric field at the surface of a charged plane surface to 
estimate the total charge of the cloud. 

Express the total charge Q of a Q = 

thundercloud in terms of the surface 
area A of the cloud and the charge 
density cr: 


Express the electric field just outside ^ _ & 

the cloud: e 0 


Solve for cr: cr —e 0 E 

Substitute for cr to obtain: Q =e 0 EA 


Substitute numerical values and evaluate Q : 


Q = (8.85 x 1CT 12 C 2 / N • m 2 )(3 x 10 6 V/m)(l km 2 ) = 


26.6C 


Remarks: This charge is in reasonably good agreement with the total charge 
transferred in a lightning strike of approximately 30 C. 

15 •• 

Picture the Problem We’ll assume that the field is strong enough to produce a spark. 
Then we know that field must be equal to the dielectric strength of air. We can then use 
the relationship between the field and the charge density to estimate the latter. 


Suppose the field is large enough to 
produce a spark. Then: 




3xl0 6 V/m 


Because rubbing the balloon leaves it _ cr 

with a surface charge density of+cr 2 e 0 

and the hair with a surface charge 
density of-cr, the electric field 
between the balloon and the hair is: 


Solve for cr: 


cr = 2 e 0 E 


Substitute numerical values and evaluate cr: 


cr = 2(8.85 x lO^ 12 C 2 / N • m 2 )(3x 10 6 V/m) 


5.31x10 5 C/m 2 
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16 • 

Picture the Problem For x « r, we can model the disk as an infinite plane. For 
x » r, we can approximate the ring charge by a point charge. 


For x « r, express the electric field E x = 2 Ttkcr 

near an infinite plane of charge: 


(a) and ( b ) Because E x is 
independent of x for x « r: 


E x = 2^(8.99 x 10 9 N • m 2 /C 2 )(3.6//C/m 2 ) 
= 2.03 x 10 5 N/C 


Forx» r, use Coulomb’s law for E ( ) kQ km^o 

the electric field due to a point 2 x 2 x 2 

charge to obtain: 


(c) Evaluate E x at x = 5 m: 


£*( 5m ) 


^(8.99 x 10 9 N • m 2 /C 2 )(2.5cm) 2 (3.6//C/m 2 ) 
(5 m) 2 


2.54 N/C 


(. d) Evaluate E x at x = 5 cm: 


E x (5cm) 


tt(s.99 x IQ 9 N • m 2 /C 2 )(2.5 cm) 2 (3.6 jtiC/ m 2 ) 
(0.05 m) 2 


2.54 xlO 4 N/C 


Note that this is a very poor approximation because x = 2 r is not much greater than r. 


Calculating E From Coulomb’s Law 


*17 • 

Picture the Problem We can use the definition of 2 to find the total charge of the line of 
charge and the expression for the electric field on the axis of a finite line of charge to 
evaluate E x at the given locations along the x axis. In part (d) we can apply Coulomb’s law 
for the electric field due to a point charge to approximate the electric field at x = 250 m. 


(a) Use the definition of linear 
charge density to express Q in terms 
of A: 


Q = AL 

= (3.5nC/m)(5m) 


17.5nC 


E x {x n ) = 


kQ 

*o ( x o~ L ) 


Express the electric field on the axis 
of a finite line charge: 
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(. b ) Substitute numerical values and 
evaluate E x at x = 6 m: 


£,(6m) 


(8.99xl0 9 N-m 2 /C 2 )(l7.5nC) 

(6m)(6m-5m) 

26.2 N/C 


(c) Substitute numerical values and 
evaluate E x at x = 9 m: 


,' (8.99xl0’N-nr/C 2 )(l7.5nC) 

A 1 (9m)(9m-5m) 

= 4.37 N/C 


(d) Substitute numerical values and evaluate E x at x = 250 m: 


(250m)(250m-5m) 


2.57 mN/C 


(e) Use Coulomb’s law for the ^ ^ _ kQ 

electric field due to a point charge to ' x 2 

obtain: 


Substitute numerical values and evaluate E , x (250 m): 


£,(250m) 


(s^xiO’N.mVcOQT.SiiC) 

(250 m) 2 


2.52 mN/C 


Note that this result agrees to within 2% with the exact value obtained in (d). 


18 • 

Picture the Problem Let the charge 
densities on the two plates be Oi and cr 2 
and denote the three regions of interest as 
1, 2, and 3. Choose a coordinate system in 
which the positive x direction is to the 
right. We can apply the equation for 
E near an infinite plane of charge and the 
superposition of fields to find the field in 
each of the three regions. 
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(a) Use the equation for E near 
an infinite plane of charge to 
express the field in region 1 
when cr, = cr 2 = +3 /C/nr: 


E X =E„ + E„ 

1 C 7 ] (J 2 

= -27jkaJ - 27jkcr 2 i 


= -4 7ik<j i 


Substitute numerical values and evaluate E x : 


E x = -4^(8.99 x 10 9 N • m 2 /C 2 )(3/C/m 2 )/ = - (3.39 x 1 0" N/c)/ 


Proceed as above for region 2: 


E 0 = E„ + E„ = 2TdcaJ - 2jikod 

l <7, (J-y 1 Z 


= 2 7tkoi - 27tkoi = 0 


Proceed as above for region 3: 


E x = E + E„ =2 TikuA +2nkcrJ 

5 cj\ (T 2 1 2 

= 4 nkoi 

= 4^(8.99x 10 9 N • m 2 /C 2 )(3/C/m 2 )/ 
= (3.39 x 10 5 N/c)/ 


The electric field lines are shown 
to the right: 



(b ) Use the equation for E near 
an infinite plane of charge to 
express and evaluate the field in 
region 1 when o\ = +3 /C/nr and 
<j 2 = -3 /C/m 2 : 

Proceed as above for region 2: 


E x = E + E CTi = 2 7ikcr x i - 2 7ik<j 2 i 


— 2 7ikoi 


2jikoi — 



E x = E + E ct = 2 7ik<j x i + 2 nkcr 2 i 
= 4nkoi 

= 4^(8.99 x 10 9 N • m 2 /C 2 )(3 /C)/ 
= (3.39 xlO 5 N/C)/ 
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Proceed as above for region 3: 


2C = 2? + E„ = iTjkui - 2nkcrJ 

3 (Tj CJ 2 1 l 


— 'l.Ttkoi 


2.7ikoi — 



The electric field lines are shown to the 
right: 


+ (T 


—a 



19 • 

Picture the Problem The magnitude of the electric field on the axis of a ring of charge 
is given by E x (x) = kQxj (x 2 + a 1 ) where Q is the charge on the ring and a is the 

radius of the ring. We can use this relationship to find the electric field on the x axis at 
the given distances from the ring. 


Express E on the axis of a ring charge: 



(a) Substitute numerical values and evaluate E x for x = 1.2 cm: 


/: v (l .2 cm) 


(8.99 x IQ 9 N • m 2 /C 2 )(2.75//C)(l.2 cm) 


(1.2 cm) 1 +(8.5 cm) 2 


3/2 


4.69 x 10 5 N/C 


(b ) Proceed as in ( a) with x = 3.6 cm: 


E{36 cm ) = (8.99xl0 9 N-m 2 /C 2 )(2.75 / C)(3.6cm) 


[(3.6 cm) 1 +(8.5 cm) 2 


1.13 xlO 6 N/C 


(c) Proceed as in (a) withx = 4.0 m: 


/ (8.99xl0 9 N-m 2 /C 2 )(2.75//C)(4m) _ 

C m_ [(4m) 2 +(8.5cm) 2 ] 3/2 


1.54xlO 3 N/C 


E X x )= 


kQ 


x 


2 


(d) Using Coulomb’s law for the 
electric field due to a point charge, 
express E x : 
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Substitute numerical values and evaluate E x atx = 4.0 m: 


E J 4 m ) = 


(8.99 x IQ 9 N • m 2 /C 2 )(2.75 juC) 
(4 m) 2 


1.55 x 10 3 N/C 


This result agrees to within 1% with the result obtained in Part (c). It is 
slightly larger because the point charge is nearer x = 4 m than is the ring. 


20 


x 


Picture the Problem We can use E x {x) = 2 Tjkcr 1 - - -- 

v x~ R j 

electric field on the axis of a disk charge, to find E x atx = 0.04 cm and 5 m. 


the expression for the 


Express the electric field on the axis 
of a disk charge: 


E x (x) = 2 Tjkcr 


1 - 


Jx 2 +R 2 


(a) Evaluate this expression forx = 0.04 cm: 


0.04 cm 

0.04cm) 2 +(2.5 cm) 2 J 

= 2.00 xlO 5 N/C 

This value is about 1.5% smaller than the approximate value obtained in Problem 9. 
( b ) Proceed as in (a) for x = 5 m: 


E x = 2 tt(s.99 x 10 9 N • m 2 / C 2 )(3.6 //C/m 2 ) 


1 - 




E 


x 


f 

2^(8.99 xl0 9 N-m 2 /C 2 )(3.6/C/m 2 ) 1 

V 


x 

5 m 

+(2.5 cm)" J 


2.54 N/C 


Note that the exact and approximate (from Problem 16) agree to within 1%. 


21 • 

Picture the Problem We can use the definition of A to find the total charge of the line of 
charge and the expression for the electric field on the perpendicular bisector of a finite 
line of charge to evaluate E y at the given locations along they axis. In part (e) we can 
apply Coulomb’s law for the electric field due to a point charge to approximate the 
electric field at y = 4.5 m. 


Q = AL = (6 nC/m)(5 cm) 


0.300 nC 


(a) Use the definition of linear 
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charge density to express Q in terms 
of 2: 


Express the electric field on the 
perpendicular bisector of a finite line 
charge: 


E,(y)= 


2 kX 


L 


y /( h ) 2 + v 2 


( b ) Evaluate E y at y = 4 cm: 


n 2(8.99xlQ 9 N-m 2 /C 2 ) }(6nC/m)(0.05m) 

1 °- 04m ^(0.025 m) 2 +(0.04 m) 2 


1.43kN/C 


(c) Evaluate E y at y = 12 cm: 


/n _ v 2(8.99xl0 9 N-m 2 /C 2 ) |(6nC/m)(0.05m) 

7(0.025 m) 2 + (0.12 m) 2 


0.12m 


183 N/C 


(d) Evaluate E y aty = 4.5 m: 


F ( 2(8.99xlQ 9 N-ni 2 /C 2 ) {(6nC/m)(0.05m) 

7(0.025 m) 2 +(4.5 m) 2 


4.5 m 


0.133 N/C 


(e) Using Coulomb’s law for the electric ^ ^ _ kQ 
field due to a point charge, express E v : ' y 2 

Substitute numerical values and evaluate E y at y = 4.5 m: 

,, (8.99xlO’N.m 2 /C 2 )(0.3nC) 

(4.5m) 2 

This result agrees to three decimal places with the value calculated in Part ( d ). 


0.133N/C 


22 • 

Picture the Problem The electric field on the axis of a disk charge is given by 

f \ 

X 

. We can equate this expression andii v = \ (J/2 e 0 and 


E x = liikq 
solve for x. 


1 - 

v ylx 2 + a 2 J 


Express the electric field on the axis of a 
disk charge: 


E x = 27rkq 


1 - , 

V yjx 2 + a 2 J 
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We’re given that: 

Equate these expressions: 


Simplify to obtain: 


Solve for x to obtain: 


£ t =lff/ 2e o 


cr 

4S n 


= Ijjka 


1- 


ylx 2 + a 2 


a 

4s n 


= 2 7ik<j 


1- 


l 


2 . 2 
X + Cl y 


or, because k = 1/4 ttsq, 

1 = 1- X 

2 


ylx 2 +a 2 


x = 


V3 


23 


Picture the Problem We can use E = 


kQx 


( 2 2 W 2 

^X + <7 J 

distances from the center of the charged ring. 


to find the electric field at the given 


(a) Evaluate E x atx = 0.2a: 


(. b ) Evaluate E x atx = 0.5a: 


(c) Evaluate E x at x = 0.7a: 


£ t (0.2a) 


£ t (0.5a) 


£ t (0.7 a ) 


kQ(0.2a) 


(0.2a)~ + a 

2 J3/ 2 

0.189^ 

a “ 


££>(0.5a) 

(0.5a) 2 + a 

2 j3/2 

0.358 ^ 
a 


kQ(0Ja ) 

(0.7a) 2 + a 

2 J3/2 

0.385^ 

a~ 



E X a ) = 



0 . 354^2 

a 


(cl) Evaluate E x at x = a: 



























90 Chapter 22 


(e) Evaluate E x at x = 2a: 


E,(2a) = 


2 kQa 

0 179 ^ 

(2a)' + a 2 ] ^ 

a 


The field along the x axis is plotted below. The x coordinates are in units of x/a and E is in 
units of kQla 1 . 



24 


Picture the Problem We can useC = 2 7riccr 


1 — 


Vx 2 + i? 2 , 

the disk, to find the electric field on the axis of a disk charge. 


, where R is the radius of 


Express E x in terms of £ 0 : 


E. = 


2x<j 


An ■ 


(7 


1- 


2 


1- 


Jx^R 1 

\ 

X 

^x 2 +R 2 . 


(a) Evaluate E x atx = 0.2a: 


E,(02a) = 


C7 


2 G n 


1- 


0.2a 


V(0-2 a) 


,2 , 2 

+ U 


0.804 


cr 
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(. b ) Evaluate E x atx = 0.5 a: 


E,( 0.5«) = 


cr 


2 e n 


1- 


0.5a 


yl(0.5a) 2 + a 2 


0.553 


cr 

2 e r 


(c) Evaluate E x at x = 0.7a: 


E,(0.7a) = 


<J 


2 


1- 


0.7 a 


V(°-7 a) 


2 + a 2 


0.427 


a 
2 e r 


(cl) Evaluate E x at x = a: 


(■ e ) Evaluate E x at x = 2a: 


E M) = 


a 


2 


1- , 

V sa 2 + a 2 J 


0.293 


cr 

2 e„ 


£,(2a) = 


cr 


2 e n 


1- 


2 a 




: 2 , 2 


0.106 


cr 

2 e r 


The field along the x axis is plotted below. The x coordinates are in units of x/a and E is 
in units of a/2 e 0 . 









92 Chapter 22 


*25 •• 

Picture the Problem 

(a) The electric field on the x axis of 
a disk of radius r carrying a surface 
charge density a is given by: 

( b ) The electric field due to an 
infinite sheet of charge density cr is 
independent of the distance from the 
plane and is given by: 


Inker 1 

V 


l 


x 2 + r 2 J 


E 


plate 


= Inker 


A spreadsheet solution is shown below. The formulas used to calculate the quantities 
the columns are as follows: 


Cell 

Content/Formula 

Algebraic Form 

B3 

9.00E+09 

k 

B4 

5.00E-10 

er 

B5 

0.3 

r 

A8 

0 

Xq 

A9 

0.01 

xo + 0.01 

B8 

2*PI()*$B$3*$B$4*(1-A8/ 

(A8 A 2+$B$5 A 2) A 2) A 0.5) 

( \ 

l a/x 2 + r 1 ) 

C8 

2*PI()*$B$3*$B$4 

Inker 



A 

B 

C 

1 




2 




3 

k= 

9.00E+09 

Nm A 2/C A 2 

4 

sigma= 

5.00E-10 

C/m A 2 

5 

r= 

0.3 

m 

6 




7 

X 

E(x) 

E plate 

8 

0.00 

28.27 

28.3 

9 

0.01 

27.33 

28.3 

10 

0.02 

26.39 

28.3 

11 

0.03 

25.46 

28.3 

12 

0.04 

24.54 

28.3 

13 

0.05 

23.63 

28.3 

14 

0.06 

22.73 

28.3 

15 

0.07 

21.85 

28.3 





73 

0.65 

2.60 

28.3 

74 

0.66 

2.53 

28.3 

75 

0.67 

2.47 

28.3 

76 

0.68 

2.41 

28.3 

77 

0.69 

2.34 

28.3 
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78 

0.70 

2.29 

28.3 


The following graph shows £ as a function of x. The electric field from an infinite sheet 
with the same charge density is shown for comparison - the magnitude of the electric 
fields differ by more than 10 percent for x = 0.03 m. 



x (m) 


26 « 

Picture the Problem Equation 22-10 expresses the electric field on the axis of a ring 
charge as a function of distance along the axis from the center of the ring. We can show 
that it has its maximum and minimum values at x = + a/yfl and x = —a/ ^2 by setting 
its first derivative equal to zero and solving the resulting equation for x. The graph of E x 
will confirm that the maximum and minimum occur at these coordinates. 


Express the variation of it* with x on 
the axis of a ring charge: 



Differentiate this expression with respect to x to obtain: 



Set this expression equal to zero for 
extrema and simplify: 
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and 

x 2 +a 2 -3x 2 = 0 


Solve for x to obtain: 



as our candidates for maxima or minima. 


A plot of E, in units of kQla 2 , versus xla is shown to the right. This graph shows that E is 
a minimum at x = — a/ yfl and a maximum at x = a/yfl. 



27 « 

Picture the Problem The line charge and 
point (0, v) are shown in the diagram. Also 
shown is a line element of length dx and the 
field dE its charge produces at (0, v). We 
can find dE x from dE and then integrate 
from x = xi to x = X 2 - 



Express the x component of dE : 


dE, = - 


kA 


2 2 

x +y 

kA 


sin 6dx 


x 2 + 




dx 


kAx 


[x 1 +y 2 ) 


3/2 


dx 
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Integrate from x = x\ to xi to obtain: 


From the diagram we see that: 


Substitute to obtain: 


E=- 


■*2 

aj 


(X+y 1 ) 


3/2 


dx 


= -kX 

= -kA 

kA 

y 




x 2 + y 2 


1 1 

- + ■ 


V x 2 + y 2 V x i + t" 


v 




■ + ■ 


T 


x 2 + y 2 V x i 2 + - v “ 


cos 6*2 = 


and 


cos#! = 


T 


V X 2 2 +T 2 


T 

V x r + 


or # 2 = tan - 


or #j = tan 


^x, ^ 




/ A 




E x = -—[- cos + cos #, ] 
T 


— [cos #2 - COS #! ] 
T 


28 •• 

Picture the Problem The diagram shows a 
segment of the ring of length ds that has a 
charge dq = Ms. We can express the 

electric field dE at the center of the ring 
due to the charge dq and then integrate this 
expression from 0= 0 to 2n to find the 
magnitude of the field in the center of the 
ring. 

(a) and ( b ) The field dE at the 
center of the ring due to the charge 
dq is: 

The magnitude dE of the field at the 
center of the ring is: 


y 



dE = dE + dE 

( 1 ) 

= -dE cos 6i - dE sin 0 j 
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Because dq = Ads: 


dE = 


kAds 


The linear charge density varies with 
6 according to 
A{9) = Aq sin 0: 


_ kA o s i n @ds 

CIJ-j — z 


Substitute rdO for ds: 


_ kA 0 sin OrdQ _ kA 0 sin 0 d6 


Substitute for dE in equation (1) to 
obtain: 


dE = - 


kA n sin 0 cos Odd 


kA n sin 6d6 


Integrate dE from 0= 0 to 2 tv. 


E=- 


kA 0 
2 r 


A JL 

J sin 2 OdOi 


kA r 


2 K 

- J sin 2 OdO j 


_ Q n kA 0 j 


kAn 


The field at the origin is in the negative v direction and its magnitude is 


7rkA 0 

r 


29 •• 

Picture the Problem The line charge and 
the point whose coordinates are 
(0, y) are shown in the diagram. Also 
shown is a segment of the line of length dx. 
The field that it produces at (0, y ) is dE. 
We can find dE v from dE and then 
integrate from x = 0 to x = a to find the y 
component of the electric field at a point on 
the y axis. 


y 




(a) Express the magnitude of the 
field dE due to charge dq of the 
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element of length dx: 


where r 2 = x 2 + y 2 


Because dq = Adx : 


dE = 


kAdx 

2 , 2 

x + y 


Express the y component of dE\ 


kA 

dE v = 

X + V 


cos 6 dx 


Refer to the diagram to express cos 6 
in terms of x and y\ 


cos 0 = 


y 


i 


X 1 + V 2 


Substitute for cost?in the expression 
for dE v to obtain: 


dE = -j— 

■ ( J 


kAy 


x +y 


2 V /2 


dx 


Integrate from x = 0 to x = a and 
simplify to obtain: 


o 1 

^STT—rm 

0 [x + y ) 


kAy 


22 , 2 

y V x + y 


kA 


r 2. 2 

TV a + y 


dx 

- a 


0 


kA 

a 

y v 

l c 2 +y 2 


*30 ••• 

Picture the Problem Consider the ring 
with its axis along the z direction shown in 
the diagram. Its radius is z = rcos 6 and its 
width is rdd. We can use the equation for 
the field on the axis of a ring charge and 
then integrate to express the field at the 
center of the hemispherical shell. 



Express the field on the axis of the 
ring charge: 


dE = 


kzdq 

(r 2 sin 2 6 +r 2 cos 2 6 1 )’ " 



where z = rcos 6 
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Express the charge dq on the ring: 

Substitute to obtain: 


dq = odA = crilnr sin d)rdO 
= Ikot 1 sin 6d 6 

k\r cos0)ln<j}- 2 smOdd 
dE = —--— ; - 


r 

= 2 7ikc7 sin 6 cos Od 0 


Integrate dE from 6 = 0 to nil to obtain: 


E = iTikcr J sin 6 cos 6d6 

o 

= 2^tcr[ysin 2 o\ = 


Tikcr 


Gauss’s Law 

31 • 

Picture the Problem The definition of electric flux is (j) = j> E ■ hdA . We can apply this 
definition to find the electric flux through the square in its two orientations. 

(a) Apply the definition of <j> to find </> = j> (2 kN/C)/ • id A = (2 l<N/C)|r/.d 

the flux of the field when the square 

is parallel to the yz plane: = ( 2kN/C )(°- 1 m )“ = 

( b ) Proceed as in (a) with i n = cos 30° : (f> = j> (2 kN/C)cos 30°nL4 

= (2kN/C)cos30°|<sL4 
= (2kN/C)(0.1m) 2 cos30° 

= 17.3N-m 2 /C 


20.0 N • m 2 /C 


*32 • 

Determine the Concept While the number of field lines that we choose to draw radially 
outward from q is arbitrary, we must show them originating at q and, in the absence of 
other charges, radially symmetric. The number of lines that we draw is, by agreement, in 
proportion to the magnitude of q. 
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(a) The sketch of the field lines and of the v 

sphere is shown in the diagram to the > \ 

right. 




Given the number of field lines drawn from q, 3 lines enter the sphere. 

Had we chosen to draw 24 field lines, 6 would have entered the spherical surface. 


(b) 


The net number of lines crossing the surface is zero. 


(c) 


The net flux is zero. 


33 • 

Picture the Problem The field at both circular faces of the cylinder is parallel to the 
outward vector normal to the surface, so the flux is just EA. There is no flux through the 
curved surface because the normal to that surface is perpendicular to E. The net flux 
through the closed surface is related to the net charge inside by Gauss’s law. 


y,cm 



(a) Use Gauss’s law to calculate the 
flux through the right circular 
surface: 


bright 


= bright - "right- 4 

= (300N/C)/-iV)(0.04m) 2 


1.51N-m 2 /C 


Apply Gauss’s law to left circular 
surface: 


4ft — ^left ' "left' 4 

= (- 300 N/C)/ • (- /)(^)(0.04 m) 2 
= 1.5 IN -m 2 /C 
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(b ) Because the field lines are 
parallel to the curved surface of the 
cylinder: 


A 


curved 



(c) Express and evaluate the net flux 
through the entire cylindrical 
surface: 


^net - bright + ^left + ^curved 

= 1.51N • m 2 /C + 1.51N • m 2 /C + 0 
= 3.02N -m 2 /C 


(d) Apply Gauss’s law to obtain: </> net - 4;zfc(9 inside 


Solve for g, nside : 


Qi 


inside 


^net 

4 7lk 


Substitute numerical values and 
evaluate g inside : 


3.02 N • m 2 /C 

^" 15,de ~ 4^(8.99xl0 9 N-m 2 /C 2 ) 
= 2.67x10 11 C 


34 • 

Picture the Problem We can use Gauss’s law in terms of Sq to find the net charge inside 
the box. 


(a) Apply Gauss’s law in terms of 
£o to find the net charge inside the 
box: 


Substitute numerical values and 
evaluate Q mside : 


^net ^inside 

e o 

or 

^inside ^0 ^net 


a„side = (8-85 X 10 12 C 2 /N • m 2 )(bkN • m 2 /c) 
= 5.31x 10~ 8 C 


You can only conclude that the net charge is zero. There may be an equal 
number of positive and negative charges present inside the box. 


35 • 

Picture the Problem We can apply Gauss’s law to find the flux of the electric field 
through the surface of the sphere. 


A = 4 m* 1 = 4;r(0.5m) 


3.14 m 2 


(a) Use the formula for the surface 
area of a sphere to obtain: 
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(. b ) Apply Coulomb’s law to express ^ _ 1 

and evaluate E: 471 e 0 r 2 

1 2//C 

_ 4;r(8.85 x 10~ 12 C 2 /N • m 2 ) (0.5 m) 2 

= 7.19x 10 4 N/C 


(c) Apply Gauss’s law to obtain: 


(f) - • hc/A = y^EdA 

= (7.19xl0 4 N/c)(3.14m 2 ) 

= 2.26 xlO 5 N -m 2 /C 


No. The flux through the surface is independent of where the 
charge is located inside the sphere. 


(e) Because the cube encloses the sphere, 
the flux through the surface of the sphere 
will also be the flux through the cube: 


^cube 


2.26xlO 5 N-m 2 /C 


*36 • 

Picture the Problem We’ll define the flux of the gravitational field in a manner that is 
analogous to the definition of the flux of the electric field and then substitute for the 
gravitational field and evaluate the integral over the closed spherical surface. 


Define the gravitational flux as: 

Substitute for g and evaluate the 
integral to obtain: 


<t> g = §g-hdA 





Gm 


\ 




■ ndA = 




- 4 7iGm 


37 •• 

Picture the Problem We’ll let the square be one face of a cube whose side is 40 cm. 
Then the charge is at the center of the cube and we can apply Gauss’s law in terms of So 
to find the flux through the square. 

Apply Gauss’s law to the cube to j, - J_n 

, p, rnet ^inside 

express the net tlux: e 


o 
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Express the flux through one face of 
the cube: 

Substitute numerical values and 
evaluate ^ squa re: 


square s ^inside 

6e 0 


} _ 2/iC 

square 6(8.85x10 12 C 2 /N • nr) 

= 3.77 x 10 4 N • m 2 /C 


38 •• 

Picture the Problem We can treat this portion of the earth’s atmosphere as though it is a 
cylinder with cross-sectional area A and height h. Because the electric flux increases with 
altitude, we can conclude that there is charge inside the cylindrical region and use 
Gauss’s law to find the charge and hence the charge density of the atmosphere in this 
region. 


The definition of volume charge 
density is: 

Express the charge inside a cylinder 
of base area A and height h for a 
charge density p: 

Taking upward to be the positive 
direction, apply Gauss’s law to the 
charge in the cylinder: 

Substitute to obtain: 



Q = pAh 


Q = ~( E k A ~ E o A ) e o= ( E o A - E h A ) G o 
where we’ve taken our zero at 250 m above 
the surface of a flat earth. 

_ ( E o A - E „ A ) £q _ (go - E „ ) gp 

P Ah h 


Substitute numerical values and evaluate p\ 

_ (150N/C - 170N/C)(8.85 x 1CT 12 C 2 /N • m 2 ) 

P ~ 250 m 

where we’ve been able to neglect the curvature of the earth because the maximum height 
of 400 m is approximately 0.006% of the radius of the earth. 

Spherical Symmetry 

39 • 

Picture the Problem To find E n in these three regions we can choose Gaussian surfaces 
of appropriate radii and apply Gauss’s law. On each of these surfaces, E,. is constant and 


- 7.08 x 10~ 13 C/m 3 
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Gauss’s law relates E r to the total charge inside the surface. 


(a) Use Gauss’s law to find the 
electric field in the region r < R \: 


Apply Gauss’s law in the region 
R\<r< R 2 '. 



^inside 

e o 


and 

F 

- C ' r<R t 



inside 


A 



because 0 lllsldc = 0. 



Using Gauss’s law, find the electric 
field in the region r > R 2 : 


E 


r>R 2 


<h+<h 

e o ( 4 ^' 2 ) 


%i +q 2 ) 

2 


(i b ) Set E r>R ^ - 0 to obtain: 


q x +q 2 =0 


or 



q 2 


(c) The electric field lines for the 
situation in ( b ) with q\ positive is shown 
to the right. 



40 • 

Picture the Problem We can use the definition of surface charge density and the formula 
for the area of a sphere to find the total charge on the shell. Because the charge is 
distributed uniformly over a spherical shell, we can choose a spherical Gaussian surface 
and apply Gauss’s law to find the electric field as a function of the distance from the 
center of the spherical shell. 


Q = <jA = Ancrr^ 

= 4^(9 nC/m 2 )(0.06 m )~ 


(a) Using the definition of surface 
charge density, relate the charge on 
the sphere to its area: 


0.407 nC 
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Apply Gauss’s law to a spherical 
surface of radius r that is concentric 
the spherical shell to obtain: 



=—a 


inside 


or 

4 nr 2 E n = 

e o 


Solve for E„: 


_ ^inside ^ _ ^ v C?insi(lc 


4;r e 0 r 


(b) ^inside a sphere whose radius is 2 
cm is zero and hence: 


£„(2cm) = 



(c) Cmsidc a sphere whose radius is 
5.9 cm is zero and hence: 


£ n (5-9cm) 



{d) 0i nS ide a sphere whose radius is 6.1 cm is 0.407 nC and hence: 


£ n (6.1cm) 


(8.99 x IQ 9 N • nr/C 2 )(0.407 nC) 
(0.061m) 2 


983 N/C 


(e) Q m side a sphere whose radius is 10 cm is 0.407 nC and hence: 


E n (lOcm) 


(8.99 x 10 9 N • m 2 /C 2 )(0.407 nC) 

(0.1m) 2 


366 N/C 


41 •• 

Picture the Problem We can use the definition of volume charge density and the 
formula for the volume of a sphere to find the total charge of the sphere. Because the 
charge is distributed uniformly throughout the sphere, we can choose a spherical 
Gaussian surface and apply Gauss’s law to find the electric field as a function of the 
distance from the center of the sphere. 

(a) Using the definition of volume 
charge density, relate the charge on 
the sphere to its volume: 


Apply Gauss’s law to a spherical 
surface of radius r < R that is 
concentric with the spherical shell to 
obtain: 


Q = pV = \npr i 
= j ; r ( 450nC/m3 )(°- 06 m ) 
= 0.407 nC 


^ E n dA = — inside 

e o 

or 
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4 m'~E„ = 


C?inside 


Solve for E n : 


E_ = 


^inside ^ _ ^C?inside 


4 jt e 0 r 


Because the charge distribution is 
uniform, we can find the charge 
inside the Gaussian surface by using 
the definition of volume charge 
density to establish the proportion: 


^ _ C?inside 

V - V 

where V is the volume of the Gaussian 
surface. 


Solve for Q msi dc to obtain: 


V _ r 

^inside , - Q .. 

V K 


Substitute to obtain: 


(. b ) Evaluate E n at r = 2 cm: 


E n ( r <R)=Q^\= l ^lr 


4;r e n r 2 R 3 


( 2 cm)=(8.99x 10 »N. m Vcd ( °. 407nC) (oo 2m ) = 
(0.06 m) 3 


339 N/C 


(c) Evaluate E n at r = 5.9 cm: 


£„(5.9cm) = 


.99xl0 9 N-m 2 /C^)(0.407nC)( 00 59 m )_ 
(0.06 m) 3 


999 N/C 


Apply Gauss’s law to the Gaussian 
surface with r > R: 

Solve for E n to obtain: 


4 jvr E„ = 


^inside 


_ KL side _ k Q 


2 2 

r r 


(i d) Evaluate E n at r = 6.1 cm: 


C n (6.1cm) 


(8.99 x IQ 9 N • m 2 /C 2 )(0.407nC) 
(0.061m) 2 


983 N/C 


( e ) Evaluate E n at r = 10 cm: 
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£„(l0cm) 


(8.99xlQ 9 N • m 2 /C 2 )(0.407nC) 

(O.lm) 2 


366 N/C 


Note that, for r > R, these results are the same as those obtained for in Problem 40 for a 
uniform charge distribution on a spherical shell. This agreement is a consequence of the 
choices of a and p so that the total charges on the two spheres is the same. 


*42 •• 

Determine the Concept The charges on a conducting sphere, in response to the repulsive 
Coulomb forces each experiences, will separate until electrostatic equilibrium conditions 
exit. The use of a wire to connect the two spheres or to ground the outer sphere will cause 
additional redistribution of charge. 

(a) Because the outer sphere is conducting, the field in the thin shell must vanish. 
Therefore, -2 Q, uniformly distributed, resides on the inner surface, and -5Q, uniformly 
distributed, resides on the outer surface. 


(b) Now there is no charge on the inner surface and -5Q on the outer surface of the 
spherical shell. The electric field just outside the surface of the inner sphere changes from 
a finite value to zero. 


(c) In this case, the -5Q is drained off, leaving no charge on the outer surface and -2Q 
on the inner surface. The total charge on the outer sphere is then -2Q. 


43 •• 

Picture the Problem By symmetry; the electric field must be radial. To find E r inside 
the sphere we choose a spherical Gaussian surface of radius r < R. On this surface, E t is 
constant. Gauss’s law then relates E t to the total charge inside the surface. 


Apply Gauss’s law to a spherical 
surface of radius r<R that is 
concentric with the nonconducting 
sphere to obtain: 


£ E 4 A = — fins.de 


or 

4m- z E r = 


2 z7 _ ^inside 


Solve for E r : 


a 

4 n ' 


j? _ ^inside 


1 _ ^inside 


Use the definition of charge density 2 insidc = Gaussian surface = \p^ 

to relate C?in S ide to p and the volume 
defined by the Gaussian surface: 
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Substitute to obtain: 



Substitute numerical values and evaluate E x at r = 0.5 R = 0.05 m: 


E r (0.05 m) = f tt (2 nC/m 3 )(8.99 x 10 9 N • m 2 /C 2 )(0.05 m)= 3.77 N/C 


44 •• 

Picture the Problem We can find the total charge on the sphere by expressing the charge 
dq in a spherical shell and integrating this expression between r = 0 and 
r = R. By symmetry, the electric fields must be radial. To find E x inside the charged 
sphere we choose a spherical Gaussian surface of radius r < R. To find E x outside the 
charged sphere we choose a spherical Gaussian surface of radius r > R. On each of these 
surfaces, E x is constant. Gauss’s law then relates E x to the total charge inside the surface. 

(a) Express the charge dq in a shell dq = 4 7W 1 pdr = 4m~ 2 {Ar)dr 

of thickness dr and volume 4 m 2 dr. _ 4 ^ 4 r 3 


Integrate this expression from 
/' ~ 0 to R to find the total charge on 
the sphere: 



R 


0 


(b ) Apply Gauss’s law to a spherical 
surface of radius r > R that is 
concentric with the nonconducting 
sphere to obtain: 


U 

or 




Solve for E x : 



inside 


2 


kAnR 4 



Apply Gauss’s law to a spherical 
surface of radius r < R that is 
concentric with the nonconducting 
sphere to obtain: 



inside 


or 



0 
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Solve for E r : 


E(r<R)= ^"C de 
V ' Am- 2 e 0 


;r4r 4 _ 4r 2 
4^- 2 e 0 4 e 0 


The graph of E r versus r/R, with E r in units of 4/4 e 0 , was plotted using a spreadsheet 
program. 



Remarks: Note that the results for (a) and ( b ) agree at r = R. 


45 •• 

Picture the Problem We can find the total charge on the sphere by expressing the charge 
dq in a spherical shell and integrating this expression between r = 0 and r = R. By 
symmetry, the electric fields must be radial. To find E, inside the charged sphere we 
choose a spherical Gaussian surface of radius r < R. To find E t outside the charged sphere 
we choose a spherical Gaussian surface of radius r > R. On each of these surfaces, E r is 
constant. Gauss’s law then relates E t to the total charge inside the surface. 


(a) Express the charge dq in a shell 
of thickness dr and volume Am" dr 


i i B 

dq = 4 7Tr pdr = 4 tit —dr 
r 


= AnBrdr 


Q == 4/rf?j rdr = \inBr ] * 
o 

= 2 ttBR 2 


Integrate this expression from 
r = 0 to R to find the total charge on 
the sphere: 
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(b) Apply Gauss’s law to a spherical 

II 

surface of radius r > R that is 

Js r 

concentric with the nonconducting 

or 

sphere to obtain: 

Am' 2 E r = ■ 

Solve for E r : 

E,(r>R) 


-•inside 


Qi 


inside 


'inside 


An e 0 E 
klnBR 2 


BR 1 


2 e 0 i- 


Apply Gauss’s law to a spherical 

II 

«-© 

surface of radius r < R that is 

Js r 

concentric with the nonconducting 

or 

sphere to obtain: 

Am~ 1 E r = 

Solve for E r : 

E,(r<R) 


-•inside 


Qi 


inside 


'inside 


4 tit 2 


B 

2 


2 nBr 1 
Aw 1 e 0 


The graph of E r versus r/R, with E r in units of 5/2 e 0 , was plotted using a spreadsheet 
program. 



Remarks: Note that our results for (a) and (6) agree at r = R. 
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*46 •• 

Picture the Problem We can find the total charge on the sphere by expressing the charge 
dq in a spherical shell and integrating this expression between r = 0 and r = R. By 
symmetry, the electric fields must be radial. To find E r inside the charged sphere we 
choose a spherical Gaussian surface of radius r < R. To find E t outside the charged sphere 
we choose a spherical Gaussian surface of radius r > R. On each of these surfaces, E r is 
constant. Gauss’s law then relates E, to the total charge inside the surface. 


(a) Express the charge dq in a shell 
of thickness dr and volume 4 m- 2 dr. 


7 C 

dq = 4 m-~pdr - 4m-~ —dr 
r 

= 4 red¬ 


integrate this expression from 
r = 0 to R to find the total charge on 
the sphere: 


R 

Q = 4 7iCj dr = [4aCr\* 
o 


4 nCR 


(. b ) Apply Gauss’s law to a spherical 
surface of radius r> R that is 
concentric with the nonconducting 
sphere to obtain: 




^inside 


or 

4m- 2 E r = 

e o 


Solve for E r : 


Apply Gauss’s law to a spherical 
surface of radius r<R that is 
concentric with the nonconducting 
sphere to obtain: 


E r (r >R) = ^ 


inside 


4 n e 0 r~ 
k4nCR 


CR 


i s 
or 


e o 

^inside 


4 m- E,. = ■ 


Solve for E r : 


£,(/-< R)= ^' n f e 
V ; 4m- 2 e 0 


C 


4^Cr 
4m- 2 e 0 


The graph of E r versus r/R, with E r in units of C / e 0 R , was plotted using a spreadsheet 
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program. 



47 ••• 

Picture the Problem By symmetry, the electric fields resulting from this charge 
distribution must be radial. To find E r for r < a we choose a spherical Gaussian surface of 
radius r < a. To find E r for a < r < b we choose a spherical Gaussian surface of radius a < 
r < b. To find E r for r > b we choose a spherical Gaussian surface of radius r> b. On 
each of these surfaces, E r is constant. Gauss’s law then relates E x to the total charge 
inside the surface. 


(a), ( b ) Apply Gauss’s law to a 
spherical surface of radius r that is 
concentric with the nonconducting 
spherical shell to obtain: 


Solve for E r : 


f, ^=2-a 

*=o 

or 

AnT 2 E = ^inside. 


inside 


E,(r) = 


^inside ^ _ ^"^inside 

An e n r 2 


Evaluate E T (r < a): 


/• / > \ _ ^inside ^ _ ^^inside _ 

C rV ^ U) ~ 2 2 _ 

An e 0 r r 
because p(r < a) = 0 and, therefore, (f, nside : 


0 . 
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Integrate dq from r = a to r to find 
the total charge in the spherical shell 
in the interval a <r<b: 


Evaluate E t (a <r<b ): 


i 

fins.de = 4 ^P\ ^ Clr ' = 


4 nCr' 


4 np 


(r 3 - a 3 ) 


E t (a <r<b)= ^%i de 


4 7ikp 
3 r 2 




P (^-« 3 ) 


3 e 0 r 


For r> b: 


fi 


4 np 


inside 


(h 3 - a 3 ) 


and 

E,(r>b) 


3 r 1 v ’ 



Remarks: Note that E is continuous at r = b. 


Cylindrical Symmetry 

48 •• 

Picture the Problem From symmetry, the field in the tangential direction must vanish. 
We can construct a Gaussian surface in the shape of a cylinder of radius r and length L 
and apply Gauss’s law to find the electric field as a function of the distance from the 
centerline of the infinitely long, uniformly charged cylindrical shell. 


Apply Gauss’s law to the cylindrical 
surface of radius r and length L that 
is concentric with the infinitely long, 
uniformly charged cylindrical shell: 


Solve for E n : 



or 

2 tikLE 

e o 

where we’ve neglected the end areas 
because no flux crosses them. 


fiinside 

ItttL e 0 


2k Q> ns.de 


Lr 
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For r < R, g inside = 0 and: 

£,(’■< R)= o 

For r > R, Q mside = AL and: 

_ / \ 2kAL 2kA 2k(27rR<r) 

E a [r>R)= = 

Lr r r 


Rcr 


49 •• 

Picture the Problem We can use the definition of surface charge density to find the total 
charge on the shell. From symmetry, the electric field in the tangential direction must 
vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r and 
length L and apply Gauss’s law to find the electric field as a function of the distance from 
the centerline of the uniformly charged cylindrical shell. 


(a) Using its definition, relate the 
surface charge density to the total 
charge on the shell: 

Substitute numerical values and 
evaluate Q : 


Q = oA 
= ItzRLcj 

Q = 2^0.06 m)(200m)(9nC/m 2 ) 
= 679nC 


(b ) From Problem 48 we have, for 

r = 2 cm: 

ii( 2 cm)= 0 

(c) From Problem 48 we have, for 

r- 5.9 cm: 

£(5.9 cm) = 0 


(d) From Problem 48 we have, for r = 6.1 cm: 


E. = 


oR 


and 


/ \ (9nC/m 2 )(0.06m) 

v ’ (8.85 x 1(T 12 C 2 /N • m 2 )(0.061m) 


l.OOkN/C 


(e) From Problem 48 we have, for r= 10 cm: 


ii(l0cm) = 



(9nC/m )(0.06m) 


610 N/C 

(8.85 x 10 12 C 2 /N • m 2 ) 

(0.1m) 
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50 •• 

Picture the Problem From symmetry, the field tangent to the surface of the cylinder 
must vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r 
and length L and apply Gauss’s law to find the electric field as a function of the distance 
from the centerline of the infinitely long nonconducting cylinder. 


Apply Gauss’s law to a cylindrical 
surface of radius r and length L that 
is concentric with the infinitely long 
nonconducting cylinder: 


Solve for E n : 


Express Qm^de for r < R: 


Substitute to obtain: 


Express Q inside for r > R: 


Substitute to obtain: 


§ s E n dA = — fimside 


or 

2nrLE„ = 


where we’ve neglected the end areas 
because no flux crosses them. 


E„ = 


_ 2inside _ ^^2inside 


2 m'L 6',. 


Lr 


2ms.de = pW = pX^ l ) 

£■„(,-< r) = ^3±E2) = 

Lr 

or, because A = pnR 2 

E n (r<R) = 


Po 

2 e n 


A 


2n e 0 R 


a..i*=W)r = Po(^fl 2 i) 


£„('■> R)= 


2k\7ip () LR 1 ) 

Po Rl 

Lr 


2e 0 r 

= p7rR 2 



A 



2n e 0 r 




51 •• 

Picture the Problem We can use the definition of volume charge density to find the total 
charge on the cylinder. From symmetry, the electric field tangent to the surface of the 
cylinder must vanish. We can construct a Gaussian surface in the shape of a cylinder of 
radius r and length L and apply Gauss’s law to find the electric field as a function of the 
distance from the centerline of the uniformly charged cylinder. 
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(a) Use the definition of volume 
charge density to express the total 
charge of the cylinder: 

Substitute numerical values to 
obtain: 


From Problem 50, for r<R, we 
have: 

( b ) For r = 2 cm: 


a *= py = p{xr 2 l) 

Q tot = 7r(300 nC/m 3 )(0.06 m) 2 (200 m) 
= 679 nC 


P 


r 


E r ( 2 cm) 


(300nC/m 3 )(0.02 m) 
2(8.85x10 i2 C 2 /N • m 2 ) 


339 N/C 


(c) For r = 5.9 cm: 


£.(5.9 cm) = 


(300 nC/m 3 )(0.059 m) 
2(8.85x10 12 C 2 /N • in 2 ) 


l.OOkN/C 


From Problem 50, for r > R, we have: 


— 

2e 0 r 


(d) For r = 6.1 cm: 


X (300 nC/m 3 )(0.06 m) 2 

E r (6.1 cm ) = —r - x — txt 1 - v 

rV 7 2(8.85x 10 -12 C 2 /N • m 2 )(0.061m) 


l.OOkN/C 


(e) For r = 10 cm: 


£ ( .(l0cm) = 



300 nC/m 3 )(0.06 m) 2 

610N/C 

(8.85 x 10~ 12 C 2 /N • m 2 )(0.1m) 


Note that, given the choice of charge densities in Problems 49 and 51, the electric fields 
for r> R are the same. 


*52 •• 

Picture the Problem From symmetry; the field tangent to the surfaces of the shells must 
vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r and 
length L and apply Gauss’s law to find the electric field as a function of the distance from 
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the centerline of the infinitely long, uniformly charged cylindrical shells. 


(a) Apply Gauss’s law to the 
cylindrical surface of radius r and 
length L that is concentric with the 
infinitely long, uniformly charged 
cylindrical shell: 


Solve for E n : 


For r < Ri, 0j nside = 0 and: 


Express (C.^e for < r < R 2 : 
Substitute in equation (1) to obtain: 


Express 0 inside for r > R 2 : 


Substitute in equation (1) to obtain: 


(b ) Set E = 0 for r > R 2 to obtain: 



or 

2 titLE 

e o 

where we’ve neglected the end areas 
because no flux crosses them. 


g^finside 

Lr 


<i) 


£„(' •<*,)= 



finside = <?A = 2X&A L 


E„(R\ < r < R 2 ) 


2k{27i<jA\L) 

Lr 

a \R\ 


Sinside ~ &A + <^2^2 

= 2 no x R\L + 2 na 2 R 2 L 

E ( R 2 h{ 2 xcr x RA + 2 xcT 2 R 2 L) 
nl 2) Lr 

<j x R\ + cr 2 R 2 


gVgl + <?2 R 2 _ Q 
e o r 
or 

<j x R\ + <J 2 R 2 = 0 




A 


Solve for the ratio of <j\ to a-,: 
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Because the electric field is 
determined by the charge inside the 
Gaussian surface, the field under 
these conditions would be as given 
above: 

(c) Assuming that cr x is positive, the 
field lines would be directed as 
shown to the right. 


£„(/?, <r < R 2 ) = 





53 •• 

Picture the Problem The electric field is directed radially outward. We can construct a 
Gaussian surface in the shape of a cylinder of radius r and length L and apply Gauss’s 
law to find the electric field as a function of the distance from the centerline of the 
infinitely long, uniformly charged cylindrical shell. 


(a) Apply Gauss’s law to a 
cylindrical surface of radius r and 
length L that is concentric with the 
inner conductor: 


Solve for E n : 



or 

2nrLE n = 

e o 

where we’ve neglected the end areas 
because no flux crosses them. 


2 ^g,ns,de 

Lr 


( 1 ) 


For r < 1.5 cm, g inside = 0 and: 

Letting A = 1.5 cm, express (9 msl d C 
for 1.5 cm < r < 4.5 cm: 

Substitute in equation (1) to obtain: 


E n (r < 1.5 cm) 



£?inside — ^ 

= 2 tujRL 


E n (l .5 cm < r < 4.5 cm) 
2 kZ 

r 


2k(AL) 

Lr 


Substitute numerical values and evaluate ^(1.5 cm < r < 4.5 cm): 
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E n (l .5 cm < r < 4.5 cm)= 2(8.99 x 10 9 N ■ m 2 /C 2 ) ( 6nC/m ) : 


(1Q8N • m/C) 


Express g mside for 
4.5 cm < r < 6.5 cm: 


^inside ^ 

and 

£' n (4.5cm < r < 6.5 cm) = 


Letting oi represent the charge 
density on the outer surface, express 
^inside for r > 6.5 cm: 


finside = a 2 A 2 = 

where R 2 = 6.5 cm. 


Substitute in equation (1) to obtain: r, / „ \ _ 2k(27Vcr 2 R 2 L) _ <j 2 R 

n V 2 / T 

Lr e n 1 


In ( b ) we show that cr 2 = 21.2 nC/rn ’. Substitute numerical values to obtain: 



21.2nC/m 2 ) 

(6.5 cm) 


156N-m/C 

(8.85 x 1CT 12 C 2 

/N-m 2 

r 

r 


(b ) The surface charge densities on 
the inside and the outside surfaces of 
the outer conductor are given by: 


-A , 

cr, =-and <r 2 = -<j x 


1 2^?j 


Substitute numerical values and evaluate a\ _ - 6nC/m 

& 1 

and <7i : 


1 2^(0.045 m) 

and 


-21.2nC/m 2 


21.2nC/m 2 


54 •• 

Picture the Problem From symmetry considerations, we can conclude that the field 
tangent to the surface of the cylinder must vanish. We can construct a Gaussian surface in 
the shape of a cylinder of radius r and length L and apply Gauss’s law to find the electric 
field as a function of the distance from the centerline of the infinitely long nonconducting 
cylinder. 

(a) Apply Gauss’s law to a 
cylindrical surface of radius r and 
length L that is concentric with the 
infinitely long nonconducting 
cylinder: 


£A^ = —finside 


or 


2 7trLE„ = 


Q 


inside 


where we’ve neglected the end areas 
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Solve for E n : 


Express c/0inside for p{r) = ar. 


Integrate dQ ms Me from r = 0 to R to 
obtain: 


because no flux crosses them. 


E, = 


^inside 

2 m'L e, 


( 1 ) 


dQ insidc = p(r)dV = ar{2m±)dr 


= 2 mr 2 Ldr 


R 

r 31 

= 2mL f r 2 dr = 2mL 

r 

J 

0 

L 3 J 


2mL 3 
- K 


Divide both sides of this equation 
by L to obtain an expression for the 
charge per unit length X of the 
cylinder: 

( b ) Substitute for inside in equation 
(1) to obtain: 


For r > R : 


Substitute for ^>i nsid e in equation (1) 
to obtain: 


x = 


^inside 

L 


2mR i 

3 


E„(r<R) 


2 naL 
3 


2 n e 0 Lr 


a 2 
-r 


3 e n 


Qi 


2mL 


inside 


R s 


e,M>r)=-2- 


2mL 3 
K 


2m~L 


aR 3 
3 r e 


55 

Picture the Problem From symmetry; the field tangent to the surface of the cylinder 
must vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r 
and length L and apply Gauss’s law to find the electric field as a function of the distance 
from the centerline of the infinitely long nonconducting cylinder. 

(a) Apply Gauss’s law to a 
cylindrical surface of radius r and 
length L that is concentric with the 
infinitely long nonconducting 
cylinder: 
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Solve for E„\ 


Express dQ ms \& t for p(r) = br 2 : 


Integrate dQ ms Me from r = 0 to R to 
obtain: 


2 m'LE 

e o 

where we’ve neglected the end areas 
because no flux crosses them. 


E. = 


^inside 

2 7u~L e n 


( 1 ) 


4?inside = p{r)dV = br{2m-L)dr 


Qi 


inside 


= 2 nbr 3 Ldr 


R 

4 

2xbL f r'dr = 2 jjbL 

r 

J 

0 

4 


xbL r4 
2 


Divide both sides of this equation 
by L to obtain an expression for the 
charge per unit length A of the 
cylinder: 

(b) Substitute for Qmsiie in equation 
(1) to obtain: 


For r > R: 


Substitute for Q ms -, Ar in equation (1) 
to obtain: 


2 = 


^inside 

L 


nbR 4 

2 


Ep<R) 


nbL 4 

- r 

2 _ 

IttLt e 0 



& 


inside 


nbL £ 4 
2 


Ep>R)= 


Xbb 

_2 _ 

2m'L e 0 


bR 4 


4 r 


56 ••• 

Picture the Problem From symmetry; the field tangent to the surface of the cylinder 
must vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r 
and lengths and apply Gauss’s law to find the electric field as a function of the distance 
from the centerline of the infinitely long nonconducting cylindrical shell. 


Apply Gauss’s law to a cylindrical 
surface of radius r and length L that 


$ % E *dA = — Smside 
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is concentric with the infinitely 
long nonconducting cylindrical 
shell: 


Solve for E n : 


For r < a, Q mside = 0: 


Express (2 jns j dc for a < r < b: 


Substitute for ^> inside to obtain: 


Express for r> b: 


Substitute for Q im y e to obtain: 


or 

2 m-LE n = 

e o 

where we’ve neglected the end areas 
because no flux crosses them. 


£ = 


a 


inside 


2m~L e n 


E„ { r < a 



Qnsidc =pV = pm ' 1 L - pm 2 L 
= pttl{i ' 2 - a 2 ) 

/ \ pjd\r 2 - a 2 ) 

EJa<r < b) = —— 1 

2 n e 0 Lr 

tfzzt 


finside = pv= p7ib 2 L- pm 2 L 
= pnL{b 2 - a 2 ) 


E n (r>b ) 


pmL{b 2 - a 2 ) 
2m e 0 rL 



57 «• 

Picture the Problem We can integrate the density function over the radius of the inner 
cylinder to find the charge on it and then calculate the linear charge density from its 
definition. To find the electric field for all values of r we can construct a Gaussian surface 
in the shape of a cylinder of radius r and length L and apply Gauss’s law to each region of 
the cable to find the electric field as a function of the distance from its centerline. 

(a) Find the charge (Tuner on the 
inner cylinder: 


firmer = J p('jdV = J —2®£ J/' 
0 o r 

R 

= 2tiCL^ dr = 2nCLR 
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Relate this charge to the linear 
charge density: 

Substitute numerical values and 
evaluate 


(. b) Apply Gauss’s law to a 
cylindrical surface of radius r and 
length L that is concentric with the 
infinitely long nonconducting 
cylinder: 


Solve foriv 


1 = ^s. = 2nCLR = 2 nCR 


L 


L 


dinner =2^(200 nC/m)(0.015 m) 


18.8nC/m 




or 

2 titLE „ = 


where we’ve neglected the end areas 
because no flux crosses them. 


E, = 


_ ^inside 


2 twL 


Substitute to obtain, for 
r <1.5 cm: 


E n (r < 1.5 cm) = 


IjiCLr 
2n e 0 Lr 


C_ 

e o 


Substitute numerical values and 
evaluate E n (r < 1.5 cm): 


E n (r < 1.5cm) 


200 nC/m 2 
8.85x10 12 C 2 /N • m 2 


22.6kN/C 


Express 0ms, de for 0 inside = 2 nCLR 

1.5 cm < r < 4.5 cm: 


Substitute to obtain, for 
1.5 cm < r < 4.5 cm: 


E n (l ,5 cm < r < 4.5 cm) 


where R- 1.5 cm. 


2 CnRL 
2n e 0 rL 
CR 


Substitute numerical values and evaluate i?n(1.5 cm < r < 4.5 cm): 
E n (l ,5 cm < r < 4.5 cm) = 


(200nC/m 2 )(0.015m 

) __ 

339 N-m/C 

(8.85 x 10~ 12 C /N • m 2 ) 

1 r 

r 


E n (4.5 cm < r < 6.5 cm) = 



Because the outer cylindrical shell 
is a conductor: 
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For r > 6.5 cm, Q mMe = 2nCLR 
and: 


E n (r > 6.5cm) 


339N -m/C 
r 


Charge and Field at Conductor Surfaces 

*58 • 

Picture the Problem Because the penny is in an external electric field, it will have 
charges of opposite signs induced on its faces. The induced charge cr is related to the 
electric field by E= also. Once we know cr, we can use the definition of surface charge 
density to find the total charge on one face of the penny. 

(a) Relate the electric field to the _ cr 

charge density on each face of the e 0 

penny: 


Solve for and evaluate cr. ° ~ e o E 

= (8.85 x 1CT 12 C 2 /N • m 2 )(l.6 kN/C) 

= 14.2 nC/m 2 


(. b ) Use the definition of surface _ Q_ _ Q 

charge density to obtain: A tw 1 

Solve for and evaluate Q\ Q = onr 1 = ^(l4.2nC/m 2 )(0.01m) 2 

= 4.45 pC 


59 • 

Picture the Problem Because the metal slab is in an external electric field, it will have 
charges of opposite signs induced on its faces. The induced charge cr is related to the 
electric field by E = at e 0 . 


Relate the magnitude of the electric ^ _ & 

field to the charge density on the e 0 

metal slab: 


Use its definition to express cr: 



Q 

L 2 


E = 


Q 


Substitute to obtain: 
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Substitute numerical values and 
evaluate E : 


_ 1.2nC_ 

(0.12m) 2 (8.85xlCT 12 C 2 /N-m 2 ) 

9.42 kN/C 


60 • 

Picture the Problem We can apply its definition to find the surface charge density of the 
nonconducting material and calculate the electric field at either of its surfaces from 
cr/2e 0 . When the same charge is placed on a conducting sheet, the charge will distribute 
itself until half the charge is on each surface. 


(a) Use its definition to find a: 


Q _ 6 nC 
A (o.2m)' 


150nC/m 2 


( b ) Relate the electric field on either 
side of the sheet to the density of 
charge on its surfaces: 


<j _ 150nC/m 2 

2(8.85xlCT 12 C 2 /N-m 2 ) 

8.47 kN/C 


(c) Because the slab is a conductor 
the charge will distribute uniformly 
on its two surfaces so that: 


Q _ 6 nC 

2 A ~ 2(0.2 m) 2 


75.0 nC/m 2 


(d) The electric field just outside the 
surface of a conductor is given by: 


a _ 75nC/m 2 

e 0 ~~ 8.85 x 10~ 12 C 2 /N • m 2 

8.47 kN/C 


61 • 

Picture the Problem We can construct a Gaussian surface in the shape of a sphere of 
radius r with the same center as the shell and apply Gauss’s law to find the electric field 
as a function of the distance from this point. The inner and outer surfaces of the shell will 
have charges induced on them by the charge q at the center of the shell. 

(a) Apply Gauss’s law to a spherical 
surface of radius r that is concentric 
with the point charge: 


h E ndA = — Q iosiie 


or 

4 w L E„ = 


2 rr _ ^inside 


Solve for E„\ 


E. = 


C?inside 

4;zr 2 e, 


( 1 ) 
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For r < a, (9 m si<ie = q■ Substitute in 
equation (1) and simplify to obtain: 


E n {r<a) 


q 

4 TW 2 e 0 



Because the spherical shell is a 
conductor, a charge -q will be 
induced on its inner surface. Flence, 
for a < r < b: 


^inside ^ 

and 

E n (a <r<b) = 


For r > b, Q m „,d C = q. Substitute in 
equation (1) and simplify to obtain: 


Z„(r>b) 


q 

4m- 1 e 0 



(b ) The electric field lines are shown 
in the diagram to the right: 


(c) A charge -q is induced on the 
inner surface. Use the definition of 
surface charge density to obtain: 


^"inner 


q 


4 m" 


q 


4 m 1 



A charge q is induced on the outer 
surface. Use the definition of surface 
charge density to obtain: 


cr 


outer 


q 

4nb 1 


62 « 

Picture the Problem We can construct a spherical Gaussian surface at the surface of the 
earth (we’ll assume the Earth is a sphere) and apply Gauss’s law to relate the electric 
field to its total charge. 


Apply Gauss’s law to a spherical 
surface of radius Re that is 
concentric with the earth: 



or 

4<E n 


^inside 


oR 2 A= — 


Solve for £> inside = Q ear th to obtain: 


k 
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Substitute numerical values and (6.37 x 10 6 m ) (l 50 N/C) 

evaluate 0 earth : ^ carlh “ 8.99 x 10 9 N • m 2 /C 2 

= 6.77 x 10 5 C 


*63 •• 

Picture the Problem Let the inner and outer radii of the uncharged spherical conducting 
shell be a and b and q represent the positive point charge at the center of the shell. The 
positive point charge at the center will induce a negative charge on the inner surface of 
the shell and, because the shell is uncharged, an equal positive charge will be induced on 
its outer surface. To solve part (6), we can construct a Gaussian surface in the shape of a 
sphere of radius r with the same center as the shell and apply Gauss’s law to find the 
electric field as a function of the distance from this point. In part (c) we can use a similar 
strategy with the additional charge placed on the shell. 


(a) Express the charge density on 
the inner surface: 






A 


Express the relationship between the q + £/ ]nncr = 0 

positive point charge q and the 
charge induced on the inner surface 

pinner* 


Substitute for q inner to obtain: 


-q 

4 m 2 


Substitute numerical values and 
evaluate oi nner : 


cr 


-2.5//C 

4;r(0.6m) 2 


- 0.553 juC/m 2 


Express the charge density on the 
outer surface: 


^"nutpr 


‘bo 


A 


Because the spherical shell is 
uncharged: 

Substitute for q outa to obtain: 


q outer 9T 


= 0 


cr 


outer 


^ inner 

4nb 2 


Substitute numerical values and 
evaluate cr outer : 


cr„ 


2.5/C 

4;r(0.9m)" 


0.246 //C/m 2 
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(. b ) Apply Gauss’s law to a spherical 
surface of radius r that is concentric 
with the point charge: 



= -Q, 

e o 


inside 


or 

4tw 2 E 

e o 


Solve foris n : 


E. = 


Q 


inside 


4 w 


(i) 


For r < a = 0.6 m, (7 ins idc = q- Substitute in equation (1) and evaluate 
E a (r < 0.6 m) to obtain: 


E n (r<a) 


g _ kg _ (8.99xl0 9 N-m 2 /C 2 )(2.5//C) 
4 m~ 2 e 0 r 2 r 2 

(2.25 x 10 4 N • m 2 /c)4" 
r 


Because the spherical shell is a 
conductor, a charge -q will be 
induced on its inner surface. Hence, 
for 0.6 m < r < 0.9 m: 


C?inside 0 

and 

£ n (0.6m < r < 0.9m) = |~0~| 


For r > 0.9 m, the net charge inside the Gaussian surface is q and: 


E n (r > 0.9 m) = — 


(2.25xl0 4 N-m 2 /c)4 


(c) Because E = 0 in the conductor: 


Express the relationship between the 
charges on the inner and outer 
surfaces of the spherical shell: 


9 inner ^ ^ 


and 

dinner = “0.553//C/m 2 


as before. 

Pouter + dinner =3.5/42 


and 

Pouter =3.5 EC-q imet =6.0 //C 


cTouter is now given by: 


cr 


6/C 

4;r(0.9m) 2 


0.589 //C/m 2 
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For r<a = 0.6 m, ^ de = q and 
E n (r < 0.6 m) is as it was in (a): 


E n (r<a) = 


(2.25xl0 4 N-m 2 /c)^ 


Because the spherical shell is a 
conductor, a charge -q will be 
induced on its inner surface. Hence, 
for 0.6 m < r < 0.9 m: 


^inside 


= 0 


and 

£ n (0.6m < r < 0.9m) 



For r > 0.9 m, the net charge inside the Gaussian surface is 6 juC and: 


E n (r > 0.9 m) -~y = (8.99 x 10 9 N ■ m 2 /C 2 )(6 juC)\ = 
r r~ 


(5.39xlO 4 N -m 2 /c)-^- 


64 •• 

Picture the Problem From Gauss’s law we know that the electric field at the surface of 
the charged sphere is given by E = k(Q / R ~ where Q is the charge on the sphere and R is 
its radius. The minimum radius for dielectric breakdown corresponds to the maximum 
electric field at the surface of the sphere. 


Use Gauss’s law to express the ^ _ kQ 

electric field at the surface of the R~ 

charged sphere: 


Express the relationship between E 
and R for dielectric breakdown: 


Solve for ^min: 


^hnax 


kQ 


R 


2 

min 



1 (8.99 xlO 9 N -m 2 /C 2 )(l8//C) 
V 3x 10 6 N/C 


Substitute numerical values and 
evaluate R mm - 


23.2 cm 
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65 •• 

Picture the Problem We can use its 

definition to find the surface charge 
density just outside the face of the slab. 
The electric field near the surface of the 
slab is given by E = cr face /e 0 . We can 

find the electric field on each side of the 
slab by adding the fields due to the slab 
and the plane of charge. 



(a) Express the charge density per _ <7 

fclCG 9 

face in terms of the net charge on the ‘ 2 L 

slab: 


Substitute numerical values to 
obtain: 


^"face 


80/C 
2(5 m) 2 


1.60/C/m 2 


Express the electric field just outside 
one face of the slab in terms of its 
surface charge density: 


^slab 


^~face 

G o 


Substitute numerical values and 
evaluate E {3ce : 


1.60 /C/m 2 
8.85 x 10~ 12 C 2 /N • m 2 

1.81x 10 5 N/C 


(b) Express the total field on the side E nw = £ planc + £ lab 

of the slab closest to the infinite _ p p _ p p 

~ ^plane' Clab' 

charged plane: 

_ °plane * ^face p 

2e o e o 

where f is a unit vector pointing away from 
the slab. 


Substitute numerical values and 

F — 

2 /C/m 2 

evaluate E nw : 

^ near 

2(8.85 x 10~ 12 C 2 /N • m 2 ) 
-(l.81xl0 5 N/c) r 


= 

(-0.680 xl0 5 N/C)r 
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Express the total field on the side of 
the slab away from the infinite 
charged plane: 

Substitute numerical values and 
evaluate E lar : 


E f = 

far 

°"p lane f. | °"face ' 

2e o e o 

p — 

2 //C/m 2 

^far 

2(8.85 x 1CT 12 C 2 /N • m 2 ) 


+ (l.81x 10 5 N/c) r 

= 

(2.94 x 10 5 N/C) r 


The charge density on the side of the slab near the plane is: 

=S„ E„ =(8.85xl0- 12 C7N-m J )(0.680xl0 s N/c)= 


The charge density on the far side of the slab is: 

=£„ E„ = (8.85 xl<r 12 C 2 /N-m 2 )(2.94x 10 s N/c)= 


General Problems 

66 •• 

Determine the Concept We can determine the direction of the electric field between 
spheres I and II by imagining a test charge placed between the spheres and determining 
the direction of the force acting on it. We can determine the amount and sign of the 
charge on each sphere by realizing that the charge on a given surface induces a charge of 
the same magnitude but opposite sign on the next surface of larger radius. 


2.60 /C/m 2 


0.602 /C/m 2 


(a) The charge placed on sphere III has no bearing on the electric field between spheres I 
and II. The field in this region will be in the direction of the force exerted on a test charge 
placed between the spheres. Because the charge at the center is negative, 
the field will point toward the center. 


( b ) The charge on sphere I (~Qo) will induce a charge of the same magnitude but 


opposite sign on sphere II: 



(c) The induction of charge +Qo on the inner surface of sphere II will leave its outer 


surface with a charge of the same magnitude but opposite sign: - Q { 


(d) The presence of charge -Qo on the outer surface of sphere II will induce a charge of 


the same magnitude but opposite sign on the inner surface of sphere III: + Q { 
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(e) The presence of charge +Qo on the inner surface of sphere III will leave the outer 


surface of sphere III neutral: 



(/) A graph of E as a function of r is shown 
to the right: 


R, Rj R 3 R, R 5 r 



67 •• 

Picture the Problem Because the difference between the field just to the right of the 
origin E x right and the field just to the left of the origin E x left is the field due to the 

nonuniform surface charge, we can express E x left and the difference between E x right and 

o-/e 0 . 

Express the electric field just to the 
left of the origin in terms of E x ri ht 

and cr/e 0 : 

Substitute numerical values and evaluate E x left : 


E x ,left rigllt 


E x ie ft = 4.65 x 10 5 N/C 


3.10/^C/m 2 
8.85 x 1CT 12 C 2 /N • m 2 


1.15x10 s N/C 
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68 •• 

Picture the Problem Let P denote the point of interest at (2 m, 1.5 m). The electric field 
at P is the sum of the electric fields due to the infinite line charge and the point charge. 


y, m 



Express the resultant electric field at P: E = E A + E q 

Find the field at P due the infinite line charge: 

E, - M f _ 2(8.99xlO»N.,^/cd(-1.5/ l C/m) / _ ( _ 6 74kN/c)/ 

r 4 m 


Express the field at P due the point 
charge: 



Referring to the diagram above, 
determine r and r : 


r = 1.12 m 
and 

r = 0.893/ -0.446 j 


Substitute and evaluate E (2m, 1.5m): 


£ ? (2m,1.5m) 


(8.99x 10 9 N-m 2 /C j )(l.3/jC) ( 0 g 93 : 

(l,12m) 2 V 

(9.32 kN/C)(o. 893/ - 0.446y‘) 

(8.32kN/C)/ - (4.16kN/C)j 



Substitute to obtain: 
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E {2 m, 1.5 m) = (- 6.74 kN/C)/ + (8.35 kN/C)/ - (4.17 kN/C)j 
- (l.61kN/C)/-(4.17kN/C)y 

*69 •• 

Picture the Problem If the patch is small enough, the field at the center of the patch 
comes from two contributions. We can view the field in the hole as the sum of the field 
from a uniform spherical shell of charge Q plus the field due to a small patch with surface 
charge density equal but opposite to that of the patch cut out. 


(a) Express the magnitude of the 
electric field at the center of the 
hole: 

Apply Gauss’s law to a spherical 
gaussian surface just outside the 
given sphere: 

Solve for Spherical shell to obtain: 


The electric field due to the small 
hole (small enough so that we can 
treat it as a plane surface) is: 

Substitute and simplify to obtain: 


( b ) Express the force on the patch: 


Assuming that the patch has radius 
a, express the proportion between 
its charge and that of the spherical 
shell: 

Substitute for q and E in the 
expression for F to obtain: 


^ ^spherical shell ^hole 


^spherical shell 


(4;zr 2 ) = 


^enclosed Q 

e o e o 


Q 


4n e 0 r‘ 


^hiole 


- a 
2 e n 


4n e 0 r~ 2 e 0 


Q Q 

4n e 0 r 2 2 e 0 (4;r r 2 ) 


Q 


8 7t e 0 r~ 


F = qE 

where q is the charge on the patch. 


q Q a 2 

- 7 = 7-7 « r q = TT0 

n a~ 4 7tr 4 r 


f 2 \ 


F = 


Q 


v 4r J 


Q 


8;r e 0 r 2 j 


2 


Q~a 


22k g 0 r 


2 2 


Q~a 


P = 


32 k 


m 




32 k 


2 r 4 


(c) The pressure is the force 
divided by the area of the patch: 
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70 •• 

Picture the Problem The work done by the electrostatic force in expanding the soap 
bubble is W = j PdV. 


From Problem 69: 

Express W in terms of dr 
Substitute for/ 1 and simplify: 

Evaluating the integral yields: 

W = 


P = 


Q- 


2>2n e 0 r A 


W = J PdV = J P4nr 2 dr 


0.2m i 

w=S- r % 

J r 


8;r € 


0 0.1m ' 


or 

f 

° 2m (3nC) 2 

f -1 1 1 

8 n g 0 

r 

01m 8 tt(8.85 x 10 -12 C 2 / N • m 2 ) 

v 0.2m 0.1m y 


= 2.02x10 7 J 


71 •• 

Picture the Problem We can use E = kq/R 1 , where R is the radius of the droplet, to find 
the electric field at its surface. We can find R by equating the volume of the bubble at the 
moment it bursts to the volume of the resulting spherical droplet. 


Express the field at the surface of 
the spherical water droplet: 


Express the volume of the bubble 
just before it pops: 



( 1 ) 


where R is the radius of the droplet and q is 
its charge. 


V ~ 4jtr 2 t 

where t is the thickness of the soap bubble. 


Express the volume of the sphere 
into which the droplet collapses: 


V = 


4 

3 


kR 2 


Because the volume of the droplet 
and the volume of the bubble are 
equal: 


4 nr 2 t 


4 

3 


7tR 3 


Solve for R: 



Assume a thickness t of 1 jum and 
evaluate R: 


R = ^3(0.2m) 2 (l/m) - 4.93 x 10 3 m 
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Substitute numerical values in 
equation (1) and evaluate E : 


72 •• 

Picture the Problem Let the numeral 1 
refer to the infinite plane at x = -2 m and 
the numeral 2 to the plane at x = 2 m and 
let the letter A refer to the region to the left 
of plane 1, B to the region between the 
planes, and C to the region to the right of 
plane 2. We can use the expression for the 
electric field of in infinite plane of charge 
to express the electric field due to each 
plane of charge in each of the three 
regions. Their sum will be the resultant 
electric field in each region. 

Express the resultant electric field as 
the sum of the fields due to planes 1 
and 2: 

(a) Express and evaluate the field 
due to plane 1 in region A: 


Express and evaluate the field due to 
plane 2 in region A: 


E _ (8.99xl0 9 N-m 2 /C 2 )(3nC) 
(4.93x10 3 m) 2 
= 1.11 x10 6 N/C 


<r, = —3.5 fj.C /m'-’ cr 2 = 6 /xC/m 2 


1 

1 

1 

1 

A | 

1 

B 

1 

1 

1 

1 

1 

1 c 

1 

-2 | 

1 

1 

o| 

|2 

1 

1 


E = E x +E 2 (l) 


z e 0 

_ -3.5//C/m 2 / f 

~ 2(8.85xl0~ 12 C 2 /N • m 2 ) 

= (l98kN/C)/ 

z e 0 

6 /C/m 2 /_ : 

~ 2(8.85 x 10 -12 C 2 /N • m 2 ) * 

= (-339kN/C)/ 

E(A) = (198 kN/C)/ + (- 339 kN/C)/ 
= (-1411<N/C)/ 


Substitute in equation (1) to obtain: 
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(. b ) Express and evaluate the field ^ ^ j _ cr 1 j 

due to plane 1 in region B\ 2 e 0 

_ -3.5//C/m 2 i 

~ 2(8.85 xlCT 12 C 2 /N-m 2 )* 

= (-198kN/C)/ 

2g 0 

_ 6 //C/m 2 / j'j 

~ 2(8.85 xlO -12 C 2 /N -m 2 ) *' 

= (-339kN/C)/ 

Substitute in equation (1) to obtain: e(b) = (- 198kN/C)/ + (-339kN/C)/ 

= (-537kN/C)/ 


Express and evaluate the field due 
to plane 2 in region B\ 


(c) Express and evaluate the field ^ , j _ <t, : 

due to plane 1 in region C: 2 e 0 

_ -3.5//C/m 2 r 

~ 2(8.85xlCT 12 C 2 /N-m 2 )* 

= (- 1981<N/C)/ 

E 2 (c) = ^i 

2e 0 

6 //C/m 2 ; 

“ 2(8.85 xl(T 12 C 2 /N -m 2 )* 

= (339kN/C)/ 

Substitute in equation (1) to obtain: e(c) = (-198 kN/C)/ + (339 kN/C)i 

= (l41kN/C)/ 


Express and evaluate the field due to 
plane 2 in region C: 


*73 •• 

Picture the Problem We can find the electric fields at the three points of interest by 
adding the electric fields due to the infinitely long cylindrical shell and the spherical 
shell. In Problem 42 it was established that, for an infinitely long cylindrical shell of 
radius R, E r (r < R)= 0, and E r (r > R)= oR/e 0 r. We know that, for a spherical shell 

of radius/?, E r (r < R) = 0, and E r (r > R)= <jR 2 /e 0 r 2 . 
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Express the resultant electric field as 
the sum of the fields due to the 
cylinder and sphere: 


E ~ ^cyl + ^sph 


(a) Express and evaluate the electric 
field due to the cylindrical shell at 
the origin: 


C,(o.o)=o 


because the origin is inside the cylindrical 
shell. 


Express and evaluate the electric field due to the spherical shell at the origin: 

f(0,0) = (-/) = (-12/x:/m>.25m) : (_ :) = ( 339kN/c) ; 

sphV ^ e 0 r 2V ’ (8.85xl0- 12 C 2 /N-m 2 )(0.5m) 2V ’ V ’ 


Substitute in equation (1) to obtain: i?(0,0) = 0 + (339 kN/C)/ 


= 

(339kN/C)/ 

or 


£(0,0) = 

339 kN/C 


and 

fl = [o°~ 


(b) Express and evaluate the electric field due to the cylindrical shell at 
(0.2 m, 0.1 m): 
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E . (0.2 m,0.1m) = 


aR 


■1 = 


r - ( 6 ^ m ;)(°- 15 ") - i = ( 50 8kN/C)< 

(8.85 x 10~ 12 C 2 /N • m 2 j(0.2m) v 


Express the electric field due to the 
charge on the spherical shell as a 
function of the distance from its 
center: 




aR 2 


where r is a unit vector pointing from (50 
cm, 0) to (20 cm, 10 cm). 


Referring to the diagram shown 
above, find r and r : 


r = 0.316m 
and 

F = -0.949/ + 0.316y 


Substitute to obtain: 


£ sph (0.2 m,0.1m) 


(-12 //C/m 2 )(0.25m) 2 
(8.85x10 12 C 2 /N • m 2 )(0.316 rn) 2 

(- 849 kN/C)(- 0.949/ + 0.3 16j) 
(806 kN/C)/ + (- 2681<N/C)j 



+ 



Substitute in equation (1) to obtain: 


2?(0.2m,0.1in)= (508kN/C)/ + (806kN/C)/ + (-2681<N/C )j 
= (1310 kN/C)/ + (- 268 kN/C)j 
or 


and 


E( 0.2 m,0.1 m) = ^(1310 kN/C) 2 + (- 268 kN/C) 2 


1340 kN/C 


^-268 kN/C^ 
v 1310 kN/C J 


348° 


(c) Express and evaluate the electric field due to the cylindrical shell at 
(0.5 m, 0.2 m): 


l cyl (0.5m,0.2m) 


(6//C/m 2 )(0.15m) 
(8.85x10 12 C 2 /N • in 2 )(0.5 m) 


/ =(203kN/C)/ 


Express and evaluate the electric 
field due to the spherical shell at 


^ S ph( 0 - 5m ’°- 2m ) = 0 
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(0.5 m, 0.5 m): 


because (0.5 m, 0.2 m) is inside the 
spherical shell. 


Substitute in equation (1) to obtain: E(0.5 m,0.2m)=(203kN/C)/ + 0 


(203kN/C)/ 


or 


F(0.5m,0.2m)= 203kN/C 


and 


0 = 0 ° 


74 « 

Picture the Problem Let the numeral 1 refer to the plane with charge density cr x and the 
numeral 2 to the plane with charge density cr 2 . We can find the electric field at the two 
points of interest by adding the electric fields due to the charge distributions of the two 
infinite planes. 

Express the electric field at any E = E 1 + E 2 (1) 

point in space due to the charge 
distributions on the two planes: 

(a) Express the electric field at (6 m, 2 m) due to plane 1: 


E ,(6 ' ' CT| 


65nC/m 2 




Express the electric field at (6 m, 2 m) due to plane 2: 



where r is a unit vector pointing from plane 2 toward the point whose coordinates are (6 
m, 2 m). 


Refer to the diagram below to obtain: 


r = sin30 °i - cos30°/ 


y 
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Substitute to obtain: 

E 2 (6 m,2m) = (2.54 kN/C)(sin 30°/ - cos30° j) = (l .27 kN/C)/ + (- 2.20 kN/C)j 

Substitute in equation (1) to obtain: 

E(6 m,2m) = (3.67 kN/C)j + (l .27 kN/C)/ + (- 2.20 kN/C)j 
= (l .27 kN/C)/ + (l .47 kN/C)j 


( b ) Note that E x (6 m,5 m) = E x (6 m,2 m) so that: 


_ _ 65nC/m 2 

Je^ J ~ 2(8.85xlCT 12 C 2 /N-m 2 ) J 


£' 1 (6m,5m) = ——— y' = , , T J = (3-67kN/C)j 


Note also that £, (6m,5 m) = -£ 2 (6 m,2m) so that: 


E 2 (6m,5m) - (-1.27kN/C)/ + (2.20kN/C)j 


Substitute in equation (1) to obtain: 

£(6m,5m) = (3.67kN/C)j + (-1.27kN/C)/ + (2.20kN/C)j 
= (-1.27kN/C)/ + (5.87kN/C)j 


75 •• 

Picture the Problem Because the atom is uncharged, we know that the integral of the 
electron’s charge distribution over all of space must equal its charge e. Evaluation of this 
integral will lead to an expression for p 0 . In (b) we can express the resultant field at any 
point as the sum of the fields due to the proton and the electron cloud. 

(a) Because the atom is uncharged: * ® 

e = \ p(r)dV = j p{r)^n r 1 dr 

o o 

Substitute for fij-y. ® ® 

e = j p 0 e~ 2r ^ a Anr 2 dr = \np^r 2 e~ 2rla dr 
o o 


\r 2 e- 2r/a dr 

o 


a 


3 


Use integral tables or integration by 
parts to obtain: 


4 
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Substitute to obtain: 


Solve for p 0 : 


(b ) The field will be the sum of the 
field due to the proton and that of 
the electron charge cloud: 

Express the field due to the electron 
cloud: 


Substitute to obtain: 


As in (a), Q{r ) is given by: 


Integrate to find Q(r) and substitute 
in the expression for E to obtain: 


( 3 \ 


e - 4 xp 0 


V4y 


m p 0 


P o = 


n cr 


kq 


E E ^cloud 2 + ^cloud 

r 


^doudM 


kQ(r) 


where Q{r) is the net negative charge 
enclosed a distance r from the proton. 

\ ke kQir ) 

E(r) = — + ^ 1 
r r 


Q(r ) = J 4 tit' p(r')dr' 


E(r) = 


ke 


-2rt a 


f 2 r 2 r 2 ^ 
v a a 1 j 


*76 •• 

Picture the Problem We will assume that the radius at which they balance is large 
enough that only the third term in the expression matters. Apply a condition for 
equilibrium will yield an equation that we can solve for the distance r. 


Apply ^ F = 0 to the proton: 



-2 r I a 

e 


- mg = 0 


To solve for r, isolate the 
exponential factor and take the 
natural logarithm of both sides of the 
equation: 


a, 
v — — In 
2 


f Ike 1 A 


mgcr 


Substitute numerical values and evaluate r. 


0.0529 nm 


In 


2(8.99 x 10 9 N • m 2 / C 2 )(l .60 x 10 19 c) 2 
(l .67 x 10 27 kg)(9.81 m/s 2 )(0.0529 nm)' 


1.16 nm 


r = 


2 
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Thus, even though the unscreened electrostatic force is 40 orders of magnitude 
larger than the gravitational force, screening reduces it to smaller than the 
gravitational force within a few nanometers. 


Remarks: Note that the argument of the logarithm contains the ratio between the 
gravitational potential energy of a mass held a distance a 0 above the surface of the 
earth and the electrostatic potential energy for two unscreened charges a distance a 0 
apart. 

77 « 

Picture the Problem In parts (a) and ( b ) we can express the charges on each of the 
elements as the product of the linear charge density of the ring and the length of the 
segments. Because the lengths of the segments are the product of the angle subtended at 
P and their distances from P, we can express the charges in terms of their distances from 
P. By expressing the ratio of the fields due to the charges on ,V| and s 2 we can determine 
their dependence on r\ and r 2 and, hence, the resultant field at P. We can proceed 
similarly in part (c) with E varying as Hr rather than 1/r 2 . In part (d), with S| and s 2 
representing areas, we’ll use the definition of the solid angle subtended by these areas to 
relate their charges to their distances from point P. 


(a) Express the charge q\ on the q x — As l — A9)\ 

element of length sp where 0 is the angle subtended by the arcs 

of lengths! and s 2 . 


Express the charge q 2 on the q 2 = As 2 = ^0r 2 

element of length s 2 . 


Divide the first of these equations 
by the second to obtain: 


q l AQr x i\ 

q 2 kOr 2 r 2 


Express the electric field at P due to 
the charge associated with the 
element of length sp 

Express the electric field at P due to 
the charge associated with the 
element of length s 2 . 



kAs^ 


klOi\ 


kxe 

h 


e 2 


ue 


no 


ky16 


Divide the first of these equations 
by the second to obtain: 
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and, because r 2 > r u 
E x >E 2 


(b ) The two fields point away from 
their segments of arc. 

(c) If E varies as l/r: 


Therefore: 

(, d) Use the definition of the solid 
angle Q subtended by the area S] to 
obtain: 



Because E X >E 2 , the resultant 
field points toward s 2 . 

E _ kq x _ kAs x _ kX6i\ _ k W 
r x r x r x 
and 

E _ kl h kAs 2 _ ia0r 2 _ k} e 


- E 2 

Q 

An Am ~ 2 

or 

5 , =Qr, 2 


Express the charge q\ of the area sp 


q x =os x = oflt] 


2 


Similarly, for an element of area s 2 : 


Express the ratio of q\ to qi_ to 
obtain: 


U = 
and 

q 2 = oQ/y 


q x oQr 2 
q 2 oClr 2 


kq t 

E x _ r 2 _r 2 q x _ r;oQr x 2 
E 2 kq 2 r fq 2 r 2 c£lr 2 



Proceed as in (a) to obtain: 
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Because the two fields are of equal 
magnitude and oppositely directed: 


E = 0 


If E oc Mr, then s 2 would produce the stronger field at P and E would point 
toward s h 


78 •• 

Picture the Problem We can apply the condition for translational equilibrium to the 
particle and use the expression for the electric field on the axis of a ring charge to obtain 
an expression for \q\/m. Doing so will lead us to the conclusion that \q\/m will be a 
minimum when E- is a maximum and so we’ll use the result from Problem 26 that 
z = — Ply/2 maximizes E z . 



(a) Apply Y,F Z = ° to the particle: 


\q\E z ~mg = 0 


Solve for \q\/m: 


Express the electric field along the z 
axis due to the ring of charge: 


M = _g_ 
m E. 


( 1 ) 


Note that this result tells us that the 
minimum value of \q\/m will be where the 
field due to the ring is greatest. 


kQz 



Differentiate this expression with respect to z to obtain: 


dE 


X 


dz 





= kQ 


C+* 2 ) 

13/2 

~ z (i) 

(F 

l + R 2 ) 

l' ,J (2 Z ) 

1 

[z 2 +R 2 ) 

t 


= kQ 


(z 2 +R 2 ) 


z= + ^) 

! 1/2 


(s+P 

r 
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Set this expression equal to zero for 
extrema and simplify: 


C+* 2 ) 

3,2 -3z : ( 

z 2 +R 2 ] 

l 1/2 


2 . n2 

[z +R 

r 


(z 2 +i? 2 ) 3/2 -3z 2 (z 2 +i? 2 )‘ /2 = 0, 
and 

z 2 + R 2 -3z 2 = 0 


Solve forx to obtain: 


You can either plot a graph of E z or 
evaluate its second derivative at 
these points to show that it is a 
maximum at: 

Substitute to obtain an expression 
F 

-*-% max« 



as candidates for maxima or minima. 
R 

z ~~44 


kQ 

r r s \ 

V v/2 ) 


2 kQ 

(f n V > 

~ r~ +R 2 

3/2 

V27. R 2 


Substitute in equation (1) to obtain: 


( b ) If \q\/m is twice as great as in (a), 
then the electric field should be half 
its value in (a), i.e.: 


Let a = z 2 /R 2 and simplify to obtain: 


k _ 

421gR 1 

m 

2 kQ 


kQ _ kQz 
4 tir 2 ~ (z 2 + R 2 f 2 


or 


27 R 4 




.2 \ 


1 + 


R 2 


a 3 +3a 2 -24a + 1 = 0 


The graph of /(a) = a 3 + 3a 2 


24a +1 shown below was plotted using a spreadsheet 


program. 
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Use your calculator or trial-and-error a = 0.04188 and a = 3.596 

methods to obtain: 


The corresponding z values are: z =-0.2057? and z =-1.907? 

The condition for a stable equilibrium position is that the particle, when displaced from 
its equilibrium position, experiences a restoring force, i.e. a force that acts toward the 
equilibrium position. When the particle in this problem is just above its equilibrium 
position the net force on it must be downward and when it is just below the equilibrium 
position the net force on it must be upward. Note that the electric force is zero at the 
origin, so the net force there is downward and remains downward to the first equilibrium 
position as the weight force exceeds the electric force in this interval. The net force is 
upward between the first and second equilibrium positions as the electric force exceeds 
the weight force. The net force is downward below the second equilibrium position as the 
weight force exceeds the electric force. Thus, the first (higher) equilibrium position is 
stable and the second (lower) equilibrium position is unstable. 

You might also find it instructive to use 
your graphing calculator to plot a graph of 
the electric force (the gravitational force is 
constant and only shifts the graph of the 
total force downward). Doing so will 
produce a graph similar to the one shown 
in the sketch to the right. 



Note that the slope of the graph is negative on both sides of-0.2057? whereas it is 
positive on both sides of-1.907?; further evidence that -0.2057? is a position of stable 
equilibrium and -1.907? a position of unstable equilibrium. 
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Picture the Problem The loop with the 
small gap is equivalent to a closed loop and 
a charge of- Ql)2 kR at the gap. The field 

at the center of a closed loop of uniform 
line charge is zero. Thus the field is 
entirely due to the charge - Ql jlnR . 



(a) Express the field at the center of £ centcr = E loop + £ gap (1) 

the loop: 


Relate the field at the center of the 
loop to the charge in the gap: 



Use the definition of linear charge 
density to relate the charge in the 
gap to the length of the gap: 


A _ q _ Q 

1 2 kR 
or 

Ql 

2 nR 


Substitute to obtain: 


E —*&-r 
gap Intf 


Substitute in equation (1) to obtain: 


E 


center 


= 0 


kQl , 

InR^ V 


kQl , 

InR^ V 


If Q is positive, the field at the origin points radially outward. 


(b) From our result in ( a ) we see 
that the magnitude of E ceater is: 


E 


center 


kQl 
2kR 3 


80 •• 

Picture the Problem We can find the electric fields at the three points of interest, 
labeled 1, 2, and 3 in the diagram, by adding the electric fields due to the charge 
distributions on the nonconducting sphere and the spherical shell. 
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y, m 



Express the electric field due to the 
nonconducting sphere and the 
spherical shell at any point in space: 

(a) Because (4.5 m, 0) is inside the 
spherical shell: 

Apply Gauss’s law to a spherical 
surface inside the nonconducting 
sphere to obtain: 


F = F + F 

^ ^ sphere ' ^ shell 

^sheii( 4 -5m,0) = 0 

^spher X r )=^fkpri 


Evaluate i sphere (0.5m): 


( 1 ) 


^sphere(°- 5m ) = ^( 8 - 988xl ° 9 N ’ m2/c2 )( 5 //C/m 2 )(0.5 m)/ = (94.1kN/C)/ 


Substitute in equation (1) to obtain: 


Find the magnitude and direction of 
£(4.5 m,0): 


E( 4.5 m,0) = (94. lkN/C)/ + 0 


£(4.5 m,0) 


(94.1kN/C)/ 



94.1kN/C 



and 



( b ) Because (4 m, 1.1m) is inside £ shell (4m,l.lm) = 0 

the spherical shell: 
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Evaluate E sphete (l. 1 m): 


^sphere 0- lm ) 


4^-(8.99 x 10 9 N • nr/C 2 )(5 /C/m 2 )(0.6 m) 3 
3(l. 1 m) 2 


j = (33.6 kN/C)/' 


Substitute in equation (1) to obtain: 


Find the magnitude and direction of 
1?(4.5 m,1.1m): 


£(4.5m,0) = (33.6kN/C)j + 0 


(33.6kN/C)j 



)= 

33.6 kN/C 


and 


<9 = 90 


(c) Because (2 m, 3 m) outside the 
spherical shell: 


Evaluate 0 she ii: 



where r is a unit vector pointing from 
(4 m, 0) to (2 m, 3 m). 

£?shell = f^sheii = 4 4-1 -5 /42/m 2 )(l .2 ill) 2 
= -27.1/42 


Refer to the diagram below to find f and r: 



r = 3.61m 
and 

r = -0.555/ + 0.832 j 


^sheii(3.61m) 


(8.99 x 10 9 N • m 2 /C 2 )(- 27.1 //C), 
(3.6 lm)" 

(- 18.7kN/C)(- 0.555/ + 0.832 j) 

(l 0.4 kN/C)/ +(-15.6 kN/C)j 
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Express the electric field due to the 
charged nonconducting sphere at a 
distance r from its center that is 
greater than its radius: 

Find the charge on the sphere: 


' sphere 


(r) = 




sphere 


e, pte = y(5//C/m 2 )(0.6m) ! 

= 4.52 juC 


Evaluate l? sphere (3.61m): 


Sphere ( 2m 3m) 


( 8 .99xi0»N. m Vcd(4.52^) . = (312kN/c) . 

(3.61m) 2 

(3.12 kN/C)(- 0.555/ + 0.832 j) 

(-1.73 kN/C)/ + (2.591<N/C)j 


Substitute in equation (1) to obtain: 

E( 2 m,3 m) = (l0.4 kN/C)/ + (-15.6 kN/C)j + (-1.73 kWC)i + (2.59kN/C)j 
= (8.67kN/C)/ + (-13.0kN/C)j 


Find the magnitude and direction of £(2m,3m): 

E( 2 m,3 m) = ^(8.67 kN/C ) 2 +(-13.0 kN/C) 2 = 


15.6 kN/C 


and 


0 = tan 1 


A -13.0kN/C^ 
8.67 kN/C 


304 c 
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Picture the Problem Let the numeral 1 
refer to the infinite plane whose charge 
density is a \ and the numeral 2 to the 
infinite plane whose charge density is 
<7 2 . We can find the electric fields at the 
two points of interest by adding the electric 
fields due to the charge distributions on the 
infinite planes and the sphere. 
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Express the electric field due to the E = E sphere + E x + E 2 (1) 

infinite planes and the sphere at any 
point in space: 

(a) Because (0.4 m, 0) is inside the £ sphere (0.4m,0) = 0 

sphere: 


Find the field at (0.4 m, 0) due to 
plane 1: 



Find the field at (0.4 m, 0) due to plane 2: 


E 2 ( 0.4 m,0) = = — r - n (-/)= (l 13 kN/C) i 

2V ' 2e„ ’ 2 8.85xl0- 12 C 2 /N-m 2 V ’ V ’ 


Substitute in equation (1) to obtain: 


E(0A m,0) = 0 + (l 69 kN/C)j 
+ (113 kN/C)/ 

= (l 13 kN/C)/ + (1691<N/C)./* 


Find the magnitude and direction of 
£(0.4m,0): 



and 

0 = tan -1 


"l 69 kN/C " 
v 113 kN/C, 



(b) Because (2.5 m, 0) is outside the 
sphere: 


r~ 

where f is a unit vector pointing from 
(1 m, -0.6 m) to (2.5 m, 0). 
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Evaluate ^sphere- £?sphere ^^sphere 4 7V<jR 

= 4 7r[- 3 /C/m 2 )(l m) 2 
= -37.7 juC 

Referring to the diagram above, 
determine r and r : 


r = 1.62 m 
and 

r = 0.928/ + 0.37 lj 


Substitute and evaluate £ sphere (2.5m,0): 


^sphere ( 2 -5 m,0) 


(8.99 x 10 9 N • m 2 /C 2 )(- 37.7 //C), 
(l.62m) 2 

(-129 kN/C)(o.928/ + 0.37 lj) 

(-120 kN/C)/ + (- 47.9 kN/C)j 


Find the field at (2.5 m, 0) due to £ in ^ n\ _ a i : 

plane 1: 2 e 0 

3 /C/m 2 

~ 2(8.85 xlO 12 C 2 /N • m 2 ) 
= (l69kN/C)j 


Find the field at (2.5 m, 0) due to 
plane 2: 


£ 2 (2.5m,0) = ++/ 

2e 0 

-2 /C/m 2 

“ 2(8.85 xl0^ 12 C 2 /N-m 2 ) 
= (-113kN/C)/ 


Substitute in equation (1) to obtain: 

Z/(0.4 m,0) = (-120 kN/C)/ + (- 47.9kN/C)j + (l 69kN/Cjj + (-113 kN/C)/ 
= (- 233 kN/C)/ +(121 kN/Cjj 


Find the magnitude and direction of E( 2.5m,0): 
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and 


E( 2.5 m,0) = 7(- 233 kN/C) 2 + (l21 kN/C) 2 


263kN/C 


121 kN/C 
v -233 kN/C y 


153° 
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Picture the Problem Let P represent the point of interest at (1.5 m, 0.5 m). We can find 
the electric field at P by adding the electric fields due to the infinite plane, the infinite 
line, and the sphere. Once we’ve expressed the field at P in vector form, we can find its 
magnitude and direction. 


Express the electric field at P: 


Find E 


plane 


at P: 


Express E Une at P: 


^ plane ^"line -^sphere 


cr i 

E . =- 1 

plane ^ 

A 


2 //C/m 2 - 

2(8.85 xlO^C'/N-m 2 ) 1 

= (-1131<N/C)/ 


- 2kX „ 

^linc =- r 

r 


Refer to the diagram to obtain: 

r = (0.5 m)* - (0.5 m )j 


and 

r = (0.707)/ - (0.707)_/ 



Substitute to obtain: 


E 


line 


2 (8.99 xto 9 N ? niVC z ) (4 /Xr / m) |o 7 o 7 ): _ (o 7Q7) ,] 

(102kN/C)[(0.707)/ - (0.707)y] =(72.1 kN/C)/ + (- 72.11<N/C)j 


Letting r' represent the distance 
from the center of the sphere to P, 


^spher e =—kr'pr' 
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apply Gauss’s law to a spherical 
surface of radius r' centered at 
(1 m, 0) to obtain an expression 

f O r ^sphere at P ' 


where r' is directed toward the center of 
the sphere. 


Refer to the diagram used above to obtain: f' = —(0.5 m 

and 

r' = -(0.707)/ - (0.707)/' 

Substitute to obtain: 


4 sphere 


= —(8.99xlO y N-nr/C 


; )(0.707 m)(- 6 /C/m 3 )[(0.707)/ + (0.707)j] 


(-113 kN/C) (/ + j‘)= (-113 kN/C)/ + (-113 kN/C) j 


Substitute and evaluate E : 


£ = (-1131<N/C)/ +(72.1 kN/C)/ + (- 72.11<N/C)j + (-113 kN/C)/ 
+ (-113kN/C)j 

= (-154 kN/C)/ +(-185 kN/C)j 


Finally, find the magnitude and direction 
of E : 


E = 7(-154 kN/C) 2 +(-185 kN/C) 2 
= 241kN/C 


and 

6 = tan -1 


^-154kN/C^ 

v -185kN/C y 


220 ° 


83 

Picture the Problem We can find the 
period of the motion from its angular 
frequency and apply Newton’s 2 nd law to 
relate co to m, q, R, and the electric field 
due to the infinite line charge. Because the 
electric field is given by E r = IkA/r we 

can express co and, hence, J as a function 
of m, q, R, and A. 

Relate the period T of the particle to 
its angular frequency co: 


z 
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Apply Newton’s 2 nd law to the 
particle to obtain: 

X F radial = C l E r = mR ^ 

Solve for or. 

V mR 

Express the electric field at a 

E = 2k — 

distance R from the infinite line 

charge: 

r R 

Substitute in the expression for co\ 

\2kAq 1 l2kAq 

V mR 2 R V in 


Substitute in equation (1) to obtain: 


m 

T = 

2 7rR 




2 k Aq 
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Picture the Problem Starting with the equation for the electric field on the axis of ring 
charge, we can factor the denominator of the expression to show that, for 
x « R, E x is proportional to x. We can use F x = qE x to express the force acting on the 
particle and apply Newton’s 2 nd law to show that, for small displacements from 
equilibrium, the particle will execute simple harmonic motion. Finally, we can find the 
period of the motion from its angular frequency, which we can obtain from the 
differential equation of motion. 


(a) Express the electric field on the 
axis of the ring of charge: 


kQx 



Factor R 2 from the denominator of 
E x to obtain: 


E = 


kQx 


(N 

1_ 

r. x 2 )] 

1 

l R -)\ 


3/2 


kQx 


( 2 y / 2 

i? 3 i+^y 

l R ) 

provided x « R. 


kQ 

R 3 


x 


kqQ 
R 3 ' 


( b ) Express the force acting on the 
particle as a function of its charge 
and the electric field: 


F x = qE x = 
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(c) Because the negatively charged 
particle experiences a linear 
restoring force, we know that its 
motion will be simple harmonic. 
Apply Newton’s 2 nd law to the 
negatively charged particle to 
obtain: 



kqQ_ 

D 3 


X 


or 



kqQ_ 

mR 3 


x = 0 


the differential equation of simple 
harmonic motion. 


Relate the period T of the simple j, _ 2;r 

harmonic motion to its angular CO 

frequency co\ 


From the differential equation we 
have: 


co" 


kqQ 

mR 


Substitute to obtain: 


mR 3 

T = 

2 n. 


\ 

kqQ 
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Picture the Problem Starting with the equation for the electric field on the axis of a ring 
charge, we can factor the denominator of the expression to show that, for x « R, E x is 
proportional to x. We can use F x = qE x to express the force acting on the particle and 
apply Newton’s 2 nd law to show that, for small displacements from equilibrium, the 
particle will execute simple harmonic motion. Finally, we can find the angular frequency 
of the motion from the differential equation and use this expression to find its value when 
the radius of the ring is doubled and all other parameters remain unchanged. 


Express the electric field on the axis 

F - 

kQx 

of the ring of charge: 

22 x 

(x*+rT 

Factor R 2 from the denominator of 

F — 


kQx 

E x to obtain: 


R 2 

r. 

l R 2 ) 


3/2 


kQx kQ 


R 


1 + 


x 

R 2 


provided x « R. 
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Express the force acting on the 
particle as a function of its charge 
and the electric field: 


F x = qE x = 


kqQ 

R 3 ' 


Because the negatively charged 
particle experiences a linear 
restoring force, we know that its 
motion will be simple harmonic. 
Apply Newton’s 2 nd law to the 
negatively charged particle to 
obtain: 


m - 


d~x 

dt 2 


kqQ 
R 3 ' 


or 

d 2 x kqQ 
—^- + —^-x = 0 
dt~ mR 3 

the differential equation of simple 
harmonic motion. 


The angular frequency of the simple 
harmonic motion of the particle is 
given by: 


co = 



( 1 ) 


Express the angular frequency of the 
motion if the radius of the ring is 
doubled: 


co'= 


I kqQ 
]] m(2R f 


( 2 ) 


Divide equation (2) by equation (1) 
to obtain: 


Solve for and evaluate cd : 


co' 
co 


kqQ 

m(2R) 


kqQ 


mR J 


Vs 



21 rad/s 

Vs 


7.42 rad/s 


86 •• 

Picture the Problem Starting with the equation for the electric field on the axis of a ring 
charge, we can factor the denominator of the expression to show that, forx « R, E x is 
proportional to x. We can use F x = qE x to express the force acting on the particle and 
apply Newton’s 2 nd law to show that, for small displacements from equilibrium, the 
particle will execute simple harmonic motion. Finally, we can find the angular frequency 
of the motion from the differential equation and use this expression to find its value when 
the radius of the ring is doubled while keeping the linear charge density on the ring 
constant. 



Express the electric field on the axis 
of the ring of charge: 


E 
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Factor R 2 from the denominator of 
E x to obtain: 


Express the force acting on the 
particle as a function of its charge 
and the electric field: 

Because the negatively charged 
particle experiences a linear 
restoring force, we know that its 
motion will be simple harmonic. 
Apply Newton’s 2 nd law to the 
negatively charged particle to 
obtain: 

The angular frequency of the simple 
harmonic motion of the particle is 
given by: 

Express the angular frequency of 
the motion if the radius of the ring 
is doubled while keeping the linear 
charge density constant (i.e., 
doubling Q): 

Divide equation (2) by equation (1) 
to obtain: 


Solve for and evaluate cd : 


E = 


kQx 



( v 2 V 

R 2 

l + ^T 


l R 2 )\ 


3/2 


kQx 


R 


\ 3/2 


1 + 


R 2 


kQ 

R 3 


provided x « R. 

F x = qE x = 


kqQ 


R 


m - 


d~x 


dt 2 


kqQ 

R 3 


x 


or 

d 2 x kqQ 

—r + ^^x = 0, 

dt mR 3 

the differential equation of simple 
harmonic motion. 


co = 


kqQ_ 
mR 3 


(1) 


, = Tihei 

]j m(2R )' 


( 2 ) 


co' 

CO 


fa ?(2 Q ) 


]] m(2R )’ 
I kqQ 
V mR 


2 


, co 21 rad/s 
co = — = 

2 


10.5 rad/s 


2 
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Picture the Problem We can apply Gauss’s law to express E as a function of r. We can 
use the hint to think of the fields at points 1 and 2 as the sum of the fields due to a sphere 
of radius a with a uniform charge distribution p and a sphere of radius b, centered at all 
with uniform charge distribution —p. 


(a) The electric field at a distance r 
from the center of the sphere is 
given by: 

Apply Gauss’s law to a spherical 
surface of radius r centered at the 
origin to obtain: 

Relate ^enclosed to the charge density 
P- 

Substitute for (^enclosed: 


Solve for E to obtain: 


E-Er (1) 

where r is a unit vector pointing radially 
outward. 

| E n dA = e{Atu- 2 )= ^ enclosed 

s G o 

_ ^enclosed Q -4 ^3 

P 4 3 ^ ^enclosed 3 P JU 

E{Anr 2 )=^ 

e o 

E = -BL. 


Substitute fori? in equation (1) to 
obtain: 


(b ) The electric field at point 1 is 
the sum of the electric fields due to 
the two charge distributions: 

Apply Gauss’s law to relate the 
magnitude of the field due to the 
positive charge distribution to the 
charge enclosed by the sphere: 

Solve for E p : 


E = 


P 


3 e r 


■r r 


E,= E +E=Er + Ej (2) 

i p -p p -p \ / 


E p (4m 2 )-- 


^encl 


y m' p 


E ap 2ph 
P 3 e n 


Proceed similarly for the spherical 
hole to obtain: 


e o e o 


Solve for E_ p \ 


E =--* 
~ p 3 € 


0 
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Substitute in equation (2) to obtain: 


The electric field at point 2 is the 
sum of the electric fields due to the 
two charge distributions: 

Because point 2 is at the center of 
the larger sphere: 

The magnitude of the field at point 
2 due to the negative charge 
distribution is: 

Substitute in equation (3) to obtain: 


3e 0 3 e 0 


pb_ 

3 <E n 


E 2 = E p + E__ p = E p r + E.J (3) 


^=0 


E =-* 
~ p 3e 


o 


E 2 — 0 + 


pb 
3 e n 


r = 


Pb 

3 
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Picture the Problem The electric field in the cavity is the sum of the electric field due to 
the uniform and positive charge distribution of the sphere whose radius is a and the 
electric field due to any charge in the spherical cavity whose radius is b. 


The electric field at any point inside 
the cavity is the sum of the electric 
fields due to the two charge 
distributions: 


F = F + F = F r + F f 

p charge inside P charge inside 

where r is a unit vector pointing radially 
outward. 


Because there is no charge inside F , , = 0 

^ charge inside 

the cavity: 


The magnitude of the field inside 
the cavity due to the positive charge 
distribution is: 


pb 


3 e 


o 


Substitute in the expression for E 
to obtain: 


E = 0 + 


pb 

3 e„ 


r = 


P 

3 


br 
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Picture the Problem We can use the hint given in Problem 87 to thi nk of the fields at 
points 1 and 2 as the sum of the fields due to a sphere of radius a with a uniform charge 
distribution p and a sphere of radius b, centered at a/2 with charge Q spread uniformly 
throughout its volume. 

The electric field at point 1 is the E = E + E = E r + E f (1) 

sum of the electric fields due to the 1 f Q p Q 

two charge distributions: where >’ is a unit vector pointing radially 

outward. 
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Apply Gauss’s law to relate the 
field due to the positive charge 
distribution to the charge of the 
sphere: 

Solve for E p \ 


E p {^a 2 )-- 


^7end 


j7ra J p 


E Up 2ph 
P 3 e n 


Apply Gauss’s law to relate the 
field due to the negative charge 
distributed uniformly throughout 
the volume of the cavity : 


E Q (4nb 2 )=^ L = Q- 

e o e o 

where Q = p'V = p'^ftb 2. 


Substitute for Q to obtain: 


Solve for Eq. 


Substitute in equation (1) to obtain: 




\np'b 2 


E n = 


p'b 
3 e n 


f+J n r 


3 G r 


3 


(2 P + P')b 


3 e n 


The electric field at point 2 is the 
sum of the electric fields due to the 
two charge distributions: 

Because point 2 is at the center of 
the larger sphere: 


E 2 =E p +E Q = E p r + E Q f (2) 

E p=° 


The magnitude of the field at point p' b 

2 due to the uniformly distributed P Q ~ ^ £ 

charge Q was shown above to be: ~ ’ ’ 


Substitute in equation (2) to obtain: 


£, =0 + ac = 

3 e n 


_P_ 

3 e n 


■br 
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Picture the Problem Let the length of the cylinder be L, its radius R, and charge Q. Let 
P be a generic point of interest on the x axis. We can find the electric field at P by 
expressing the field due to an elemental disk of radius R, thickness dx, and charge dq and 
then integrating E x = 2nka\\ -xjylx 2 + R 2 j. 
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The effective charge density of the disk _ Qj L 

is given by: 7rR 2 


Substitute numerical values and 
evaluate p\ 


P 


50 pC 

k{\ .2 m) 2 (2 m) 


5.53 //C/m 3 


Evaluate l/rkp : 


2 jdcp = 2^(8.99x 10 9 N • m 2 /C 2 )(5.53/C/m 3 ) = 3.12x 10 5 N/C • m 
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(a) Evaluate E x ( 0.5 m): 

£ r (0.5m)= (3.12 x 10 5 N/C -m) 


2(0.5 m)-J 

f 2 m ' 

-1- 0.5 m 

l 2 2 

+ (l .2 m) 2 +^j 

f 2m ^ 

l 2 J 

+ (l .2 m) 2 

118kN/C 






( b ) Evaluate E x (2 m): 

E x (l m) = (3.12 x 10 5 N/C • m) 


2m-. 


2m 




+ 2 m 


J 


+ (l .2 m) 2 +. 


f 2m > 

-2 m 

+ (l .2 m) 2 

V 2 J 



103kN/C 


(c) Evaluate E x (20 m): 

E x (20 m) = (3.12 x 10 5 N/C • m) 


X 

2m- 

^2m ' 

- h 20 m 

+ (l.2 m) 2 +^j 

f 2m 2f) ) 

-20 m 

+ (l .2 m) 2 


L » 

V 2 ) 

V 2 ) 

- 

1.12kN/C 






Remarks: Note that, in (c), the distance of 20 m is much greater than the length of 
the cylinder that we could have used E x = kQ/x 2 . 


91 •• 

Picture the Problem We can use E x = kQl\x 0 {x 0 -Z)]to express the electric fields at 
xo = 2 L and xo = 3 L and take the ratio of these expressions to find the field at xo = 3 L. 

Express the electric field along the x r \ _ kQ 

x 0 / / \ 

axis due to a uniform line charge on x 0 (x 0 —L) 

the x axis: 


Evaluate E x at x (l = 2L: 


£,(2I) = 

E,( 3i) = 


kQ 


2L(2L-L) 

kQ 

3Z(3T-T) 


kQ_ 

2 L 2 
kQ_ 

6L 1 


( 1 ) 

( 2 ) 


Evaluate E x atxo = 3 L: 
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Divide equation (2) by equation (1) 
to obtain: 

kQ 

E&L) 6I 2 1 

E,(2L) kQ 3 

21} 

Solve for and evaluate E X (3L): 

£,(3i)=f£,(2i)=f(600N/C) 


= 200N/C 


92 ••• 

Picture the Problem Let the coordinates of one comer of the cube be (x,y,z), and assume 
that the sides of the cube are Ax, Ay, and Az and compute the flux through the faces of 
the cube that are parallel to theyz plane. The net flux of the electric field out of the 
gaussian surface is the difference between the flux out of the surface and the flux into the 
surface. 

The net flux out of the cube is given <f>^ = ( j)( x + Ax) - (/>{x) 

by: 

Use a Taylor series expansion to express the net flux through faces of the cube 
that are parallel to the yz plane: 

^net = A X \+ (A*) <f' M + I (A*) : V” W ■+ ... ■— A x ) = M </>' W ■+ T (Ax) : V’'' M + •.. 


Neglecting terms higher than first 
order we have: 

Because the electric field is in the x 
direction, <f>{x ) is: 


Substitute for <j>'(.x ) to obtain: 


^net = AX^'(X) 


(f){x) = E x AyAz 
and 

fi(x) = —^AyAz 

OX 

4* = Ax—-(AyAz) 


dx 


dK 

dx 


( Ax AyAz) 


dE 


dx 


-AV 
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93 •• 

Picture the Problem We can use the definition of electric flux in conjunction with the 
result derived in Problem 92 to show that V • E = p / e 0 . 


From Gauss’s law, the net flux 
through any surface is: 


^net 


9^ end P y- 

e o e o 


Generalizing our result from 
Problem 92 (see the remark 
following Problem 92): 




Tc+22 

dx dy 


+ 



dz 




Equate these two expressions to 
obtain: 


(v -e)v = — 


= — V or 


V-E = 



*94 ••• 

Picture the Problem We can find the field due to the infinitely long line charge from 
E = 2 kA/r and the force that acts on the dipole using F = p dE/dr . 


Express the force acting on the 
dipole: 


dE 

F = p — 
dr 


The electric field at the location of ^ 2k A 

the dipole is given by: r 


Substitute to obtain: 

p d 

F = p — 

2kA 

_ 

2k Ap 


dr 

r 


7- 2 


where the minus sign indicates that the 
dipole is attracted to the line charge. 


95 •• 

Picture the Problem We can find the distance from the center where the net force on 
either charge is zero by setting the sum of the forces acting on either point charge equal 
to zero. Each point charge experiences two forces; one a Coulomb force of repulsion due 
to the other point charge, and the second due to that fraction of the sphere’s charge that is 
between the point charge and the center of the sphere that creates an electric field at the 
location of the point charge. 


Apply Z F = 0 to either of the 
point charges: 

Express the Coulomb force on the 
proton: 


^Coulomb Afield 


= 0 


( 1 ) 


F 


Coulomb 


ke 2 

(2a) 2 


Afield — e E 


ke 2 
4a 2 


The force exerted by the field E is: 
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Apply Gauss’s law to a spherical 
surface of radius a centered at the 
origin: 

Relate the charge density of the 
electron sphere to ^enclosed: 


Substitute for £? e nclose d : 


Solve for E to obtain: 


Substitute for F’couiomb and F fie i d in 
equation (1): 


Solve for a to obtain: 


Ei^m 2 ^- 


a 


enclosed 


2e Q, 


_ -^enclosed 

^nR 2 \nu 2 


= lea 

^enclosed 3 


E[4na 2 \- 


2 ea 

^R 2 


E = 


ea 


> F = 


2 

e a 


In e 0 R 3 field 2 n e 0 R 2 


ke 2 


e 1 a 


4a" In e n R } 


= 0 


or 


ke Ike 2 a 


4 a 2 R 3 


= 0 


(T 


3 -R = 

0.5i? 

V 8 



96 ••• 

Picture the Problem We can use the result of Problem 96 to express the force acting on 
both point charges when they are separated by 2a. We can then use this expression to 
write the force function when the point charges are each displaced a small distance x 
from their equilibrium positions and then expand this function binomially to show that 
each point charge experiences a linear restoring force. 


From Problem 95, the force function 
at the equilibrium position is: 



Ike' a 

R 3 


When the charges are displaced a £ e 2 2ke 2 / 

distance x symmetrically from their F(a + x) = —(a + x) [a + x) 

equilibrium positions, the force 
function becomes: 


Expand this function binomially to obtain: 


F(a + x) 



-2a 3 x + ...)- 


ke 1 ke 1 
4a 2 2 a 3 


2 ke 2 
R 3 


2 ke 2 2 ke 2 

R 2 Q ~ 
2 ke 2 
R 3 


x - 


a - 


x 
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Substitute for R using the result 
obtained in Problem 96 and F 

restoring 

simplify to obtain: 

Hence, we’ve shown that, for a small 
displacement from equilibrium, the point 
charges experience a linear restoring force. 



( 3 ke 2 ) 

X 


v 4 a ) 



Remarks: An alternative approach that you might find instructive is to expand the 
force function using the Taylor series. 


97 ••• 

Picture the Problem Because the restoring force found in Problem 96 is linear, we can 
express the differential equation of the proton’s motion and then identify of from this 
equation. 


Apply TV, = ma to the displaced 
proton to obtain: 


Solve for co: 


3 ke d'x 

x = m 


4F 


dt z 


or 


d x 

~dF 


3 ke~ 


where of = 


4 mr 3 
3 ke 2 


x = -co~x 


4mr 3 



Substitute numerical values and evaluate co: 


(0 = 


1 3(8.99 X 10 9 N • m 2 / C 2 )(l .6 X 1(T 19 c) 2 

4 ( 1 .67x10 27 kg)(0.08nm) 3 


4.49 x 10 4 s~ 
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Chapter 23 
Electrical Potential 


Conceptual Problems 

*1 • 

Determine the Concept A positive charge will move in whatever direction reduces its 
potential energy. The positive charge will reduce its potential energy if it moves toward a 
region of lower electric potential. 


2 

Picture the Problem A charged particle placed in an electric field experiences an 
accelerating force that does work on the particle. From the work-kinetic energy theorem 
we know that the work done on the particle by the net force changes its kinetic energy 
and that the kinetic energy K acquired by such a particle whose charge is q that is 
accelerated through a potential difference V is given by K = q V. Let the numeral 1 refer 
to the alpha particle and the numeral 2 to the lithium nucleus and equate their kinetic 
energies after being accelerated through potential differences V\ and V 2 . 


Express the kinetic energy of the 
alpha particle when it has been 
accelerated through a potential 
difference V\. 

Express the kinetic energy of the 
lithium nucleus when it has been 
accelerated through a potential 
difference V 2 . 

Equate the kinetic energies to 
obtain: 


K x =q l V 1 = 2eV l 


K 2 = q 2 V 2 = 3eV 2 


2eV x = 3eV 2 


or 

V 2 =jV 1 and 


(b )is correct. 


3 

Determine the Concept If V is constant, its gradient is zero; consequently E = 0. 

4 

_ dV 

Determine the Concept No. E can be determined from either E t = —— provided V is 

_ AV 

known and differentiable or from E, =-provided V is known at two or more points. 

M 


169 
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5 

Determine the Concept Because the field lines are always perpendicular to equipotential 
surfaces, you move always perpendicular to the field. 

6 •• 

Determine the Concept V along the axis of the ring does not depend on the charge 
distribution. The electric field, however, does depend on the charge distribution, and the 
result given in Chapter 21 is valid only for a uniform distribution. 


*7 ■■ 

Picture the Problem The electric field 
lines, shown as solid lines, and the 
equipotential surfaces (intersecting the 
plane of the paper), shown as dashed lines, 
are sketched in the adjacent figure. The 
point charge +Q is the point at the right, 
and the metal sphere with charge -Q is at 
the left. Near the two charges the 
equipotential surfaces are spheres, and the 
field lines are normal to the metal sphere at 
the sphere’s surface. 



8 

Picture the Problem The electric field 
lines, shown as solid lines, and the 
equipotential surfaces (intersecting the 
plane of the paper), shown as dashed lines, 
are sketched in the adjacent figure. The 
point charge +Q is the point at the right, 
and the metal sphere with charge +Q is at 
the left. Near the two charges the 
equipotential surfaces are spheres, and the 
field lines are normal to the metal sphere at 
the sphere’s surface. Very far from both 
charges, the equipotential surfaces and 
field lines approach those of a point charge 
2 Q located at the midpoint. 
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9 

Picture the Problem The equipotential 
surfaces are shown with dashed lines, the 
field lines are shown in solid lines. It is 
assumed that the conductor carries a 
positive charge. Near the conductor the 
equipotential surfaces follow the 
conductor’s contours; far from the 
conductor, the equipotential surfaces are 
spheres centered on the conductor. The 
electric field lines are perpendicular to the 
equipotential surfaces. 

10 •• 

Picture the Problem The equipotential 
surfaces are shown with dashed lines, the 
electric field lines are shown with solid 
lines. Near each charge, the equipotential 
surfaces are spheres centered on each 
charge; far from the charges, the 
equipotential is a sphere centered at the 
midpoint between the charges. The electric 
field lines are perpendicular to the 
equipotential surfaces. 

*11 • 





find E 
V at 


Picture the Problem We can use Coulomb’s law and the supeiposition of fields to 
at the origin and the definition of the electric potential due to a point charge to find 
the origin. 


Apply Coulomb’s law and the 
supeiposition of fields to find the 
electric field E at the origin: 


E — E + Q at _ a + E + Q ata 

a a 


Express the potential V at the origin: V = ^+g a t-a + Koaia 

kQ kQ 2 kQ 

a a a 

(b) is correct. 


and 
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12 • 

8V : 

Picture the Problem We can use E =- 1 to find the electric field corresponding the 

8x 

given potential and then compare its form to those produced by the four alternatives 
listed. 


Find the electric field corresponding to 
this potential function: 


E = 


8V 8 

8x 8x 




1 if x > 0 
-1 if x < 0 


- 4 if x > 0 
4 if x < 0 


Of the alternatives provided above, only a uniformly charged sheet in the yz plane would 


produce a constant electric field whose direction changes at the origin, (c) is correct. 


13 • 

Picture the Problem We can use Coulomb’s law and the supeiposition of fields to find E 
at the origin and the definition of the electric potential due to a point charge to find V at 
the origin. 

Apply Coulomb’s law and the E = E +QaX _ a + E ()Ma 

superposition of fields to find the j^q „ ^q n 2 kQ ~ 

electric field E at the origin: 


2 1 + ^f l = ' 2 

a" a a 


Express the potential V at the origin: 


V = V + V 

v v +Qa.t-a v -Qata 

kQ , t(-g) 0 


and (c) is correct 


14 •• 

(a) False. As a counterexample, consider two equal charges at equal distances from the 
origin on the x axis. The electric field due to such an array is zero at the origin but the 
electric potential is not zero. 

(. b ) True. 

(c) False. As a counterexample, consider two equal-in-magnitude but opposite-in-sign 
charges at equal distances from the origin on the x axis. The electric potential due to such 
an array is zero at the origin but the electric field is not zero. 
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( d) True. 

(e) True. 

(/) True. 

(g) False. Dielectric breakdown occurs in air at an electric field strength of approximately 
3xl0 6 V/m. 


15 •• 

(a) No. The potential at the surface of a conductor also depends on the local radius of the 
surface. Flence r and a can vary in such a way that V is constant. 

( b ) Yes; yes. 


*16 • 

Determine the Concept When the two spheres are connected, their charges will 
redistribute until the two-sphere system is in electrostatic equilibrium. Consequently, the 


entire system must be an equipotential. (c) is corrent. 


Estimation and Approximation Problems 

17 • 

Picture the Problem The field of a thundercloud must be of order 3xl0 6 V/m just before 
a lightning strike. 

Express the potential difference V = Ed 

between the cloud and the earth as a 
function of their separation d and 
electric field E between them: 

Assuming that the thundercloud is at 
a distance of about 1 km above the 
surface of the earth, the potential 
difference is approximately: 

Note that this is an upper bound, as there will be localized charge distributions on the 
thundercloud which raise the local electric field above the average value. 

*18 • 

Picture the Problem The potential difference between the electrodes of the spark plug is 
the product of the electric field in the gap and the separation of the electrodes. We’ll 
assume that the separation of the electrodes is 1 mm. 

Express the potential difference V = Ed 

between the electrodes of the spark 


V = (3 x 10 6 V/m)(l0 3 m) 
= 3.00xl0 9 V 
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plug as a function of their separation 
d and electric field E between them: 

Substitute numerical values and 
evaluate V: 


V = (2x 10 7 V/m)(lCT 3 m) 
= 20.0 kV 


19 « 

Picture the Problem We can use conservation of energy to relate the initial kinetic 
energy of the protons to their electrostatic potential energy when they have approached 
each other to the given "radius". 


(a) Apply conservation of energy to 
relate the initial kinetic energy of the 
protons to their electrostatic 
potential when they are separated by 
a distance r. 


+ U i =K f +U { 
or, because U\ = K f = 0, 

K{ = U { 


Because each proton has kinetic 
energy K\ 


2K = 


An e 0 r 


K = 


8;r e 0 r 


Substitute numerical values and evaluate K: 


K = 


(l .6 x 10 19 c) 2 

8tt( 8.85 x 10“ 12 C 2 / N • m 2 )(l0“ ls m) 


= 1.15x10 13 Jx 


leV 


1.6x10 19 J 


0.719MeV 


(. b ) Express and evaluate the ratio of 
the two energies: 



0.719MeV 
938 MeV 


0.0767% 


20 •• 

Picture the Problem The magnitude of the electric field for which dielectric breakdown 
occurs in air is about 3 MV/m. We can estimate the potential difference between you and 
your friend from the product of the length of the spark and the dielectric constant of air. 


the spark and the dielectric constant of 


Express the product of the length of 


V = (3 MV/m)(2 mm) = 


6000 V 


air: 
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Potential Difference 


21 • 

Picture the Problem We can use the definition of finite potential difference to find the 
potential difference V(4 m) - V(0) and conservation of energy to find the kinetic energy 
of the charge when it is at x = 4 m. We can also find V(x) if V(x) is assigned various 
values at various positions from the definition of finite potential difference. 


(a) Apply the definition of finite 
potential difference to obtain: 


( b ) By definition, At/ is given by: 


(c) Use conservation of energy to 
relate A U and A K: 


Because K 0 = 0: 


Use the definition of finite potential 
difference to obtain: 

(d) For V(0) = 0: 


(e) For V(0) = 4 kV: 


(/) For F(lm) = 0: 


b 4m 

V(4m)-V(0) = -\E-d£ = -\Ed£ 

a 0 

= -(2kN/C)(4m) 

= -8.00kV 


AU = ryAU = (3//C)(-8kV) 
= -24.0mJ 


AK + AU = 0 
or 

K 4m -K 0 +AU = 0 


K 4m =-AU= 24.0 mJ 


V(x)-V(x n ) = -Ejx-x n ) 

= -(2 kV/m)(x - x 0 ) 

U( x )_0 = -(2kV/m)(x-0) 
or 


y(x)= - (2 kV/m)x 


U(x)-4kV =-(2kV/m)(x-0) 


or 


V(x) = 4kV-(2kV/m). 


lx 


V(x) - 0 = -(2 kV/m)(x -1) 


or 


V(x)= 2kV-(2kV/m> 
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22 • 

Picture the Problem Because the electric field is uniform, we can find its magnitude 
from E = A V/Ax. We can find the work done by the electric field on the electron from the 
difference in potential between the plates and the charge of the electron and find the 
change in potential energy of the electron from the work done on it by the electric field. 
We can use conservation of energy to find the kinetic energy of the electron when it 
reaches the positive plate. 


(a) Express the magnitude of the 
electric field between the plates in 
terms of their separation and the 
potential difference between them: 



500V 

0.1m 


5.00kV/m 


Because the electric force on a test charge is away from the positive 
plate and toward the negative plate, the positive plate is at the 
higher potential. 


( b ) Relate the work done by the 
electric field on the electron to the 
difference in potential between the 
plates and the charge of the electron: 

Convert 8.01 xl(T 17 J to eV: 


(c) Relate the change in potential 
energy of the electron to the work 
done on it as it moves from the 
negative plate to the positive plate: 

Apply conservation of energy to 
obtain: 


W = qAV = (l.6 x 10 19 C)(500V) 
= 8.01x10 17 J 


1R = (8.01x 10 17 j) 


r leV A 
v l.6x10 19 J j 


500 eV 


A U = -W= -500eV 


AK = -AU = 


500 eV 


23 • 

Picture the Problem The Coulomb potential at a distance r from the origin relative to V 
= 0 at infinity is given by V = kq/r where q is the charge at the origin. The work that must 
be done by an outside agent to bring a charge from infinity to a position a distance r from 
the origin is the product of the magnitude of the charge and the potential difference due to 
the charge at the origin. 













(a) Express and evaluate the Coulomb 
potential of the charge: 
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_ kq 


r 


(8.99 x IQ 9 N • m 2 /C 2 )(2 juC) 


4 m 


4.50kV 


(b) Relate the work that must be 
done to the magnitude of the charge 
and the potential difference through 
which the charge is moved: 


W = gAF = (3//C)(4.50kV) 


13.5 mJ 


(c) Express the work that must be 
done by the outside agent in terms 
of the potential difference through 
which the 2 -jjC is to be moved: 


W = q 2 AV 3 = -^ 


r 


Substitute numerical values and 
evaluate W\ 


[f _ ( 8 . 99x l° 9N - m2/c2 )(2/£)(3/£) 


4 m 


13.5mJ 


24 •• 

Picture the Problem In general, the work done by an external agent in separating the 
two ions changes both their kinetic and potential energies. Here we’re assuming that they 
are at rest initially and that they will be at rest when they are infinitely far apart. Because 
their potential energy is also zero when they are infinitely far apart, the energy W ext 
required to separate the ions to an infinite distance apart is the negative of their potential 
energy when they are a distance r apart. 

Express the energy required to separate kF sxt = A K + AU = 0 — U i 
the ions in terms of the work required fcq q e j e / ie 2 

by an external agent to bring about this - r ~ r ~ r 

separation: 

Substitute numerical values and evaluate W ext : 
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Convert JCextto eV: 


W = (8.24 x 1CT 19 j) 


f leV ^ 
v l.6x10 19 J j 


5.14eV 


25 •• 

Picture the Problem We can find the final speeds of the protons from the potential 
difference through which they are accelerated and use E = A VI Ax to find the accelerating 
electric field. 

(a) Apply the work-kinetic energy 
theorem to the accelerated protons: 


Solve for v to obtain: 


Substitute numerical values and 
evaluate v: 


(b ) Assuming the same potential 
change occurred uniformly over the 
distance of 2.0 m, we can use the 
relationship between E, AV, and Ax 
express and evaluate E: 

*26 •• 

Picture the Problem The work done on the electrons by the electric field changes their 
kinetic energy. Hence we can use the work-kinetic energy theorem to find the kinetic 
energy and the speed of impact of the electrons. 

Use the work-kinetic energy W = A K = K { 

theorem to relate the work done by or 

the electric field to the change in the K f = eAV (1) 

kinetic energy of the electrons: 

K f =(le)(30kV) = 


3x 10 4 eV 


W = AK = K f 


or 

eAV = \mv 2 


v =. 


2eAV 


m 


v = 


/ 2(l.6xlCT 19 c)(5MV) 
1.67x10 27 kg 


3.10x 10 7 m/s 


E = 


AV 5 MV 


Ax 2 m 


2.50 MV/m 


(a) Substitute numerical values and 
evaluate K{. 
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(. b ) Convert this energy to eV: 


K f =(3xl0 4 ev) 


' 1.6 x 10 19 J ^ 
eV 


4.80x10 15 J 


(c) From equation (1) we have: 


\mv] = eAV 


Solve for Vf to obtain: 


v f 


2eAV 


m 


Substitute numerical values and 
evaluate v f : 


/ 2(l.6x10 19 c)(30kV) 
\ 9.11x10 31 kg 

1.03x 10 s m/s 


Remarks: Note that this speed is about one-third that of light. 


27 •• 

Picture the Problem We know that energy is conserved in the interaction between the a 
particle and the massive nucleus. Under the assumption that the recoil of the massive 
nucleus is negligible, we know that the initial kinetic energy of the a particle will be 
transformed into potential energy of the two-body system when the particles are at their 
distance of closest approach. 


(a) Apply conservation of energy to 
the system consisting of the a particle 
and the massive nucleus: 


AK + AU = 0 
or 

Kf-Ki+Uf-U^O 


Because K ( = U, = 0 and K { = E : 


-E + U f =0 


Letting r be the separation of the 
particles at closest approach, express 
U f : 


jj _ ^nudeA _ k(Ze){2e) _ 2kZe 2 
r r r 


Substitute to obtain: 


-E + 


2 kZe 1 


= 0 


Solve for r to obtain: 


r = 


2 kZe 2 
E 


(b ) For a 5.0-MeV a particle and a gold nucleus: 
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(8.99xlO 9 N-m 2 /C 2 ) 

( 79 ) 

(l.6xl0 19 C 

2 

-A ^ NX 1 n ~ 14 - 

45.4 fm 

(5MeV) 

(l .6 x 1 0 19 

J/eV ; 

... 


For a 9.0-MeV a particle and a gold nucleus: 


2(8.99xl0»N.mVC i )(79)(l.6xi0- 1 »ct 
(9MeV)(l.6xlO 19 J/eV) 


25.3 fm 


Potential Due to a System of Point Charges 


28 • 

Picture the Problem Let the numerals 1, 2, 3, and 4 denote the charges at the four 
comers of square and r the distance from each charge to the center of the square. The 
potential at the center of square is the algebraic sum of the potentials due to the four 
charges. 


Express the potential at the center of 
the square: 


V 


kq i | kq 2 | kq 3 | kq 4 
r r r r 

— {<h + <?2 + tTs + <?4) 
r 



(a) If the charges are positive: 


( b ) If three of the charges are positive 
and one is negative: 


(c) If two are positive and two are 
negative: 


V = 


8.99 x 10 9 N • m 2 /C 2 


2V2 


m 


25.4 kV 


2 /r x 2 


v = 


8.99x10 N -m /C 


2V2 


m 


= 12.7 kV 


V= 0 


(4)(2/iC) 


(2)(2 fC) 


29 • 

Picture the Problem The potential at the point whose coordinates are (0, 3 m) is the 
algebraic sum of the potentials due to the charges at the three locations given. 














Express the potential at the point 
whose coordinates are (0, 3 m): 
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V = kt «L = k 

/=i r , 




'3 J 


V r i 


(a) For q l = q 2 = q 2 = 2 /jC: 


F = (8.99xl0 9 N-m 2 /C 2 )(2/yC) 

( b ) For q x = q 2 = 2 //C and q 2 = -2 //C: 

V = (8.99 x 10 9 N • m 2 /C 2 )(2 juC) 

(c) For qi = q 2 = 2 /jC and q 2 = -2 juC\ 

V = (8.99xl0 9 N-m 2 /C 2 )(2/X2) 


1 1 _ 1 _ 

3 m 3x/2 m 3x/5 


m 


12.9kV 


1 1 

■ + 


3 m 3V2 m 3V5 


m 


7.55 kV 


1 1 1 

- + ■ 


3m 3V2 m 3 a/5 


m 


4.44 kV 


30 • 

Picture the Problem The potential at point C is the algebraic sum of the potentials due to 
the charges at points A and B and the work required to bring a charge from infinity to 
point C equals the change in potential energy of the system during this process. 


(a) Express the potential at point C 
as the sum of the potentials due to 
the charges at points A and B: 


V c =k 


f \ 

iA + ^B 

V r A r B V 


Substitute numerical values and evaluate V c \ 


V c = kq 


1 1 
— + — 


V r A 


(8.99xlO 9 N • m 2 /C 2 )(2//C) 


r B 


\ 1 

■ + ■ 


v 3m 3my 


12.0 kV 


(. b ) Express the required work in 
terms of the change in the potential 
energy of the system: 


W = AU = q 5 V c 
= (5pC)(l2.0kV) = 


60.0 mJ 


(c) Proceed as in (a) with q B = -2 /jC: 
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V c =k 


9a_ _|_ jt_B_ 


'B J 




(8.99 x 10 9 N • m 2 /C 2 ) 


f 2fijC + -2//C A 


3m 


3m 


and W = AU = q 5 V c = (5 pC)(0) = 



31 • 

Picture the Problem The electric potential at the origin and at the north pole is the 
algebraic sum of the potentials at those points due to the individual charges distributed 
along the equator. 


(a) Express the potential at the 
origin as the sum of the potentials 
due to the charges placed at 60° 
intervals along the equator of the 
sphere: 

Substitute numerical values and 
evaluate V: 


(b) Using geometry, find the 
distance from each charge to the 
north pole: 

Proceed as in (a) with r'= 0.6y[2 m : 


V = k±*=6k < *- 

m r, 


F = 6(8.99xl0 9 N-m 2 /C 2 )^- 
v '0.6m 


270 kV 


r'= 0.6V2 m 


v = k±% = 6k ( L 

tr r t 

= 6(8.99 xl0 9 N-m 2 /C 2 )^^ 

0.6V2 


191kV 


*32 • 

Picture the Problem We can use the fact that the electric potential at the point of interest 
is the algebraic sum of the potentials at that point due to the charges q and q’ to find the 
ratio q/q’. 

Express the potential at the point of kg + kg' _ 

interest as the sum of the potentials a/3 2a/3 

due to the two charges: 
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Simplify to obtain: 



= 0 


Solve for the ratio q/q 


q_ 

q' 


2 


33 « 

Picture the Problem For the two charges, r = |x — a\ and |x + a\ respectively and the 

electric potential at x is the algebraic sum of the potentials at that point due to the charges 
at x = +a and x = —a. 

(a) Express V(x ) as the sum of the 
potentials due to the charges at 
x = +a and x = -a: 


kq 


x-a 


+ 


x + a 


(b ) The following graph of V(x) versus x for kq= 1 and a = 1 was plotted using a 
spreadsheet program: 



*34 •• 

Picture the Problem For the two charges, r = |x — a\ and |x| respectively and the electric 

potential at x is the algebraic sum of the potentials at that point due to the charges at x = a 
and x = 0. We can use the graph and the function found in part (a) to identify the points at 
which V(x) = 0. We can find the work needed to bring a third charge +e to the point 
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x = \a on the x axis from the change in the potential energy of this third charge. 

Express the potential at x: V(x) _ | 

|x| \x-a\ 

The following graph of V(x) for ke = 1 and a =1 was plotted using a spreadsheet 
program. 



x (m) 


( b ) From the graph we can see that 
V(x) = 0 when: 


x = 


± oo 


Examining the function, we see that 
V(x) is also zero provided: 

For x > 0, V(x) = 0 when: 

For 0 < x < a, V(x) = 0 when: 

(c) Express the work that must be 
done in terms of the change in 
potential energy of the charge: 

Evaluate the potential at x = \ a : 


3 2 


|x| 
x = 

X = 


\x — a 


3 a 


0.6a 


= 0 


W = AU = qV(ja) 


V (i a )=^4+^\ 

6 ke 4 ke 2 ke 


a 


a 


a 
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Substitute to obtain: 

( 2 ke') 


Ike 2 

W = e 


~ 



K a j 


a 


Computing the Electric Field from the Potential 


35 • 

Picture the Problem We can use the relationship E x = - (dV/dx) to decide the sign of Vj, 
- V a and E = A V/Ax to find E. 


(a) Because E x = - {dV/dx), V is 
greater for larger values of x. So: 


V b - V a is positive. 


(. b ) Express E in terms of Vb - V a and 
the separation of points a and b: 


^ n-K 

Ax Ax 


Substitute numerical values and 
evaluate E x : 


10 5 V 

4 m 


25.0 kV/m 


*36 • 

Picture the Problem Because E x = -dV/dx, we can find the point(s) at which 
E x = 0 by identifying the values for x for which dV/dx = 0. 


Examination of the graph indicates 
that dV/dx = 0 at x ~ 4.5 m. Thus E x = 
0 at: 


x = 


4.5m 


37 • 

Picture the Problem We can use V(x) = kq/x to find the potential V on the x axis at x = 
3.00 m and atx = 3.01 m and E(x) = kq/r 2 to find the electric field at 
x = 3.00 m. In part (d) we can express the off-axis potential using V(x) = kqlr , where 

r = 4x 2 + y 2 ■ 


(a) Express the potential on the x axis 
as a function of x and q: 


V(x) = 


kq 

x 


E(3m) 


(8.99 x 10 9 N • m 2 /C 2 )(3 /jC) 
3 m 


8.99 kV 


Evaluate V at x = 3 m: 
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Evaluate Fat x - 3.01 m: 


r ( 3 01m)- ^ 99xl0 " N,m2/C ^ 3/£ ) 

V ' 3.01m 

= 8.96 kV 


(b) The potential decreases as x 
increases and: 


AV _ 8.96kV-8.99kV 
Ax 3.01m-3.00m 

= 3.00 kV/m 


(c) Express the Coulomb field as a 
function of x: 

Evaluate this expression at 
x = 3.00 m to obtain: 


(d) Express the potential at (x, y ) 
due to a point charge q at the origin: 



C(3m) 


(8.99 xlQ 9 N •m 2 /C 2 )(3 juC) 

(3 m) 2 

3.00 kV/m 


in agreement with our result in ( b ). 


V(x,y) 


kq 

I 2 , 2 

v x +y 


Evaluate this expression at (3.00 m, 0.01 m): 


V(3 .00 m, 0.01m) 


(8.99 xlQ 9 N -m 2 /C 2 )(3 juC) 
7(3.00 m) 2 +(0.01m) 2 


8.99 kV 


For y « x, V is independent of y and the points (x, 0) and (x, y) are at the same potential, 
i.e., on an equipotential surface. 


38 • 

Picture the Problem We can find the potential on the x axis atx = 3.00 m by expressing 
it as the sum of the potentials due to the charges at the origin and at 
x = 6 m. We can also express the Coulomb field on the x axis as the sum of the fields due 
to the charges q i and q 2 located at the origin and at x = 6 m. 


(a) Express the potential on the x 
axis as the sum of the potentials due 
to the charges q i and q 2 located at 
the origin and at 
x = 6 m: 


V(x) = k 


r \ 

< h + <h 
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Substitute numerical values and 
evaluate V(3 m): 


( b ) Express the Coulomb field on the 
x axis as the sum of the fields due to 
the charges q\ and q 2 located at the 
origin and at 
x = 6 m: 

Substitute numerical values and 
evaluate E (3 m): 


V(x) = (8.99xlO 9 N-m 2 /C 2 ) 

/3/C , — 3/zC^j 
^ 3m 3m J 

= ”o” 


T 7 kq x kq 2 

t x =— + ^r 


Q\_ , c h L _ 
2 ' 2 


v/i 


'2 y 


(8.99xl0 9 N-m 2 /C 2 ) 


3/C 

(3 m) 2 


-3 juC^ 
(3 m) 2 y 


5.99kV/m 


(c) Express the potential on the x 
axis as the sum of the potentials due 
to the charges q\ and q 2 located at 
the origin and at 
x = 6 m: 


V{x) = k 


f \ 

Vfi r 2 J 


Substitute numerical values and evaluate 
F(3.01 m): 


F(3.01m)=(8.99xl0 9 N 


3/C 

3.01m 


•m 2 /C 2 ) 

-3/C ^ 
2.99 m y 


-59.9V 


Compute -AV/Ax: _ AC _ —59.9 V — 0 

Ax 3.01 m - 3.00 m 

- 5.99kV/m 

= E x (3.00 m) 


39 • 

Picture the Problem We can use the relationship E y = - ( dVtdy ) to decide the sign of V h 
- V a and E = A V/Ay to find E. 


(a) Because E x = - (dV/dx), V is 
smaller for larger values of y. So: 


V b - V a is negative. 
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(. b ) Express E in terms of V h - V a and 
the separation of points a and b: 


_ v b -v a 

Ay A_y 


Substitute numerical values and 
evaluate E v : 


2x 10 4 V 
4 m 


5.00 kV/m 


40 • 

Picture the Problem Given V(x), we can find E x from -dVIdx. 


(a) Find E x from -ciV/dx: 


(b) Find E x from -dVIdx: 


(c) Find E x from -dV/dx: 


(d) Find E x from -dVIdx: 


E r =-—[2000 + 3000x] 

dx 


-3.00kV/m 


E x =-—[4000 + 3000x] 
dx 


-3.00kV/m 


E x =-—[2000-3000x] 
dx 


3.00kV/m 


E * =--j-[-2° 00 ] = 

dx 


41 •• 

Picture the Problem We can express the potential at a general point on the x axis as the 
sum of the potentials due to the charges atx = 0 and x = 1 m. Setting this expression 
equal to zero will identify the points at which V(x) = 0. We can find the electric field at 
any point on the x axis from E x = -dV/dx. 


(a) Express V(x) as the sum of the 
potentials due to the point charges at x 
= 0 and x = 1 m: 


|x| 

+ - 

x-1 

k 

r 

q 

3 q 

\ 

/ 

Iw 

x-1 


(b) Set V(x) = 0: 





= 0 


or 
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Forx < 0: 


For 0 < x < 1: 


Note also that: 

(c) Evaluate V(x) for 0 < x < 1: 


Apply E x = -dVIdx to find E x in this 
region: 


Evaluate this expression at 
x = 0.25 m to obtain: 


1 3 


x x 


->l 


= o 


-X 


-(x-i) 


= 0=>x = 


-0.500m 


-(x-i) 


= 0=>x = 


0.250 m 


F(x)— »0asx— >±co 


V(0 < x < l) = k 


q_ + 2q 


x x — 1 


EX 0<X<1)=-A 

ax 


q_ + 3q 


x x — 1 


= kq 


1 3 

—r + 


F-D 2 


ZT v (0.2 5 m) = kq 


1 3 

■ + ■ 


(0.25 m) 2 (0.75 m) 2 


(21.3 m 2 )kq 


Evaluate V(x) for x < 0: 


V(x < 0 )=~kq 


fi + 


VX 


3 2 

1 -Xj 


Apply E x = -dV/dx to find E x in this 
region: 


E x (x < 0) = -kq -y- 
dx 


1 3 

—+ - 


= kq 


1 


-T + 

x 


X 1 — X 

3 


(i-AJ 


Evaluate this expression atx = -0.5 m to obtain: 


E.(- 0.5 m) = kq 


(-0.5 m) 2 (l.5m) 2 


-2.67 m )kq 


(d) The following graph of V(x) for kq = 1 and a = 1 was plotted using a spreadsheet 
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program: 



*42 •• 

Picture the Problem Because V(x) and E x are related through E x = - dV/dx, we can find 
V from E by integration. 

Separate variables to obtain: dV = -E x dx = -( 2 .Ox 3 kN/cjr/x 

Integrate V from V\ to V 2 and x from 
1 m to 2 m: 


r 2 A 2 

J dV = -(2.0 kN/C)J x 3 Jx 

V l *1 

= -(2.0kN/C)[jx 4 ] 


2 m 

ll m 


Simplify to obtain: 


v 2 


Vi = 


-7.50kV 


43 •• 

Picture the Problem Let r\ be the distance from (0, a) to (x, 0), r 2 the distance from (0, 
-a), and r 3 the distance from (a, 0) to (x, 0). We can express V(x) as the sum of the 
potentials due to the charges at (0, a), (0, -a), and (a, 0) and then find E x from -dVIdx. 

(a) Express V{x) as the sum of the V(x) ~ + — 2 + 

potentials due to the charges at (0, a), r x r 2 r 3 

(0, -a), and ( a, 0): where q\ = q 2 = q 2 = q 

At x = 0, the fields due to q\ and q 2 cancel, so E r (0) = -kqla 2 \ this is also obtained from 

(b ) ifx = 0. 





















Electric Potential 191 


As x—>oo, i.e., for x » a , the three charges appear as a point charge 3 q, so 
E x = 'ikqlx 1 ', this is also the result one obtains from ( b ) for x » a. 

Substitute for the r, to obtain: 


V(x) = kq 


r 2. 2 

ydx + a 


- + 


- + - 


Vx 2 + a 1 \x-a\ 


kq 


r 2 1 A 
+ 


r 2 , 2 

y-qx + a 


x-a 


(b ) For x> a,x - a> 0 and: 


\x — a \ = x-a 


Use E x = -dVtdx to find E x : 


E x (x>a) = - 


dx 


kq 


V + a 


2 , „2 


■ + ■ 


x-a 


2 kqx kq 


(x 2 +r? 2 ) 3/2 (x-a) 


For x<a,x - a< 0 and: 


x-a 


= -(x-a) = a 


Use A = -dVIdx to find E x : 


E x (x<a ) 


d_ 

dx 


f 

kq 

V 


2 

Vx 2 + a 2 



a-xj 


2 kqx 

kq 

( 2 2 V / 2 

\x + a ) 

(a - x) 2 


Calculations of V for Continuous Charge Distributions 


44 • 

Picture the Problem We can construct Gaussian surfaces just inside and just outside the 
spherical shell and apply Gauss’s law to find the electric field at these locations. We can 
use the expressions for the electric potential inside and outside a spherical shell to find 
the potential at these locations. 


(a) Apply Gauss’s law to a spherical 
Gaussian surface of radius r < 12 cm: 


Apply Gauss’s law to a spherical 
Gaussian surface of radius 


}E-dA= ^ enclosed = 0 

s e o 

because the charge resides on the outer 
surface of the spherical surface. Flence 


E’(4^r 2 ) = — 


E{r < 12 cm) = 
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r > 12 cm: 


and 

£(r>12cm )=—%— 
4 nr e 0 



Substitute numerical values and evaluate E(r > 12 cm): 


E(r > 12 cm) 


(8.99 x IQ 9 N • m 2 /C 2 )(lO~ 8 c) 
(0.12m) 2 


6.24kV/m 


(b) Express and evaluate the potential just inside the spherical shell: 


V(r < R) 


kg _ (8.99xl0 9 N -m 2 /C 2 )(lO~ 8 c) 
R 0.12 m 


749 V 


Express and evaluate the potential just outside the spherical shell: 


V(r > R) 


kg _ (8.99xl0 9 N-m 2 /C 2 )(l0^ 8 c) 
r 0.12 m 


749 V 


(c) The electric potential inside a uniformly charged spherical shell is constant and 
given by: 


V(r <R)=^~ 
V ’ R 


(8.99xlQ 9 N -m 2 /C 2 )(lO~ 8 c) 
0.12m 


749 V 


In part (a) we showed that: 


E(r < 12cm) 



45 • 

Picture the Problem We can use the expression for the potential due to a line 
r 

charge V = —2kA In —, where V= 0 at some distance r = a, to find the potential at these 
a 

distances from the line. 


Express the potential due to a line 
charge as a function of the distance 
from the line: 


V = -2kA In — 
a 


Because V= 0 at r = 2.5 m: 


0 = -2kA\n 


2.5m 


a 
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0 = In 


2.5 m 


and 
2.5 m 
a 


= In -1 0 = 1 


Thus we have a = 2.5 m and: 


V = -2(8.99 x 10 9 N • nr/C 2 )(l .5 /C/m) In 


f \ 

r 

v 2.5m j 


-(2.70 xlO 4 N -m/c)ln[ 


2.5m 


(a) Evaluate F at r = 2.0 m: 


V = -(2.70 x 10 4 N -m/c)ln[ 


2 m 

2.5m 


= 6.02 kV 


( b ) Evaluate F at r = 4.0 m: 


F = -(2.70xl0 4 N-m/c)ln 


4 m 
2.5m 


-12.7kV 


(c) Evaluate Fat r = 12.0 m: 


V = -(2.70 xlO 4 N -m/c)ln[ 


12 m 
2.5m 


= -42.3kV 


46 •• 

Picture the Problem The electric field on the x axis of a disk charge of radius R is given 

f \ 

X 

1- , . We’ll choose F(oo) = 0 and integrate from x' = co to x' = 


by E = 2 7ik<j 


V 




x to obtain Equation 23-21. 


Relate the electric potential on the dV = —E x dx 

axis of a disk charge to the electric 
field of the disk: 


Express the electric field on the x 
axis of a disk charge: 


( 

E x = Ijdicr 1 

v 


x 

X 


Jx 2 +R 2 y 
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Substitute to obtain: 


f 

dV = -2 7ik<j 1 

V 





Let V( oo) = 0 and integrate from x' = 
oo to x' = x: 


1 — 


A 

V = —lickcr [ x ,- 

* v yx'~+R j 

= 2 7ikaLlx 2 +R 2 - x ) 


dx' 



which is Equation 23-21. 


*47 ” 

Picture the Problem Let the charge per 
unit length be 2 = QIL and dy be a line 
element with charge My. We can express 
the potential dV at any point on the x axis 
due to My and integrate of find V(x, 0). 


2 



(a) Express the element of potential 
dV due to the line element dy. 


Integrate dV from v = -L12 to 
y = L! 2: 


dV = — dy 

where r = ^ 
kQ L/ - 


y 


v(x,o) = ~y~ J 

L -LI 2 


dy 




2 , 2 

x +y 


k Q in 

( yjx 2 +L 2 /4 + L/l) 

L 

^x 2 +L 2 /4-L/2) 


(b) Factor x from the numerator and 
denominator within the parentheses to 
obtain: 


V{x,0) = ^-ln 


f 

i 

1 L 2 

1 + ? 

4x 2 

L 

+ — 
2x 


1 Lr 

L 


1+ 0 

— 

lv 

4x 2 

2x J 


Use In — 
b 


= In a - In b to obtain: 


V{xfi) 


kQ 

L 


r f 

In 


l v 


1 + 


4x 2 


L 

+ — 
2x 



1 + 


4x 2 


L 
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l} / I 

Let £ = —^-and use (l + =1 + \ s - \s 2 +... to expand Jl + 


4x 


4x 2 


r L 2^ 

1 +-; 

V 4x ' J 


= 1 + 


1 L 1 


f 1} > 


2 4x 8 


\ 4x J 


+ ...»! forx » L. 


Substitute to obtain: 


F(x,0) 


kQ 

L 


r 

r ta 


r t. w 

In 

+ 

1 

-In 

1 

1 

1 

V 2 XJ 


l 2x J) 


Let 8 = 


— and use 
2x 


ln(l + 8) = 8 


8 2 +... to expand In 


1± 


2x j 


r l^ 

L 

Lr 

r l^ 

1 +— 


-- and In 

1 — 

V 2 x) 

2x 

4x 2 

l 2 x) 


Substitute and simplify to obtain: 


-- forx»L. 

2x 4x 2 


V{xfi) 


kQ 

L 


J L L 2 

( L i} j 

L 

kQ 

[2x 4x 2 

2x 4x 2 j 

r 

X 


48 •• 

Picture the Problem We can find Q by 
integrating the charge on a ring of radius r 
and thickness dr from r = 0 to 
r = R and the potential on the axis of the 
disk by integrating the expression for the 
potential on the axis of a ring of charge 
between the same limits. 



(a) Express the charge dq on a ring 
of radius r and thic kn ess dr. 


dq = 2 jirodr = 2 nr 


= 2 7U7 u Rdr 


R 


V rj 


dr 


R 

Q = 2 7t< 7 0 R^ dr 

0 


2 k(t 0 R 2 


Integrate from r = 0 to r = R to obtain: 







































196 Chapter 23 


( b ) Express the potential on the axis 
of the disk due to a circular element 
of charge dq = Inrcrdr : 


dV = 


kdq 

r' 


27ika 0 Rdr 
x/x 2 + r 2 


Integrate from r = 0 to /• = R to obtain: 


i\ 

V = 2 7di<j Q R^ 


dr 


- r 2. 2 

o x/x + r 


2;zfccr 0 i?ln 


R + yJx 2 +R : 


49 •• 

Picture the Problem We can find Q by 
integrating the charge on a ring of radius r 
and thickness dr from r = 0 to 
r = R and the potential on the axis of the 
disk by integrating the expression for the 
potential on the axis of a ring of charge 
between the same limits. 

(a) Express the charge dq on a ring 
of radius r and thickness dr: 



2 Tier q 

R 2 


rdr 


Integrate from r = 0 to r = R to obtain: 


Q = 271(7 * 


R 1 


rdr = 


y no () R ~ 


(6)Express the potential on the axis of 
the disk due to a circular element of 

. 2 HCT, 

charge dq =- - 

R 


0 3 


r dr: 



27dca 0 r 3 
R 2 x/x 2 +r 2 


dr 


Integrate from r = 0 to r = R to obtain: 


V = 


2 7zk(j. 


0 


R 


r 3 dr 

2 12777 


rv 


f R 2 - 2x 2 


R- 


x/x 2 +R 2 + 


2x 


3 A 
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50 •• 

Picture the Problem Let the charge per 
unit length be X = Q/L and dy be a line 
element with charge My. We can express 
the potential dV at any point on the x axis 
due to My and integrate to find V(x, 0). 

Express the element of potential dV 
due to the line element dy. 


z 



dV = — dy 
r 

where r = yjx 2 + y 2 


Integrate dV from y = -LI 2 to 
y = L! 2: 


V{xfi) 


kQ / > 2 dy 
T J / 2 , 2 

L -i /2 +y 


kQ ^ 

^x 2 +L 2 /4 + L/l] 

L 

Jx 2 +L 2 /4-L/2) 


*51 •• 

Picture the Problem The potential at any 
location on the axis of the disk is the sum 
of the potentials due to the positive and 
negative charge distributions on the disk. 
Knowing that the total charge on the disk is 
zero and the charge densities are equal in 
magnitude will allow us to find the radius 
of the region that is positively charged. We 
can then use the expression derived in the 
text to find the potential due to this charge 
closest to the axis and integrate dV from 
r = R j V2 to r = R to find the potential at x 
due to the negative charge distribution. 



(a) Express the potential at a F(x) = V + (x)+ V_ (x) 

distance x along the axis of the disk 

as the sum of the potentials due to 

the positively and negatively 

charged regions of the disk: 


We know that the charge densities Q r<a = Q r>a 

are equal in magnitude and that the or 
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total charge carried by the disk is 
zero. Express this condition in terms 
of the charge in each of two regions 
of the disk: 

Solve for a to obtain: 


a 0 mi' =<j 0 7tR 2 -a 0 m 2 



Use this result and the general 
expression for the potential on the 
axis of a charged disk to express 
V + (x): 

Express the potential on the axis of 
the disk due to a ring of charge a 
distance r > a from the axis of the 
ring: 


V + (x) = 27dca 0 




Integrate this expression from 
r = R/ V2 to r = R to obtain: 


R 


V_(x) = -2jik<j 0 J 

r/4 2 





(. b ) To determine V for 
x » R, factor x from the square roots 
and expand using the binomial 
expansion: 



and 
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Jx 2 +R 2 


= X 


1 + 


1 + 


R 


2 V /2 



R 2 i? 4 ^ 

2x 2 8x 4 y 


Substitute to obtain: 


V(x) ~ 27zk<J 0 


C 


C 


2x 

V v 


1 + 


R 2 


R 


4 A 


4x 2 32x 4 


-x 


1 + 


R 2 R 


4 A 


2x 2 8x 


-x 


7dca 0 R 4 

8x 3 


52 •• 

Picture the Problem Given the potential function 

V (x) = 2 7ik(7 0 [ 2 ^x 2 + R 2 /2 - Vx 2 + R 2 - xj found in Problem 51 (a), we can find E x 

from -dV/dx. In the second part of the problem, we can find the electric field on the axis 
of the disk by integrating Coulomb’s law for the oppositely charged regions of the disk 
and expressing the sum of the two fields. 

Relate E x to d V/dx: E - - ^ 

dx 


From Problem 51(a) we have: 


V(x) = 2 7ik<J z 


2Jx 2 +^--x/x 2 +R 2 -x 


Evaluate the negative of the derivative of V{x) to obtain: 


E x = -2 7tk<j 0 — 
dx 


2Jx 2 + —— ylx 2 + R 2 -. 



Express the field on the axis of the E x = E x + E x+ 

disk as the sum of the field due to 
the positive charge on the disk and 
the field due to the negative charge 
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on the disk: 


The field due to the positive charge 
(closest to the axis) is: 


To determine E x we integrate the 
field due to a ring charge: 


r 


x 


E xl = 2nkcj {) 1 


V 






= -2 7rk<7 0 




Substitute and simplify to obtain: 


E r = -Ijjka,. 


f ^ 


f 

X 

X X 

+ 2 7tk(j 0 

1 

X 

I 2 R 2 Jx 2 +R 2 

1 2 R 2 

Jx~+ — 



Jx + — 

U 2 ) 


V 

V 2 J 



53 •• 

Picture the Problem We can express the electric potential dV at x due to an elemental 
charge dq on the rod and then integrate over the length of the rod to find V(x). In the 
second part of the problem we use a binomial expansion to show that, for x » LI 2, our 
result reduces to that due to a point charge Q. 

dq = \du 

b *11 <i - T~ 

— L/2 0 u L/2 


r 
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(a) Express the potential at x due to 
the element of charge dq located at 
u: 


Integrate V from u = -Li 2 to LI 2 to 
obtain: 


( b ) Divide the numerator and 
denominator of the argument of the 
logarithm by x to obtain: 


Divide 1 + a by 1 - a to obtain: 


Expand ln(l + L/x) binomially to 
obtain: 


Substitute to express V(x) for 
x » Li 2: 


dV = 


kdq kAdu 


r x-u 
or, because A = QtL, 
kQ du 


dV = 


L x-u 


V(x)= k A L j du 


L yx-u 

k Qu ,-„\\ L ' 2 

- 1/2 


= -^ln {x-u) 


- In 


f L^ 

+ In 

f 


X H- 

l 2 ) 


V 2j\ 


12 ln , 
L 


x + 


L 


L 


x - 



V 

2) 

f L 


r , l ] 

x-t — 


i+— 

2 

= In 

2x 

L 

1- — 

x - 


l 2 ) 


l 2x) 


In 

where a = L/2x. 
^1 + a^ A 


= In 




vl -aj 


In 


vl -aj 


= In 


1 + 2uf + 


2 a 


2 V 


1 -a 


= In 


L 

, L ^ 

1 + —+ x 


2 V 


x 2 _L 


In 


' 1 + -) 
l x) 


x) 


provided x » Li2. 


f 


In 


1 + - 

V xj 


L 

x 


provided x » Lil. 


V(x)=f- = 


kQ 

x 


, the field due to a 
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point charge Q. 


54 •• 

Picture the Problem The diagram is a 
cross-sectional view showing the charges 
on the sphere and the spherical conducting 
shell. A portion of the Gaussian surface 
over which we’ll integrate E in order to 
find V in the region r> b is also shown. For 
a<r<b, the sphere acts like point charge 
Q and the potential of the metal sphere is 
the sum of the potential due to a point 
charge at its center and the potential at its 
surface due to the charge on the inner 
surface of the spherical shell. 



(a) Express V r>b : 



Apply Gauss’s law for r> b: 


| E ■ ndA = ^ enclosed = 0 

Js ' p 

b o 

and E r> b = 0 because ^enclosed = 0 for 
r > b. 


Substitute to obtain: 

(. b ) Express the potential of the metal 
sphere: 

Express the potential at the surface 
of the metal sphere: 


K 


r>b 




v — V + V 

a Q at its center surface 


V. 


surface 


*(-e) 

b 


kQ 

b 


= kQ_kQ 
a b 



\a 


n 

b; 


Substitute and simplify to obtain: 
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55 •• 

Picture the Problem The diagram is a 
cross-sectional view showing the charges 
on the inner and outer conducting shells. A 
portion of the Gaussian surface over which 
we’ll integrate E in order to find V in the 
region a < r < b is also shown. Once 
we’ve determined how E varies with r, we 
can find V h - V a from V b — V a = — J E r dr. 



Express the potential difference 
V b -V a : 

Apply Gauss’s law to cylindrical 
Gaussian surface of radius r and 
length L\ 

Solve for E r : 


V h -V a =-\E r dr 

<£ E ■ hdA = E (imE) = — 

Js 

E r = —-— 

2ke c tL 


Substitute for E r and integrate from r 
= a to b: 


Vu 


V. = 


q r dr 


2n£ n L •* 

U a 

r 

kq 

<N 

1 

[-) 


56 •• 

Picture the Problem Let R be the radius of the sphere and Q its charge. We can express 
the potential at the two locations given and solve the resulting equations simultaneously 
for R and Q. 

Relate the potential of the sphere at 
its surface to its radius: 

Express the potential at a distance of 
20 cm from its surface: 


^ = 450V 

R 


( 1 ) 


kQ 


i? + 0.2m 


= 150 V 


( 2 ) 
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Divide equation (1) by equation (2) kQ 

to obtain: R _ 450 V 

kQ 150V 
i? + 0.2m 

or 

i? + 0.2m 

R 


Solve for R to obtain: 

R = 

0.100 m 


Solve equation (1) for Q: 

Q = 

(450V)f 


Substitute numerical values and evaluate 

o - 

t/150 yl 

(0.1m) 

0: 


1450 

99x 10 9 N- m 2 /C 2 ) 


= 

5.01nC 



57 « 

Picture the Problem Let the charge 
density on the infinite plane at x = a be crj 
and that on the infinite plane at x = 0 be cr 2 . 
Call that region in space for which x < 0, 
region I, the region for which 0 < x < a 
region II, and the region for which a < x 
region III. We can integrate E due to the 
planes of charge to find the electric 
potential in each of these regions. 


z 



(a) Express the potential in region I 
in terms of the electric field in that 
region: 


V l = - J E 1 ■ dx 
o 


E,= 




-l - 


CTo 


-l = — 


CT ? <7 2 

-l - 1 


2 e 0 2 e 0 


<J ; 

- 1 


Express the electric field in region I 
as the sum of the fields due to the 
charge densities <7\ and a 2 . 


o 


















Electric Potential 205 


Substitute and evaluate V\. 


Express the potential in region II in 
terms of the electric field in that 
region: 

Express the electric field in region II 
as the sum of the fields due to the 
charge densities o\ and ax. 


1 / t 

Fj = -j* dx = —x + V( 0) 

^0 J 


cr 

0 


= -x + 0 = 



V a = -f£ n -dx + V(0) 


E„ =- 


£l. 

2 


•| + * 


cr. 


-l = - 


cr j cr 7 
-l H- 1 


2 E n 


= 0 


Substitute and evaluate V u : 


V u = -J (o)dx = 0 + V(o) 

0 



Express the potential in region III in 
terms of the electric field in that 
region: 


Vu 



■dx 


a 


Express the electric field in region 
III as the sum of the fields due to the 
charge densities cr\ and crx. 


Substitute and evaluate V U \. 


E 


l + ■ 


cr. 


l = 


cr 


2 ^0 2c 0 


’ I + ■ 


cr 

2 e n 


cr ; 
= —l 


v ni = -\\- 


cr 

0 J 


dx = 


cr cr 
- x H- a 


—(a -x) 
^0 


(b ) Proceed as in (a) with a\ = -a and 
cr 2 = cr to obtain: 



r* = 



and V, 


111 



^58 


Picture the Problem The potential on the axis of a disk charge of radius R and charge 
density cris given by V = 2 Ttka (x 2 + R 2 ) ; 


-x 
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Express the potential on the axis of the 
disk charge: 


V = Inker 


x 2 + 




Factor x from the radical and use the binomial expansion to obtain: 

( 2 r>2\/ 2 

[x +R ) =x 


r R 2 
1 + — 

v * 


y/ 2 

r r 2 

rn 

f n 

rn 

R 4 1 

= X 

1 + 7 + 

— 

— 

— 

— T ••• 

J 

2x 

V2J 

1 2) 

UJ 

X 


1 + 


R 2 R 4 


2x 2 8x 


Substitute for the radical term to 
obtain: 


V = 2 7tk<j{ x 


i r2 

r 4 ~ 


L 2x 2 

8x 4 

I 


= 2nkcr 


f R 1 


R 


4 A 


2x 8x 3 


( Rl\ 


« 2nk<j 

\2x j 
provided x >> R. 


kQ 

x 


59 •• 

Picture the Problem The diagram shows a 
sphere of radius R containing a charge Q 
uniformly distributed. We can use the 
definition of density to find the charge q' 
inside a sphere of radius r and the potential 
V\ at r due to this part of the charge. We 
can express the potential dVi at r due to the 
charge in a shell of radius r' and thickness 
dr' at r’ > r using dV 2 = kdq'/r and then 

integrate this expression from r' = r to r' = 
R to find Vi¬ 



la) Express the potential V\ at r due to 
q': 


K = 


kq' 


Use the definition of density and the 
fact that the charge density is uniform 
to relate q' to Q\ 


P 


q' 


4 3 

^nr 


Q 

^rrR 2 
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Solve for q'\ 


“'-le Q 


Substitute to express V\. 


y,-- k - 

r 


( r 3 



( b ) Express the potential dV 2 at r due ^y _ kdq' 

to the charge in a shell of radius r' 2 r 

and thickness dr' at 
r' > r. 


Express the charge dq' in a shell of 
radius r' and thickness dr' at 


dq' = 4nr ' 2 pdr'= 4m-’‘ 


3 Q 
4nR 2 


dr' 


r’ > r. 

3 Q ,2 1 , 

= — T r dr 

R 3 


Substitute to obtain: 

II 

sT 

3kQ r'dr' 
R 3 


(c) Integrate dV 2 from r' = r to 

V 2 - 3k @ f r'dr' - 

3kQ (R 2 r 2 ) 

r' = R to find V 2 : 

R 3 J 

r 

2R 3 V ’ 

(d) Express the potential V at r as the 

V = V l +V 2 



sum of V\ and V 2 : kQ 2 3 kQ („ 2 2 \ 

= -=r r +—^17? -r I 
R 3 2 R 3 V ’ 


M 3 _M 

2r( R\ 


60 • 

Picture the Problem We can equate the expression for the electric field due to an infinite 
plane of charge and -AV/Ax and solve the resulting equation for the separation of the 
equipotential surfaces. 

Express the electric field due to the ^ _ & 

infinite plane of charge: 2 <E f] 


Relate the electric field to the 
potential: 


Ax 
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Equate these expressions and solve 
for Ax to obtain: 


Ax = 


2e 0 AV 
a 


Substitute numerical values and 
evaluate |Ax|: 


I , _ 2(8.85 xl0 12 C 2 /N-m 2 )(l00 V) 
3.5pC/m 2 

= 0.506 mm 


61 • 

Picture the Problem The equipotentials are spheres centered at the origin with radii r, = 
kq/Vj. 


Evaluate r for V = 20 V: 


(8.99x10* 

N • m 2 /C 2 ) 

U 

oo 

1 

O 

X 


r - 

A 20V 


20V 



= 

0.499 m 



Evaluate r for V= 40 V: 


(8.99x10* 

N • m 2 /C 2 ) 

(ixl 0 8 c) 


r - 

A 40V 


40V 



= 

0.250 m 



Evaluate r for V= 60 V: 


00 

to 

03 

X 

o 

vO 

N • m 2 /C 2 ) 

X 

I — 1 

o 

1 

oo 


r - 

A 60V 


60 V 



= 

0.166m 



Evaluate r for V= 80 V: 


8.99 x10 s 

N ■ m 2 /C 2 ) 

(9 x 10^ 8 c) 


r _ 

a 80V 


80 V 



= 

0.125 m 



Evaluate r for V= 100 V: 


'00' 

to 

03 

X 

o 

9 N • m 2 /C 2 ( 

X 

i— 1 

O 

1 

00 


hoov - 


0.0999m 


100V 















The equipotential surfaces are 
shown in cross-section to the right: 
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The equipotential surfaces are not equally spaced. 


62 • 

Picture the Problem We can relate the dielectric strength of air (about 3 MV/m) to the 
maximum net charge that can be placed on a spherical conductor using the expression for 
the electric field at its surface. We can find the potential of the sphere when it carries its 
maximum charge using V = kQ max / R . 


(a) Express the dielectric strength of 
a spherical conductor in terms of the 
charge on the sphere: 


E 


breakdown 


*gmax 

R 2 


Solve for Q 

max* 


E R 

r\ _ breakdown 

-2^max , 


Substitute numerical values and 
evaluate <9 max : 


(3MV/m)(0.16m) 2 
8.99x 10 9 N -m 2 /C 2 

8.54 //C 


( b ) Because the charge carried by the y _ + kQ mm 

sphere could be either positive or max R 

negative: _ (8.99 x 10 9 N • m 2 /C 2 )(8.54 /riC) 

0.16 m 

= ± 480 kV 


*63 • 

Picture the Problem We can solve the equation giving the electric field at the surface of 
a conductor for the greatest surface charge density that can exist before dielectric 
breakdown of the air occurs. 


E = 


(7 


Relate the electric field at the surface 
of a conductor to the surface charge 
density: 


o 
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Solve for cr under dielectric cr max =e 0 £ brcaddown 

breakdown of the air conditions: 


Substitute numerical values and 
evaluate cr max : 


cr max = (8.85 x 10 12 C 2 /N • m 2 )(3MV/m) 
= 26.6 /C/m 2 


64 •• 

Picture the Problem Let L and S refer to the larger and smaller spheres, respectively. 
We can use the fact that both spheres are at the same potential to find the electric fields 
near their surfaces. Knowing the electric fields, we can use cr =e 0 E to find the surface 

charge density of each sphere. 


Express the electric fields at the 
surfaces of the two spheres: 


kQ s 

-=r and E, 



Divide the first of these equations by 
the second to obtain: 


kQ s 

jgs _ *s 2 _ Q 5 Rj 

E l ^Ql_ q l rI 


Because the potentials are equal at the 
surfaces of the spheres: 


kQi _ kQ s Q s _ Rs_ 

R l R s Ql R l 


Substitute to obtain: 


_ RsRl _ 

Rl RlR S Rs 


Solve for E s : 


E s =^E l = ^^(200kV/m) 

R s 5 cm 

= 480kV/m 


Use cr =^ 0 E to find the surface charge density of each sphere: 


cj 12 cm =^> ^ncm = ( 8 -85x 1 0^ 12 C 2 /N-m 2 )(200kV/m) = rr77^C/m 2 


and 


cr 5cm =^ 0 E 5cm =(8.85xl0^ 12 C 2 /N-m 2 )(480kV/m) = | 4.25//C/m 2 
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65 •• 

Picture the Problem The diagram is a 
cross-sectional view showing the charges 
on the concentric spherical shells. The 
Gaussian surface over which we’ll 
integrate E in order to find V in the region r 
> b is also shown. We’ll also find E in the 
region for which a<r <b. We can then 
use the relationship V = -J Edr to find V a 

and V b and their difference. 



Express V b : r p , 

V b = -J E r>a dr 

CO 

Apply Gauss’s law for r>b: f jj _ Q e nc iosed _ q 

Js 7 fi 

t () 

and E r > b = 0 because Enclosed = 0 for 
r > b. 


Substitute to obtain: 


v b = 


-J (0 )dr = 0 


oo 


Express V a \ 



Apply Gauss’s law for r > a: 


Substitute to obtain: 


E r> a ( 47rr2 )= — 

^0 

and 


E...,„ = 


q 


An i 




kq kq 
a b 


The potential difference between the 
shells is given by: 


*66 ••• 

Picture the Problem We can find the potential relative to infinity at the center of the 
sphere by integrating the electric field for 0 to oo. We can apply Gauss’s law to find the 


kq 


1 _ 1 

K a by 
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electric field both inside and outside the spherical shell. 


The potential relative to infinity the 
center of the spherical shell is: 

Apply Gauss’s law to a spherical 
surface of radius r <R to obtain: 

Using the fact that the sphere is 
uniformly charged, express gi nS ide in 
terms of Q: 


V = \ E r< R dr + \E r>R dr ( 1 ) 

0 R 

S s E » dA = E ,j4v 2 )= — 

G o 

C?inside _ Q _. / J _ ^ _ r\ 

4^r 3 ~ \nR i ^ ins,dc ~ R 3 ^ 


Substitute for 0 inside to obtain: 
Solve for E r<R \ 


( 4 ^r 2 )= 1 —~^Q 

e 0 « 

=_ L _ Q = k A 

4n e 0 R 3 R 3 


r 


Apply Gauss’s law to a spherical 
surface of radius r > R to obtain: 


J 'EJA^E^w 1 ) 


Q, 


inside 


Q 

e o 


Solve for E r>R to obtain: 


J r>R 


Q _ k Q 

4n e 0 r 2 r 2 


Substitute for E r<R and E r>R in 

r-Mr 

equation (1) and evaluate the 

f? 3 J 

0 

resulting integral: 

_ kQ f r 


dr 


R 


L 2 J0 


+ kQ 


3kQ 
2 R 


67 •• 

Picture the Problem 


(a) The field lines are shown on the figure. 
The charged spheres induce charges of 
opposite sign on the spheres near them so 
that sphere 1 is negatively charged, and 
sphere 2 is positively charged. The total 
charge of the system is zero. 



+Q 


-Q 


Fj = V 2 because the spheres are connected. From the direction of 
the electric field lines it follows that V 3 >V v 
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(c) 


If 3 and 4 are connected, V 3 = V 4 and the conditions of part (b) can 
only be satisfied if all potentials are zero. Consequently the charge 
on each sphere is zero. 


General Problems 


68 • 

Picture the Problem Because the charges at either end of the electric dipole are point 
charges, we can use the expression for the Coulomb potential to find the field at any 
distance from the dipole charges. 


Using the expression for the potential 
due to a system of point charges, 
express the potential at the point 
9.2x1 (T 10 m from each of the two 
charges: 


V = 


kq + | kq 
d d 


Because q+ = -qx. 


q + + q_ = 0 , V = 0 and 


(. b ) is correct. 


69 • 

Picture the Problem The potential V at 
any point on the x axis is the sum of the 
Coulomb potentials due to the two point 
charges. Once we have found V, we can 
use E = -grad V to find the electric field 
at any point on the x axis. 


y 



/ 




-a 


(a) Express the potential due to a system of y _ y kq i 
point charges: , r 


v(x)=V +V 

V / charge at +a charge at -a 


kq kq 

v/x 2 + a 2 ylx 2 + a 2 
2 kq 

dx + a 


Substitute to obtain: 
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( b ) The electric field at any point on 
the x axis is given by: 


E{x) 


-grade = 


d 2 kq 
dx _Vx 2 + a 2 



70 • 

Picture the Problem The radius of the sphere is related to the electric field and the 
potential at its surface. The dielectric strength of air is about 3 MV/m. 

Relate the electric field at the surface 
of a conducting sphere to the potential 
at the surface of the sphere: 



Solve for r 


When E is a maximum, r is a 
minimum: 



Substitute numerical values and 
evaluate r mm : 


10 4 V 
3 MV/m 


3.33 mm 


*71 •• 

Picture the Problem The geometry of the 
wires is shown to the right. The potential at 
the point whose coordinates are (x, y) is the 
sum of the potentials due to the charge 
distributions on the wires. 



(a) Express the potential at the point 

whose coordinates are 

(x,y): 


V(x,y)=K 


+ V ■ 

wire at -a wire at a 


= 2kA In 

= 2kA 

A 
2k < 


f \ 

fief 


V fi J 


+ 2 k(- /l)ln 



f .. > 


f .. A' 

In 

fief 

-In 

^ref 


l fi J 


Ifi JJ 


( \ 


In 


Vfi J 


where V(0) = 0 . 
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Because r x = ^j(x + a) 2 + y 2 and 
r 2 = <J(x-a) 2 + v 2 : 

On the j-axis, x = 0 and: 


( b) Evaluate the potential at 
(j<7,0) = (l.25cm,0): 


Equate V(x,y) and V(^a, 0): 


Solve for y to obtain: 



A spreadsheet program to plot y = ±v 21.25x - x 2 - 25 is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell 

Content/Formula 

Algebraic Form 

A2 

1.25 

i a 

A3 

A2 + 0.05 

x + Ax 

B2 

SQRT(21.25*A2 - A2 A 2 - 25) 

y = V 21.25x-x z -25 

B4 

-SQRT(21.25*A2 - A2 A 2 - 25) 

y = -yl 2\.25 x-x 2 -25 



A 

B 

C 

1 

X 

y pos 

y neg 

2 

1.25 

0.00 

0.00 

3 

1.30 

0.97 

-0.97 

4 

1.35 

1.37 

-1.37 

5 

1.40 

1.67 

-1.67 

6 

1.45 

1.93 

-1.93 

7 

1.50 

2.15 

-2.15 





370 

19.65 

2.54 

-2.54 

371 

19.70 

2.35 

-2.35 

372 

19.75 

2.15 

-2.15 
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373 

19.80 

1.93 

-1.93 

374 

19.85 

1.67 

-1.67 

375 

19.90 

1.37 

-1.37 

376 

19.95 

0.97 

-0.97 


The following graph shows the equipotential curve in the xy plane for 

X , 


V(ja, 0) = 


2 n 


■In 


v-v 



72 •• 

Picture the Problem We can use the expression for the potential at any point in the xy 
plane to show that the equipotential curve is a circle. 


(a) Equipotential surfaces must satisfy 
the condition: 


V = 




f \ 


2 n < 


-In 




Solve for rjjry. 


Substitute for r, and r 2 to obtain: 

Expand this expression, combine like 
terms, and simplify to obtain: 


Complete the square by adding 


2xe„V 


— = e 


= C or r 2 = Ct\ 


where C is a constant. 

(x - af + v 2 = C 2 [(x + a) 2 + v 2 
C 2 +l 


X +2n- 


C -1 


, 2 2 

x + y =-a 


^ c 2 +i ^ 2 


C 2 -1 


to both sides of the equation: 
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x +2 a 


C 2 +1 

c^T 


-x + 


^ c 2 +i ^ 2 


C 2 -l 


+y = 


c 2 +1 

C 2 -l 


2^2 


-fl 2 = 


4g C 

(c 2 -if 


C 2 +1 C 

Let a = 2a — -and /? = 2a 


C z -1 


C 2 -l 


(x + + y 1 , the equation of 


to obtain: 


circle in the xy plane with its center at 


( b ) The three - dimensional surfaces are cylinders parallel to the wires. 


73 •• 

Picture the Problem Expressing the charge dq in a spherical shell of volume 4m’ 2 dr 
within a distance r of the proton and setting the integral of this expression equal to e will 
allow us to solve for the value of p 0 needed for charge neutrality. In part (b), we can use 
the given charge density to express the potential function due to this charge and then 
integrate this function to find V as a function of r. 


Express the charge dq in a spherical 
shell of volume 4 nr 2 dr within a 
distance r of the proton: 

Express the condition for charge 
neutrality: 

Integrate by parts twice to obtain: 


dq = pdV = (y> 0 e 2 '^ a )(4 m-°dr) 
= 47rp 0 r 2 e^ 2,/a dr 

oo 

e = 4?rp 0 j r 2 e 2,/a dr 
o 

A a3 3 

e = 4 7tp a — = np Q a 


Solve for p 0 : 


A = 


e 

7m 3 


74 • 

Picture the Problem Let Q be the sphere’s charge, R its radius, and n the number of 
electrons that have been removed. Then Q = ne , where e is the electronic charge. We can 
use the expression for the Coulomb potential of the sphere to express Q and then 
Q = ne to find n. 

Letting n be the number of electrons Q = ne 

that have been removed, express the 
sphere’s charge Q in terms of the 
electronic charge e: 



Solve for n: 


(1) 
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Relate the potential of the sphere to y _ kQ 

its charge and radius: R 


Solve for the sphere’s charge: 


Q = 


VR 

k 


Substitute in equation (1) to obtain: 


VR 
n = — 
ke 


Substitute numerical values and evaluate n : 


(400 V)(0.05m) 

1.39xl0 10 

(8.99 x 10 9 N • nr/C 2 )(l.6x 10 19 C) 



75 • 

Picture the Problem We can use conservation of energy to relate the change in the 
kinetic energy of the particle to the change in potential energy of the charge-and-particle 
system as the particle moves from x = 1.5 m to x = 1 m. The change in potential energy 
is, in turn, related to the change in electric potential. 


Q 

f n = 

m, q 

0 

1 = 

1 

1.5 


Apply conservation of energy to the A K + AU = 0 

point charge Q and particle system: or, because K\ = 0, 

K f + AU if = 0 


Solve for K\: 


K f = -A U if 


Relate the difference in potential 
between points i and f to the change in 
potential energy of the system as the 
body whose charge is q moves from i 
to f: 


AU,=-qAV,=-q{V ( -V,) 


= -q 


r k(Q kQ' 


V X f X; J 


= -kqQ 


1 1 


v x f Xj j 


K f = ~kqQ 


r ' P 


Substitute to obtain: 


1 
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Solve for Q: 


Q = - 


K f 


kq 


1 1 


v x f 


X- 


Substitute numerical values and evaluate Q: 


Q = 


0.24 J 


(8.99 xlO 9 N-m 2 /C 2 )(4pC) 


1 


1 


lm 1.5 m 


-20.0/42 


*76 •• 

Picture the Problem We can use the definition of power and the expression for the work 
done in moving a charge through a potential difference to find the minimum power 
needed to drive the moving belt. 

Relate the power need to drive the p _ dW 

moving belt to the rate at which the dt 

generator is doing work: 

Express the work done in moving a W = qAV 

charge q through a potential 
difference AV: 

Substitute to obtain: p _ d_\ AV]~ AV — 

~ dt [q J “ dt 


evaluate P: 


Substitute numerical values and 


P = (l.25MV)(200 //C/s) = 


250 W 


77 •• 

Picture the Problem We can use IF fina i it i on = 9 A V t ^ f to find the work required to 
move these charges between the given points. 


(a) Express the required work in 
terms of the charge being moved and 
the potential due to the charge at x = 
+a: 


W^=QAV X 


+2->+a 


= Q[v{a)-V( cc)] 


( kQ )= 

kQ 2 

U a 

2 a 














220 Chapter 23 


(. b ) Express the required work in 
terms of the charge being moved and 
the potentials due to the charges at 
x = +a and* = -a: 


li'o,,-- OAK,. 

=-e[v{ o)-K°°)l 

= ~QV( 0 ) 

r +v 

charge at -a charge at +a 

V a a ) 




(c) Express the required work in 
terms of the charge being moved and 
the potentials due to the charges at 
x = +a and x = -a: 


W 


Q—> 2a 


= -QAV c 


0->2 a 


= ~Q 


V(2a)-V(0)} 


-O V + V 

^ L charge at -a charge at +a 

J kQ | kQ 2kQ' 

V 3a a a y 


2 kQ 2 
3 a 



78 •• 

Picture the Problem Let q represent the charge being moved from x = 50 cm to the 
origin, Q the ring charge, and a the radius of the ring. We can use 
W fm ai position = < 7 A , where V is the expression for the axial field due to a ring 

charge, to find the work required to move q from x = 50 cm to the origin. 

Express the required work in terms of W = q A V 

the charge being moved and the = q\y{())- V(().5 m)] 

potential due to the ring charge at 
x = 50 cm and* = 0: 


The potential on the axis of a 
uniformly charged ring is: 

Evaluate F(0): 


V{x) 


kQ 

a/x 2 +a 2 


v(o) 


kQ 

47 

(8.99xl0 9 N-m 2 /C 2 )(2nC) 

0.1m 


= 180 V 


/ x _ (8.99 xlQ 9 N • m 2 /C 2 )(2nC) 
yj(0.5mf + (0.1m) 2 
= 35.3 V 


Evaluate F(0.5 m): 
















Substitute in the expression for W to 
obtain: 
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W = (lnC)(l80 V-35.3 V) 


1.45x10 7 J 


= 1.45x10 7 Jx 


leV 


1.6x10 19 J 


9.06x10" eV 


79 •• 

Picture the Problem We can find the speed of the proton as it strikes the negatively 
charged sphere from its kinetic energy and, in turn, its kinetic energy from the potential 
difference through which it is accelerated. 


Use the definition of kinetic energy 
to express the speed of the proton 
when it strikes the negatively 
charged sphere: 

Use the work-kinetic energy 
theorem to relate the kinetic energy 
of the proton to the potential 
difference through which it is 
accelerated: 

Express the work done on the proton W = eAV 

in terms of its charge e and the 
potential difference A V between the 
spheres: 

Substitute to obtain: K p = eAV 

Substitute in equation (1) to obtain: 12eAV 

/ 2(l .6 x 10" 9 c)(l00 V) 
V 1.67x10 27 kg 

1.38xl0 5 m/s 


W = AK = K f -K i 

or, because = 0 and K t = K p , 
W = AK = K p 



Substitute numerical values and 
evaluate v: 


v = 
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80 •• 

Picture the Problem Equation 23-20 is V = kQl\Ja 2 + x 2 . 

(a) A spreadsheet solution is shown below for kQ = a = 1. The formulas used to calculate 
the quantities in the columns are as follows: 


Cell 

Content/Formula 

Algebraic Form 

A4 

A3 + 0.1 

x + Ax 

B3 

l/(l+A3 A 2) A (l/2) 

kQ 

xla 2 + x 2 



A 

B 

1 



2 

X 

V(x) 

3 

-5.0 

0.196 

4 

-4.8 

0.204 

5 

-4.6 

0.212 

6 

-4.4 

0.222 

7 

-4.2 

0.232 

8 

-4.0 

0.243 

9 

-3.8 

0.254 




49 

4.2 

0.232 

50 

4.4 

0.222 

51 

4.6 

0.212 

52 

4.8 

0.204 

53 

5.0 

0.196 


The following graph shows V as a function of x: 



x (arbitrary units) 
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(. b ) Examining the graph we see that 
the maximum value of V occurs 
where: 

Because E = -dV/dx, examination of 
the graph tells us that: 



40 = 


81 •• 

Picture the Problem Let R 2 be the radius of the second sphere and Q\ and Q 2 the charges 
on the spheres when they have been connected by the wire. When the spheres are 
connected, the charge initially on the sphere of radius R\ will redistribute until the 
spheres are at the same potential. 


Express the co mm on potential of the 
spheres when they are connected: 


Express the potential of the first 
sphere before it is connected to the 
second sphere: 

Solve equation (1) for Q\. 


Solve equation (2) for Q 2 : 


12 kV = 


kQi 


and 


12 kV = 



20kV = ^±&) 


_ (l2kV)i?, 
k 

(l2kV)^ 
2 k 


( 1 ) 

( 2 ) 

(3) 


Substitute in equation (3) to obtain: 


20kV = 


(l2kV)/?, (l 2 k V )R 2 

k k 


R, 


= 12kV + 12kV 




% 


v 


ox 

8 = 12 


\X\ j 



Solve for R 2 : 
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*82 •• 

Picture the Problem We can use the definition of surface charge density to relate the 
radius R of the sphere to its charge Q and the potential function V(r ) = kQ/r to relate Q 

to the potential at r = 2 m. 


Use its definition, relate the surface 
charge density a to the charge Q on 
the sphere and the radius R of the 
sphere: 

Solve for R to obtain: 


cr = 


Q 

AnR 2 



Relate the potential at r = 2.0 m to the 
charge on the sphere: 


40 = 


to 


Solve for Q to obtain: 


Q 


rV(r) 

k 


Substitute to obtain: 


R 


lrV(r ) _ 14n <= 0 rV(r) 
V 4^:cr V 4^cr 


■y(r) 


<J 


Substitute numerical values and evaluate R: 



83 •• 

Picture the Problem We can use the definition of surface charge density to relate the 
radius R of the sphere to its charge Q and the potential function V(r ) = kQ/r to relate Q 

to the potential at r = 2 m. 

Use its definition, relate the surface Q 

cr= 2" 

charge density cr to the charge ^ on nR 

the disk and the radius R of the disk: 


Q = noR 1 


Solve for Q to obtain: 


(1) 
















Relate the potential at r to the charge 
on the disk: 
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V(r)= 2 7zkcj\ 


x 2 +R 2 



Substitute K(0.6 m) = 80 V: 


Substitute V( 1.5 m) = 40 V: 


80V = 2;z£cr|^(0.6m) 2 + R 2 -0.6m 
40V = 27rka(- s [^5mf^R 2 -1.5m] 


Divide the first of these equations 
by the second to obtain: 


V(0.6m f+R 2 -0.6m 
-J(l.5m) _ + R 2 -1.5m 


Solve for R to obtain: 


R = 0.800 m 


Express the electric field on the axis of 
a disk charge: 


f 

E x = 2 7ik<7 1 

V 


x 


\ 



y 


Solve for crto obtain: 


Evaluate u using R = 0.8 m and 
£(1.5 m) = 23.5 V/m: 


cr = 


2 7ik 


1 - 


v/x 2 +£ 2 


2 E x 


1- 


cr = 


Jx 2 +R 2 

_ 2(8.85 x IQ- 12 C 2 /N-m 2 )(23.5 V/m) 


1 - 


1.5 m 


^/(l .5 m ) 2 + (0.8 m) 
= 3.54nC/m 2 


Substitute in equation (1) and 
evaluate Q: 


Q = ;r(3.54nC/m 2 )(0.8m) 2 
= 7.12nC 


84 •• 

Picture the Problem We can use U=kq l q 2 /R to relate the electrostatic potential energy 
of the particles to their separation. 


v _ k Mi 


Express the electrostatic potential 
energy of the two particles in terms of 
their charge and separation: 


R 
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Solve for R: 


R _ kg fa 

U 


Substitute numerical values and evaluate R: 

_ (8.99xl0 9 N-m 2 /C 2 )(2)(82)(l.6xlQ- 19 c) 2 


R = 


5.30MeV x 


1.6x10 19 C 


eV 


44.6 fm 


85 •• 

Picture the Problem We can use AV = EAl and the expression for the electric field due 
to a plane of charge to find the potential difference between the two planes. The 
conducting slab introduced between the planes in part ( b ) will have a negative charge 
induced on its surface closest to the plane with the positive charge density and a positive 
charge induced on its other surface. We can proceed as in part (a) to find the potential 
difference between the planes with the conducting slab in place. 


(a) Express the potential difference AV = EAl = Ed 

between the two planes: 


The electric field due to each plane 
is: 


E = 


cr 


2 e 


o 


Because the charge densities are of 
opposite sign, the fields are additive 
and the resultant electric field 
between the planes is: 

Substitute to obtain: 


(b) The diagram shows the 
conducting slab between the two 
planes and the electric field lines in 
the region between the original two 
planes. 


^ ^plane 1 ^plane 2 

cr cr _ cr 
2 ^0 2 ^0 ^0 



(T 


+ 


AV, 


+ 


+ 


+ 


+ 


€i 



A Vi 


e 2 


d 
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Express the new potential difference 
AV between the planes in terms of the 
potential differences AVi, AV 2 and 
AE 3 : 

Express the electric fields in regions 1, 
2 and 3: 


AV'=AV 1 +AV 2 + AV 3 
= E x £ j + E 2 a + E 3 £ 2 


E l = E 3 =— and E 2 = 0 


Substitute to obtain: 


Express £ x + 1 2 in terms of a and d\ 
Substitute to obtain: 


AV'=—£ X + —l 2 

^0 

£ i + £ 2 = d — u 


AV = 


— ( d-a) 


86 ••• 

Picture the Problem We need to consider three regions, as in Example 23-5. Region I, x 
> a; region II, 0 < x < a; and region III, x < 0. We can find V in each of these regions and 
then find E from E = — dV /d£. 

(a) Relate £i to V\. ^ _ dV\ 

1 dx 


In region I we have: 


v _ k( h ! k( h 
Ixl \x-a\ 


Substitute and evaluate E\. 


Because x > 0: 

Forx > a: 


E =-± 
1 dx 


kq L + _kq 2 _ 


x \x-a\ 


x = x 


\x — a \ = x — a 


kq L + _kq 2 _ 
x x-a 


k di k <h 
x 2 (x - af 



Substitute to obtain: 
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Proceed as above for regions II and III 
to obtain: 


E n = 


and 


F - 
-^iii — 


kq ] kq 2 


(.x — a ) 2 


kq x kq 2 
x 2 (x - a) 


(b) The distance between q\ and a 
point on y axis is y and the distance 
between a point on the y axis and q 2 

is yjy 2 + a 2 . Using these distances, 

express the potential at a point on 
the y axis: 

(c) To obtain the y component of 
E at a point on the y axis we take 
the derivative of V(y). For v > 0: 


Hy) 


k(h 

y 


kq 2 

I 2 , 2 

Vt +a 


d kq x 

dy y 


kq 2 

I 2 , 2 

VT +a 


hh i kq 2 y 

v 2 ( 2 , 2 V/2 

y [y +a ) 


For v < 0: 

E t =-± 

1 

1 

1 

+ 

to 

_1 


dy 

•f Vt 2 +« 2 





kq t kq 2 y 

/ (f+aT 


These are the components of the fields due to q ] and q 2 that one obtains 
using Coulomb’s law. 


*87 ••• 

Picture the Problem We can consider the relationship between the potential and the 
electric field to show that this arrangement is equivalent to replacing the plane by a point 
charge of magnitude -q located a distance d beneath the plane. In (/;) we can first find the 
field at the plane surface and then use <7 =€ 0 E to find the surface charge density. In (c) 
the work needed to move the charge to a point 2d away from the plane is the product of 
the potential difference between the points at distances 2d and 3 d from -q multiplied by 
the separation Ax of these points. 
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The potential anywhere on the plane is 0 in either arrangement and the 
electric field is perpendicular to the plane in both arrangements, so they 
must give the same potential everywhere in the xy plane. Also, because 
the net charge is zero, the potential at infinity is zero. 


( b ) The surface charge density is 
given by: 


a=e 0 E 


( 1 ) 


At any point on the plane, the 
electric field points in the negative x 
direction and has magnitude: 


E = 


kq 


d 2 + r 2 


cos# 


where 9 is the angle between the horizontal 
and a vector pointing from the positive 
charge to the point of interest on the xz 
plane and r is the distance along the plane 
from the origin (i.e., directly to the left of 
the charge). 


Because cos# = 


d 


4d 2 +r 2 


E = 


kq 


d 


d~ + r~ y/d 2 + r 2 
kqd 







qd 



4^e 0 ( d 2 +r 2 ) 3 

Substitute fori? in equation (1) to 

cr = 

qd 

obtain: 

4 x(d 2 +r 2 f /2 


88 «• 

Picture the Problem We can express the potential due to the ring charges as the sum of 
the potentials due to each of the ring charges. To show that V(x) is a minimum at x = 0, 
we must show that the first derivative of V(x) = 0 at x = 0 and that the second derivative 
is positive. In part (c) we can use a Taylor expansion to show that, for x « L, the 
potential is of the form V(x) = V(0) + ax 2 . In part (d) we can obtain the potential energy 
function from the potential function and, noting that it is quadratic in x, find the "spring" 
constant and the angular frequency of oscillation of the particle provided its displacement 
from its equilibrium position is small. 

(a) Express the potential due to the V(x) = E ringtotheleft + E ringtotheright 

ring charges as the sum of the 
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potentials due to each of their 
charges: 

The potential for a ring of charge is: 


For the ring to the left we have: 


For the ring to the right we have: 




kQ 



where R is the radius of the ring and Q is 
the charge of the ring. 


V 


ring to the left 


kQ 

V(x + l) 2 +L 2 


V 


ring to the right 


kQ 

V(x-Z) 2 +Z 2 


Substitute to obtain: 


r(*) 


kQ 

kQ 

V(x + Z) 2 +Z 2 A 

/{x-Lf+L 2 


(. b ) Evaluate dV/cbc to obtain: 


dV 

dx 


= kQ 


\ L-x 


L + x 

' 

V 

|[(Z-x) 2 +Z 2 

3/2 

(L + xf+L\ 

3/2 


= 0 for extrema 


Solve for x to obtain: 
Evaluate d 2 Vldx 2 to obtain: 


d2y - kol 

3 (Z-x) 2 


1 

_ |_ 

3(Z + x) 2 


dx 2 

(Z - x) 2 + Z 2 _ 

5/2 

(Z-x) 2 +Z 2 _ 

3/2 

(Z + x) 2 +Z 2 _ 

5/2 


1 

(Z - x) 2 + L 2 


d 2 V( 0) _ kQ 
dx 2 2V2Z 3 


Evaluate this expression for 
x = 0 to obtain: 


Hence V(x) is a maximum at x = 0. 
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(c) The Taylor expansion of V(x) is: 


For x«L: 

Substitute our results from part ( b ) 
to obtain: 


(i d) Express the angular frequency of 
oscillation of a simple harmonic 
oscillator: 

From our result for part (c) and the 
definition of electric potential: 


Substitute for k' in the expression 
for ay. 


V(x ) = V(0) + V (0)x + }V" (0)x 2 
+ higher order terms 

V{x) « E(0) + V (o)x + jV" (o)x 2 

kQ 


v( x ) = ^Q + (o) x+i 


L 


or 


where 

r(o)= 


- — + 

L 

4V2L 3 

V(0 )+ ax 2 





y[2kQ 

L 

and a 


2yf2L 3 


kQ 


4V2E 3 


k' 

co = J— 

V m 

where k' is the restoring constant. 

f kqQ ' 


U(x) = qV{ 0) + - 


2V2 L 3 


x 


where k' = 


= qV(0)+\k 
kqQ 
lyflL 2 


’x 2 


CO = 


kqQ 


ImyflL 3 


89 — 

Picture the Problem The diagram shows 
part of the shells in a cross-sectional view 
under the conditions of part (a) of the 
problem. We can use Gauss’s law to find 
the electric field in the regions defined by 
the three surfaces and then find the electric 
potentials from the electric fields. In part 
(b ) we can use the redistributed charges to 
find the charge on and potentials of the 
three surfaces. 
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(a) Apply Gauss’s law to a spherical 
Gaussian surface of radius r > c to 
obtain: 

Because E r (c) = 0: 

Apply Gauss’s law to a spherical 
Gaussian surface of radius b < r < c 
to obtain: 


Use E r {b <r < c) to find the 
potential difference between c and b\ 


Because V(c) = 0: 


The inner shell carries no charge, so 
the field between r = a and 
r = b is zero and: 

(b) When the inner and outer shells 
are connected their potentials become 
equal as a consequence of the 
redistribution of charge. 


The charges on surfaces a and c are 
related according to: 


E r (47tr 2 )= ^ enclosed =0 

and E r = 0 because the net charge enclosed 
by the Gaussian surface is zero. 
v(c) = [cT 

E r (4nr 2 )=^~ 

and 

E,(b<r<c)= k % 

r 

V(b)-V(c) = -kQ\E 

J y 



Qa+Qc=~Q (1) 




Qb does not change with the 
connection of the inner and outer 
shells: 

Express the potentials of shells a 
and c : 

In the region between the r = a and 
r = b, the field is kQJr 2 and the 
potential at r = b is then: 

The enclosed charge for b < r < c is 
Q a + Q , and by Gauss’s law the field 
in this region is: 

Express the potential difference 
between b and c: 


Solve for V(b) to obtain: 


Equate equations (2) and (3) and 
solve for Q a to obtain: 

Substitute equation (4) in equation (1) 
and solve for Q c to obtain: 

Substitute (4) and (5) in (3) to obtain: 
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Q b =[0i 

V(a)= F(c) = [(T 

'T-Mafi--] <2) 

yb a) 

F *(&+£) 

^b<r<c 2 

r 

V(c)-V{b) = k(g„+Q){-- l T 

\C b) 

= -y(b) 

because V(c ) = 0. 

v{b)=k(Q.+Q){{--\ (3) 

yb c) 
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*90 ••• 

Picture the Problem The diagram shows a 
cross-sectional view of a portion of the 
concentric spherical shells. Let the charge 
on the inner shell be q. The dashed line 
represents a spherical Gaussian surface 
over which we can integrate E ■ hdA in 
order to find E r for r> b. We can find V(b) 
from the integral of E r between r = oo and 
r = b. We can obtain a second expression 
for V(b ) by considering the potential 
difference between a and b and solving the 
two equations simultaneously for the 
charge q on the inner shell. 

Apply Gauss’s law to a spherical surface of 
radius r > b: 

Solve for E r to obtain: 



_ k(Q + q) 

^r 2 

r 


Use E r to find V(b): , , ,r dr 

V\b) = ~k\Q + q)\ — 

J y 

oo 

= k(Q + q) 
b 


We can also determine V(b) by 
considering the potential difference 
between a, i.e., 0 and b: 


r(b) 


kq 


a j 


Equate these expressions for V(b) to 
obtain: 


k{Q + g) 

b 


r 

= ka 

V 


b 


a y 


Solve for q to obtain: 


q = 



91 ••• 

Picture the Problem We can use the hint to derive an expression for the electrostatic 
potential energy dU required to bring in a layer of charge of thic kn ess dr and then 
integrate this expression from r = 0 to R to obtain an expression for the required work. 
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If we build up the sphere in layers, 
then at a given radius r the net 
charge on the sphere will be given 
by: 

When the radius of the sphere is r, 
the potential relative to infinity is: 

Express the work dW required to 
bring in charge dQ from infinity to 
the surface of a uniformly charged 
sphere of radius r : 


Integrate dW from 0 to R to obtain: 


Q,r) = Q 


( V 

r 

\R) 


n>-)= 


efc) q r 

An e 0 r An e 0 R 3 


dW = dU = V(r)dQ 


Q 


An e 0 R 


30 


Am• 1 — r dr 


AnR 


3 Q 2 


An e 0 R k 


-rdr 


W = U = 


3 Q 2 


An e 0 R 0 


i\ 

J r 4 dr 


3 Q 2 

5 

r 

K 

3 Q 2 

An e 0 R 6 

5 

0 

20n e 0 R 


92 •• 

Picture the Problem We can equate the rest energy of an electron and the result of 
Problem 91 in order to obtain an expression that we can solve for the classical electron 
radius. 


From Problem 91 we have: 


The rest mass of the electron is 
given by: 

Equate these energies to obtain: 


Solve for R: 


U = 


3e 2 

20n e 0 R 


E 0 = m 0 c 2 


3e 2 

20 n e 0 R 


= m 0 c 


2 


R = 


3e 2 


20n e 0 m Q c~ 


Substitute numerical values and evaluate R : 

R _ 3 ( 1 . 6 x 10 19 c ) 2 

~ 20tt(8.85 x 10 12 C 2 /N • m 2 )(5.11 x 10 5 eV)(l.6 x 10 19 J/eV) 


1.69x10 15 m 
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This model does not explain how the electron holds together against its own 
mutual repulsion. 


93 « 

Picture the Problem Because the post-fission volumes of the fission products are equal, 
we can express the post-fission radii in terms of the radius of the pre-fission sphere. 


(a) Relate the initial volume V of the V = 2V' 

uniformly charged sphere to the 
volumes V of the fission products: 

Substitute for V and V: 4/r/C = 2(j/r/?' 3 ) 


Solve for and evaluate R 


R'=-\=R = 

V2 


0.7947? 


(b ) Express the difference A E in the 
total electrostatic energy as a result 
of fissioning: 

From Problem 91 we have: 


A E = E-E 


E = 


3 Q 2 

20n e 0 R 


After fissioning: 


E'= 2 


3 Q 


v 20;r e 0 R' 


= 2 


3 ( t 8 ) j 


20 ^ 


V2 


R 


V2 ( 3 Qr ' 

2 k 20k g 0 R y 


0.63 0E 


Substitute for E and E' to obtain: 


EE = E-0.62>0E = 


0.370C 


*94 *** 

Picture the Problem We can use the definition of density to express the radius R of a 
nucleus as a function of its atomic mass N. We can then use the result derived in 
Problem 91 to express the electrostatic energies of the 235 U nucleus and the nuclei of the 
fission fragments 140 Xe and 94 Sr. 

The energy released by this fission A E = U 2 , Hj - (t/ 14 „ Xe + ) (1) 

process is: 

Express the mass of a nucleus in _/y m = 1 p K R^ 

terms of its density and volume: , ,,. . . . 

where N is the nuclear number. 
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Solve for R to obtain: 


Substitute numerical values and 
evaluate R as a function of N: 


The 'radius' of the 235 U nucleus is 
therefore: 



^ j 3(i;660xl0-"kg T , /3 

y 4^r(4 x 10 17 kg/m 3 ) 

= (9.97 x 1CT 16 m)v 1/3 

=(9.97x10 16 m)(235) 1/3 

= 6.15x10 15 m 


From Problem 91 we have: 


U = 


3 Q 1 

20 n e 0 R 


Substitute numerical values and evaluate the electrostatic energy of the 235 U 
nucleus: 


= 1.91x10 10 Jx 


3(92 x 1.6x 10~ 19 c) 
/N- 
leV 


Un5v 20^(8.85 x 10 12 C 2 / N • m 2 )(6.15 x 10 15 m) 


1.6x10 iy J/eV 


= 1189MeV 


Proceed as above to find the electrostatic energy of the fission fragments 140 Xe and 94 Sr: 


3(54 x 1.6 xl0~ 19 c) 2 _ 

14 ° Xe ~ 20;r(8.85 x 10 12 C 2 / N • m 2 )(6.15 x 10 15 m) 

1 eV 

= 6.57x10 11 Jx---= 410MeV 

1.6x1 O’ 19 J/eV 

3(38x1.6x10 19 c ) 2 

94sr “ 20 tt( 8.85 x 10~ 12 C 2 /N • m 2 )(6.15xl0 15 m) 

1 P v 

= 3.25 x 10“" J x-V--= 203MeV 

1.602xl0” 19 J/eV 


Substitute for C/, 35ti , U , 4 „ „ , and 

U Xe 

Ug 4 Sr in equation (1) and evaluate 
A E: 

95 ••• 


AE = 1189 MeV - (410 MeV + 203 MeV) 
= 576 MeV 


Picture the Problem The geometry of the point charge and the sphere is shown below. 
The charge is a distance R away from the center of a spherical shell of radius a. 
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Apply the law of cosines to the 
triangle to obtain: 

Substitute for r and simplify to 
obtain: 

Change variables by letting 
u = cos 9. Then: 


To simplify the integrand, let: 
Then dv = -[Mu and: 



Substitute for a and /3 to obtain: 
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-i 


i 


du 


i {r 1 +a 2 -2aRu f 2 


1 

ciR 

1 

ciR 


y[~R + <7 + 2aR — y[R + <7 — 2 ciR 
yj(R + a) —yJ(R —a) 


-±-[ {R + a)-( R -a)}=- 1 


Substitute in equation (1) to obtain: _ n 

V = 1 

r 2^ 

_ 

q 

8 n e 0 

v Rj 


4n e 0 R 


Note that this result is the potential at the center of the sphere due to the 
point charge. 


The superposition principle tells us that the potential at any point is the 
sum of the potentials due to any charge distributions in space. Because 
this result is independent of any properties of the sphere, this result 
must hold for any sphere and any configuration of charges outside of it. 
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Chapter 24 

Electrostatic Energy and Capacitance 

Conceptual Problems 


*1 • 

Determine the Concept The capacitance of a parallel-plate capacitor is a function of the 
surface area of its plates, the separation of these plates, and the electrical properties of the 
matter between them. The capacitance is, therefore, independent of the voltage across the 
capacitor, (c) is correct. 


Determine the Concept The capacitance of a parallel-plate capacitor is a function of the 
surface area of its plates, the separation of these plates, and the electrical properties of the 
matter between them. The capacitance is, therefore, independent of the charge of the 
capacitor, (c) is correct. 


Determine the Concept True. The energy density of an electrostatic field is given by 


»e = T ^0 E ~ 


4 

Picture the Problem The energy stored in the electric field of a parallel-plate capacitor is 
related to the potential difference across the capacitor by U = \QV. 

Relate the potential energy stored in U = \ QV 

the electric field of the capacitor to the 
potential difference across the 
capacitor: 


With Q constant, XJ is directly proportional to V. Hence, doubling V doubles U. 


*5 •• 

Picture the Problem The energy stored in a capacitor is given by U = \QV and the 
capacitance of a parallel-plate capacitor by C = e 0 A/d .We can combine these 

relationships, using the definition of capacitance and the condition that the potential 
difference across the capacitor is constant, to express U as a function of d. 

Express the energy stored in the U = \ QV 

capacitor: 


241 
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Use the definition of capacitance to 
express the charge of the capacitor: 

Q = cv 

Substitute to obtain: 

u = \cv 2 

Express the capacitance of a 
parallel-plate capacitor in terms of 
the separation d of its plates: 

d 

where A is the area of one plate. 

Substitute to obtain: 

u _^oAV 2 

2d 

Because U oc —, doubling the 
d 

separation of the plates will reduce 
the energy stored in the capacitor to 

1/2 its previous value: 

(d) is correct. 


6 •• 

Picture the Problem Let V represent the initial potential difference between the plates, U 
the energy stored in the capacitor initially, d the initial separation of the plates, and V, U 
', and d ' these physical quantities when the plate separation has been doubled. We can 
use U = \QV to relate the energy stored in the capacitor to the potential difference 

across it and V= Ed to relate the potential difference to the separation of the plates. 


Express the energy stored in the 
capacitor before the doubling of the 
separation of the plates: 

U = \QV 

Express the energy stored in the 
capacitor after the doubling of the 
separation of the plates: 

U' = \QV' 

because the charge on the plates does not 
change. 

Express the ratio of U to U: 

U' _ V' 

U ~ V 

Express the potential differences 
across the capacitor plates before 
and after the plate separation in 

terms of the electric field E between 
the plates: 

V = Ed 

and 

V = Ed' 

because E depends solely on the charge on 
the plates and, as observed above, the 
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Substitute to obtain: 


charge does not change during the 
separation process. 

U' _ Ed' _ d' 

U~ Ed ~ d 


For d' = 2d: 


IT 

U 


2d_ 
d 


= 2 and 


( b ) is correct 


7 

Determine the Concept Both statements are true. The total charge stored by two 
capacitors in parallel is the sum of the charges on the capacitors and the equivalent 
capacitance is the sum of the individual capacitances. Two capacitors in series have the 
same charge and their equivalent capacitance is found by taking the reciprocal of the sum 
of the reciprocals of the individual capacitances. 


8 

(a) False. Capacitors connected in series carry the same charge. 

(b) False. The voltage across the capacitor whose capacitance is C 0 is Q/Co and that 
across the second capacitor is QI2C„. 

(c) False. The energy stored by the capacitor whose capacitance is Co is Q 2 /2C 0 and the 
energy stored by the second capacitor is (9 2 /4C 0 . 


id) 


True 


9 

Determine the Concept True. The capacitance of a parallel-plate capacitor filled with a 

^ 

dielectric of constant /ris given by C =--— or C oc k . 

d 


*10 •• 

Picture the Problem We can treat the configuration in (a) as two capacitors in parallel 
and the configuration in ( b ) as two capacitors in series. Finding the equivalent 
capacitance of each configuration and examining their ratio will allow us to decide 
whether ( a) or ( b ) has the greater capacitance. In both cases, we’ll let C\ be the 
capacitance of the dielectric-filled capacitor and C 2 be the capacitance of the air 
capacitor. 


Ca - C x + C 2 


In configuration (a) we have: 
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Express Ci and C 2 '. 


Substitute for C\ and C 2 and 
simplify to obtain: 


In configuration ( b ) we have: 


c = k e 0 A, _ke 0 }A _ke 0 A 


d l 


d 


2d 


and 

C _ £ 0 A 2 _ £ 0 ~^A _ e 0 A 


d, 


d 


2d 


C„ = 


A 


2d 




A 


o_iy _ ^0 


A 


2d 2d 


(** + !) 


_L = _L + _L^ C - c A 

c b c, c 2 4 c, + c 2 


Express Ci and C 2 : 


Substitute for Ci and C 2 and 
simplify to obtain: 


Q = 


e 0 A _ e 0 A _ 2 e 0 A 


d, 


r d 


d 


and 

C = K& 0 A 2 


k e 0 A _ 2k e 0 A 


d. 


\d 


d 


2e 0 A 


2k e 0 A 


C b = 


l d J 

l d J 

2 e 0 A 2k e 0 A 

d 

(2e,A-\ 

d 

r 2 k Eg A^ 

yd) 

V d j 


2EoA (k + 1) 


d 


2e 0 A 


d 


^ K ^ 

K + 1 


Divide Cj by C„: 


Because 


\k 


/ * \2 


<1 for /r > 1: 


2e o A f K } 

C h _ d y at + 1J _ 4k 

C « ^(r+l) ( r + 1 ) 2 
2d 


C, > C 
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11 • 

(a) False. The capacitance of a parallel-plate capacitor is defined to be the ratio of the 
charge on the capacitor to the potential difference across it. 

( b ) False. The capacitance of a parallel-plate capacitor depends on the area of its plates A, 
their separation d, and the dielectric constant k of the material between the plates 
according to C = k e 0 A/d. 


(c) False. As in part ( b ), the capacitance of a parallel-plate capacitor depends on the area 
of its plates A, their separation d, and the dielectric constant k of the material between the 
plates according to C = k e 0 A/d. 


12 •• 

Picture the Problem We can use the expression U = \CV 2 to express the ratio of the 
energy stored in the single capacitor and in the identical-capacitors-in-series combination. 


Express the energy stored in 
capacitors when they are connected 
to the 100-V battery: 

Express the equivalent capacitance 
of the two identical capacitors 
connected in series: 


u = ±c sq v 2 


c 2 

c = — 

eq 2C 


1 

2 


c 


Substitute to obtain: 

Express the energy stored in one 
capacitor when it is connected to the 
100-V battery: 

Express the ratio of U to Uq\ 


u = \{\c)v 2 =\cv 2 

U 0 =±CV 2 


U _ \CV 2 _ 1 
U 0 ~\CV 2 ~ 2 


or 


U = \U 0 and 


(i d ) is correct 


Estimation and Approximation 

13 •• 

Picture the Problem The outer diameter of a "typical" coaxial cable is about 
5 mm, while the inner diameter is about 1 mm. From Table 24-1 we see that a reasonable 
range of values for at is 3-5. We can use the expression for the capacitance of a 
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cylindrical capacitor to estimate the capacitance per unit length of a coaxial cable. 


The capacitance of a cylindrical 
dielectric-filled capacitor is given 
by: 


Divide both sides by L to obtain an 
expression for the capacitance per 
unit length of the cable: 


C = 


2 kk e 0 L 
( R. A 


In 


where L is the length of the capacitor, R\ is 
the radius of the inner conductor, and /T is 
the radius of the second (outer) conductor. 


C _ 2 7TK e 0 _ K 


L 

f R , ^ 


f R , ^ 

In 

2 

2Hn 

2 


If tc=3: 


C_ 

L 


2(8.99 x 10 9 N • m 2 / C 2 )ln| 


2.5 mm 
0.5 mm 


0.104nF/m 


If k= 5: 


C 

L 


5 


2(8.99 xl0 9 N-m 2 



2.5mm^ 
0.5 mm y 


0.173nF/m 


A reasonable range of values for CIL, 
corresponding to 3 < k< 5, is: 


0.104nF/m< — < 0.173nF/m 

L 


*14 •• 

Picture the Problem The energy stored in a capacitor is given by U = \CV 2 . 

Relate the energy stored in a U = \CV 2 

capacitor to its capacitance and the 
potential difference across it: 

Solve for C: q _ 2 U 

~ V 2 

The potential difference across the 
spark gap is related to the width of 
the gap d and the electric field E in 
the gap: 


V = Ed 
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Substitute for V in the expression for ^ _ 2 U 

C to obtain: E 2 d~ 


Substitute numerical values and 
evaluate C: 


2(100 j) 

(3 x 10 6 V/mJ 2 (O.OOl m) 2 
22.2//F 


15 •• 

Picture the Problem Because A R « R t , we can treat the atmosphere as a flat slab with 
an area equal to the surface area of the earth. Then the energy stored in the atmosphere 
can be estimated from U= uV, where u is the energy density of the atmosphere and V is 
its volume. 


Express the electric energy stored in 
the atmosphere in terms of its energy 
density and volume: 

Because AR«R E = 6370 km, we 
can consider the volume: 

Express the energy density of the 
Earth’s atmosphere in terms of the 
average magnitude of its electric 
field: 

Substitute for V and u to obtain: 


Substitute numerical values and 
evaluate U: 


U = uV 


^ ^surface area of the earth 

= 4ttR 2 AR 


_ I 




LT (6370 km) 2 (200 V/m) 2 (l km) 
2(8.99 xl0 9 N-m 2 /C 2 ) 

= 9.03xl0 10 J 


16 •• 

Picture the Problem We’ll approximate the balloon by a sphere of radius R = 3 m and 
use the expression for the capacitance of an isolated spherical conductor. 

Relate the capacitance of an isolated q _ ^ ^ ^ _ R 

spherical conductor to its radius: ° k 
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Substitute numerical values and 
evaluate C: 


C = 


3 m 

8.99 x 10 9 N -m 2 /C 2 


0.334nF 


Electrostatic Potential Energy 


17 • 

The electrostatic potential energy of this 
system of three point charges is the work 
needed to bring the charges from an 
infinite separation to the final positions 
shown in the diagram. 


ft 

0 


ft 

3 


ft 

-Q- x, m 
6 


Express the work required to 
assemble this system of charges: 


L r frftft ! kc l\ ( ls ! kc h c h 


1,2 


1,3 


'2,3 


= k 




V r U 


'1,3 


2,3 J 


Find the distances r^ 2 , >'\ 3 , and r 2 y. 


r 12 = 3m,r 23 = 3m,andr 13 =6m 


(a) Evaluate (7 for q x = q 2 = q 2 = 2 /jC: 


U = (8.99x 10’’ N -m 2 /C 2 ) 


(2 fC)(2 fC) + (2/jC)(2/jC) (2 pC)(2 M c) 


3m 


6m 


3m 


= 30.0mJ 


(b) Evaluate U for q\ = q 2 = 2 /jC and q 2 = -2 /jC: 


(/ = (8.99xlO’N-m 2 /C 2 ) 


(2/C)(2 fC) + (2/CX-2/C) (2//C)(-2/C) 


3m 


6 m 


3m 


= - 5.99mJ 


(c) Evaluate U for q\ = q 2 = 2 /jC and q 2 = -2 /jC : 


U = ( 8.99xl0 9 N-m 2 /C 2 ) 


(2//C)(-2//C) (2/C)(2//C) | (-2//C)(2//C) 


3m 


6m 


3m 


- 18.0mJ 
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18 • 

Picture the Problem The electrostatic 
potential energy of this system of three 
point charges is the work needed to bring 
the charges from an infinite separation to 
the final positions shown in the diagram. 



Express the work required to assemble 
this system of charges: 


L r kc h c h ! [ kq 2 q 3 


1,2 '1,3 


2,3 


= k 


Mt + Mi + Mi 


V fi,2 fi,3 >2,3 J 


Find the distances /y 2 , /'i, 3 > and r 2 , 3 : 


fi, 2 =/ 2,3 =fi,3 =2.5m 


(a) Evaluate U for q\ = q 2 = q 2 = 4.2 /jC: 


U = (8.99xl0 9 N-m 2 /C 2 ) 


(4.2//C)(4.2//C) | (4.2//C)(4.2//C) 


2.5 m 

(4.2 //C)(4.2 //C) 
2.5m 


2.5m 


= 0.190 J 


(b) Evaluate U for q\ = q 2 = 4.2 //C and q 2 = -4.2 /jC: 


U = (8.988 xl0 9 N-m 2 /C 2 ) 


(4.2//C)(4.2//C) | (4.2//C)(- 4.2 /uC) 


2.5 m 

(4.2//C)(-4.2//C) 

2.5m 


2.5m 


= -63.4mJ 


(c) Evaluate (7 for q\ = q 2 = -4.2 /jC and q 2 = +4.2 /XI 1 : 
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2.5m 2.5m 


(~4.2MC)(4.2fC) 


2.5m 


- 63.4 mJ 


*19 • 

Picture the Problem The potential of an isolated spherical conductor is given by 
V = kQ/r ,where Q is its charge and r its radius, and its electrostatic potential energy 
by C = \Q V . We can combine these relationships to find the sphere’s electrostatic 
potential energy. 

Express the electrostatic potential U = \QV 

energy of the isolated spherical 
conductor as a function of its charge 
Q and potential V: 

Express the potential of the spherical y _ kQ 

conductor: r 

Solve for Q to obtain: n _ rV_ 


k 


Substitute to obtain: 


r rV\ _ rV^ 


v k ) 2k 


Substitute numerical values and 
evaluate U : 



22.2 //J 


20 •• 

Picture the Problem The electrostatic 
potential energy of this system of four 
point charges is the work needed to bring 
the charges from an infinite separation to 
the final positions shown in the diagram. In 
part (c), depending on the configuration of 
the positive and negative charges, two 
energies are possible. 





4 m 

/ 


/ 

/ 




^ % 


4 m 
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Express the work required to assemble this system of charges: 


v _ kq l q 2 | kq.q, | kq t q 4 | kq 2 q, | kq 2 q 4 | /tf/y / 4 


= & 


CMl , gift ! Ml | ^2^3 ! , ftft 


V* V* T* V* T* T* 

y '1,2 ' 1,3 ' 1,4 '2,3 '2.4 '3,4 y 


Find the distances r^, r li3 , r 1-4 , r 2 , 3 , 
'' 2 . 4 , and r 34 ,: 


C,2 = >2,3 = C.4 = C,4 = 4m 

and 

7 i,3 = C ;4 = 4V2 m 


(a) Evaluate (7for gq = q 2 = <73 = g 4 = -2 /XT: 


t/ = (8.99xlO’Nm ! /C ! ) 


(-2/CX-2/C) | (-2 / C)(-2 4 C) | (-2 4 C)(-2 /l C) 


4 m 


4V2 


m 


4m 


(-2/42X-2/C) | (-2/C)(-2//C) (-2//C)(-2 /£) 


4 m 


4V2 


m 


4m 


= 48.7 mJ 


( b ) Evaluate U for q\ = q 2 = q 2 = 2 juC and q 4 = -2 juC : 


U = 


.99xlO’Nm ! /C 2 ) 


(2//CX2/42) | (2/42X2/4:) ] (2/iC)(-2 fC) 


4m 


4V2 


m 


4 m 


(2/CX2/X2) | (2/X2)(-2/X2) | (2„C)(-2yC) 


4 m 


4V2 


m 


4 m 


(c) Let qi = q 2 = 2 juC and q 2 = g 4 = -2 /jC: 


l/=(8.99xlO’Nm 2 /C 3 ) 

, (2/42X-2/C) 
4m 


(2/X2X2/C) | (2/CX-2/42) | (2/X2X-2/C) 
4m 4x/2m 4m 

(2^C)(-2^C) [ (-2^C)(-2^C) ~ 

4x/2m 4m 


-12.7mJ 


Let q\ = q 2 = 2 /XT and q 2 = q\ = -2 /XT: 
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U = (8.99xlO ?l Nm 2 /C 2 ) 


(2/x:)(-2/C) | (2/C)(2/C) | (2/C)(-2/x:) 


4m 


4 V 2 


m 


4m 


, (-2/C)(2/X2) | (-2/jC)(- 2/X:) | (2jC)(-2jC)' 


4 m 


4V2 


m 


4 m 


-23.2mJ 


21 •• 

Picture the Problem The diagram shows 
the four charges fixed at the comers of the 
square and the fifth charge that is released 
from rest at the origin. We can use 
conservation of energy to relate the initial 
potential energy of the fifth particle to its 
kinetic energy when it is at a great distance 
from the origin and the electrostatic 
potential at the origin to express U\. 


y 


'ft 

a ^2 

| \V 2 a 


\ 

I 

1 \ 

1 \ 

m, q 

1 

1 a 

1 

1 

1 

• 


Use conservation of energy to relate 
the initial potential energy of the 
particle to its kinetic energy when it 
is at a great distance from the origin: 

Express the initial potential energy 
of the particle to its charge and the 
electrostatic potential at the origin: 

Substitute for K ( and U, to obtain: 


AK + AU = 0 

or, because K, = Ur= 0, 

K { - U i =0 


U { =qV( 0) 


jtnv 1 -qV( 0) = 0 


Solve for v: 



Express the electrostatic potential at 
the origin: 


F (VU_ k( l | 2k( l | ~ 3kc t | 6kc l 

V2« V2a V2 a V2a 

6kq 

V2 a 


2 q 

( 6 kq N 



6v/2 k 

J m 

v v/2 aj 


q ]j 

ma 


Substitute and simplify to obtain: 


v = 
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Capacitance 


*22 • 

Picture the Problem The charge on the spherical conductor is related to its radius and 
potential according to V= kQlr and we can use the definition of capacitance to find the 
capacitance of the sphere. 


(a) Relate the potential V of the y _ kQ 

spherical conductor to the charge on r 

it and to its radius: 


Solve for and evaluate Q : 


Q 


rV_ 

k 

(0.1m)(2kV) 
8.99 xl0 9 N-m 2 /C 2 


22.2 nC 


(b) Use the definition of capacitance 
to relate the capacitance of the 
sphere to its charge and potential: 


C 


Q 

V 


22.2 nC 

2kV 


ll.lpF 


(c) 


It doesn't. The capacitance of a sphere is a function of its radius. 


23 • 

Picture the Problem We can use its definition to find the capacitance of this capacitor. 


Use the definition of capacitance to 
obtain: 


C _g_30//C 
V 400 V 


75.0 nF 


24 •• 

Picture the Problem Let the separation of the spheres be d and their radii be R. Outside 
the two spheres the electric field is approximately the field due to point charges of +Q 
and -Q, each located at the centers of spheres, separated by distance cl. We can derive an 
expression for the potential at the surface of each sphere and then use the potential 
difference between the spheres and the definition of capacitance and to find the 
capacitance of the two-sphere system. 


The capacitance of the two-sphere 
system is given by: 



AV 

where A Lis the potential difference 
between the spheres. 
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The potential at any point outside 
the two spheres is: 


For a point on the surface of the 
sphere with charge +Q: 

Substitute to obtain: 


For 5« d : 


The potential difference between the 
spheres is: 


,, *(+g),*(-e) 

r \ r 2 

where r\ and r 2 are the distances from the 
given point to the centers of the spheres. 


r x = R and r 2 = d + 8 
where |e)'| < R 




+Q 


*(+e) ! *(-e) 

R d + S 


v 

+Q R d 
and 

__kQW 

- Q ~ R d 


AV = V q -V_ q 

= kQ_kQ 
R d 


= 2 kQ 


R 


-kQ | kQ 
R d 


Substitute for A Fin the expression 
for C to obtain: 



Q 


2 kQ 


V 

2n e 0 


I 

R 

R 


n 

d y 



£ o 

^R d y 


Fort/ very large: 


C = 


2 n e 0 R 


The Storage of Electrical Energy 

25 • 

Picture the Problem Of the three equivalent expressions for the energy stored in a 
charged capacitor, the one that relates U to C and Fis U = \CV 2 . 

(a) Express the energy stored in the U = \CV 2 

capacitor as a function of C and F: 
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Substitute numerical values and 
evaluate U : 


U = y(3//F)(100 V) 2 


15.0mJ 


(b ) Express the additional energy 
required as the difference between 
the energy stored in the capacitor at 
200 V and the energy stored at 100 
V: 


At/ = t/(200V)-t/(l00V) 

= {(3^F)(200V) 2 -15.0mJ 
= 45.0mJ 


26 • 

Picture the Problem Of the three equivalent expressions for the energy stored in a 


charged capacitor, the one that relates U to Q and C is U = —. 


(a) Express the energy stored in the 1 Q 2 

capacitor as a function of C and Q: 2 C 


Substitute numerical values and 
evaluate U: 


v i b/gf 

2 10//F 


0.800/J 


(b) Express the energy remaining 
when half the charge is removed: 


u(iQ) = 


1 (2/C) 2 

2 10/d 7 


0.200 /J 


27 • 

Picture the Problem Of the three equivalent expressions for the energy stored in a 


charged capacitor, the one that relates U to Q and C is O' = ■ 


(a) Express the energy stored in the 1 (Q 1 

capacitor as a function of C and Q: 2 C 


Substitute numerical values and 
evaluate U: 

(b ) Express the additional energy 
required as the difference between 
the energy stored in the capacitor 
when its charge is 5 /uC and when 
its charge is 10 juC: 


U(5/jC) = 


1 (5//C) 2 

2 20pF 


0.625 J 


AU = U(l0jUC)-U(5jUC) 

= 1(10^_ 0625 J 
2 20pF 
= 2.50 J-0.625 J 
= 1.88 J 
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*28 • 

Picture the Problem The energy per unit volume in an electric field varies with the 
square of the electric field according tou = E 2 jl. 


Express the energy per unit volume 
in an electric field: 

Substitute numerical values and 
evaluate u: 


u = \e Q E 2 

u = {(8.85 x 1(T 12 C 2 /N • m 2 )(3MV/m ) 2 
= 39.8 J/m 3 


29 • 

Picture the Problem Knowing the potential difference between the plates, we can use E 
= Vtd to find the electric field between them. The energy per unit volume is given by 
u = -7 £ 0 E 2 and we can find the capacitance of the parallel-plate capacitor using 
C =e 0 A/d. 


(a) Express the electric field between 
the plates in terms of their separation 
and the potential difference between 
them: 


d 

100V 

limn 


lOOkV/m 


( b ) Express the energy per unit u = \ E^ 

volume in an electric field: 


Substitute numerical values and 
evaluate u: 


u=\( 8.85 x ICE 12 C 2 /N • m 2 )(l00kV/m ) 2 
= 44.3 mJ/m 3 


(c) The total energy is given by: 


U = uV = uAd 
= (44.3 mJ/m 3 )(2 m 2 )(l mm) 
= 88.6/4/ 


d 

(8.85 x 1CT 12 C 2 /N • m 2 )(2m 2 ) 


17.7nF 


(d) The capacitance of a parallel-plate 
capacitor is given by: 


1 mm 
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(e) The total energy is given by: U = \CV 1 

Substitute numerical values and evaluate U = y(l7.7 n f)(ioov) 2 

= 88.5 juJ, in agreement with (c). 


30 •• 

Picture the Problem The total energy stored in the electric field is the product of the 
energy density in the space between the spheres and the volume of this space. 


(a) The total energy U stored in the 
electric field is given by: 

The energy density of the field is: 

The volume between the spheres is 
approximately: 

Substitute for u and V to obtain: 


U = uV 

where u is the energy density and V is the 
volume between the spheres. 

u = — e n E 1 
2 0 

where E is the field between the spheres. 

V « 4m\{r 1 - r t ) 

V = 271 e 0 E 2 ^{r 2 -r { ) (1) 


The magnitude of the electric field 
between the concentric spheres is 
the sum of the electric fields due to 
each charge distribution: 

Because the two surfaces are so 
close together, the electric field 
between them is approximately the 
sum of the fields due to two plane 
charge distributions: 

Substitute for ctq to obtain: 


E = Eq+E_q 


£ = — 2 - 


+ 




2 e 0 2e 0 


0 


471 r. 


1 o 


f ^ \ 


U = 2n e ft 


0 


V r \ e o J 


2 (f -f) 


0 2 r i~r x 

8 n e 0 rf 


Substitute fori? in equation (1) and 
simplify: 
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Substitute numerical values and evaluate U: 


U = 


(5 nC)' (l0.5 cm-10.0 cm) 
8^8.85x10 ,2 C 2 /N-nr)(l0.0cm) 2 


56.0nJ 


(b ) The capacitance of the two- 
sphere system is given by: 


The electric potentials at the 
surfaces of the spheres are: 

Substitute for AV and simplify to 
obtain: 



AV 

where AC is the potential difference 
between the two spheres. 


V l = — and V n = Q 


An e 0 t\ z An e 0 r 2 


C = 


_ g _ = 4xe -!S_ 

Q Q °r.-r 


An e 0 1\ An e 0 r 2 


Substitute numerical values and evaluate C: 


C = 4^(8.85x10 12 C 2 



0.234nF 


Use V 2 (f/C to find the total energy 
stored in the electric field between 
the spheres: 


u = i 

(5 nC) 2 

_ 

53.4 nJ 

2 

0.234 nF 




Note that our approximate result in (a) is within 5% of our exact result 
obtained in ( b ). 


*31 •• 

Picture the Problem We can relate the charge Q on the positive plate of the capacitor to 
the charge density of the plate a using its definition. The charge density, in turn, is 
related to the electric field between the plates according to cr =e 0 E and the electric field 

can be found from E = AVI Ad. We can use A U = \ QA V in part (/;) to find the increase 
in the energy stored due to the movement of the plates. 

(a) Express the charge Q on the Q = 

positive plate of the capacitor in 
terms of the plate’s charge density a 
and surface area A: 
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Relate cr to the electric field E <J =^ 0 E 

between the plates of the capacitor: 

Express E in terms of the change in _ AC 

V as the plates are separated a Ad 

distance Ad: 


Substitute for cr and E to obtain: 


AC 

Q=e 0 EA=e 0 A— 

Ad 


Substitute numerical values and evaluate Q: 


Q = (8.85 x 10 12 C 2 /N • m 2 )(500cm 2 )^^ 
V A ’ 0.4 cm 


ll.lnC 


(b) Express the change in the 
electrostatic energy in terms of the 
change in the potential difference: 

Substitute numerical values and 
evaluate A U: 


AU = \QAV 


AU = y(l l.lnC)(l00 V) = 


0.553 //J 


32 ••• 

Picture the Problem By symmetry, the electric field must be radial. In part (a) we can 
find E r both inside and outside the ball by choosing a spherical Gaussian surface first 
inside and then outside the surface of the ball and applying Gauss’s law. 


(a) Relate the electrostatic energy 
density at a distance r from the 
center of the ball to the electric field 
due to the uniformly distributed 
charge Q: 

Relate the flux through the Gaussian 
surface to the electric field E r on the 
Gaussian surface at r <R: 


= h E 1 



( 1 ) 


(2) 


Using the fact that the charge is 
uniformly distributed, express the 
ratio of the charge enclosed by the 
Gaussian surface to the total charge 
of the sphere: 


Qnside _ PK 

Q 


Gaussian surface 


pK 


ball 


j7rr 3 


r 3 

R 3 
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Solve for Q mi \A Q to obtain: 


Substitute in equation (2): 


Solve for 


Substitute in equation (1) to obtain: 


Relate the flux through the Gaussian 
surface to the electric field E r on the 
Gaussian surface at r>R: 

Solve for E r>R : 


Substitute in equation (1) to obtain: 


( b) Express the energy dU in a 
spherical shell of thickness dr and 
surface area 4/rr 2 : 

For r<R: 


For r> R: 


Qinside Q '• 


E r (Anr 2 ) = 


Qr 3 


E ~ Qr ~ kQ r 

r<R An e n R 3 R 2 




4 

V^ 3 2 


k 2 Q 2 2 


2 R b 


E r (4nr 2 )=^^ = — 


-o 0 


0 


f = 

r>R A 2 

An r 


= kQr 


: ( r > R) = 2 e i) (kQr 2 } 


1 e 0 k 2 Q 2 r 4 


^^sheii = Anr 2 u(r)dr 


du sh J r<R )=Anr : 


f ^k 2 Q 2 _ r ? 


v 2 R j 


dr 


k Q ..4 


2 R 6 


r dr 


dU S heii> R) = Am- 2 (\ e (] k 2 Q 2 r 4 )dr 


jkQ 2 r 2 dr 


(c) Express the total electrostatic energy: 


U = U(r<R)+U(r> R) (3) 
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Integrate [/ S h e ii(r < R) from 0 to R: 


U suJ r < R ) = jL\ r * dr 

ZK Q 

_ kQ 2 

10 R 


Integrate t/ S h e ii(r > R) from R to oo: 


U sun{r>R) = \kQ 2 \ r 2 dr = 

R 


kQ 2 
2 R 


Substitute in equation (3) to obtain: 


U = 


kQ 2 | kQ 2 
10 R 2 R 


3kQ 2 
5 R 


The field inside the shell is zero, so the first integral vanishes. The result 
is greater for the sphere because it includes the field energy within the 
sphere. 


Combinations of Capacitors 

33 • 

Picture the Problem We can apply the properties of capacitors connected in parallel to 
determine the number of 1.0-//F capacitors connected in parallel it would take to store a 
total charge of 1 mC with a potential difference of 10 V across each capacitor. Knowing 
that the capacitors are connected in parallel (parts (a) and ( b )) we determine the potential 
difference across the combination. In part (c) we can use our knowledge of how potential 
differences add in a series circuit to find the potential difference across the combination 
and the definition of capacitance to find the charge on each capacitor. 

(a) Express the number of _ Q_ 

capacitors n in terms of the charge q q 

on each and the total charge Q: 

Relate the charge q on one capacitor <7 = CV 

to its capacitance C and the potential 
difference across it: 

Substitute to obtain: Q 

n = 

CV 

Substitute numerical values and lmC I 1AA I 

n = 7 -v?- t= 100 

evaluate n : (l//F)(l0 V) 
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(. b ) Because the capacitors are 
connected in parallel the potential 
difference across the combination is 
the same as the potential difference 
across each of them: 

(c) With the capacitors connected in 
series, the potential difference 
across the combination will be the 
sum of the potential differences 
across the 100 capacitors: 

Use the definition of capacitance to 
find the charge on each capacitor: 


V 


parallel combination 


= v = 


10V 


V 


series combination 


= 100F 


= ioo(iov) 


l.OOkV 


q = CV = (l//F)(lOV) = 


10.0//C 


34 • 

Picture the Problem The capacitor array 
is shown in the diagram. We can find the 
equivalent capacitance of this combination 
by first finding the equivalent capacitance 
of the 3.0-/./F and 6.0-/./F capacitors in 
series and then the equivalent capacitance 
of this capacitor with the 8.0-/./F capacitor 
in parallel. 



Express the equivalent capacitance 
for the 3.0-//F and 6.0-juV capacitors 
in series: 

Solve for 


_L-_L _L 

Q+6 3//F + 6//F 


Q i6 = 2//F 


Find the equivalent capacitance of a 
2-juF capacitor in parallel with an 8- 
/j¥ capacitor: 


C 


2+8 


= 2juF + SjuF = 


10 /uF 


*35 • 

Picture the Problem Because we’re interested in the equivalent capacitance across 
terminals a and c, we need to recognize that capacitors C\ and C 3 are in series with each 
other and in parallel with capacitor CT 



1 1 


C C 

'-1 '-'3 


Find the equivalent capacitance of 
Ci and C 3 in series: 
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Solve for C 1 + 3 : 


C C 
C x +C 3 


Find the equivalent capacitance of 
C 1+3 and C 2 in parallel: 


c =c +c 

^eq '-'2 T M+3 


c 2 + 


c c 

*-1^3 

c, + c 3 


36 • 

Picture the Problem Because the capacitors are connected in parallel we can add their 
capacitances to find the equivalent capacitance of the combination. Also, because they 
are in parallel, they have a common potential difference across them. We can use the 
definition of capacitance to find the charge on each capacitor. 


( 1 a ) Find the equivalent capacitance 
of the two capacitors in parallel: 


C eq =10.0//F + 20//F = 


30 juF 


( b ) Because capacitors in parallel 
have a common potential difference 
across them: 


v = V +V 

r r 10 T r 20 


6.00V 


(c) Use the definition of capacitance 

a.=C„F = (lO/f)( 6 V) = 

60.0 juC 

to find the charge on each capacitor: 

and 



a,o = C 20 V = (20//F)(6V) = 

120 juC 


37 •• 

Picture the Problem We can use the properties of capacitors in series to find the 
equivalent capacitance and the charge on each capacitor. We can then apply the definition 
of capacitance to find the potential difference across each capacitor. 

(a) Because the capacitors are Q l0 = Q 2 0 = C^F 

connected in series they have equal 

charges: 


Express the equivalent capacitance 
of the two capacitors in series: 


1 _ 1 1 

C^“l0^ + 20^ 


Solve for C eq to obtain: 


C 


( 10 ^( 20 ^) = 
10//F + 20//F 


Substitute to obtain: 


010 


2 20 =(6.67//F)(6V) = 


40.0 juC 
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(b ) Apply the definition of 

V, n = 

_ Q\ o 

40.0/X3 

capacitance to find the potential 

10 

c 10 

10//F 

difference across each capacitor: 

and 




V - 

Q'io 

40.0/47 



Co 

20//F 


4.00V 


2.00V 


*38 •• 

Picture the Problem We can use the properties of capacitors connected in series and in 
parallel to find the equivalent capacitances for various connection combinations. 


(a) 


If their capacitance is to be a maximum, they must be connected in parallel. 


Find the capacitance of each 
capacitor: 


C eq = 3C = 15//F 
and 

C = 5//F 


(b) (1) Connect the three capacitors 
in series: 

(2) Connect two in parallel, with the 
third in series with that 
combination: 


Solve for C eq : 


C 


eq 


- and C = 

5 juF eq 


1.67 //F 


C eq , two in parallel = 2 (5 //?) = 10//F 

and 

1 1 1 

Cq" _ l0//F + 5//F 


C 


(10//F)(5//F) 
10 /jF + 5 juF 


3.33//F 


(3) Connect two in series, with the 
third in parallel with that 
combination: 


1 2 


r 

eq, two in series 


5 juF 


or 


^eq, two in series 


2.5//F 


Find the capacitance equivalent to 
2.5 juF and 5 juF in parallel: 


C eq =2.5/^F + 5//F = 


7.50 juF 


39 •• 

Picture the Problem We can use the properties of capacitors connected in series and in 
parallel to find the equivalent capacitance between the terminals and these properties and 
the definition of capacitance to find the charge on each capacitor. 
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(a) Relate the equivalent 1 _ 1 1 

capacitance of the two capacitors in C 4+15 4 juF 1 5 //F 

series to their individual 
capacitances: 


Solve for C 4+ i 5 : 


C 


4+15 


(E£lM) = 3.16IF 
4//F + 15//F 


Find the equivalent capacitance of 
C4+15 in parallel with the 
12-//F capacitor: 

( b ) Using the definition of 
capacitance, express and evaluate 
the charge stored on the 12-//F 
capacitor: 


C eq =3.16//F + 12//F = 


15.2//F 


02 = C l2 Vn = C l2 V 
= (12//F)(200V) 
= 2.40 mC 


Because the capacitors in series 0 4 - Q\ 5 - C 4+15 V 

have the same charge: =(3.16 ; uF)(200 V) 

= 0.632 mC 


(c) The total energy stored is given 
by: 


1 

U =—C V 

^ total 2 eq 


Substitute numerical values and 
evaluate (7 tot ai: 


W„„,=|(15.2^)(200V) 2 


0.304J 


40 •• 

Picture the Problem We can use the properties of capacitors in series to establish the 
results called for in this problem. 

(a) Express the equivalent 1 _ J_ _j_ _ C 2 +C, 

capacitance of two capacitors in C eq C, C 2 C] C 2 

series: 


C. 


C.C 2 

c 1 + c 2 


Solve for C eq by taking the 
reciprocal of both sides of the 
equation to obtain: 
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( b ) Divide numerator and 
denominator of this expression by 
Ci to obtain: 


Divide numerator and denominator 
of this expression by C 2 to obtain: 


Using our result from part ( a ) for 
two of the capacitors, add a third 
capacitor C 3 in series to obtain: 


Take the reciprocal of both sides of 
the equation to obtain: 


< 


r 

r — ^2 

'"'eq 

1+^ 

C 1 

C 

because lH—- 
C, 



> 1 . 


c. 


eq 


Q 

i+C 

c 2 


< 



because 1 + 


Q 

c 2 


>1. 


1 


C,+C 2 J_ 

QC 2 + c 3 


C&+C&+C& 

QC 2 c 3 


C eq = 


C,C 2 C 3 


CjQ+QCj+QQ 


41 •• 

Picture the Problem Let C eq i represent the equivalent capacitance of the parallel 
combination and C eq the total equivalent capacitance between the terminals. We can use 
the equations for capacitors in parallel and then in series to find C eq . Because the charge 
on C eq is the same as on the 0.3-//F capacitor and C eq i, we’ll know the charge on the 0.3- 
//F capacitor when we have found the total charge Q eq stored by the circuit. We can find 
the charges on the 1.0-//F and 0.25-//F capacitors by first finding the potential difference 
across them and then using the definition of capacitance. 


0.3 fiF 


, 0.25/xF 

1.0 dp <=> 


10.3 /lF 


dp Ceq, <=> C, 


(a) Find the equivalent capacitance 
for the parallel combination: 


C eql = 1 //F + 0.25 //F = 1.25 juF 




















The 0.30-//F capacitor is in series 
with C eq i ... find their equivalent 
capacitance C eq : 
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( b ) Express the total charge stored 
by the circuit Q eq : 


The 1-//F and 0.25-//F capacitors, 
being in parallel, have a common 
potential difference. Express this 
potential difference in terms of the 
10 V across the system and the 
potential difference across the 0.3- 
jUF capacitor: 

Using the definition of capacitance, 
find the charge on the 1-//F and 0.25- 
jUF capacitors: 


1 _ 1 1 
C eq _ 0.3 juF 1.25//F 
and 


C, 


eq 


0.242//F 


Qeq ~ Qo.l ~ Q\.25 ~ C e qV 

= (0.242 //F)(l0V) 

= 2.42 juC 


Ei. 25 =10V-F 0 , 

= 10V-^3. 

c 

^0.3 

= iov-UUf 
0.3 /jF 

= 1.93 V 


Q\ - C X V X = (1//F)(1.93V) = 


1.93/C 


and 

a*=C Ms r MJ =(0.25//F)(l.93V) 

= 0.483/C 


(c) The total stored energy is given U = jC eq F 2 

by: 

Substitute numerical values and jj = 4 r (0.242//F)(l 0 V ) 2 = 

evaluate U: 

42 •• 

Picture the Problem Note that there are three parallel paths between a and b. We can 
find the equivalent capacitance of the capacitors connected in series in the upper and 
lower branches and then find the equivalent capacitance of three capacitors in parallel. 

(a) Find the equivalent capacitance 
of the series combination of 
capacitors in the upper and lower 
branch: 


c c c 

'-'eq '-'0 '-'0 


or 


C 

r - ° -ir 

'-'eq — - - ~ "> 


12.1/d 
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Now we have two capacitors with 
capacitance C 0 /2 in parallel with a 
capacitor whose capacitance is Co- 
Find their equivalent capacitance: 

( b ) If the central capacitance is 
10C 0 , then: 


C =1 c +c 

U eq 2 L 0 t ’•'0 


+ lr 
^ 2 ^0 



C = i-C + 10 C +J-C 

eq 2'-'0 ^ ^ 2 


11C 0 


43 •• 

Picture the Problem Place four of the capacitors in series. Then the potential across each 
is 100 V when the potential across the combination is 400 V. The equivalent capacitance 
of the series is 2/4 //F = 0.5 //F. If we place four such series combinations in parallel, as 
shown in the circuit diagram, the total capacitance between the terminals is 2 /u F. 


—11— 

—II— 

—II— 

—II— I 

—II— 

—II— 

—II— 

—II— 

—II— 

—II— 

—II— 

—II— 

Hh 

—II— 

—II— 

—IM 


*44 .. 

Picture the Problem We can connect two capacitors in parallel, all three in parallel, two 
in series, three in series, two in parallel in series with the third, and two in series in 
parallel with the third. 


Connect 2 in parallel to obtain: 


Connect all three in parallel to 
obtain: 

Connect two in series: 


C eq =l//F + 2//F = 3//F 


or 


or 


or 


C e =l//F + 4//F= 5//F 


Q q = 2//F + 4//F = 6//F 


C eq =l^F + 2/^F + 4//F= 7//F 


C.= 


(l//F)(2//F) 


eq 1//F + 2//F 
(l^F)(4//F) 


2 juF 

3 


C.= 


1 juF + 4 //F 


f ,uF 


or 
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C. 


eq 


M (4jg) pc: 

2 //F + 4 //F 3 _ 


Connect all three in series: 


C, 


eq 


_ MKgjgXMl _ 

(1/^F)(2//F)+(2 j uF)(4//F)+(1//F)(4//F) 



Connect two in parallel, in series 
with the third: 


C, 


(4//F)(l//F + 2//F) _| 12 r 
1//F + 2//F + 4//F 7 ^ 


Connect two in series, in parallel 
with the third: 


C eq 


(l//F)(4//F + 2//F) _| 6 
1//F + 2//F + 4//F 7 _ 


C eq 

C eq 


Qq 


Qq 


(2//F)(4//F + l//F) 
1 //F + 2 //F + 4 //F 

1//F + 2//F 

(4/iF)(2/f) + 

4 //F + 2 //F 

MKF£) +2//F 

1//F + 4//F 






45 ••• 

Picture the Problem Let C be the 

capacitance of each capacitor in the ladder 
and let C eq be the equivalent capacitance of 
the infinite ladder less the series capacitor 
in the first rung. Because the capacitance is 
finite and non-zero, adding one more stage 
to the ladder will not change the 
capacitance of the network. The 
capacitance of the two capacitor 
combination shown to the right is the 
equivalent of the infinite ladder, so it has 
capacitance C eq also. 


C 



C + C, 


eq 
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(a) The equivalent capacitance of 
the parallel combination of C and 

C eq is: 

c + c eq 

The equivalent capacitance of the 
series combination of C and 
(C + C eq ) is C eq , SO! 

1 1 1 

c eq ~c + c+c eq 

Simply this expression to obtain a 
quadratic equation in C eq : 

c 2 q +cc eq -c 2 =o 

Solve for the positive value of C eq to 
obtain: 

(IE A 

C = C = 0.618C 

eq ^ 

V z J 

Because C = 1 //F: 

C eq = 0.618//F 

( b ) The capacitance C' required so 
that the combination has the same 

capacitance as the infinite ladder is: 

C' = C + C eq 

Substitute for C eq and evaluate C': 

C' = C + 0.618C = 1.618C 

Because C = 1 //F: 

C'= 1.618 //F 

Parallel-Plate Capacitors 



46 • 

Picture the Problem The potential difference V across a parallel-plate capacitor, the 
electric field E between its plates, and the separation d of the plates are related according 
to V= Ed. We can use this relationship to find V max corresponding to dielectric 
breakdown and the definition of capacitance to find the maximum charge on the 
capacitor. 


(a) Express the potential difference 

V across the plates of the capacitor 

in terms of the electric field between 

the plates E and their separation d\ 

V = Ed 

V rmx corresponds to E max : 

V mm =(3MV/m)(l.6mm)= 4.80kV 

(b ) Using the definition of 
capacitance, find the charge Q 

Q = cv max 

= (2.0//F)(4.80kV)= 9.60 mC 










stored at this maximum potential 
difference: 
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47 • 

Picture the Problem The potential difference V across a parallel-plate capacitor, the 
electric field E between its plates, and the separation d of the plates are related according 
to V= Ed. In part ( b ) we can use the definition of capacitance and the expression for the 
capacitance of a parallel-plate capacitor to find the required plate radius. 


(a) Express the potential difference 
V across the plates of the capacitor 
in terms of the electric field between 
the plates E and their separation d: 

Substitute numerical values and 
evaluate V: 


V = Ed 


V = (2 x 10 4 V/m)(2 mm) = 


40.0V 


( b ) Use the definition of capacitance 
to relate the capacitance of the 
capacitor to its charge and the 
potential difference across it: 

Express the capacitance of a 
parallel-plate capacitor: 


V 


c _ e 0 A _ e 0 nRs 
d d 

where R is the radius of the circular plates. 


Equate these two expressions for C: e Q 7cR 2 Q 



a 

V 


Solve for R to obtain: 

R = 

j Qd 



nv 


Substitute numerical values and 

R = 

1 

(lO//C)(2 mm) 

evaluate R: 

]l #(8.85 

x 10 12 C /N ■ m 2 )(40 V) 


= 

4.24m 



48 •• 

Picture the Problem We can use the expression for the capacitance of a parallel-plate 
capacitor to find the area of each plate and the definition of capacitance to find the 
potential difference when the capacitor is charged to 3.2 //C. We can find the stored 
energy using U = jCV~ and the definition of capacitance and the relationship between 
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the potential difference across a parallel-plate capacitor and the electric field between its 
plates to find the charge at which dielectric breakdown occurs. Recall that E maXt air = 3 
MV/m. 


(a) Relate the capacitance of a 
parallel-plate capacitor to the area A 
of its plates and their separation d: 

Solve for A: 


Substitute numerical values and 
evaluate A: 


C = 


g 0 A 
d 



(0.14 //F)(().5 mm) 
“ 8.85 x 1CT 12 C 2 /N • m 2 


7.91m 2 


( b ) Using the definition of 
capacitance, express and evaluate 
the potential difference across the 
capacitor when it is charged to 3.2 
/XT: 

(c) Express the stored energy as a 
function of the capacitor’s 
capacitance and the potential 
difference across it: 

Substitute numerical values and 
evaluate U: 



3.2/47 

0.14//F 


22.9V 


u = \cv 2 


U = y(0.14//F)(22.9V) 2 


36.7 //J 


(d) Using the definition of 
capacitance, relate the charge on the 
capacitor to breakdown potential 
difference: 

Relate the maximum potential 
difference to the maximum electric 
field between the plates: 

Substitute to obtain: 

Substitute numerical values and 
evaluate Q mm \ 


Q, 


= cv 

max max 


V =E d 

max max 


0max = CE nuJ 

finax =(0.14//F)(3MV/m)(0.5m m ) 
= 210/47 
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*49 » 

Picture the Problem The potential difference across the capacitor plates V is related to 
their separation d and the electric field between them according to 
V= Ed. We can use this equation with E mm = 3 MV/m to find d mm . In part (b) we can use 
the expression for the capacitance of a parallel-plate capacitor to find the required area of 
the plates. 


(a) Use the relationship between the 
potential difference across the plates 
and the electric field between them 
to find the minimum separation of 
the plates: 

( b ) Use the expression for the 
capacitance of a parallel-plate 
capacitor to relate the capacitance to 
the area of a plate: 

Solve for A: 


Substitute numerical values and 
evaluate A: 


V 


1000 V 
3 MV/m 


0.333 mm 


C 


£oj! 

d 


A 


Cd 


A 


(0.1//F)(0.333mm) 
8.85 x 10~ 12 C 2 /N -m 2 “ 


Cylindrical Capacitors 

50 • 

Picture the Problem The capacitance of a cylindrical capacitor is given by 
C = 2 nK e 0 L /ln(r 2 /rj) where L is its length and r t and r 2 the radii of the inner and 

outer conductors. 


(a) Express the capacitance of the 
coaxial cylindrical shell: 


c = 2 toc e 0 L 


In 




c = 


2^(l)(8.85xlQ- 12 C 2 /N • m 2 )(0-12 m) 
In 


f 1.5 cm ^ 


1.55pF 


Substitute numerical values and 
evaluate C: 


0.2 mm 
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(b) Use the definition of ; _ CV 

capacitance to express the charge L L 

per unit length: 


Substitute numerical values and 
evaluate A: 


_ (l.55pF)(l.2kV) 
0.12 m 


15.5nC/m 


51 •• 

Picture the Problem The diagram shows a 
partial cross-sectional view of the inner 
wire and the outer cylindrical shell. By 
symmetry, the electric field is radial in the 
space between the wire and the concentric 
cylindrical shell. We can apply Gauss’s 
law to cylindrical surfaces of radii r < R u 
R x <r<R 2 , and r > R 2 to find the electric 
field and, hence, the energy density in 
these regions. 



(a) Apply Gauss’s law to a 
cylindrical surface of radius r < R t 
and length L to obtain: 


E r (2xrL) = Quite =Q 


and 

F = 

^ r<R, 


Because E = 0 for r < R ,: 



Apply Gauss’s law to a cylindrical 
surface of radius 

R\ < r < R 2 and length L to obtain: 


E r (2xrL) = Q^ = — 

e o G o 

where A is the linear charge density. 


Solve for E r to obtain: 


E = 


AL 


2 n e 0 r 


2 kA 
r 


Express the energy density in the 
region R\ < r<R 2 : 



t_ 

2 


E 2 r =\e 

'2kQ V 
V rL J 


r 2kA\ 2 

v r J 


2 k 2 e 0 g 2 

r 2 lA 




















Electrostatic Energy and Capacitance 275 


Apply Gauss’s law to a cylindrical 
surface of radius 
r > Ri and length L to obtain: 


E r (2xrL) = Q^ = 0 


and 

F - 

^r>R , 


Because E = 0 for r > R 2 : 



(b) Express the energy residing in a 
cylindrical shell between the 
conductors of radius r, thickness dr, 
and volume InrL dr. 


dU = 2 nrLu\r)dr 


- 2 n rL 


2 A 


2 k 2 e 0 Q 

2 t-2 

v r L J 


dr 


kQ 2 

rL 


dr 


(c) Integrate dU from r = R\ to R 2 to 
obtain: 


U = 


kQ 

L 


2 R 2 j 

r dr 

k °\n 

fiO 


J y 

R\ 

L 

J 



Use U = jCV ^ and the expression 

for the capacitance of a cylindrical 
capacitor to obtain: 


u = \cv 2 


,e 2 e 2 


c 


2 n e 0 L 


In— 

R 


i y 


kg 

L 


In 


v*iy 


in agreement with the result from part ( b ). 


52 ••• 

Picture the Problem Note that with the innermost and outermost cylinders connected 
together the system corresponds to two cylindrical capacitors connected in parallel. We 

y 'jy , 

can use C = ^ ^ ) to ex P ress capacitance per unit length and then calculate and 

add the capacitances per unit length of each of the cylindrical shell capacitors. 


Relate the capacitance of a 
cylindrical capacitor to its length L 
and inner and outer radii R\ and R 0 \ 


In e 0 kL 

WJE) 


C _ 2n e 0 k 
7 “in (RJR,) 


Divide both sides of the equation by 
L to express the capacitance per unit 
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length: 


Express the capacitance per unit 
length of the cylindrical system: 


C 

L 


f-1 

\L ; 


outer 


+ 


f-1 

\L ; 


inner 


(i) 


Find the capacitance per unit length 
of the outer cylindrical shell 
combination: 


_ 2^8.85xIQ" 12 C 2 /N-m 2 )(l) 
v L J outer ln(0.8cm/0.5cm) 

= 118.3pF/m 


Find the capacitance per unit length 
of the inner cylindrical shell 
combination: 


_ 2;r(8.85xlCT 12 C 2 /N-m 2 )(l) 
V L J inner ln(0.5 cm/0.2cm) 

= 60.7pF/m 


Substitute in equation (1) to obtain: 


C 

L 


= 118.3pF/m + 60.7pF/m 


179pF/m 


*53 •• 

Picture the Problem We can use the 

expression for the capacitance of a parallel- 
plate capacitor of variable area and the 
geometry of the figure to express the 
capacitance of the goniometer. 



The capacitance of the parallel-plate 
capacitor is given by: 

The area of the plates is: 


If the top plate rotates through an 
angle Ad, then the area is reduced 
by: 



Substitute for A and A A in the 
expression for C to obtain: 
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54 •• 

Picture the Problem Let C be the capacitance of the capacitor when the pressure is P 
and C' be the capacitance when the pressure is P + A/ J . We’ll assume that (a) the change 
in the thickness of the plates is small, and ( b ) the total volume of material between the 
plates is conserved. We can use the expression for the capacitance of a dielectric-filled 
parallel-plate capacitor and the definition of Young’s modulus to express the change in 
the capacitance AC of the given capacitor when the pressure on its plates is increased by 
AP. 


Express the change in capacitance 
resulting from the decrease in 
separation of the capacitor plates by 
Ad: 


A C = C' 


c _ A' 
d - Ad 


K t 


A 


d 


Because the volume is constant: 


A'd' = Ad 
or 


A' = 


\d'j 


A = 


\ 


d - Ad 


Substitute for A' in the expression 
for AC and simplify to obtain: 


A C = KS " A 


d - Ad 


d 


d{d - Ad) 


A 


d - Ad 
d 2 - 


/ce 0 A 


k e n A 2 K A 


d 


d 2 


= C 


d 


[d-Ad) 


{d - Ad) 

-1 


d 

— 1 


From the definition of Young’s 
modulus: 


Ad 

~d 


P_ 

Y 


f r>\ 


■ Ad = - 




Substitute for Ad in the expression 
for AC to obtain: 


A C = K ^ A 


d 


d 2 


( T>\ 


\d + 


= c 


1 + 


r 


\Yj 


-1 


d\ 


1 


Expand 


( 1 p ^ 

-2 

f i p'' 

“ . .P 

( P ' 


binomially to 

i— 

= 1-2 —+ 3 


l Y) 

l Yj 

Y 



obtain: 









































278 Chapter 24 
Provided P « Y : 


Substitute in the expression for AC 
and simplify to obtain: 


f 

1 

V 



1-2 


P 

Y 


A C = C 


p 



1-2-1 

= 

-2 — C 

Y 


Y 


Spherical Capacitors 

*55 •• 

Picture the Problem We can use the definition of capacitance and the expression for the 
potential difference between charged concentric spherical shells to show that 
C = 4k^R,R 1 /(R ! -R i ). 


(a) Using its definition, relate the 
capacitance of the concentric 
spherical shells to their charge Q 
and the potential difference V 
between their surfaces: 

Express the potential difference 
between the conductors: 

Substitute to obtain: 


C = 


Q 

v 


f 

V = kQ 

V 


*1 


R 


2 J 


kQ 


^2 ^1 

R x R 2 


Q _ R \ R 2 

k n^lzA *&-*,) 

R,R, 


An e 0 R x R 2 
R 2 — R x 


(. b ) Because R 2 = R\ + d : 


R x R 2 = R ] (R ] +d) 
= /?| + R^d 
* R , 2 = R 2 
because d is small. 


An e 0 R 2 


A 


d 


Substitute to obtain: 


d 
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56 •• 

Picture the Problem The diagram shows a 
partial cross-sectional view of the inner and 
outer spherical shells. By symmetry, the 
electric field is radial. We can apply 
Gauss’s law to spherical surfaces of radii r 
< R u R\ < r < R 2 , and r > R 2 to find the 
electric field and, hence, the energy density 
in these regions. 



(a) Apply Gauss’s law to a spherical 
surface of radius r < R\ to obtain: 


Because E = 0 for r < R j: 


Apply Gauss’s law to a spherical 
surface of radius R\<r <R 2 to 
obtain: 

Solve for E r to obtain: 


Express the energy density in the 
region R\ < r<R 2 : 


Apply Gauss’s law to a cylindrical 
surface of radius 
r > R 2 to obtain: 


E,.(47rr 2 )=Q^ = 0 


and 

E r <R, ~ 


U r<R, = 0 


E^nr 2 ] 


_ Qnside Q 

e o e o 


E. = 


Q 


4n e 0 r 


kQ 

,.2 


// — — £= F ~ — — c 1 

u 2 t 0 — 2 t 0 


kQ 

\r 2 J 


k 2 £ 0 Q- 

2 r 4 


E r (4nr 2 \- 

and 


^inside _ Q 


f - 


0 



Because E = 0 for r > R 2 : 
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( b ) Express the energy in the 
electrostatic field in a spherical shell 
of radius r, thickness dr, and volume 
4 nr 2 dr between the conductors: 



(c) Integrate dU from r=R, to R 2 to 
obtain: 


kQ 2 "rdr _ kQ 2 (R 2 -R l ) 


2 J r 2 2R x R 2 



Note that the quantity in parentheses is 1/C, so we have U = \Q 2 jC. 


57 ••• 

Picture the Problem We know, from Gauss’s law, that the field inside the shell is zero. 
Applying Gauss’s law to a spherical surface of radius R> r will allow us to find the 
energy density in this region. We can then express the energy in the electrostatic field in a 
spherical shell of radius R, thickness dR, and volume 4n R 2 dR outside the spherical shell 
and find the total energy in the electric field by integrating from r to oo. If we then 
integrate the same expression from r to R we can find the radius R of the sphere such that 
half the total electrostatic field energy of the system is contained within that sphere. 

Apply Gauss’s law to a spherical shell 


of radius R > r to obtain: 



Solve for E r outside the spherical 
shell: 



Express the energy density in the 
region R > r: 



Express the energy in the 
electrostatic field in a spherical shell 
of radius R, thickness dR, and 
volume 4 nR 2 dR outside the spherical 
shell: 


dU = 4 tt R 2 u(R)dR 




Integrate dU from r to oo to obtain: 


kQ 2 r dR _ kQ 2 


2 J R 2 2 r 
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Integrate dU from r to R to obtain: 


kQ 2 R rdR’ 
2 J R' 2 

r 


kQ 1 (1 P 
2 \r Rj 


Set U = \U to obtain: 


kQ 2 f 1 P 
2 [r 


kQ 2 

4r 


Solve for 7?: 



Disconnected and Reconnected Capacitors 


58 •• 

Picture the Problem Let C x represent the capacitance of the 2.0-//F capacitor and C 2 the 
capacitance of the 2 nd capacitor. Note that when they are connected as described in the 
problem statement they are in parallel and, hence, share a common potential difference. 
We can use the equation for the equivalent capacitance of two capacitors in parallel and 
the definition of capacitance to relate C 2 to C\ and to the charge stored in and the 
potential difference across the equivalent capacitor. 


Using the definition of capacitance, Q x — C,E — (2 //F)(l2 V) — 24 //C 

find the charge on capacitor C,: 


Express the equivalent capacitance 
of the two-capacitor system and 
solve for C 2 : 

Using the definition of capacitance, 
express C eq in terms of Qi and U 2 : 


Substitute to obtain: 


c eq = c l + c 2 

and 

C 2 =C eq -Q 
C = = Q- 

eq v 2 v 2 

where U 2 is the co mm on potential 
difference (they are in parallel) across the 
two capacitors and Q\ and g 2 are the 
(equal) charges on the two capacitors. 





Substitute numerical values and 
evaluate C 2 : 


C 2 = 


24//C 
4 V 


2//F = 


4.00 juF 
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59 •• 

Picture the Problem Because, when the capacitors are connected as described in the 
problem statement, they are in parallel, they will have the same potential difference 
across them. In part ( b ) we can find the energy lost when the connections are made by 
comparing the energies stored in the capacitors before and after the connections. 


(a) Because the capacitors are in parallel: 

V m = V m = 2.00 kV 

( b ) Express the energy lost when the 
connections are made in terms of the 

energy stored in the capacitors before 
and after their connection: 

At/ = U More -t/ after 

Express and evaluate U bc t orc : 

t/before = t/ 100 + t/ 400 

= 2" tqoo^l00 "2 t/ 400 k 400 

= jV (C l00 + C 400 ) 

= |(2kV) 2 (500pF) 

= l.OOmJ 

Express and evaluate U after : 

t/ a fler = t/lOO + t /400 

= 2^100^100 + 2^400 ^400 

= W(c 10 .+c 4 J 

= ^(2kV) 2 (500pF) 

= l.OOmJ 

Substitute to obtain: 

AU = 1.00 mJ -1.00 mJ = |~0~| 


*60 •• 

Picture the Problem When the capacitors are reconnected, each will have the charge it 
acquired while they were connected in series across the 12-V battery and we can use the 
definition of capacitance and their equivalent capacitance to find the common potential 
difference across them. In part ( b ) we can use U = \CV 2 to find the initial and final 


energy stored in the capacitors. 


(a) Using the definition of 
capacitance, express the potential 
difference across each capacitor when 
they are reconnected: 

^ = — (1) 
r 

'-'eq 

where Q is the charge on each capacitor 
before they are disconnected. 
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Find the equivalent capacitance of 
the two capacitors after they are 
connected in parallel: 

Express the charge Q on each 
capacitor before they are 
disconnected: 

Express the equivalent capacitance 
of the two capacitors connected in 
series: 

Substitute to find Q: 

Substitute in equation (1) and 
evaluate V: 

( b ) Express and evaluate the energy 
stored in the capacitors initially: 


Express and evaluate the energy 
stored in the capacitors when they 
have been reconnected: 

61 •• 

Picture the Problem Let C\ represent the capacitance of the 1.2-//F capacitor and C 2 the 
capacitance of the 2 nd capacitor. Note that when they are connected as described in the 
problem statement they are in parallel and, hence, share a common potential difference. 
We can use the equation for the equivalent capacitance of two capacitors in parallel and 
the definition of capacitance to relate C 2 to C\ and to the charge stored in and the 
potential difference across the equivalent capacitor. In part ( b ) we can use U = \CV 2 to 

find the energy before and after the connection was made and, hence, the energy lost 
when the connection was made. 

(a) Using the definition of Q x = CjF = (l.2//F)(30V) = 36 /jC 

capacitance, find the charge on 
capacitor Cp 


c eq = c l + c 2 

= 4//F + 12//F 
= 16 juF 

<2 = C' eq v 


, C,C 2 (4//F)(l2//F) 


CL = 


eq 


q + C 2 4 //F + 12 /uF 


3//F 


Q = (3 //F)(l2V) = 36 /jC 


V 


_ 2(36 //C) _ 
16 juF 


4.50V 


tWCVf =1(3/<F)(12V) 2 


216 fil 


u, "icyf =!(16/,F)(4.5V) 2 


162 //J 


c = c + c 


Express the equivalent capacitance 
of the two-capacitor system and 
solve for C 2 : 


and 
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Using the definition of capacitance, 
express C eq in terms of Q 2 and V 2 : 


Substitute to obtain: 


Q = Ce q -Q 

c = = — 

eq v 2 v 2 

where V 2 is the common potential 
difference (they are in parallel) across the 
two capacitors. 



Q 


Substitute numerical values and 
evaluate C 2 : 


c _ 36//C 
2 10V 


1.2 //F 


2.40 //F 


(b ) Express the energy lost when the 
connections are made in terms of the 
energy stored in the capacitors 
before and after their connection: 


AU = U befoie ~U atter 


_ 1 


_iry z -ir V 

= i (ctf-CV?) 


Substitute numerical values and evaluate A U: 


A U = 


}[(l.2//F)(30V) 2 -(3.6//F)(l0V) 2 ] = I 360 juJ 


62 •• 

Picture the Problem Because, when the capacitors are connected as described in the 
problem statement, they are in parallel, they will have the same potential difference 
across them. In part ( b ) we can find the energy lost when the connections are made by 
comparing the energies stored in the capacitors before and after the connections. 


(a) Using the definition of 
capacitance, express the charge Q 
on the capacitors when they have 
been reconnected: 


Substitute numerical values to obtain: 


0 = 0400 - 2 , 


^100 

-C V -C V 

W0(T 400 ^lOOMOO 


= (c m -c m )v 

where V is the common potential difference 
to which the capacitors have been charged. 


Q = (400 pF - 100pF)(2kV) = 600 nC 


Using the definition of capacitance, Q = (C 1 + C 2 )V { 

relate the equivalent capacitance, 
charge, and final potential difference 
for the parallel connection: 
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Solve for and evaluate Vf y _ Q _ 600 nC 

f _ C, + C 2 ~ 100pF + 400pF 

= 1.20kV 

across both capacitors. 

( b ) Express the energy lost when the 
connections are made in terms of the 
energy stored in the capacitors before 
and after their connection: 

Substitute numerical values and evaluate A U: 

AU = |[(l00pF)(2kV) 2 +(400pF)(2kV) 2 -(500pF)(l.2kV) 2 


0.640 mJ 


A U = U befme -U after 


— 1 


irv + 1 C V - X C V 

2 1 ^ 2 ^2 V 2 2 f 


(crf + Ctf-C^V, 2 ) 


63 •• 

Picture the Problem When the capacitors are reconnected, each will have a charge equal 
to the difference between the charges they acquired while they were connected in parallel 
across the 12-V battery. We can use the definition of capacitance and their equivalent 
capacitance to find the common potential difference across them. In part ( b) we can use 
U = j C V 2 to find the initial and final energy stored in the capacitors. 


(a) Using the definition of 
capacitance, express the potential 
difference across the capacitors 
when they are reconnected: 

Express the final charge Qf on each 
capacitor: 

Use the definition of capacitance to 
substitute for Q 2 and Q\. 


Vf = — = -Q— ( 1 ) 

C eq c 1+ c 2 

where Qf is the co mm on charge on the 
capacitors after they are reconnected. 

a=a-a 

a = C 2 V - C,F = (C 2 - C t )V 


Substitute in equation (1) to obtain: 


C -C 

V = zl — zL V 


c, + c 2 


K = 


12//F-4//F 
12//F + 4//F 


(l2V) = 


6.00V 


Substitute numerical values and 
evaluate Vf. 
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(. b ) Express and evaluate the energy 
stored in the capacitors initially: 


Express and evaluate the energy 
stored in the capacitors when they 
have been reconnected: 


u i =ic t r 1 +\c 2 r 2 

= iK 2 (C,+C 2 ) 

= 4(l2 V) 2 (l2 //F + 4//F) 
= 1.15mJ 


u t =ic,r, 2 +}c 2 v r ! 

=i v r 2 (c,+c 2 ) 

= j(6V) 2 (12 / uF + 4 / uF) 
= 0.288mJ 


*64 •• 

Picture the Problem Let the numeral 1 refer to the 20-pF capacitor and the numeral 2 to 
the 50-pF capacitor. We can use conservation of charge and the fact that the connected 
capacitors will have the same potential difference across them to find the charge on each 
capacitor. We can decide whether electrostatic potential energy is gained or lost when the 
two capacitors are connected by calculating the change AU in the electrostatic energy 
during this process. 


(a) Using the fact that no charge is Q = Q l + Q 2 (1) 

lost in connecting the capacitors, 

relate the charge Q initially on the 20- 

pF capacitor to the charges on the two 

capacitors when they have been 

connected: 


Because the capacitors are in parallel, 
the potential difference across them is 
the same: 


v x = v 2 


Qi _ Qi 
Q c 2 


Solve for Q\ to obtain: 


&=§-& 


Substitute in equation (1) and solve 
for Q 2 to obtain: 


Qi = 


Q 

1 +cjc 2 


( 2 ) 


Use the definition of capacitance to Q — C X V = (20pF)(3kV) = 60nC 

find the charge Q initially on the 20- 
pF capacitor: 
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Substitute in equation (2) and 
evaluate Q< 


a = 


60 nC 

! + 20pF/50pF 


42.9 nC 


Substitute in equation (1) to obtain: 


01 = 0-02 

= 60nC -42.9nC 


17.1nC 


(b ) Express the change in the 
electrostatic potential energy of the 
system when the two capacitors are 
connected: 


Substitute numerical values and 
evaluate AC: 


AU = U f -U i 


Q 2 Q 2 

2 C eq 2C[ 



r 

V*^eq 


c, 


V 


A U = 


_ (60 nC) 2 ( 1 


70 pF 


= -64.3 /ui 


1 ^ 

20pF y 


Because A U < 0, electrostatic energy is lost when the two capacitors are 
connected. 


65 ••• 

Picture the Problem Let upper case Q s refer to the charges before S 3 is closed and lower 
case qs refer to the charges after this switch is closed. We can use conservation of charge 
to relate the charges on the capacitors before S 3 is closed to their charges when this 
switch is closed. We also know that the sum of the potential differences around the circuit 
when S 3 is closed must be zero and can use this to obtain a fourth equation relating the 
charges on the capacitors after the switch is closed to their capacitances. Solving these 
equations simultaneously will yield the charges q\, qi, and g 3 . Knowing these charges, we 
can use the definition of capacitance to find the potential difference across each of the 
capacitors. 


open, the charges on and the 
potential differences across the 
capacitors do not change and: 

( b ) When S 3 is closed, the charges 
can redistribute; express the 
conditions on the charges that must 
be satisfied as a result of this 


= Qi — Q\ > 

( ? 3 — Rl — 0 3 — 02 > 

and 


(a) With Si and S 2 closed, but S 3 


Vi =V 2 =V 3 = 


200 V 
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redistribution: 

Express the condition on the 
potential differences that must be 
satisfied when S 3 is closed: 

Use the definition of capacitance to 
eliminate the potential differences: 

Use the definition of capacitance to 
find the initial charge on each 
capacitor: 


Let Q = Q\. Then: 

Express q 2 and q 2 in terms of q\ and 

0 : 


^1-^3 = Qi ~ Q 3 - 

V 1+ V 2 +V 3 =0 

where the subscripts refer to the three 
capacitors. 

<7l + <7u + <7l = 0 (1) 

c, c 2 c 3 

Q 1 = cy = (2 //F)(200 v) = 400 //C, 
Q 2 = C 2 v = (4 //F)(200 v) = 800 //C , 
and 

Q 3 = C 3 V = (6//F)(200^V) = 1200//C 

Q 2 = 2 Q and Q 2 = 3 Q 

q 2 =Q + q x (2) 

and 

q 3 =q x +2Q (3) 


Substitute in equation (1) to obtain: 


Solve for and evaluate q\ to obtain: 


q\ | Q+qi | q^ +^Q _ Q 
Cl C 2 c 3 

or 

qi , Q + qi , qi+2Q _ Q 
2 juF 4 juF 6 juF 

9,=-*e = -*(400/iC)=“ 


Substitute in equation (2) to obtain: 


q 2 


= 400 juC - 254 juC = 



Substitute in equation (3) to obtain: q 3 = -254 /uC + 2(400 juC ) = 546 


(c) Use the definition of capacitance to 
find the potential difference across 
each capacitor with S 3 closed: 
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*66 •• 

Picture the Problem We can use the expression for the energy stored in a capacitor to 
express the ratio of the energy stored in the system after the discharge of the first 
capacitor to the energy stored in the system prior to the discharge. 


Express the energy U initially 
stored in the capacitor whose 
capacitance is C: 


U = 


2 C 


The energy U stored in the two 
capacitors after the first capacitor 
has discharged is: 


Express the ratio of U to U: 


U' 


(Q ) 2 

f Q\ 

^ + 


2C 

2C 

Q 2 


4 C _ 1 

=> l 

01 2 



4C 



2C 


Dielectrics 


67 • 

Picture the Problem The capacitance of a parallel-plate capacitor filled with a dielectric 

of constant /ris given by C =--— . 

d 


Relate the capacitance of the 
parallel-plate capacitor to the area of 
its plates, their separation, and the 
dielectric constant of the material 
between the plates: 

Substitute numerical values and 
evaluate C: 


c = 5£o A 
d 


c _ 2.3(8.85xl0~ 12 C 2 /N-m 2 )(400cm 2 ) 
0.3 mm 


2.71nF 


68 •• 

Picture the Problem The capacitance of a cylindrical capacitor is given by 
C = 2 7ZK s 0 Z/ln(r 2 /r t ), where L is its length and r\ and r 2 the radii of the inner and 

outer conductors. We can use this expression, in conjunction with the definition of 
capacitance, to express the potential difference between the wire and the cylindrical shell 
in the Geiger tube. Because the electric field E in the tube is related to the linear charge 
density A on the wire according to E = 2kA /kt , we can use this expression to find 2kAI k 

for E = E m ax. In part (b) we’ll use this relationship to find the charge per unit length A on 
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the wire. 


(a) Use the definition of capacitance 
and the expression for the 
capacitance of a cylindrical capacitor 
to express the potential difference 
between the wire and the cylindrical 
shell in the tube: 


Express the electric field at a 
distance r greater than its radius from 
the center of the wire: 


AV = — = 


Q 


c 


2 uk s 0 L 
In (R/r) 


2A 


4 n 


K 



2kA, 

( R' 


= In 



K 



where A is the linear charge density, k is 
the dielectric constant of the gas in the 
Geiger tube, r is the radius of the wire, and 
R the radius of the coaxial cylindrical shell 
of length L. 


E = 


2kA 


KT 


Solve for IkAhc : 


2kA 


= Er 


K 


( 1 ) 


Noting that £ is a maximum at 
r = 0.2 mm, evaluate 2k/J k : 


— = E^r = <2 x 10 6 V/m)(0.2mm) 

K 

= 400 V 


Substitute and evaluate A F max : 


AC 


f 

(400 V) In 

v 


1.5 cm 
0.2 mm j 


1.73kV 


( b) Solve equation (1) for A: ^ _ E max iQ' 

2k 

1.8(2xl0 6 V/m)(0.2 mm) 
2(8.99 xl0 9 N-m 2 /C 2 ) 


Substitute numerical values and 
evaluate A: 


40.0 nC/m 
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69 •• 

Picture the Problem The diagram shows a 
partial cross-sectional view of the inner and 
outer spherical shells. By symmetry, the 
electric field is radial. We can apply 
Gauss’s law to spherical surfaces of radii r 
< R u R\ < r < R 2 , and r > R 2 to find the 
electric field and, hence, the energy density 
in these regions. 



(a) Apply Gauss’s law to a spherical 
surface of radius r < R\ to obtain: 


Because E = 0 for r < R \: 


Apply Gauss’s law to a spherical 
surface of radius R\ < r < R 2 to 
obtain: 

Solve for TV to obtain: 


Express the energy density in the 
region R\ < r<R 2 : 


Apply Gauss’s law to a cylindrical 
surface of radius r > R 2 to obtain: 


E r [\n r 2 ) = ^2514^ = 0 
k e n 


and 
F - 

^r<R , 




E r [4xr 2 ) 


_ ^inside _ Q 


rce 0 ke 0 


E.. = 


Q kQ 


4kk e n r ' kt 


u = \k £o El = \k 


kQ 


k 2 c 0 Q 2 

2/tr 4 


E r [An r 2 )= = 0 

k 


and 

F - 

^r>R , 



Because E = 0 for r > R 2 : 
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( b ) Express the energy in the 
electrostatic field in a spherical shell 
of radius r, thickness dr, and volume 
Am- 2 dr between the conductors: 


dU = Anr 1 u{r)dr 


f 1 2 


= Anr~ 


2 A 


k ~k e 0 Q 

v 2*V , 


dr 


kQ 1 

2io- 2 


dr 


(c) Integrate dU from r = R\ to to 
obtain: 


kQ 2 'ulr _ 
2 * 1/ ~ 
kQ 2 {R 2 -R 1 ) 

2kR\R 2 



Rt-R, ' 


Akk£ q R x R 


2 J 


Note that the quantity in parentheses is 1/C, 
so we have U = \Q 2 fC. 


70 •• 

Picture the Problem We can use the relationship between the electric field between the 
plates of a capacitor, their separation, and the potential difference between them to find 
the minimum plate separation. We can use the expression for the capacitance of a 
dielectric-filled parallel-plate capacitor to determine the necessary area of the plates. 


(a) Relate the electric field of the 
capacitor to the potential difference 
across its plates: 

Solve for d: 


Noting that d mm corresponds to E max , 
evaluate c/ min : 


(. b ) Relate the capacitance of a 
parallel-plate capacitor to the area of 
its plates: 


eJA 

d 

where d is the plate separation. 

dJL 

E 


d_ = 


V 2000 V 


E_ 4x 10 7 V/m 


50.0 jun 1 


C - Ke o A 


A = 


Cd 


K ( 


Solve for A: 
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Substitute numerical values and 
evaluate A: 


_ (0.1//F)(50//m) 

~ 24(8.85 xlO' 12 C 2 /N-m 2 ) 

= 2.35x10 2 m 2 

= 235cm 2 


71 •• 

Picture the Problem We can model this system as two capacitors in series, C\ of 
thickness d/4 and C 2 of thickness 3 d/4 and use the equation for the equivalent capacitance 
of two capacitors connected in series. 


Express the equivalent capacitance 
of the two capacitors connected in 
series: 


1 


1 1 


c c 




r c 

c { + c 2 


Relate the capacitance of Ci to its 
dielectric constant and thickness: 


Q = 


*1 g 0 A 

\d 


4 * t ^0 A 

d 


Relate the capacitance of C 2 to its 
dielectric constant and thickness: 


_ k 2 e 0 A _ 4k 2 e 0 A 
2 \d 3d 


Substitute and simplify to obtain: 




A 


4* 2 ^0 A 

3d 


r =-S__ 

eq 4k x e 0 A 4 K n e n A 


*, 


V a A 


4* 2 

3d 


2 ^0 


3d 


3k, K n 
— L + — 
3d 3d 


A A = ■ 


4 * 1*2 

d 


3/fj + k 2 


A 


4k x k 2 




( 4k x k 2 'l 


3aTj + k 2 

l d j 



l3*!+* 2 J 


*72 •• 

Picture the Problem Let the charge on the capacitor with the air gap be Q\ and the 
charge on the capacitor with the dielectric gap be Q 2 . If the capacitances of the capacitors 
were initially C, then the capacitance of the capacitor with the dielectric inserted is C' = 
kC. We can use the conservation of charge and the equivalence of the potential 
difference across the capacitors to obtain two equations that we can solve simultaneously 
for Q x and Q 2 . 


Apply conservation of charge during 


Q\ + Qi - 20 


( 1 ) 
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the insertion of the dielectric to 
obtain: 

Because the capacitors have the Qi_ _ Qj_ 

same potential difference across C kC 

them: 


Solve equations (1) and (2) simultaneously 
to obtain: 


0i = 


2Q_ 

1 + K 


and Q 2 = 


2Qk 

1 + K 


73 •• 

Picture the Problem We can model this system as two capacitors in series, C\ of 
thickness t and C 2 of thickness d - t and use the equation for the equivalent capacitance 
of two capacitors connected in series. 


Express the equivalent capacitance of 
the two capacitors connected in series: 


1 


1 1 


r c 


C e q 


c c 

1^2 

C x +C 2 


Relate the capacitance of C\ to its 
dielectric constant and thickness: 


_ K£ Q A 
1 t 


Relate the capacitance of C 2 to its 
dielectric constant and thickness: 


C 2 = 


^0 A 
d-t 


Substitute and simplify to obtain: 


f 

V 


K£ 0 A 


A 


C = v ^ 2V 
eq K£ 0 A 


d-t 


f K Y 1 ^ 


y 


v 1 


d -t 


r k\( 1 ^ 


A 


t 


K 


d-t 


K 1 

+ 


A 


V 1 


d -t 


t d -t 


K 1 

- + - 


A 


t d -t 


f , A = 
K\d — t) + t 


Kd 


(d -t) + t 


k\ 


a 


74 •• 

Picture the Problem Because d « r, we can model the membrane as a parallel-plate 
capacitor. We can use the definition of capacitance to find the charge on each side of the 
membrane in part ( b ) and the relationship between the potential difference across the 
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membrane, its thickness, and the electric field in it to find the electric field called for in 
part (c). 


(a) Express the capacitance of a 
parallel-plate capacitor: 

Substitute for the area of the plates: 


Substitute numerical values and 
evaluate C: 


( b ) Use the definition of capacitance 
to find the charge on each side of the 
membrane: 

(c) Express the electric field through 
the membrane as a function of its 
thickness d and the potential 
difference V across it: 

Substitute numerical values and 
evaluate E : 


c = Ke^A_ 
d 

_ Ijik <e 0 rL ktL 
d 2 kd 

3(l0 5 m)(0.1m) 

~ 2(8.99 xl0 9 N-m 2 /C 2 )(lCr 8 m) 
= 16.7nF 


Q = CV = (l6.7nF)(70mV) = 


1.17nC 


E = 


V_ 

d 


^ 70 mV 

E =- 5 — 

10 8 m 


7.00 MV/m 


*75 •• 

Picture the Problem The bound charge density is related to the dielectric constant and 


the free charge density according to cr b = 


1 - 

v 


Solve the equation relating cr b , cr f , 

K = — 

1 

and k for k to obtain: 

1- 


(a) Evaluate this expression for 

K = — 

1 

Ob/Of = 0.8: 

1- 

-0.8 

(b ) Evaluate this expression for 

K = — 

1 

Ob/Of = 0.2: 

1- 

-0.2 


1 

K =- 

1-0.98 


50.0 


(c) Evaluate this expression for 
Ob/0f = 0.98: 
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76 •• 

Picture the Problem We can use the definition of the dielectric constant to find its value. 
In part ( b ) we can use the expression for the electric field in the space between the 
charged capacitor plates to find the area of the plates and in part (c) we can relate the 
surface charge densities to the induced charges on the plates. 

(a) Using the definition of the 
dielectric constant, relate the 
electric field without a dielectric E 0 
to the field with a dielectric E: 



Solve for and evaluate k : 


E 0 _ 2.5x 10 5 V/m 
E ~ 1.2xl0 5 V/m 


(b) Relate the electric field in the 
region between the plates to the 
surface charge density of the plates: 

Solve for A: 


Substitute numerical values and 
evaluate A: 


a Q/A 

^0 - — 

^0 ^0 

iOnC 

“ (2.5x 10 5 V/m)(8.85x 1(T 12 C 2 /N • m 2 ) 

= 4.52xl0“ 3 m 2 
= 45.2 cm 2 


(c) Relate the surface charge 
densities to the induced charges on 
the plates: 


Solve for Q h : 

Substitute numerical values and 
evaluate Q\,\ 


r 


= 


1 


1- 

V KJ 


<J r 


or 


^Jl = Ql = i_I 
cr f Q { k 


0b=fl 

4 



5.19nC 
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*77 •• 

Picture the Problem We can model this parallel-plate capacitor as a combination of two 
capacitors C\ and C 2 in series with capacitor C 3 in parallel. 


Express the capacitance of two 
series-connected capacitors in 
parallel with a third: 


Express each of the capacitances C\, 
C 2 , and C 3 in terms of the dielectric 
constants, plate areas, and plate 
separations: 


Substitute in equation (2) to obtain: 


Substitute in equation (1) to obtain: 


c = c 3 +c t 

where 

C C 

Q _ 

s c, + c 2 


( 1 ) 

(2) 


C> = 

c 2 = 


*i ^0 (\ A ) _ ^^o A 
\d d ' 

K 2 eJ^A) = K 1 e SL A_ 
\d d 


and 

c . g o (i A ) 


e 0 A 


2d 


a 


V 


^0 A 
d 


V r e 
v 2 t 0 z 


A 


d 


k x Gq A ^ k 2 e q A 


2 


A 


*i + K 2 \ 


C 


^l£o 


A 


AT, AT- 


12 


2d 


K x + K 


A 


2 V 


2at,at 0 ^ 
k 2 +-- —- 


\ 


K, + K 


A 


2 


2d 


78 •• 

Picture the Problem The electric field E between the plates of a parallel-plate capacitor 
is related to the potential difference V between the plates and their separation d according 
to V= Ed and the electrostatic energy U depends on the electric field according to 
U = \ e Q El Ad . We can use these relationships to find E, V, and U with and without 

the dielectric in place. 

(a) Relate the electric field E 0 to the r _ V _ 100 V 

-Cq 

potential difference V between the d 4 mm 

plates and the plate separation d: 


25.0kV/m 
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Use the definition of energy density 
to relate the electrostatic energy U 0 
to the volume of the space between 
the plates: 

Express the energy density in the 
electric field: 

Substitute to obtain: 

Substitute numerical values and 
evaluate Uq. 


(b ) With the dielectric in place the 
electric field becomes: 

(c) Relate the potential difference V 
to the electric field E and the 
separation of the plates: 

(i d) Relate the new electrostatic 
energy U to the initial electrostatic 
energy C/ 0 and the dielectric 
constant k : 


U 0 = u 0 Ad 


U 0 = 2 e o El Ad 

U 0 = 4(8.85 x 1CT 12 C 2 /N • nr)(25kV/m) 2 
x (600 cm 2 )(4 mm) 

= 0.664/J 


^ E () 25kV/m 

E = —— =- 

k 4 


6.25 kV/m 


V = Ed = (6.25kV/m)(4mm) = 


25.0V 


t/ = U 

K 


0.664/J 
4 


0.166//J 


79 ••• 

Picture the Problem We can use the definition of capacitance and the relationship 
between the electric field in the capacitor and the potential difference across its plates to 
express C. In part ( b ) we can use <r b = (l — 1 / at) cr r and k = 1 + (3/yo)y to express the 

ratio oi/Of and evaluate it aty = 0 and y =y 0 - The application of Gauss’s law in part (c) 
will yield an expression for p (_>’) within the dielectric that we can integrate in part ( d) to 
find the total induced bound charge. 

(a) Using its definition, express the 
capacitance of the parallel-plate 
capacitor: 

Express the potential difference V 
between the plates in terms of the 
electric field E between the plates: 


q _ Q _ °A 

V V 


(1) 


dV = Edy 








Express the electric field in the 
region between the plates: 
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Substitute to obtain: 


Integrate from y = 0 toy =yo'- 


Substitute in equation (1) and 
simplify to obtain: 


( b) Relate cr b to cr r and k : 


Substitute for k to obtain: 


Evaluate cr b /cr f at y = 0: 


Evaluate cr b /cr, at y = y 0 : 



(7 

K (y) 


dv = 


a 

*{y) 


dy 



dy 



dy 

1 + CVeo )y 

ln(l + 3v/v 0 )|o° 

ln(4) 


C = 


oA 


qy o 
3 


ln(4) 


3 A 

yp ln ( 4 ) 


i-- 

K) 


cr. 


and 

<Tf 



K 



1 

i+( 3 /roE 


i + (3/v„)(o) 



cr. 


cr. 


= 1 


y=yo 


1 

1 + ( 3 /Eo)v 0 


0.750 


(c) Consider a Gaussian surface of 
area A and width dy and recall that E 
into the surface is taken to be 
negative. Apply Gauss’s law to obtain: 


[E(y)-E(y + dy)]A 


a 


inside 


^0 

Adypjy) 


0 
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Divide both sides of the equation by 
dy. 

[E{y)-E{y + dv)] _ p(y ) 
dy e 0 


or 

dE _ p{y ) 
dy e 0 

Solve for p (v) to obtain: 

t \ dE 

P\y) = - e o~r- 


d 

<j 

° dy 
d " 

y 0 /c (y)_ 

i 

dy 

1+ (3/t 0 )t 

3cr 

To( 1 + 3t/To) 2 . 


(cl) Integrate p(y) from y = 0 to 
v = yo to obtain: 


P = 


y o 

3<7 Ii 


dy 




y^+iy/yj 

, the charge per unit area in 


the dielectric, and just cancels out 
the induced surface charge density. 


General Problems 

80 •• 

Picture the Problem We can use the expression U 0 = j C V 2 to express the total energy 
stored in the combination of four capacitors in terms of their equivalent capacitance C eq . 

The energy stored in one capacitor U 0 = \ CV 2 

when it is connected to the 100-V 
battery is: 

When the four capacitors are U = \C V 2 

connected to the battery in some 
combination, the total energy stored 
in them is: 

Equate U and Uo and solve for C eq C. q = C 

to obtain: 
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The equivalent capacitance C of 
two capacitors of capacitance C 
connected in series is their product 
divided by their sum: 

If we connect two of the capacitors C eq = C' + C' = \C + \C = C 

in series in parallel with the other 
two capacitors connected in series, 
their equivalent capacitance will be: 


C' = 


c 2 


c+c 


■ = \c 


Thus, a series combination of two of the capacitors in parallel with a series 
combination of the other two capacitors will result in total energy U 0 
stored in all four capacitors. 


*81 • 

Picture the Problem We can use the equations for the equivalent capacitance of three 
capacitors connected in parallel and in series to find these equivalent capacitances. 


(a) Express the equivalent 
capacitance of three capacitors 
connected in parallel: 

Substitute numerical values and 
evaluate C eq : 


c eq = c 1+ c 2 +c 3 

C eq =2.0//F + 4.0//F + 8.0//F 
= 14.0 juF 


(b ) Express the equivalent ^ _ _ C l C 2 C 3 _ 

capacitance of the three capacitors eq C, C 2 + C 2 C 3 + CjC 3 

connected in series: 


Substitute numerical values and evaluate C eq : 


C 


eq 


_(2//F)(4//F)(8//F)_ 

(2 //F)(4 //F) + (4 //F)(8 //F)+ (2 //F)(8 //F) 


1.14 //F 


82 • 

Picture the Problem We can first use the equation for the equivalent capacitance of two 
capacitors connected in parallel and then the equation for two capacitors connected in 
series to find the equivalent capacitance. 
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Find the equivalent capacitance of a 
1.0-//F capacitor connected in 
parallel with a 2.0-//F capacitor: 

Find the equivalent capacitance of a 
3.0-//F capacitor connected in series 
with a 6.0-//F capacitor: 


c =c +c 

= 1.0//F + 2.0//F 
= 3.0 juF 

c C eq ,A _ (3.0//F)(6.0//F) 
eq ’ 2 C^ + C 6 3.0//F + 6.0//F 

= 2.00 juF 


83 • 

Picture the Problem The charge Q and the charge density cr are independent of the 
separation of the plates and do not change during the process described in the problem 
statement. Because the electric field E depends on a, it too is constant. We can use 
U = \ CV 2 and the relationship between V and E, together with the expression for the 

capacitance of a parallel-plate capacitor, to show that U oc d. 


Express the energy stored in the U = \CV 2 

capacitor in terms of its capacitance C 
and the potential difference across its 
plates: 


Express V in terms of E: 

Express the capacitance of a parallel- 
plate capacitor: 

Substitute to obtain: 


V = Ed 

where d is the separation of the plates. 


c= Ke^A_ 

d 


U = \ K£ « A {Ed) 2 = [\k e 0 AE 2 )d 


Because U cc d, to double U one must 
double d. Flence: 


d { = 2d = 2(0.5 mm) 


1.00 mm 


84 •• 

Picture the Problem We can use the equations for the equivalent capacitance of 
capacitors connected in parallel and in series to find the single capacitor that will store 
the same amount of charge as each of the networks shown above. 

(a) Find the capacitance of the two C cq j = C 0 + C 0 = 2C 0 

capacitors in parallel: 








Find the capacitance equivalent to 
2 C 0 in series with C 0 : 
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Find the capacitance equivalent to 

2C 0 in series with C 0 : 

r _ C„,,C 0 (2C 0 )C„ _ 

eq ’ 2 C +C 2C +C 30 

^eq,l ^ ^ '-'O 

(b) Find the capacitance of two 
capacitors of capacitance Co in 
parallel: 

Q q ,i = 2 C 0 

Find the capacitance equivalent to 

2C 0 in series with 2C 0 : 

C„C„ _(2C t )(2C 0 ) 
eq ’ 2 C +C 2C +2C 0 

'-'eq, 1 ^ ^ ^'-'O 

(c) Find the equivalent capacitance 
of three equal capacitors connected 
in parallel: 

c eq = c 0 +c 0 +c 0 

= 3C 0 


*85 •• 

Picture the Problem Note that with V applied between a and b, C i and C 3 are in series, 
and so are C2 and C4. Because in a series combination the potential differences across the 
two capacitors are inversely proportional to the capacitances, we can establish 
proportions involving the capacitances and potential differences for the left- and right- 
hand side of the network and then use the condition that V c = V d to eliminate the potential 
differences and establish the relationship between the capacitances. 


Letting Q represent the charge on 
capacitors 1 and 2 , relate the 
potential differences across the 
capacitors to their common charge 
and capacitances: 

K= — 

C i 

md 

V 3 = — 

C 

Divide the first of these equations by 

the second to obtain: 

II 

p \c> 

Proceed similarly to obtain: 

V c 

^ = ^ ( 2 ) 

V 4 C 2 

Divide equation (1) by equation (2) 
to obtain: 

vv c c 

v V 4 _ ^3^2 

vv cc 1 

v V2 MW 

If V c = V d then we must have: 

Substitute in equation (3) and 

V x = V 2 and V 3 = V 4 

C 2 C 3 = c,c 4 


Substitute in equation (3) and 
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rearrange to obtain: 


86 •• 

Picture the Problem Because the spheres are identical, each will have half the charge of 
the initially charged sphere when they are connected. We can find the fraction of the 
initial energy that is dissipated by finding the energy stored initially and the energy stored 
when the two spheres are connected. 


Express the fraction of the initial 
energy that is dissipated when the 
two spheres are connected: 

Express the initial energy of the 
sphere whose charge is Q: 

Relate the capacitance of a an 
isolated spherical conductor to its 
radius: 

Substitute to obtain: 


Express the energy of the connected 
spheres: 

Substitute in equation (1) and 
simplify: 


/ = 


U-~U f 

Ui 


1-— 

u, 


(i) 


U; = 


LQl 

2 C 


C = 4ft e 0 R 


L r 1 Q 2 1 kQ 2 

2 4 ft e 0 R 2 R 

u i k(g/2f | i k(g/2f i k& 

f 2 R 2 R 4 R 

IkQ 2 

2 R 


f = l-±^ T = 
1 kO- 


1-= 

2 


87 •• 

Picture the Problem We can use the expression for the capacitance of a parallel-plate 
capacitor as a function of A and d to determine the effect on the capacitance of doubling 
the plate separation. We can use V = Ed to determine the effect on the potential 
difference across the capacitor of doubling the plate separation. Finally, we can use 
U = CV~ 12 to determine the effect of doubling the plate separation on the energy stored 
in the capacitor. 


by a distance 2d: 


(a) Express the capacitance of a 
capacitor whose plates are separated 


C = 


A 


2d 
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( b ) Express the potential difference 
across a parallel-plate capacitor 
whose plates are separated by a 
distance d : 


V = Ed 

where the electric field E depends solely on 
the charge on the capacitor plates. 


Express the new potential difference 
across the plates resulting from the 
doubling of their separation: 

(c) Relate the energy stored in a 
parallel-plate capacitor to the 
separation of the plates: 

When the plate separation is 
doubled we have: 

(d) Relate the work required to 
change the plate separation from d 
to 2d to the change in the 
electrostatic potential energy of the 
system: 


K c -=E(2d) = 2(Ed) = 


2V 


U = -CV 2 =-^eA v 2 

2 2d 


U =I^1(2E) 2 = 
new 2 2 d y 


AV 


W = AU = U new -U i 
_ e 0 AV 2 e 0 AV 2 
d 2d 
_ c 0 AV 2 
2d 


88 •• 

Picture the Problem We can use the equation for the equivalent capacitance of two 
capacitors in series to relate Co to C and the capacitance of the dielectric-filled parallel- 
plate capacitor and then solve the resulting equation for C'. 

Express the equivalent capacitance ^ _ C'C 

of the system in terms of C' and C, C'+C 

where C is the dielectric-filled 
capacitor: 

Solve for C' to obtain: ^, _ C 0 C 

~C-C 0 


Express the capacitance of the 
dielectric-filled capacitor: 


c = !£1°A = k c ii 

d 


C 


, c„K) 

*c 0 -c 0 


K 


K- 1 


a 


Substitute to obtain: 
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89 •• 

Picture the Problem Modeling the Leyden jar as a parallel-plate capacitor, we can use 
the equation relating the capacitance of a parallel-plate capacitor to the area A and 
separation d of its plates to find the jar’s capacitance. To find the maximum charge the jar 
can carry without undergoing dielectric breakdown we can use the definition of 
capacitance to express (Q rmx in terms of V max ... and then relate L max to E rmx using 
V max = E miv/ d , where d is the thickness of the glass wall of the jar. 


(a) Treating it as a parallel-plate 
capacitor, express the capacitance of 
the Leyden jar 


Substitute numerical values and 
evaluate C: 


_ k <? 0 A _ k (Eq ( 2nRh ) 
d d 

4 n hRh kRIi 

2d 2 kd 

where h is the height of the jar and R is its 
inside radius. 


c _ 5(0.04 m)(0.4m) 

~ 2(8.99 x 10 9 N ■ m /C 2 )(2xl0 _3 m) 

= 2.22 nF 


(. b ) Using the definition of 
capacitance, relate the maximum 
charge of the capacitor to the 
breakdown voltage of the dielectric: 

Express the breakdown voltage in 
terms of the dielectric strength and 
thic kn ess of the dielectric: 

Substitute to obtain: 

Substitute numerical values and 
evaluate Q max : 


Q =cv 

^-•max max 

^max = 

Qmax = CE uuJ 

6„„ = (2.22 nF)(l 5 MV/m)(2 x 1 (T 1 m) 
= 66.6 //C 


*90 •• 

Picture the Problem The maximum voltage is related to the dielectric strength of the 
medium according to V max = E max d and we can use the expression for the capacitance of 

a parallel-plate capacitor to determine the required area of the plates. 

(a) Relate the maximum voltage that F rnax = E max d 

can be applied across this capacitor 
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to the dielectric strength of silicon 
dioxide: 

Substitute numerical values and 
evaluate F max : 


^nax=(8xl0 6 V/m)(5xlO- 6 m) 

= 40.0V 


(. b ) Relate the capacitance of a ^ _ k e 0 A 

parallel-plate capacitor to area A of d 

its plates: 


Solve for A to obtain: 


Substitute numerical values and 
evaluated: 


Cd 


(!0pF)(5 x !0 6 m) 

~ 3.8(8.85 xKT 12 C 2 /N-m 2 ) 

= 1.49x10 6 m 2 

= 1.49 mm 2 


(c) Express the number of capacitors n 
in terms of the area of a square 1 cm 
by 1 cm and the area required for each 
capacitor: 

91 •• 

Picture the Problem When the battery is removed, after having initially charged both 
capacitors, and the separation of one of the capacitors is doubled, the charge is 
redistributed subject to the condition that the total charge remains constant; i.e., 

Q = Qt + Q 2 where Q is the initial charge on both capacitors and Qi is the charge on the 
capacitor whose plate separation has been doubled. We can use the conservation of 
charge during the plate separation process and the fact that, because the capacitors are in 
parallel, they share a common potential difference. 

Find the equivalent capacitance of C eq = 2 //F + 2 //F = 4 /u? 

the two 2-//F parallel-plate 
capacitors connected in parallel: 

Use the definition of capacitance to Q — C eq V = (4 //F)(l00 V) = 400 juC 

find the charge on the equivalent 

capacitor: 


n = 


(l cm) 


2 100 mm 2 

1.49 mm 2 


67 
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Relate this total charge to charges Q = Q\ + Q 2 (1) 

distributed on capacitors 1 and 2 
when the battery is removed and the 
separation of the plates of capacitor 
2 is doubled: 


Because the capacitors are in parallel: 


Vi=V 2 

and 

a Qi q 2 2 Qi 

c x cy ic 2 c 2 


Solve for Q\ to obtain: 


a 



cA 

cj 


a 


( 2 ) 


Substitute equation (2) in equation 
(1) and solve for Q 2 to obtain: 


02 


0 

2 (C 1 /C 2 ) + l 


Substitute numerical values and 
evaluate 


02 


400 //C 

2(2 juF/2 /^F) + l 


133 /uC 


Substitute in equation (1) or 
equation (2) and evaluate Q\. 


a 


267/42 
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Picture the Problem We can relate the electric field in the dielectric to the electric field 
between the capacitor’s plates in the absence of a dielectric using 

E = Eq/k. In part ( b ) we can express the potential difference between the plates as the sum 
of the potential differences across the dielectrics and then express the potential 
differences in terms of the electric fields in the dielectrics. In part (c) we can use our 
result from ( b) and the definition of capacitance to express the capacitance of the 
dielectric-filled capacitor. In part ( d) we can confirm the result of part (c) by using the 
addition formula for capacitors in series. 

(a) Express the electric field E in a 
dielectric of constant k in terms of 
the electric field E 0 in the absence 
of the dielectric: 

Express the electric field E 0 in the 
absence of the dielectrics: 


K 


E n =^= Q 


A 
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Substitute to obtain: 


Use this relationship to express the 
electric fields in dielectrics whose 
constants are K\ and k 2 . 

(. b ) Express the potential difference 
between the plates as the sum of the 
potential differences across the 
dielectrics: 

Relate the potential differences to 
the electric fields and the 
thicknesses of the dielectrics: 


Substitute and simplify to obtain: 


(c) Use the definition of capacitance 
to obtain: 


(d) Express the equivalent 
capacitance C of capacitors C\ and 
C 2 in series: 


E = 


Q 

K£ q A 


Ex = 


Q 


*i O A 


and E 2 = 


Q 


k 2 e 0 A 


V = V l+ V 2 


v,=eA= Qd 


2 2 k x e 0 A 


and 

2 2 k, e, A 


v _ Q d ! Qd 


2aTj e 0 A 2 k 2 e 0 A 


Qd 


2e 0 A 


1 1 

— + — 

V*"i 


V 


Q 


Qd 


d 


2e 0 A 

2e 0 A 

\ 

K x +K 2 
V K \ K i 7 


1 1 

— + — 

y*i k 2 j 

2e 0 A 


d 


yK x +K 2 j 


20 


yK x + K2 J 


where C 0 = e 0 Ajd. 


C C 

Q _ ^1^2 


C 1+ C 2 
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Express C\. 




AT, 


1 0 


^4 2/c, 


d/2 


d 


— = 2v,C 0 


Express C 2 : 


C, = *’ 


^4 2/r, 


d!2 


d 


= 2k,C„ 


Substitute to obtain: 


c feSfeSi) 

2/fjC 0 +2/f 2 C 0 

a result in agreement with part (c). 


2C n 


K l K 2 

\ K \ +K 2j 
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Picture the Problem Recall that within a conductor E = 0. We can use the definition of 
capacitance to express C in terms of the charge on the capacitor Q and the potential 
difference across the plates V. We can then express V in terms of E and the thickness of 
the air gap between the plates. Finally, we can express the electric field between the 
plates in terms of the charge on them and their area. Substitution in our expression for C 
will give us C in terms of d-t. In part ( b ) we can use the expression for the equivalent 
capacitance of two capacitors connected in series to derive the same expression for C. 


(a) Use its definition to express the 
capacitance of this parallel-plate 
capacitor: 

Relate the electric potential between 
the plates to the electric field 
between the plates: 

Express the electric field E between 
the plates but outside the metal slab: 

Substitute and simplify to obtain: 


(b ) Express the equivalent 
capacitance C of two capacitors C 1 
and Ci connected in series: 

Express the capacitances C 1 and C 2 
of the plates separated by a and b, 
respectively: 


c=e 

V 

where Q is the charge on the capacitor. 
V = E(d-t) 


E = 

C = 


C = 


Q = 

and 


(7 _ Q 


Q 

E(d — t) 

c,c 2 

c 1+ c 2 

e 0 A 


Q 


Q 

e 0 A 


(d-t) 


gp A 
d-t 
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C 2 = 


£oj! 

b 


Substitute and simplify to obtain: 


A 


C 


_ V a A b 

A 


A 


a + b 


Solve the constraint that a + b = d — t 

a + b + t = d for a + b to obtain: 


Substitute for a + b to obtain: 


C = 


^0 A 
d-t 


*94 .. 

Picture the Problem We can express the ratio of C eq to Co to show that the capacitance 
with the dielectrics in place is (/v, + k 2 )/2 times greater than that of the capacitor in the 
absence of the dielectrics. 


0) 


Because the capacitor plates are conductors, the potentials are 
the same across the entire upper and lower plates. Hence, the 
system is equivalent to two capacitors, each of area A/2, in parallel. 


(b) Relate the capacitance Co, in the 
absence of the dielectrics, to the 
plate area and separation: 

Express the equivalent capacitance 
of capacitors Ci and C 2 , each with 
plate area A/2, connected in parallel: 


Express the ratio of C eq to Co and 
simplify to obtain: 


c 0 = - 


A 


c eq = c l + c 2 

_ K 1 gp (\A) | K x e 0 (\A) 
d d 


C 

eq _ 2d _ 


C n 


-o 


A 


+ k i) 
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Picture the Problem We can use U= Q 2 /2C and the expression for the capacitance as a 
function of plate separation to express U as a function of x. Differentiation of this result 
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with respect to x will yield did. Because the work done in increasing the plate separation 
a distance dx equals the change in the electrostatic potential energy of the capacitor, we 
can evaluate F from dU/dx. Finally, we can express F in terms of Q and E by relating E 
to x using E = Vx and using the definition of capacitance and the expression for the 
capacitance of a parallel-plate capacitor. 


(a) Relate the electrostatic energy U 1 Q : 

stored in the capacitor to its 2 C 

capacitance C: 

Express the capacitance as a Q - E 0 A 

function of the plate separation: x 


Substitute for C to obtain: 


(. b ) Use the result obtained in (a) to 
evaluate dU: 


dU = —dx = — 
dx dx 


Q 2 


2e 0 A 


-x 


dx 


Q 2 

2e 0 A 


dx 


(c ) Relate the work needed to move W = dU = Fdx 

one plate a distance dx to the change 
in the electrostatic potential energy 
of the system: 


Solve for and evaluate F: dU d 

(f 

- X 

= 

Q 2 

dx dx 

_2 e 0 A 


2e 0 A 


(d) Express the electric field E ~ — 

between the plates in terms of their x 

separation and their potential 
difference: 


Use the definition of capacitance to £ _ Q 

eliminate V: Cx 

Use the expression for the £ _ Q _ Q 

capacitance of a parallel-plate ^ A 

A 

capacitor to eliminate C: x 






Substitute in our result from part (c) 
to obtain: 
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F = Q(e SL AE) 
2e a A 



The field E is due to the sum of the fields from charges +Q and —Q on the opposite plates 
of the capacitor. Each plate produces a field !4 E and the force is the product of charge Q 
and the field Vi E. 
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Picture the Problem We can model this capacitor as the equivalent of two capacitors 
connected in parallel. Let the numeral 1 denote the capacitor with the dielectric material 
whose constant is k and the numeral 2 the air-filled capacitor. 


(a) Express the equivalent C(x) = C l + C 2 (1) 

capacitance of the two capacitors in 
parallel: 

Use the expression for the 
capacitance of a parallel-plate 
capacitor to express Cp 

Express the capacitance C 0 of the q _ £ 0 ab 

capacitor with the dielectric ° d 

removed, i.e., x = 0: 


Cy = 


K 


r 0 4 


K <? 0 bx 


Divide C\ by Co to obtain: 


Use the expression for the 
capacitance of a parallel-plate 
capacitor to express C 2 : 

Divide C 2 by Co to obtain: 


Q 


k e,, bx 

d 

g 0 ab a 
d 


or 

C =—C 
'-'0 
a 


C 2 = 


-o ^2 

d 


b(a-x) 

~d 


e 0 b(a-x ) 

C 2 _ d _ a~x 
C 0 ^o ab a 
d 


or 
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Substitute in equation (1) and simplify 
to obtain: 


(b) Evaluate C for x = 0: 


Evaluate C for x = a: 


_ a-x 

t - / 2 '-'0 
a 


C( x ) = —Co + ——C 0 

a a 

= — \a + (/f-l)x] 
a 


d 


- \a + {k - l)x] 


C( 0 ) = fo*[ a ] = fo^ 
d d 

as expected. 


C A 


C(a) = [a + (k - l)o] 

d 


K £q as expected. 
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Picture the Problem We can model this capacitor as the equivalent of two capacitors 
connected in parallel, one with an air gap and other filled with a dielectric of constant/o 
Let the numeral 1 denote the capacitor with the dielectric material whose constant is k 
and the numeral 2 the air-filled capacitor. 


(a) Using the hint, express the 
energy stored in the capacitor as a 
function of the equivalent 
capacitance C eq : 

The capacitances of the two 
capacitors are: 


U = 


2 C e q 


C,=^andC 2 = ^M 
1 d d 


Because the capacitors are in 
parallel, C eq is the sum of Ci and C 2 : 


c eq = c l+ c 2 = 


k e n ax e n a 


{a-x) 


d 


d 


d 


-{kx + a -x) 


— 0 


-[(/f-l)x + a] 



















Substitute for C eq in the expression 
for U and simplify to obtain: 

( b ) The force exerted by the electric 
field is given by: 
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U = 


Q d 


2 e 0 a {k -l)x + a\ 


F = — 


dU 

dx 


d_ 

dx 


Q 2 d 


2 e 0 a[(/f-l)x + a] 




2 e 0 a dx 


(y-i )Q 2 d 


2a e 0 [(/r - 1 ). 


I x + a 


(c) Rewrite our result in ( b ) to 
obtain: 



yd) 


■-ft?) 

2 C 2 

eq 

(r-l)a e 0 V 2 
“ 2d 

Note that this expression is independent of 
x. 


(d) 


This force originates from the fringing fields around the edges of the 
capacitor. The effect of the force is to pull the dielectric into the space 
between the capacitor plates. 
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Picture the Problem Because capacitors connected in series have a common charge, we 
can find the charge on each capacitor by finding the charge on the equivalent capacitor. 
We can also find the total energy stored in the capacitors, with and without the dielectric 

inserted in one of them, by using U = jC eq V 2 . In part (d) we can use our knowledge of 

the charge on each capacitor and the definition of capacitance to the potential differences 
across them. 


(a) Using the definition of 
capacitance, relate the charge on 
each capacitor to the equivalent 


Q = Qi=Q 2 =c eq v 
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capacitance: 

Express the equivalent capacitance 
of two capacitors in series: 

Substitute numerical values and 
evaluate C eq : 


Substitute numerical values and 
evaluate Q: 

(b ) Express the energy U stored in 
the capacitors as a function of C eq 
and V: 

(c ) Using the definition of 
capacitance, relate the charge on 
each capacitor to the new equivalent 
capacitance C eq ': 

Express the new equivalent 
capacitance C eq ' when the dielectric 
of constant /chas been inserted 
between the plates of one of the 
capacitors: 

Letting the capacitor with the 
dielectric between its plates be 
denoted by the numeral 1, express 
Ci' and Cl: 

Substitute to obtain: 


Substitute numerical values and 
evaluate C eq ': 

Substitute in equation (1) to obtain: 


(d) Express the potential difference 
across each capacitor in terms of its 


C. 


eq 


c c 
c, + c 2 


c 


eq 


(4/f)(4//F) 
4 /uF + 4 //F 


0=a=(2//F)(24V) = 


48.0 juC 


u = \cv 


eq 


= }(2//F)(24V) 2 = 576 /J 


Q' = Q{ = Q± = c^v 


(i) 


, C/C 2 ' 

eq c; + c 2 ' 


c; = kc x 

and 

cy = c 2 



kC x +C 2 


, , 4.2(4//F)(4//F) 

eq 4.2(4 //F)+ 4 pF 


3.23 pF 


Q; = Q; = ( 3.23//F)(24V) = 


77.5/42 


0 




C, 


a: 

kCj 


11.5/jC 
4.2(4//F) 


4.61V 
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charge and capacitance: 


and 






c 


QL 

C 2 


77.5 juC 
4 /jF 


19.4V 


( e ) Express the total stored energy in 
terms of the equivalent capacitance: 


U = ±C'V 


eq 


= }(3.23//F)(24 V) 2 = 930/J 
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Picture the Problem We can find the work required to pull the glass plate out of the 
capacitor by finding the change in the electrostatic energy of the system as a consequence 
of the removal of the dielectric plate. 


Express the change in the 
electrostatic energy of the system 
resulting from the removal of the 
glass plate: 

Express the capacitance C with the 
dielectric plate in place in terms of 
the dielectric constant k and the air- 
only capacitance Co: 

Substitute and factor to obtain: 


W = AU = U f -U i 
2 C 0 2 C 

C = kC 0 

where C 0 = ^ . 

0 d 


2 C 0 2 kC 0 2C 0 [ k j 


Use the definition of capacitance to 
relate the charge on the capacitor to 
the potential difference across its 
plates: 

Substitute to obtain: 


Q = CV = kC 0 V 


w = 


r 2 c 0 2 v 2 L 
2 C 0 l 


n 

KJ 



f 

1 

V 


K 2 £ 0 AV 2 

2d 


( 

1 

V 


n 

K) 


n 

KJ 


Substitute numerical values and evaluate W: 


_ (5) 2 (8.85 x 1 (T 12 C 2 /N • m 2 )(lm 2 )(l2 V) 2 
* 2(0.5x10 2 m) 


n 

5, 


2.55 juS 
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Picture the Problem The problem statement provides us with two conditions relating the 
potential between the plates of the capacitor and the charge on them. We can use the 
definition of capacitance to obtain simultaneous equations in Q and V and solve these 
equations to determine the capacitance of the capacitor and the initial and final voltages. 


Using the definition of capacitance, 
relate the initial potential between 
the plates of the capacitor to the 
charge carried by these plates: 

Again using the definition of 
capacitance, express the relationship 
between the charge on the capacitor 
and the increased voltage: 

Divide the second of these equations 
by the first to obtain: 


Solve for V to obtain: 


15/C = CJT 


18/C = CV t 

= c(r l +6v) 


18/C _ C(Fi +6V) 
15/C _ CV, 
or 

6V i = 5(PJ +6V) 


K = 

and 


30.0V 


v=K+6V = 


36.0V 


Substitute in either of the first two 
equations to obtain: 


C = 


0.500//F 
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Picture the Problem Let t be the variable separation of the plates. We can use the 
definition of the work done in charging the capacitor to relate the force on the upper plate 
to the energy stored in the capacitor. Solving this expression for the force and substituting 
for the energy stored in a parallel-plate capacitor will yield an expression that we can use 
to decide whether the balance is stable. We can use this same expression and a condition 
for equilibrium to find the voltage required to balance the object whose mass is M. 


(a) Express the work done in 
charging the capacitor (the energy 
stored in it) in terms of the force 
between the plates: 


dW = dE = -Fdi 


or 

F = 


dE_ 

dt 







The energy stored in the capacitor is 
given by: 
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1 


E = -CV 2 =- 
2 2 


V 


V 


Differentiate E with respect to i to d 

F =- 

1 

m 

o 

V 2 


¥ 0 ¥ 

obtain: di 

2 

1 i 9 



{ 21 1 ) 


V 


2 


Because F increases as i decreases, a decrease in plate separation will 
unbalance the system and the balance is unstable. 


C b ) Apply = 0 to the object whose 

mass is Mto obtain: 


Mg- 


y2i j 


V 2 =0 


Solve for V: 


£ 

2 Mg 


e o A 
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Picture the Problem Recall that the dielectric strength of air is 3 MV/m. We can express 
the maximum energy to be stored in terms of the capacitance of the air-gap capacitor and 
the maximum potential difference between its plates. This maximum potential can, in 
turn, be expressed in terms of the maximum electric field (dielectric strength) possible in 
the air gap. We can solve the resulting equation for the volume of the space between the 
plates. In part ( b ) we can modify the equation we derive in part (a) to accommodate a 
dielectric with a constant other than 1. 


(a) Express the energy stored in the £/ max = j C V 2 ax 

capacitor in terms of its capacitance 
and the potential difference across it: 


Express the capacitance of the air- 
gap parallel-plate capacitor: 


C = 


g 0 A 

d 


Relate the maximum potential E max = E rnax d 

difference across the plates to the 
maximum electric field between 
them: 


Substitute to obtain: 


U„ 


2 


1 

2 


(¥K d > 2 

^0 vE 2 


1 

2 


(Ad)El 


where v = Ad is the volume between the 
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Solve for u: 


Substitute numerical values and 
evaluate o: 


(b ) With the dielectric in place 
equation (1) becomes: 

Evaluate equation (2) with k= 5 
and E max = 3x 10 s V/m: 


plates. 


o = 


2U 


- F 1 

"0 ^max 


(l) 


2(l00kj) 

° ~ (8.85 x 10 12 C 2 /N • m 2 )(3MV/m) 2 
= 2.51x 10 3 m 3 


v = 


2U 


K ^0 ^max 


( 2 ) 


_2(l00kj)_ 

5(8.85 x 10 12 C 2 /N • m 2 )(3 x 10 8 V/m) 2 
5.02x10 2 m 3 
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Picture the Problem We can use the definition of capacitance to find the charge on each 
capacitor in part (a). In part ( b ) we can express the total energy stored as the sum of the 
energy stored on the two capacitors ... using our result from (a) for the charge on each 
capacitor. When the dielectric is removed in part (c) each capacitor will carry half the 
charge carried by the capacitor system previously and we can proceed as in ( b ). Knowing 
the total charge stored by the capacitors, we can use the definition of capacitance to find 
the final voltage across the two capacitors in part ( d ). 


(a) Use the definition of capacitance 
to express the charge on each 
capacitor as a function of its 
capacitance: 

(b ) Express the total stored energy 
of the capacitors as the sum of 
stored energy in each capacitor: 


Qi = cy = (200 v)^ 


and 

q 2 = c 2 v = Key = 


(200V)*C 1 


u = u i + u 2 = \cy 2 +\c 2 v 2 
= \cy 2 +\kC 1 v 2 
= KU(i+0 

- i(200 V) 2 C,(l + k) 

= (2 x 10 J V J )(l + K-)C, 
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(c) With the dielectric removed, 
each capacitor carries charge Qt 2. 
Express the final energy stored by 
the capacitors under this condition: 

Using the definition of capacitance, 
express the total charge earned by 
the capacitors with the dielectric in 
place in C 2 . 

Substitute to obtain: 


U = LQL + LQL = LQL + LQ1_ 

f 2 Cj 2 C 2 2 4C, 2 4C, 

= &_ 

4 C, 

q = q 1 +q 2 = c 1 f+c 2 f 
= C 1 F + kC 1 F = C 1 F (1 + *:) 

= ( 200 V ) C 1 (l + / r ) 

v [( 200 V ) C,(l + / c)f 
f 4Cj 

= (l 0 4 V 2 )^! + k) 2 


(, d) Use the definition of capacitance 
to express the final voltage across the 
capacitors: 


Q _ (200V)C 1 (l + /r) 
~~ Q q " 2C. 

= 100(1+ *r)v 
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Picture the Problem We can use the definition of capacitance and the expression for the 
capacitance of a cylindrical capacitor to find the potential difference between the 
cylinders. In part (b) we can apply the definition of surface charge density to find the 
density of the free charge cr f on the inner and outer cylindrical surfaces. We can use the 
fact that that Q and Qh are proportional to E and E b to express Q h at a and b and then 
apply the definition of surface charge density to express <7h(a) and In part (cl) we 
can use U = \QF to find the total stored electrostatic energy and in (e) find the 

mechanical work required from the change in electrostatic energy of the system resulting 
from the removal of the dielectric cylindrical shell. 

(a) Using the definition of f = Q 

capacitance, relate the potential C 

difference between the cylinders to 
their charge and capacitance: 

Express the capacitance of a ^ _ 2;r e 0 kL 

cylindrical capacitor as a function of In (b/a) 

its radii a and b and length L: 

y _ Q\n(b/a) _ 

2 n kL 


2kQ\n{bi a) 
kL 


Substitute to obtain: 
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(. b ) Apply the definition of surface 
charge density to obtain: 


(c) Noting that Q and Qh are 
proportional to E and E b , express Q b 
at a and b\ 


Apply the definition of surface 
charge density to express cr b (a) and 
o\,(b ): 


(i d) Express the total stored 
electrostatic energy in terms of the 
charge stored and the potential 
difference between the cylinders: 

( e ) Express the work required to 
remove the dielectric cylindrical 
shell in terms of the change in the 
electrostatic potential energy of the 
system: 

Substitute for U and U to obtain: 


o-f(a) 


and 


(7 


W 


Q 

2mL 


-Q 

2nbL 


Q b ( a ) 

and 

aw 


-ef- 1 ) 

K 

gf-i) 

K 



°*( b ) 


Qbi a ) 

A 


-Q{«~ i) 

K 

2mL 


IttuLk 


SM 

A 


g(y-i) 

K 

2 7ibL 


WA 5 

InbLic 


U = jQV = \Q 


2kQ\n(b/a) 

kL 


kQ 1 \n(lya) 

kL 


W = AU =U'-U 

where U' = kU is the electrostatic potential 
energy of the system with the dielectric 
shell in place. 


W = idJ-U =U(k-\) 

kQ 2 {K-\)h\{bla) 

kL 
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Picture the Problem Let the numeral 1 denote the 35-//F capacitor and the numeral 2 the 
10-/./F capacitor. We can use U = j C ct| V 2 to find the energy initially stored in the system 

and the definition of capacitance to find the charges on the two capacitors. When the 
dielectric is removed from the capacitor the two capacitors will share the total charge 
stored equally. Finally, we can find the final stored energy from the total charge stored 
and the equivalent capacitance of the two equal capacitors in parallel. 

(a) Express the stored energy of the U = jC eq V 2 

system in terms of the equivalent 
capacitance and the charging 
potential: 

Express the equivalent capacitance: C eq = C, +C 2 


Substitute to obtain: 

Substitute numerical values and 
evaluate U: 


U = i(Cj + C 2 )V 2 

U = y(35//F +10//F)(l00 V) 2 
= 0.225 J 


( b ) Use the definition of capacitance 
to find the charges on the two 
capacitors: 


Q x =C 1 E = (35//F)(100V) = 


3.50mC 


and 

e 2 =C 2 E = (l0//F)(l00V) 


l.OOmC 


(c) Because the capacitors are 
connected in parallel, when the 
dielectric is removed their charges 
will be equal; as will be their 
capacitances and: 

(</) Express the final stored energy 
in terms of the total charge stored 
and the equivalent capacitance: 


Qi=e 2 =iQ 

= }(3.5mC + lmC) 
= 2.25 mC 


U f = 


LQL 

2 Q eq 


Substitute numerical values and 
evaluate U t : 


1 (4.5 mC) 

2 2(10 juF) 
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*106 «• 

Picture the Problem We can express the two conditions on the voltage in terms of the 
charges Q\ and Qi and the capacitances Ci and C 2 and solve the equations simultaneously 
to find Q\ and Qi. We can then use the definition of capacitance to find the initial 
voltages V\ and V 2 . 


Express the condition for the series 
connection: 


Substitute numerical values to 
obtain: 


Use the definition of capacitance to 
express the condition for the parallel 
connection: 


V,+V 2 =80V 


or 

0i | 02 

c, c 2 


= 80 V 


Q\ i Qi _ 


0.4 //F 1.2 //F 


= 80 V 


or 


3Q+02 = 96 juC 


01 +02 


C, 


= 20 V 


eq 


( 1 ) 


Because the capacitors are now 
connected in parallel: 

Substitute to obtain: 


Solve equations (1) and (2) 
simultaneously to obtain: 

Use the definition of capacitance to 
obtain: 


C eq = C t + C 2 = 0.4 //F +1.2 //F = 1.6 /i 7 


= 20 V 

1.6 juF 

or 

0 ! + 0 2 = 32//C (2) 


0, = 32 juC and 0 2 = 0 


v _ 0 , _ 32//C 
1 C, 0.4//F 


80.0V 


and 



0 

0.4//F 
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Picture the Problem Note that, with switch S closed, Ci and Ci are in parallel and we 
can use F' tlosed = \ C, q V 1 and C eq = C, + C 2 to obtain an equation we can solve for C 2 . 
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We can use the definition of capacitance to express Q 2 in terms of V 2 and C 2 and 
U = \ Cy 2 + j C 2 V 2 2 to obtain an equation from which we can determine V 2 . 


Express the energy stored in the 

U = L C V 

^ closed 2 '“"eq' 

2 

capacitors after the switch is closed: 




Express the equivalent capacitance 

C e q = 

-c x + c 2 


of Ci and C 2 in parallel: 




Substitute to obtain: 

^closed “ 2 (Q + 

c,)v 2 

Solve for C 2 : 

c, = 

^^closed 

c , 



V 2 


Substitute numerical values and 

evaluate C 2 . 

c 2 = 

2(960 /J) 
(80 V) 2 

- 0.2 //F = 

Express the charge on C 2 when the 

q 2 = 

C 2 V 2 


switch is open: 




Express the energy stored in the 

^open 

= ±CV 2 + 1 C V 2 
2 u ri ' 2 ^ 2 V 2 

capacitors with the switch open: 




Solve for V 2 to obtain: 


2 u - 

cy 2 


V 2 = 

1 open 



V c 2 


Substitute in equation (1) to obtain: 

q 2 = 

^ izu^-cy 2 

^ 2 -il 

c 2 

^c 2 ( 2 u open -cy 2 ) 


Substitute numerical values and evaluate Q 2 : 


Q 2 = ^l{0.\^F)[2{\440 ^)-{0.2 ^F){40Vf\ = 16.0 //C 


108 ••• 

Picture the Problem We can express the electric fields in the dielectric and in the free 
space in terms of the charge densities and then use the fact that the electric field has the 
same value inside the dielectric as in the free space between the plates to establish that 
cx\ = 2CJ 2 . In part (c) we can model the system as two capacitors in parallel to show that 
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the equivalent capacitance is 2syM2d and then use the definition of capacitance to show 
that the new potential difference is j V . 

The potential difference between the plates is the same for both halves (the 
(a) plates are equipotential surfaces). Therefore, E = VId must be the same 
everywhere between the plates. 


( b ) Relate the electric field in each 
region to a and k : 

E= ° 

/ce 0 

Solve for a : 

<7 = k E 

Express cri and cr 2 : 

= K \ ^0 E l = 2 ^0 E 1 

and 

(J 2 = k 2 <? 0 E 2 =g 0 E x 

Divide the 1 st of these equations by 
the 2 nd and simplify to obtain: 

o-j = 2cr 2 

(c) Model the partially dielectric- 
filled capacitor as two capacitors in 
parallel to obtain: 

c =c +c 

'-'eq b l T h 

where 

c - Ke o (\ A ) _ Ke o A 

1 d 2d 

and 

_e 0 (±A)_e 0 A 

2 d 2d 

Substitute and simplify to obtain: 

c _ K A , e 0 A _ 2 e 0 A , e 0 A 
eq 2d 2d 2d 2d 


3^o A 

2d 

Use the definition of capacitance to y _Qf 

relate Vr, Q f , and C{. f C f 

V e A 

Qi = Q=VC, = V -^— 
d 


Because the capacitors are in 
parallel: 






Electrostatic Energy and Capacitance 327 


Substitute to obtain: 


Vf = 


C f d 


f 

V 


Vs, A 

3g<W 

2d j 


d 



109 ••• 

Picture the Problem Note that when the capacitors are connected in the manner 
described they are in parallel with each other. Let the numeral one refer to the capacitor 
with the air gap and the numeral 2 to the capacitor that receives the dielectric and let 
primes denote physical quantitities after the insertion of the dielectric. We can find the 
energy stored in the system from our knowledge of the charge on and capacitance of each 
capacitor. In part ( b ) we can find the final charges on the two capacitors by first finding 
the equivalent capacitance and the potential difference across the modified system of 
capacitors. We can use the final potential difference across the system and our knowledge 
of the stored charge to find the final stored energy of the system. 


(a) Express the stored energy in the 
system as the sum of the energy 
stored in the two capacitors: 


U = L$ + L& = & 

2 C] 2 C, Cj 


Substitute numerical values and 
evaluate U: 


(lOO^uC f 

10//F 


l.OOmJ 


(b) Relate the final charges Q\ and 
Q{ to the total charge stored by the 
capacitors: 

Express the co mm on potential 
difference across the capacitors: 

Express the equivalent capacitance 
when the dielectric is inserted 
between the plates of capacitor 2: 

Substitute to obtain: 


Qi’ + Q 2 ’ = 200//C 

r 

c eq 

Q q =C 1 +C 2 =C 1 +xt7 1 =C 1 (l + /r) 

v _ q;+q 2 ' 

Ci( 1 + *) 


Substitute numerical values and 
evaluate V: 


200 fC 

(lO//F)(l + 3.2) 


4.76V 


Qx = VC/ = (4.76V)(lO//F) = 


47.6/C 


Use the definition of capacitance to 
find Q\ and Q2\ 


and 
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(c) Express the final stored energy 
of the system in terms of the total 
charge stored and the final potential 
difference across the capacitors 
connected in parallel: 


Qi = vc. i = VkC 2 


= (4.76V)(3.2)(10//F)= 152/42 


U f = {0E = {(2OO//C)(4.76V) 
= 0.476 mJ 


*110 «• 

Picture the Problem Choose a coordinate system in which the positive x direction is the 
right and the origin is at the left edge of the capacitor. We can express an element of 
capacitance dC and then integrate this expression to find C for this capacitor. 


Express an element of capacitance 
dC of length b, width dx and 
separation 
d = y 0 + (y 0 /a)x: 

These elements are all in parallel, so 
the total capacitance is obtained by 
integration: 


dC = E() ^ dx = — x dx 
d y^ + x/a) 


C = 


b 


To 


^0 1 

f * dx~ 

e ° ab In 0 

I UA ■ 

' 1 + x/a 

To 


111 ••• 

Picture the Problem The diagram to the left shows the dielectric-filled parallel-plate 
capacitor before compression and the diagram to the right shows the capacitor when the 
plate separation has been reduced to x. We can use the definition of capacitance and the 
expression for the capacitance of a parallel-plate capacitor to derive an expression for the 
capacitance as a function of voltage across the capacitor. We can find the maximum 
voltage that can be applied from the dielectric strength of the dielectric and the separation 
of the plates. In part (c) we can find the fraction of the total energy that is electrostatic 
field energy and the fraction that is mechanical stress energy by expressing either of these 
as a fraction of their sum. 
















(a) Use its definition to express the 
capacitance as a function of the 
voltage across the capacitor: 
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c ( v ) = — 

V ’ V 


(1) 


The limiting value of the 
capacitance is: 


C„ 


A 

d 


Substitute numerical values and 
evaluate Co: 


_ 3(8.85 xlO~ 12 C 2 /N-m 2 )H 

- A ~ 

0.2 mm 

= 0.133HC 2 /N -m 3 


Let x be the variable separation. 
Because at is independent ofx: 


c(*)= 


K ( 


A 


X 


and 

Q(x)=C{x)V = 


Ke Q A y 

X 


Substitute in equation (1) to obtain: ^A v 

X _ *• g 0 A 

V x (2) 

K£q A 
d -Ax 



The force of attraction between the 
plates is given in Problem 95c: 

Substitute to obtain: 


Apply Hooke’s law to relate the stress 
to the strain: 


F = 


9M 


2k e a A 


K 


F = 


- A \ 

"AALy 
x j 


K 


AV 


2k e n A 


2x~ 


where the minus sign is used to indicate 
that the force acts to decrease the plate 
separation x. 


Y = 


F/A 

Ax/x 


or 

Ax _ F 
~~YA 


Substitute for F to obtain: 


Ax _ k e 0 V 2 
2Yx 


x 
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The voltage across the capacitor is: 


and 


a*— 


2 Yx 

provided Ax « d 


*^0 V 

2 Yd 


(3) 


V = E max d = (40kV/mm)(0.2 mm) 
= 8.00 kV 


Substitute numerical values in ^ 3(8.85 x 10 12 C 2 /N • m 2 )(8kV) 2 

equation (3) and evaluate Ax: 2(5 x 10 6 N/m 2 )(0.2mm) 

= 8.50 x IQ 7 m = 8.50 x 10 4 mm 


Substitute in equation (2) to obtain: 


c(r)= 


KB, A 


KB, A 


d _ K s„ r - 


2 Yd 

provided Ax « d. 


d 


l_ Ke o V 


= r 

2 \ ^0 


\_KB,V 2 ^ 


2 Yd 2 


v 


2 Yd 1 


J 


C, 


f K B V 2 ^ 

1 + 0 V 


V 


2 Yd 1 


) 


(b ) Express the maximum voltage that can be applied in terms of the maximum 
electric field: 


(c) The fraction of the total energy 
of the capacitor that is mechanical 
stress energy is: 

Express the maximum electric field 
energy: 

Evaluate C(F max ): 

C(7.97kV) = (0.133^)[l + (6.64xl0 11 )(7.97kV) 2 J//F/m 2 =0.134^//F/m 2 

Substitute for C(V max ) and evaluate C hmax = 4 (o. 1344 //F./nr )(7.96kV) 2 

= 4.25 J/m 2 


/= M 


^M+^E 


(4) 


u E ^=\c{v m Jvl 


Knax = ^max (^ “ Ax) = (40 kV/mm)(o.2 mm - 8.5 x 10 4 mm) = 


7.97 kV 





The mechanical stress energy is given 
by: 
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Substitute numerical values and 
evaluate Cm: 


1 (Ax) 2 Y 
~ 2 d 


U K 


1 (8.5xl(T 4 mm) 2 (5xl0 6 N/m 2 ) 

2 0.2 mm 


= 8.92 mJ 


Substitute numerical values in 
equation (4) and evaluate/: 


/ = 


8.92mJ 


8.92 mJ + 4.25 J/m 2 


0.209% 


and the fraction of the total energy that is 
electrostatic field energy is 
1 - / = 1 - 0.209% = 99.8% 


112 ••• 

Picture the Problem Note that, due to symmetry, the electric field, wherever it exists, 
will be radial. We can integrate the electric flux over spherical Gaussian surfaces with 
radii r < RuR i < r < R 2 , and r > R 2 to find the electric field everywhere in space. Once we 
know the electric field everywhere we can find the potential of the conducting sphere by 
using dV= -Edr and integrating E in the regions R\<r <R 2 and r > R->. Finally, knowing 
the electrostatic potential at the surface of the conducting sphere we can use 
U tot = jQI / (R ] ) to find the total electrostatic potential energy of the system. 


(a) Integrate the electric flux over a 
spherical Gaussian surface with 
radius r<R i to obtain: 

Solve for E,{r < R\) to obtain: 


E,.(4^-r 2 )=^E = 0 

e o 

because (9 insi d e the conducting surface is 
zero. 


E,.(r<R) = 


Integrate the electric flux over a 
spherical Gaussian surface with 
radius R\ < r < R 2 to obtain: 


E r (4nr 2 )-- 




inside 


0 


K ( 


K i 


Solve for E,(R\ < r < R 2 ) to obtain: 


E r (X < r < R 2 ) = 


Q 

4n e 0 w 2 



Integrate the electric flux over a 
spherical Gaussian surface with 
radius r > R 2 to obtain: 



Q 

^0 
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Solve for E,(r > Rt) to obtain: 


£,(<■> *3 


Q 

An e 0 r 2 



(b ) Express the potential at the 
surface of the conducting sphere in 
terms of the electric fields 
E r (R\ <r< R 2 ) and E,(r > R 2 ): 


V(R ] ) = - J Edr 

oo 

= -kQ\\dr-^-\\dr 
J r Kir 


kQ 

r i?,(r-l) + i? 2 ^ 

K 

V -^1-^2 J 


(c) Express the total electrostatic 
potential energy of the system in terms 
of V{R\) and Q\ 


U„ =\Qv(R t ) 


( kQ 

r i?,(r-i)+i? 2 V 

l r 

l i?ii? 2 J y 


kQ 2 


2 K 

l i?ii? 2 J 





Chapter 25 

Electric Current and Direct-Current Circuits 


Conceptual Problems 

*1 • 

Determine the Concept When current flows, the charges are not in equilibrium. In that 
case, the electric field provides the force needed for the charge flow. 

2 

Determine the Concept Water, regarded as a viscous liquid flowing from a water tower 
through a pipe to ground is another mechanical analog of a simple circuit. 

3 

Picture the Problem The resistances of the wires are given by R = pL/A, where L is 
the length of the wire and A is its cross-sectional area. We can express the ratio of the 
resistances and use our knowledge of their lengths and diameters to find the resistance of 
wire A. 



Express the resistance of wire A: 



where p is the resistivity of the wire. 


Express the resistance of wire B: 



Divide the first of these equations 
by the second to obtain: 


P L A 


_ A _ ^A _ A_ 


R pL B L b A a 


A 

or, because L A = L B , 



( 1 ) 


Express the area of wire A in terms 
of its diameter: 


A = Wl 


333 
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Express the area of wire B in terms A B = \ 7id B 

of its diameter: 


Substitute in equation (1) to obtain: 


R * = Jr R 

d a 

or, because d\ = 2 d B 


R a = 


dl 


(2 d B ) 


2 R = 1 R 


and 


(e) is correct. 


4 

Determine the Concept An emf is a source of energy that gives rise to a potential 
difference between two points and may result in current flow if there is a conducting path 
whereas a potential difference is the consequence of two points in space being at different 
potentials. 


*5 •• 

Picture the Problem The resistance of the 
metal bar varies directly with its length and 
inversely with its cross-sectional area. 
Hence, to minimize the resistance of the 
bar, we should connect to the surface for 
which the ratio of the length to the contact 
area is least. 



Denoting the surfaces as a, b, and c, 
complete the table to the right: 


Because connecting to surface c 
minimizes R\ 


Surface 

L 

A 

L/A 

a 

10 

8 

0.8 

b 

4 

20 

0.2 

c 

2 

40 

0.05 


(c) is correct. 


6 •• 

Picture the Problem The resistances of the wires are given by R = pL j A, 
where L is the length of the wire and A is its cross-sectional area. We can express the 
ratio of the resistances and use the definition of density to eliminate the cross-sectional 
areas of the wires in favor of the ratio of their lengths. 
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* \ , _ 4 

B 


Express the resistance of wire A: 

R - pL A 

A ~ A 
a a 

where p is the resistivity of copper. 

Express the resistance of wire B: 

r b = pL * 

A 

Divide the first of these equations 
by the second to obtain: 

P L A 

_ A _ A 

R n PA L b A a 

A 

or, because L A = 2L S , 

«a= 4 b - (i) 

Using the definition of density, 
express the mass of wire A: 

m A = P'V A = P' L aA 

where p) is the density of copper. 

Express the mass of wire B 

m B — PA —pL bA 

Because the masses of the wires are 
equal: 

P^ a A a — pL B A B 

or 

Aq _ L a 

a a A 

Substitute in equation (1) to obtain: 

K=A R o =2 ^ R <‘ =4R <‘ 

and ( b ) is correct. 


Picture the Problem The power dissipated in the resistor is given by P = I 1 R. We 
can express the power dissipated when the current is 3/ and, assuming that the 
resistance does not change, express the ratio of the two rates of energy dissipation 
to find the power dissipated when the current is 31. 


p = i 2 r 


Express the power dissipated in the 
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resistor when the current in it is I: 

Express the power dissipated in the P' = (3 1) 2 R = 91 2 R 

resistor when the current in it is 31: 


Divide the second of these 
equations by the first to obtain: 


P' _ 9I 2 R 
P ~ I 2 R 


or 


P' = 9P and 


(i d ) is correct. 


8 

Picture the Problem Assuming the current (which depends on the resistance) to 
be constant, the power dissipated in a resistor is directly proportional to the 
voltage drop across it. 


Express the power dissipated in the V 1 

resistor when the voltage drop R 

across it is V: 


Express the power dissipated in the 
resistor when the voltage drop 
across it is increased to 2V: 


P , w 1 

R R 


Divide the second of these equations 
by the first to obtain: 


P 


4V 2 

—= 4=> P' = 4P 

Kl 

R 


(c) is correct. 


9 

Determine the Concept You should decrease the resistance. Because the voltage across 
the resistor is constant, the heat out is given by P = V 1 j R . Elence, decreasing the 
resistance will increase P. 

*10 • 

Picture the Problem We can find the equivalent resistance of this two-resistor 
combination and then apply the condition that R] » R-,. 

J_-_L _L 

^eq ^1 ^2 


Express the equivalent resistance of 
R\ and R 2 in parallel: 
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Solve for R eq to obtain: 


R 


eq 


44 

4 +R 2 


Factor R\ from the denominator and 
simplify to obtain: 


4q = 


44 


Ro 


f n A 

l + ^2 


R 


v 


R 


^ 4 

1+ 2 


i J 


4 


If Ri» R 2 , then: 


R 


eq 


R eff ~ R 2 and 


(b) is correct 


11 • 

Picture the Problem We can find the equivalent resistance of this two-resistor 
combination and then apply the condition that R\» R 2 . 


Express the equivalent resistance of 4 q = R t + R 2 

Ri and R 2 in series: 


Factor R i to obtain: 


R„ 


R 


1 + 


V 

R J 


Iff?i» R 2 , then: 


R 


eq 


R eff ~ /?, and 


(a) is correct 


12 • 

Picture the Problem Because the potential difference across resistors connected in 
parallel is the same for each resistor; we can use Ohm’s law to relate the currents through 
the resistors to their resistances. 


Using Ohm’s law, express the T _ V _ V 

current carried by resistor A: R A 2R Q 

Using Ohm’s law, express the r _ V_ 

current carried by resistor B: R B 

Divide the second of these equations V 

by the first to obtain: I B R B 


4 J4 

2R b 

and 

4 =24 and 


(b) is correct. 
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*13 • 

Determine the Concept In a series circuit, because there are no alternative 

pathways, all resistors carry the same current. The potential difference across each resistor, 

keeping with Ohm’s law, is given by the product of the current and the 

resistance and, hence, is not the same across each resistor unless the resistors 

are identical, (a) is correct. 

14 •• 

Picture the Problem Because the potential difference across the two combinations 
of resistors is constant, we can use P = V 2 /R to relate the power delivered by the 
battery to the equivalent resistance of each combination of resistors. 


Express the power delivered by the 
battery when the resistors are 

connected in series: 

p,= r - 

Letting R represent the resistance of 
the identical resistors, express R eq : 

R eq =R + R = 2R 

Substitute to obtain: 

V 2 

p --Tr (1) 

Express the power delivered by the 
battery when the resistors are 
connected in parallel: 

p p =I1 
' K, 

Express the equivalent resistance of 

the identical resistors connected in 
parallel: 

R =(*)<*) = ** 
eq R + R 2 

Substitute to obtain: 

V 2 2V 2 

P= = (2) 

p \R R 

Divide equation (2) by equation (1) 

to obtain: 

II 

(N I , 

II 

Solve for and evaluate P p \ 

P p = 4P s = 4(20 W) = 80 W 
and (e) is correct. 
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15 • 

Determine the Concept While Kirchhoff s loop rule is a statement about potential 
differences around a closed loop in a circuit, recall that electric potential at a 
point in space is the work required to bring a charged object from infinity to the 
given point. Hence, the loop rule is actually a statement that energy is conserved 
around any closed path in an electric circuit. 


(b) is correct. 


16 • 


Determine the Concept An ideal voltmeter would have infinite resistance. A voltmeter 
consists of a galvanometer movement connected in series with a large resistance. The 
large resistor accomplishes two purposes; 1) it protects the galvanometer movement by 
limiting the current drawn by it, and 2) minimizes the loading of the circuit by the 
voltmeter by placing a large resistance in parallel with the circuit element across which 


the potential difference is being measured. 


(a) is correct. 


*17 • 


Determine the Concept An ideal ammeter would have zero resistance. An ammeter 
consists of a very small resistance in parallel with a galvanometer movement. The small 
resistance accomplishes two purposes: 1) It protects the galvanometer movement by 
shunting most of the current in the circuit around the galvanometer movement, and 2) It 
minimizes the loading of the circuit by the ammeter by minimizing the resistance of the 


ammeter. 


(. b ) is correct. 


18 • 


Determine the Concept An ideal voltage source would have zero internal resistance. 
The terminal potential difference of a voltage source is given by V = £ — Ir, where s is 


the emf of the source, / is the current drawn from the source, and r is the internal 


resistance of the source. 


( b ) is correct. 


19 • 

Determine the Concept If we apply Kirchhoff s loop rule with the switch closed, we 
obtain s - IR - V c = 0. Immediately after the switch is closed, 1=0 and we have s = V c . 
(b) is correct. 


20 •• 

Determine the Concept The energy stored in the fully charged capacitor is U =\C£ 2 . 


During the charging process, a total charge Qf = sC flows through the battery. The battery 
therefore does work W= Q\C = Cs 2 . The energy dissipated in the resistor is the difference 
between W and U. 


(b) is correct. 
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*21 •• 

Determine the Concept Applying Kirchhoff s loop rule to the circuit, we obtain 
£ -V R -V C = 0, where V R is the voltage drop across the resistor. Applying Ohm’s law to 

the resistor, we obtain V R = IR. Because / decreases as the capacitor is charged, V R 
decreases with time, (e) is correct. 

22 •• 

Picture the Problem We can express the variation of charge on the discharging capacitor 
as a function of time to find the time T it takes for the charge on the capacitor to drop to 
half its initial value. We can also express the energy remaining in the electric field of the 
discharging capacitor as a function of time and find the time t' for the energy to drop to 
half its initial value in terms of T. 


Express the dependence of the 
charge stored on a capacitor on time: 

eW 

where t=RC. 

For Q(t ) = ‘/2 Q 0 : 

ie„=e, e- T " 

or 

J_ - e ~ T / T 

2 K 

Take the natural logarithm of both 
sides of the equation and solve for T 

to obtain: 

T = z In 2 

Express the dependence of the 
energy stored in a capacitor on the 
potential difference V c across its 

terminals: 

u(t)= iCV c 2 

Express the potential difference 
across a discharging capacitor as a 
function of time: 

V c = V„e-"‘ c 

Substitute to obtain: 

For U(t) = l / 2 U 0 : 

U(t)=jc(v (1 e-' ,RC J =±CVje- imc 

- U 0 e~ 2l/Rc 

i/y =tj e~ 2t /RC 

2 U 0 U 0^ 

or 

1 _ „-2t'/RC 

2 ^ 


For U(t) = V 2 U 0 : 
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Take the natural logarithm of both 
sides of the equation and solve for t' 
to obtain: 


t' = jr In 2 = 



23 • 

Determine the Concept A small resistance because P = ^/R. 

*24 • 

Determine the Concept The potential difference across an external resistor of resistance 

R is given by - V, where r is the internal resistance and V the voltage supplied by the 

r + R 

source. The higher R is, the higher the voltage drop across R. Put differently, the higher 
the resistance a voltage source sees, the less its own resistance will change the circuit. 

25 • 

Determine the Concept Yes. Kirchhoff s rules are statements of the conservation of 
energy and charge and hence apply to all circuits. 


26 •• 

Determine the Concept All of the current provided by the battery passes through R u 
whereas only half this current passes through R 2 and R 2 . Because P-I 2 R, the power 
dissipated in R\ will be four times that dissipated in R 2 and R 2 . 


(c) is correct. 


Estimation and Approximation 

27 •• 

Picture the Problem We can use Ohm’s law and the definition of resistivity to find the 
maximum voltage that can be applied across 40 m of the 16-gauge copper wire. In part ( b ) 
we can find the electric field in the wire using E = VIL. In part (c) we can use P = IR to 
find the power dissipated in the wire when it carries 6 A. 

(a) Use Ohm’s law to relate the E max = / max R 

potential difference across the wire 
to its maximum current and its 
resistance: 


Use the definition of resistivity to 
relate the resistance of the wire to its 
length and cross-sectional area: 


R = p 


L 

~A 


V m 


= 1 


max 


P 


L_ 

~A 


Substitute to obtain: 
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Substitute numerical values (see 
Tables 25-1 and 25-2) for the 
resistivity of copper and the cross- 
sectional area of 16-gauge wire: 


r m „ = (6A)(l.7xlO- ! n m) 
40m 

1.309 mm 2 


3.12V 


(b) Relate the electric in the wire to 
the potential difference between its 
ends and the length of the wire: 

(c) Relate the power dissipated in 
the wire to the current in and the 
resistance of the wire: 

Substitute for R to obtain: 



3.12V 
40 m 


78.0 mV/m 


P = I 2 R 


P = 



L_ 

~A 


Substitute numerical values and 
evaluate P: 


P = (6A) 2 (i.7x 10~ 8 Q-m) 


40 m 


v 1.309 mm' j 


18.7 W 


28 •• 

Picture the Problem We can use the definition of resistivity to find the resistance of the 
jumper cable. In part ( b ), the application of Ohm’s law will yield the potential difference 
across the jumper cable when it is starting a car, and, in part (c), we can use the 
expression for the power dissipated in a conductor to find the power dissipation in the 
jumper cable. 


(a) Noting that a jumper cable has 
two leads, express the resistance of 
the cable in terms of the wire’s 
resistivity and the cable’s length, 
and cross-sectional area: 


R = P 


l_ 

~A 


Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper) and evaluate R: 


6m 

10 mm 2 

0.0102 Q 


R = (l.7xlO” 8 Q-m) 


V = IR = (90 A)(0.0102fl) = 


0.918V 


(b ) Apply Ohm’s law to the cable to 
obtain: 
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(c) Use the expression for the power 
dissipated in a conductor to obtain: 


P = IV = (90 A)(0.918 V) = 


82.6 W 


29 •• 

Picture the Problem We can combine the expression for the rate at which energy is 
delivered to the water to vaporize it (P= e 2 /R) and the expression for the resistance of a 
conductor (R = pL/A) to obtain an expression for the required length L of wire. 


Use an expression for the power 
dissipated in a resistor to relate the 
required resistance to rate at which 
energy is delivered to generate the 
steam: 

Relate the resistance of the wire to 
its length, cross-sectional area, and 
resistivity: 

Equate these two expressions and 
solve for L to obtain: 

Express the power required to 
generate the steam in terms of the 
rate of energy delivery: 

Substitute to obtain: 


Substitute numerical values (see 
Table 25-1 for the resistivity of 
Nichrome and Table 18-2 for the 
latent heat of vaporization of water) 
and evaluate L: 


R = 


P 


R = p 


L_ 

~A 


L = 


P = 


£ 2 A 
~pP 

AE 

At 


A {mL y ) _ Am 

At v At 


L = 


£ 2 A 


pK 


Am 

At 


L = 


(l20V) 2 ^(l.80mm) 2 
(l(T 6 Q • m)(2257 kJ/kg)(8 g/s) 


2.03 m 


*30 •• 

Picture the Problem We can find the annual savings by taking into account the costs of 
the two types of bulbs, the rate at which they consume energy and the cost of that energy, 
and their expected lifetimes. 

Express the yearly savings: A$ = Cost incandescent - Cost fluorescent (1) 
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Express the annual cost with the Cost mcandcscem = Cost blllbs + Cost 

energy 

incandescent bulbs: 

Express and evaluate the annual cost of the incandescent bulbs: 

C° s t bulbs = number of bulbs in use x annual consumption of bulbs x cost per bulb 

24h 3 

365.24dx- 

-($1.50) = $65.74 

1200h V ’ 

J 

Find the cost of operating the incandescent bulbs for one year: 

Cost energy = energy consumedx cost per unit of energy 
= 6(75W)(365.25d)(24h/d)($0.115/kW-h) 

= $453.64 

Express the annual cost with the Cost fluorescent = Cost bulbs + Cost 

energy 

fluorescent bulbs: 



Express and evaluate the annual cost of the fluorescent bulbs: 

C°st bulbs = number of bulbs in use x annual consumption of bulbs x cost per bulb 


_ , _ _ . . ii 

365.24dx- 

= (6) -($6) = $39.45 

v 7 8000h v 7 


Find the cost of operating the fluorescent bulbs for one year: 


Cost energy = energy consumed x cost per unit of energy 

( 24 h 3 

= 6(20W) 365.24dx- ($0.115/kW-h) 

V d J 

= $120.97 


Substitute in equation (1) and evaluate the cost savings A$: 

A$ = Cost incandescenl -Cost,„ = ($65.74 + $453.64)- ($39.45 + $ 120.97) 
= $358.96 
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31 •• 

Picture the Problem We can use an expression for the power dissipated in a resistor to 
relate the Joule heating in the wire to its resistance and the definition of resistivity to 
relate the resistance to the length and cross-sectional area of the wire. 


Express the power the wires must 
dissipate in terms of the current they 
carry and their resistance: 

Divide both sides of the equation by 
L to express the power dissipation 
per unit length: 

Using the definition of resistivity, 
relate the resistance of the wire to its 
resistivity, length and cross- 
sectional area: 

Substitute to obtain: 


P = I 2 R 


P _ I 2 R 
L~ L 


R = p— = p— T — n 
A d 2 


4 pL 

ml 2 


P _ 4 pi 2 

L 7ui 2 


Solve for d to obtain: 


d = 21 


P 


n{P t L) 


Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper wire) and evaluate d : 


d = 2(20 A). 


1.7x10 8 Q-m 
7i{2 W/m) 


2.08 mm 


*32 •• 

Picture the Problem Let r be the internal resistance of each battery and use Ohm’s law 
to express the current in laser diode as a function of the potential difference across r. We 
can find the power of the laser diode from the product of the potential difference across 
the internal resistance of the batteries and the current delivered by them / and the time-to- 
discharge from the combined capacities of the two batteries and I. 

(a) Use Ohm’s law to express the current j _ internal resistance 
in the laser diode: 2 r 

The potential difference across the internal internal resistance = P ~ 2.3 V 

resistance is: 
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Substitute to obtain: 


Assuming that r = 125 fh 


£- 2.3V 
2 r 


2(l.55)-2.3V 

2(125 n) 


3.20 mA 


(6) The power delivered by the batteries is P = IV = (3.2mA)(2.3 V) = 7.36mW 
given by: 


The power of the laser is half this 
value: 

Express the ratio of P\^ a to /’quoted: 


(c) Express the time-to-discharge: 


Because each battery has a capacity 
of 20 mA-h, the series combination 
has a capacity of 
40 mA-h and: 

Current and the Motion of Charges 

33 • 

Picture the Problem We can relate the drift velocity of the electrons to the current density 
using / = nev d A . We can find the number density of charge carriers n using 

n = pN a /M , where p is the mass density, N A Avogadro’s number, and M the molar 
mass. We can find the cross-sectional area of 10-gauge wire in Table 25-2. 

Use the relation between current and / = nev d A 

drift velocity to relate / and n: 


P^=\P = i(7.36mW) = 


3.68 mW 


P lasa _ 3.68mW _ 123 

Quoted 3mW 


or 

p = 

laser 


123% A 


quoted 


A t = 


Capacity 

/ 


A t = 


40 mA-h 
3.20 mA 


12.5h 


v 


d 


I 

neA 


Solve for Vd: 
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The number density of charge 
carriers n is related to the mass 
density p, Avogadro’s number /V A , 
and the molar mass M: 

For copper, p= 8.93 g/cm 3 and 
M= 63.5 g/mol. Substitute and 
evaluate n: 


n = 


PN A 
M 


_ (8.93g/cm 3 )(6.02 x 10 23 atoms/mol) 
63.5 g/mol 

= 8.47 xlO 28 atoms/m 3 


Using Table 25-2, find the cross- A = 5.261mm 1 

sectional area A of 10-gauge wire: 


Substitute and evaluate Vd: 


20 A 

0.281mm/s 

(8.47xl0 28 m 3 )(l.60xl0" 19 C)(5.261mm 2 ) 



34 • 

Picture the Problem Note that, while the positive and negative charges flow in opposite 
directions, the total current is their sum. 

Express the total current / in the I = 2 electron + / ion 

tube as the sum of the electron 
current and the ion current: 


The electron current is the product 
of the number of electrons through 
the cross-sectional area each second 
and the charge of each electron: 

Proceed in the same manner to find 
the ion current: 


^electron ne 

= (2 x 10 18 electrons/s) 
x (l.60x 1(T 19 C/electron) 
= 0.320 A 

^ion ^ion 7 ion 

= (o.5 x 10 1X electrons/s) 
x (l.60 xlO 19 C/electron) 


= 0.0800 A 


Substitute to obtain: 


/ = 0.320 A + 0.0800 A 


0.400 A 


35 • 

Picture the Problem We can solve K = for the velocity of an electron in the 

beam and use the relationship between current and drift velocity to find the beam current. 
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(a) Express the kinetic energy of the 
beam: 

Solve for v: 


Substitute numerical values and 
evaluate v: 


( b ) Use the relationship between 
current and drift velocity (here the 
velocity of an electron in the beam) 
to obtain: 

Express the cross-sectional area of 
the beam in terms of its diameter D: 

Substitute to obtain: 

Substitute numerical values and 
evaluate /: 


K=\m e v 2 



j 2(l0keV)(l.60xlCr 19 J/eV) 
V ~\ 9.11x10 31 kg 

= 5.93xl0 7 m/s 

/ = nev A A 

A = \nD 2 
I = \mev A D 1 


Substitute numerical values and evaluate I: 


I = }tt(5 x 10 6 cnT 3 )(l .60 x 10 19 C)(5.93 x 10 7 m/s)(l0 3 m) 2 = 37.3//A 


36 •• 

Picture the Problem We can use the definition of current, the definition of charge 
density, and the relationship between period and frequency to derive an expression for 
the current as a function of a, A, and co. 

Use the definition of current to j _ 

relate the charge A Q associated with At 

a segment of the ring to the time At 
it takes the segment to pass a given 
point: 


1 = 


A Q 


= *Qf 


Because each segment carries a 
charge A Q and the time for one 


T 


( 1 ) 
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revolution is T: 


Use the definition of the charge 
density A to relate the charge A Q to 
the radius a of the ring: 

^ = Ae 

2m 

Solve for A Q to obtain: 

A Q = 2mA 

Substitute in equation (1) to obtain: 

I = 2 mAf 

Because co = Irf we have: 

I = aAco 


*37 •• 

Picture the Problem The current will be the same in the two wires and we can relate the 
drift velocity of the electrons in each wire to their current densities and the cross- 
sectional areas of the wires. We can find the number density of charge carriers n using 
n = pN k /M , where p is the mass density, /V A Avogadro’s number, and M the molar 

mass. We can find the cross-sectional area of 10- and 14-gauge wires in Table 25-2. 


Relate the current density to the drift 
velocity of the electrons in the 10- 
gauge wire: 

■^10 gauge 

— 2 - 2 - = nev A 

A 

10 gauge 

Solve for v<]: 

,, A 0 gauge 

*a, 10 “ . 

'Mogauge 

The number density of charge 

carriers n is related to the mass 
density p, Avogadro’s number N A , 
and the molar mass M: 

pN A 
n = A 

M 

For copper, p= 8.93 g/cm 3 and 

M= 63.5 g/mol. Substitute and 

evaluate n: 

(8.93g/cm 3 )(6.02 x 10 23 atoms/mol) 
63.5 g/mol 

= 8.47 xlO 28 atoms/m 3 

Use Table 25-2 to find the cross- 
sectional area of 10-gauge wire: 

A w = 5.261mm 2 


Substitute numerical values and evaluate Vd.io: 
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15A 

V<uo ~~ (8.47xl0 28 m 3 )(l.60xl0 19 C)(5.261mm 2 ) 


0.210mm/s 


Express the continuity of the current Aogauge - ^14 gauge 

in the two wires: or 

WeV d,10 A 10gauge = neV d, 14^14 gauge 

Solve for v d ,i 4 to obtain: ^ _ A io g a Ug e 

V d,14 — V d,10 

^14 gauge 


Use Table 25-2 to find the cross- A l4 = 2.081 mm 

sectional area of 14-gauge wire: 


Substitute numerical values and 
evaluate v di i 4 : 


(0.210mm/s) 


5.261mm 2 

2.081mm 2 


0.531mm/s 


38 •• 

Picture the Problem We can use / = neAv to relate the number n of protons per unit 
volume in the beam to current I. We can find the speed of the particles in the beam from 
their kinetic energy. In part ( b ) we can express the number of protons N striking the target 
per unit time as the product of the number of protons per unit volume n in the beam and 
the volume of the cylinder containing those protons that will strike the target in an elapsed 
time At and solve for N. Finally, we can use the definition of current to express the charge 
arriving at the target as a function of time. 

(a) Use the relation between current / = neAv 

and drift velocity to relate / and n: 

Solve for n to obtain: I 

n = - 

eAv 


Express the kinetic energy of the 
protons and solve for v: 


K = |m p v 2 => 



A = \xD 2 


Relate the cross-sectional area A of 
the beam to its diameter/): 
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Substitute for v and A to obtain: 


n = 



4/ 

neD 2 V 2 K 


Substitute numerical values and evaluate n : 


4(1 mA) 

1.67 x 10~ 27 kg 

3 2 1 x 1 0 13 mm 3 

(l .60x10 19 C)(2mm) 2 

J 2(20 MeV)(l .60 x 10 19 J/eV) 



(b ) Express the number of protons N 
striking the target per unit time as the 
product of the number n of protons 
per unit volume in the beam and the 
volume of the cylinder containing 
those protons that will strike the 
target in an elapsed time At and solve 
for N: 

Substitute for v and A to obtain: 


— = n(vA) => N = nvAAt 
At V ' 


N = \nD 2 nAt 


2 K 
m p 


Substitute numerical values and evaluate N: 


N = jn{2 mm) 2 (3.21 x 10 13 m 3 )(lmin) 


/ 2(20MeV)(l.60xlQ- 19 J/evJ _ 

: 1.67 x 10 -27 kg 


3.75x10 


17 


(c) Using the definition of current, 
express the charge arriving at the 
target as a function of time: 

*39 •• 

Picture the Problem We can relate the number of protons per meter iV to the number n of 
free charge-carrying particles per unit volume in a beam of cross-sectional area A and then 
use the relation between current and drift velocity to relate n to I. 

(a) Express the number of protons N = nA (1) 

per meter N in terms of the number 
n of free charge-carrying particles 
per unit volume in a beam of cross- 


Q = It = (lmA)f 
= (lmC/s)f 
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sectional area A: 


Use the relation between current and / = enAv 

drift velocity to relate / and n: 


Solve for n to obtain: I 

n =- 

eAv 


Substitute to obtain: 



eAv ev 


Substitute numerical values and 
evaluate N: 


N = 


5mA 


(1.60x10 19 C)(3xl0 8 m/s) 


1.04x10 s m 


(. b ) From equation (1) we have: 


N 1.04 x10 s m 1 
~A~ 10 6 nr 

1.04xl0 14 m 3 


Resistance and Ohm’s Law 


40 • 

Picture the Problem We can use Ohm’s law to find the potential difference between the 
ends of the wire and V= EL to find the magnitude of the electric field in the wire. 


(a) Apply Ohm’s law to obtain: 


V = i?/= (0.2Q)(5 A) 


1.00 V 


(b) Relate the electric field to the 
potential difference across the wire 
and the length of the wire: 


V _ IV 
L 10m 


0.100 V/m 


41 

Picture the Problem We can apply Ohm’s law to both parts of this problem, solving first 
for R and then for I. 


R = 


V_ 

I 


100V 

3A 


33.3Q 


(a) Apply Ohm’s law to obtain: 
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(. b ) Apply Ohm’s law a second time 
to obtain: 



25 V 
33.3D 


0.751A 


42 • 

Picture the Problem We can use R = pLj A to find the resistance of the block and 
Ohm’s law to find the current in it for the given potential difference across its length. 


(a) Relate the resistance of the block 

R = p — 

to its resistivity p, cross-sectional A 

area A, and length L: 


Substitute numerical values (see 
Table 2625-1 for the resistivity of 
carbon) and evaluate R: 

( b ) Apply Ohm’s law to obtain: 


R = 


(3500x10 8 Q-m) 


3 cm 
(0.5cm)~ 


42.0 mD 



8.4V 

42.0mQ 


200 A 


43 • 

Picture the Problem We can solve the relation R = pLj A for L to find the length of the 
carbon rod that will have a resistance of 10 Q. 

Relate the resistance of the rod to its n L 

R = p — 

resistivity p, cross-sectional area A, A 

and length L: 

Solve for L to obtain: f AR m 1 R 

Li — — 

P P 

Substitute numerical values (see ;r(0.1 mm ) 2 (ioq) 

Table 2625-1 for the resistivity of 3500xl0~ 8 Q-m 

carbon) and evaluate L\ 


8.98 mm 


*44 • 

Picture the Problem We can use R = pLjA to find the resistance of the track. 


(a) Relate the resistance of the track 
to its resistivity p, cross-sectional 
area A, and length/.: 
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Substitute numerical values and 
evaluate R: 


R = 


(l 0 -7 Q • m) 


10 km 
55cm 2 


0.182Q 


45 • 

Picture the Problem We can use Ohm’s law in conjunction with R = pLjA to find the 
potential difference across one wire of the extension cord. 


Using Ohm’s law, express the 
potential difference across one wire 
of the extension cord: 

Relate the resistance of the wire to 
its resistivity p , cross-sectional area 
A, and length L: 

Substitute to obtain: 


Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper and Table 25-2 for the cross- 
sectional area of 16-gauge wire) and 
evaluate V: 


V = IR 



V = p 


u 

~A 


V = (l.7 x 1(T 8 Q • 



1.95 V 


46 • 

Picture the Problem We can use R = pLjA to find the length of a 14-gauge copper wire 
that has a resistance of 2 fl 


(a) Relate the resistance of the wire n R 

w R = p 

to its resistivity p, cross-sectional A 

area A, and length L: 


Solve for L to obtain: 


Substitute numerical values (see 
Table 2625-1 for the resistivity of 
copper and Table 2625-2 for the 
cross-sectional area of 14-gauge 
wire) and evaluate L\ 


L = 


RA 

P 


L _ (2 Q)(2.081mm 2 ) 
1.7x10 8 Q-m 


245 m 
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47 •• 

Picture the Problem We can use R = pLj A to express the resistances of the glass 
cylinder and the copper wire. Expressing their ratio will eliminate the common cross- 
sectional areas and leave us with an expression we can solve for the length of the copper 
wire. 


Relate the resistance of the glass 
cylinder to its resistivity, cross- 
sectional area, and length: 

Relate the resistance of the copper 
wire to its resistivity, cross- 
sectional area, and length: 

Divide the second of these 
equations by the first to obtain: 


Solve for L Cu to obtain: 


^glass /"Class 


L 


glass 


A 


glass 


^Cu — Pc u ' 


L, 


'Cu 


x Cu 


R 


Pcu 


L, 


'Cu 


Cu 


A 


Cu 


Au A 


Cu 


R 


L 


glass sy 'glass P glass ^glass 

' glass , 

glass 

or, because A glass Aq u and Rcu ^giass? 

_ Pea ^Cu 


1 = 


/Class ^glass 


t _ P glass j 
^Cu ~ ^glass 

Pcu 


Substitute numerical values (see Table 25- 
1 for the resistivities of glass and copper) 
and evaluate L Cu \ 


L 


Cu 


10 12 Q-m 

~ 1.7xl(T 8 Q-m 

= 5.88x 10 17 mx- 


-(l cm) 
lc-y 

9.461 xlO 15 m 


62.2 c -y 
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48 •• 

Picture the Problem We can use Ohm’s law to relate the potential differences across the 
two wires to their resistances and R = pL/A to relate their resistances to their lengths, 

resistivities, and cross-sectional areas. Once we’ve found the potential differences across 
each wire, we can use E = V/L to find the electric field in each wire. 


( b ) Apply Ohm’s law to express the V Cu - IR Cu 

potential drop across each wire: ant | 

V Fe = !R Fe 


Relate the resistances of the wires to 
their resistivity, cross-sectional area, 
and length: 


u ~ Pcu 


L, 


Cu 


x Cu 


and 




r f,=Pf,^~ 

^Fe 


Substitute to obtain: 


Substitute numerical values (see 
Table 2625-1 for the resistivities of 
copper and iron) and evaluate the 
potential differences: 




Pcu A 


'Cu 


Cu 


A 


Cu 


and 

K e = 


V C u = 


Ppe R Fe 


A 


Fe 


(l.7xlQ- 8 Q-m)(80m) (2A x 

j/r(l mm) 2 


3.46 V 


and 


^Fe = 


_ (lOxlO s Q-m)(49m)^ A ^ 

_ I Y ^ ^ 

j k\ \ mmJ 


= 12.5V 


(a) Express the electric field in each 
conductor in terms of its length and 

V 

77 _ *CU 

^Cu ~ T 

L Cu 

the potential difference across it: 

and 


V 

J7 - lie. 

Fe ~ L 
^Fe 


E 


Cu 


3.46 V 


Substitute numerical values and 
evaluate the electric fields: 


80 m 


43.3 mV/m 
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and 


E 


Fe 


12.5V 
49 m 


255 mV/m 


*49 .. 

Picture the Problem We can use Ohm’s law to express the ratio of the potential 
differences across the two wires and R = pLj A to relate the resistances of the wires to 

their lengths, resistivities, and cross-sectional areas. Once we’ve found the ratio of the 
potential differences across the wires, we can use E = E/C to decide which wire has the 

greater electric field. 


(a) Apply Ohm’s law to express the V Cu - IR Cu 

potential drop across each wire: an( j 

K e = 


Divide the first of these equations 
by the second to express the ratio of 
the potential drops across the wires: 

Relate the resistances of the wires to 
their resistivity, cross-sectional area, 
and length: 


Divide the first of these equations 
by the second to express the ratio of 
the resistances of the wires: 


Substitute in equation (1) to obtain: 


V Cu IR, 


Cu 


R, 


Cu 


Ke IR 


Fe 


R 


Fe 


(l) 


Rcu — Pcu 


and 


L, 


Cu 


x Cu 


L 




A 


Fe 


L Cu 

n AXu A 

Rcu _ A Cu _ A n 


^Fe n ^ Fe Vic 

rFe A 
A Fc 

because L Cu = L rs and A Cu = A Fe . 


Feu _ Pcu 

^Fe P?Q 


Substitute numerical values (see 
Table 2625-1 for the resistivities of 
copper and iron) and evaluate the 
ratio of the potential differences: 


V Cu _ 1.7x10 s Q-m 
V^~ 10x10 8 Q-m 


0.170 
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( b ) Express the electric field in each 
conductor in terms of its length and 
the potential difference across it: 

Divide the first of these equations 
by the second to obtain: 


Because E Fe = 5.88E Cu ' 


v V 

£ Cu = — and E^= Fe 


L, 


Cu 


'Fe 


E 


'Fe 


'Cu 


'Fe 


y k 

Z cu = Ypl = 0.170 


V, 


Cu 


L, 


K 


Fe 


Cu 


or 


E c = ■ 


'Fe 


'Cu 

0.17 


= 5.88 E, 


Cu 


E is greater in the iron wire. 


50 •• 

Picture the Problem We can use R = pL/A to relate the resistance of the salt solution to 
its length, resistivity, and cross-sectional area. To find the resistance of the filled tube 
when it is uniformly stretched to a length of 2 m, we can use the fact that the volume of 
the solution is unchanged to relate the new cross-sectional area of the solution to its 
original cross-sectional area. 


(a) Relate the resistance of the filled 
tube to the resistivity, cross- 
sectional area, and length of the salt 
solution: 

Substitute numerical values and 
evaluate R: 

(. b ) Relate the resistance of the 
stretched tube to the resistivity, 
cross-sectional area, and length of 
the salt solution: 


R = p 


L_ 

~4 


R = (]10 3 Q m)- 


lm 


n(2 mm) 


79.6Q 


p , L' 2L 
R = p — = p — 
A' A' 


( 1 ) 


Letting V represent volume, express V = V 

the relationship between the before- or 

stretching volume V and the after- LA = LA' 

stretching volume V : 


A’ = — A = \A 
L' 2 


Solve for A' to obtain: 
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Substitute in equation (1) to obtain: 

R' = P- = a[p- 

\a r A) 

= 4(79.6Q)= 318Q 

51 •• 

Picture the Problem We can use R = 

= pLj A to relate the resistance of the wires to their 


lengths, resistivities, and cross-sectional areas. To find the resistance of the stretched wire, 
we can use the fact that the volume of the wire does not change during the stretching 
process to relate the new cross-sectional area of the wire to its original cross-sectional 
area. 


Relate the resistance of the 

unstretched wire to its resistivity, 
cross-sectional area, and length: 

r - p L 

Relate the resistance of the stretched 
wire to its resistivity, cross-sectional 
area, and length: 

r '-4 

Divide the second of these equations 
by the first to obtain: 

L' 

R' p _L' A 

R~ L ~ L A' 

P ~A 

or 

R' = 2 — R (1) 

A' 

Letting V represent volume, express 
the relationship between the before¬ 
stretching volume V and the after¬ 
stretching volume V: 

V = V 

or 

LA-LA' 

Solve for A/A' to obtain: 

A' L 

Substitute in equation (1) to obtain: 

R' = 2(2 )R = 4R = 4(0.30)= 1.200 
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52 •• 

Picture the Problem We can use R = pL/ A to find the resistance of the wire from its 
length, resistivity, and cross-sectional area. The electric field can be found using E = V/L 
and Ohm’s law to eliminate V. The time for an electron to travel the length of the wire can 
be found from L = v d A t, with v d expressed in term of / using / = neAv A . 


(a) Relate the resistance of the 
unstretched wire to its resistivity, 
cross-sectional area, and length: 

Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper and Table 25-2 for the cross- 
sectional area of 10-gauge wire) and 
evaluate R\ 

(b ) Relate the electric field in the 
wire to the potential difference 
between its ends: 

Use Ohm’s law to obtain: 


Substitute numerical values and 
evaluate E: 

(c) Express the time At for an 
electron to travel a distance L in the 
wire in terms of its drift speed v d : 

Relate the current in the wire to the 
drift speed of the charge carriers: 

Solve for v d to obtain: 


R = p 


L_ 

~A 


100m 
5.261mm 2 

0.3230 


R = (l.7xlO~ s Q-m) 



E = 


IR 

L 


E _ (30A)(0.3230) 
100m 


96.9 mV/m 


A t = 


L 


v 


d 


/ = neAv A 


I 

neA 


Substitute to obtain: 


neAL 

A t = - 

/ 


Substitute numerical values (in Example 25-1 it is shown that n = 8.47xl0 28 m 3 ) and 
evaluate A t: 
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_ (8.47xl0 28 m~ 3 )(l.6x 1(T 19 c)(5.261mm 2 )(l00m) 
“ 30A 


2.38x 10 5 s 


53 •• 

Picture the Problem We can use R = pL/A to find express the resistance of the wire 
from in terms of its length, resistivity, and cross-sectional area. The fact that the volume of 
the copper does not change as the cube is drawn out to form the wire will allow us to 
eliminate either the length or the cross-sectional area of the wire and solve for its 
resistance. 


Express the resistance of the wire in ^ _ L 

terms of its resistivity, cross- A 

sectional area, and length: 


Relate the volume V of the wire to V = AL 

its length and cross-sectional area: 


Solve for L to obtain: 



Substitute to obtain: 


R=p 


V_ 

A 2 


Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper and Table 25-2 for the cross- 
sectional area of 14-gauge wire) and 
evaluate R\ 


R = (l.7xlO~ 8 Q-m) 7 ( 2cm ) y 
(2.081mm 2 ) 


0.0314Q 


*54 •• 

A spreadsheet program to plot / as a function of V is shown below. The formulas used to 
calculate the quantities in the columns are as follows: 


Cell 

Content/Formula 

Algebraic Form 

B1 

2 

h 

A5 

-200 

V (mV) 

A6 

A5 +25 

V+AV 

B5 

$B$l*(EXP(A5/25) - 1) 

t l V125 mV i \ 

- 1 / 



A 

B 

C 

l 

I 0= 

2 

nA 

2 




3 

V 

I 
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4 

(mV) 

(nA) 


5 

-200.0 

-2.00 


6 

-175.0 

-2.00 


7 

-150.0 

-2.00 






15 

50.0 

12.78 


16 

75.0 

38.17 


17 

100.0 

107.20 



The following graph was plotted using the data in spreadsheet table shown above. 



A spreadsheet program to plot ln(7) as a function of V for V > 0.3 V follows. The 
formulas used to calculate the quantities in the columns are as follows: 


Cell 

Content/Formula 

Algebraic Form 

B1 

2 

2 nA 

A5 

300 

V 

A6 

A5 + 10 

V+AV 

B5 

LN($B$ 1 *(EXP(A5/25) - 1)) 

ln[/ 0 (/ / 25 mV -l)J 


A 

B 

C 

1 0= 

2 

nA 




V 

ln(I) 


(mV) 



300 

12.69 


310 

13.09 


320 

13.49 


330 

13.89 


340 

14.29 


350 

14.69 





970 

39.49 
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980 

39.89 


990 

40.29 


1000 

40.69 



A graph of ln(7) as a function of V follows. Microsoft Excel’s Trendline feature was used 
to obtain the equation of the line. 



For V » 25 mV: 


Take the natural logarithm of both 
sides of the equation to obtain: 


V / 25 mV . V / 25 mV 

e -1« e 


and 


V / 25 mV 


= ta(7.)+r7 i T7f' 

25 mV 

which is of the form y = mx + b, 
where 

1 


m = 


0.04 (mV)~ 


25 mV 

in agreement with our graphical result. 


55 •• 

Picture the Problem We can use the first graph plotted in Problem 55 to conclude that, 
if V < 0.5 V, then the diode’s resistance is effectively infinite. We can use Ohm’s law to 
estimate the current through the diode. 


From the first graph plotted in Problem 55 we see that, if V < 0.5 V, then 
the current is negligible and the diode has essentially infinite resistance. 


(b) Use Ohm’s law to express the V 

v y r T _ resistor 

current flowing through the diode: 1 ~ „ 
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For a potential difference across the 
diode of approximately 


0.5 V: 


5V-0.5V 

500 


90.0 mA 


56 ••• 

Picture the Problem We can use, as our element of resistance, a semicircular strip of 
width t, radius r, and thickness dr. Then dR = {nrp / 1)dr . Because the strips are in 

parallel, integrating over them will give us the reciprocal of the resistance of half ring. 


obtain: 


a to r = b to 

1 

1 f 

dr t , 

fh) 



= — [ 

— = —In 



R 

^Pa 

r np 



Take the reciprocal of both sides of 
the equation to obtain: 


pn 

tin 

r b^ 

k aj 



57 ••• 

Picture the Problem The element of resistance we use is a segment of length dx and 
cross-sectional area n[a + (b - a)x/L] 2 . Because these resistance elements are in series, 
integrating over them will yield the resistance of the wire. 



Express the resistance of the chosen 
element of resistance: 


Jjrj dX 

dR = p — = 


P 


A n\a + (b -a)(x/C)]' 


-dx 


Integrate dR from x = 0 to x = L and 
simplify to obtain: 


*=-J 

*0 


dx 


\a + (b -a){x/L\ 


pL 


c . 


n{b- a) 
pL 


a a 


+ {b~al 


n{b- a) 
pL 


I_I 

\a b, 
f b-a^ 


n{b- a) 


ab 


pL 

mb 
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*58 ••• 

Picture the Problem The diagram shows a 
cross-sectional view of the concentric 
spheres of radii a and b as well as a 
spherical-shell element of radius r. Using 
the Hint we can express the resistance dR 
of the spherical-shell element and then 
integrate over the volume filled with the 
material whose resistivity p is given to find 
the resistance between the conductors. 

Note that the elements of resistance are in 
series. 

Express the element of resistance 
dR: 

Integrate dR from r = a to r = b to 
obtain: 



r = £-\^L = £-[ --- 

An | r 1 An\a b , 


Substitute numerical values and 
evaluate R: 


R = 


lCrQ-in 


An 


1 


1 


1.5 cm 5 cm 


3.71x 10 Q 


59 ••• 

Picture the Problem The diagram shows a 
cross-sectional view of the coaxial 
cylinders of radii a and b as well as a 
cylindrical-shell element of radius r. We 
can express the resistance dR of the 
cylindrical-shell element and then integrate 
over the volume filled with the material 
whose resistivity p is given to find the 
resistance between the two cylinders. Note 
that the elements of resistance are in series. 

Express the element of resistance 
dR: 



R = 


P 

2nL 


II 

53 

P In 

fM 

J y 

a 

2 nL 

yaj 


Integrate dR from r = a to r = b to 
obtain: 
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( b ) Apply Ohm’s law to obtain: 


Substitute numerical values and 
evaluate /: 


i = v -= 
R 


V 


P 

2 tjL 


In 


ya) 


2 kLV 


ya) 


p In 


/ 


2;r(50cm)(l0V) 

(30Q-m)lnf^^ 

^1.5 cm J 


2.05 A 


Temperature Dependence of Resistance 

*60 • 

Picture the Problem We can use R = pL/A to find the resistance of the rod at 20°C. 
Ignoring the effects of thermal expansion, we can we apply the equation defining the 
temperature coefficient of resistivity, a, to relate the resistance at 40°C to the resistance at 
20°C. 


(a) Express the resistance of the rod 
at 20°C as a function of its 
resistivity, length, and cross- 
sectional area: 

Substitute numerical values and D 1A -8n 1 0.5 m 

R 20 = (5.5x 10 £2-mJ--- 

evaluate /C (l : (l mm) 

= 27.5mD 


^40 — Pw a 

~ P 20 D + a (t c -20C° 

— P 20 P 20 ~ 20C ) 

= ^ o [l + a(» c -20C»)] 

Substitute numerical values (see Table 25-1 for the temperature coefficient of resistivity 
of tungsten) and evaluate R 40 ' 

R 40 = (27.5 mfi)[l + (4.5 x 10 3 K 1 )(20 C 0 )] = 


30.0 m£2 



(b) Express the resistance of the rod 
at 40°C as a function of its 
resistance at 20°C and the 
temperature coefficient of resistivity 
a: 


R _ n L 
A 

















'Electric Current and Direct-Current Circuits 367 


61 • 

Picture the Problem The resistance of the copper wire increases with temperature 
according to R t< = R 20 [l + a(t c — 20C°)]. We can replace R, by 1.1 /Co and solve for t c to 

find the temperature at which the resistance of the wire will be 110% of its value at 20°C. 
Express the resistance of the wire at 1 - 17? 20 = ^20 [l + °t{t c — 20C°)] 

l.li? 20 : 

Simplify this expression to obtain: 

Solve to t c to obtain: 

Substitute numerical values (see 
Table 25-1 for the temperature 
coefficient of resistivity of copper) 
and evaluate tc: 

62 •• 

Picture the Problem Let the primed quantities denote the current and resistance at the 
final temperature of the heating element. We can express R' in terms of /To and the final 
temperature of the wire tc using R' = i? 20 [l + cc(t c - 20C°)] and relate T, R', I 2 0 , and R 2 0 

using Ohm’s law. 

Express the resistance of the heating 
element at its final temperature as a 
function of its resistance at 20°C and 
the temperature coefficient of 
resistivity for Nichrome: 

Apply Ohm’s law to the heating V = I 20 R 20 

element when it is first turned on: 

Apply Ohm’s law to the heating V = FR' 

element when it has reached its final 
temperature: 

Because the voltage is constant, we FR' = I 20 R 20 

have: nr 


i?' = i? 20 [l + Ot(t c - 20C°)] (1) 


1.1 R 20 = R 20 + R 20 a(t c - 20C°) 

or 

0.1 = a(t c -20C°) 


t c =— + 20C° 
a 




0.1 


3.9x 10 -3 

K- 1 

45.6°C 



+ 20C° 
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n f _ 1 20 n 

R ~ j, ^20 


Substitute in equation (1) to obtain: 


if^ # = ^„[l + a(( c -20C°)] 


or 


-p- = 1 + a(t c - 20C°) 


Solve for t c to obtain: 


20 


— 1 


t c =— -+ 20C C 

a 


Substitute numerical values (see 
Table 25-1 for the temperature 
coefficient of resistivity of 
Nichrome) and evaluate tc'. 




1.5 A 
1.3 A 


-1 


0.4x10 KT 


- + 20C° = 


405°C 


63 •• 

Picture the Problem We can apply Ohm’s law to find the initial current drawn by the 
cold heating element. The resistance of the wire at 1000°C can be found using 
R l(m = i? 20 [l + ct{t c - 20C°)] and the power consumption of the heater at this 

temperature from P = V 1 III \ 00 o. 

(a) Apply Ohm’s law to find the j_ V _ 120 V 

initial current I 2 o drawn by the R 

heating element: 


(b ) Express the resistance of the 
heating element at 1000°C as a 
function of its resistance at 20°C and 
the temperature coefficient of 
resistivity for Nichrome: 

Substitute numerical values (see 
Table 25-1 for the temperature 
coefficient of resistivity of 
Nichrome) and evaluate R amn¬ 


io 


80. 


15.0 A 


* 10 oo=*2o[1 + «(C-20C°)] 


-^1000 — 


(8Q)[l + (0.4xl0 3 K ‘) 
x (l000°C -20C 0 )] 


= 11. IQ 


V 2 _ (l20V) 2 _ 


R 


1000 


(c) Express and evaluate the 
operating wattage of this heater at 
1000°C: 


li.in 


1.30kW 
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64 •• 

Picture the Problem We can find the resistance of the copper leads using 

R Cu = p Cu L j A and express the percentage error in neglecting the resistance of the leads as 

the ratio of R Cu to ^Nichrome- In part (c) we can express the change in resistance in the 
Nichrome wire corresponding to a change A t c in its temperature and then find A t c by 
substitution of the resistance of the copper wires in this equation. 


(a) Relate the resistance of the 
copper leads to their resistivity, 
length, and cross-sectional area: 

Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper) and evaluate Rc u '- 

( b ) Express the percentage error as 
the ratio of R Cu to /C,chrome: 


(c) Express the change in the 
resistance of the Nichrome wire as 
its temperature changes from t c to 
tc'- 

Solve for A t c to obtain: 


Set A R equal to the resistance of the 
copper wires (see Table 25-1 for the 
temperature coefficient of resistivity 
of Nichrome wire) and evaluate A t c : 


^Cu — Pc u ^ 


R Cu = (l.7xl0 -8 Q-m) 


50 cm 


^7r(0.6mm) 


30.1mf2 


% error = 


lv Nichrome 

30.1mf2 

ion 


0.301% 


A R = R'-R 

= i? 20 [l + «(t c '-20C°)] 

- R 20 [l + a(t c - 20C°)] 
= R 20 aAt c 

. A R 

A t c = - 

R 20 a 


At c 


30.1mf2 

(l0D)(0.4xl0 3 K') 


7.53C 0 


*65 ••• 

Picture the Problem Expressing the total resistance of the two current-carrying (and 
hence warming) wires connected in series in terms of their resistivities, temperature 
coefficients of resistivity, lengths and temperature change will lead us to an expression in 
which, if p\L\d\ + P 2 L 2 CC 2 = 0, the total resistance is temperature independent. In part (b) 
we can apply the condition that p\L\a\ + piL 2 a 2 = 0 to find the ratio of the lengths of the 
carbon and copper wires. 










370 Chapter 25 


(a) Express the total resistance of these two wires connected in series: 

R = + R-, 

= p i^{l + aA T )+p2^-{l + a 2 AT )+-^ [aA (l + «i AT) + p 2 L 2 (l + a 2 AT )] 


Expand and simplify this expression to obtain: 


R = - j \pA i + aA + (aA«i + aA« 2 ) Ar ] 


If p\L\a\ + P 2 L 2 CC 2 = 0, then: 


(6) Apply the condition for 
temperature independence obtained 
in (a) to the carbon and copper 
wires: 

Solve for the ratio of L Cu to L c : 


R = 


A [a A + aA] 




independently of 


the temperature. 


P(L( a c + A::lA(iAcu — 0 



Pc a c 


Pcu^Cu 


Substitute numerical values (see Table 25-1 for the temperature coefficient of resistivity 
of carbon and copper) and evaluate the ratio of L Cu to L c \ 


L Cu _ (3500x10 ^-mX-0.5x10 3 K^ 1 ) 
L c ~ (l.7xl0 8 Q-111X3.9x10 3 K 1 ) 


264 


66 ••• 

Picture the Problem We can use the relationship between the rate at which energy is 
transformed into heat and light in the filament and the resistance of and potential 
difference across the filament to estimate the resistance of the filament. The linear 
dependence of the resistivity on temperature will allow us to find the resistivity of the 
filament at 2500 K. We can then use the relationship between the resistance of the 
filament, its resistivity, and cross-sectional area to find its diameter. 

(a) Express the wattage of the 
lightbulb as a function of its 
resistance R and the voltage V 
supplied by the source: 
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Solve for R to obtain: 


Substitute numerical values and 
evaluate R\ 

( b ) Relate the resistance R of the 
filament to its resistivity p, radius r, 
and length £: 

Solve for r to obtain: 


R 


P 


R 


(lOOV ) 2 
40 W 


2500 


R = 


pi 


nr 


r = 


\pl_ 

nR 


and the diameter d of the filament is 

d = (1) 


\pL 

nR 


Because the resistivity varies 
linearly with temperature, we can 
use a proportion to find its value at 


2500 K: 


P 2500 K P 291 K _ 2500K-293K 
P 3500 K-P 293 K 3500K-293K 

_ 2207 
~ 3207 


Solve for P 2500 a to obtain: 


P2500K — 


2207/ 


3207 


\P 


3500K 



+ Pm 


K 


Substitute numerical values and evaluate P 2500 k: 

2207 / \ 

P 2500 K = ^^yU-l/ / ^’ m_ 56nO-mJ + 56nQ-m = 774.5nQ-m 


Substitute numerical values in 
equation (1) and evaluate d : 


1 (774.5 nO • m)(0.5 cm) 
J ^2500) 


n\ 


4.44 pm 


67 ••• 

Picture the Problem We can use the relationship between the rate at which an object 
radiates and its temperature to find the temperature of the bulb. 


(a) At a temperature T, the power 
emitted by a perfect blackbody is: 


P = gAT a 

where a = 5.67x10~ s W/m 2 -K 4 is the 
Stefan-Boltzmann constant. 


T = 



P 


Solve for T: 
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Relate the resistance R of the 
filament to its resistivity p: 

Substitute for R in the expression for 
T to obtain: 


or, because P=V 2 /R, 
T = i 


V 2 


<77kILR 


R _ P L _ 4pL 
A 7d 2 


T 


V 2 


G7ldL 


4pL 

7id 2 


V 2 d 

4aL 2 p 


Substitute numerical values and evaluate T: 


1 (5V) 2 (40xl0^ 6 m) 


V 4(5.67 x 10^ 8 W/m 2 • K 4 )(0.03m) 2 

(3x10 5 Q-m) 


636K 


C b ) 


As the filament heats up, its resistance increases, leading to more power 
being dissipated, leading to further heat, leading to a higher temperature, 
etc. This thermal runaway can bum out the filament if not controlled. 


Energy in Electric Circuits 

*68 • 

Picture the Problem We can use P = V 2 /Rto find the power dissipated by the 
two resistors. 

Express the power dissipated in a _ V 2 

resistor as a function of its resistance R 

and the potential difference across it: 

(a) Evaluate P for V= 120 V and 
R = 5 Q: 

(b) Evaluate P for V= 120 V and 
R= 10 O: 

69 • 

Picture the Problem We can solve P m = I 2 R for the maximum current the 

lllaX rnax 

resistor can carry and apply Ohm’s law to find the maximum voltage that can be 
placed across the resistor. 


_ (120 V) 2 _ 

ion 


1.44 kW 


P = 


(120 V) 2 
5Q 


2.88kW 
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(a) Express the maximum power the 
resistor can dissipate in terms of the 
current flowing through it: 

Solve for 7 max to obtain: 


= 7 


2 

max 


R 



Substitute numerical values and 
evaluate 7 max : 

(. b ) Apply Ohm’s law to relate the 
maximum voltage across this 
resistor to the maximum current 
through it: 

Substitute numerical values and 
evaluate V wax : 


1 0.25 W 

\ iokn 


5.00 mA 


K, 


= 1 


max 


R 


r„„=(5mA)(l0kn) = 


50.0V 


70 • 

Picture the Problem We can use P = V 2 /R to find the resistance of the heater and 
Ohm’s law to find the current it draws. 


(a) Express the power output of the V 2 

heater in terms of its resistance and R 

its operating voltage: 


Solve for and evaluate R: 



(240 V) 2 
lkW 


57.6Q 


Apply Ohm’s law to find the current 
drawn by the heater: 



240 V 
57.6 Q 


4.17A 


( b ) Evaluate the power output of the 
heater operating at 120 V: 


p (120 V) 2 

57.6 Q 


250 W 


71 • 

Picture the Problem We can use the definition of power and the relationship between the 
battery’s power output and its emf to find the work done by it under the given conditions. 

p= MV 

At 


Use the definition of power to relate 
the work done by the battery to the 
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time current is drawn from it: 

Solve for the work done 
in time At: 

Express the power output of the 
battery as a function of the battery’s 
emf: 

Substitute to obtain: 

Substitute numerical values and 
evaluate AW: 


AW = PAt 

P = £l 


AW = £IAt 


AW = (l2V)(3A)(5s) 


180 J 


72 • 

Picture the Problem We can relate the terminal voltage of the battery to it emf, 
internal resistance, and the current delivered by it and then solve this relationship 
for the internal resistance. 

Express the terminal potential V a — V b = £ — Ir 

difference of the battery in terms of 
its emf and internal resistance: 

Solve for r. £ - (V a ~V\ 

r =- 

/ 


Substitute numerical values and 
evaluate r: 


12V-11.4V 

r - - 

20 A 


0.0300Q 


*73 • 

Picture the Problem We can find the power delivered by the battery from the 

product of its emf and the current it delivers. The power delivered to the battery 

can be found from the product of the potential difference across the terminals of 

the starter (or across the battery when current is being drawn from it) and the 

current being delivered to it. In part (c) we can use the definition of power to 

relate the decrease in the chemical energy of the battery to the power it is 

delivering and the time during which current is drawn from it. In part ( d) we can 

use conservation of energy to relate the energy delivered by the battery to the heat d eve lope 

the battery and the energy delivered to the starter 


the battery as a function of its emf 


(a) Express the power delivered by 


P = £I = ( 12V)(20A) = 


240 W 
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and the current it delivers: 

(. b ) Relate the power delivered to the 
starter to the potential difference 
across its terminals: 

(c) Use the definition of power to 
express the decrease in the chemical 
energy of the battery as it delivers 
current to the starter: 

(i d) Use conservation of energy to 
relate the energy delivered by the 
battery to the heat developed in the 
battery and the energy delivered to 
the starter: 

Express the energy delivered by the 
battery and the energy delivered to 
the starter in terms of the rate at 
which this energy is delivered: 

Solve for Q to obtain: 

Substitute numerical values and 
evaluate Q: 


P =v I 

starter starter 


= (ll.4V)(20A) = 

228 W 

AE = PAt 


= (240W)(3min) = 

43.2 kJ 


^ delivered by battery ^ transformed into heat 

+ E 

delivered to starter 

= 0-1- F 

^ delivered to starter 

PM = Q + P S M 

Q = (P-P,)At 

Q = (240 W - 228 W)(3 min) 

= 2.16kJ 


74 • 

Picture the Problem We can use conservation of energy to relate the emf of the 
battery to the potential differences across the variable resistor and the energy 
converted to heat within the battery. Solving this equation for / will allow us to 
find the current for the four values of R and we can use P = 1 2 R to find the power delivered 
the battery for the four values of R. 

Apply conservation of energy £ = IR + Ir 

(Kirchhoff s loop rule) to the circuit 
to obtain: 


1 = 


£ 

R + r 


Solve for / to obtain: 
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Express the power delivered by the 
battery as a function of the current 
drawn from it: 

(a) For R = 0: 


(. b ) For R = 5 Q: 


(c) For /? = 10 Q: 


P = I-R 


I = 


6V 


i? + r 0.312 
and 

c = (20 a) 2 (o) = 


20A 


0 


6 V 


/ =-= 

R + r 5Q + 0.3Q 

and 

/> = (!.13A) 2 (5n) = ~ 


1.13 A 


6.38 W 


6 V 


/ =-= 

R + r 10f2 + 0.3f2 

and 

P = (0.583A) 2 (l0Q) = 


0.583 A 


3.40 W 


( d) For R = co: 


1 = 


£ 

R + r 


= lim 


R —>00 


6 V 

R + o.m 



and 



75 •• 

Picture the Problem We can express the total stored energy A U in the battery in terms of 
its emf and the product /At of the current it can deliver for a period of time At. We can 
apply the definition of power to relate the lifetime of the battery to the rate at which it is 
providing energy to the pair of headlights 

(a) Express A U in terms of s and the A U = £IAt 

product I At: 

Substitute numerical values and At/ = (l2 V)(l60 A • h) = 1.92kW • h 

evaluate AC: iooiwu 3 - 6MJ 

= 1.92kW -hx- 

kW-h 

= 6.91MJ 
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(j b ) Use the definition of power to 
relate the lifetime of the battery to 
the rate at which it is providing 
energy to the pair of headlights: 

Substitute numerical values and 
evaluate At: 


A t = 


A U 
P 


At = 


1.92 kW • h 
150 W 


12.8h 


76 •• 

Picture the Problem We can use conservation of energy (aka Kirchhoff s loop 

Rule) to relate the emf at the fuse box and the voltage drop in the wires to the 

voltage at the outlet box (delivered to the space heater). We can find the number of 60-W li 

bulbs that could be supplied by the this line without blowing the fuse by 

dividing the current available by the current drawn by each 60-W bulb. 


(a) Apply Kirchhoff s loop rule to 
the circuit to obtain: 


S - V -V =0 

^ ' wires outlet w 


or 

^-Swires" Outlet =0 


Solve for F ou tiet to obtain: 


V = F — JR 

" outlet ^ ^ wires 


Relate the resistance of the copper ^ _ L 

wires to the resistivity of copper, the w ' res " A 

length of the wires, and the cross- 
sectional 

area of 12-gauge wire: 

Substitute to obtain: v _ c IPcu^ 

’'outlet — * , 


Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper and Table 25-2 for the cross- 
sectional area of 

12-gauge wire) and evaluate Pnnkt'- 


K 


outlet 


= 120 V 


(l2.5 A)(i. 7 x 1CT 8 D • m)(60m) 
3.309 mm 2 


116V 


(b) Relate the number of bulbs N to 
the maximum current available and 
the current drawn by each 60-W 
bulb: 


>r_ 4,-12.5 A 


1 bulb 


CD 
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Use Ohm’s law to relate the current 
drawn by each bulb to the potential 
difference across it and it’s 
resistance: 

Express the resistance of each 60-W 
bulb: 

Substitute to obtain: 


1 bulb 


V 

^bulb 


4>ulb 


AtliIIi 


P 

PV 

£ 2 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate N: 


N = 


-12.5 A 

TV 

£ 2 


£ 2 

PV 


(4 


-12.5A) 


N= ( 12 ^ - (20 A -12.5 A) 

(60 W)(l 16 V) v ’ 


15 bulbs 


*77 •• 

Picture the Problem We can use P =fv to find the power the electric motor must 
develop to move the car at 80 km/h against a frictional force of 1200 N. We can find the 
total charge that can be delivered by the 10 batteries using A Q = NIAt . The total 

electrical energy delivered by the 10 batteries before recharging can be found using the 
definition of emf. We can find the distance the car can travel from the definition of work 
and the cost per kilometer of driving the car this distance by dividing the cost of the 
required energy by the distance the car has traveled. 


(a) Express the power the electric 
motor must develop in terms of the 
speed of the car and the friction 
force: 


P = f> = (1200 N)(80 km/h) 
= 26.7 kW 


( b ) Use the definition of current to 
express the total charge that can be 
delivered before charging: 


f 

AQ = A/A/= 10(160 A-h) 

V 


36004 
h > 


5.76MC 


where N is the number of batteries. 
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(c) Use the definition of emf to 
express the total electrical energy 
available in the batteries: 

(i d) Relate the amount of work the 
batteries can do to the work required 
to overcome friction: 

Solve for and evaluate d: 


W = Q£ = (5.76MC)(l2 V) 
= 69.1MJ 


W = fd 


W _ 69.1MJ 

/ ~ 1200N 


57.6km 


( e ) Express the cost per kilometer as the ratio of the ratio of the cost of the energy to the 
distance traveled before recharging: 


^ . ($0.09/kW • h )£It 

Cost/km = A - L — 

d 


($0.09/kW • h)(l20 V)(l 60 A • h) 
57.6km 


$0.03/km 


78 ••• 

Picture the Problem We can use the definition of power to find the current drawn 
by the heater and Ohm’s law to find its resistance. In part ( b ) we’ll use the hint to 
show that A P/P ~ 2AV/V and in part (c) use this result to find the approximate power 
dissipated in the heater if the potential difference is decreased to 115 V. 

(a) Use the definition of power to 
relate the current / drawn by the 
heater to its power rating P and the 
potential difference across it V: 

Substitute numerical values and 
evaluate I: 


V 


1 = 


100W 

120V 


0.833 A 


Apply Ohm’s law to relate the 
resistance of the heater to the 
voltage across it and the current it 
draws: 

(b ) Approximate dP/dV by 
differentials: 



120V 
0.833 A 


144Q 


dP AP AD dP AT . 

-« or A P « AV 

dV AV dV 


P = 


R 


Express the dependence of P on V: 
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Assuming R to be constant, evaluate 
dP/dV : 


dP _ d V r l_ 
dV~ dV R 


2V_ 

R 


Substitute to obtain: 


Divide both sides of the equation by 
P to obtain: 

(c) Express the approximate power 
dissipated in the heater as the sum 
of its power consumption and the 
change in its power dissipation 
when the voltage is decreased by 
A V: 

Substitute numerical values and 
evaluate P: 


Combinations of Resistors 


2V 

AP *—AV = 
R 


2 V^AV 

R V 


= 2 P 


AV 

V 


AP „ AV 

-= 2 - 

P V 


P*P 0 +AP 


= P + 2P 
r 0 ^ ^ r 0 


= p n 


1 + 2 


AV 

~V~ 

AV ^ 




(ioow) 


r (■ 

1 + 2 

V v 


-5 V 
120V 


)) 


91.7 W 


*79 • 

Picture the Problem We can either solve this problem by using the expression 
for the equivalent resistance of three resistors connected in parallel and then using 
Ohm’s law to find the current in each resistor, or we can apply Ohm’s law first to 
find the current through each resistor and then use Ohm’s law a second time to 
find the equivalent resistance of the parallel combination. We’ll follow the first 
procedure. 


(a) Express the equivalent resistance 
of the three resistors in parallel and 
solve for R eq : 


1 



and 


R 


eq 


1 1 

-1-h 

40 30 


1 

60 


1.330 


( b ) Apply Ohm’s law to each of the 

/ = F 

12V 

resistors to find the current flowing 

4 40 

40 

through each: 

/ - V 

12V 


3 30 

30 


3.00 A 


4.00 A 


and 
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h 


V _ 12V 
6Q 6Q 


2.00 A 


Remarks: You would find it instructive to use Kirchhoffis junction rule 
(conservation of charge) to confirm our values for the currents through the three 
resistors. 


80 • 

Picture the Problem We can simplify the network by first replacing the resistors that are 
in parallel by their equivalent resistance. We can then add that resistance and the 3-D 
resistance to find the equivalent resistance between points a and b. In part ( b ) we’ll denote 
the currents through each resistor with subscripts corresponding to the resistance through 
which the current flows and apply Ohm’s law to find those currents. 


(a) Express the equivalent resistance 
of the two resistors in parallel and 
solve for R eq y 


Because the 3-D resistor is in series 
with R eq y. 

( b ) Apply Ohm’s law to the network 
to find A: 

Find the potential difference across 
the parallel resistors: 

Use the common potential 
difference across the resistors in 
parallel to find the current through 
each of them: 


1 


R 


eq,l 


_L _L__L J_ 

R 6 R\ 2 6 Q 2 Q 


and 

* eq ,i=l-50Q 


R — R~, + R , 

eq 3 eq,l 

= 3Q + 1.5Q 
V ah 12 V 




R 


eq 


4.5Q 


4.50Q 


2.67 A 


V =V -V 

' 6 &2 r ab '3 


= 12V-(2.67A)(3Q) = 4V 


/ = _^ = 1X 

6 R b 6Q 


0.667A 


and 




V, 


6&2 


R , 


4 V 
2Q 


2.00 A 


81 • 

Picture the Problem Note that the resistors between a and c and between c and b are in 
series as are the resistors between a and d and between d and b. Hence, we have two 
branches in parallel, each branch consisting of two resistors R in series. In part (b) it will 
be important to note that the potential difference between point c and point d is zero. 
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(a) Express the equivalent resistance 
between points a and b in terms of 
the equivalent resistances between 
acb and adb\ 

Solve for R tq to obtain: 



1 1 

-1- 

Racb Radb 


2 R 2 R 



Because the potential difference between points c and d is zero, 
no current would flow through the resistor connected between 
these two points, and the addition of that resistor would not 
change the network. 


82 •• 

Picture the Problem Note that the 2-Q resistors are in parallel with each other and with 
the 4-Q resistor. We can Apply Kirchhoff s loop rule to relate the current I 3 drawn from 
the battery to the emf of the battery and equivalent resistance R eq of the resistor network. 
We can find the current through the resistors connected in parallel by applying 
Kirchhoff s loop rule a second time. In part ( b ) we can find the power delivered by the 
battery from the product of its emf and the current it delivers to the circuit. 


(a) Apply Kirchhoff s loop rule to £ -I 3 R eq = 0 

obtain: 


Solve for/ 3 : 



( 1 ) 


Find the equivalent resistance of the 
three resistors in parallel: 


1 


R 


eq,l 


1 1 

— + — + 

R-> R-> 


^4 


and 

*eq,l = 08 ^ 


1 1 

-1-h 

2Q 2Q 


1 

4Q 


Find the equivalent resistance of R eq = f? 3 +f? eql = 3Q + 0.8Q = 3.8Q 

i? eq ,i and Ri in series: 


Substitute in equation (1) and 
evaluate / 3 : 


h 


6 V 
3.8Q 


1.58 A 


Express the current through each of 
the parallel resistors in terms of their 
common potential difference V: 


h 


— and I. 
R 2 


v_ 

R, 
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Apply Kirchhoff s loop rule to 
obtain: 


£ - / 3 i? 3 - V = 0 


Solve for V: 


V = £- I 3 R 3 


= 6V-(l.58A)(3Q) = 1.26V 


Substitute numerical values and 
evaluate h and / 4 : 


u = 


and 


L = 


1.26V 

2Q 


1.26 V 
4Q 


0.630A 


0.315 A 


( b ) Express P in terms of s and I+. p = = (6 V)(l .58 A) = 


9.48 W 


Remarks: Note that the currents h,h, and I4 satisfy Kirchhoff s junction rule. 


*83 •• 

Picture the Problem Let r represent the 
resistance of the internal resistance of the 
power supply, s the emf of the power 
supply, R the resistance of the external 
resistor to be placed in series with the 
power supply, and I the current drawn from 
the power supply. We can use Ohm’s law 
to express the potential difference across R 
and apply Kirchhoff s loop rule to express 
the current through R in terms of s, r, and 
R. 

Express the potential difference 
across the resistor whose resistance 



is R: 


Apply Kirchhoff s loop rule to the £ — Ir — IR = 0 

circuit to obtain: 


Solve for / to obtain: 


1 = 


£ 

r + R 


V R = 


\ 

R 


V 


J 


Substitute in equation (1) to obtain: 


r + R 
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Solve for R to obtain: 


Substitute numerical values and 
evaluate R\ 


R = 


V 

£-V r 


R (4.5V)(50Q) 
5 V -4.5 V 


450Q 


84 •• 

Picture the Problem We can apply Kirchhoff s loop rule to the two circuits described in 
the problem statement and solve the resulting equations simultaneously for r and s. 


(a) and ( b ) Apply Kirchhoff s loop 
rule to the two circuits to obtain: 


Substitute numerical values to 
obtain: 


Solve equations (1) and (2) 
simultaneously to obtain: 


£ - I x r - I { R S = 0 
and 

£ - I 2 r - I 2 R { j = 0 

£-(0.5A)r-(0.5A)(5Q)=0 

or 

£- (0.5 A)r = 2.5 V (1) 

and 

£ - (0.25 A)r - (0.25 A)(l 1Q) = 0 

or 

£- (0.25 A)r = 2.75 V (2) 


£ = 


3.00V 


and r = 


1.000 


85 •• 

Picture the Problem We can use the formula for the equivalent resistance for two 
resistors in parallel to show that R eq = R\x/(l + x ). 


(a) Express the equivalent resistance 
of R\ and R 2 in parallel: 


R 


eq 


+ R~, 


Letx = R 2 /R 1 to obtain: 


R, 


xR; 

R t + A'/?, 


X 

1 + x 


Rx 


(b) The following graph of R cq /R \ versus x was plotted using a spreadsheet program. 
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1° 

0.8 

0.6 

R eq /K i 

0.4 

0.2 

0.0 



0 


2 


4 


6 


8 


10 


x 


86 •• 

Picture the Problem We can use Kirchhoff s loop rule to relate the required resistance to 
the emf of the source and the desired current. We can apply Kirchhoff s rule a second 
time to the circuit that includes the load resistance r to establish the largest value it can 
have if it is to change the current drawn from the source by at most 10 percent. 

(a) Apply Kirchhoff s loop rule to £ - IR = 0 

the circuit that includes the source 
and the resistance R to obtain: 

Solve for R to obtain: £ 


R = 


I 


Substitute numerical values and 
evaluate R: 


5 V - 

R = ^—= 500Q 


10mA 


(b ) Letting /' represent the current 
in the loaded circuit, express the 
condition that the current drops by 


-= 1 

/ / 



( 1 ) 


less than 10%: 


Letting r represent the load 
resistance, apply Kirchhoff s loop 
rule to the circuit to obtain: 


£ — I'r — I’R = 0 


Solve for /' to obtain: 


r + R 


£ 


Substitute for / and /' in equation 

( 1 ): 


1 


£_ 

R 


r + R 
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Solve for r to obtain: 


OAR 


r < 


0.9 


Substitute the numerical value for R 
to obtain: 



0.9 


87 •• 


Picture the Problem We can simplify the network by first replacing the resistors that are 
in parallel by their equivalent resistance. We’ll then have a parallel network with two 
resistors in series in each branch and can use the expressions for resistors in series to 
simplify the network to two resistors in parallel. The equivalent resistance between points 
a and b will be the single resistor equivalent to these two resistors. In part ( b ) we’ll use 
the fact that the potential difference across the upper branch is the same as the potential 
difference across the lower branch, in conjunction with Ohm’s law, to find the currents 
through each resistor. 

(a) Express and evaluate the ^ i? 6 /? 6 (6 Q) 2 ^ 

equivalent resistance of the two 6-0 eq ’' ^ + ^ 6Q + 6Q 

resistors in parallel and solve for 


Find the equivalent resistance of the 
6-0 resistor is in series with R eq ,i'- 



= 6Q + 3Q = 9Q 


Find the equivalent resistance of the 
12-0 resistor in series with the 6-0 
resistor: 



= 6Q + 12Q = 18Q 


Finally, find the equivalent 

resistance of 

R eq> 3 in parallel with R eq X- 






9Q + 18Q 


( b ) Apply Ohm’s law to the upper 
branch to find the current I u = I i2 = 
I 6 : 



0.667 A 


18Q 
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Apply Ohm’s law to the lower 
branch to find the current 

7/ C-O resistor in series- 


h 


= 1 


6 -Q resistor in series 


V* 


12V 

~9Q~ 


1.33A 


Express the current through the 6-Q I 6 -n resistors in parallel - 

resistors in parallel: = \(l .33 A) 

= 0.667 A 


88 •• 


Picture the Problem Assign currents in each of the resistors as shown in the diagram. We 
can simplify the network by first replacing the resistors that are in parallel by their 
equivalent resistance. We’ll then have a parallel network with two resistors in series in 
each branch and can use the expressions for resistors in series to simplify the network to 
two resistors in parallel. The equivalent resistance between points a and b will be the 
single resistor equivalent to these two resistors. In part ( b ) we’ll use the fact that the 
potential difference across the upper branch is the same as the potential difference across 
the lower branch, in conjunction with Ohm’s law, to find the currents through each 
resistor. 


t 

6 It 

-vW— 


4Q 


2£i 4 SI 

—VW— 1 



(a) Express and evaluate the 
equivalent resistance of the resistors 
in parallel in the upper branch and 
solve for R eq y. 


, _ {R2 + R, )R 4 

eql (. r 2 +r 4 )+r 4 

_ (6Q)(4Q) _ 2AC1 

2Q+4Q+4Q 


Find the equivalent resistance of the ^eq,2 - R(, + R^A 

6-Q resistor is in series with R cq j: = gQ + 2.4Q = 8.4Q 


Express and evaluate the equivalent 
resistance of the resistors in parallel 
in the lower branch and solve for 


R 


eq,2 


R&Rh 

R s +R & 


i*.=i(8n)=«i 
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V:,;3 ■ 

Find the equivalent resistance of the 
4-Q. resistor is in series with i? eq , i- 

Finally, find the equivalent 
resistance of R eq i in parallel with 

^eq,3 ■ 


R , — R , + R ~ 

eq,3 4 eq,2 

= 4Q + 4Q = 8Q 


R 


eq 


^eq,2^eq,3 


(8.4 o) (8 Q) 
8.4 O + 8 O 


4.10Q 


(b ) Apply Ohm’s law to the upper 
branch to find the current I \: 


V 

L = ■ Vab 


R 


eq,2 


12V 

8.4Q 


1.43 A 


Find the potential difference across 
the 4-0 and 6-0 parallel 
combination in the upper branch: 


V 4& 6 = 12 V - C 6 = 12 V - I u R 6 
= 12 V - (l .43 A)(6 O) 

= 3.43 V 


Apply Ohm’s law to find the current 


v 6 

3.43 V 1 

u 

4 


6Q 

Apply Ohm’s law to find the current 

L 

V 4 

3.43V | 

h'- 

3 


4Q 

Apply Ohm’s law to the lower 

L 

v* 

\2N r 

branch to find the current I 2 : 


^eq,2 

8Q 


0.572 A 


0.858 A 


1.50 A 


Find the potential difference across 
the 8-0 and 8-0 parallel 
combination in the lower branch: 


— 12V I 3 R 4 
= 12V-(l.5A)(40) 
= 6 V 


Apply Ohm’s law to find Is = h'. 





6 V 
80 


0.750 A 


*89 •• 

Picture the Problem We can use the equation for N identical resistors connected 
in parallel to relate A to the resistance R of each piece of wire and the equivalent resistance 


1 N 



where R is the resistance of one of the N 


Express the resistance of the N 
pieces connected in parallel: 
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Relate the resistance of one of the N 
pieces to the resistance of the wire: 

Substitute to obtain: 


Solve for N: 


Substitute numerical values and 
evaluate N: 


pieces. 



N 




N 2 

D 

v wire 



I 1200 

y 1.875Q 



90 •• 

Picture the Problem We can assign currents as shown in the diagram of the first 
arrangement of resistors and apply Kirchhoff s loop rule to obtain an expression for / 8 ,i - 


8Q 



Assign currents as shown in the diagram below for the second arrangement of the resistors 
and apply Kirchhoff s loop rule to obtain an expression for 7 8j2 that we can equate to I 8 j 
and solve for R. 


8£2 R 16 £2 



*-V^i=o 

where l\ is the current drawn from the 
battery. 


Apply Kirchhoff s loop rule to the 
first arrangement of the resistors: 
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Solve for I\ to obtain: 


Find the equivalent resistance of the 
first arrangement of the resistors: 



R 


eq,l 


(80)/? 
80 + R 


+ 160 


(240)/? +128 O 2 
R + 80 


Substitute to obtain: 


Apply Kirchhoff s loop rule to the 
loop containing R and the 8-0 
resistor: 

Solve for / 8 ! to obtain: 


Express / 8 ,2 in terms of I\ and hy. 

Substitute for I x and / XJ and simplify 
to obtain: 


Apply Kirchhoff s loop rule to the 
second arrangement of the resistors: 


1 (240)/? +128 O 2 

/? + 80 
£•(/? +80) 

~ (240)/? +1280 2 

-/ 8 (8O)+/?(/ 1 -/ 8 ) = 0 


/ = _ — _ / 

8.1 R + 80 1 

_ " R Y £•(/? +80) " 

~ v /? + 80J[(240)/? + 1280 2 y 
SR 

~ (240)/? +1280 2 

-^8,2 = A _ ^8,1 

I s{R + 8 o) 

8.2 ~ (240)/? +128 O 2 

_ SR 

(240)/? +128 O 2 
(8Q)g 

~ (240)/? +128 O 2 

£ ~ ^2^cq,2 = 0 

where h is the current drawn from the 
battery. 
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Solve for I 2 (= Ri) to obtain: 



Find the equivalent resistance of the R cq 2 — R + 24 Q 

second arrangement of the resistors: 

Substitute to obtain: j _ £ 

8,2 ~ R + 24 Q 


Equate Ig,i and / 8 , 2 : 


£R _ (8Q)C 

(24Q)i? + 128Q 2 ~ (24Q)i? + 128Q 2 


Solve for to obtain: 




8.00Q 


91 •• 

Picture the Problem We can find the equivalent resistance R ab between points a and b 
and then set this resistance equal, in turn, to R\, R 2 , and R\ and solve for /C, R 2 , and R\, 
respectively. 


(a) Express the equivalent resistance 
between points a and b : 

Equate this expression to R\. 


Solve for R 2 to obtain: 


( b ) Set R 2 equal to R ab . 


Solve for R 2 to obtain: 


= r + R , 


7?1 + 


*1 = 


R]R 2 _ 

1 2 - + R, 


+ R 2 


* 3 = 


R" 


+ R r, 


R,R 2 _ 
R , = ——— 1 - R , 

3 i?, + 


f? 2 = 0 


R,R^ _ 

/?, = 1 2 + 

i?, + i? 2 3 


or 

R^ — R 2 R l — R 2 R 2 = 0 


(c) Set equal to R ab : 
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Solve the quadratic equation for R t 
to obtain: ^1 = 

where we’ve used the positive sign because 
resistance is a non-negative quantity. 


R . + ^ • JA’A’) 

2 


92 •• 

Picture the Problem We can substitute the given resistances in the equations 
derived in Problem 91 to check our results from Problem 78. 


(a) For ^=49 and R 2 = 6 Q: 


(b ) For R\ = 4 Q and R 2 = 3 O: 


(c ) For R 2 = 6 O and R 2 = 3 Q: 


*.=■ R ' 


(4fl) 2 


R t +R 2 40 + 60 
and 

R, h = -^ + R, 


1.600 


R i + j ??2 


(4n)(6Q) 11 
40 + 60 


60 = 


4.000 


R 2 = 0 


and 

i? = ^M + i? =0 + 30 

ah R x + 0 3 


3.000 


*i = 


30 + a /(30) 2 +4(60)(30) 


30 + 90 


6.000 


and 

= r + R , 


R{ + ^2 

( 60 ) ( 60 ) 

60 + 60 


+ 30 = 


6.000 


Kirchhoff’s Rules 

*93 • 

Picture the Problem We can relate the current provided by the source to the 
rate of Joule heating using P = I~R and use Ohm’s law and Kirchhoff s rules to 
find the potential difference across R and the value of r. 
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(a) Relate the current / in the circuit 
to rate at which energy is being 
dissipated in the form of Joule heat: 


P = I 2 R or / = 



Substitute numerical values and 
evaluate /: 


I 8 W 
y 0.5Q 


4.00 A 


( b ) Apply Ohm’s law to find V R : 


V r =IR = ( 4A)(0.5D) = 


2.00V 


(c) Apply Kirchhoff s loop rule to £ — Ir — IR = 0 

obtain: 

Solve for r. „ _ £ ~ IR _ & 

1 ~ I ~ I 


Substitute numerical values and 
evaluate r: 


6 V 

r =- 

4 A 


0.5Q 


1.000 


94 • 

Picture the Problem Assume that the current flows clockwise in the circuit and let £ 

represent the 12-V source and £ the 6-V source. We can apply Kirchhoff s loop rule 
(conservation of energy) to this series circuit to relate the current to the emfs of the 
sources and the resistance of the circuit. In part ( b ) we can find the power delivered or 
absorbed by each source using P = £1 and in part (c) the rate of Joule heating using 
P = I 2 R. 


(a) Apply Kirchhoff s loop rule to £\~ IR 2 ~ “ ^4 ~ 0 

the circuit to obtain: 


Solve for /: 


I _ £\ ^2 

R 2 +R 4 


Substitute numerical values and 
evaluate /: 


12V-6V 

2D + 4 D. 


1.00 A 


(. b ) Express the power 
delivered/absorbed by each source in 
terms of its emf and the current 
drawn from or forced through it: 


P,2 = S, ,/ = (l2V)(lA) = 

12 W 

and 


F 6 =£ s / = (-6V)(1A) = 

- 6 W 
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where the minus sign means that this 
source is absorbing power. 


(c) Express the rate of Joule heating 
in terms of the current through and 
the resistance of each resistor: 


p 2 =i 2 R 2 =(ia) 2 (2Q) = 

2.00 W 

and 


P 4 =/ 2 i? 4 =(lA) 2 (4Q) = 

4.00 W 


95 •• 

Picture the Problem The circuit is shown in the diagram for part (a). G\ and r\ denote 
the emf of the "sick" battery and its internal resistance, £> and r 2 the emf of the second 
battery and its internal resistance, and R is the load resistance. Let 7j, 7 2 , and / R be the 
currents. We can apply Kirchhoff s rules to determine the unknown currents. In part (c) 

we can use P = £1 to find the power delivered or absorbed by each battery and P = I 2 R to 
find the power dissipated in the internal and load resistors. 


(i a ) The circuit diagram is shown to 
the right: 


(b ) Apply Kirchhoff s junction rule 
to junction 1 to obtain: 



A 1 2 ~ I R 


( 1 ) 


Apply Kirchhoff s loop rule to loop 
1 to obtain: 


Apply Kirchhoff s loop rule to loop 
2 to obtain: 


£ i ~ r Ji-M r =0 

or 

11.4V-(0.01Q)/ 1 -(2Q)4 =0 (2) 

£ 2 —r 2 I 2 -RI r =0 
or 

12.6V-(0.01Q)/ 2 -(2Q)4 =0 (3) 


Solve equations (1), (2) and (3) 

/, = -57.0 A 

simultaneously to obtain: 

I 2 = 63.0A , 


and 
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(c) Express the power delivered by 
the second battery in terms of its 
emf and the current drawn from it: 

Express the power absorbed by the 
second battery in terms of its emf 
and the current forced through it: 

Find the power dissipated in the 
internal resistance r \: 

Find the power dissipated in the 
internal resistance r 2 : 

Find the power dissipated in the 
load resistance R: 


6.00 A 


where the minus sign for I\ means that the 
current flows in the direction opposite to the 
direction we arbitrarily chose, i.e., the 
battery is being charged. 


P 2 = £ 2 I 2 =(12.6V)(63.0A) = 


794 W 


P x =£,/, = (l 1.4 V)(57.0 A) = 


650 W 


p„ =/,V,=(57A) 2 (0.0in)= 


32.5 W 


Pr,=lfa={ 63A) 2 (0.01Q) = 


39.7 W 


P«=llR = { 6A) 2 (2fi) = 


72.0 W 


Remarks: Note that the sum of the power dissipated in the internal and load 
resistances and that absorbed by the second battery is the same as that delivered by 
the first battery ... just as we would expect from conservation of energy. 

96 •• 

Picture the Problem Note that when both switches are closed the 50-Q resistor 
is shorted. With both switches open, we can apply Kirchhoff s loop rule to find the 
current 7 in the 100-Q resistor. With the switches closed, the 100-Q resistor and R are in 
parallel. Flence, the potential difference across them is the same and we can express the 
current 7 10 o in terms of the current 7 tot flowing into the parallel branch whose resistance is 
R, and the resistance of the 100-0 resistor. 7 tot , in turn, depends on the equivalent 
resistance of the closed-switch circuit, so we can express 7i 0 o = 7 in terms of R and solve 
for R. 

Apply Kirchhoff s loop rule to a £ — (300 Q)7 — (l00Q)7 - (50Q)7 = 0 

loop around the outside of the 
circuit with both switches open: 
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Solve for / to obtain: 

Relate the potential difference 
across the 100-0 resistor to the 
potential difference across R when 
both switches are closed: 

Apply Kirchhoffs junction rule at 
the junction to the left of the 100-0 
resistor and R\ 


Substitute to obtain: 


Express the current / tot drawn from 
the source with both switches 
closed: 

Express the equivalent resistance 
when both switches are closed: 

Substitute to obtain: 


Substitute in equation (1) to obtain: 


£ 1.5V 

~ 4500 ~ 4500 
(iooq)/ 1w =RI r 


3.33 mA 


Aot ~ A 00 + IR 
or 

Ir = Aot — A oo 

where / tot is the current drawn from the 
source when both switches are closed. 


(ioon)/ loo = 4/„-/ 10 „) 


or 

r _ My* 

100 R +1000 


(1) 



R 


eq 


MM +30 on 

R + 1000 


1.5V 

MM +3Qon 

i? + 1000 


f 




1 1 AA 


R 


‘100 


i? + 1000 


1.5V 


(lOOO)i? 
R + 1000 


+ 3000 


J 


(l .5 V)/? 


(400 0)i? + 30,000 O 2 
= 3.33 mA 


R = 


Solve for and evaluate R: 


6000 
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Remarks: Note that we can also obtain the result in the third step by applying Kirchhoff s 
loop rule to the parallel branch of the circuit. 

*97 •• 

Picture the Problem Let I\ be the current delivered by the left battery, I 2 the current 
delivered by the right battery, and h the current through the 6-Q resistor, directed down. 

We can apply Kirchhoff s rules to obtain three equations that we can solve simultaneously 
for /|, I 2 , and l 2 . Knowing the currents in each branch, we can use Ohm’s law to find the 
potential difference between points a and b and the power delivered by both the sources. 

(a) Apply Kirchhoff s junction rule I x +1 2 = / 3 

at junction a: 


Apply Kirchhoff s loop rule to a 
loop around the outside of the 
circuit to obtain: 


12V-(4Q)/j + (3Q)/ 2 -12V = 0 


or 


Apply Kirchhoff s loop rule to a 
loop around the left-hand branch of 
the circuit to obtain: 


- (4 Q)/j + (3 q)/ 2 = 0 
12 V - (4 Q)l { -(6Q)/ 3 =0 


Solve these equations 
simultaneously to 
obtain: 


/! = 0.667 A 


I 2 = 0.889 A 


and 


/ 3 = 1.56 A 


(b) Apply Ohm’s law to find the 
potential difference between points 
a and b\ 


F„ i =(6n)/ 3 =(6n)(l.56A) 


9.36V 


(c) Express the power delivered by 
the 12-V battery in the left-hand 
branch of the circuit: 


(l2 V)(0.667 A)= 8.00 W 


Express the power delivered by the 
12-V battery in the right-hand 
branch of the circuit: 



(12V)(0.889A) = | 10.7 W 
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98 •• 

Picture the Problem Let I\ be the current delivered by the 7-V battery, / 2 the current 
delivered by the 5-V battery, and / 3 , directed up, the current through the 1 -Q resistor. We 
can apply Kirchhoff s rules to obtain three equations that we can solve simultaneously for 
/ 1 , / 2 , and / 3 . Knowing the currents in each branch, we can use Ohm’s law to find the 
potential difference between points a and b and the power delivered by both the sources. 


(a) Apply Kirchhoff s junction rule 
at junction a: 

Apply Kirchhoff s loop rule to a 
loop around the outside of the 
circuit to obtain: 

Apply Kirchhoff s loop rule to a 
loop around the left-hand branch of 
the circuit to obtain: 

Solve these equations 
simultaneously to obtain: 


(b ) Apply Ohm’s law to find the 
potential difference between points 
a and b\ 


W2+/3 

7 V - (2 Q)/j - (l Q)/3 = 0 


7 V -(2n)/, -(3Q)/ 2 + 5 V = 0 

or 

(2Q)ij +(3Q)/ 2 = 12 V 



V a b =“5 V + (3Q)/ 2 
= -5V + (3Q)(2A) 

= 1.00V 


(c) Express the power delivered by 
the 7-V battery: 


F 7 =£T,=(7V)(3A) = 


21.0 W 


(c) Express the power delivered by 
the 5-V battery: 


F ! =£? 2 =(5V)(2A) = 


10.0W 


99 •• 

Picture the Problem We can apply Kirchhoff s rules to the two circuits to 
determine the current, and hence the power, supplied to the load resistor R for the 
two connections of the batteries. Differentiation, with respect to the load resistor, 
of the expressions for the power delivered to the load resistor will allow us to 
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identify the conditions under which the power delivered is a maximum and to 
decide whether the power supplied to R greater when R < r or when R > r. 


The series connection of the batteries 
is shown to the right: 


Express the power supplied to R: 


i—AV—11—»W—4 


-MA- 


!'• 


P, = I-.R 


Apply Kirchhoff s loop rule to — rl s + £ — rl s + £ — RI S - 0 

obtain: 


Solve for/ s to obtain: 


I = 


2S 

2 r + R 


Substitute to obtain: 


Set the derivative, with respect to R, 
of equation (1) equal to zero for 
extrema: 


P s = 


' 2£ V 

v 2 r + R y 


R = 


4 £ 2 R 
(2 r + R) 2 


( 1 ) 


dP^_d_ 4 £ 2 R 
dR ~ dRl(2r + R) 2 _ 

_ (2r + R) 2 4s 2 - 4s 2 R(2)(2r + R) 
(2 r + R) 4 
= 0 for extrema. 


Solve for R to obtain: R = 2 r 

Examination of the second derivative of P s at R = 2r shows that R = 2r corresponds to a 
maximum value of P p and hence, for the series combination, 
the power delivered to the load is greater if R > r and is greatest when R = 2r. 
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The parallel connection of the 
batteries is shown to the right: 


Express the power supplied to R: 

Apply Kirchhoffs junction rule to 
point a to obtain: 

Apply Kirchhoffs loop rule to loop 
1 to obtain: 

Apply Kirchhoffs loop rule to the 
outer loop to obtain: 

Solve for 7 P to obtain: 

Substitute to obtain: 


Evaluate equation (1) when 
r = R: 


Evaluate equation (2) when 
r = R: 


Thus, we see that if r = R, both arrange 
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Set the derivative, with respect to R, 
of equation (2) equal to zero for 
extrema: 


Solve for R to obtain: 


<K 

dR 


d_ £ 2 R 

'dRy^r + Rf 

_ (\r + R) 2 s 2 -£ 2 R{2)(\r + R) 

^ (ir + *y 

= 0 for extrema. 



Examination of the second derivative of P at R = \ r shows that R = \r 
corresponds to a maximum value of P and hence, for the parallel 
combination, the power delivered to the load is greater if R < r and a 
maximum when R = \r. 


*100 •• 

Picture the Problem Let the current drawn from the source be I. We can use Ohm’s law 
in conjunction with Kirchhoff s loop rule to express the output voltage as a function of V, 
R\, and R 2 . In ( b ) we can use the result of (a) to express the condition on the output 
voltages in terms of the effective resistance of the loaded output and the resistances R x 
and R 2 . 


(a) Use Ohm’s law to express V out in 
terms of R 2 and /: 

Apply Kirchhoff s loop rule to the 
circuit to obtain: 

Solve for I: 


Substitute for / in the expression for 
Vout to obtain: 


(b ) Relate the effective resistance of 
the loaded circuit R e{{ to R 2 and 

R load- 


Solve for /f oa( i: 


Letting C out represent the output 

voltage under load, express the 
condition that V out drops by less 
than 10 percent of its unloaded 


K ut = 1*2 


v-ir x -ir 2 = o 


i = 


V 

r x +r 2 


V = 

y out 


V 


k R x +R 2 j 


r 2 = 


V 


R, 


V *l+*2j 


1 -—+ 1 


R eS R 2 R Uml 


R 2 R e f { 

■^Moad 


*2 


V - V V 

out out _ Y- out ^ Q | 


K, 


K, 


(1) 

( 2 ) 
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value: 


Using the result from (a), express 
V' out in terms of the effective output 
load R e ff. 


Substitute for V out and V' out in 
equation (2) and simplify to obtain: 


Solve for R eff : 


Substitute numerical values and 
evaluate R e ff : 

Finally, substitute numerical values 
in equation (1) and evaluate R\ 0 nd- 


V =V 

r out r 


R 


eff 


y + R e{{ j 


R 


eff 


t- ^^eff <Q1 

R-> 


+ R-, 


or 


1 ^eff C^l + ^2 ) ^ A 1 

R^+rJ 


R.rr > 


eff 


0.9R.R, 
R, +0AR , 


o.qtokoKiokn) 18kn 

ett 10kQ + 0.l(l0kQ) 


-^load < 


(l0kQ)(8.18kQ)_ 
10kQ-8.18kQ “ 


44.9kQ 


101 

Picture the Problem In the equivalent 
Thevenin circuit shown to the right, R 2 is in 
parallel withi? load . We can apply Ohm’s 
law to express V ou t in terms of i? e ff and I 
and then use Kirchhoff s loop rule to 
express / in terms of V, R u and R c it- 
Simplification of the resulting equation 
will yield both of the indicated results. 



(a) and ( b ) Use Ohm’s law to 
express V out in terms of R c tr and I: 

Apply Kirchhoff s loop rule to the 
circuit to obtain: 

Solve for I: 


Ku t = ^eff 


V -IR l - IR ef{ = 0 


1 = 


V 


R i + Ks 


v = 

Y out 


' V A 

\R\ + R eff J 


K ff = v 


R 


eff 


R l+ R t 


eff J 


Substitute for / in the expression for 
font to obtain: 
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Express the effective resistance 
in terms of R\ oa a and R 2 . 

Substitute for R eff in the expression 
for V out to obtain: 


Simplify to obtain: 


_ ^ 2 ^ 1 oad 

A;ff — ' 


^2 + ^Ioad 


v = v 

r out ' 


R 2 R \o a d 

^2 + -^load 

R,+ R:R ' oad 

V ^2 + ^load 


V =V 

’ out ’ 


^2-^load 


^l^load + ^2^1oad + ^1 ^2 

f \ 


( D ^ 

V _ Kl 

V R \+ R 2J 


R 


load 


^load + 


V ■ *■ 


V 

\r 


R \ R 2 

R \ +R 2 J 


V R \ +R 2J 


_ Y’. ^load 


R 


load 


V ^load + R J 


K,d+ R ' 


where 
R' = 


R 1 R 2 

R \ + R 2 


and V = 


V- Rl 


+ R-i 


102 •• 

Picture the Problem Let I\ be the current in the 1 -Q resistor, directed to the right; let / 2 
be the current, directed up, in the middle branch; and let / 3 be the current in the 6-Q 
resistor, directed down. We can apply Kirchhoff s rules to find these currents, the power 
supplied by each source, and the power dissipated in each resistor. 


(a) Apply Kirchhoff s junction rule 
at the top junction to obtain: 

Apply Kirchhoff s loop rule to the 
outside loop of the circuit to obtain: 


Apply the loop rule to the inside 
loop at the left-hand side of the 
circuit to obtain: 


fj + / 2 -/ 3 (1) 

8V-(lQ)/ 1 +4V-(2Q)/ 1 -(6Q)/3 =0 
or 

(3Q)/, +(6Q)/ 3 =12V (2) 

8V-(lQ)fj +4V-(2Q)/ 1 
+ (2Q)/ 2 -4V = 0 
or 

8V-(3Q)/ 1 +(2Q)/ 2 = 0 (3) 
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Solve equations (1), (2), and (3) 
simultaneously to obtain: 


(b) Express the power delivered by 
the 8-V source: 

Express the power delivered by the 
4-V source: 


(c) Express the power dissipated in 
the 1-Q resistor: 


Express the power dissipated in the 
2-0 resistor in the left branch: 

Express the power dissipated in the 
2-0 resistor in the middle branch: 

Express the power dissipated in the 
6-0 resistor: 


h = 


h = 

and 


2.00 A 

? 

-1.00 A 



1.00 A 



where the minus sign indicates that the 
current flows downward rather than upward 
as we had assumed. 


P 8 =^ 8 / 1 =(8V)(2A) = 


16.0 W 


F 4 =f 4 /,=(4V)(-1A) = 

where the minus sign indicates that this 
source is having current forced through 
it. 


-4.00 W 


P\n ~ I\ Rm 


= (2A) 2 (in)= 


4.00 W 


P — /? 

r 2 n, left 1 \ IX 2 Q. 


= (2 a) 2 (2 £ 2 ) = 


8.00 w 


P — /? 

r 2 Q, middle 1 2 IV 2Q 


= (1A) 2 (2U) = 


2.00 W 


p — T 1 p 

r 6Q 1 3 iV 6Q 


= (iA) 2 (6n) = 


6.00 w 


103 •• 

Picture the Problem Let I\ be the current in the left branch resistor, directed up; let / 3 be 
the current, directed down, in the middle branch; and let A be the current in the right 
branch, directed up. We can apply Kirchhoff s rules to find A and then the potential 
difference between points a and b. 

Relate the potential at a to the V a - i? 4 / 3 — 4 V = V h 

potential at b\ or 
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Apply Kirchhoffs junction rule at a 
to obtain: 

Apply the loop rule to a loop around 
the outside of the circuit to obtain: 


Apply the loop rule to the left side 
of the circuit to obtain: 


Solve equations (1), (2), and (3) 
simultaneously to obtain: 


Substitute to obtain: 


V a ~V b = R a I 3 + 4 V 

ij +I 2 = / 3 (1) 

2V-(lQ)/ 1 + (lQ)/ 2 - 2V 
+ (iq)/ 2 -(IQ)/, =0 
or 

W 2 =0 (2) 

2 V - (l Q)/j - (4 f2)/3 - 4 V 

-(in)/! =0 

or 

-(in)/, -(2Q)/ 3 =1V (3) 

/, =-0.200 A, 

I 2 =- 0.200 A, 

and 

/ 3 =-0.400 A 

where the minus signs indicate that all the 
directions we chose for the currents were 
wrong. 

V a -V b =(4Q)(-0.4A) + 4V 
= 2.40 V 


Remarks: Note that point a is at the higher potential. 


104 •• 

Picture the Problem Let s\ be the emf of 
the 9-V battery and r t its internal resistance 
of 0.8 Q, and s 2 be the emf of the 3-V 
battery and r 2 its internal resistance of 0.4 
Q. The series connection is shown to the 
right. We can apply Kirchhoffs rules to 
both connections to find the currents I s and 
7 P delivered to the load resistor in the series 
and parallel connections. 
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(a) Apply Kirchhoff s loop rule to 
the batteries connected in series: 

Solve for 7 S to obtain: 


Suppose the two batteries are 
connected in parallel and their 
terminals are then connected to R. 
Let 7i be the current 
delivered by s\, I 2 be the current 
delivered by s 2 , and 7 P the current 
through the load resistor R in the 
parallel connection. 

Apply the junction rule at a to 
obtain: 

Apply the loop rule to a loop around 
the outside of the circuit: 


Apply the loop rule to loop 2 to 
obtain: 


Eliminate 7 2 between equations (1) 
and (3) to obtain: 

Substitute equation (4) in equation 
(2) and solve for 7 P to obtain: 


( b ) Evaluate 7 S and 7 P for 
R = 0.2 Q: 


C| r 2 ^s + RIs r \ h ~ 0 


7 = 


r \ +r 2 +R 


12V 


1.2Q + 7? 







( 1 ) 


£ l -RI p -r l I l =0 

or 

9 V - RI p - (0.8 Q)7j = 0 (2) 

£\ — S 2 + r 2 7 2 — t\l { — 0 
or 

9 V - 3 V + (0.4 Q)7 2 - (0.8 Q)/, = 0 
or 

6V + (0.4Q)7 2 -(0.8Q)7 1 =0 (3) 

7j = 5 A + }7 p (4) 


7.5V 

1.57? + 0.4Q 


7 s (i? = 0.2 Q) 


12V 

1.20 + 0.20 


8.57 A 


and 
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I p (R = 0.2 Q) 


7.5V 

1.5(0.2Q)+0.4Q 
10.7 A 


(c), ( d ), and (e) Proceed as in ( b ) to 
complete the table to the right: 



R 

Is 

h 


(D) 

(A) 

(A) 

(c) 

0.6 

6.67 

5.77 

(d) 

1.0 

5.45 

3.95 

(e) 

1.5 

4.44 

2.83 


Note that for R = 0.4 Q, I s = / p = 7.5 A. When R > 0.4Q, the series 
connection gives the larger current through R. 


Ammeters and Voltmeters 

*105 •• 

Picture the Problem Let / be the current drawn from source and R eq the resistance 
equivalent to R and 10 MQ connected in parallel and apply Kirchhoff s loop rule to 
express the measured voltage V across R as a function of R. 


The voltage measured by the y = IR (i) 

voltmeter is given by: 

Apply Kirchhoff s loop rule to the ] Q V - IR -1 (2 R ) = 0 

circuit to obtain: 


Solve for /: 


Express R eq in terms of R and 
10-MQ resistance in parallel with it: 

Solve for R eq : 


Substitute for / in equation (1) and 
simplify to obtain: 


Substitute for R eq and simplify to 
obtain: 


10V 
R +2 R 

eq 


1 _ 1 J_ 

7? ~ 10MQ R 

_ (lOMQ)i? 
eq ~ R + 10MQ 


V = 


10V 

V*eq+2* y 


^eq = 


10V 


1 + 


2 R 


R 


eq 


(10V)(5MO) 


( 2 ) 


R + 15MQ 
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R = 1 kQ: 


R= 10 kQ: 


R= 1 MQ: 


tf=10MQ: 


2? =100 MQ: 


equation (2) for 

y_ (lOV)(5Mfi)_ . 
lkQ + 15MQ Lf 

equation (2) for 

r _ (lOV)(5Mfi) _ 
10kQ + 15MQ 

equation (2) for 

v (10V)(5M£J) - 

equation (2) for 

v _ (10V)(5M£1) _ 
10MQ + 15MQ 

equation (2) for 

y_ (10V)(5M£1) 
100MQ + 15MQ 


3.33V 


3.33V 


3.13V 


2.00V 


0.435V 


(/) Express the condition that the 
measured voltage to be within 10 
percent of the true voltage V tme : 


V -V V 
true = 1 —— < 0.1 


V t „ 


v tn 


Substitute for V and V tn ,»to obtain: 


(10V)(5MQ) 

, R + 15MQ 

1 -< 0.1 

IR 

or, because 7=10 V/3 R, 
(10V)(5MQ) 

, 7? +15 MQ 

1 —oc— <ai 

3 


Solve for R to obtain: 


R < 


1.5 MQ 
0.9 


1.67MQ 


106 •• 

Picture the Problem The diagram shows a 
voltmeter connected in parallel with a 
galvanometer movement whose internal 
resistance is R. We can apply Kirchhoff s 
loop rule to express R in terms of I and V. 


Apply Kirchhoff s loop rule to the 
loop that includes the galvanometer 
movement and the voltmeter: 



R 


V_ 

I 


Solve for R: 
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Substitute numerical values and evaluate R: 


R = 


0.25V 
50 juA 


5.00kQ 


107 •• 

Picture the Problem When there is a 
voltage drop of 0.25 V across this 
galvanometer, the meter reads full scale. 
The diagram shows the galvanometer 
movement with a resistor of resistance r in 
parallel. The purpose of this resistor is to 
limit the current through the movement to 
7 g = 50 /jA. We can apply Kirchhoff s loop 
rule to the circuit fragment containing the 
galvanometer movement and the shunt 
resistor to derive an expression for r. 



Apply Kirchhoff s loop rule to the - Rf + rl r = 0 

circuit fragment to obtain: 


Apply Kirchhoff s junction rule at 
point a to obtain: 

Substitute for 7 r in the loop equation: 
Solve for r. 


Substitute numerical values and 
evaluate r: 


L =1-1., 


-*4+V-4)=‘> 


RI' 


r = 


where RL = 0.25 V 


0.25 V 


r = 


100 mA-50 /uA 


2.50D. 


108 •• 

Picture the Problem The circuit diagram shows the ammeter connected in series with a 
100-Q resistor and a 10-V power supply. We can apply Kirchhoff s rules to obtain an 
expression for / as a function of r > the potential difference provided by the source, and 
the resistance of the series resistor. 
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(a) Apply Kirchhoff s loop rule to 
the inner loop of the circuit to 
obtain: 

Apply Kirchhoff s junction rule at 
point a to obtain: 

Substitute for 7 r in the loop equation: 
Solve for I: 


In Problem 107 it was established 
that r = 2.50 Q. Substitute numerical 
values and evaluate /: 


( b ) Under these conditions, equation 
(1) becomes: 

Substitute numerical values and 
evaluate /: 


10V-(l00Q)/-r/ r =0 


10V-(l00Q)/-r(/-/J=0 
10 V + rT 

1 = -^ ( 1 ) 

lOOQ + r 

10V + (2.50Q)(50//A) 
100Q + 2.50Q 

= 97.6 mA 


10 Q + r 

lV + (2.50n)(50//A) 
10Q + 2.50Q 

80.0mA 


Remarks: Our result in ( b ) differs from that obtained in ( a ) by about 18 percent. 


*109 •• 

Picture the Problem The circuit diagram 
shows a fragment of a circuit in which a 
resistor of resistance r is connected in 
series with the meter movement of Problem 
106. The purpose of this resistor is to limit 
the current through the galvanometer 
movement to 50 juA and to produce a 
deflection of the galvanometer movement 
that is a measure of the potential difference 
V. We can apply Kirchhoff s loop rule to 
express r in terms of V g , I g , and R. 

Apply Kirchhoff s loop rule to the 
circuit fragment to obtain: 




V — rl„— RI a =0 


v-v* _ V 


Solve for r. 


R 


( 1 ) 
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Use Ohm’s law to relate the current 
/ g through the galvanometer 
movement to the potential 
difference V g across it: 

Use the values for V g and I g given in 
Problem 106 to evaluate R: 

Substitute numerical values in 
equation (1) and evaluate r: 


8 R 



R = 


0.25V 

50//A 


= 5000Q 


10V 

50//A 


5000Q = 


195kQ 


Remarks: The total series resistance is the sum of r and R or 200 kQ. 


110 •• 

Picture the Problem The voltmeter shown 
in Figure 25-64 is equivalent to a resistor 
of resistance R g = 200 kQ as shown in the 
circuit diagram to the right. The voltage 
reading across R\ is given by V x = IR r We 
can use Kirchhoff s loop rule and the 
expression for the equivalent resistance of 
two resistors in parallel to find I. 



The voltage reading across R\ is V l = IR X 

given by: 

Apply Kirchhoff s loop rule to the £ ~ IR eq ~ IR 2 = 0 

loop including the source, R\, and 

Ri- 

Solve for / to obtain: j _ £ 

^eq + R 2 


Substitute for / in the expression for 
V\. 


Express R eq in terms of Ri and R g : 


Substitute numerical values and 
evaluate R eq \ 


K = 

R e *- 


£R l 

R e q + R 2 

R A 

R l + R g 

_ (200kQ)(200kQ) 
200kQ + 200kQ 


( 1 ) 


= 100 kQ 
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Substitute numerical values in 
equation (1) and evaluate V\. 


_ (l0V)(200kQ) 

1 ~~ 200kQ + 200kQ 


5.00V 


RC Circuits 


ill • 

Picture the Problem We can use the definition of capacitance to find the initial charge on 
the capacitor and Ohm’s law to find the initial current in the circuit. We can find the time 
constant of the circuit using its definition and the charge on the capacitor after 6 ms using 

'.'in • 


(a) Use the definition of capacitance 
to find the initial charge on the 
capacitor: 

( b ) Apply Ohm’s law to the resistor 
to obtain: 

(c) Use its definition to find the time 
constant of the circuit: 

0 d) Express the charge on the 
capacitor as a function of time: 

Substitute numerical values and 
evaluate Q (6 ms): 


&=CT o =(6/40(lOOV) = 

600 //C 



Iq = V ° = 10 ° V = 0.200 A 


xv D UU1 u 


r = RC = (500Q)(6 juF)= 3.00ms 

Q(t)=QC T 


Q(6 ms) = (600 //C)e _6ms/3ms = 

81.2 /yC 


112 • 

Picture the Problem We can use U 0 =jCV 0 2 to find the initial energy stored in the 
capacitor and U(t) = \C{V c (t)f with V c (t) = V n e ,/r to show that U= U^e 2, r . 


(a) The initial energy stored in the 
capacitor is given by: 


U n 


1CV 2 
2 y 0 

i(6//F)(l00V) 2 


30.0 mJ 


(b) Express the energy stored in the 
discharging capacitor as a function 
of time: 


U) = K(r c (»)) ! 


where 
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Substitute to obtain: (j{t) = 1 c(v (l e ;/r ) 2 


(c) A graph of U versus t is shown below. U is in units of U 0 and t is in units of r. 


= {CF 0 V 


-Itjz _ 


U 0 e 


-2 t/r 



*113 •• 

Picture the Problem We can find the resistance of the circuit from its time constant and 
use Ohm’s law and the expression for the current in a charging RC circuit to express ras a 
function of time, Vo, and V(t). 


Express the resistance of the resistor 
in terms of the time constant of the 
circuit: 

Using Ohm’s law, express the 
voltage drop across the resistor as a 
function of time: 

Express the current in the circuit as 
a function of the elapsed time after 
the switch is closed: 

Substitute to obtain: 


R = - (1) 

C 

V(t)=l(t)R 

V(t)= I 0 e->’R = (l ll R)e- lr =V a e-" 7 
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Take the natural logarithm of both 
sides of the equation and solve for r 
to obtain: 


t 



Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate R using the data given for t 
= 4 s: 


t 

Cln 

>(T 


y 0 


R = — 


4s 


M)l: 


11 


A 20V A 

50V 


2.18MQ 


*114 •• 

Picture the Problem We can find the resistance of the circuit from its time constant and 
use the expression for the charge on a discharging capacitor as a function of time to 
express r as a function of time, Qo, and Q(t). 


Express the effective resistance R — — 

across the capacitor in terms of the C 

time constant of the circuit: 


Express the charge on the capacitor 
as a function of the elapsed time 
after the switch is closed: 

Take the natural logarithm of both 
sides of the equation and solve for r 
to obtain: 


0 (<) = 


r 


hM 

Qo 


(i) 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate R: 


R = 


t 


C In 


M 

00 


R = 


4s 

(0.12//F)lni^ 

Qo 


48.1MQ 


115 •• 

Picture the Problem We can use the definition of capacitance to find the final charge on 
the capacitor and Q(t ) = Q r (\ —e ,/r ) to express the charge on the capacitor as a function 
of time. In part (b) we can let Q(t) = 0.99 Q f and solve for t to find the time required for the 
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capacitor to reach 99% of its final charge. 


(a) After a very long time has 
elapsed, the capacitor will be fully 
charged. Use the definition of 
capacitance to find its charge: 

Q f =CV = ( 1.6//F)(5V)= 8.00//C 

( b ) Express the charge on the 
capacitor as a function of time: 

Q(t)=Q,(l-e-"’) 
where t=RC. 

When Q = 0.99 Q f : 

0.990, =e,(l-e" / ’) 

or 

0.01 = e^ T 

Take the natural logarithm of both 
sides of the equation and solve for t 
to obtain: 

t = -7?Cln(0.0l) 

Substitute numerical values and 

evaluate t: 

t = -(l0kQ)(l.6//F)ln(0.0l) 

= 73.7 ms 


116 •• 

Picture the Problem We can use Kirchhoff s loop rule (conservation of energy) to find 
both the initial and steady-state currents drawn from the battery and Ohm’s law to find the 
maximum voltage across the capacitor. 


(a) Apply Kirchhoff s loop rule to a 
loop around the outside of the 
circuit to obtain: 

£■-(1.2 MD)/ 0 ~V co =0 

Because the capacitor initially is 
uncharged: 

V co =0 

and 

r £ 120V ninn . 

/,, =-=-= 0.100mA 

1.2MQ 1.2MQ - 

( b ) When a long time has passed: 

O 

II 

8 

O 

Apply Kirchhoff s loop rule to a 
loop that includes the source and 
both resistors to obtain: 

£■-(1.2 - (600 kQ)4 = 0 
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Solve for and evaluate / x : 


£ 

1.2 MQ + 600 kQ 
120V 

1.2 MO + 600 kQ 


66.7 /./A 


( c ) The maximum voltage across the V Cx - / x R (m kn 

capacitor equals the potential = (66.7 //A)(600 kQ) 

difference across the 600-kQ under _ ^ 

steady-state conditions. Apply ——- 

Ohm’s law to obtain: 


117 •• 

Picture the Problem We can use Q(t ) ~ Q ( (l - e l/T ) = C£{\ -e ,/r ) to find the charge 
on the capacitor at t = rand differentiate this expression with respect to time to find the 
rate at which the charge is increasing (the current). The power supplied by the battery is 
given by P T = I T £ and the power dissipated in the resistor by P R T = I~R . In part (f) we 

can differentiate U(t ) = Q 2 {t)/lC with respect to time and evaluate the derivative at t = r 
to find the rate at which the energy stored in the capacitor is increasing. 


(a) Express the charge Q on the 
capacitor as a function of time: 


Q(t)=Q { (l-e- >/ *)=C£(l-e - t/r ) (1) 

where r = RC. 


Evaluate Q{ r) to obtain: 


eW=(l.5/f)(6V)(l-c-')= 


5.69 //C 


(b ) and (c) Differentiate equation (1) 
with respect to t to obtain: 

Apply Kirchhoff s loop rule to the 
circuit just after the circuit is 
completed to obtain: 


rfgfr) , , 

dt 

£ — RI 0 — V co 



= 0 


Because Vco = 0 we have: 


£_ 

R 


Substitute to obtain: 


dQ(t) 

dt 



£_ 

R 


T 


Substitute numerical values and 
evaluate I(t)\ 


I{t) 


6 V _! 
2MQ C 


1.10/A 
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(i d) Express the power supplied by 
the battery as the product of its emf 
and the current drawn from it at t = 
v. 

( e ) The power dissipated in the 
resistor is given by: 


(/) Express the energy stored in the 
capacitor as a function of time: 

Differentiate this expression with 
respect to time to obtain: 


Evaluate this expression when 
t = v to obtain: 


P(t) = l(r) £ = (1.10 jUC/s)(6 V) 
= 6.60 /jSN 




= (1.10M) 2 (2MQ)= 2.42//W 


U(t)= 


Q'i>) 

2 C 


dU(t ) _ 1 d 
dt 2 C dt 


[e ! W] 




Q(i) 


c 


l(t) 


dU(r) _ Q{r)u \ 
dt C y ’ 


= lff(U0M) 

1.5 fjF 


4.17 /uW 


Remarks: Note that our answer for part (/) is the difference between the power delivered by 
the battery at t = rand the rate at which energy is dissipated in the resistor at the same time. 

118 •• 

Picture the Problem We can apply Kirchhoffs junction rule to find the current in each 
branch of this circuit and then use the loop rule to obtain equations solvable for R\, R 2 , and 

R 3 . 

(a) Apply Kirchhoffs junction rule I bat = A o n + ^ A (1) 

at the junction of the 5-//F capacitor 
and the 10-Q and 50-Q resistors 
under steady-state conditions: 

Because the potential differences j _ C lon _ V c 

across the 5-//F capacitor and the 10n 10Q 10Q 

10-Q resistor are the same: 
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Express the potential difference V r = — 

across the capacitor to its steady- C 

state charge: 


Substitute to obtain: 


_ Q f 

lon (ioq)c 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate /bat: 

( b ) Use Kirchhoff s junction rule to 
find the currents / 5 n , /r 3 , and I m : 


Apply the loop rule to the loop that 
includes the battery, R u and the 50- 
Q and 5-£2 resistors: 


bat 


Qf 

(ioq)c 


+ 5 A 


1 bat 


1000 /'C | 5 A 

(10Q)(5//F) 


25.0 A 


7 5 n =10A, 
I R3 = 15 A, 


and 




= /, 


bat 


= 25 A 


310V-(25 A)/?, -(5A)(50Q) 
-(10A)(5Q) = 0 


Solve for/?! to obtain: 


*,= 


0.400Q 


Apply the loop rule to the loop that 
includes the battery, R u the 10-Q 
resistor and Ry. 

Solve for R 3 to obtain: 


310V-(25A)(0.4Q)-(20A)(l0Q) 
- (15 A )/? 3 = 0 


*3 


6.67Q 


Apply the loop rule to the loop that — (20 A)(10Q) — (5 A )/? 2 

includes the 10-Q and 50-f2 + (5 A)(50Q) = 0 

resistors and R 2 '. 


Solve for R 2 to obtain: 


*2 


10.0Q 


119 •• 

Picture the Problem We can solve Equation 25-35 for dQ/dt and separate the variables 
in order to obtain the equation given above. Integrating this differential equation will 
yield Equation 25-36. 
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Solve Equation 25-35 for dQ/dt to 
obtain: 


dQ _ SC-Q 
dt ~ RC 


Separate the variables to obtain: 


dQ 


dt 


SC-Q RC 


Integrate dQ' from 0 to Q and dt' 
from 0 to t: 


\SC-Q' RC J 


and 

( 

In 

V 


SC 


SC-Q 


t 

He 


Transform from logarithmic to 
exponential form to obtain: 

Solve for Q to obtain Equation 25- 
36: 


SC 


SC-Q 


= e 


RC 


Q = SC (1 - e t,RC ) = Q r (\-e t,RC ) 


*120 ••• 

Picture the Problem We can find the time-to-discharge by expressing the voltage across 
the capacitor as a function of time and solving for t. We can use U(t) = jCV 2 (t) to find 

the energy released/stored in the capacitor when the lamp flashes. In part (c) we can 
integrate dU btit = sdl(t) to find the energy supplied by the battery during the charging 
cycle. 


(a) Express the voltage across the 
capacitor as a function of time: 


Solve for t to obtain: 


c c 


= V,(l 


-e 


C 

t/RC ^ 


t = -RC In 


\_Vif) 


V, 


f 2 


Substitute numerical values and 
evaluate t\ 


t = -(l8kQ)(0.15//F)ln 


/ 1 _ 7yA 


v 


9 V 


= 4.06 ms 


(b ) Express the energy stored in the 
capacitor as a function of time: 


l/(rMcrT) 
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Substitute for V(t) to obtain: 



- e - ,/RC 


) 2 


Substitute numerical values and evaluate 17(4.06 ms): 


17(4.06 ms) = j (0.15//F)(9 V) 2 (l 


(c) Relate the energy provided by 
the battery to its emf and the current 
it delivers: 


— e 


-4.06ms/(l8kQ)(0.15//F) ' 


) 2 =1 3.67/J 


uM=e\l(t')dt'=^\e-' !Rc dt' 


R 


[RC( 1-e ^ c )] 


C£ 2 {l-e- t/RC ) 


Substitute numerical values and evaluate t/bat(4.06 ms): 


Express the fraction/ of the energy 
supplied by the battery during the 
charging cycle that is dissipated in 
the resistor: 

Use conservation of energy to relate 
the energy supplied by the battery to 
the energy dissipated in the resistor 
and the energy released when the 
lamp flashes: 

Substitute to obtain: 


Substitute numerical values and 
evaluate /: 

*121 ••• 

Picture the Problem Let = 200 Q, R 2 = 600 Q, I\ and / 2 their currents, and / 3 the 
current into the capacitor. We can apply Kirchhoff s loop rule to find the initial battery 
current I 0 and the battery current /, a long time after the switch is closed. In part (c) we 
can apply both the loop and junction rules to obtain equations that we can use to obtain a 
linear differential equation with constant coefficients describing the current in the 600-fi 


f- u ' 


U, 


bat 


^bat U R + U aash 


or 

Ur — U hat — £/ flash 


j‘ U bat ^flash | ^11 ash 


u 


bat 


U 


bat 


/ = 1 - 


3.67 juJ 
9.45 ui 


61.2% 


6/ bat (4.06ms) = (0.15//F)(9V) 2 (l 


— e 


-4.06ms/(l8kn)(0.15^F) ' 


)= 9.45/J 
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resistor as a function of time. We can solve this differential equation by assuming a 
solution of a given form, differentiating this assumed solution and substituting it and its 
derivative in the differential equation. Equating coefficients, requiring the solution to hold 
for all values of the assumed constants, and invoking an initial condition will allow us to 
find the constants in the assumed solution. 

(a) Apply Kirchhoff s loop rule to £ — (200Q)/ 0 ~V C0 =0 

the circuit at the instant the switch is 

closed: 


Because the capacitor is initially V co = 0 

uncharged: 


Solve for and evaluate 7 0 : 


£ 

200Q 


50V 

200 Q 


0.250A 


( b ) Apply Kirchhoff s loop rule to 
the circuit after a long time has 
passed: 

Solve for/a, to obtain: 


50 V-(2000)4 -(600 Q)4 = 0 


50V 

8000 


62.5 mA 


(c) Apply the junction rule at the I X =I 2 + / 3 

junction between the 200-0 resistor 
and the capacitor to obtain: 

Apply the loop rule to the loop £-RI = 0 

containing the source, the 200-0 1 1 C 

resistor and the capacitor to obtain: 


( 1 ) 

( 2 ) 


Apply the loop rule to the loop 
containing the 600-0 resistor and 
the capacitor to obtain: 


Q 

c 


r 2 i 2 = 0 


(3) 


Differentiate equation (2) with 
respect to time to obtain: 


d_ 

dt 


f-Vi- — 
1 1 C 


dt C dt 

= -R^±-—I= 0 
1 dt C 3 


or 


r^L = -±I 

1 dt C 3 


( 4 ) 
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Differentiate equation (3) with 
respect to time to obtain: 


d_ Q 
dt C 


R 2 I 2 


C dt dt 


or 


R 2 ^ 

dt 



( 5 ) 


Using equation (1), substitute for / 3 

dl 2 

1 

(/, - 

/,) 

in equation (5) to obtain: 

dt 

“ R 2 C 


2 / 

Solve equation ( 2 ) for I\ : 

L = 

£-Ql 

c _ 

£- 


i 




Substitute for I\ in equation (6) and 

dl-, 

1 

£- 

-R 2 

simplify to obtain the differential 

dt 

~ r 2 c 

V 


equation for I 2 : 


£ 



R, 


-L 


R x R 2 C 


v R\RiC j 


( 6 ) 


To solve this linear differential 
equation with constant coefficients 
we can assume a solution of the 
form: 


I 2 {t) = a + be 


(7) 


Differentiate I 2 (t) with respect to 
time to obtain: 

Substitute for I 2 and dl 2 /dt to obtain: 


— = —[a + be- tlT ] 

= - h -e~' 

dt dt 

r 

b e-" T - 8 

[ Ri+R 2 

z R x R 2 C 

{ r x r 2 c 


[a + be 


■t/v 


Equate coefficients of e ,/r to obtain 


z = 


R x R 2 C 

R x + R 0 


Requiring the equation to hold for 
all values of a yields: 

If I 2 is to be zero when t= 0: 


£ 

a =- 

R\ + t ?2 

0 = a + b 
or 


b = -a = - 


£ 

R\ + t ? 2 



'Electric Current and Direct-Current Circuits 423 


Substitute in equation (7) to obtain: 


Substitute numerical values and 
evaluate I 2 {t ): 


W) 


£ 


£ 

R\ +R 1 


e 


-t/r 


+ R-, 

where 

_ R t R 2 C _ (200Q)(600Q)(5//F) 
~ R { +R 2 ~ 200Q + 600Q 

= 0.750ms 


/ 2 (t)- 


50V 


(i 


— e 


-tf 0.750ms 


200 Q + 600Q 
(62.5 mA)(l - e //0 ' 750rr,s ) 


122 ••• 

Picture the Problem Let R\ represent the 1.2-MO resistor and R 2 the 600-kD resistor. 
Immediately after switch S is closed, the capacitor has zero charge and so the potential 
difference across it (and the 600 kQ-resistor) is zero. A long time after the switch is 
closed, the capacitor will be fully charged and the potential difference across it will be 
given by both QIC and IooR 2 - When the switch is opened after having been closed for a 
long time, both the source and the 1.2-MO resistor will be out of the circuit and the fully 
charged capacitor will discharge through R\. We can use Kirchhoff s loop to find the 
currents drawn from the source immediately after the switch is closed and a long time 
after the switch is closed, as well as the current in the RC circuit when the switch is again 
opened and the capacitor discharges through R 2 . 


(a) Apply Kirchhoff s loop rule to 
the circuit immediately after the 
switch is closed to obtain: 


£ I () R l V co — 0 

or, because V C o = 0, 
£-I 0 Ri =0 


Solve for and evaluate R: 



50V 

1.2MQ 


41.7//A 


(. b ) Apply Kirchhoff s loop rule to £ -I o0 R 1 - I f R 2 = 0 

the circuit a long time after the 
switch is closed to obtain: 
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Solve for and evaluate / x : 



50V 


27.8 /uA 


1 .2MQ + 600kn 


(c) Apply Kirchhoff s loop rule to 
the RC circuit sometime after the 
switch is opened and solve for I(t) to 
obtain: 


r c (0-M0=o 


or 



Substitute for V c (t): 



where r=7? 2 C. 


Substitute numerical values to 
obtain: 


/(t) = (27.8//A)e" /(600knX2 ^ ) 


(27.8 juA)e- t/h5s 


123 ••• 

Picture the Problem In part (a) we can apply Kirchhoff s loop rule to the circuit 
immediately after the switch is closed in order to find the initial current I 0 . We can find the 
time at which the voltage across the capacitor is 24 V by again applying Kirchhoff s loop 
rule to find the voltage across the resistor when this condition is satisfied and then using 
the expression / (/) = I 0 e ,/r for the current through the resistor as a function of time and 

solving for t. 

(a) Apply Kirchhoff s loop rule to £ — 12 V — I 0 R = 0 

the circuit immediately after the 
switch is closed: 

Solve for and evaluate 7 0 : , _ <7 -12 V 


R 

36V-12V 

0.5MQ 


48.0//A 


(b) Apply Kirchhoff s loop rule to 
the circuit when F c = 24 V and 
solve for Vr. 


36 V - 24 V - l(t)R = 0 


and 


l(t)R = 12 V 


Express the current through the 
resistor as a function of Iq and r: 



where r = RC. 
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Substitute to obtain: 


Take the natural logarithm of both 
sides of the equation to obtain: 

Solve for t: 


RI n e~ t/T = 12 V 


or 

^ /r _12V 

RL 


t , 12V 

— = In- 

r RI n 


t = -t In 


/ 12V A 


V J 


= -RC In 


A 12V A 


V J 


Substitute numerical values and evaluate t : 


t = -(0.5MO)(2.5//F)ln 


12V 

(0.5 MO)(48 //A) 


0 .866s 


124 ••• 

Picture the Problem In part (a) we can apply Kirchhoff s loop rule to the circuit 
immediately after the switch is closed in order to find the initial current 7 0 . We can find the 
time at which the voltage across the capacitor is 24 V by again applying Kirchhoff s loop 
rule to find the voltage across the resistor when this condition is satisfied and then using 
the expression l(t ) = I 0 e ,/r for the current through the resistor as a function of time and 

solving for t. 


(a) Apply Kirchhoff s loop rule to 
the circuit immediately after the 
switch is closed: 

Solve for and evaluate 7 0 : 


£ + 12V-7 0 7? = 0 


+12 V 
R 

36V + 12V 
0.5MQ 


96.0 //A 


(b) Apply Kirchhoff s loop rule to 
the circuit when F c = 24 V and solve 
for Vr. 


36 V - 24 V - l{t)R = 0 
and 

l(t)R = 12 V 


Express the current through the l(t) = I 0 e ,/r 

resistor as a function of 7 0 and r: 


where r=RC. 

















426 Chapter 25 


Substitute to obtain: RI 0 e ,/r = 12 V 

or 


Take the natural logarithm of both ^ 12 V 

sides of the equation to obtain: r RI 0 


Solve for t: 

(12 


f 12 V^| 

t = —t In 


= -RC In 



l ) 


l J 


Substitute numerical values and evaluate t: 


t = -(0.5 MQ)(2.5 //F)ln 


12V 

(0.5MQ)(96//A) 


1.73 s 


General Problems 


*125 •• 

Determine the Concept Because all of the current drawn from the battery passes through 
R\, we know that I\ is greater than I 2 and !■$. Because R 2 * R 2 , I 2 * h and so ( b ) is false. 


Because R 2 > R 2 , I 2 < I 2 and so (c) is false, (a) is correct. 


126 •• A 25-W lightbulb is connected in series with a 100-W lightbulb and a voltage 
V is placed across the combination. Which lightbulb is brighter? Explain. 

Determine the Concept The 25-W bulb will be brighter. The brightness of a bulb is 
proportional to the power it dissipates. The resistance of the 25-W bulb is greater than 
that of the 100-W bulb, and in the series combination, the same current / flows through 
the bulbs. Hence, I 2 R 22 > I 2 Rm- 


127 • 

Picture the Problem We can apply Ohm’s law to find the current drawn from the battery 
and use Kirchhoff s loop rule to find the current in the 6-Q resistor. 


Using Ohm’s law, express the j _ & 

current I\ drawn from the battery: ' R eq 


Find R eq : 


R 


eq 


= 4 n+ ( 6 n )( 12 n U 8 n 


6Q + 12Q 
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Substitute and evaluate 71: 

24 V 

I x = =3A 

8Q 

Apply Kirchhoff s loop rule to a 
loop that includes the battery and the 

4-Q and 6-0 resistors: 

24 V - (4 n)(3 A) - (6 Q)/ 2 = 0 

Solve for / 2 to obtain: 

I 2 = 2 A and ( b ) is correct. 

128 • 

Picture the Problem We can use P = 

I 2 mm R to find the maximum current the resistor 


can tolerate and Ohm’s law to find the voltage across the resistor that will produce this 
current. 


(a) Relate the maximum current the 
resistor can tolerate to its power and 

resistance: 

p = iL& 

Solve for and evaluate 7 max : 

[p 1 5 W - 

/ = = r = 0.707 A 

max \R y 10Q - 

( b ) Use Ohm’s law to relate the 
voltage across the resistor to this 

maximum current: 

V = I imx R = (0.707 A)(10Q)= 7.07 V 


129 • 

Picture the Problem We can use Ohm’s law to find the short-circuit current drawn from 
the battery and the relationship between the terminal potential difference, the emf of the 
battery, and the current being drawn from it to find the terminal voltage when the battery 
is delivering a current of 20 A. 


(a) Apply Ohm’s law to the shorted 
battery to find the short-circuit 

current: 

4 - £ - 12V - 30.0A 
sc r 0.4 Q - 

(b ) Express the terminal voltage as 

the difference between the emf of 
the battery and the current being 
drawn from it: 

4am = £ —Ir 
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Substitute numerical values and 
evaluate Vt erm ' 


K. 


12V-(20A)(0.4Q) 


4.00V 


130 •• 

Picture the Problem We can use Kirchhoff s loop rule to obtain two equations relating s 
and r that we can solve simultaneously to find these quantities. 


Use Kirchhoff s loop rule to relate £ — IR—Ir = 0 (1) 

the emf of the battery to the current 
drawn from it and the internal and 
external resistance: 

When/= 1.80 A and a 7.0-0 
resistor is connected across the 
battery terminals equation ( 1 ) 
becomes: 

When 1= 2.20 A and a 12-0 resistor £ — (2.2 A)i? eq — (2.2 A)r = 0 

is connected in parallel with the 7.0- 
O resistor: 

Find the equivalent resistance: ^ _ (7 0)(l20) _ 4 42 Q 

eq ~~ 70 + 120 ~ 


£-(l.8A)(7Q)-(l.8A)r = 0 
or 

£■ -12.6 V -(l .8 A)r = 0 ( 2 ) 


Substitute to obtain: 


Solve equations (2) and (3) 
simultaneously to obtain: 


£-(2.2A)(4.42Q)-(2.2A)r = 0 
or 

£ -9.72 V- (2.2 A)r = 0 (3) 


£ = 


25.5V 


and r = 


7.190 


*131 « 

Picture the Problem We can apply Kirchhoff s loop rule to the circuit that includes the 
box and the 21 -V source to obtain two equations in the u nk nowns s and R that we can 
solve simultaneously. 
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Apply Kirchhoff s loop rule to the 
circuit when the polarity of the 21- 
V source and the direction of the 
current are as shown in the diagram: 

Apply Kirchhoff s loop rule to the 
circuit when the polarity of the 
source is reversed and the current is 
2 A in the opposite direction: 

Solve these equations 
simultaneously to obtain: 


21V + £-(lA)7? = 0 


-21V + £ + (2A)i? = 0 


R = 


14.OQ 


and £ = 


-7.00V 


132 •• 

Picture the Problem When the switch is closed, the initial potential differences across 
the capacitors are zero (they have no charge) and the resistors in the bridge portion of the 
circuit are in parallel. When a long time has passed, the current through the capacitors will 
be zero and the resistors will be in series. In both cases, the application of Kirchhoff s 
loop rule to the entire circuit will yield the current in the circuit. To find the final charges 
on the capacitors we can use the definition of capacitance and apply Kirchhoff s loop rule 
to the loops containing two resistors and a capacitor to find the potential differences 
across the capacitors. 

(a) Apply Kirchhoff s loop rule to 50 V — 7 0 (l 0O)- / 0 R eq = 0 

the circuit immediately after the 
switch is closed: 

Solve for 7 0 : j _ 50 V 

0 “ 10Q + 7? eq 


Find the equivalent resistance of 15 
Q, 12 Q, and 15 Q in parallel: 



and 


R. 


eq 


1 1 1 
~ 15Q 12Q 15Q 

= 4.62Q 


Substitute for R eq and evaluate 7 0 : 


50V 

10Q + 4.62Q 


3.42 A 


( b ) Apply Kirchhoff s loop rule to 50 V- 7^,(1 OQ)- I x R eq = 0 

the circuit a long time after the 
switch is closed: 
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Solve for I x : 


50V 

10 n + R eq 


Find the equivalent resistance of 15 R eq -15Q + 12Q + 15Q — 42Q 

Q, 12 Q, and 15 Q in series: 


Substitute for R eq and evaluate /«,: 

(c ) Using the definition of 
capacitance, express the charge on 
the capacitors in terms of their final 
potential differences: 

Apply Kirchhoff s loop rule to the 
loop containing the 15-F2 and \2-D. 
resistors and the 10 //F capacitor to 
obtain: 

Solve for V w ^ 

Substitute in equation (1) and 
evaluate 


Apply Kirchhoff s loop rule to the 
loop containing the 15-Q and 12-0 
resistors and the 5 //F capacitor to 
obtain: 

Solve for Vs 

Substitute in equation (2) and 
evaluate Qs /; p: 


/ 50V 

00 ~ 10Q + 42Q 

QlOfJF = ^10 fiF^lO juF 

and 

QsfiF = C5 /uT ^5 /uF 


0.962 A 


( 1 ) 

( 2 ) 


^-(i5nK-(i2«K=o 


^=(27fiK 

Qiv/t = U| 0/f (27 Q)/ k 

= (l0/jF)(27fi)(0.962A) 

= 260 fC 


F w -(i5nK-(i2nK=o 


V Slf = (27£l)/„ 

a„=C w (270)/. 

= (5 juF)(27 Q)(0.962 A) 
= 130/42 


*133 •• 

Picture the Problem Let the current flowing through the galvanometer by / G . By 
applying Kirchhoff s rules to the loops including 1) R u the galvanometer, and R x , and 2) 
R 2 , the galvanometer, and R 0 , we can obtain two equations relating the unknown 
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resistance to R\,R 2 and Rq. Using R = pLIA will allow us to express R x in terms of the 
length of wire L\ that corresponds to R\ and the length of wire L 2 that corresponds to R 2 . 


Apply Kirchhoff s loop rule to the 
loop that includes R u the 
galvanometer, and R x to obtain: 

Apply Kirchhoff s loop rule to the 
loop that includes R 2 , the 
galvanometer, and Rq to obtain: 

When the bridge is balanced, 
la = 0 and equations (1) and (2) 
become: 

Divide equation (3) by equation (4) 
and solve for x to obtain: 


-R l I l +R x I 2 = 0 (1) 

-R 2 (l l -I G )+R 0 (l 2 + I G ) = 0 (2) 


M = RJi 

(3) 

and 


R 2 !\ = R oh 

(4) 

r -- r 4 

(5) 


Express R x and R 2 in terms of their 
lengths, cross-sectional areas, and 
the resistivity of their wire: 


R i =P^T and R 2 =P^j 
A A 


Substitute in equation (5) to obtain: 


R,=R„y- 

l 2 


(a) When the bridge balances at the 
18-cm mark, L x = 18 cm, 

L 2 = 82 cm and: 


R x = (2000) 


18 cm 
82 cm 


43.90 


(. b ) When the bridge balances at the 
60-cm mark, L x = 60 cm, 

L 2 = 40 cm and: 


R x = ( 200 Q) 


60 cm 
40 cm 


3000 


(c) When the bridge balances at the 
95-cm mark, L x = 95 cm, 

L 2 = 5 cm and: 


R x =(2000) 


95 cm 
5 cm 


3.80kO 


134 •• 

Picture the Problem Let the current flowing through the galvanometer by Iq. By 
applying Kirchhoff s rules to the loops including 1) R u the galvanometer, and R x , and 2) 
R 2 , the galvanometer, and Rq, we can obtain two equations relating the u nk nown 
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resistance to Ru R2 and Rq. Using R = pL/A will allow us to express R x in terms of the 
length of wire L\ that corresponds to R\ and the length of wire L 2 that corresponds to R 2 . 
To find the effect of an error of 2 mm in the location of the balance point we can use the 
relationship A R x = (dRjdL )AL to determine AR, and then divide by R x =R 0 L/(\ — L) 

to find the fractional change (error) in R x resulting from a given error in the determination 
of the balance point. 

Apply Kirchhoff s loop rule to the ~ R Ji + R J 2 = 0 (1) 

loop that includes R\, the 
galvanometer, and R x to obtain: 

Apply Kirchhoff s loop rule to the — R 2 (i) — I G ) + R 0 (/ 2 + I G ) = 0 (2) 

loop that includes R 2 , the 
galvanometer, and R 0 to obtain: 


When the bridge is balanced, 

M - RA 

(3) 

7g = 0 and equations (1) and (2) 

and 


become: 

R 2 I\ = R 0 I 2 

(4) 

Divide equation (3) by equation (4) 

and solve for x to obtain: 


(5) 

Express Ri and R 2 in terms of their 
lengths, cross-sectional areas, and 
the resistivity of their wire: 

R i = P~T and R 2 =P^f 

A A 


Substitute in equation (5) to obtain: 

R, = R^ 

(6) 


(a) When the bridge balances at the 
98-cm mark, L\ = 98 cm, 

L 2 = 2 cm and: 

(. b) Express R x in terms of the 
distance to the balance point: 



Express the error AR X in R x resulting 
from an error AT in L\ 


AR 
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Divide A R x by R x to obtain: 


Evaluate A RJR X for L = 98 cm and 
AL = 2 mm: 



Rn 


(i -A 


A L 




L 


1 -L 


1 A L 
1 -L L 



1 m 2 mm 

lm-0.98m lm 


10 . 0 % 


(c) Solve equation (6) for the ratio of A _ R x 

L\ to Li\ L 2 R 0 


For L x = 50 cm, L 2 = 50 cm, and R 0 =R X = 9.80 kQ. Hence, a resistor of 
approximately 10 kQ will cause the bridge to balance near the 50 - cm mark. 


135 •• 

Picture the Problem Knowing the beam current and charge per proton, we can use 
/ = ne to determine the number of protons striking the target per second. The energy 
deposited per second is the power delivered to the target and is given by 
P = IV. We can find the elapsed time before the target temperature rises 300C° using A Q 
= PAt = mccuAT. 


(a) Relate the current to the number / = ne 

of protons per second n arriving at 
the target: 

Solve for and evaluate n : _ I _ 3.50 juA 

H ~~e~ 1.60x10"~ 19 C 


terms of the beam current and 
energy: 

(c) Relate the energy delivered to the A£2 = PAt = C Cn AT = mc Cu AT 

target to its heat capacity and 
temperature change: 


(b ) Express the power of the beam in 


P = IV = (3.5 //A)(60 MeV) = 


210 J/s 


2.19x 10 13 /s 


. mc r AT 
At = —^- 


Solve for At: 


P 
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Substitute numerical values (see ^ _ (50g)(0.386kJ/kg • K)(300C°) 

Table 19-1 for the specific heat of 210 J/s 

copper)and evaluate A t: _ 77 77 


136 •• 

Picture the Problem We can use the definition of current to express the current delivered 
by the belt in terms of the surface charge density, width, and speed of the belt. The 
minimum power needed to drive the belt can be found from P = IV. 


(a) Use its definition to express the 
current carried by the belt: 

Substitute numerical values and 
evaluate I: 

( b ) Express the minimum power of 
the motor in terms of the current 
delivered and the potential of the 
charge: 

Substitute numerical values and 
evaluate P: 


T dQ dx 

1 =-= ow — = owv 

dt dt 

I = (5mC/m : )(0.5m)(20m/s) 
= 50.0 mA 

P = IV 


P = (50mA)(l00kV) = 


137 •• 

Picture the Problem We can differentiate the expression relating the amount of heat 
required to produce a given temperature change with respect to time to express the mass 
flow-rate required to maintain the temperature of the coils at 50°C. We can then use the 
definition of density to find the necessary volume flow rate. 

Express the heat that must be Q = mc \ vMc A T 

dissipated in terms of the specific 

heat and mass of the water and the 

desired temperature change of the 

water: 

Differentiate this expression with p _ dQ _ dm ^ 

respect to time to obtain an dt dt Wdtei 

expression for the power 
dissipation: 
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Solve for dm/dt: 


dm _ P 
dt c water A7 


Substitute for the power dissipated 
to obtain: 

Substitute numerical values and 
evaluate dm/dt\ 


Using the definition of density, 
express the volume flow rate in 
terms of the mass flow rate to 
obtain: 


dm _ IV 
dt c wata AT 

dm _ (l 00 A)(240 V) 

dt ~ (4.18kJ/kg-K)(50°C-15°C) 
= 0.164 kg/s 


dV 

dt 


1 dm _ 0.164kg/s 
p dt 10 3 kg/m 3 


(0.164x10 3 


m 


Vs) 


1L 


10 


-3 3 

m 


\ 

) 


0.164 L/s 


138 •• 

Picture the Problem We can use the expressions for the capacitance of a dielectric- 
filled parallel-plate capacitor and the resistance of a conductor to show that RC = eopic. 

Express the capacitance of the /c e 0 A 

dielectric-filled parallel-plate ^ ~ ^ 

capacitor: 


Express the resistance of a 
conductor with the same 
dimensions: 


R = 


pd 

~A 


The product of C and R is: 


RC _pd A 
A d 


e 0 pK 


139 •• 

Picture the Problem We can use the expressions for the capacitance of a dielectric-filled 
cylindrical capacitor and the resistance of a cylindrical conductor to show that RC = 

Ui/vc 


Express the capacitance of the 
dielectric-filled cylindrical capacitor 
whose inner and outer radii are /y 
and r 2 , respectively: 


c = 2 7r£/ce 0 


f \ 


In 




where I is the length of the capacitor. 


f \ 


p In 


R = 




Express the resistance of a 
cylindrical resistor with the same 
dimensions: 


2 nl 
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The product of C and R is: 


RC = 


p In 


f \ 

vhy 


2mtic e n 


2nl 


f \ 


In 


\ r U 


e o P K 


This result holds independently of the geometries of the capacitor and 
the resistor. 


*140 •• 

Picture the Problem We’ll assume that 
the capacitor is fully charged initially and 
apply Kirchhoff s loop rule to the circuit 
fragment to obtain the differential equation 
describing the discharge of the leaky 
capacitor. We’ll show that the solution to 
this equation is the familiar expression for 
an exponential decay with time constant 
r = £To PK. 



(a) 


If we think of the leaky capacitor as a resistor/capacitor combination, 
the voltage drop across the resistor must be the same as voltage drop 
across the capacitor. Hence, they must be in parallel. 


(b ) Assuming that the capacitor is 
initially fully charged, apply 
Kirchhoff s loop rule to the circuit 
fragment to obtain: 


Separate variables in this differential 
equation to obtain: 

From Problems 138 and 139 we 
have: 


Q 

c 


RI = 0 


or, because / = 


Q 

c 



= 0 


dQ 

dt 


«=~L* 

Q RC 


RC =e 0 pK 


Substitute for RC in the differential 
equation to obtain: 

Integrate this equation from 
Q' = Qo to Q to obtain: 


dQ = _1_ 

Q e 0 P K 

Q = Q r ,e-"’ 

where 


r = 


e o P K 
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(c) Because Q/Qo = 0.1: 

Solve for t by taking the natural 
logarithm of both sides of the 
equation: 


e~ ,/T = 0.1 

- — = In 0.1 => t = - e 0 pK In 0.1 


Substitute numerical values and evaluate t : 


t = -(8.85 x 10 12 C 2 /N • m 2 )(9 x 10 13 Q • m)(5)ln0.1 = 9.17 x 10 3 


s = 


2.55h 


141 ••• 

Picture the Problem We can use its definition to find the time constant of the charging 
circuit in part (a). In part ( b ) we can use the expression for the potential difference as a 
function of time across a charging capacitor and utilize the hint given in the problem 
statement to show that the voltage across the capacitor increases almost linearly over the 
time required to bring the potential across the switch to its critical value. In part (c) we 
can use the result derived in part ( b ) to find the value of R\ such that C charges from 0.2 
V to 4.2 V in 0. 1 s. In part (d) we can use the expression for the potential difference as a 
function of time across a discharging capacitor to find the discharge time. Finally, in part 
( e ) we can integrate I 2 Ri over the discharge time to find the rate at which energy is 
dissipated in during the discharge of the capacitor and use the difference in the energy 
stored in the capacitor initially and when the switch opens to find the rate of energy 
dissipation in resistance of the capacitor. 

(a) When the capacitor is charging, 
the switch is open and the resistance 
in the charging circuit is R\. Hence: 

( b ) Express the voltage across the 
charging capacitor as a function of 
time: 

Solve for the exponential term to 
obtain: 

Noting that V(t) « s, let // = V(t)!s 


t = 7? 1 C = (0.5MQ)(0.02//F) 
- 10.0ms 


V(t) = s( l-<T f/r ) 

e ->/r =] _ V i t ) 

£ 

e- ,lr =1-77 

or 

e'^ T = (I-77) 1 « I + 77 
because n« 1 . 
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Use the power series for e to 
expand e^ T : 


Substitute in equation (1) to obtain: 


= 1 + - + 


t Ut' 


2 ! 


+ ... 




1 + -t 


provided t/z « 1 . 


1 + —t « 1 + 7 / = 1 + 

r 


rW 

£ 


Solve for t to obtain the linear 
relationship: 


v(t) = -i 

z 


( 1 ) 


(c) Using the result derived in ( b ), 
relate the time At required to change 
the voltage across the capacitor by 
an amount A K to A E: 


AV(t) = —At 

T 


or 

r = R X C = 


£ 

aFR 


At 


Solve for .ftp 


Substitute numerical values and 
evaluate R\. 




£ 

CAV(t) 


At 


, (800V)(0.1s) 

1 ~~ (0.02//F)(4.2V-0.2 V) 

= 1 1.00GQ I 


(d) Express the potential difference 

II 

O 

across the capacitor as a function of 

where 

time: 

* = r 2 c. 

Solve for t to obtain: 

n { F c( ? )l 
t = -r In v 


v 

\ r co) 


f 

-R 2 C In 

V 


rM 

V 

r co J 


Substitute numerical values and 
evaluate t: 


( 

t = -(0.001Q)(0.02 //F)ln 

V 


0.2V" 
4.2 V y 


60.9ps 


p,=^-=r% 


( e ) Express the rate at which energy 
is dissipated in R\ as a function of its 
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resistance and the current through it: 

Because the current varies with time, 
we need to integrate over time to 
find A Ey. 


A E x =\l 2 R l dt = \{^- R x dt 


-f 


St 

rR { 


f A 1 


\ L 


R x dt 


0.105s 


J tdt 


1 0.005 s 


f 800 

2 

1 

V" 

v 20 s j 

1 GQ 

_ 3 _ 


0.105s 


0.005s 


= 6.17x10 10 J 


Substitute and evaluate P\. 


Pi = 


6.17xl0 1Q J 
0 .1s 


6.17 nW 


Express the rate at which energy is 
dissipated in the switch resistance: 


Substitute numerical values and 
evaluate P 2 . 


AC, C c: - C cf 
2 At At 

icvr-jcvf icjvr-v/) 

At At 

p K0.02//F)|(4.2V) ; -(0.2V) 2 | 
60.9 ps 

= 2.89kW 


142 ••• 

Picture the Problem We can apply both the loop and junction rules to obtain equations 
that we can use to obtain a linear differential equation with constant coefficients 
describing the current in R 2 as a function of time. We can solve this differential equation 
by assuming a solution of an appropriate form, differentiating this assumed solution and 
substituting it and its derivative in the differential equation. Equating coefficients, 
requiring the solution to hold for all values of the assumed constants, and invoking an 
initial condition will allow us to find the constants in the assumed solution. Once we 
know how the current varies with time in R 2 , we can express the potential difference 
across it (as well as across C because they are in parallel). To find the voltage across the 
capacitor at t = 8 s, we can express the dependence of the voltage on time for a 
discharging capacitor (C is discharging after t = 2 s) and evaluate this function, with a 
time constant differing from that found in (a), at t = 6 s. 
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(a) Apply the junction rule at the 
junction between the two resistors to 
obtain: 


W2+/3 


Apply the loop rule to the loop 
containing the source, R\, and the 
capacitor to obtain: 


e-Ri = 0 

11 c 


Apply the loop rule to the loop 
containing R 2 and the capacitor to 
obtain: 


Q—r,i,= 0 

c 2 2 


Differentiate equation (2) with 
respect to time to obtain: 


— £-R x I x -^~ 
dt 1 1 C 


: 0 — ^-— —^ 

dt C dt 

-R x ^--I 3 =0 

1 dt C 3 


rA = -±L 3 

1 dt C 3 


Differentiate equation (3) with 
respect to time to obtain: 


— \--R 2 I^\ = -—-r 2 — = 0 

C 22 C dt 2 dt 


R dh = }_ 1 

2 dt C 3 


Using equation (1), substitute for/ 3 

dl 2 

in equation (5) to obtain: 

dt 

Solve equation (2) for I \: 

h = 

Substitute for/i in equation (6) and 

dl^ 

simplify to obtain the differential 

dt 

equation for I 2 . 



£-QjC _ £ - R 2 I 2 






To solve this linear differential 
equation with constant coefficients we 
can assume a solution of the form: 


/ 2 (t) = a +be 


(7) 
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Differentiate I 2 (t) with respect to 

^ = —[a + b e - t/T ]=-- e - t/T 

time to obtain: 

dtdt x 

Substitute for / 2 and dl 2 ldt to obtain: 

h e th = 8 ( R]+R2 \a + be~ t/T 

x r x r 2 c { r x r 2 c y 

Equate coefficients of e ,/r to 

R,R,C 

T — 

obtain: 

R i + 7?2 

Requiring the equation to hold for 

£ 

Cl =- 

all values of a yields: 

R\ +R 2 

If I 2 is to be zero when t = 0: 

0 = a + b 

or 

L £ 

b = -a =- 

R\ +R 2 

Substitute in equation (7) to obtain: 

I 2 {t) = 8 8 e- ,/r 

w R x + R 2 R x +R 2 

= 8 (l e-" T ) 

*,+V 7 

where 

R,R,C 

T — 

Substitute numerical values and 

_ (2Mn)(5Mn)(l/7F) lr . 

evaluate r: 

2MQ + 5MQ 

Substitute numerical values and 

I 2 (t)= 10V (l <T ?/1 ' 43s ) 

evaluate I 2 {t)\- 

2W 2MQ + 5MQ V 7 

- (l.43//A)(l - 43s ) 

Because C and R 2 are in parallel, 

V c (t) = V 2 (t) = I 2 (t)R 2 

they have a common potential 

= (l .43 //A) (5 MQ)(l - e~ t/L43s ) 

difference given by: 

= (7.15V)(l-e- t/143s ) 

Evaluate V c at t = 2 s: 

V c (2 s) = (7.15 V)(l - e - 2s/1A3s ) = 5.38 V 
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The voltage across the capacitor as a function of time is shown in the figure. The current 
through the 5-MT2 resistor R 2 follows the same time course, its value being Tc/(5xl0 6 ) A. 



( b ) The value of V c at t = 2 s has 
already been determined to be: 

When S is opened at t = 2 s, C 
discharges through R 2 with a time 
constant given by: 

Express the potential difference 
across C as a function of time: 


F c (2s) 


5.38V 


r'= R 2 C = (5MQ)(l juF)= 5 s 


V c (,)=V a e-"''=( 5.38 V)e-' 5 - 


Evaluate V c at t = 8 s to obtain: 


F c (8s) = (5.38V)^ 6s/5s = 


1.62 V 


in good agreement with the graph. 
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143 ••• 

Picture the Problem Let I be the current 
delivered by s\, I 2 the current delivered by 
£2, and I?, the current through the resistor R. 
We can apply Kirchhoff s rules to obtain 
three equations in the u nkn owns I u / 2 ,and 
It, that we can solve simultaneously to find 
It,. We can then express the power 
delivered by the sources to R. Setting the 
derivative of this expression equal to zero 
will allow us to solve for the value of R 
that maximizes the power delivered by the 
sources. 

Apply Kirchhoff s junction rule at a 
to obtain: 



Apply the loop rule around the £j - I 3 R - = 0 (2) 

outside 

of the circuit to obtain: 


Apply the loop rule around the £ 2 _ ~ 2 ~ 0 (3) 

inside of the circuit to obtain: 


Eliminate I\ from equations (1) and £j— I 3 R — r l (I 3 — / 2 ) = 0 (4) 

(2) to obtain: 


Solve equation (3) for I 2 to obtain: 


h 


£ 2 I 3 R 


Substitute for I 2 in equation (4) to 
obtain: 


£\ - / 3 R - r t 


h~ 


£2 -I3R 


= 0 


£\ r i + S2I 

r \ r 2 + R{ r \ + r 2 ) 


Solve for / 3 to obtain: 
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Express the power delivered to R: 


P = llR = 


f c , c V 
£ x r 2 + £ 2 r x 

+ +C). 


R 


f c , o V 
£p + £ 2 r x 

R 

l fi +r 2 J 



where 
A = 


fi + r 2 


Noting that the quantity in 
parentheses is independent of R and 
that therefore we can ignore it, 
differentiate P with respect to R and 
set the derivative equal to zero: 


dP _ d R 

dR dR (r + A) 2 

(R + A f- R j^( R + A f 
~ Jr+P 

(R + A) 2 -2R(R + A) 

~ Jr+A 

= 0 for extrema 


Solve for R to obtain: 


R = A = 


r i+ r 2 


To establish that this value for R 
corresponds to a maximum, we need 
to evaluate the second derivative of 
P with respect to R at R = A and 
show that this quantity is negative, 
i.e., concave downward: 


We can conclude that: 


(R + A) 2 -2R(R + A) 


d 2 P _ d 

dR 2 ~ dR [ (R + A) 4 
2R-4A 


(R + a) 4 


and 

d 2 P 


dR 2 


■2 A 


R=A 


(R + A)‘ 


<0 


R = 


r x +r 2 


maximizes the power 


delivered by the sources. 


*144 ••• 

Picture the Problem Let Q\ and Q 2 represent the final charges on the capacitors C\ and 
C 2 . Knowing that charge is conserved as it is redistributed to the two capacitors and that 
the final-state potential differences across the two capacitors will be the same, we can 
obtain two equations in the unknowns Q\ and Qi that we can solve simultaneously. We 
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can compare the initial and final energies stored in this system by expressing and 
simplifying their ratio. We can account for any difference between these energies by 
considering the role of the resistor in the circuit. 


(a) Relate the total charge stored 
initially to the final charges Q\ and 
Qi on Ci and Ci'. 

Because, in their final state, the 
potential differences across the two 
capacitors will be the same: 


Q - QV 0 -Q\ +Q 2 (1) 


Q\ _ Qi 
C, c 


Solve equation (2) for Q2 and 
substitute in equation (1) to obtain: 


Q 

C 2 


Q2+Q2 - 


Solve for Q 2 to obtain: 


02 = 


c,c 2 
c 1 + c 2 


v n 


Substitute in either (1) or (2) and 
solve for Q\ to obtain: 

0 i = 

(b) Express the ratio of the initial 
and final energies of the system: 

II II 

Simplify this expression further to 

obtain: 

II 


c , 2 


c, + c 2 


-K 


1 cv 

2 '•'V 0 


), 2 . O : 

- + - 


C, 


c. 


cv 2 

'-'r 0 


Cl 

c x +c 2 


K 


C l C 2 

C, + C 2 

c. 


K 


c 

1 +^ 

c, 


or U\ is greater than Ut by a factor of 
1 + C 2 /C,. 


The decrease in energy equals the energy dissipated as Joule heat in 
the resistor connecting the two capacitors. 
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145 — 

Picture the Problem Let q x and q 2 be the time-dependent charges on the two 

capacitors after the switches are closed. We can use Kirchhoff s loop rule and the conservai 

charge to a obtain a first-order linear differential equation describing 

the current I 2 through R after the switches are closed. We can solve this differential equatio: 

assuming a solution of the form q 2 (t) = a + be rr and requiring that the solution satisfy the 

boundary condition that q 2 (0) = 0 and the differential equation 

be satisfied for all values of t. Once we know I 2 , we can find the energy dissipated 

in the resistor as a function of time and the total energy dissipated in the resistor. 

(a) Apply Kirchhoff s loop rule to <fo_ dj_ _ q 

the circuit to obtain: C l C 2 


or, because / = dq 2 /dt, 


R d( h _ Q 


Cj dt C 2 


Apply conservation of charge during 
the redistribution of charge to 
obtain: 


<h = Q-q 2 =C,K — q 2 


Substitute for q x to obtain: 


q 2 R dq 2 q 2 _ Q 


C t dt C 2 


Rearrange to obtain the first- order 
differential equation: 



Assume a solution of the form: 


q 2 (t)= a + be ,(/r 


( 1 ) 


Differentiate the assumed solution 
with respect to time to obtain: 


AifiLiL+fe-./.] 

dt dt 



r 


Substitute for dq 2 /dt and q 2 in the 
differential equation to obtain: 



{a + be ,/r )= V 0 
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Rearrange to obtain: 


If this equation is to be satisfied for 
all values of t: 


Solve for rto obtain: 


R 

- e 

x 




b + 


"c 1 + c 2 a 


r r 
M '-'2 


c, + c 

C’C 


v ^ 1^2 j 


-*h 


2 J 


b = V n 


a = 


c,c 2 
c 1 + c 2 


V =C V 

v 0 '“'eq'O 


and 


1 

1 

1 * 

_ 1 

b + 

]c 1 + c 2 ] 

e~ t/T 

L t \ 


{ c,c 2 J 



b = 0 


or 


R C+C 


-+ ■ 


1 1 2 _ 


c c 


= 0 


r = R 


c c 

M *-2 

c, + c 2 


= RC , 


eq 


Substitute the boundary condition 
172 ( 0 ) = 0 in equation ( 1 ): 


Substitute for a and b in equation 
( 1 ) to obtain: 

Differentiate 1 / 2(0 with respect to 
time to find the current: 


(b) Express the energy dissipated in 
the resistor as a function of time: 


0 = a + b 
or 

b = —a = -C eq V 0 


= C„K( 




Cji-e-") 


^ U dt 
v rJ 


C V 

_ e q 0 c -,h = 


K 


R 


— e~ tlz 


p(t)=r-R 


K 


° e -th 


R 


\2 

J 


R 


YL e -*i* 

R 


(c) The energy dissipated in the 
resistor is the integral of P(t) 


2 00 


R • 


- 2 1 


'/RC c , 


dt' = 


1 VC 
2 r 0 ^ 


eq 
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between t = 0 and t =oo: 

This is exactly the difference between the initial and final stored energies 
found in the preceding problem, which confirms the statement at the end 
of that problem that the difference in the stored energies equals the energy 
dissipated in the resistor. 


146 ••• 


Picture the Problem We can apply Kirchhoff s loop rule to find the initial current drawn 
from the battery and the current drawn from the battery a long time after Si is closed. We 
can also use the loop rule to find the final voltages across the capacitors and the current in 
the 150-Q resistor when S 2 is opened after having been closed for a long time. 


(a) Apply Kirchhoff s loop rule to 


12V-/„(0)(l00n)-F a ,=0 


the loop that includes the source, the 


100-Q resistor, and the capacitor 
immediately after S 1 is closed to 
obtain: 


Because the capacitor is initially 
uncharged: 


and 


12V-/ bat (0)(l00Q) = 0 


Solve for and evaluate /bat(O): 



(b) Apply Kirchhoff s loop rule to 
the loop that includes the source, the 
100-0, 50-Q, and 150-0 resistor a 
long time after Si is closed to obtain: 


12V-/ oo (l00Q)-/ oo (50Q) 

-4(150Q)=0 


Solve for and evaluate / x : 


I, 


12V 


40.0 mA 


100Q + 50Q + 150Q 


(c) Apply Kirchhoff s loop rule to 
the loop that includes the source, the 
100-0 resistor, and C\ a long time 
after both switches are closed to 
obtain: 


12V-/Jl00n)-K cl =0 
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Solve for and evaluate V C \'- 

(d) Apply Kirchhoff s loop rule to 
the loop that includes the 150-0 
resistor and C 2 a long time after both 
switches are closed to obtain: 

Solve for and evaluate V C i : 


(e) Apply Kirchhoff s loop rule to 
the loop that includes the 150-0 
resistor and C 2 after S 2 is opened to 
obtain: 

Solve for I(t) to obtain: 


V C1 =12V-(40mA)(l00Q) = 


-F c2 + / b „(l50n) = 0 


r a =/„(l50n) = (40niA)(l50n) 


6.00 V 


F Ci (<)-/(()(l50n) = 0 


F Ci (0)e^ /r -/(t)(l50Q) = 0 


j(A = Vc 2 (°) c -t/T = 6 V c -</(i50nX50/j) 

w 1500 1500 


(40mAy ,/7 - 50ms 


*147 ••• 

Picture the Problem We can use the definition of differential resistance and the 
expression for the diode current given in problem 54 to express R d and establish the 
required results. 


The differential resistance R d is 
given by: 


dv j dr 
dl ~{dV y 


From Problem 54, the current in the 
diode is given by: 

Substitute for / to obtain: 


I = I 0 (e v/25mV - 1) (1) 

^={|7hC ,25 ” V - 1 )]}" 

_ 25 mV e~V/25mV 


For V> 0.6 V, equation (1) / ~ ] e v / 25mV 

becomes: 

Solve for the exponential factor to vnsmv I -vnsmv / n 

obtain: e «— e ~ — 

1 o 1 
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Substitute in equation (2) to obtain: 


R 


d 


25 mV I 0 _ 25 mV 

h I “I _ I— 


Examination of equation (2) shows that, for V < 0, R d increases exponentially. 
This result, together with that for V > 0.6 V, justifies the assumptions made in 
Problem 55. 


148 •• 

Picture the Problem We can approximate the slope of the graph in Figure 25-77 and 
take its reciprocal to obtain values for R d that we can plot as a function of V. 


Use the graph in Figure 25-77 to complete 
the table to the right. 


V(\) 

R d (Q) 

0 

6.67 

0.1 

17.9 

0.3 

-75.2 

0.4 

42.9 

0.5 

8 


The following graph was plotted using a spreadsheet program. 



149 ••• 

Picture the Problem We can use the definition of current to find the number of 
electrons accelerated in each pulse and the average current in the beam. The 
average and peak power of the accelerator can be found using P av = / av V and 
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E peak = / peak F and the duty factor from its definition. 


(a) Use the definition of current to 
relate the number of electrons 
accelerated in each pulse to the 
duration of the pulse: 


/ 


pulse 


A Q _ ne 
At At 


where n is the number of electrons in 
each pulse. 


Solve for and evaluate 


n = 


pulse 


At 


e 


(l.6A)(0.1//s) 
1.602x10 19 C 


9.99x 10 11 



( b ) Using the definition of current 
we have: 


C^pulse _ 726? 

^^between pulses ^ ^ 

10 12 (l.60x 10~ 19 c) 
10' 3 s 
0.160 mA 


(c) Express the average power 
output in terms of the average 
current: 

(d) Express the peak power output 
in terms of the pulse current: 


E av = l m V = (0.160mA)(400MV) 
= 64.0 kW 


^U=WMl-6A)(400MV) 

= 640 MW I 


(e ) The duty factor is defined to be: 


duty factor = 


At 


time between pulses 
0.1 /us 


10 ~ 3 s 


10 
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150 ••• 

Picture the Problem Let R be the 

resistance of each resistor in the ladder and 
let R eq be the equivalent resistance of the 
infinite ladder. If the resistance is finite 
and non-zero, then adding one or more 
stages to the ladder will not change the 
resistance of the network. We can apply the 
rules for resistance combination to the 
diagram shown to the right to obtain a 
quadratic equation in R eq that we can solve 
for the equivalent resistance between 
points a and b. 


R 



The equivalent resistance of the 
series combination of R and 
(R || ^eq) is Req, SO! 


R . =R + R ft =R + - 


RR, 


eq 


eq 


eq 


* + *eq 


Simplify to obtain: 




R 2 =0 


Solve for R eq to obtain: 


*eq = 


1+Vs' 


R 


For R = IQ: 


*eq = 


1+Vs' 


(!«) = 


1.62Q 


*151 ••• 

Picture the Problem Let R eq be the 

equivalent resistance of the infinite ladder. 
If the resistance is finite and non-zero, then 
adding one or more stages to the ladder 
will not change the resistance of the 
network. We can apply the rules for 
resistance combination to the diagram 
shown to the right to obtain a quadratic 
equation in R eq that we can solve for the 
equivalent resistance between points a and 
b. 

The equivalent resistance of the 
series combination of R\ and 
(R-2 || Req) is Req, SO. 


*i 



Simplify to obtain: 


<-*l*eq-*1*2=0 


*eq = 


+ -\J~R-i + 4 R\Ri 


Solve for the positive value of R eq to 
obtain: 


























Chapter 26 
The Magnetic Field 


Conceptual Problems 


*1 • 

Determine the Concept Because the electrons are initially moving at 90° to the magnetic 
field, they will be deflected in the direction of the magnetic force acting on them. Use the 
right-hand rule based on the expression for the magnetic force acting on a moving charge 
F = qv xB , remembering that, for a negative charge, the force is in the direction 


opposite that indicated by the right-hand rule, to convince yourself that the particle will 


follow the path whose terminal point on the screen is 2. ( b ) is correct. 


2 

Determine the Concept One cannot define the direction of the force arbitrarily. By 
experiment, F is perpendicular to B . 

3 

Determine the Concept False. An object experiences acceleration if either its speed 
changes or the direction it is moving changes. The magnetic force, acting perpendicular to 
the direction a charged particle is moving, changes the particle’s velocity by changing the 
direction it is moving and hence accelerates the particle. 

4 

Determine the Concept Yes; it will be deflected upward. Because the beam passes 
through undeflected when traveling from left to right, we know that the upward 
electric force must be balanced by a downward magnetic force. Application of the 
right-hand rule tells us that the magnetic field must be out of the page. When the 
beam is reversed, the magnetic force (as well as the electric force) acting on it is 
upward. 

*5 • 

Determine the Concept The alternating current running through the filament is changing 
direction every 1/60 s, so in a magnetic field the filament experiences a force which 
alternates in direction at that frequency. 

6 • 

Determine the Concept The magnitude of the torque on a current loop is given by 
t = /uB sin 9, where 6 is the angle between the magnetic field and a normal to the surface 

of the loop. To maximizer, sin0= 1 and 6= 90°. Flence the normal to the plane of the 
loop should be perpendicular to B . 
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7 

(a) True. This is an experimental fact and is the basis for the definition of the magnetic 
force on a moving charged particle being expressed in terms of the cross product of 
v and B ; i.e. F = qvxB . 


(b ) True. This is another experimental fact. The torque on a magnet is a restoring torque, 
i.e., one that acts in such a direction as to align the magnet with magnetic field. 

(c) True. We can use a right-hand rule to relate the direction of the magnetic field around 
the loop to the direction of the current. Doing so indicates that one side of the loop acts 
like a north pole and the other like a south pole. 

(d) False. The period of a particle moving in a circular path in a magnetic field is given 
by T = Iffy/mr/qvB and, hence, is proportional to the square root of the radius of the 
circle. 


(e) True. The drift velocity is related to the Hall voltage according to v d = V H /Bw where w 
is the width of the Hall-effect material. 

*8 • 

Determine the Concept The direction in which a particle is deflected by a magnetic field 
will be unchanged by any change in the definition of the direction of the magnetic field. 
Since we have reversed the direction of the field, we must define the direction in which 
particles are deflected by a "left-hand" rule instead of a "right-hand" rule. 

9 

Determine the Concept Choose a right-handed coordinate system in which east is the 
positive x direction and north is the positive y direction. Then the magnetic force acting 

—* A A / A A \ A 

on the particle is given by F = qvi x Bj = qvB\i x jj = qvBk . Hence, the magnetic 
force is upward. 


10 • 

Determine the Concept Application of the right-hand rule tells us that this positively 
charged particle would have to be moving in the northwest direction with the magnetic 
field upward in order for the magnetic force to be toward the northeast. The situation 
described cannot exist, (e) is correct. 


11 • 

Picture the Problem We can use Newton’s 2 nd law for circular motion to express the 
radius of curvature R of each particle in terms of its charge, momentum, and the magnetic 
field. We can then divide the proton’s radius of curvature by that of the 7 Li nucleus to 
decide which of these alternatives is correct. 
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Apply X F mdiai = ma c to the lithium 
nucleus to obtain: 


qvB = in — 
R 


Solve for r. 


R = 


mv 

qB 


For the 7 Li nucleus this becomes: 


R 


Li 


/hi 

3 eB 


For the proton we have: 


Divide equation (2) by equation (1) 
and simplify to obtain: 


Because the momenta are equal: 



Pv_ 

R p _ eB _ ^ Py 

R u An Pu 
3 eB 



= 3 and 


(a) is correct. 


*12 • 

Determine the Concept Application of the right-hand rule indicates that a positively 
charged body would experience a downward force and, in the absence of other forces, be 
deflected downward. Because the direction of the magnetic force on an electron is 
opposite that of the force on a positively charged object, an electron will be deflected 
upward, (c) is correct. 


13 •• 

Determine the Concept From relativity; this is equivalent to the electron moving from 
right to left at velocity v with the magnet stationary. When the electron is directly over 
the magnet, the field points directly up, so there is a force directed out of the page on the 
electron. 


14 • 


Similarities 

Differences 

Magnetic field lines are similar to electric 
field lines in that their density is a measure 
of the strength of the field; the lines point 
in the direction of the field; also, magnetic 

field lines do not cross. 

They differ from electric field lines in 
that magnetic field lines must close on 
themselves (there are no isolated magnetic 
poles), and the force on a charge depends 
on the velocity of the charge and is 
perpendicular to the magnetic field lines. 
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15 • 

Determine the Concept If only F and / are known, one can only conclude that the 
magnetic field B is in the plane perpendicular to F . The specific direction of B is 
undetermined. 


Estimation and Approximation 


*16 •• 

Picture the Problem If the electron enters the magnetic field in the coil with speed v, it 
will travel in a circular path under the influence of the magnetic force acting on. We can 
apply Newton’s 2 nd law to the electron in this field to obtain an expression for the 
magnetic field. We’ll assume that the deflection of the electron is small over the distance 
it travels in the magnetic field, but that, once it is through the region of the magnetic 
field, it travels at an angle #with respect to the direction it was originally traveling. 

Apply / F = ma r to the electron v 2 

evB = m — 

in the magnetic field to obtain: r 

Solve for B: rnv 

B = — 
er 


The kinetic energy of the electron is: 


K = eV = \mv 2 


Solve for v to obtain: 



Substitute for v in the expression for 
r. 




]_ l 2mV 

r\ e 


Because #« 1: . . - d 

d « r sin 6 => r «- 

sin# 


Substitute for r in the expression for 
B to obtain: 

For maximum deflection, 

0~ 45°. Substitute numerical values 
and evaluate B : 


sin# \2mV 


d v 

sin 45° 

e 

2(9.11x10 31 kg)(l5kV) 

0.05 m \ 

1.60x10 19 C 

5.84mT 


17 •• 

Picture the Problem Let h be the height of the orbit above the surface of the earth, m the 
mass of the micrometeorite, and v its speed. We can apply Newton’s 2 nd law to the 
orbiting micrometeorite with F mag = qvB to derive an expression for the charge-to-mass 
ratio of the micrometeorite. 
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(a) Apply V F = ma r to the „ v 2 

^ qvB = m - 

micrometeorite orbiting under the ^ + ^eaith 

influence of the magnetic force: 


Solve for q/m to obtain: 


q _ v 

m B(h + 7? earth ) 


Substitute numerical values and evaluate q!m\ 


q _ 30km/s 

m (5 x 10 " t )(400 km + 6370 km) 


88.6 C/kg 


(6) Solve the result for q/m q = (88.6C/kg)m 

obtained in (a) for q to obtain: 


Substitute numerical values and 
evaluate q: 


q = (88.6C/kg)(3xl(T 10 kg) 
= 26.6 nC 


Force Exerted by a Magnetic Field 

18 • 

Picture the Problem The magnetic force acting on a charge is given by F = qv xB . 
We can express v and B , form their vector (a.k.a. "cross") product, and multiply by the 
scalar q to find F . 

Express the force acting on the proton: F = qvxB 

Express v : v = (4.46Mm/s)i 

Express B : B = (l.75T)£ 


Substitute numerical values and evaluate F : 


F = (l .60 x 10 19 c)[(4.46 Mm/s)/ x (l .75 t)a] = 


-(l.25pN)j 


19 • 

Picture the Problem The magnetic force acting on the charge is given by F = qv x B . 
We can express v and B , form their vector (a.k.a. "cross") product, and multiply by the 
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scalar q to find F . 

Express the force acting on the F = qvxB 

charge: 

2.75 xlO 6 m/s)/ xB 

obtain: 


Substitute numerical values to 


F= - 


(-3.64 nC) 


(a) Evaluate F for B = 0.38 T j : 


F = (-3.64nC)[(2.75xl0 6 m/s)/x(0.38T)j] 


-(3.80mN)A 


( b ) Evaluate F for B = 0.75 T / + 0.75 T j : 

F = (-3.64nC)[(2.75 x 10 6 m/s)/ x {(0.75T)/ + (0.75T)j}] = f-(7.51mN)^ 


(c) Evaluate F for B = 0.65 T / : 

F = (-3.64nC)[(2.75 x 10 6 m/s)/x (0.65 T)/] = 


(d) Evaluate F for B = 0.75 T / + 0.75 T k : 

F = (- 3.64nC)[(2.75 x 10 6 m/s)/ x (0.75T)/ + (0.75 t)a] = (7.51mN)j 


20 • 

Picture the Problem The magnetic force acting on the proton is given by F = qv x B . 
We can express V and B , form their vector (a.k.a. "cross") product, and multiply by the 
scalar q to find F . 


Express the force acting on the proton: F = qvxB 


(a) Evaluate F for v = 2.7 Mm/s / : 


F = (l .60 x 10 19 c)[(2.7 x 10 6 m/s)/ x (l .48 T) k] = 


~(0.640pN)y 


(b ) Evaluate F for v = 3.7 Mm/s j : 


F =(l.60xl0^ 19 c)[(3.7xl0 6 m/s)jx(l.48T))t]=| (0.876pN)/ 
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(c) Evaluate F for v = 6.8 Mm/s k : 


F = (l .60 x 10 19 c)[(6.8 x 10 6 m/s)A x (l .48 T)yi] = 



(< d) Evaluate F for v = 4.0 Mm/s/ + 3.0Mm/s j : 

F = (l .60 x 10 19 c)[{(4.0 Mm/s)/ + (3.0 Mm/s) )}x (l .48 j)k\ 
= (0.710pN)/-(0.947pN)j 


21 • 

Picture the Problem The magnitude of the magnetic force acting on a segment of wire is 
given by F = RB sin 0 where l is the length of the segment of wire, B is the magnetic 
field, and 6 is the angle between the segment of wire and the direction of the magnetic 
field. 


Express the magnitude of the 
magnetic force acting on the 
segment of wire: 

Substitute numerical values and 
evaluate F : 


F = RB sin 0 


F = (2.6A)(2m)(0.37T)sin30° 
= 0.962 N 


F = ILxB to find the force acting on the wire 


*22 • 

Picture the Problem We can use 

segment. 

Express the force acting on the wire 
segment: 

Substitute numerical values and 
evaluate F : 


F = ILxB 

F = (2.7 A) [(3 cm)/ + (4cm)y]x(l.3T)/ 
= ~(0.140N)& 


23 • 

Picture the Problem The magnetic force acting on the electron is given by F = qvxB . 
We can form the vector product of v and B and multiply by the charge of the electron to 
find F and obtain its magnitude using F = ^ + // 2 + F_ 2 . The direction angles are 

given by = tan '(FJF), d v = tan '(F v /f), and 0, = tan '(fJF). 
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Express the force acting on the proton: F = qvxB 


Express the magnitude of F in terms F = F 2 +F 2 +F Z 2 

of its components: 


Substitute numerical values and evaluate F : 

F = (-1.60 x 10“ 19 C)[{(2 Mm/s)i - (3Mm/s) j}x (o.8/ + 0.6 j - 0.4 *)t] 
= (- 0.192 pN)£ + (- 0.128 pN) j + (- 0.384 pN) k + (- 0.192 pN)/ 

= - (0. 192 pN)/ - (0.128 pN) j - (0.576pN)* 


Substitute in equation (1) to obtain: 


F = A /(-0.!92pN) 2 +(-0.!28pN) 2 +(-0.576p N ) 2 =1 0.621pN 


Express and evaluate the angle 
F makes with the x axis: 


e. 


= cos 


VFJ 


= cos 


-0.192pN^ 
v 0.62 lpN y 


108° 


Express and evaluate the angle 
F makes with the y axis: 


6,. = cos 


Py_ 

yF j 


"-0.128pN" 
v 0.62lpN y 


102 ° 


Express and evaluate the angle 
F makes with the z axis: 


(F^ 

_ -1 

f-0.576pN^j 

l F J 

= cos 

v 0.62lpN J 


158° 


24 « 

Picture the Problem We can use F = II x B to find the force acting on the segments of 
the wire as well as the magnetic force acting on the wire if it were a straight segment 
from a to b. 

Express the magnetic force acting F = F 3cm + F Acm 

on the wire: 
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Evaluate F icm 


Evaluate F 4cm 


Substitute to obtain: 


hem =(l-8A)[(3cm)/x(l.2T)ft] 
= (0.0648 N)(-j) 

=-(0.0648 N)j 

h,m=(l-8A)[(4cm)yx(l.2T)*j 
= (0.0864N)/ 

F = -(0.0648N)j + (0.0864N)/ 
= (0.0864N)/-(0.0648N)j 


If the wire were straight from a to b: 


f = (3 cm)/ + (4 cm)/ 


The magnetic force acting on the wire is: 


F 


(l.8A)[(3cm)/ +(4cm)j]x (l .2 T)& =-(0.0648 N)j 


+ 


(0.0864N)/ 


(0.0864N)/-(0.0648N)j 


in agreement with the result obtained above when we treated the two straight segments of 
the wire separately. 


25 •• 

Picture the Problem Because the magnetic field is horizontal and perpendicular to the 
wire, the force it exerts on the current-carrying wire will be vertical. Under equilibrium 
conditions, this upward magnetic force will be equal to the downward gravitational force 
acting on the wire. 


Apply Yj F vertica i = 0 to the wire: 


F 


mag 


~W = 0 


Express F m ag : 


^mag = UB 
because 6= 90°. 


Substitute to obtain: 


MB - mg = 0 


Solve for /: 


, _ mg 

IB 


I _ (50g)(9.81m/s^) 
~ (25cm)(l.33T) 


1.48 A 


Substitute numerical values and evaluate I: 
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*26 •• 

Picture the Problem The diagram shows 
the gaussmeter displaced from equilibrium 
under the influence of the gravitational and 
magnetic forces acting on it. We can apply 
the condition for translational equilibrium 
in the x direction to find the equilibrium 
angular displacement of the wire from the 
vertical. In part (b) we can solve the 
equation derived in part (a) for B and 
evaluate this expression for the given data 
to find the horizontal magnetic field 
sensitivity of this gaussmeter. 


// / // 



(a) Apply ^ F x =0 to the wire to m S s i n 9 — F cos6* — 0 

obtain: 


Substitute for F and solve for 0 to 
obtain: 


mg sin 6 - MB cos 0 
and 


9 = tan 1 


' UB ' 

M n §) 


0 


( 1 ) 


Substitute numerical values and 
evaluate 9: 


0 = tan 1 


(0.2A)(0.5m)(0.04T) 
(0.005 kg)(9.81 m/s 2 ) 


4.66° 


( b ) Solve equation (1) for B to ^ _ mg ton 6 

obtain: It 


For a displacement from vertical of 
0.5 mm: 


Substitute numerical values and 
evaluate B\ 


tan 6 « sin 0 = 


0.5 mm 
0.5 m 


0.001 


and 

6 = 0.001 rad 


_ (0.005 kg)(9.81 m/s 2 )(0.001 rad) 
(20 A) (0.5 m) 

- 4.91//T 


27 
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Picture the Problem With the current in 
the direction indicated and the magnetic 
field in the z direction, pointing out of the 
plane of the page, the force is in the radial 
direction and we can integrate the element 
of force dF acting on an element of length 
df between 0= 0 and n to find the force 
acting on the semicircular portion of the 
loop and use the expression for the force on 
a current-carrying wire in a uniform 
magnetic field to find the force on the 
straight segment of the loop. 



Express the net force acting on the 
semicircular loop of wire: 

F - F + F 

semicircular loop straight segment 

Express the force acting on the 
straight segment of the loop: 

^straight segment = ^ X & = ~ 2R1B 

Express the force dF acting on the 
element of the wire of length dt. 

dF = IdiB = IRBdO 

Express the x and y components of 
dF : 

dF x = dF cos 0 

and 

dF v = dF sin# 

Because, by symmetry, the x 
component of the force is zero, we 
can integrate the y component to 

find the force on the wire: 

dF v = IRB sin Odd 

and 

71 

F v =RIB^smdd6 = 2RIB 

0 

Substitute in equation (1) to obtain: 

F = 2RIB - 2R1B = 0 
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28 •• 

Picture the Problem We can use the information given in the 1 st and 2 nd sentences to 
obtain an expression containing the components of the magnetic field i? . We can then 
use the information in the 1 st and 3 rd sentences to obtain a second equation in these 
components that we can solve simultaneously for the components of B . 


Express the magnetic field B in 
terms of its components: 

Express F in terms of B : 


Equate the components of this 
expression for F with those given 
in the second sentence of the 
statement of the problem to obtain: 

Noting that B : is undetermined, 
solve for B x and B v : 

When the wire is rotated so that the 
current flows in the positive x 
direction: 


Equate the components of this 
expression for F with those given 
in the third sentence of the problem 
statement to obtain: 

Solve for B~ and B v to obtain: 


Substitute in equation (1) to obtain: 


B - B x i + B y j + B.k (1) 


F =I~ixB 

= (4 A)[(0.1 m)k] x (bJ + BJ + Bk) 
= (0.4A -m)^ x {bJ + BJ + B„k) 

= (0.4 A • m )BJ - (0.4 A • m)B y i 

(0.4A-m)5 v = 0.2 N 

and 

(0.4 A -m)^ =0.2 N 
B = 0.5 T and B = 0.5 T 

x y 


F = I£xB 

= (4 A)[(0. 1 m)/ ]x [bJ + B y j + B z k ) 
= (0.4A • m)/ x {bJ + BJ + B : k) 

= -(0.4A • m )B z j + (0.4A • m )B k 


-(0.4A-m)5. =0 
and 

(0.4A-m)5 v = 0.2 N 


B;= 0 

and, in agreement with our results above, 
B y = 0.5T 


(0.5T> ; + (0.5T)j 
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29 •• 

Picture the Problem We can use the information given in the 1 st and 2 nd sentences to 
obtain an expression containing the components of the magnetic field 5 . We can then 
use the information in the 1 st and 3 rd sentences to obtain a second equation in these 
components that we can solve simultaneously for the components of B . 


Express the magnetic field B in 
terms of its components: 

Express F in terms of B : 


Equate the components of this 
expression for F with those given 
in the second sentence of the 
statement of the problem to obtain: 

Noting that B x is undetermined, 
solve for 5. and 5 V : 


B — B x i + Bj + B_k 


( 1 ) 


F = fix B 

= (2 A)[(0.1 m)/ ] x (bJ + BJ + B_k ) 
= (0.2 A • m)i x (bJ + B x j + 5./t) 

= -(0.2 A -m)5_y' + (0.2 A • m)B k 


-(0.2 A-m )B Z = 3N 
and 

(0.2 A-m)5 v = 2N 


B. = -15T 
and 

B y = 10T 


When the wire is rotated so that the 
current flows in the positive y 
direction: 


Equate the components of this 
expression for F with those given 
in the third sentence of the problem 
statement to obtain: 

Solve for B, and B : to obtain: 


F = fix B 

= (2A)[(0.1m )j]x(A + sJ + si) 

= (0.2 A • m)y x (bj + B y j + ) 

= (0.2 A • m)5 i - (0.2 A • m)5 x k 

(0.2 A • m)5 v = -3 N 

and 

-(0.2 A- 111 ) 5 . =-2N 
B x =~ 15T 

and, in agreement with our results above, 

5. = 10T 
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Substitute in equation (1) to obtain: 


B = 


(l 0 T)/ + (l 0 T )j - (l 5 T)k 


30 ••• 

Picture the Problem We can integrate the expression for the force dF acting on an 
element of the wire of length dL from a to b to show that F = ILx B. 


Express the force dF acting on the 
element of the wire of length dL : 

Integrate this expression to obtain: 

Because B and I are constant: 


dF = IdL x B 


b 

F = | IdL x B 

a 



( b 

\ 



II 

\dL 

xB = 

ILxB 


\a 

7 




where L is the vector from a to b 


Motion of a Point Charge in a Magnetic Field 


*31 • 

Picture the Problem We can apply Newton’s 2 nd law to the orbiting proton to relate its 
speed to its radius. We can then use T — Inr/v to find its period. In Part ( b ) we can use the 
relationship between T and v to determine v. In Part (c) we can use its definition to find 
the kinetic energy of the proton. 


(a) Relate the period T of the 
motion of the proton to its orbital 
speed v: 

Apply X F radial = t0 the P r0t0n 
to obtain: 



qvB = m 


v 

r 


( 1 ) 


Solve for v/r to obtain: 


v _qB 
r m 


Substitute to obtain: 


2nm 
qB 


T 2;r(l.67 x 1CT 27 kg) 

(l.60xKT 19 c)(0.75T) 


87.4ns 


Substitute numerical values and 
evaluate T: 
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(. b ) From equation (1) we have: ^ _ 2;zr _ 2;r(0.65m) 

V ~ T ~ 87.4ns 

= 4.67xl0 7 m/s 


(c) Using its definition, express and evaluate the kinetic energy of the proton: 


K = y/nv 2 


= y(l .67 X10 27 kg)(4.67 x 10 7 m/sf = 1.82 x 10 12 J x - 


leV 


60x10 19 J 


= 11.4 MeV 


32 • 

Picture the Problem We can apply Newton’s 2 nd law to the orbiting electron to obtain an 
expression for the radius of its orbit as a function of its mass m, charge q, speed v, and the 
magnetic field B. Using the definition of its kinetic energy will allow us to express r in 
terms of m, q, B, and its kinetic energy K. We can use 

T= 27tr/v to find the period of the motion and calculate the frequency from the reciprocal 
of the period of the motion. 


(a) Apply ^F radial = ma c to the 
proton to obtain: 


qvB = m 


2 


V 

r 


Solve for r. „ _ mv 

qB 

Express the kinetic energy of the K = \ mv 2 

electron: 

Solve for v to obtain: |2 K 



( 1 ) 


( 2 ) 


Substitute in equation (1) to obtain: 


m 

2 K 

qB 1 

II m 


— yjlKm 
qB 


Find the frequency from the 
reciprocal of the period: 



1 

0 .110ns 


9.10 GHz 


Substitute numerical values and evaluate r. 
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2(45 keV) 


9.11x10 31 kg x 


1 .6x10 19 


eV 


r = 


(l .6 x 1 0 i9 C)(0.325T) 


2.20 mm 


( b ) Relate the period of the j _ 

electron’s motion to the radius of its v 

orbit and its orbital speed: 


Substitute equation (2) to obtain: 



Substitute numerical values and evaluate T: 


T = ^:(2.20mm) 


1 


45keV x 


1 .6x10 

eV 




’) 

0 .110ns 

19 j 


33 • 

Picture the Problem We can apply Newton’s 2 nd law to the orbiting electron to obtain an 
expression for the radius of its orbit as a function of its mass m, charge q, speed v, and the 
magnetic field B. 

(a) Apply ^F radial = ma c to the v 2 

proton to obtain: r 


Solve for r. 

Substitute numerical values and 
evaluate r. 


_ mv 
qB 

(9.1 lx 10~ 31 kg)(l0 7 m/s) 

7 “ (1.60x10 19 C)(4x10 7 T) 

= 142m 


_ (9.1 lx 10~ 31 kg)(l0 7 m/s) 

7 “ (l.60xl0 -19 c)(2x10 ~ 5 t) 

= 2.84m 


(b) For B = 2x10~ 5 T: 
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34 •• 

Picture the Problem We can apply Newton’s 2 nd law to an orbiting particle to obtain an 
expression for the radius of its orbit R as a function of its mass m, charge q, speed v, and 
the magnetic field B. 

Apply ^F radial = ma to an orbiting v 2 

qvB — m — 

particle to obtain: r 


Solve for r. 


r 


mv 

qB 


Express the kinetic energy of the K = \ mv 2 

particle: 


Solve for v to obtain: 



Substitute in equation (1) to obtain: 


m 2K 1 



qB M 

m qh 

Using equation (1), express the ratio 


1 

j2Km d 

Rd/Rp- 

Rd 

<idR 



Rp 

l 

j2Km 




V P 


*j2Km 


% [K 

9 d V m P 


( 1 ) 




Using equation (1), express the ratio 
R a /B p : 



1 


Va B 


4 1Km a 


1 

j2Km 

<1p B 

V P 

— 1 

4/« p 

2e V 

m v 


% 



35 •• 

Picture the Problem We can apply Newton’s 2 nd law to the orbiting particles to derive 
an expression for their velocities as a function of their charge, their mass, the magnetic 
field in which they are moving, and the radii of their orbits. We can then compare their 
velocities by expressing their ratio. In parts ( b ) and (c) we can proceed similarly starting 
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with the definitions of kinetic energy and angular momentum. 


(a) Apply ^F radi ai = ma c to an 

v 1 

qvB = m — 


orbiting particle to obtain: 

r 


Solve for v: 

qBr 

V — 



m 


Express the velocities of the 

% Br A q a Br 

v = —— and v = —— 


particles: 

m p m a 


Divide the second of these equations 

q a Br 


by the first to obtain: 

v a _ m a _ q a m p _ 2 em p 

1 


\ % Br q» m a e(4mj 

2 


ni 


(b ) Express the kinetic energy of an 
orbiting particle: 


K = j in v 2 = j m 


r qBA 2 
v m J 


1 

2 


q 2 B 2 r 2 

m 


Using this relationship, express the 
ratio of K a to K p : 


K a _ 2 m a _ q 2 jn p 
K p , q;B 2 r 2 q\m a 

2 « P 

_ ( 2 e J m v _rn 

e 2 (4 m p ) '—' 


(c) Express the angular momenta of L a — m a v a r and L p - m p v p r 

the particles: 


Express the ratio of L a to L v : 


L a _ m a V a r 

L V 'W 


( 4 ffl p)(l V p) 



36 •• 

Picture the Problem We can use the definition of momentum to express p in terms of v 
and apply Newton’s 2 nd law to the orbiting particle to express v in terms of q, B, R, and in. 
In part ( b ) we can express the particle’s kinetic energy in terms of its momentum and use 
our result from part (a) to show that K = jB 2 q 2 R 2 /m. 























(a) Express the momentum of the 
particle: 

Apply X F radiai = ™a c to the 
orbiting particle to obtain: 


The Magnetic Field 471 
p = mv (1) 


qvB = m — 
R 


Solve for v: 


qBR 

m 


Substitute in equation (1) to obtain: 


p = m 


qBR 


V m 


qBR 


(b ) Express the kinetic energy of the p ~ 

orbiting particle as a function of its 2m 

momentum: 


Substitute our result from part (a) to 
obtain: 


K feggf 

2 m 


q 2 B 2 R 2 
2 m 


*37 •• 

Picture the Problem The particle’s velocity has a component v\ parallel to B and a 
component v 2 normal to B . Vi = v cos 6 and is constant, whereas v 2 = v sind?, being 
normal to B , will result in a magnetic force acting on the beam of particles and circular 
motion perpendicular to B . We can use the relationship between distance, rate, and time 
and Newton’s 2 nd law to express the distance the particle moves in the direction of the 
field during one period of the motion. 


Express the distance moved in the 
direction of B by the particle 
during one period: 

Express the period of the circular 
motion of the particles in the beam: 

Apply X /\ adial = ma c to a particle 
in the beam to obtain: 


x = Vj T 



qv 2 B = m 



r 


( 1 ) 


Solve for v 2 : 


qBr 

m 
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Substitute to obtain: j, _ 2 jw _ 2 run 

qBr q B 
m 


Because vi = v cos 9, equation (1) . . 

f 2mn ^ 



( \ 

m 


, x = (vcos^) 

becomes: v ’ 

l V B ) 


2 n 

[qB) 

VCOS0 


38 •• 

Picture the Problem The trajectory of the 
proton is shown to the right. We know that, 
because the proton enters the field 
perpendicularly to the field, its trajectory 
while in the field will be circular. We can 
use symmetry considerations to determine 
<j). The application of Newton’s 2 nd law to 
the proton while it is in the magnetic field 
and of trigonometry will allow us to 
conclude that r = d and to determine their 
value. 



From symmetry, it is evident that 
the angle dm Figure 26-35 equals 
the angle </r. 

Use trigonometry to obtain: 


Apply X F mdiai = ma c t0 the P roton 
while it is in the magnetic field to 
obtain: 


0 = 


60.0° 


sin(90° — 0) = sin 30° 
or r = d. 


]_ 

2 


d/2 

r 


qvB = in — 
r 


Solve for r. 

mv 



qB 


Substitute numerical values and 

d — r — 

(l .67x10 27 kg)(l0 7 m/s) 

evaluate r = d: 


(l.60xl0 19 C)(0.8T) 


0.130 m 
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Picture the Problem The trajectory of the 
proton is shown to the right. We know that, 
because the proton enters the field 
perpendicularly to the field, its trajectory 
while in the field will be circular. We can 
use symmetry considerations to determine 
<j). The application of Newton’s 2 nd law to 
the proton while it is in the magnetic field 
and of trigonometry will allow us to 
conclude that r = d and to determine their 
value. 



(a) From symmetry, it is evident 
that the angle din Figure 26-33 
equals the angle <j)\ 


</> = 


24.0° 


Use trigonometry to obtain: 


sin(90° -0) = sin 24° 


d/2 


or 

- d 

?p ~ 2 sin 24° 


0.4 m 
2 sin 24° 


0.492 m 


Apply Yj = ma c t0 the P roton 
while it is in the magnetic field to 
obtain: 


gv B = nr — 

ip p p 


Solve for and evaluate v p : _ 

Vp '^T 

Substitute numerical values and (l.60x 10~ 19 c)(0.492m)(0.6T) 

evaluate v p : p 1.67 x 10 -27 kg 

= 2.83xl0 7 m/s 


_ q&B _ q/,B 
m d 2 m p 


(b) Express Vd: 
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Substitute numerical values and (l. 60x10 19 c)(0.492m)(0.6T) 

evaluate v d : Vd 2(l .67x10 27 kg) 

= 1.41x 10 7 m/s 


40 •• 

Picture the Problem We can apply Newton’s 2 nd law of motion to express the orbital 
speed of the particle and then find the period of the dust particle from this orbital speed. 

The period of the dust particle’s j, _ 2m* 

motion is given by: v 

A PPty / F = ma c to the particle: v 2 

qvB = m — 
r 


Solve for v to obtain: 

Substitute for v in the expression for 
T and simplify: 

Substitute numerical values and 
evaluate T: 


qBr 
v = -— 
m 

_ 2 mm _ 2 mn 
qBr qB 

2 ;r(l0xl0~ 6 gxl0~ 3 kg/g) 
(0.3nC)(l0 9 T) 

= 2.094xl0 n sx-3^- 

31.56Ms 

= 6.64xl0 3 y 


The Velocity Selector 

*41 • 

Picture the Problem Suppose that, for positively charged particles, their motion is from 
left to right through the velocity selector and the electric field is upward. Then the 
magnetic force must be downward and the magnetic field out of the page. We can apply 
the condition for translational equilibrium to relate v to E and B. In ( b ) and (c) we can use 
the definition of kinetic energy to find the energies of protons and electrons that pass 
through the velocity selector undeflected. 

(a) Apply 2_j F y = 0 to the particle F elec - F mag = 0 

or 

qE - qvB = 0 


to obtain: 
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Solve for v to obtain: 


v 


E_ 

B 


Substitute numerical values and 
evaluate v: 

( b ) Express and evaluate the kinetic 
energy of protons passing through 
the velocity selector undeflected: 


(c) The kinetic energy of electrons 
passing through the velocity selector 
undeflected is given by: 


v = ■ 


0. 46 MV/m 
0.28T 


1.64 x 10 6 m/s 


K v =J»V r 


(l.67xl0 27 kg )(l.64xl0 6 m/s) 2 
leV 


= 2.26x10 Jx- 


1.60x10 19 J 


= 14.0 keV 


K e = \m e v 


= j(9.11 x 10 31 kg )(l .64 x 10 6 m/s) 2 
leV 


= 1.23x10 18 Jx 


1.60x10 19 J 


= 7.66 eV 


42 • 

Picture the Problem Because the beam of protons is not deflected; we can conclude that 
the electric force acting on them is balanced by the magnetic force. Hence, we can find 
the magnetic force from the given data and use its definition to express the electric field. 

(a) Use the definition of electric 
field to relate it to the electric force 
acting on the beam of protons: 

Express the magnetic force acting 0 
the beam of protons: 

Because the electric force must be equal in magnitude but opposite in direction: 

F elec = ~ c l vB k = —(l-60x 10 19 c)(l2.4km/s)(0.85T)£ = -(l.69x 10 15 n)* 

Substitute in the equation for the ~ - (| .69 xlO 15 n)& 

electric field to obtain: elec \.6x 10~ 19 C 

= -(l0.5kV/m)A 


F 

17 _ elec 

^elec - 

q 


>n 


= qvi X Bj = qvBk 
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0 b ) 


Because both F and F lcc are reversed, electrons are not deflected. 


Thomson’s Measurement of q/m for Electrons and the Mass 
Spectrometer 


*43 •• 

Picture the Problem Figure 26-18 is reproduced below. We can express the total 
deflection of the electron beam as the sum of the deflections while the beam is in the field 
between the plates and its deflection while it is in the field-free space. We can, in turn, 
use constant-acceleration equations to express each of these deflections. The resulting 
equation is in terms of Vo and E. We can find Vo from the kinetic energy of the beam and 
E from the potential difference across the plates and their separation. In part ( b ) we can 
equate the electric and magnetic forces acting on an electron to express B in terms of E 
and v 0 . 



(a) Express the total deflection Ay of 
the electrons: 


Use a constant-acceleration equation 
to express A yy. 


Apply Newton’s 2 nd law to an 
electron between the plates to 
obtain: 


Av = Avj + Ay 2 (1) 

where 

Avi is the deflection of the beam while it is 
in the electric field and Ay 2 is the deflection 
of the beam while it travels along a 
straight-line path outside the electric field. 

Av, =\a y {At) 2 (2) 

where At = jti/vo is the time an electron is in 
the electric field between the plates. 

qE = ma 


a 


y 


qE 


Solve for a y and substitute into 
equation (2) to obtain: 


and 


m 
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4vi 


'qE' 

( \ 

v m J 

Toy 


(3) 


Express the vertical deflection Ay 2 of Ay 2 = v v A t 2 (4) 

the electrons once they are out of the 
electric field: 


Use a constant-acceleration equation 
to find the vertical speed of an 
electron as it leaves the electric 
field: 


v, = v 0v + a 


,A t x 



m 


( \ 

Xf 

V V 0 J 


Substitute in equation (4) to obtain: 

a d E 

Av 2 = — 

( x x ' 

f \ 

x 2 


m 

l v o. 

l v 0 J 


qEx x x 2 


mv n 


(5) 


Substitute equations (3) and (5) in 
equation (1) to obtain: 


Use the definition of kinetic energy 
to find the speed of the electrons: 


AT = \ 


(qE\ 

( \ 
Xy 

V m J 

Toy 


qEx x x 2 


mv n 


or 


Av = 


qEx j 


mv 0 V 2 


x, 

— + X, 


( 6 ) 


ry' 1 2 

A = -/«V (| 
and 


2K _ I 2(2.8keV) 


V m 9.1 lx 10 31 kg 
= 3.14x 10 7 m/s 


Express the electric field between ^ _ V_ 

the plates in terms of their potential d 

difference: 


Substitute numerical values and 
evaluate E : 


V 25V 

E = — = = 2.08kV/m 

d 1.2 cm 


Substitute numerical values in equation (6) and evaluate Ay: 


(l .60 x 10 19 C)(2.08 kV/m)(6 cm) | 

f 6 cm + 3 o cm l - 

7.34 mm 

1 

(9.11 x 10~ 31 kg)(31.4 Min/s) 2 1 

V 2 J 
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( b ) Because the electrons are F mag - F elec = 0 

deflected upward, the electric field or 

must be downward and the magnetic qvB = qE 

field upward. Apply '^F v = 0 to an 

electron to obtain: 


Solve for B : 


B = 


E 


v 


Substitute numerical values and 
evaluate B: 


2.08kV/m 

3.14xl0 7 m/s 


66.2 /IT 


44 •• 

Picture the Problem The diagram below represents the paths of the two ions entering the 
magnetic field at the left. The magnetic force acting on each causes them to travel in 
circular paths of differing radii due to their different masses. We can apply Newton’s 2 nd 
law to an ion in the magnetic field to obtain an expression for its radius and then express 
their final separation in terms of these radii that, in turn, depend on the energy with which 
the ions enter the field. We can connect their energy to the potential through which they 
are accelerated using the work-kinetic energy theorem and relate their separation As to 
the accelerating potential difference AV. 



Express the separation As of the As- 2(r 37 — r 35 ) (1) 

chlorine ions: 

Apply X F rad.ai = ma c to an ion in v 2 

qvB = m — 

the magnetic field of the mass r 

spectrometer: 


r 


m y 
qB 


Solve for r to obtain: 


( 2 ) 
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Relate the speed of an ion as it 
enters the magnetic field to the 
potential difference through which it 
has been accelerated: 

Solve for v to obtain: 


qAV = \mv n 



Substitute in equation (2) to obtain: 


Use this equation to express the 
radii of the paths of the two chlorine 
isotopes to obtain: 

Substitute in equation (1) to obtain: 


Solve for AV: 


Substitute numerical values and 
evaluate A V: 


m \2qAV _ \2mAV 
qB V m ]] qB 2 


2m,, A V , 2m 37 AV 

1 an d f 7 = , 


qB s 


qB 


As = 2 


2m 35 AV 2m 35 AV 


qB 2 


qB 2 


= 2 


1 2AV 


B V q 




AV = 


qB 2 (2Asf 


(l.bOxlO^cXl^T) 2 ^ 1 ^ 111 ^ 

2(73711 

5.65 x 10 -24 C • T 2 • m 2 
(V37-v/35) 2 (l-66xl0^ 27 kg) 
122kV 


45 •• 

Picture the Problem We can apply Newton’s 2 nd law to an ion in the magnetic field to 
obtain an expression for r as a function of m, v, q, and B and use the work-kinetic energy 
theorem to express the kinetic energy in terms of the potential difference through which 
the ion has been accelerated. Eliminating v between these equations will allow us to 
express r in terms of m, q, B, and AV. 
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Apply X F radial = mCi c t0 an >« n 

the magnetic field of the mass 
spectrometer: 

Solve for r to obtain: 


Apply the work-kinetic energy 
theorem to relate the speed of an ion 
as it enters the magnetic field to the 
potential difference through which it 
has been accelerated: 

Solve for v to obtain: 


qvB = m 


v 

r 


_ m v 
qB 


qAV = \mv 2 



( 1 ) 


Substitute in equation (1) to obtain: 


m jlqAV _ 12mAV 
qB V m \ qB 2 


( 2 ) 


(a) Substitute numerical values and 
evaluate equation (2) for 24 Mg : 


I 2(3.983 xl0~ 26 kg)(2.5kv)~ 

\ (l.60x 10~ 19 c)(557x 10 -4 t) 2 

= 63.3cm 


(b) Express the difference in the A r = r 26~r 2 4 

radii for 24 Mg and 26 Mg: 


Substitute numerical values and 


^96^ 

(3.983x10 26 kg)(2.5kV) 

evaluate equation (2) for 26 Mg : 

2 

,24; 

'26 1 


(l.60xlCT 19 c)(557xlCr 4 T) 2 


= 65.9cm 


Substitute to obtain: 


Ar = 65.9 cm -63.3 cm = 


2.60 cm 


*46 •• 

Picture the Problem We can apply Newton’s 2 nd law to an ion in the magnetic field of 
the spectrometer to relate the diameter of its orbit to its charge, mass, velocity, and the 
magnetic field. If we assume that the velocity is the same for the two ions, we can then 
express the ratio of the two diameters as the ratio of the masses of the ions and solve for 
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the diameter of the orbit of 7 Li. 

Apply ^F radial = ma c to an ion in 
the field of the spectrometer: 

Solve for r to obtain: 


Express the diameter of the orbit: 


Express the diameters of the orbits 
for 6 Li and 7 Li: 

Assume that the velocities of the 
two ions are the same and divide the 
2 nd of these diameters by the first to 
obtain: 

Solve for and evaluate df. 


qvB = m — 
r 


mv 

qB 


, 2 mv 

a =- 

qB 


d 6 = 


2 m 6 v 
qB 


and d 1 


2 m 7 v 
qB 


d 1 

d 6 


2 m 7 v 
qB _ m 1 

2m 6 v m 6 
qB 


d-j = —d 6 = —(l5cm) = 
m 6 6 u 


17.5 cm 


The Cyclotron 


47 •• 

Picture the Problem The time required for each of the ions to complete its semicircular 
paths is half its period. We can apply Newton’s 2 nd law to an ion in the magnetic field of 
the spectrometer to obtain an expression for r as a function of the charge and mass of the 
ion, its velocity, and the magnetic field. 


Express the time for each ion to ^ _ \j_ nr 

complete its semicircular path: 2 v 


Apply ^F radial = ma c to an ion in the 
field of the spectrometer: 


qvB = in — 
r 


r 


mv 

qB 


Solve for r to obtain: 
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Substitute to obtain: 


Substitute numerical values and 
evaluate At 58 and A t 60 \ 


At = 


mn 

qB 


58;r(l.66x 10 27 kg) 

~ (1.60x10 19 C)(0.12 T) 

= 15.8 //s 

and 

60;r(l.66x 10~ 27 kg) 
t&0 ~ (1.60x10 19 C)(0.12T) 

= 16.3/zs 


48 •• 

Picture the Problem We can apply a condition for equilibrium to ions passing through 
the velocity selector to obtain an expression relating E, B, and v that we can solve for v. 
We can, in turn, express E in terms of the potential difference V between the plates of the 
selector and their separation d. In ( b ) we can apply Newton’s 2 nd law to an ion in the 
bending field of the spectrometer to relate its diameter to its mass, charge, velocity, and 
the magnetic field. 


(a) Apply = 0 to the ions in 

the crossed fields of the velocity 
selector to obtain: 

Solve for v to obtain: 


Express the electric field between 
the plates of the velocity selector in 
terms of their separation and the 
potential difference across them: 

Substitute to obtain: 


Substitute numerical values and 
evaluate v: 


F. 


elec 


F 


mag 


= 0 


or 

qE - qvB = 0 


v 


E_ 

B 


E = 


V_ 

d 


,_V_ 
V ~ dB 


160V 

(2mm)(0.42T) 


1.90xl0 5 m/s 


Ad — d 2 38 ^235 


( b ) Express the difference in the 
diameters of the orbits of singly 


( 1 ) 
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ionized 238 U and 235 U: 

Apply ^F radial = ma c to an ion in 
the spectrometer’s magnetic field: 

Solve for the radius of the ion’s 
orbit: 

Express the diameter of the orbit: 


Express the diameters of the orbits 
for 238 U and 235 U: 


Substitute in equation (1) to obtain: 


qvB = m — 
r 


mv 

qB 


, 2 mv 

a =- 

qB 


d 


238 


qB 


and d 23S 


2/»235 V 

qB 


Ad = 


2/ »238 V 

qB 

2v / 
— [m 
qB v 


238 


2 »h35 V 

qB 

~ m 235 ) 


Substitute numerical values and evaluate Ad: 


2(l.90xl0 5 m/s)(238u-235u) 


Ad = 


A 1.66xlQ- 27 kg A 

u 


(1.60x10 19 C)(l.2T) 


9.86 mm 


*49 .. 

Picture the Problem We can express the cyclotron frequency in terms of the maximum 
orbital radius and speed of the protons/deuterons. By applying Newton’s 2 nd law, we can 
relate the radius of the particle’s orbit to its speed and, hence, express the cyclotron 
frequency as a function of the particle’s mass and charge and the cyclotron’s magnetic 
field. In part ( b ) we can use the definition of kinetic energy and their maximum speed to 
find the maximum energy of the emerging protons. 


(a) Express the cyclotron frequency y _ J_ _ 1 _ v 

in terms of the proton’s orbital speed T 2tw/v 2m~ 

and radius: 


Apply X F radial = mCl c t0 a P r0t0n in 
the magnetic field of the cyclotron: 


qvB = in — 
r 


(1) 
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Solve for r to obtain: 


r 


mv 

qB 


Substitute to obtain: 


Substitute numerical values and 
evaluate /: 


/ 


qBv _ qB 
2mnv 2mn 


( 2 ) 


/ 


(l.60xl0 19 c)(l.4T) 
2^(l-67x10 27 kg) 


21.3 MHz 


( b ) Express the maximum kinetic /f max = 4 mv ^ ax 

energy of a proton: 

Solve equation (1) for v max to obtain: ; 

^max 

III 


Substitute to obtain: 


Substitute numerical values and 
evaluate K: 


K = 2 m 



2 

1 

( 1 T3 1 \ 

q B 


2 


l m 7 


l m J 


(3) 


K=\ 


(i.60x10 19 c) 2 (1.4T) 2 
1.67x10 27 kg 


(0.7 m) 2 


= 7.36xl(T 12 J x 


leV 


1.60x10 19 J 


= 46.0 MeV 


(c) From equation (2) we see that 
doubling m halves/: 


/d 


deuterons 


1 

2 




protons 


10.7MHz 


From equation (3) we see that 
doubling 777 halves K: 


K 


deuterons 


= J -K 

2 protons 


23.0 MeV 


50 •• 

Picture the Problem We can express the cyclotron frequency in terms of the maximum 
orbital radius and speed of the protons be accelerated in the cyclotron. By applying 
Newton’s 2 nd law, we can relate the radius of the proton’s orbit to its speed and, hence, 
express the cyclotron frequency as a function of the its mass and charge and the 
cyclotron’s magnetic field. In part ( b ) we can use the definition of kinetic energy express 
the minimum radius required to achieve the desired emergence energy. In part (c) we can 
find the number of revolutions required to achieve this emergence energy from the 
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energy acquired during each revolution. 


( a ) Express the cyclotron frequency 
in terms of the proton’s orbital speed 
and radius: 


1 _ 1 _ v 

T 2 7wlv 2m~ 


Apply ^F radial = ma c to a proton in 
the magnetic field of the cyclotron: 


qvB = m — 
r 


Solve for r to obtain: 


Substitute to obtain: 


Substitute numerical values and 


evaluate /: 


qBv _ qB 
2mnv 2mn 

(l.60x 1CT 19 c)(l.8T) 


2^(1.67x10- 7 kgj 
= 1 27.4 MHz 


( b) Using the definition of kinetic 
energy, relate emergence energy of 
the protons to their velocity: 


K = j mv 2 


Solve for v to obtain: 



Substitute in equation (1) and 
simplify to obtain: 

Substitute numerical values and 
evaluate r min : 


m 12K V 2 Km 

qB V m qB 

^/2(25McV)(l .67x10 27 kg) 

(l.60xlo' 19 c)(l.8T) 

= 0.401m 


(c) Express the required number of 
revolutions N in terms of the energy 
gained per revolution: 


25MeV 


Because the beam is accelerated 
through a potential difference of 50 


E rev =2ryAU = 100keV 
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kV twice during each revolution: 
Substitute and evaluate N\ 


25MeV 

lOOkeV/rev 


250 rev 


51 •• 

Picture the Problem We can express the cyclotron frequency in terms of the maximum 
orbital radius and speed of a particle being accelerated in the cyclotron. By applying 
Newton’s 2 nd law, we can relate the radius of the particle’s orbit to its speed and, hence, 
express the cyclotron frequency as a function of its charge-to-mass ratio and the 
cyclotron’s magnetic field. We can then use data for the relative charges and masses of 
deuterons, alpha particles, and protons to establish the ratios of their cyclotron 
frequencies. 


Express the cyclotron frequency in 
terms of a particle’s orbital speed 
and radius: 

Apply ^F radial = ma c to a particle 

in the magnetic field of the 
cyclotron: 

Solve for r to obtain: 



1 _ v 

iTTrjv 2m- 


qvB = in — 
r 


r 


mv 

qB 


Substitute to obtain: 


qBv 
2 7mv 


B q 
2 n m 


( 1 ) 


Evaluate equation (1) for deuterons: 


f A = 


B q A _ B e 
2 n m A 2 tv m A 


Evaluate equation (1) for alpha 
particles: 


Evaluate equation (1) for protons: 


2n m a 


and 



B 2e 
2 7t 2 m d 


B__e_ 
2n m A 


r = B_%_ 

p 2 n m v 
= 2/ d 


B e _ 2 B e ^ 
2ft 2 m A K^ft m dy 


and 
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1 

2 


/p = fA = fa 


52 •• 

Picture the Problem We can apply Newton’s 2 nd law to the orbiting charged particle to 
obtain an expression for its radius as a function of its particle’s kinetic energy. Because 
the energy gain per revolution is constant, we can express this kinetic energy as the 
product of the number of orbits completed and the energy gained per revolution and, 
hence, show that the radius is proportional to the square root of the number of orbits 
completed. 


Apply V F radjal = ma to a particle v 2 

*' q vB = m — 

in the magnetic field of the r 

cyclotron: 

Solve for r to obtain: _ mv 

qB 

Express the kinetic energy of the 
particle in terms of its speed and 
solve for v: 

Noting that the energy gain per K = NE KV 

revolution is constant, express the 

kinetic energy in terms of the 

number of orbits N completed by the 

particle and energy E iev gained by 

the particle each revolution: 


K = j mv~ 


v = 



( 1 ) 

( 2 ) 

(3) 


Substitute equations (2) and (3) in 
equation (1) to obtain: 


r 


Ill 

2 K 

qB 1 

|( m 


— yfcmK 
qB 



^neZ 


or 


r oc N V2 


P m E iev n i,2 

qB 


Torques on Current Loops and Magnets 

53 • 

Picture the Problem We can use the definition of the magnetic moment of a coil to 
evaluate ju and the expression for the torque exerted on the coil t = fix B to find the 
magnitude of r. 
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(a) Using its definition, express the 
magnetic moment of the coil: 

ju = NIA = NInr 2 

Substitute numerical values and 

evaluate ju: 

// = (20)(3 A);r(0.04m) 2 

= 0.302A-nr 

(b ) Express the magnitude of the 
torque exerted on the coil: 

r = jliB sin 6 

Substitute numerical values and 

evaluate r: 

x = (o.302 A • m 2 )(0.5T)sin60° 

= 0.131N • m 


54 • 

Picture the Problem The coil will experience the maximum torque when the plane of the 
coil makes an angle of 90° with the direction of B . The magnitude of the maximum 


torque is then given by r max = juB . 


Express the maximum torque acting 

on the coil: 

Unax = ^ 

Use its definition to express the 
magnetic moment of the coil: 

// = NIA = NInr 2 

Substitute to obtain: 

^max = NInr 2 B 

Substitute numerical values and 

evaluate r: 

Cnax = (400)(l.6mA>z-(0.75cm) 2 (0.25T) 
= 2.83 x 10 -5 N -m 

*55 • 

Picture the Problem We can use f = 

= fi xB to find the torque on the coil in the two 

orientations of the magnetic field. 


Express the torque acting on the 

coil: 

t = fixB 

Express the magnetic moment of the 

coil: 

ji = ±IAk = ±IL 2 k 
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(a) Evaluate f for B in the z 

f = ±ILk x Bk 

direction: 

= ±IL 2 B{kxk)= 0 

( b ) Evaluate T for B in the x 

r = ±11}k x Bi = ±IL 2 B(k x /) 

direction: 

= ±(2.5A)(0.06m) 2 (0.3T)j 
= ±(2.70xl0 _3 N-m)j 

56 • 

Picture the Problem We can use r = 

fix. B to find the torque on the equilateral tri 

in the two orientations of the magnetic field. 

Express the torque acting on the 

coil: 

f = fixB 

Express the magnetic moment of the 

coil: 

fi = ±IAk 

Relate the area of the equilateral 

A = j base x altitude 

triangle to the length of its side: 

_ U J^L)_ V3 2 

9 ^ ^ 9 A 

z v z y H 

Substitute to obtain: 

- , v/3. L 2 I f 

P = ± 4 k 

(a) Evaluate f for B in the z 

i- + ^ L 1 kxBk 

direction: 

4 

4 V > - 

(b ) Evaluate f for B in the x 


direction: 

4 4 v 

V3(0.08m) 2 (2.5A)(0.3T) - 

A J 


(2.08x10 3 N-m)/ 
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57 •• 

Picture the Problem The loop will start to lift off the table when the magnetic torque 
equals the gravitational torque. 

Express the magnetic torque acting z" mag = /jB = IttR 2 B 

on the loop: 

Express the gravitational torque r grav = mgR 

acting on the loop: 

Because the loop is in equilibrium 
under the influence of the two 
torques: 


Solve for B to obtain: 


58 •• 

Picture the Problem The diagram to the 
right shows the coil as it would appear 
from along the positive z axis. The right- 
hand rule for determining the direction of 
h has been used to establish h as shown. 
We can use the geometry of this figure to 
determine 9 and to express the unit normal 
vector h . The magnetic moment of the 
coil is given by // = NIAh and the torque 

exerted on the coil by f = fix B. Finally, 
we can find the potential energy of the coil 
in this field from U = -// • B . 



InRj B = mgR 


(a) Noting that 9 and the angle 
whose measure is 37° have their 
right and left sides mutually 
perpendicular, we can conclude that: 

( b ) Use the components of n to 
express n in terms of i and j : 



h = n x i +n y j = cos37°i -sin37 0 y 

= 0.799/ - 0.602j 


(c) Express the magnetic moment of 


// = NIAh 
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the coil: 

Substitute numerical values and evaluate Ji : 

Ji = (50)(l.75 A)(48cm 2 )(o. 799/ -0.602 j 

(d) Express the torque exerted on the • 

coil: 

Substitute for Ji and B to obtain: 

f = fo.336 A • m 2 )/ - (0.253A • m 2 ) j}x (l.5T)j 
= (0.504 N-m)(/x j)-(0.380N-m)(/x j) = 


(0.504 N-m)* 


0.336A-m 2 77- 0.253A-m 


a 


r = JixB 


( e ) Express the potential energy of U = -Ji ■ B 

the coil in terms of its magnetic 
moment and the magnetic field: 


Substitute for Ji and B and evaluate U: 


U = -fo.336 A • m 2 )/ - (o.253 A • m 2 ))}■ (l .5 T)j 
= -(0.504N • m)(/ • j)+ (0.380N • m)(j■}) 


0.380 J 


59 •• 

Picture the Problem We can use the right-hand rule for determining the direction of h 
to establish the orientation of the coil for value of h and i = JixB to find the torque 
exerted on the coil in each orientation. 


(a) The orientation of the coil is 
shown to the right: 


Evaluate f for B = 2.0 T j and 
ft = i : 



t = JixB = NIAh x B 
= (50)(l.75A)(48cm 2 }-x(2T)j 
= (0.840 N-m)(/x j ) 

= (0.840N-m)& 
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(b ) The orientation of the coil is 
shown to the right: 


Evaluate f for B = 2.0 T j and 
ft = j : 


(c) The orientation of the coil is 
shown to the right: 


Evaluate f for B = 2.0 T j and 
n = -}: 


(i d) The orientation of the coil is 
shown to the right: 


Evaluate f for B = 2.0 T j and 
h = (* + j )/ yfl : 


Magnetic Moments 


y 


A 

II 



t = jux B = NIAn x B 
= (50)(l.75A)(48cm 2 )jx(2T)y 
= (0.840N-m)(jxj) 

= ~ 0 ~ 



A 

1 } n 

t = fix B = NIAn x B 
= -(50)(l.75A)(48cm 2 )jx(2T)j 
= (-0.840N-m)(jxj) 

= ”o” 



t = fix B = NIAn x B 

j50)(l.75A)(48cmd ( / + j ) x(2T)y . 

= (0.594N-m)(/x j) 

+ (0.594 N • m)(/‘ x _/) 

= (0.594 N-m)it 


*60 •• 

Picture the Problem Because the small magnet can be modeled as a magnetic dipole; we 
can use the equation for the torque on a current loop to find its magnetic moment. 


Express the magnitude of the torque 


r = juB sin 6 
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acting on the magnet: 

Solve for // to obtain: 

Substitute numerical values and 
evaluate //: 


r 

u =- 

B sin 8 

0.10N-m 

(0.04T)sin60° 


2.89 A • m 2 


61 •• 

Picture the Problem We can use the definition of the magnetic moment to find the 
magnetic moment of the given current loop and a right-hand rule to find its direction. 


Using its definition, express the 
magnetic moment of the current 
loop: 

Express the area bounded by the 
loop: 

Substitute to obtain: 


Substitute numerical values and 
evaluate ju\ 


/u = IA 



_ r2 \ 

'inner / 


A = 


71 


(1.5 A) 


(0.5 m) 1 


0.377 A • m 2 



Apply the right-hand rule for determining the direction of the unit normal vector (the 


direction of ju) to conclude that ji points into the page. 


62 •• 

Picture the Problem We can use the definition of the magnetic moment of a coil to find 
the magnetic moment of a wire of length L that is wound into a circular coil of N loops. 
We can find the area of the coil from its radius R and we can find R by dividing the 
length of the wire by the number of turns. 

Use its definition to express the 
magnetic moment of the coil: 

Express the circumference of each 
loop: 


ju = NIA (1) 

— = 2 ttR 
N 
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Solve for R to obtain: 


Express the area of the coil: 


Substitute in equation (1) and 
simplify to obtain: 


where R is the radius of a loop. 


R = 


L 

2nN 


A = tjR 2 = n 


' L 


2nN 


L 2 

4 7rN 2 


ju = NI 


r l 2 ^ 


11} 

l AnN 2 J 


4 71 N 


63 •• 

Picture the Problem We can use the definition of current and the relationship between 
the frequency of the motion and its period to show that 1= qcotln. We can use the 
definition of angular momentum and the moment of inertia of a point particle to show 
that the magnetic moment has the magnitude JU = \qcor 2 . Finally, we can express the 

ratio of// to L and the fact that }i and L are both parallel to cd to conclude that 
// = (qI2m) L . 

(a) Using its definition, relate the j _ Aq_ __ q_ _ ^ 

average current to the charge At T 

passing a point on the circumference 
of the circle in a given period of 
time: 


Relate the frequency of the motion f _ (O 

to the angular frequency of the 2n 

particle: 


Substitute to obtain: 


1 = 


qco 

2 TC 


From the definition of the magnetic 
moment we have: 




(qa>^ 

( 2 \ 

1 2 


\nr ) = 

\qcor 

\2n j 




(i b ) Express the angular momentum L = Ico 

of the particle: 

The angular momentum of the / = mr 2 

particle is: 
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Substitute to obtain: 

Express the ratio of p to L and 
simplify to obtain: 

Because p and L are both parallel 
to co: 


( 2 1 

2 „ 

\mr jco = 

mr co 


M _ \qojr 2 q , q T 

— 2 — = ^ > j-l — 

L mr co 2m 2m 



*64 ••• 

Picture the Problem We can express the magnetic moment of an element of charge dq 
in a cylinder of length/,, radius r, and thickness dr, relate this charge to the length, 
radius, and thickness of the cylinder, express the current due to this rotating charge, 
substitute for A and dl in our expression for p and then integrate to complete our 
derivation for the magnetic moment of the rotating cylinder as a function of its angular 
velocity. 


Express the magnetic moment of an 
element of charge dq in a cylinder 
of length L, radius r, and thickness 
dr. 

Relate the charge dq in the cylinder 
to the length of the cylinder, its 
radius, and thickness: 

Express the current due to this 
rotating charge: 

Substitute to obtain: 

Integrate r from R l to Rq to obtain: 


dp = Adi 
where 
A = rcr. 

dq = 27iLprdr 


dl = —dq = —( 2nLprdr ) = Lcoprdr 
2k 2k 


dp = n' (Lcoprdr) = Loo pm 2 dr 


p = LcopK J r 'dr = \Lcopk(r* - R : 4 ) 


65 ••• 

Picture the Problem We can follow the step-by-step outline provided in the problem 
statement to establish the given results. 

(a) Express the magnetic moment of dp = Acll (1) 

the rotating element of charge: 


A = ra 


The area enclosed by the rotating 
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element of charge: 


Express the time At required for one 
revolution: 

Substitute to obtain: 

Substitute in equation (1) and 
simplify to obtain: 

( b ) Integrate dju from x = 0 to 
x = £: 

(c ) Express the angular momentum 
of the rod: 


Express the moment of inertia of the 
rod with respect to an axis through 
its end: 

Substitute to obtain: 

Divide our expression for // by L to 
obtain: 


Because to and L = ltd point in the 
same direction: 


dq Adx 

dl = — = - 

At At 

where At is the time required for one 
revolution. 



o 


L = Ico 

where L is the angular momentum of the 
rod and / is the moment of inertia of the 
rod with respect to the point about which it 
is rotating. 

I = \ mL 2 

where L is now the length of the rod. 

L = \ml}co 

fi j AcoL XL 
L \mL 2 to 2m 
or, because Q = XL, 
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66 ••• 

Picture the Problem We can express the 
magnetic moment of an element of current 
dl due to a ring of radius r, and thickness 
dr with charge dq. Integrating this 
expression from r = 0 to r = R will give us 
the magnetic moment of the disk. We can 
integrate the charge on the ring between 
these same limits to find the total charge on 
the disk and divide // by Q to establish the 
relationship between them. In part ( b ) we 
can find the angular momentum of the disk 
by first finding the moment of inertia of the 
disk by integrating r 2 dm between the same 
limits used above. 



(a) Express the magnetic moment of dfi — Adi 

an element of the disk: 


The area enclosed by the rotating 
element of charge is: 

Express the element of current dl\ 


A = to 2 



odA 

At 


= fodA 



(TqO) 

R 


r 2 dr 


Substitute and simplify to obtain: 


1 2 O-qCO 2, u 0 /uu 4 , 

d/u = jut ——r dr = —- r dr 


<J n 7T(0 


R 


R 


Integrate d/u from r = 0 to r = R to 
obtain: 

Express the charge dq within a 
distance r of the center of the disk: 


M = 


a Q nco 

R 


J r 4 dr 


\<j () m:oR 


( 1 ) 


dq = 2 modr = 2 7 tr 


( r\ 

v Rj 


dr 


2 no. 


o „2 


R 


r~dr 


Q = ^Y L \r 2 dr = \no 0 R 2 


Integrate dq from r = 0 to r = R to 
obtain: 


R 


( 2 ) 
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Divide equation (1) by Q to obtain: 


(b) Express the moment of inertia of 
an element of mass dm of the disk: 


Integrate dl from r = 0 to r = R to 
obtain: 

Divide / by equation (2) and 
simplify to obtain: 


Express the angular momentum of 
the disk: 

Divide equation (3) by L and 
simplify to obtain: 


Because // is in the same direction 
as cd : 


E = 
Q~ 

and 
M = 


3 coR 2 


\(7 0 K(dR 

j7ia 0 R 2 10 


wQnR 


(3) 


dl = r 2 dm = ra m dA 

r ^ 


= r 


m 
—cr 

V0 J 
r 


(imrlr) 


2 mi 


R 


cr„ 


0 

CT 0 4 


-rdr 


QR 


r dr 


I _ 2 mu7 Q 


QR 


J r 4 dr 


2mn cj, 


5Q 


0 R 4 


27nn<J 0 ^4 

J_ = 5Q = 3m r2 

Q f xcr 0 R 2 5 Q 

and 

5 


L = Ico = \mR 2 Q) 


10 


QcoR 2 _ Q 


M 


L | mR~a> 2m 


and 

V = —L 
2m 


R = 


Q_ 

2m 


67 ••• 

Picture the Problem We can use the general result from Example 26-11 and Problem 63 
to express // as a function of Q, M, and L. We can then use the definitions of surface 
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charge density and angular momentum to substitute for Q and L to obtain the magnetic 
moment of the rotating sphere. 


Express the magnetic moment of the 
spherical shell in terms of its mass, 
charge, and angular momentum: 

Use the definition of surface charge 
density to express the charge on the 
spherical shell is: 

Express the angular momentum of 
the spherical shell: 


R = 


S-L 
2 M 


Q = cjA = AkcjR 2 


L = Icq = \MR}co 


Substitute to obtain: 


M = 


4 noR~ 
2 M 


—MR 2 co 

3 


^noR^oo 


68 ••• 

Picture the Problem We can use the general result from Example 26-11 and Problem 63 
to express /u as a function of Q, M, and L. We can then use the definitions of volume 
charge density and angular momentum to substitute for Q and L to obtain the magnetic 
moment of the rotating sphere. 


Express the magnetic moment of the _ Q ^ 

solid sphere in terms of its mass, 2 M 

charge, and angular momentum: 

Use the definition of volume charge 
density to express the charge of the 
sphere: 

Express the angular momentum of L = Icq = \MR 2 cq 

the solid sphere: 


Q = pV = j7t P R 3 


Substitute to obtain: 


M = 


r * npR 2 v 


2 M 


A 


2 , 
—MR 1 co 
5 


-fj7rpR 5 (Q 


*69 ••• 

Picture the Problem We can use its definition to express the torque acting on the disk 
and the definition of the precession frequency to find the precession frequency of the 
disk. 
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(a) The magnitude of the net torque r = juB sin 9 

acting on the disk is: where // is the magnetic moment of the 

disk. 

From example 26-11: 1 4 

ju = — nor co 
4 


Substitute for // in the expression for 
r to obtain: 


— nor 4 coB sin 9 
4 


(b ) The precession frequency Q is 
equal to the ratio of the torque 
divided by the spin angular 
momentum: 

For a solid disk, the moment of 
inertia is given by: 

Substitute for r and / to obtain: 


Q = 


r 

Ico 



n _ \ nor 4 coB sin 9 
\mr~co 


nor B . n 

-sin 9 

2m 


Remarks: It’s interesting that the precession frequency is independent of co. 

The Hall Effect 


70 • 

Picture the Problem We can use the Hall effect equation to find the drift velocity of the 
electrons and the relationship between the current and the number density of charge 
carriers to find n. In (c) we can use a right-hand rule to decide whether a or b is at the 
higher potential. 


(a) Express the Hall voltage as a 
function of the drift velocity of the 
electrons in the strip: 

Solve for Vd: 


V H = v d Bw 


= 3l 

Bw 


Substitute numerical values and 
evaluate v d : 


4.27 //V 
(2T)(2cm) 


0.107mm/s 


(b ) Express the current as a function I = nAqv d 

of the number density of charge 


carriers: 
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Solve for n: I 

n =- 

Aqv d 


Substitute numerical values and evaluate it. 


20A 


n = 


(2 cm)(0. 1 cm)(l .60x10 19 c)(0.1 07 mm/s) 


5.84x10 m 


28 m -3 


(c) Apply a right-hand rule to II and B to conclude that positive charge will accumulate 
at a and negative charge at b and therefore V > V, 


71 •• 

Picture the Problem We can use / = nqv d A to find the drift velocity and V H = v d Bw to 
find the Hall voltage. 

(a) Express the current in the metal I = nqv d A 

strip in terms of the drift velocity of 
the electrons: 


Solve for v d : 


I 

nqA 


Substitute numerical values and evaluate v d : 


v 


d 


10 A 

(8.47x 1 0 22 cm 3 )(l .60x10 19 c)(2 cm)(0.1 cm) 


3.69x10 5 m/s 


(b ) Relate the Hall voltage to the 
drift velocity and the magnetic field: 

Substitute numerical values and 
evaluate V H : 


V H = v d Bw 

V H =(3.69xl0~ 5 m/s)(2T)(2 cm) 
= 1.48 /jV 


*72 •• 

Picture the Problem We can use V H = v d Bw to express B in terms of Vh and 
/ = nqv d A to eliminate the drift velocity v d and derive an expression for B in terms of Vh, 
n, and t. 


V H = v d Bw 


Relate the Hall voltage to the drift 
velocity and the magnetic field: 
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Solve for B to obtain: 


B = 


ik. 

v d w 


Express the current in the metal strip I = nqv d A 

in terms of the drift velocity of the 

electrons: 

Solve for Vd to obtain: I 

v , =- 

nqA 

Substitute and simplify to obtain: ^ _ V H _ nqA V H _ nqwt V H 

I Iw Iw 

- w 

nqA 

= nqt_ y 
I H 

Substitute numerical values and simplify to obtain: 

B _ (8.47xl0^cm-)(L60xi0-»c)(0.1cmK _ 

20A V ’ H 

(a) Evaluate B for Vh = 2.00 /jV: B = (6.78x10 5 s/nr )(2.00//V) 

= 1.36T 


(b) Evaluate B for V R = 5.25 /jV: B = (6.78x10 5 s/m 2 )(5.25 juV) 

= 3.56T 


(c) Evaluate/? for Vh = 8.00 //V: B = (6.78x 10" s/m" )(8.00//V) 

= 5.42T 


73 •• 

Picture the Problem We can use V H = v d Bw to find the Hall voltage developed across 
the diameter of the artery. 

Relate the Hall voltage to the flow V H = v d Bw 

speed of the blood Vd, the diameter 
of the artery w, and the magnetic 
field B: 
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Substitute numerical values and 
evaluate V»\ 


V H = (0.6m/s)(0.2T)(0.85cm) 
= 1.02 mV 


74 •• 

Picture the Problem Let the width of the slab be w and its thic kn ess /.We can use the 
definition of the Hall electric field in the slab, the expression for the Hall voltage across 
it, and the definition of current density to show that the Hall coefficient is also given by 
l/(nq). 

Express the Hall coefficient: 


Using its definition, express the Hall 
electric field in the slab: 

Express the current density in the T I 

J x = — = nc l v d 

slab: wt 

Substitute to obtain: 

R = w - 

nqv A B : nqv i wB z 


R= E ’ 




w 


Express the Hall voltage in terms of V H - v d B : w 

v d , B, and w: 


Substitute and simplify to obtain: 


R = J^w_ 

nqv d wB z 


nq 


*75 •• 

Picture the Problem We can determine the number of conduction electrons per atom 
from the quotient of the number density of charge carriers and the number of charge 
carriers per unit volume. Let the width of a slab of aluminum be w and its thickness t. We 
can use the definition of the Hall electric field in the slab, the expression for the Hall 
voltage across it, and the definition of current density to find n in terms of R and q 
and n a = pN A /M , to express n. d . 

Express the number of electrons per qq - H_ 

atom N : fl a 

where n is the number density of charge 
carriers and « a is the number of atoms per 
unit volume. 
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From the definition of the Flail n B , 

~Tb z 

= Vu 

w 

I 

= — = n <l v d 
wt 

V* 

_ W _ 

nqv d B : nqv d wB z 

Express the Flail voltage in terms of C H = v d B : w 

Vd, B, and w: 

Substitute and simplify to obtain: ^ _ v d B : w _ 1 

nqv d wB : nq 


coefficient we have: 

Express the Flail electric field in the 
slab: 

Express the current density in the 
slab: 

Substitute to obtain: 


Solve for and evaluate n: 1 

n = — 

Rq 


( 2 ) 


Express the number of atoms n a per 
unit volume: 


«a = P 


M 


Substitute equations (2) and (3) in 
equation (1) to obtain: 


N = 


M 

qRpN A 


Substitute numerical values and evaluate N: 


(3) 


N= _ _ 27g/mol _ _ 

(-1.60 x 10 19 C)(- 0.3 x 10~ 10 m 3 /C)(2.7 x 10 3 kg/m 3 )(6.02x 10 23 atoms/mol) 

= 3.46 


General Problems 

76 • 

Picture the Problem We can use the expression for the magnetic force acting on a wire 
(F = II x B ) to find the force per unit length on the wire. 

F = fix B 


Express the magnetic force on the 
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wire: 


Substitute for If and B to obtain: 

F = (6.5 A)fix (1.35 T)j 
and 

y = (6.5A)/x(l.35T)j 

Simplify to obtain: 

y = (8.78 N/m)(f x j) = (8.78 Wm)k 


77 • 

Picture the Problem We can express the period of the alpha particle’s motion in terms 
of its orbital speed and use Newton’s 2 nd law to express its orbital speed in terms of 
known quantities. Knowing the particle’s period and the radius of its motion we can find 
its speed and kinetic energy. 


(a) Relate the period of the alpha 
particle’s motion to its orbital speed: 

m 2 7W 

T = - (1) 

V 

Apply X^mdiai = ma c t0 the al P ha 
particle to obtain: 

V 2 

qvB = m — 
r 

Solve for v to obtain: 

qBr 
v = -— 

m 

Substitute and simplify to obtain: 

T 2 7U' 2mn 
qBr q B 

m 

Substitute numerical values and 

evaluate T: 

T= ^(0 05xl0-"kg) 0 . 131/k 

2(1.60x 10 19 Cj(lT) -— 

(b ) Solve equation (1) for v: 

ll 

> 

Substitute numerical values and 

evaluate v: 

v= 2 H 0.5 m) = 2.40 xlO 7 m/s 

0.131 //s -——- 

(c) Express the kinetic energy of the 
alpha particle: 

K = j mv 2 
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Substitute numerical values and 
evaluate K: 


K = \(6.65 x 1(T 27 kg)(2.41x 10 7 m/s) 2 

leV 


= 1.93x10 12 Jx 


1.60x10“ 19 J 


12.0MeV 


78 •• 

Picture the Problem The configuration of 
the magnet and field are shown in the 
figure. We’ll assume that a force + q m B is 
exerted on the north pole and a force 
- q m B is exerted on the south pole and 
show that this assumption leads to the 
familiar expression for the torque acting on 
a magnetic dipole. 



Assuming that a force + q m B is T= Bc l m L :;m q ~ Bc l m L :;m q 

exerted on the north pole and a force ^ ^ 

- q m B is exerted on the south pole, — Bc im B s i n @ 

express the net torque acting on the 
bar magnet: 


Substitute for q m to obtain: 


r = B—L sin# = uB sin# 
L 


or 

r = 


fixB 


*79 •• 

Picture the Problem We can use F = qv x B to show that motion of the particle in the x 
direction is not affected by the magnetic field. The application of Newton’s 2 nd law to 
motion of the particle in yz plane will lead us to the result that r = mvo v /qB. By expressing 
the period of the motion in terms of Vo, we can show that the time for one complete orbit 
around the helix is t — 2mi/qB. 

(a) Express the magnetic force F = qvxB 

acting on the particle: 
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Substitute for v and B and simplify 
to obtain: 


Apply X F radiai = ma x to the motion 
of the particle in the plane 
perpendicular to i (i.e.,theyz 
plane): 

Solve for r: 


(b ) Relate the time for one orbit 
around the helix to the particle’s 
orbital speed: 

Solve equation (1) for vo v : 


Substitute and simplify to obtain: 


F = q(v 0x i + v 0y j)x Bi 

= qv 0x B(ixi)+qv 0y B{jxi) 

= 0 - qv 0v Bk = -qv 0v Bk 

i.e., the motion in the direction of the 
magnetic field (the x direction) is not 
affected by the field. 

qv 0y B = m— (1) 


r = 


in v, 


Oy 


qB 


2 m* 



y 0y 


qBr 

m 


2 m~ 
qBr 
m 


2 mn 
qB 


*80 •• 

Picture the Problem We can use a constant-acceleration equation to relate the velocity 
of the crossbar to its acceleration and Newton’s 2 nd law to express the acceleration of the 
crossbar in terms of the magnetic force acting on it. We can determine the direction of 
motion of the crossbar using a right-hand rule or, equivalently, by applying F = Ilx B . 
We can find the minimum field B necessary to start the bar moving by applying a 
condition for static equilibrium to it. 

(a) Using a constant-acceleration v = v 0 + at 

equation, express the velocity of the 
bar as a function of its acceleration 
and the time it has been in motion: 


or, because vo = 0, 
v = at 
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Use Newton’s 2 nd law to express the a — ^ 

acceleration of the rail: m 

where F is the magnitude of the magnetic 
force acting in the direction of the 
crossbar’s motion. 


Substitute to obtain: F 

v = —t 

m 


Express the magnetic force acting on F = ILB 

the current-carrying crossbar: 


Substitute to obtain: 


v = 


ILB 



Apply to conclude that the magnetic force is to the right and so the motion 
of the crossbar will also be to the right. 


(c) Apply ^ F x =0 to the crossbar: 


Solve for B mm to obtain: 


ILB min -/s,max = 0 


or 

IL B mm - /Jjng = 0 


S 


IL 


81 •• 

Picture the Problem Note that with the 
rails tilted, F still points horizontally to 
the right (I, and hence £, is out of the 
page). Choose a coordinate system in 
which down the incline is the positive x 
direction. Then we can apply a condition 
for translational equilibrium to find the 
vertical magnetic field B is needed to 
keep the bar from sliding down the rails. In 
part ( b ) we can apply Newton’s 2 nd law to 
find the acceleration of the crossbar when 
B is twice its value found in (a). 



(a) Apply ^ F x =0 to the crossbar 


mg sin 6 - RB cos 6 = 0 
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to obtain: 
Solve for B: 


( b ) Apply ^ F x = ma to the 
crossbar to obtain: 


B = tan 6 and B = 

II 

where u v is a unit vector in the vertical 
direction. 


- tan 6 u 
II 


IIB' cos 6 - mg sin 0 = ma 


Solve for a: 


ItB’ a • a 
a =-cos#-gsin# 

m 


Substitute B' = 2B and simplify to 
obtain: 


211 ni ^- tan 9 

a =-—-cos 6 - g sin 6 

m 

= Igsin^-gsin# 

= g sin 6 

Note that the direction of the acceleration 
is up the slope. 


82 •• 

Picture the Problem We’re being asked to show that, for small displacements from 
equilibrium, the bar magnet executes simple harmonic motion. To show its motion is 
SHM we need to show that the bar magnet experiences a linear restoring torque when 
displaced from equilibrium. We can accomplish this by applying Newton’s 2 nd law in 
rotational form and using a small angle approximation to obtain the differential equation 
for simple harmonic motion. Once we have the DE we can identify co and express f. 

Apply / t = la to the bar magnet: „ . _ T d 1 0 

t- 4 - juB sin 0 = / — ir- 

dt 2 

where the minus sign indicates that the 
torque acts in such a manner as to align the 
magnet with the magnetic field and / is the 
moment of inertia of the magnet. 


For small displacements from 
equilibrium, 6« 1 and: 


sin#* <9 
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Hence our differential equation of 
motion becomes: 


d 2 e 

dt 2 


-juB0 


Thus for small displacements from 
equilibrium we see that the 
differential equation describing the 
motion of the bar magnet is the 
differential equation of simple 
harmonic motion. Solve this 
equation for d 2 d/dt 2 to obtain: 

Relate/to co to obtain: 


d 2 6 _ juB 
dt 2 I 

where (0 = J 


6 = -co 2 0 


/.IB 

I 



2 7C\ I 


83 •• 

Picture the Problem We can use F = qv x B to find the magnitude and direction of the 
magnetic force experienced by an electron in the conducting wire. In ( b ) we can use a 
condition for translational equilibrium to relate E to F . In (c) we can apply the 
definition of electric field in terms of potential difference to evaluate the difference in 
potential between the ends of the moving wire. 

(a) Express the magnetic force on F 

an electron in the conductor: 

Substitute numerical values and evaluate F : 

F = -(- 1.60x10 19 c)(20m/s)(0.5T)j = 


( b ) Sum the forces acting on an qE + F = 

electron under steady-state 
conditions to obtain: 

Solve for E: ~ F 

E =- 

q 

Substitute our result in part (a) to - (l .60 x 10 18 n|/‘ 

obtain: - -1.60xl0~ 19 C 


(lO.OV/m )j 


(l .60x10 ,K N)/ 


0 


= qvxB = qvi x Bk 

( /\ /\ \ /\ 

i x k I = -qvBj 










AV = EAx 
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(c) The potential difference between 
the ends of the wire is: 


= (l0.0V/m)(2m) = 


20.0V 


84 ••• 

Picture the Problem We can use T = In-^I/MgD to find the period of small- 

displacement oscillations with no current flowing in the frame. With a current flowing, 
the frame will experience an additional restoring torque that will reduce its period. In part 
(c) we can apply the condition for rotational equilibrium to find the magnitude of the 
current that will put the frame in equilibrium. 


(a) Express the period of a physical 
pendulum: 


where D is the distance from the pivot to 
the center of mass of the pendulum. 

I Aims segment ^ Acre segment 

— 777 h -\- 2(1 777 /; ) 

" l hor. segment' 1 1 ^\3 ver. segment'* ) 

where h = 10 cm. 


Express the moment of inertia of the 
frame: 


T = 2jt. 


MgD 


( 1 ) 


Using the linear density of the 
frame, calculate 772 h or. segment and m vei , 

segment- 


Substitute and evaluate /: 


Evaluate the distance D to the center 
of mass from the A-A axis: 


= (20g/cm)(6cm) = 0.12kg 
and 

^ver. segment — ^ 

= (20g/cm)(l0cm) = 0.2 kg 

/ = (0.12kg)(0.1m) 2 

+ 2[i(0.2kg)(0.1m) ! ] 

= 2.53x10 3 kg-m 2 

2(0.05 m)(0.2kg)+(0.1 m )(0-12kg) 
0.12kg + 0.2 kg + 0.2kg 
= 6.15 cm 


Substitute in equation (1) and 
evaluate T: 


T = 2tt. 


I 2.53x10 kg-m 

(0.52 kg)(9.81 m/s 2 )(6.15 cm) 


0.564s 
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(j b ) Express the restoring torque with 
B and / as shown: 


Rewrite equation (1) with this 
restoring torque: 


Evaluate BIA: 

Substitute numerical values and 
evaluate T\ 


(c) Apply I r = 0 to the frame 
when it is in equilibrium to obtain: 

Solve for /: 


Substitute numerical values and 
evaluate I: 


t = (MgD + BIA)6 

where A is the area of the loop and 

provided 6 « 1 rad. 


T’ = 2n 


I MgD + BIA 


BIA = (0.2T)(8A)(l0cm)(6cm) 
= 9.60x10 3 N-m 


T = 2n. 


2.53x10 3 kg-m 2 


0.314N-m + 9.60xl0 3 N-m 


= 0.556s 


MgD sin 0 - BIA sin 0 = 0 


1 _ MgD 
BA 

(0.52kg)(9.81m/s 2 )(6.15 cm) 
(0.2 T) (l 0 cm) (6 cm) 

= 262 A 


*85 — 

Picture the Problem We can use a constant-acceleration equation to express the height 
to which the wire rises in terms of its initial speed and the acceleration due to gravity. We 
can then use the impulse-change in momentum equation to express the initial speed of the 
wire in terms of the impulsive magnetic force acting on it. Finally, we can use the 
definition of current to relate the charge delivered by the battery to the time during which 
the impulsive force acts. 

Using a constant-acceleration v 2 = Vq + 2 a Y h 

equation, relate the height h to the ^ because v = 0 and a, = g, 

initial and final speeds and the 0 = v 2 — 2gh 

acceleration of the wire: 


h = 



Solve for h: 


( 1 ) 
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Use the impulse-momentum 
equation to relate the change in 
momentum of the wire to the 
impulsive force accelerating it: 

Express the impulsive (magnetic) 
force acting on the wire: 

Substitute to obtain: 

Solve for vo and substitute in 
equation (1): 


Use the definition of current to 
relate the charge delivered by the 
battery to the time during which it 
delivers the current: 

Substitute to obtain: 


Substitute numerical values and 
evaluate h: 


A p = FAt or p f -p j = FAt 
and, because p x = 0, mv 0 = FAt 


F = MB 


mv 0 = MB At 


h = 


' IIB/At'f 
V rn J 


2g 


(. UBAt ) 2 
2 m~g 


A Q = I At 


h JJBAQf 
2 m~g 


h 


[(0.25m)(0.4T)(2C)] 2 
2(0.02 kg) 2 (9.81 m/s 2 ) 


5.10m 


86 ••• 

Picture the Problem We’re being asked to show that, for small displacements from 
equilibrium, the circular loop executes simple harmonic motion. To show its motion is 
SHM we must show that the loop experiences a linear restoring torque when displaced 
from equilibrium. We can accomplish this by applying Newton’s 2 nd law in rotational 
form and using a small angle approximation to obtain the differential equation for simple 
harmonic motion. Once we have the DE we can identify a> and express the period of the 
motion T. 


Apply Yr = /a to the loop: 


- IAB sin 6 = /„ 


d 2 6 

dt 2 


where the minus sign indicates that the 
torque acts in such a manner as to align the 
loop with the magnetic field and /inertia is 
the moment of inertia of the loop. 
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For small displacements from sin 0 ~ 6 

equilibrium, 6 « 1 and: 


Hence, our differential equation of 
motion becomes: 


d 2 e 

dt 2 


-IAB0 


Thus for small displacements from 
equilibrium we see that the 
differential equation describing the 
motion of the current loop is the 
differential equation of simple 
harmonic motion. Solve this 
equation for d 2 9!dr to obtain: 

Noting that the moment of inertia of 
a hoop about its diameter is \mR 2 , 

substitute for /i ner tia and simplify to 
obtain: 


d 2 e 

dt 2 


IAB_ e 

^inertia 


d 2 0 _ InR 2 B 
dt 2 \mR 2 


where co = 



IItzB 


6 = -co 2 6 


m 


Relate the period T of the motion to 
co and substitute to obtain: 



2tt. 


m 


2 jdB 


87 ••• 

Picture the Problem We can express /I in terms of its components and calculate U from 
pi and B using U = —p ■ B . Knowing U we can calculate the components of F using F x 
= -dU/dx and F y = -dU/dy. 


Express the net force acting on the F = F x i + F j (1) 

magnet in terms of its components: 

Express p in terms of its p = ju x i + ju v j + ju z k 

components: 


Express the potential energy of the 
bar magnetic in the nonuniform 
magnetic field: 


U = -p-B 

= ~(mJ+F y) +m) • (s, W* ? + B y{y)j) 
= -F x B x (x)-FyB y {y) 


Because p is constant but 
B depends on x and y: 


F. = 


dU 

dx 


= Fx 


'dB2 

V dx J 


















The Magnetic Field 515 


and 

zr dU 

F v =-= u v 

dy 


r 8B v A 

y 

v j 


Substitute in equation (1) to obtain: 


F = 


dB ! SB 

+B y ^J 


dx 


dy 


*88 ••• 

Picture the Problem We can apply Newton’s 2 nd law to the particle to derive an 
expression for the radius of its orbit and then express its period in terms of its orbital 
speed and radius. 


(a) Because B is perpendicular to 
v , the magnitude of force on the 
particle is given by: 

Apply I F = ma to the orbiting 
particle to obtain: 

Solve for r. 


The period T of the particle’s 
motion is related to the radius r of 
its orbit and its orbital speed v: 

Substitute for r and simplify to 
obtain: 


F = qvB 


qvB = m(y )—— 



r 


r = 


y( v)m v 
qB 


T = 


2 w 


v 


T = 


2 7ry{y)m 
qB 


(b ) A spreadsheet program to calculate r and T as functions of ln(y) follows. 

The formulas used to calculate the quantities in the columns are given in the table. 


Cell 

C ontent/Formula 

Algebraic Form 

B1 

9.1 IE—31 

m 

B2 

1.60E-19 

e 

B3 

10 

B 

B4 

3.00E+08 

c 

A7 

0.100 

v/c 

A8 

0.101 

v/c + 0.001 

B7 

1/SQRT(1 - (A7) A 2) 

Y 

C7 

LN(B7) 

InO) 

D7 

B7*$B$ 1 *A7*$B$4/($B$2*$B$3) 

ymv 

qB 

E7 

D7*10 A 8 

10 b r 
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F7 


(2*PI()*A7*$B$1/($B$2*$B$3))*10 A 12 


A^xlO ' 2 

qB 



A 

B 

C 

D 

E 

F 

1 

m= 

9.11 E—31 

kg 




2 

e= 

1.60E-19 

C 




3 

B= 

10 

T 




4 

c= 

3.00E+08 

m/s 




5 







6 

v/c 

gamma 

ln(gamma) 

r 

r (microns) 

T (ps) 

7 

0.100 

1.0050 

0.005 

1.72E-05 

17.2 

0.358 

8 

0.101 

1.0051 

0.005 

1.73E-05 

17.3 

0.361 

9 

0.102 

1.0052 

0.005 

1.75E-05 

17.5 

0.365 

10 

0.103 

1.0053 

0.005 

1.77E-05 

17.7 

0.368 

11 

0.104 

1.0055 

0.005 

1.79E-05 

17.9 

0.372 








903 

0.996 

11.1915 

2.415 

1.90E-03 

1904.0 

3.563 

904 

0.997 

12.9196 

2.559 

2.20E-03 

2200.2 

3.567 

905 

0.998 

15.8193 

2.761 

2.70E-03 

2696.7 

3.570 

906 

0.999 

22.3663 

3.108 

3.82E-03 

3816.6 

3.574 


The following graph of r as a function of In (/) was plotted using the data in columns C 
and E. 



The following graph of T as a function of ln(/) was plotted using the data in columns C 
and F. 
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Chapter 27 

Sources of the Magnetic Field 


Conceptual Problems 

*1 • 

Picture the Problem The electric forces are described by Coulomb’s law and the laws of 
attraction and repulsion of charges and are independent of the fact the charges are 
moving. The magnetic interaction is, on the other hand, dependent on the motion of the 
charges. Each moving charge constitutes a current that creates a magnet field at the 
location of the other charge. 

(a) The electric forces are repulsive; the magnetic forces are attractive (the two charges 
moving in the same direction act like two currents in the same direction). 

( b ) The electric forces are again repulsive; the magnetic forces are also repulsive. 


2 

No. The magnitude of the field depends on the location within the loop. 

3 

Picture the Problem The field lines for the electric dipole are shown in the sketch to the 
left and the field lines for the magnetic dipole are shown in the sketch to the right. Note 
that, while the far fields (the fields far from the dipoles) are the same, the near fields (the 
fields between the two charges and inside the current loop/magnetic dipole) are not, and 
that, in the region between the two charges, the electric field is in the opposite direction 
to that of the magnetic field at the center of the magnetic dipole. It is especially important 
to note that while the electric field lines begin and terminate on electric charges, the 
magnetic field lines are continuous, i.e., they form closed loops. 




4 

Determine the Concept Applying the right-hand rule to the wire to the left we see that 
the magnetic field due to its current is out of the page at the midpoint. Applying the right- 
hand rule to the wire to the right we see that the magnetic field due to its current is out of 
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the page at the midpoint. Hence, the sum of the magnetic fields is out of the page as well, 
(c) is correct. 


Determine the Concept While we could express the force wire 1 exerts on wire 2 and 
compare it to the force wire 2 exerts on wire 1 to show that they are the same, it is 


simpler to recognize that these are action and reaction forces, (a) is correct. 


*6 • 

Determine the Concept Applying the right-hand rule to the wire to the left we see that 
the magnetic field due to the current points to west at all points north of the wire. 

(c) is correct. 


7 

Determine the Concept At points to the west of the vertical wire, the magnetic field due 
to its current exerts a downward force on the horizontal wire and at points to the east it 
exerts an upward force on the horizontal wire. Hence, the net magnetic force is zero and 
(e) is correct. 


8 

Picture the Problem The field-line sketch follows. An assumed direction for the current 
in the coils is shown in the diagram. Note that the field is stronger in the region between 
the coaxial coils and that the field lines have neither beginning nor ending points as do 
electric-field lines. Because there are an uncountable infinity of lines, only a 
representative few have been shown. 



*9 • 

Picture the Problem The field-line sketch is shown below. An assumed direction for the 
current in the coils is shown in the diagram. Note that the field lines never begin or end 
and that they do not touch or cross each other. Because there are an uncountable infinity 
of lines, only a representative few have been shown. 
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10 • 

Determine the Concept Because all of these statements regarding Ampere’s law are true, 
(e) is correct. 


11 • 

(a) True 

( b ) True 


*12 • 

Determine the Concept The magnetic susceptibility is defined by the 


equation M = 


B 


app 


Mo 


where M is the magnetization vector and B is the applied 


magnetic field. For paramagnetic materials, is a small positive number that depends 
on temperature, whereas for diamagnetic materials, it is a small negative constant 


independent of temperature, (a ) is correct. 


13 • 

(a) False. The magnetic field due to a current element is perpendicular to the current 
element. 


(b) True 

(c) False. The magnetic field due to a long wire varies inversely with the distance from 
the wire. 


(d) False. Ampere’s law is easier to apply if there is a high degree of symmetry, but is 
valid in all situations. 


( e ) True 
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14 • 

Determine the Concept Yes. The classical relation between magnetic moment and 

angular momentum is // = —— L . Thus, if its charge density is zero, a particle with 

2m 

angular momentum will not have a magnetic moment. 

15 • 

Determine the Concept No. The classical relation between magnetic moment and 

angular momentum is // = —— L . Thus, if the angular momentum of the particle is zero, 

2m 

its magnetic moment will also be zero. 

16 • 

Determine the Concept Yes, there is angular momentum associated with the magnetic 
moment. The magnitude of L is extremely small, but very sensitive experiments have 
demonstrated its presence (Einstein-de Haas effect). 

17 • 

Determine the Concept From Ampere’s law, the current enclosed by a closed path 
within the tube is zero, and from the cylindrical symmetry it follows that 
B = 0 everywhere within the tube. 

*18 • 

Determine the Concept The force per unit length experienced by each segment of the 
wire, due to the currents in the other segments of the wire, will be equal. These equal 
forces will result in the wire tending to form a circle. 

19 • 

Determine the Concept H 2 , C0 2 , and N 2 are diamagnetic (/,,, < 0); 0 2 is paramagnetic 

ten>0). 

Estimation and Approximation 

20 •• 

Picture the Problem We can use the definition of the magnetization of the earth’s core 
to find its volume and radius. 

(a) Express the magnetization of the ^ _ f£_ 

earth’s core in terms of the magnetic V 

moment of the earth and the volume 
of the core: 


Sources of the Magnetic Field 523 


Solve for and evaluate V: _ /u _ 9 x 10“ A • m 2 

~~M ~ 1.5xl0 9 A/m 

= 6.00x 10 13 m 3 


(6)Assuming a spherical core V = j-w 3 

centered with the earth: 


Solve for r. 



Substitute numerical values and 
evaluate r : 


r 


13(6 xlO 13 m 3 ) 


3 1 V I — 

2.43xl0 4 m 

M An 



*21 •• 

Picture the Problem We can model the lightning bolt as a current in a long wire and use 
the expression for the magnetic field due to such a current to estimate the transient 


magnetic field 100 m from the lightning bolt 

The magnetic field due to the 
current in a long, straight wire is: 


Assuming that the height of the 
cloud is 1 km, the charge transfer 
will take place in roughly 10 3 s and 
the current associated with this 
discharge is: 

Substitute numerical values and 
evaluate B: 


*22 

Picture the Problem A rotating disk with 
total charge Q and surface charge density a 
is shown in the diagram. We can find Q by 
deriving an expression for the magnetic 
field B at the center of the disk due to its 
rotation. We’ll use Ampere’s law to 
express the field dB at the center of the 
disk due to the element of current dl and 
then integrate over r to find B. 


b= U l 2I_ 

An r 

where r is the distance from the wire. 

/= A£ = ^- = 3x1()4a 

At 10 3 s 


4;rx 10~ 7 N/A 2 2(3 xlO 4 a) 
An 100 m 

60.0 /IT 
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Applying Ampere’s law to a 



circular current loop of radius r we 

2 r 


obtain: 



The B field at the center of an 

dB = —dI 

1 

annular ring on a rotating disk of 

2 r 


radius r and thickness dr is: 



If cr represents the surface charge 

di = a(2xr) , 

dr, where cr = 

density, then the current in the 

T 


annular ring is given by: 



_ 2 n 

dl = ucordr 


Because 1 = —: 



CO 



Substitute for dl in equation (1) to 

dB = Mo aco rdr = Mo<TC ° dr 

obtain: 

2 r 

2 

Integrate from r = 0 to R to obtain: 

B _ /u 0 aa> R r _ ju 0 acoR 


2 J 0 

2 

Substitution for a yields: 

f Q ^ 

coR 


b _{*r 2 ) 

_ BoQ(o 


2 

In R 

Solve for Q to obtain: 

q 2nRB 



fU 0 6) 



Substitute numerical values and evaluate Q : 


2;r(l0 7 m )(0-lT) 

Q (4;rxlCT 7 N/A 2 )(l0~ 2 rad/s) 


5.00 x 10 14 C 


The electric field above the sunspot 
is given by: 



Q 

2 n e 0 R 2 


_ 5.00x 10 14 C _ 

2^(8.85 x 10 12 C 2 / N • nr )(l0 7 m) 2 
I 90.0 GN/C 


Substitute numerical values and 
evaluate E: 
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The Magnetic Field of Moving Point Charges 

23 • 

Picture the Problem We can substitute for v and q in the equation describing the 

- // flvxr 

magnetic field of the moving charged particle (5 =--—), evaluate r and r for 

An r 

each of the given points of interest, and substitute to find B . 


Express the magnetic field of the 
moving charged particle: 


(a) Find r and r for the particle at 
(0, 2 m) and the point of interest at 
the origin: 

Substitute and evaluate /?{(),()): 


( b ) Find r and r for the particle at 
(0, 2 m) and the point of interest at 
(0, 1 m): 

Substitute and evaluate 5(0,1 m): 


(c) Find r and r for the particle at 
(0, 2 m) and the point of interest at 
(0, 3 m): 

Substitute and evaluate 5(0,3m): 


B ... Mo g* x r 
4 n r 2 

r 

= (36.0pl.m 2 )^ 

r 

r = -(2 m )j , r = 2 m, and r = -j 


5(0,0) = (36.0pT • m 2 ) I X ( ^ 

(2 m) 

= -(9.00pT)^ 


r = -(l m)/ , r = 1 m , and r = -j 


5(0,1 m) = (36.0pT • m 2 ) I X ( 

( lm ) 

= -(36.0pT)A 


r = (l m)/, r = lm, and r = j 


5(0,3 m) = (36.0 pT • m 2 

(lm) 

= (36.0 pT)^ 
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(d) Find r and f for the particle at 
(0, 2 m) and the point of interest at 
(0, 4 m): 

r = (2 in)/ , r = 2m, and f = j 

Substitute and evaluate 2?(0,4m): 

B(0,4m)= (36. OpT-m 2 ) * X {, 

(2 m)- 

= (9.00 pT)^ 


24 • 

Picture the Problem We can substitute for v and q in the equation describing the 

Ur, qv~xr 

magnetic field of the moving charged particle (B = — - --—), evaluate r and r for 

4 n r 

each of the given points of interest, and substitute to find B . 


The magnetic field of the moving 
charged particle is given by: 

_ .Bo <l v x r 

4 n r 2 

= (l<r 7 N/A 0(1 2 

= (36.0pT.m 2 ) /x / 
r 

(a) Find r and r for the particle at 
(0, 2 m) and the point of interest at 
(1 m, 3 m): 

r = (l m)i + (l m)j, r = V2m, and 

, 1 : 1 
r = n= l +w=7 
v/2 V2 

Substitute for f and evaluate 

2?(lm,3m): 

fi(lm,3m)= (36.0pT -m 2 ) 

; f 1 ; 1 ' 

(V2mf 

_ (36.0 pT-m 2 ) k 

v/2 (y[2 m| 

= (\2.1pT)k 

(b ) Find r and f for the particle at 
(0, 2 m) and the point of interest at 
(2 m, 2 m): 

r = (2 m)*, r = 2m, and r = i 
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Substitute for r and evaluate 
B{2 m,2 m): 


B(2m,2m)= (36.0pT • m 2 ) f X f ‘ 

(2 m) 


0 


(c) Find r and r for the particle at 
(0, 2 m) and the point of interest at 
(2 m, 3 m): 


r = (2 m)/ + (l m )j , r = V 5m, and 


„ 2 i 1 , 

r = —j=i +~rJ 


Substitute for r and evaluate B(2 m,3 m): 


/ x 

2?(2m,3m)= (36.0pT -m 2 )— 


f 2 ; 1 0 

(v/5 m) 


(3.22pT)& 


25 • 

Picture the Problem We can substitute for v and q in the equation describing the 

_ // Q-y ^ y 

magnetic field of the moving proton ( B = —---—), evaluate r and r for each of the 

An r 

given points of interest, and substitute to findfi. 


The magnetic field of the moving proton is given by: 

An r 2 V A ’ r 1 


jxr 


(l.60xl0 22 T-m 2 


i + Z ilxr 


(a) Find r and r for the proton at 
(3 m, 4 m) and the point of interest 
at (2 m, 2 m): 

Substitute for f and evaluate B( I m,3 m): 


r = 

r = 


-(l m)/ - (2 m)j, r = V5m, and 


_l_ f _ _ 2 _~ 

Vs' S J 


(< + ’/) 


A J_:_2 0 

'Vs' V ? 7 



r 

2 

(l.60xl0 22 T-m 2 ) 

— 2k + 2k 

= 0 

s 

i- 

3 

io 

1_ 
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(b) Find r and r for the proton at r = (3 m)/ , r = 3 m, and r = i 

(3 m, 2 m) and the point of interest 
at (6 m, 4 m): 


Substitute for r and evaluate 2?(6m,4m): 
B(6 m,4 m) = (l .60 x 10 22 T • m 


i + 2j)xi = ^ 
(3 m) 2 


= (1.60x10 22 T-m 


-2k 
9 m 2 


(3.56x10 23 T)^ 


(c) Find r and r for the proton at r = (lm)j , r = 2m, and r = / 

(3 m, 4 m) and the point of interest 
at the (3 m, 6 m): 


Substitute for r and evaluate Bis m,6 m): 


B(3m,6m) = (l.60x10 22 T-m' 


i + 2 j)x j 

(2 m ) 2 


(4.00x10 23 T)I 


(l.60x10 22 T-m 2 


) 

V 


k 

4m 2 


y 


26 • 

Picture the Problem The centripetal force acting on the orbiting electron is the Coulomb 
force between the electron and the proton. We can apply Newton’s 2 nd law to the electron 
to find its orbital speed and then use the expression for the magnetic field of a moving 
charge to find B. 


Express the magnetic field due to 
the motion of the electron: 


5= /Cev 
4 n r 1 


Apply X F mdiai = ma c t0 the 
electron: 

Solve for v to obtain: 




5=^4 

\n r 




Substitute and simplify to obtain: 
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Substitute numerical values and evaluate B : 


(l(r 7 N/A 2 )(l.6xl(r 19 c) 2 f 

8.99 xlO 9 N -m 2 /C 2 


12.5T 

(5.29x10 11 m) 2 V 

(9.11x10 31 kg)(5.29x10 11 m) 


*27 •• 

Picture the Problem We can find the ratio of the magnitudes of the magnetic and 
electrostatic forces by using the expression for the magnetic field of a moving charge and 
Coulomb’s law. Note that v and r , where r is the vector from one charge to the other, 
are at right angles. The field B due to the charge at the origin at the location (0, b, 0) is 
perpendicular to v and r . 


Express the magnitude of the 
magnetic force on the moving 
charge at (0, b, 0): 


Express the magnitude of the 
repulsive electrostatic interaction 
between the two charges: 

Express the ratio of F B to F E and 
simplify to obtain: 


F b = qvB = 


2 2 

Mo q v 


4n b 2 

and, applying the right hand rule, we find 
that the direction of the force is toward the 
charge at the origin; i.e., the magnetic force 
between the two moving charges is 
attractive. 


F,_. = 


1 


4ns 0 b~ 


2 2 

Fo q v 


Fb _ An b 2 


Fr 


1 


q 


4 ns Q b 


= = 


where c is the speed of light in a vacuum. 


The Magnetic Field of Currents: The Biot-Savart Law 


28 • 

Picture the Problem We can substitute for v and q in the Biot-Savart relationship 

_ /y Icl ft, X|* /v 

(dB = — - r —), evaluate r and r for each of the points of interest, and substitute to 

An r 


find dB. 
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Express the Biot-Savart law for the 
given current element: 


(a) Find r and f for the point whose 
coordinates are 
(3 m, 0, 0): 

Evaluate dB at (3 m, 0, 0): 


( b ) Find r and f for the point whose 
coordinates are 
(-6 m, 0, 0): 

Evaluate dB at (-6 m, 0, 0): 


(c) Find r and r for the point whose 
coordinates are 
(0, 0, 3 m): 

Evaluate dB at (0, 0, 3 m): 


d jj _ Mo idl x r 

4 n r 2 

= (10- 7 N/A 

= (0.400 nTirrjt— 1 : 

r 

r =( 3 m)*, r = 3m, and f = i 


dB{ 3 m,0,0) = (o.400nT • 

(3 m) 

= (44.4pT)j 


r = -(6m)i , r = 6m, and f = -i 


dB(- 6m,0,0) = (o.400nT• m 2 

(6 m)' 

= -(11-lpT);* 


r = (3 m)^ , r = 3m, and r = k 


fl»(0,0,3m) = (0.400nT-m 2 )-^4 

(3 m) 

= fo1 


(d) Find r and f for the point whose 
coordinates are 
(0, 3 m, 0): 


r = (3 m )j, r = 3m, and r = j 
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Evaluate dB at (0, 3 m, 0): 


dB( 0,3 m,0) = (o.400 nT • m 2 )-^4 

(3 m) 

= -(44.4pT)/ 


29 • 

Picture the Problem We can substitute for v and q in the Biot-Savart relationship 

_ /y Id I xr — 

(dB = —-- 1 —), evaluate r and r for (0, 3 m, 4 m), and substitute to find dB. 

4 n r 


Express the Biot-Savart law for the 
given current element: 


Find r and f for the point whose 
coordinates are (0, 3 m, 4 m): 


Evaluate dB at (3 m, 0, 0): 


d g = Mo_Id£xr_ 

An r 2 

= (l(T 7 n/a 2 

= (o.400 nT • m 2 )—j— 
r 

r = (3m)y+ (4m)^ , 

r = 5 m, 

and 



dB( 3 m,0,0) = (o.400 nT-m' )- 


k x 


f 3 - 4, 
— / + —k 
V5 5 




(5 m) 2 


-(9.60pT)/ 


*30 • 

Picture the Problem We can substitute for v and q in the Biot-Savart relationship 

_ Id I XI* —i► 

(dB = — -t—), evaluate r and f for the given points, and substitute to find dB . 

An r 


Express the Biot-Savart law for the 
given current element: 


dB = 


ju 0 Idi x r 
An r 2 

( 10 _, N/A; )(2A)(2mm)i 


x r 


(o.400nT • m 2 ) 


k x r 
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(a) Find r and f for the point whose 
coordinates are 
(2 m, 4 m, 0): 


r = (2m)/ + (4 in)/ , 

r - 2a/5 m , 

and 

„ 2 ? 4 ~ 1 c 2 ~ 

'■ = 2V5' + 2 V 5 y = Vs' + Vs y 


Evaluate dB at (2 m, 4 m, 0): 


dB( 2 m,4 m,0) = (o.400 nT • m 2 )-- M- 

\2y[5 mj 


- (17.9 pT)/+ (8.94 pT)j 


The diagram is shown to the right: 



X 


(. b ) Find r and r for the point whose 
coordinates are 
(2 m, 0, 4 m): 


r = (2 m) 1 + (Am)k , 

r = 2V5 m , 

and 

, 2 1 4 ' 1 ; 2' 

r = — 1=1 H 7= ft = —7=i +— j=k 

2V5 2V5 V5 V5 


Evaluate dB at (2 m, 0, 4 m): 


*x 


■l + - 


a®( 2 m,0,4 m) = (0.400 nT • m 2 )-^ 

(2V5 mj 


(s.94 P T)y 


The diagram is shown to the right: 


dB 


X 


B Due to a Current Loop 


31 


Picture the Problem We can use B r = 


Mo 


2 ttR 2 I 


4^ (x 2 +i? 2 ) 


3/2 


to find B on the axis of the 
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current loop. 

Express B on the axis of a current 
loop: 

Substitute numerical values to 
obtain: 


(a) Evaluate B at the center of the 
loop: 

(b) Evaluate B atx = 1 cm: 


(c) Evaluate B at x = 2 cm: 


(i d) Evaluate B atx = 35 cm: 


5 = 


ju 0 2 xR 2 ! 


4 n{x 2 +R 2 ) 


3/2 


S,=(lO-’N/A ! )^h^£h6A) 

' '(x ! +(0.03m) ! f 

1.47xl(T 9 T -m 3 
(x 2 + (0.03m) 2 ) 


s(o)= 


1.47xlO~ 9 T -m 3 

(o + (0.03m) 2 J /2 


54.5 juY 


J S(0.01m) = 


1.47 x 10~ 9 T -m 3 
((O.Olm) 2 +(0.03m) 2 ) 


46.5 //T 


5(0.02 m) = 


1.47 x 10^ 9 T in 3 
((0.02 m) 2 + (0.03 m) 2 f 2 


31.4 //T 


5(0.35 m) 


1.47x 10^ 9 T -m 3 
((0.35 m) 2 + (0.03 m) 2 y 
33.9nT 


*32 • 

Picture the Problem We can solve 5,. = 5o_ IkR I ^ ^ with x = 0 and substitute 

4^(x 2 + 5 2 f 

the earth’s magnetic field at the equator to find the current in the loop that would produce 
a magnetic field equal to that of the earth. 


Express 5 on the axis of the current 
loop: 


_ // 0 2 xR 2 ! 

' 4;r(U+^) J/J 

Mo lx 


Solve for / with x = 0: 
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Substitute numerical values and evaluate I: 


, 1 (0.1m) 3 / \ 

(10- 7 N/A 2 )240.1m) 2< * 


IT 

v l0 ? Gy 


11.1A 


The orientation of the loop and 
current is shown in the sketch: 



33 


Picture the Problem We can solve B , = 


ju 0 2 nR 2 I 

4^(; K 2 + R 2 f 2 

the ratio of B x to B 0 , and solve the resulting equation for x. 


for B 0 , express 


Express B on the axis of the current 
loop: 

Evaluate B x for x = 0: 


Express the ratio of B x to B 0 : 


Solve for x to obtain: 


(a) Evaluate equation (1) for 

Bx = 0 . IBq'. 


_ /u 0 2 nR 2 ! 

X 4 n( x * +I eY 




/u 0 2 nl 
An R 


ju Q 2nR 2 I 

B x _ An (x 2 + R 2 f 2 __ 

B 0 ~ B^2jd_ ~ ( x 2 

An R 


x = R, 


A v,! 

vS.y 


1 


x = 10cm. 


B n 


, 2/3 


0.15, 


-1 = 


o J 


( b ) Evaluate equation (1) for 
B x = 0.0 15q- 


x = 10cm, 


B n 


. 2/3 


v 0.015 0 j 


-1 


R 2 

(1) 


19.1cm 


45.3 cm 
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(a) Evaluate equation (1) for 
B x = 0. 00 \Bq\ 


x = 10 cm 


cm --— -1= 99.5 cm 


B. f 


1 = 99.5 cm 
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Picture the Problem We can solve B 


ju 0 2 kR 2 I 


for / with x = 0 and substitute 


4 x(x 2 + R 2 f 2 


the earth’s magnetic field at the equator to find the current in the loop that would produce 
a magnetic field equal to that of the earth. 


u, 2 7tR 2 I 


Express B on the axis of the current 
loop: 




Solve for / with x = 0 and 
B x = Be'. 


Mo 


Substitute numerical values and evaluate I: 



1 = 



The normal to the plane of the loop 
must be in the direction of the 


earth’s field, and the current must be 
counterclockwise as seen from 


above. Here B E denotes the earth’s 



35 •• 

Picture the Problem We can use the expression for the magnetic field on the axis of a 
current loop and the expression for the electric field on the axis of ring of charge Q to plot 
graphs of BJB {) and E(x)/(kQ/R 2 ) as functions of x/R. 

(a) Express B x on the axis of a ju 0 2 ttR 2 I 

current loop: 1 4/r /2 



ju 0 2 tzR 2 ! _ ju 0 I 



2 W 2 2 R 


Express B 0 at the center of the loop: 
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Express the ratio of B x to B 0 and 
simplify to obtain: 


The graph of BJB 0 as a function of x/R shown below was plotted using a spreadsheet 
program: 


B n 


1 + 


x 

~R 2 


\ 3/2 



Express E x on the axis due to a ring 
of radius R carrying a total charge 
Q: 


E(x) = 


kQx _ kQ 


x 

R 


(j R 2 +x 2 f 


1/2 


R 2 ( 


.2 A 


1 + 


R- 


3/2 


Divide both sides of this equation by 
kQ/R 2 to obtain: 


E { x ) 

kQ 

R 2 


x 


R 


f 

1 + 

v 


2 V /2 

X 



The graph of E x as a function of x/R shown below was plotted using a spreadsheet 
program. Elere E(x) is normalized, i.e., we’ve set kQ/R 2 = 100. 




( b) Express the magnetic field on the 
x axis due to the loop centered at 
x = 0: 


Because B, 


Mo 1 . 
2 R ' 


B l (x) = 


b 0 RI 


2 (x 2 +R 2 Y 2 

Mo 1 


2 R 


\ 3/2 


1 + 


R 2 


V “7 

where N is the number of turns. 


B { (x) = 


B n 


.2 h 


1 + 


R 1 


3/2 


or 

B i{ x ) _ 

B n 


1 + 




\Rj 


- 3/2 


B 2 (x) = 


RoRI 




2 + R 2 


3/2 


Express the magnetic field on the x 
axis due to the loop centered at 
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Simplify this expression to obtain: 


B 2 {x) = 


a , R 2 i 


2[(i?-x) z +iC 

Mo 1 


3/2 


2 R 


/ \ 2 

1-7 

l R) 

B 0 


+ 1 


3/2 


7 

2 

1-7 

+ 1 

7 R) 



3/2 


or 


B i{x) 


B n 


f X A 2 
1-7 
v Rj 


-i -3/2 


+ 1 


The graphs of B\IB 0 , B 2 /B 0 , and B ] /B 0 + B 2 /B 0 as functions of x/R with the second 
loop displaced by d = R from the center of the first loop along the x axis shown 
below were plotted using a spreadsheet program. 



x/R 


Note that, midway between the two loops, dB(x)/dx = 0. Also, when d= R, B(x) is nearly 
flat at the midpoint which shows that in the region midway between the two coils B(x) is 
nearly constant. 

36 •• 

Picture the Problem Let the origin be midway between the coils so that one of them is 
centered atx = -r/2 and the other is centered atx = r/2. Let the numeral 1 denote the coil 
centered atx = -r/2 and the numeral 2 the coil centered atx = r/2. We can express the 
magnetic field in the region between the coils as the sum of the magnetic fields B\ and B 2 
due to the two coils. 
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Express the magnetic field on the x 
axis due to the coil centered at 
x = —rl 2: 


Express the magnetic field on the x 
axis due to the coil centered at 
x = rl 2: 


B l (x)=- 


jU 0 Nr 2 I 


f r ^ 
— + x 
v2 j 


— 13/2 


+ r 


where N is the number of turns. 


B 2 (x) = 


MoNr 2 1 


( r. \ 

-x 

V2 j 


+ r 


3/2 


Add these equations to express the total magnetic field along the x axis: 

jU 0 Nr 2 I ju 0 Nr 2 I 


B x (x)=B ] (x)+B 2 (x) = 


~(r ^ 

— + x 

2 i 

+ r 2 

3/2 

1 

2 

'(r 

2 

+ r 2 

y J 




U J 



3/2 


An 


Mo Nr I 


f - 


r 

— + x 
2 


+ r 


-3/2 


+ 


f 


r 

- x 

2 


+ r 


-3/2 A 


V L J J J 

The spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

B1 

1.13x10 7 

Ao 

B2 

0.30 

r 

B3 

250 

N 

B3 

15 

I 

B5 

0.5*$B$1*$B$3*($B$2 A 2)*$B$4 

2 

A8 

-0.30 

—r 

B8 

$B$5*(($B$2/2+A8) A 2+$B$2 A 2) A (-3/2) 

Mo Nr 2 I 

2 

r r 

— + X 

U J 

2 

-hr 2 

-3/2 

C8 

$B$5* (($B$2/2-A8) A 2+$B$2 A 2) A (-3/2) 

M 0 Nr 2 I 

2 

'(r ) 

v2 J 

2 

+ r 2 

-3/2 

D8 

10 A 4(B8+C8) 

b, = io‘(b,+b 2 ) 



A 

B 

C 

D 

1 

mu 0= 

1.26E-06 

N/A A 2 


2 

r= 

0.3 

m 


3 

N= 

250 

turns 
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4 

1= 

15 

A 


5 

Coeff= 

2.13E-04 



6 





7 

X 

B 1 

B 2 

B(x) 

8 

-0.30 

5.63E-03 

1.34E-03 

70 

9 

-0.29 

5.86E-03 

1.41E-03 

73 

10 

-0.28 

6.08E-03 

1.48E-03 

76 

11 

-0.27 

6.30E-03 

1.55E-03 

78 

12 

-0.26 

6.52E-03 

1.62E-03 

81 

13 

-0.25 

6.72E-03 

1.70E-03 

84 

14 

-0.24 

6.92E-03 

1.78E-03 

87 

15 

-0.23 

7.10E-03 

1.87E-03 

90 






61 

0.23 

1.87E-03 

7.10E-03 

90 

62 

0.24 

1.78E-03 

6.92E-03 

87 

63 

0.25 

1.70E-03 

6.72E-03 

84 

64 

0.26 

1.62E-03 

6.52E-03 

81 

65 

0.27 

1.55E-03 

6.30E-03 

78 

66 

0.28 

1.48E-03 

6.08E-03 

76 

67 

0.29 

1.41E-03 

5.86E-03 

73 

68 

0.30 

1.34E-03 

5.63E-03 

70 


The following graph of B x as a function of x was plotted using the data in the above table. 



The maximum value of B x is 113 G. Twenty percent of this maximum value is 

23 G. Referring to the table of values we see that the field is within 20 percent of 113 G 


in the interval 


- 0.23 m < x < 0.23 m. 


37 ••• 

Picture the Problem Let the numeral 1 denote the coil centered at the origin and the 
numeral 2 the coil centered at x = R. We can express the magnetic field in the region 
between the coils as the sum of the magnetic fields due to the two coils and then evaluate 
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the derivatives atx = R/2. 

Express the magnetic field on the x 
axis due to the coil centered at x = 0: 


( v) = f ‘ :]NR ' . 

2 (x 2 +R 2 f 

where N is the number of turns. 


Express the magnetic field on the x 
axis due to the coil centered at 
x = R: 


B 2 {x) = 


/u 0 NR 2 I 


(x-Rf+R 2 


P/2 


Add these equations to express the total magnetic field along the x axis: 


B x (x)= B l (x)+ B 2 (x) 


_ ju 0 NR 2 I 


ju 0 NR 2 I 


jU 0 NR 2 I 


l(x 2 +R 2 } /2 2[(x-f?) 2 +f? 2 


P/2 


1 


1 


Evaluate x\ and X 2 at x = R/2: 


(x 2 + RT [(i-K) ! +K ! J 

x,(iR)=J}¥7F = {iR 2 f 


and 




l 1 / 2 


Differentiate B x with respect to x to 
obtain: 


dB x _ /u 0 NR 2 I d 
dx 2 dx 


1 1 


V x i 




ju 0 NR 2 I 


x 

— + 

V*1 


x-R 


Evaluate dBJdx atx = R/2 to obtain: 


dB x 


dx 


jU 0 NR 2 I 


±R 


-\R 


{\R 2 )' 2 + [\R 2 ) 


,5/2 



Differentiate dBJdx with respect to x to obtain: 


d 2 B x _ ju 0 NR 2 I d 

2 x x-R ?1 

| 

ju 0 NR 2 I 

f 1 1 5x 2 5 (x-R) 2 ^ 

dx 2 2 dx 

5 5 

l X 1 X 2 ) 

2 

5 5 7 7 

V X 1 X 2 X \ X 2 J 


Evaluate d 2 BJdx 2 at x = R/2 to obtain: 
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d 2 B . 


dx" 


jU 0 NR 2 I 


1 1 
■ + 


5 .R 2 

4 1V 


1 R 2 

4 1V 


MT (» r 2 T (t*T (w)' 


.7/2 


Differentiate d 2 B x !dx 2 with respect to x to obtain: 


d 2 B x _ jU v NR 2 I d 
dx 2 2 dx 


1 1 5x 2 5{x-R) 


2 ^ 


5""*” 5 7 

yXj X 2 Xj 


jU 0 NR 2 I 


35x 3 15x 15(x-i?) 35(x-i?) : 


.3 A 


V x i 


Evaluate d 2 BJdx 2 at x = R/2 to obtain: 


d 2 B x 

v 0 NR 2 I 


15 R 

2 1V 

-15^ 

2 

-?* 3 1 


0 

dx 2 

R 1 

uwr 






*38 

Picture the Problem Let the origin be midway between the coils so that one of them 
centered at x = —rV3 / 2 and the other is centered at x = r V3 / 2. Let the numeral 1 
denote the coil centered at x = —rV3 / 2 and the numeral 2 the coil centered at 

x = r V3 / 2. We can express the magnetic field in the region between the coils as the 
difference of the magnetic fields B\ and B 2 due to the two coils. 


Express the magnetic field on the x 
axis due to the coil centered at 
x = -r-J 3 / 2 : 


(x) = 


A, Nr 2 I 


"v/3 


- + X 


+ r“ 


3/2 


where A/is the number of turns. 


Express the magnetic field on the x 
axis due to the coil centered at 
x = ry/3 /2 : 




MoNrl 




-x 


+ f 


3/2 


Subtract these equations to express the total magnetic field along thex axis: 
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B x {x)= B,{x)-B 2 {x) = 


MqN'I 


Bo Nr 2 1 


-V3 


+ x 


+ r- 


fv 


Bo Nr I 




v - J 

2 1~ 3 / 2 


3/2 


-V3 




-i3/2 


-X 


+ r 




- + x 


+ r 


-V3 


— x 


+ r 


-3/2 A 


v- J J J 

The spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

B1 

1.26x1 (T 6 

Bo 

B2 

0.30 

r 

B3 

250 

N 

B3 

15 

I 

B5 

0.5*$B$1*$B$3*($B$2 A 2)*$B$4 

Coeff = ^ 3/ 

2 

A8 

-0.30 

—r 

B8 

$B$5*(($B$2*SQRT(3)/2+A8) A 2 

+$B$2 A 2) A (-3/2) 

B 0 Nr 2 I 

2 

frV3 / 
l 2 J 

2 

+ r 2 

_ 

-3/2 

C8 

$B$5* (($B$2*SQRT(3)/2-A8) A 2 
+$B$2 A 2) A (-3/2) 

B 0 Nr 2 I 

2 

frV3 A 
l 2 J 

2 2 

+ r 

-3/2 

D8 

10 A 4*(B8-C8) 

B x — B t B 2 



A 

B 

C 

D 

1 

mu 0= 

1.26E-06 

N/A A 2 


2 

r= 

0.3 

m 


3 

N= 

250 

turns 


4 

1= 

15 

A 


5 

Coeff= 

2.13E-04 



6 





7 

X 

B 1 

B 2 

B(x) 

8 

-0.30 

5.63E-03 

1.34E-03 

68.4 

9 

-0.29 

5.86E-03 

1.41E-03 

68.9 

10 

-0.28 

6.08E-03 

1.48E-03 

69.2 

11 

-0.27 

6.30E-03 

1.55E-03 

69.2 

12 

-0.26 

6.52E-03 

1.62E-03 

68.9 

13 

-0.25 

6.72E-03 

1.70E-03 

68.4 

14 

-0.24 

6.92E-03 

1.78E-03 

67.5 

15 

-0.23 

7.10E-03 

1.87E-03 

66.4 
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61 

0.23 

1.87E-03 

7.10E-03 

-66.4 

62 

0.24 

1.78E-03 

6.92E-03 

-67.5 

63 

0.25 

1.70E-03 

6.72E-03 

-68.4 

64 

0.26 

1.62E-03 

6.52E-03 

-68.9 

65 

0.27 

1.55E-03 

6.30E-03 

-69.2 

66 

0.28 

1.48E-03 

6.08E-03 

-69.2 

67 

0.29 

1.41E-03 

5.86E-03 

-68.9 

68 

0.30 

1.34E-03 

5.63E-03 

-68.4 


The following graph of B x as a function of x was plotted using the data in the above table. 



39 •• 

Picture the Problem The diagram shows 
the two coils of radii r\ and r 2 with the 
currents flowing in the directions given. 

We can use the expression for B on the axis 
of a current loop to express the difference 
of the fields due to the two loops at a 
distance x from their common center. We’ll 
denote each field by the subscript 
identifying the radius of the current loop. 

The magnitude of the field on the x 
axis due to the current in the inner 
loop is: 

The magnitude of the field on the x 
axis due to the current in the outer 
loop is: 



_ //Q 2 n r 2 1 _ Mo r 2 1 

2 ~ ^{x 2 +r 2 2 Y 2 ~ 2(x 2 +r 2 2 Y 2 


The resultant field at x is the difference between B\ and Bx. 
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B x {x)= B,{x)- B 2 {x) = 


/VI 1 


M(/l 1 


V 2 21 3 / 2 V 2 2 \ 

2^x +rj J 2(x +r 2 j 


3/2 


(a) The spreadsheet program to calculate B x as a function of x, for r 2 = 10.1 cm, is shown 
below. The formulas used to calculate the quantities in the columns are as follows: 


Cell 

F ormula/ Content 

Algebraic Form 

B1 

1.26x10“* 

Ao 

B2 

0.1 

r\ 

B3 

1 

I 

B4 

0.101 

r 2 

A7 

0 

X 

B7 

0.5*$B$1*$B$2 a 2*$B$3/(A7 a 2+$B$2 a 2) a (3/2) 

MoKI 

2 . l\ 3 / 2 

2\X + Tj J 

C7 

0.5*$B$l*$B$4 A 2*$B$3/(A7 A 2+$B$4 A 2) A (3/2) 

Mo r 2 2 1 

2 (X + kY P 

D7 

10 A 4*(B7-C7) 

B x (x)= B t (x)~ B 2 (x) 


The spreadsheet for B x when r = 10.1 cm follows. The other three tables are similar. 



A 

B 

C 

D 

1 

mu_0= 

1.26E-06 

N/A A 2 


2 

r 1= 

0.1 

m 


3 

1= 

1 

A 


4 

r 2= 

0.101 

m 


5 

r 2= 

0.11 

m 


6 

r 2= 

0.15 

m 


7 

r 2= 

0.2 

m 


8 





9 

X 

B 1 

B 2 

B x 

10 

0.00 

6.30E-06 

6.24E-06 

6.24E-04 

11 

0.01 

6.21E-06 

6.15E-06 

5.97E-04 

12 

0.02 

5.94E-06 

5.89E-06 

5.21E-04 

13 

0.03 

5.54E-06 

5.49E-06 

4.14E-04 

14 

0.04 

5.04E-06 

5.01E-06 

2.95E-04 

15 

0.05 

4.51E-06 

4.49E-06 

1.81E-04 






56 

0.46 

6.04E-08 

6.15E-08 

-1.13E-05 

57 

0.47 

5.68E-08 

5.78E-08 

-1.07E-05 

58 

0.48 

5.34E-08 

5.45E-08 

-1.01E-05 

59 

0.49 

5.04E-08 

5.13E-08 

-9.51E-06 

60 

0.50 

4.75E-08 

4.84E-08 

-8.99E-06 


The following graph shows B(x) for r =10.1 cm, 11 cm, 15 cm, and 20 cm. 
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40 «• 


Picture the Problem We can approximate B(x) by using the result from Problem 39 for 

dB 

the field due to a single coil of radius r and evaluating B(x) « — A r at 

dr 


r = r 


The magnetic field at a distance x on 
the axis of a coil of radius r is given 
by: 


B(x) 


/u 0 I 2m•' 

4T(x ! + rT' 2 


Express B(x) in terms of the rate of 
change of B with respect to r: 


B(x)*^-Ar (1) 

or 


Evaluate the partial derivative of B with respect to r. 
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d 

Mo 1 

2nr 2 


Mo 1 d 

1 

(N 

£7 

CN 

l 

dr 

4 n 

( 2 , 2 V /2 

vlx +r ) J 


4 n dr 

( 2 , 2V /2 

l{x +r ) J 


Bo 1 


4 n 


(x 2 + r 2 T — {l7W 2 ) - 2 xr 2 —{x 2 +r 2 V 
V ' Sr X ' Sr LV ' 

(x 2 + r 2 ) 3 


bJ 

(x 2 +/ *"’) {4 / nr)-2m' 2 

|(x 2 +r 2 )' /2 (2r) 

4 7t 

(x 2 + r x 

! ) ! 


(x 2 +r 2 ) 3/2 -|r 2 (x 2 +r 2 ) 1 


= Bo Ir 


1/2 


= B„ /r 


2(x 2 + r 2 

r-3r 2 (x 2 + rT~ 

2 (x’+r’J 


2 , 2V/2 

x +r ) 

2(x 2 + r )— 3r 2 


2^- + rf _ 



Bo 1 


2x r-r 
(x’+r’f 2 


r\ to obtain: Qg 

Bo 1 

2x~r x -r x 

dr 

r-r, 2 

( 2 , 2 V /2 

l> +r x ) J 


Substitute in equation (1) to obtain: 


B (x ) : 


r Bo^ 


v z y 


O 2 3 

F+'rf 


Remarks: This solution shows that the field due to two coils separated by Ar can be 
approximated by the given expression. 

41 ••• 

Picture the Problem We can factor x from the denominator of the equation from 
Problem 40 to show that B(x ) 

From Problem 40: 


f Bo^) 

(2r x ) 

l 2 J 

lx 3 J 


B(x)> 


f Bo IAr ^ 

O 2 3 

2x r x - r x 

l 2 J 

Lw+^rJ 
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Factor x 2 from the denominator of 
the expression to obtain: 


B(x) 


2 J 


2 1\X - Tj 


X 


r 

\+X 


.2 A 


5/2 


Forx » r\. 


f 


, r x 
V X J 


\ 5/2 


Substitute and simplify to obtain: 


B(x) 


Bo IAr 


Bo IAr 


2i\x 2 -r x 


2r x x 


J 

r 3 ^ 


Bo IAr 


2r i 


,.3 A 




. 2 

x 3 X 

For x » r: 

B(x) « 

f Bo 1a r' 

l 2 , 

( 2r A 

\X 3 J 


The spreadsheet-generated graph that follows provides a comparison of the exact and 
approximate fields. Note that the two solutions agree for large values of x. 
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Straight-Line Current Segments 

42 • 

Picture the Problem The magnetic field due to the current in a long straight wire is given 

2 1 

by B = — -where / is the current in the wire and R is the distance from the wire. 

An R 


Express the magnetic field due to a 
long straight wire: 


B = ^-P- 

An R 


Substitute numerical values to 
obtain: 


B = (l(T 7 T -m/A) 2 ^ A ^ 

_ 2.00xlCT 6 T-m 
R 


(a) Evaluate B at R = 10 cm: 

( b ) Evaluate B at R = 50 cm: 

(c) Evaluate B at R = 2 m: 


f?(l0cm) = 
5(50 cm) = 


2.00x 10~ 6 T -m 
0.1m 

2.00xlQ~ 6 T-m 

0.5m 


20.0 juT 


4.00 juT 


B( 2 m) = 


2.00x10 T -m 

2 m 


1.00 jul 


Problems 43 to 48 refer to Figure 27-45, which shows two long straight wires in the xy 
plane and parallel to the x axis. One wire is at y = -6 cm and the other is at y = +6 cm. 
The current in each wire is 20 A. 



Figure 27-45 Problem s 43-48 


*43 • 

Picture the Problem Let + denote the wire (and current) at y =+6 cm and - the wire (and 

2 j 

current) aty = -6 cm. We can use B = — -to find the magnetic field due to each of 

An R 

the current carrying wires and superimpose the magnetic fields due to the currents in the 
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wires to find B at the given points on the y axis. We can apply the right-hand rule to find 
the direction of each of the fields and, hence, of B . 


(a) Express the resultant magnetic 
field at v = -3 cm: 

Find the magnitudes of the magnetic 
fields aty = -3 cm due to each wire: 


Apply the right-hand rule to find the 
directions of B + and B : 


Substitute to obtain: 


( b ) Express the resultant magnetic 
field at v = 0: 

Because 2? + (o) = -B (0): 

(c) Proceed as in (a) to obtain: 


B(- 3 cm) = B + (- 3 cm) + B (- 3 cm) 

B + (- 3 cm) = (l0~ 7 T • m/A) 2(20A ^ 

V ’ V ’ 0.09m 

= 44.4 //T 

and 

B (- 3 cm) = (l 0 7 T • m/A ) 2 - 20 ' 4 -* 

’ V ; 0.03m 

= 133 fJI 

i? + (-3cm) = (44.4//T)£ 

and 

i?_(-3cm) = —(l 33 /JT)k 

B{- 3 cm) = (44.4//T )k - (133//T )k 
= -(88.6//T )k 


B(0) = B.(0)+B (0) 


«(») = 


^ + (3cm) = (l33 /Jl)k , 

B (3 cm) = -(44.4 /j T )k , 
and 

fi(3cm) = (l33 juT )k - (44.4 /J! )k 
= -(88.6//T )k 


B + (9 cm) = -(l 33 /IT)k , 
fi_(9cm) = -(26.7 jul)k , 
and 


(d) Proceed as in (a) withy = 9 cm 
to obtain: 
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2?(9cm) = -(133 //T)^ -(26.7 /ul)k 
= -(160//T )k 


44 •• 

Picture the Problem The diagram shows the two wires with the currents flowing in the 
negative x direction. We can use the expression for B due to a long, straight wire to 
express the difference of the fields due to the two currents. We’ll denote each field by the 
subscript identifying the position of each wire. 



The field due to the current in the 
wire located at v = 6 cm is: 


B■ 


_ Mo 2 / 

An 0.06 m-v 


The field due to the current in the 
wire located aty = -6 cm is: 


B -Bo 21 
6 4;r0.06m + y 


The resultant field B z is the difference between B 6 and B 6 : 


b : =b 6 -b 


Mo I Mo I 
An 0.06 m - y An 0.06 m - y 


Mo 1 ( 1 


An 


v 0.06m-y 


1 ^ 

0.06 m + v y 


The following graph of B : as a function ofy was plotted using a spreadsheet program: 
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45 • 

Picture the Problem Let + denote the wire (and current) at y = +6 cm and - the wire (and 

2j 

current) at y = -6 cm. We can use B = ~~~ to find the magnetic field due to each of 

the current carrying wires and superimpose the magnetic fields due to the currents in the 
wires to find B at the given points on they axis. We can apply the right-hand rule to find 
the direction of each of the fields and, hence, of B. 


(a) Express the resultant magnetic 
field aty = -3 cm: 

Find the magnitudes of the magnetic 
fields aty = -3 cm due to each wire: 


Apply the right-hand rule to find the 
directions of B + and B : 


2?(-3cm) = i? + (-3cm) + i?_(-3cm) 

B + (- 3 cm) = (l (T 7 T • m/A) ^ 20 ^ 

+ V ' V ’ 0.09m 

= 44.4 jul 

and 

B (- 3 cm) = (l (T 7 T • m/A) 2 ^ 2Q 

0.03 m 

= 133 /IT 

B + (- 3 cm) = -(44.4 /IT )k 
and 

B (- 3 cm) = —(133 juT)k 


Substitute to obtain: b{- 3 cm) = -(44.4 jul)k - (l33 /Il)k 

= - (l 77 jul)k 
























( b ) Express the resultant magnetic 
field at y = 0: 

Find the magnitudes of the magnetic 
fields aty = 0 cm due to each wire: 


Apply the right-hand rule to find the 
directions of B + and B : 


Substitute to obtain: 


(c) Proceed as in ( a ) with 
y = +3 cm to obtain: 


( d) Proceed as in (a) with 
y = +9 cm to obtain: 
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B( 0 )=bM+B- (0) 


B (0) = (ltT 7 T ■ m/A ) 2I ’" A| 

= 66.7 fir 

and 

B (o) = (l0 -7 T • m/A) 2 ^ 20 
; V ’ 0.06m 

= 66.7 flY 

B + (o) = -( 66.7 juT)k 

and 

B (o) = -( 66.7 /IT)k 

B( 0) = -(66.7 //T)t - (66.7 //T)A 
= — (l 33 /uT)k 


B + (3 cm) = -(133 /uT)k, 

5_(3cm) = -(44.4 jul)k, 
and 

B( 3 cm) = -(133 //T)& - (44.4 //T)£ 

= - (177 // t)a 


fi + (9cm)= (133 jul)k, 
i?_(9cm) = -(26.7//r)&, 
and 

B{9 cm) = (133 //T)A - (26.7 //T)A 
= (106//T )k 


46 •• 

Picture the Problem The diagram shows the two wires with the currents flowing in the 
negative x direction. We can use the expression for B due to a long, straight wire to 
express the difference of the fields due to the two currents. We’ll denote each field by the 
subscript identifying the position of each wire. 
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The field due to the current in the 
wire located aty = 6 cm is: 


B, 


Mo 2/ 

4 n 0.06m-v 


The field due to the current in the 
wire located at y = -6 cm is: 


B _ Bo 21 
~ 6 4;r0.06m + j 


The resultant field B z is the sum of B 6 and B 6 : 


B = B,-B 

zb- 


Mo I , Ao I 
4n 0.06 m - y 4n 0.06 m - y 


Mo 1 


4n 


1 


- + ■ 


1 


0.06 m- v 0.06 m + y 


The following graph of B- as a function of y was plotted using a spreadsheet program: 



y (m) 


47 • 

Picture the Problem Let + denote the wire (and current) at y = +6 cm and - the wire 

2i 

(and current) at v = -6 cm. We can use B = — -to find the magnetic field due to each 

4 n R 

of the current carrying wires and superimpose the magnetic fields due to the currents in 
the wires to find B at the given points on the z axis. 




























Sources of the Magnetic Field 555 


(a) Apply the right-hand rule to 
show that, for the currents parallel 
and in the negative x direction, the 
directions of the fields are as shown 
to the right: 


Express the magnitudes of the 
magnetic fields at z = +8 cm due to 
the current-carrying wires at 
y = -6 cm and y = +6 cm: 

Noting that the z components add to 
zero, express the resultant magnetic 
field at z = +8 cm: 


(. b ) Apply the right-hand rule to 
show that, for the currents 
antiparallel with the current in the 
wire aty = -6 cm in the negative x 
direction, the directions of the fields 
are as shown to the right: 

Noting that they components add to 
zero, express the resultant magnetic 
field at z = +8 cm: 



5-=S„=(iO- , T-ih/a) 

2(20 A) 

^/(0.06m) 2 + (0.08m) 2 
= 40.0 f/T 

B(z = 8 cm) = 2(40.0 //f)sin 6 j 
= 2(40.0//T)(0.8 )j 
= (64.0//T j] 



it(z = 8 cm) = -2(40.0 //T)cos#& 
= -2(40.0//T)(0 .6)k 
= - (48.0 jul)k 


48 • 

Picture the Problem Let + denote the wire (and current) at y = +6 cm and - the wire (and 
current) at v = -6 cm. The forces per unit length the wires exert on each other are action 
and reaction forces and hence are equal in magnitude. We can use F = IiB to express the 

Bo 2 / 

force on either wire and B =-to express the magnetic field at the location of either 

An R 

wire due to the current in the other. 


Express the force exerted on either 


F = MB 


wire: 
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Express the magnetic field at either 
location due to the current in the 
wire at the other location: 


B = 


Mo_2I_ 
4 n R 


Substitute to obtain: 


F = I£ 


/u 0 U') _ 2£/u () 1 2 _ £ju 0 1 2 
y4n R j 


4n R 2n R 


Divide both sides of the equation by 
£ to obtain: 

Substitute numerical values and 
evaluate F/ £: 


F 2ju 0 / : 


l 4n R 

F _ 2(lCT 7 T-m/A)(20A) 2 
~J~ 0.12m 


667 //N/m 


49 • 

F 2ju 0 1 2 

Picture the Problem We can use — =-to relate the force per unit length each 

l 4n R 

current-carrying wire exerts on the other to their common current. 


(a) Because the currents repel, they are antiparallel. 


(6)Express the force per unit length 
experienced by each wire: 

Solve for I: 


Substitute numerical values and 
evaluate I: 


F _ 2ju 0 r- 
i 4 n R 


1 = 


4 kR F 
2 Mo * 


1 = 


I (8.6 cm) 

2(l0 7 T • m/A) 


(3.6nN/m) 


39.3 mA 


50 •• 

Picture the Problem Note that the current segments a-b and e-f do not contribute to the 
magnetic field at point P. The current in the segments b-c, c-d, and d-e result in a 
magnetic field at P that points into the plane of the paper. Note that the angles bPc and 
ePd are 45° and use the expression for B due to a straight wire segment to find the 
contributions to the field at P of segments be, cd, and de. 

















Sources of the Magnetic Field 557 


c d 



a b P e f 


Express the resultant magnetic field 
at P: 

Express the magnetic field due to a 
straight line segment: 

Use equation (1) to express B fec and 

Bde- 


Use equation (1) to express B cd \ 


Substitute to obtain: 


Substitute numerical values and 
evaluate B: 


B ~ B be + B cd + B de 


B = tdL — (sin#, + sin#,) (1) 

4nR X ’ 


B, =^-(sin45 o + sin0°) 
bc 4n R y ’ 

= —sin 45° 

4 n R 


B, = (si n 45° + sin 45°) 

cd 4n R V ; 

= 2^-sin45° 

4 n R 


JU 0 I jUq I 

B = ——sin45° + 2——sin45° 
4 7t R 4 n R 

+ —— sin45° 

4 n R 

Po I 

= 4—-sin 45° 

4n R 


B = 4(l 0 7 T • m/A) 8A sin 45 


0.01m 


226 /IT 


51 •• 

Picture the Problem The forces acting on the wire are the upward magnetic force F B 
and the downward gravitational force mg, where m is the mass of the wire. We can use a 
condition for translational equilibrium and the expression for the force per unit length 
between parallel current-carrying wires to relate the required current to the mass of the 
wire, its length, and the separation of the two wires. 


Apply y',F v =0 to the floating 


F b ~ m g = ° 
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wire to obtain: 

Express the repulsive force acting 
on the upper wire: 

Substitute to obtain: 


Solve for I: 


F b 


9 Mo I 2 1 
4 n R 


9 /C 

4 n R 


mg = 0 


J AmngR 

2 M/ 


Substitute numerical values and evaluate I: 


/(l4x 10 3 kg)(9.81m/s 2 )(l.5xlCr 3 m) 
2(l 0 ’ T • m/A)(0.16 m) 


80.2 A 


*52 •• 

Picture the Problem Note that the forces on the upper wire are away from and directed 
along the lines to the lower wire and that their horizontal components cancel. We can 
F /u I 2 

use — = 2 —--to find the resultant force in the upward direction (the v direction) 

l An R 

acting on the top wire. In part ( b ) we can use the right-hand rule to determine the 
directions of the magnetic fields at the upper wire due to the currents in the two lower 

jU Q 21 

wires and use B =-to find the magnitude of the resultant field due to these 

4 n R 

currents. 


(a) Express the force per unit length 
each of the lower wires exerts on the 
upper wire: 


^ = 2 ^L- 
l An R 


Noting that the horizontal 
components add up to zero, express 
the net upward force per unit length 
on the upper wire: 


F // T 2 

V^ = 2 ^—cos30° 
^ £ An R 


+ 2^F — cos30° 
An R 

= 4 *Lll 

An R 


cos30° 
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Substitute numerical values and 

evaluate X—: 

^ i 


V ^ = 4(l 0 7 T • m/A) ( 15A ) cos 30° 
^ l v ’ 0.1m 


7.79 x 1CT 4 N/m 


( b ) Noting, from the geometry of the 
wires, the magnetic field vectors 
both are at an angle of 30° with the 
horizontal and that their y 
components cancel, express the 
resultant magnetic field: 

Substitute numerical values and 
evaluate B: 


B = 2 —-cos 30°/ 

An R 


B = 2(l0 7 T-m/A) 2 ^ 15A ^ cos30 
V ’ 0.1m 


52.0//T 


53 •• 

Picture the Problem Note that the forces on the upper wire are away from the lower left 
hand wire and toward the lower right hand wire and that, due to symmetry, their vertical 

F // 1 2 

components cancel. We can use — = 2 —-to find the resultant force in the x 

l An R 

direction (to the right) acting on the top wire. In part ( b ) we can use the right-hand rule 
to determine the directions of the magnetic fields at the upper wire due to the currents in 

jU n 21 

the two lower wires and use B =-to find the magnitude of the resultant field due 

An R 

to these currents. 


(a) Express the force per unit length 
each of the lower wires exerts on the 
upper wire: 


F =2 — 

i An R 


Noting that the vertical components 
add up to zero, express the net force 
per unit length acting to the right on 
the upper wire: 


V — = 2——cos60° 
^ i An R 


+ 2——cos 60° 
An R 

=4 Mf 1 ! 

An R 


cos 60° 






560 Chapter 27 


Substitute numerical values and 

evaluate 

y F * = 4(l0~ 7 T-m/A)( 15A ^ cos60° 
^ l V ’ 0.1m 

= 4.50 x 10^ 4 N/m 

(b ) Noting, from the geometry of the 
wires, that the magnetic field vectors 
both are at an angle of 30° with the 

horizontal and that their x 

components cancel, express the 
resultant magnetic field: 

B = -2-^-—sin 30°/ 

4tt R 

Substitute numerical values and 

evaluate B\ 

B = 2(l0 7 T • m/A) 5 A ) s i n 30 0 

V ’ 0.1m 

= 30.0 /JT 


54 •• 

Picture the Problem Let the numeral 1 denote the current flowing in the positive x 
direction and the magnetic field resulting from it and the numeral 2 denote the current 
flowing in the positive y direction and the magnetic field resulting from it. We can 

Mo 2 / 

express the magnetic field anywhere in the xv plane using B =-and the right-hand 

4/T R 


rule and then impose the condition that B 

this condition. 

= 0 to determine the set of points that satisfy 

Express the resultant magnetic field 
due to the two current-carrying 

wires: 

B — B| + B 2 

Express the magnetic field due to 
the current flowing in the positive x 

direction: 

B x = Ao 2/l k 

An y 

Express the magnetic field due to 
the current flowing in the positive y 

direction: 

B 2 = Ao 2/2 k 

4 n x 

Substitute to obtain: 

B = ^L—k-^L—k 

4 n y 4 n x 

= ^2/2/V 

v 4 n y 4n x y 
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because I = I\= I 2 . 

For2? = 0: Bo 21 ft 2/ 

u —/ x y' 

4n y 4k x 

Flence, B = 0 along a line that 
makes an angle of 45° with 
the x axis. 


55 •• 

Picture the Problem Let the numeral 1 denote the current flowing along the positive z 
axis and the magnetic field resulting from it and the numeral 2 denote the current flowing 
in the wire located atx = 10 cm and the magnetic field resulting from it. We can express 

jU 0 21 

the magnetic field anywhere in the xv plane using B =-and the right-hand rule 

4n R 

and then impose the condition that B = 0 to determine the current that satisfies this 
condition. 


(a) Express the resultant magnetic 
field due to the two current-carrying 
wires: 

Express the magnetic field at 
x = 2 cm due to the current flowing 
in the positive z direction: 

Express the magnetic field at 
x = 2 cm due to the current flowing 
in the wire at x = 10 cm: 


B — + B-i 


2 ?,(x = 2 cm) 


Bo 2 / 1 j 

4 k 2 cm' 


B 2 (x = 2 cm) = 


Bo 2/ 2 j 
4n 8cm 


Substitute to obtain: 


4 n 2 cm 


Bo 21 2 
4n 8 cm' 


Bo 2/] Bo 21 2 


v 4;r 2 cm 4k 8 cmy 


Bo ] Bo 2^2 


4k 2 cm 4k 8 cm 


= 0 


or 


/ , 


2 cm 8 cm 


= 0 


For B = 0: 
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Solve for and evaluate If. 


/ J =4/,=4(20A) = 


80.0A 


(b ) Express the magnetic field at 
x = 5 cm: 


Substitute numerical values and 
evaluate B(x = 5 cm): 




An 5 cm' 
2 Ao 

4^(5 cm) 


Ao 22 2 

4;r 5 cm' 


B 


2(l 0 7 T • mM.) 
5 cm 


(20 A -80 A)y‘ 


- (0.240 mT)j 


56 •• 

Picture the Problem Choose a coordinate system with its origin at the lower left-hand 
comer of the square, the positive x axis to the right and the positive v axis upward. We 
ju 0 21 

can use B =-and the right-hand rule to find the magnitude and direction of the 

An R 

magnetic field at the unoccupied comer due to each of the currents, and superimpose 
these fields to find the resultant field. 

(a) Express the resultant magnetic 
field at the unoccupied comer: 

When all the currents are into the 
paper their magnetic fields at the 
unoccupied comer are as shown to 
the right: 

Express the magnetic field at the 
unoccupied corner due to the current 
If 

Express the magnetic field at the 
unoccupied comer due to the current 

If. 

Express the magnetic field at the - //„ 2/ ; 

— l 

unoccupied corner due to the current 4 n L 

h- 


5 _ Ao 2/ 

2 An Ly[2 


cos45°(i - j) 


-—(i-j) 

An 2L ' 


B — Bj + /?2 ^3 (1) 
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Substitute in equation (1) and simplify to obtain: 


B = 


2/ 

4 n L 


J + 


Bo_^_ 
4 n 2 L 



4 n L An L 


f 

v 



/£o_2 1_ 

An L 


fi n 


f-i-f 

V 2 ) 

/V 


3 Bo 1 

/v] 

i+— 

l 2y 

I + | 

J 


AttL 

[l ~j \ 


(b) When I 2 is out of the paper the 
magnetic fields at the unoccupied 
comer are as shown to the right: 


Express the magnetic field at the 
unoccupied comer due to the current 
12- 


\ 


B _ Bo 21 
2 An L^Jl 

= Vo_2LL 

4n 2L { 


cos45°(-i + jj 


' +J 


Substitute in equation (1) and simplify to obtain: 


B = 


ju 0 2/ 
An L J 


HslIL 

An 2 L 



+ - = Bo_V_ 

An L An L 


( 

v 



Bo 2 1 

n 

/V 

r , n 

/V 


i — 

i 4- 

-i+— 

j 

An L 

l 2 ; 


V 2 ; 



2/ 
An L 



Bo 1 

i - j\ 

4nL 



(c) When /, and I 2 are in and / 3 is 
out of the paper the magnetic fields 
at the unoccupied corner are as 
shown to the right: 


B* 



From (a) or ( b ) we have: 




Bo 2/ 
An L J 


From (a) we have: 


B 2 


Bo 2/ 

An l42 


cos 45 



Bo 2/ 
An 2 L 



Express the magnetic field at the 
unoccupied comer due to the current 
h- 


B,= 


Bo 2 1 I 
An L 




564 Chapter 27 


Substitute in equation (1) and simplify to obtain: 


B = 


A 2 / 

An L 


J + 


ft2/ 

An 2 L 



A, 2/: = 2/ 

4;r Z 4;r L ^ 



/^2/ 
4;r C 


f-i+L 

I + 

f-i-i) 

j 


Mo 1 

- i - 3 j] 



V 2 2 



AnL 



*57 •• 

Picture the Problem Choose a coordinate system with its origin at the lower left-hand 
comer of the square, the positive x axis to the right and the positive y axis upward. Let 
the numeral 1 denote the wire and current in the upper left-hand comer of the square, the 
numeral 2 the wire and current in the lower left-hand comer (at the origin) of the square, 
and the numeral 3 the wire and current in the lower right-hand comer of the square. We 

jU 0 21 

can use B = -and the right-hand rule to find the magnitude and direction of the 

An R 

magnetic field at, say, the upper right-hand corner due to each of the currents, 
superimpose these fields to find the resultant field, and then use F = MB to find the 
force per unit length on the wire. 


(a) Express the resultant magnetic 
field at the upper right-hand comer: 

When all the currents are into the 
paper their magnetic fields at the 
upper right-hand comer are as 
shown to the right: 

Express the magnetic field due to 
the current 7): 

Express the magnetic field due to 
the current / 2 : 


Express the magnetic field due to 
the current / 3 : 


B — B| + B n + B 2 (1) 



B 2 


Mo 2/ 

An aV2 


cos 45 



Mo_^_ 

An la 





Mo_y_j 
An a 


Substitute in equation (1) and simplify to obtain: 
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4n a 4n 2a V ' 


+ = Vo_2L'. 

4n a 4n a \ 



Mo_1L 
4 n a 


rr, n 

/V 

f-l-f 

V 2y 

/V 

_ 3 Fo 1 

\ 7 

i+— 

Ll 2 ; 

1 + 

j 

4m 

i-j. 


Using the expression for the 
magnetic force on a current- 
carrying wire, express the force per 
unit length on the wire at the upper 
right-hand comer: 

Substitute to obtain: 


(. b ) When the current in the upper 
right-hand comer of the square is 
out of the page, and the currents in 
the wires at adjacent comers are 
oppositely directed, the magnetic 
fields at the upper right-hand are as 
shown to the right: 

Express the magnetic field at the 
upper right-hand comer due to the 
current / 2 : 


F 

— = BI (2) 

l 


3 Fo 1 


2 r 


F 

l 4m L 

and 


i-J 


F_ 

7 


4m 


4m 


3y[2ju 0 I 2 

4m 



B , = 


Fo 2/ 


4k aV 2 
Fo_2J_ 
4n 2 a 


cos 


45 °(-i+j) 




Using B x and B, from (a), substitute in equation (1) and simplify to obtain: 


B = 


4k a 4 k 2a v 4k a 4 k a \ 



F 0 21 

7 n 


r , o 

/V 


i— 

i + 1 

-i+— 

j 

4k a 

l 2) 


V 2 ) 



Fo_2J_ 
4k a 



Fo 1 


4m 


i-J 
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Substitute in equation (2) to obtain: 


F 

y 

and 
F_ _ 

7 ~ 


A7 


4 m 


‘ ~J 


f r 2 A 2 

y Am j 


f j2\ 2 

4m 


Vw 2 

4m 


58 •• 

Picture the Problem The configuration is 
shown in the adjacent figure. Here the z 
axis points out of the plane of the paper, 
the x axis points to the right, the y axis 

fj, 21 

points up. We can use B =-and the 

An R 

right-hand rule to find the magnetic field 
due to the current in each wire and add 
these magnetic fields vectorially to find the 
resultant field. 


h 



Express the resultant magnetic field B = B ] +B 2 +B i +B 4 +B 5 

on the z axis: 


B i is given by: 
B 2 is given by: 
B 2 is given by: 
B 4 is given by: 
B 5 is given by: 


B, = Bj 

B 2 =(b cos 45°)/ + (fisin 45 0 )y‘ 
B 2 = Bi 

B a = (B cos 45°)/ - (B sin 45°)j 
B 5 = -Bj 


Substitute for B x , B 2 , B 3 , B 4 , and B- and simplify to obtain: 


B = Bj + {B cos 45°)/ + (B sin 45°)y + Bi + (B cos 45°)/ - (B sin 45°)y - Bj 
= (B cos 45°)/ + Bi + (B cos 45°)i = (B + 2B cos 45°)i = (l + yfl ^Bi 

















Express B due to each current at 
z = 0: 
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b= M^21_ 

4 n R 


Substitute to obtain: 



B Due to a Current in a Solenoid 


59 


Picture the Problem We can use B x = \ ju 0 nl 


+ ■ 


4b 1 + R 2 ja 2 +R 2 


to find B at 


any point on the axis of the solenoid. Note that the number of turns per unit length for 
this solenoid is 300 tums/0.3 m = 1000 tums/m. 


Express the magnetic field at any 
point on the axis of the solenoid: 

Substitute numerical values to obtain: 


=lM 0 nI 


b a 

- + - 


yjb 2 +R 2 yla 2 + R 2 


B x =i(4^xl0^ 7 T-m/A)(l000)(2.6A) 
= (l.63mT) 


^b 2 + (0.012m) 2 A /fl 2 +(0.012m) 


f 

b 

a 

Jb 2 + (0.012 m) 2 

■ja 2 + (0.012 m) 2 y 


(a) Evaluate B x for a = b = 0.15 m: 

0.15 m 


B x = (l .63 mT) 




0.15m 


v V(0-15m) 2 +(0.012m) 2 7(°- 15m ) 2 +(°- 012m ) 2 

(b ) Evaluate B x for a = 0.1 m and b = 0.2 m: 

B x (0.2 m) = (l .63 mT) 


3.25 mT 


( 

0.2 m 

-f 

0 .1m 

^(0.2m) 2 +(0.012m) 2 A 

jip.lmf +(0.012m) 2 y 


= 3.25 mT 


(c) Evaluate B x (= B end ) for a = 0 and b = 0.3 m: 
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B x = (1.63 mT) 


0.3m 


^/(0.3m) 2 +(0.012m) 2 


Note that S end =|S center . 


1.63 mT 


*60 • 

Picture the Problem We can use B, = ju 0 nl to find the approximate magnetic field on 
the axis and inside the solenoid. 


Express B x as a function of n and /: B x - ju 0 nl 


Substitute numerical values and 
evaluate B x : 


f 600 A 


B x =(4;rxlO~ 7 N/A 2 ) (2.5A) 


\l.lm j 


0.698 mT 


61 ••• 

Picture the Problem The solenoid, 
extending from x = —1/2 to x = i/2 , with 

the origin at its center, is shown in the 
diagram. To find the field at the point 
whose coordinate is x outside the solenoid 
we can determine the field at x due to an 
infinitesimal segment of the solenoid of 
width dx' at x 1 , and then integrate from 
x = —1/2 to x = 1/2. The segment may 

be considered as a coil ndx' carrying a 
current I. 



Express the field dB at the axial 
point whose coordinate is x: 


dB, 


ju 0 2 7tRI 
^ [(x-x') 2 +i? 2 


3/2 


dx’ 


Integrate dB x from x = — 1/2 to x = l/2to obtain: 


B 


X 



/u 0 nl 

r 

x + l/2 

<N 

Ci 

1 

X 

2 

J 

(x + £/2) 2 + R 2 

(x-£/2 f + R 2 y 


cos 9, = 


x + i^ 


i? 2 +(x + if) 2 


1/2 


Refer to the diagram to express 
cos 6\ and cos#?: 


and 
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cos 6* 2 


R' + (x- \tf 


1/2 


Substitute to obtain: 


B = 


j ju 0 nl (cos ft - cos 6 * 2 ) 


62 ••• 

Picture the Problem We can use Equation 27-35, together with the small angle 
approximation for the cosine and tangent functions, to show that ft and ft are as given 
and that B is given by Equation 27-37. 


(a) The angles ft and ft are shown 
in the diagram. Note that 
tan ft = R/(x + £/2) and 


tan ft = R/(x-£/ 2). 



Apply the small angle 
approximation tan 9^ 9 to obtain: 



R 

x + \£ 


and 



( b ) Express the magnetic field B — \ /u 0 nl(cos ft — cos ft) 

outside the solenoid: 


Apply the small angle 
approximation for the cosine 
function to obtain: 


cos ft 
and 
cos ft 


= 1-1 


/ \2 
A R ' 


\X + \£ j 


= l-i 


/ \ 2 
f R A 


x —— P 
V A 2 ^ J 


Substitute and simplify to obtain: 


B = 2 Go nI 


1-1 


R 


x + \£ j 


_ 1+ 2 


R 


x —— P 
V A 2 ^ J 


= \/u 0 irfR- 


(x-X£f (x + Uf 


Let r, = x -\£be the distance to 

the near end of the solenoid, 
r x = x + \£ the distance to the far 


B = 


Bo_ 

4 n 


9m 9„ 


v'i 


f 2 y 
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end, and q m = nlnR 2 = ju/l , where 

/u = nlnR 2 is the magnetic moment 
of the solenoid to obtain: 


Ampere’s Law 

*63 • 

Picture the Problem We can apply Ampere’s law to a circle centered on the axis of the 
cylinder and evaluate this expression for r < R and r > R to find B inside and outside the 
cylinder. 


Apply Ampere’s law to a circle j>2? • di = ju 0 I c 

centered on the axis of the cylinder: , 

Note that, by symmetry, the field is the 

same everywhere on this circle. 

Evaluate this expression for B insidc ■ dl = // 0 (o) = 0 

r<R: 


Solve for 5 inside to obtain: 


B 


inside 



Evaluate this expression for | ^outside ' ^ ~ B{2nR ) = // 0 / 

r> R: 


Solve for 5 0utside to obtain: 


B 


outside 


Mo 1 

2nR 


64 • 

Picture the Problem We can use Ampere’s law, | B ■ dl = jU 0 I c , to find the line integral 
| B ■ dl for each of the three paths. 


(a) Evaluate jil? • dl for Cp 
Evaluate | B ■ dl for C 2 '. 
Evaluate j> 2? • dl for C 3 : 


B-dl = 


Mo 


(8 A) 


fi-^i = // 0 (8A-8A) = 

Jc, 


Bdl = 


8 A) 


because the field 


is opposite the direction of integration. 
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None of the paths can be used to find B at a general point because there 
the current configuration does not have cylindrical symmetry. 


65 • 

Picture the Problem Let the current in the wire and outer shell be I. We can apply 
Ampere’s law to a circle, concentric with the inner wire, of radius r to find B at points 
between the wire and the shell far from the ends (r < K), and outside the cable (r > R). 

(a) Apply Ampere’s law for j> B r<R ■di = B r<R {2nr)= /u Q I 

r < R: 


Solve for B r<R to obtain: 

B r<R = 

A/ 

2m 

(b ) Apply Ampere’s law for 

r> R: 


ll 

^3 

Solve for B r>R to obtain: 

B r>R = 

0 


66 •• 

Picture the Problem. Let the radius of the wire be a. We can apply Ampere’s law to a 
circle, concentric with the center of the wire, of radius r to find B at various distances 
from the center of the wire. 


Express Ampere’s law: 


§B-dl = jU 0 I c 


Using the fact that the current is 
uniformly distributed over the cross- 
sectional area of the wire, relate the 
current enclosed by a circle of 
radius r to the total current / carried 
by the wire: 



m m 
or 



Substitute and evaluate the integral 
to obtain: 


B r (2m-) 


f*y_j 

2 

a 


Solve for B r<a 


B 


_A> r_j 
2 m 2 


( 1 ) 


For r > a\ 


iBr>_a-di = B r >a(2m-)= Mo I 
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Solve for 5, > a \ 


B. 


2m 


( 2 ) 


(a) Use equation (1) to evaluate 5(0.1 cm): 
5(0.1 cm) = 


(4*x 1 0-’N/A>.00 1 m) (l o OA); 

2^(0.005 m) 


8.00x10 4 T 


( b ) Use either equation to evaluate B at the surface of the wire: 


40.005c m )=( 4 " x i 0 7 /A2 )(°; 005m )(i00A) : 
2^(0.005 m) 


4.00x10 3 T 


(c) Use equation (2) to evaluate 
5(0.7 cm): 


5(0.007 m) 


[\n x 1 (T 7 N/A 2 )(l 00 A) 
2^(0.007 m) 

2.86x10 3 T 


( d) A graph of 5 as a function of r follows: 



*67 •• 

Determine the Concept The contour integral consists of four portions, two horizontal 
portions for which j) B ■ di — 0 , and two vertical portions. The portion within the 

magnetic field gives a nonvanishing contribution, whereas the portion outside the field 
gives no contribution to the contour integral. Hence, the contour integral has a finite 
value. However, it encloses no current; thus, it appears that Ampere’s law is violated. 
What this demonstrates is that there must be a fringing field so that the contour integral 
does vanish. 
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68 « 

Picture the Problem Let r\ = 1 mm, r 2 = 2 mm, and r 3 = 3 mm and apply Ampere’s law 
in each of the three regions to obtain expressions for B in each part of the coaxial cable 
and outside the coaxial cable. 


Apply Ampere’s law to a circular 
path of radius r < r\ to obtain: 


B ,<S 2 ^ r )= MJc 


Because the current is uniformly 
distributed over the cross section of 
the inner wire: 


nr nr 




Substitute forAto obtain: 


B r< n {27ir) = fij—I 


Solve for B r<r : 


B r<r, = 


2 Mo 1 r 
4 n r: 


(1) 


Apply Ampere’s law to a circular 
path of radius r\ < r < r 2 to obtain: 


B r<r<A 2 ^ l )= 


Solve for B ,., 


B, 


_ W 1 

4 7t r 


( 2 ) 


Apply Ampere’s law to a circular 
path of radius r 2 <r< r 3 to obtain: 


B r 2 <r<r, i 2 ^ r )= Bi Jc = A, ( ! ~ / ') 

where /' is the current in the outer 
conductor at a distance less than r from the 
center of the inner conductor. 


Because the current is uniformly 
distributed over the cross section of 
the outer conductor: 


/' 


Solve for/': 


2 2 

r= r -^Xi 


Substitute for /' to obtain: 


B, 


X 2 nr) = 


A 


2 2 \ 

r - 

2 2 

V r 2 ~ r 2 J 


Solve for B, 


B, 


2 A. 7 


471 


2 2 \ 
1 V ~ V 2 
1 2 2 
V r 3 -^2 J 


(3) 
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A spreadsheet program was used to plot the following graph of equations (1), (2), and (3). 



Apply Ampere’s law to a circular 
path of radius r > r 3 to obtain: 


B r> ,finr)=n<,Ic 


and 


B, 



69 •• 

Picture the Problem We can use Ampere’s law to calculate B because of the high degree 
of symmetry. The current through C depends on whether r is less than or the inner radius 
a, greater than the inner radius a but less than the outer radius b, or greater than the outer 
radius b. 


(a) Apply Ampere’s law to a 
circular path of radius r < a to 
obtain: 


§ c B r < a -M = Mo 1 c 


and 


B, 



// 0 ( 0 ) = 0 


(b) Use the uniformity of the current 
over the cross-section of the 
conductor to express the current /' 
enclosed by a circular path whose 
radius satisfies the condition a<r< 
b : 


r _ 1 

7t{r 2 - a 2 ) 7i(b 2 - a 2 ) 


l. = r = i 


2 2 

r — a 

b -a 


Solve for I c = 





















Substitute in Ampere’s law to 
obtain: 
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B a<r <b ■ di = B a<r<b {2nr) 


= Mo 1 ' = Mol 


r 2 - a 2 
b 2 -a 2 


Solve for B a<r<b : 


ju 0 I r 2 - a 2 

2 jvr b 2 - a 2 


(c) Express Iq for r > b: 

Substitute in Ampere’s law to 
obtain: 


Ic=I 

£ ^r> h - d ^ = B r >b( 2m )= Mo 1 


Solve for B r>b : 


B 


r>b 


MqI 
2 nr 


70 •• 

Picture the Problem The number of turns enclosed within the rectangular area is na. 
Denote the comers of the rectangle, starting in the lower left-hand comer and proceeding 
counterclockwise, as 1, 2, 3, and 4. We can apply Ampere’s law to each side of this 
rectangle in order to evaluate j> B ■ (ft. 


Express the integral around the 
closed path C as the sum of the 
integrals along the sides of the 
rectangle: 


Evaluate 


f B ■ dl : 

Jl— >2 


For the paths 2 —> 3 and 4 —> 1, B is 
either zero (outside the solenoid) or 
is perpendicular to di and so: 


For the path 3 —> 4, B = 0 and: 


IB ■ dl = \B ■ dl + \B ■ dl + \B ■ dl 

Sc S 1 — >2 J 2 —>3 J 3—>4 


+ 


\Bdi 

J4->1 


1, 


B■di = aB 

1—>2 


\B-dl=\B-dl = 0 

J 2—>3 J 4—>1 


\B-dt = 0 

1 3->4 


B ■ d i = aB + 0 + 0 + 0 = aB 
= ju 0 I c = ju 0 nal 


Substitute in Ampere’s law to 
obtain: 
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Solve for B to obtain: 


B = 


nl 


71 •• 

Picture the Problem The magnetic field inside a tightly wound toroid is given by 
B = jUqNI/( 2 m '), where a<r<b and a and b are the inner and outer radii of the toroid. 

Express the magnetic field of a ^ _ Mo NI 

toroid: 2 7ir 


(a) Substitute numerical values and evaluate 5(1.1 cm): 


4 

2;r(l. 1 cm) 


27.3 mT 


(b) Substitute numerical values and evaluate 5(1.5 cm): 


5(l.5 cm) 


(4;rxl(r 7 N/A 2 )(1000)(1.5 A) 
2^(l.5 cm) 


20.0 mT 


*72 •• 

Picture the Problem In parts (a), (b), and (c) we can use a right-hand rule to determine 
the direction of the magnetic field at points above and below the infinite sheet of current. 
In part (cl) we can evaluate j> 2? • di around the specified path and equate it to /Jolc and 

solve for B. 


At P the magnetic field points to the right (i.c., in the - i direction jsince its 
vertical components cancel. 

Because the sheet is infinite, the same argument used in (a) applies; B is in 
the - i direction. 


Below the sheet the magnetic field points to the left, i.e., in the i direction. 

(c) 

The vertical components cancel. 

(d) Express j> B ■ di , in the j> B ■ dl = 2 J B ■ dt + 2 J B ■ dl 

parallel X 

counterclockwise direction, for the 
given path: 











For the paths perpendicular to the 
sheet, B and di are perpendicular 
to each other and: 

For the paths parallel to the sheet, 
B and di are in the same direction 
and: 

Substitute to obtain: 


Solve for5: 
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\B-dl = 0 

1 


J B ■ di = Bw 

parallel 


§B-di = 2 J B-d~i = 2Bw 

parallel 

= Boh = Bo{% w ) 


B = \ /FA and 2J above 



Magnetization and Magnetic Susceptibility 

73 • 

Picture the Problem We can use B = B app = /u 0 nl to find B and 5 app at the center when 
there is no core in the solenoid and B = Z? app + /J 0 M when there is an iron core with a 
magnetization M = 1.2xl0 6 A/m. 


(a) Express the magnetic field, in B = B app = /u 0 nl 

the absence of a core, in the 
solenoid : 


Substitute numerical values and 
evaluate B and /? app : 


S = 5,pp=(4**10- 7 N/A’) 


r 400 A 


0.2m 


(4A) 


lO.lmT 


(b) With an iron core with a 
magnetization M= 1,2x 10 6 A/m 
present: 


B 


app 


and 


lO.lmT 


B = B app + jU 0 M = 10.1 mT + (4^- x 10 7 N/A 2 )(l .2 x 10 6 A/m) 


1.52T 


74 • 

Picture the Problem We can use B = B app = ju 0 nl to find B and Z? app at the center when 
there is no core in the solenoid and B = B app + /J 0 M when there is an aluminum core. We 
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can use M = % —— to find the magnetization of the core with the aluminum present. 
Mo 


Express the magnetic field, in the 
absence of a core, in the 
solenoid : 

Substitute numerical values and 
evaluate B and 5 app : 


B = B :nw = Mo nI 


B = B V p =(^x 1 0- 7 N/A 2 ) 


A 400 A 


0.2m 


(4A) 


= lO.lmT 


Express the magnetization in the 
core with the aluminum present: 


M = x 


Mo 


Use Table 27-1 to find the value of % m A1 = 2.3 x 10 

Zm for aluminum: 


Substitute numerical values and 
evaluate M: 


M = 2.3x10 5 


lO.lmT 
4^-xlO^ 7 N/A 2 


0.185 A/m 


75 • 

Picture the Problem We can use 2? app = /u 0 nl to find B. dpp at the center of the tungsten 
core in the solenoid. The magnetization is related to B dpp and according to 
M = Zm B ; W /Mo = Zm nI and We Can USe B = fi app l 1 + Z m ) t0 fmd B - 


Express the magnetic field, for a -5 app = ju 0 nl 

tungsten core, in the solenoid : 


Substitute numerical values and 
evaluate B. dpp : 


B. 


app 


f 

(4^xl0^ 7 N/A 2 ) 

V 


400 

0.2m y 


(4 A) 


10.053 mT 


Express the magnetization in the 
core with the aluminum present: 


M =Zn 


B. 


app 


Mo 


= Z m nl 


Use Table 27-1 to fmd the value of % m tungs(enl =6.8x10 

Zm for tungsten: 
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Substitute numerical values and 
evaluate M: 


Express B in terms of 5 app and / m : 

Substitute numerical values and 
evaluate B: 


r 400 A 


M = (6.8xl0~ 5 ) - (4A) 


v 0.2 m 


0.544 A/m 


B ~ ^app^ + Jm) 

B = (10.053 mT)(l + 6.8 xl0~ 5 ) 
= 10.054mT 


76 • 

Picture the Problem We can use B = B app (l + z m )to relate B and B app to the magnetic 

susceptibility of tungsten. Dividing both sides of this equation by B app and examining the 
value of Zm. tungsten will allow us to decide whether the field inside the solenoid decreases 
or increases when the core is removed. 


Express the magnetic field inside 
the solenoid with the tungsten core 
present B in terms of B app and % m : 


B = B app {\ + x m ) 

where 5 app is the magnetic field in the 
absence of the tungsten core. 


Express the ratio of B to B app : 


B 



app 


1 + z 


( 1 ) 


(tr) Because Zm. tungsten ' :> 0. 


( b ) From equation (1) the fractional 
change is: 


B > B app 

and 

B will decrease when the tungsten 
core is removed. 


Z m =6.8x10 


6.8x10 3 % 


77 • 

Picture the Problem We can use B = B app (l + Z m ) to re l ate B and B app to the magnetic 
susceptibility of liquid sample. 

Express the magnetic field inside the B = B. ipp (I + / m sample ) 

solenoid with the liquid sample where is the magnet ic field in the 

present B in terms of 5 app and Zm, absence of the liquid sample. 










580 Chapter 27 


sample* 


The fractional change in the 
magnetic field in the core is: 

Substitute numerical values and 
evaluate / m , sa m P ie: 


A B 

D X m, sample 

app 


X m, sample = = -0.004% 

app 

- -4.00x10 5 


78 • 

Picture the Problem We can use B = B. ipp = /u 0 nl to find B and 5 app at the center when 
there is no core in the solenoid and B = B app (l + ) when there is an aluminum or silver 
core. 


(a) Express the magnetic field, in the 
absence of a core, in the solenoid: 

B = App = /V ?/ 


Substitute numerical values and evaluate B and 5 app : 



£ = £ apP =(4^xlO- 7 N/A 2 ) 

f 50 'l 



(io a)— 

62.8 mT 

^ 0.01m j 




(b ) With an aluminum core: 

B ~ AppO + Xm) 


Use Table 27-1 to find the value of / m 
for aluminum: 

Jm , A1 =2.3xlO- 5 

and 

l + Jm,Al=l + 2.3xlO- 5 « 

Substitute numerical values and evaluate B and 5 app : 



£ = £a P p=(^rxlO- 7 N/A 2 ) 

f 50 'l 



(io a)— 

62.8 mT 

^ 0.01m j 




(c) With a silver core: 

B - A PP (l + Zm) 


Use Table 27-1 to find the value of 

for silver: 

% m, Ag 

and 

= -2.6x10 5 


l + Jm, Ag =l-2.6xlO- 5 ^l 
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Substitute numerical values and evaluate B and 5 app : 

j CA A 
V U ' U,11 V 

*79 •• 

Picture the Problem We can use the data in the table and B app = ju 0 nl to plot B versus 
5 app . We can find K m using B = K m 5 app . 

We can find the applied field 5 app 
for a long solenoid using: 

K m can be found from f? app and B 
using: 

The following graph was plotted using a spreadsheet program. The abscissa values for the 
graph were obtained by multiplying nl by juo. B initially rises rapidly, and then becomes 
nearly flat. This is characteristic of a ferromagnetic material. 


S app = /V ;/ 


K„ = 


B 


B 


5 = ^ pp =(4^x10- 7 N/A 2 ) 


JU 


A HI m 


(10 a)= 


62.8 mT 



The graph of K m versus nl shown below was also plotted using a spreadsheet program. 
Note that K m becomes quite large for small values of nl but then diminishes. A more 
revealing graph would be to plot B/(nI), which would be quite large for small values of nl 
and then drop to nearly zero at nl = 10,000 A/m, corresponding to saturation of the 
magnetization. 
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80 •• 

Picture the Problem We can use the definition of the magnetization of a sample to find 
M and the relationship between the Bohr magneton and the magnetic moment of the 
sample to find the number of electrons aligned in the sample. In part (c) we can express 
the magnetic moment of the disk in terms of the amperian surface current and solve for 
the latter. 


(a) Express the magnetization of the ^ _ f±_ _ A 

sample in terms of its magnetic V Tir 1 d 

moment and volume: 


Substitute numerical values and 
evaluate M: 


1.5x10 2 A-m 2 
;r(l.4 cm) 2 (0.3 cm) 
8.12 x 10 3 A/m 


( b ) Relate the magnetic moment of fi = N/j b 

the sample to the Bohr magneton: 


Solve for and evaluate N: 


u 1.5x10 2 A-m 2 

N = =- 

jUq 9.27xl0~ 24 A-m 2 

= 1.62xl0 21 


(c) Express the magnetic moment of 
the disk in terms of the amperian 


ju = AI 
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surface current: 


Solve for / and substitute for // to 
obtain: 


r u MV MAt ,, 

I = — = -=-= Mt 

AAA 

where t is the thickness of the disk. 


Substitute numerical values and 
evaluate /: 


/ = (8.12 x 10 3 A/m)(0.3 cm) 
= 24.4 A 


81 •• 

Picture the Problem We can imagine the 
cylinder with the hole cut out as the 
superposition of two uniform cylinders 
with radii r and R, respectively, and 
magnetization -M and M, respectively. 

We can use the expression for B on the axis 
of a current loop to express the difference 
of the fields due to the two cylinders at a 
distance x from their common center. We’ll 
denote each field by the subscript 
identifying the radius of the current loop. 

From Problem 39 we have: 



ft, 2xr'l n „_rj 

' ~ 4^ (x 2 +r 2 ) 3 ^ ~ 2 (x 2 +r 2 ) 3 ' 2 
and 

_ ju 0 2 ti R 2 1 _ MqR 2 I 

r ^{x-+R 2 y i2 i(x 2 +r 2 ) 3/2 


The resultant field at x is the difference between B R and B, : 


2 T 

Mo r 1 




_ Mo I 
2 


R 2 


(x 2 +R 2 Y 2 (x 2 +r 2 ) 


3/2 


The resultant magnetization of the disks is M = BI/Uq. 


Mix) A- 


R- 


(x 2 + f? 2 ) 3/2 (x 2 +r 2 ) 


3/2 


The magnetization current is the product of M and the thickness of the disks: 
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The magnetization is related to the 
amperian current: 


dl 

_ amperian j 

di 


amperian 



Substitute for M to obtain: 


amperian 



R 2 

r 2 

dl = 

It 

R 2 

r 2 


u 

_(x 2 +* 2 ) 3/2 

(x 2 +r 2 Y /2 _ 

2 

(x 2 +R 2 Y 2 

( 2 . 2 \ 3 / 2 

\x +r J 



Atomic Magnetic Moments 


*82 •• 

Picture the Problem We can find the magnetic moment of a nickel atom p from its 
relationship the saturation magnetization M s using M s = np where n is the number of 

molecules, n, in turn, can be found from Avogadro’s number, the density of nickel, and 

, . N A p 

its molar mass using n =-. 

M 


Express the saturation magnetic field 

M s 

= np 

in terms of the number of molecules 

or 


per unit volume and the magnetic 


M s 

moment of each molecule: 

P = 

n 

Express the number of molecules 

n = 

P 

per unit volume in terms of 

M 


Avogadro’s number N A , the 
molecular mass M, and the density 
P- 

Substitute and simplify to obtain: _ M s _ p 0 M & _ p 0 M s M 

M ~ ^aP ~ Po N aP ~ P 0 N A p 
M M 


Substitute numerical values and evaluate p : 


_ (0.61T)(58.7x IQ 3 kg/mol) _ 

^ (4;rxl(T 7 N/A 2 )(6.02x 10 23 atoms/mol)(8.7g/cm 3 ) 


5.44x10 24 A-m 2 


Express the value of 1 Bohr 
magneton: 


ju B = 9.27x1 0- 24 A-m 2 
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Divide n by /j b to obtain: 


P_ 

Mb 

or 

P = 


5.44x10 24 A-m 
9.27x10 24 A-m 


= 0.587 


0.587// b 


83 •• 

Picture the Problem We can find the magnetic moment of a cobalt atom // from its 
relationship to the saturation magnetization M s using M s = n //, where n is the number of 

molecules, n, in turn, can be found from Avogadro’s number, the density of cobalt, and 

N a P 


its molar mass using n = 


M 


Express the saturation magnetic field 
in terms of the number of molecules 
per unit volume and the magnetic 
moment of each molecule: 


M s = nju 
or 


P 


_M S 


Express the number of molecules 
per unit volume in terms of 
Avogadro’s number /V A , the 
molecular mass M, and the density 
P- 


n = 


NaP 

M 


Substitute and simplify to obtain: 


P 


M s _ Ao^s _ MqM s M 


n a p 

M 


PqN a P 

M 


P 0 N A p 


Substitute numerical values and evaluate ju: 


P = 


(l.79T)(58.9xlO 3 kg/mol) 

(4^"xl0 -7 N/A 2 )(6.02 x 10 23 atoms/mol)(8.9g/cm’) 


= 1.57x10 23 A-m 


Express the value of 1 Bohr 
magneton: 


ju B =9.27x1 Q- 24 A -m 


H _ 1.57xl0 -23 A-m 2 
jU B ~ 9.27x10 24 A-m 2 
or 
P 


1-69 p B 


Divide ju by ju B to obtain: 


= 1.69 
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Paramagnetism 

84 • 

Picture the Problem We can show that / m = jUjUoMJ'ikT by equating Curie’s law and the 

jg 

equation that defines % m ( M = ——) and solving for % m . 

Mo 


Express Curie’s law: 


Express the magnetization of the 
substance in terms of its magnetic 
susceptibility j m : 

Equate these expressions to obtain: 


Solve for to obtain: 


M = ^ Ms 
3 kT 

where M s is the saturation value. 


M = X^ 


B, 


Z„ 

or 

Mo 


app 


1 MB, 


app 


Mo 


3 kT 


M Q 


\_M_ 
3 kT 




Z„ 


MoMM s 

3 kT 


85 •• 

Picture the Problem We can use the assumption that M = fM s and Curie’s law to solve 

these equations simultaneously for the fraction/of the molecules have their magnetic 
moments aligned with the external magnetic field. 

(a) Assume that some traction/of M — fM s 

the molecules have their magnetic 

moments aligned with the external 

magnetic field and that the rest of 

the molecules are randomly oriented 

and so do not contribute to the 

magnetic field: 


3 kT 


app 




From Curie’s law we have: 










Equate these expressions and solve 
for/to obtain: 
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( b ) Substitute numerical values and 
evaluate /: 


M s = 


1 juB. 


app 


3 kT 


M c 


and 


/ = 


/.iB 

3kT 


because B given in the problem statement 
is the external magnetic field B app . 


(9.27xl0~ 24 A-m 2 )(lT) 

' ~ 3(l.381 x 10 23 J/K)(300K) 

= 7.46x10 4 


*86 •• 

Picture the Problem In ( a ) we can express the saturation magnetic field in terms of the 
number of molecules per unit volume and the magnetic moment of each molecule and use 
n = ;'V A pj M to express the number of molecules per unit volume in terms of Avogadro’s 

number Na, the molecular mass M, and the density p. We can use 
X m = ju 0 pM s /3kT from Problem 84 to calculate 


(a) Express the saturation magnetic field M s = np R 
in terms of the number of molecules per 
unit volume and the magnetic moment 
of each molecule: 


Express the number of molecules per _ N A p 

unit volume in terms of Avogadro’s M 

number Na, the molecular mass M, and 
the density p: 


Substitute to obtain: 




N A P 

M 


Mb 


Substitute numerical values and evaluate M s : 

_ (6.02x 10 23 atoms/mol)(2.7xl0 3 kg/m 3 )(9.27x 10 24 A-m 2 ) 
s 27 g/mol 

= 5.58 x 10’’ A/m 




]U 0 M S = (4tt x 10~ 7 N/A 2 )(5.58 x 10 5 A/m) 


0.701T 


and 
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( b ) From Problem 84 we have: 


Xu 


3 kT 


Substitute numerical values and evaluate j m : 


X 


m 


(An x 10 7 N/A 2 )(9.27 x 10 24 A • m 2 )(5.58 x 10 5 A/m) 
3(1.381x10 23 J/K)(300K) 


5.23x10 4 


(c) 


In calculating x m in (b) we neglected any diamagnetic effects. 


87 •• 

Picture the Problem We can use Equation 27-17 to express B dpp and Equation 27-21 to 
express B in terms of B. dpp and M. 


Express B dpp inside a tightly wound 
toroid: 


B 


app 


ml 

2m 


for R - r < a < R + r 


The resultant field B in the ring is 
the sum of B dpp and jUqM'- 


B = B 


app 


+ // 0 M - 


ml 

2na 


+ B 0 M 


88 •• 

Picture the Problem We can find the magnetization using M = % m B App ///„ and the 
magnetic field using B = 5 app (l + Z,„) ■ 


(a) Using Equation 27-22, express 
the magnetization M in terms of 
and B dpp : 

Express B app inside a tightly wound 
toroid: 

Substitute to obtain: 


Substitute numerical values and 
evaluate M: 


Mo 


B _ ML 

2nr 


app 


ML 

2 m NI 

M = Z,n -— = Xu 


Mo 


2 m" 


M (4x10- 1 )(2000)(15A) 

2^(0.2m) 

= 95.5 A/m 

















(. b ) Express B in terms of B app and 
Zm- 

Substitute for f? app to obtain: 
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B = B ,J ] + zJ 
« NI &+*.) 


B = 


2m- 


Substitute numerical values and evaluate B : 


B _ (4^-x10~ 7 N/A 2 )(2000)(15A) ^ 


+ 4x10 3 ) = 


2^(0.2m) 


)- 


30.1mT 


(c) Express the fractional increase in 
B produced by the liquid oxygen: 


Substitute numerical values and 
evaluate A B/B: 


A B B-B. 


app 


B B 

fi ap P 0 + Z m )- fi a P p Zm B , 


app 


B 


B 


Zu 


1 


1 + Zn 


+ 1 


Zu 


A B 
B 


1 

4x10 


= 3.98x10 


-3 


-3 


+ 1 


0.398% 


89 •• 

Picture the Problem We can use 

within the substance and M = Xm 


B = 5 a P p 0 + Zm ) and B = f° NI = //,,«/ to find B 

Z7TT 

mean 

app to find the magnitude of the magnetization. 

Mo 


(a) Express the magnetic field B 
within the substance in terms of 5 app 
and Zm- 

Express B app inside the toroid: 


Substitute to obtain: 


B ~ ^appO + Zm) 


_ <u 0 NI 

™~2w ~ Mo 


B = fi (] nl{\ + Xm ) 


Substitute numerical values and evaluate B : 
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B = (4tt x 10 7 N/A 2 )(60 x 10 2 m 1 )(4 A)(l + 2.9 x 10 4 ) 


30.2 mT 


(b ) Express the magnetization M in 
terms of Zm and R app : 

Substitute for R app to obtain: 


Substitute numerical values and 
evaluate M: 


(c) If there were no paramagnetic 
core present: 

Ferromagnetism 


Ao 


M=X,» — = X m nI 

Ao 


M = (2.9xl0^)(6000m')(4A) 


= 6.96 A/m 


B - B = 

app 


30.2 mT 


*90 • 

Picture the Problem We can use B = K m B app to find B and M = (K m - 1 )£ app /Ao to 
find M. 


Express B in terms of M and K m : 


B = K m B app 


Substitute numerical values and 
evaluate B: 


B = (5500)(l.57 x lO^ 4 t) 
= 0.864T 


Relate M to K m and B apr> : 


Substitute numerical values and 
evaluate M: 


M=(K m - 1)Ae. 

Ao 


K m B w 

Ao 


M (5500)(l.57xl0- t) 
4;r x 10~ 7 N/A 2 

= 6.87 xio 5 A/m 


91 •• 

Picture the Problem We can relate the permeability // of annealed iron to % m using 

A 


A = (l + JrjAo > fmd Zm using Equation 27-22 (M = 
( K m = 1 + z m ) to evaluate K m . 


Zu 


app 


Ao 


), and use its definition 













Express the permeability // of 
annealed iron in terms of its 
magnetic susceptibility % m : 
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/' = (l + Lk (!) 


Using Equation 27-22, express the 
magnetization M in terms of % m and 

^app • 


Mo 


Solve for and evaluate (see Table 
27-2 for the product of ju 0 and ,47): 

Use its definition to express and 
evaluate the relative permeability 
K m : 

Substitute numerical values in 
equation (1) and evaluate ju: 


Zu 


2167 =10.75 
0,201 T 


K 


= 1 + Z m =1 + 10.75 


11.75 


// = (1 + 10.75)(4^-x 10- 7 N/A 2 ) 
= 1.48xl(T 5 N/A 2 


92 •• 

Picture the Problem We can use the relationship between the magnetic field on the axis 
of a solenoid and the current in the solenoid to find the minimum current is needed in the 
solenoid to demagnetize the magnet. 

Relate the magnetic field on the axis B x = /u 0 nl 

of a solenoid to the current in the 

solenoid: 


Solve for / to obtain: 


I = 


B x 

Mo n 


Let R app = R r to obtain: 



ju 0 n 


Substitute numerical values and 
evaluate /: 


5.53x10 2 T 


1 = 


(4;rxlO~ 7 N/A 2 ) 


f 600 A 


11.0 A 


0.15 m 
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93 •• 

Picture the Problem We can use the equation describing the magnetic field on the axis 
of a solenoid, as a function of the current in the solenoid, to find B app . We can then use 
B = B dpp + /u 0 M to find M and B = K m B dpp to evaluate K m . 


(a) Relate the magnetic field on the 
axis of a solenoid to the current in 
the solenoid: 

Substitute numerical values to 
obtain: 


B x = HquI 


B dpp = (4tt x 1(T 7 N/A 2 )(50 cnT 1 )(2 A) 
= 12.6 mT 


(b) Relate M to B and B app : 


B=B dpp+Mo M 


Solve for and evaluate M : 


B-B 
M = - 


Ao 


1.72T-12.6mT 
4;rxlCr 7 N/A 2 


1.36 xlO 6 A/m 


(c) Express B in terms of K m and B = K m B dpp 

B app - 


Solve for and evaluate K m : 


K„ 


B 



app 


1.72T 
12.6 mT 


137 


94 •• 

Picture the Problem We can use the equation describing the magnetic field on the axis 
of a solenoid, as a function of the current in the solenoid, to find B app . We can then use 
B = B dpp + // 0 A7 to find M and B = K m B dpp to evaluate K m . 


(a) Relate the magnetic field on the 
axis of the solenoid to the current in 
the solenoid: 

Substitute numerical values and 
evaluate B app : 


B x = /V ?/ 


B dpp = (4^x 1(T 7 N/A 2 )(50 cnC 1 )(0.2 A) 
= 1.26 mT 


(. b ) Relate M to B and B app : 


B = B dpp +M 0 M 
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Solve for M : 


Substitute numerical values and 
evaluate M: 


M - B /?app 


Mo 


1.58T-1.26mT 

4;rxlO~ 7 N/A 2 

1.26 x10 s A/m 


(c) Express 5 in terms of A,,, and B - K m B app 

f^app- 


Solve for and evaluate K m : 


K = 


B 


B, 


1.58T 

1.26mT 


1.25xl0 3 


95 •• 

Picture the Problem The magnetic field in the core of a hollow solenoid is related to the 
current in its coils according to B x = 7? app = /u 0 nl. The presence of the iron increases the 

magnetic field by a factor of K m . In part ( b ), requiring that the magnetic field be 
unchanged when the iron core is removed will allow us to find the current that will 
produce the same field within the solenoid. 

(a) Relate the magnetic field on the B x = B app = fi 0 nl 

axis of the solenoid to the current in 
the solenoid: 

Express B in terms of B app : B = K m B app 


Substitute to obtain: 


B = K m Mo nI 


Substitute numerical values and evaluate B: 


B = 1200(4^-x 10 7 N/A 2 )(2000m ‘)(20mA) 


60.3 mT 


(. b ) We require, that with the iron B = K m ju 0 nl = ju 0 nl 0 

core removed, the magnetic field is 

unchanged: 


/ 0 =KJ = 1200(20 mA) = 


24.0A 


Solve for and evaluate 7 q: 
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*96 •• 

Picture the Problem Because the wires carry equal currents in opposite directions, the 
magnetic field midway between them will be twice that due to either current alone and 
will be greater, by a factor of K m , than it would be in the absence of the insulator. We can 
use Ampere’s law to find the field, due to either current, at the midpoint of the plane of 
the wires and dF = Idl x B to find the force per unit length on either wire. 


(a) Relate the magnetic field in the 
insulator to the magnetic field in its 

absence: 

B = K m B m 

Apply Ampere’s law to a closed 
circular path a distance r from a 
current-carrying wire to obtain: 

\ ( B ■ dl = 5 app (2m-) = /.u 0 I c = //„/ 

Solve for B ipp to obtain: 

B = /A)/ 
app 2 nr 

Because there are two current 
carrying wires, with their currents in 
opposite directions, the fields are 
additive and: 

B -^ F BqI _ K m B 0 I 

1T1 

2.7W nr 

Substitute numerical values and 

evaluate B\ 

_ 120(4;z-xl(r 7 N/A 2 )(40A) 

;r(0.02 m) 

= 96.0 mT 

(b) Express the force per unit length 
experienced by either wire due to the 
current in the other: 

l 

Apply Ampere’s law to obtain: 

[b ■ dl = B( 2nr ) = // 0 / c = //„/ 
where r is the separation of the wires. 

Solve for B\ 

Substitute to obtain: 

B = MqI and B = KmM() ' 

2 jut 2 nr 

F _ K mMo I 2 
l 2 nr 


Substitute to obtain: 










Sources of the Magnetic Field 595 


Substitute numerical values and 


evaluate 


F 

7 ' 


F 120(4^ x 10 -7 N/A 2 )(40 A) 2 
i 2^(0.04 m) 

= 0.960 N/m 


97 •• 

Picture the Problem We can use B = B, ipp + ju 0 M and the expression for the magnetic 

field inside a tightly wound toroid to find the magnetization M. We can find K m from its 
definition, // = K m jU 0 to find //, and K m = 1 + to find for the iron sample. 


(a) Relate the magnetization to B B — B ;ipp + jU 0 M 

and R app : 

Solve for M: ^ _ B-B. dpp 

Bo 


Express the magnetic field inside a ^ _ BoNI 

tightly wound toroid: dpp Ijw 


Substitute and simplify to obtain: 


Substitute numerical values and 
evaluate M: 


p ML 

M = = 

Bo Bo 

1.8T 2000(10 A) 

_ 4;rxl0~ 7 N/A 2 2^(0.2 m) 

= 1.42x 10 6 A/m 


( b ) Use its definition to express K m : 


Substitute numerical values and 
evaluate K m : 


_ B _ B _ 2wB 

2 7U~ 

_ 2;r(0.2m)(l .8T) 

m ~ (4^-xlO^ 7 N/A 2 )(2000)(l0A) 

= 90.0 


Now that we know K m we can find // 
using: 


H = K mJ u 0 = 90(4 n x 10~ 7 N/A 2 ) 
= 1.13 x 10~ 4 T-m/A 


Relate to K m : 


K m = 1 + Z, 
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Solve for and evaluate 


7 =K 

sL m m 


-1 = 


89.0 


98 •• 

Picture the Problem We can substitute the expression for applied magnetic field 

(^a PP = ) in the defining equation for K m (B = K m B ) to obtain an expression 

2 nr 

for the magnetic field B in the toroid. 


Relate the magnetic field in the 
toroid to the relative permeability 
of its core: 

Express the applied magnetic field 
in the toroid in terms of the current 
in its winding: 

Substitute to obtain: 


B = KB. 


app 


B. 


app 


Mi 

2 TW 


B _ K mMo NI 

2 7W 


Express the number of turns N of 
wire in terms of the number of 
turns per unit length n: 

Substitute to obtain: 

Substitute numerical values and 
evaluate B\ 


N = 2/7171 


B = K mMo nl 

B = 500(4tt xlO 7 N/A 2 )(60cnC 1 )(0.2 A) 
= 0.754T 


99 •• 

Picture the Problem We can use Ampere’s law to obtain expressions for the magnetic 
field inside the wire, inside the ferromagnetic material, and in the region outside the 
insulating ferromagnetic material. 

(a) Apply Ampere’s law to a circle ^B-dl = B(2m-) = ju 0 I c 

of radius r < 1 mm and concentric 
with the center of the wire: 


Assuming that the current is 
distributed uniformly over the cross- 
sectional area of the wire (uniform 
current density), express / c in terms 



nr 1 nR 2 


or 
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of the total current /: 


Substitute to obtain: 


Solve for B : 


Substitute numerical values and 
evaluate B\ 


(b ) Relate the magnetic field inside 
the ferromagnetic material to the 
magnetic field due to the current in 
the wire: 

Apply Ampere's law to a circle of 
radius 1 mm < r <4 mm and 
concentric with the center of the 
wire: 

Solve for B dpp : 


Substitute to obtain: 


Substitute numerical values and 
evaluate B\ 


(c) Apply Ampere’s law to a circle 
of radius r > 4 mm and concentric 
with the center of the wire: 




B(2m~) = 


R 2 


B = JhL r 

2nR~ 


B _ (4;rxlCT 7 N/A 2 )(40A) 
2tz{\ mm)~ 


(8.00 T/m)/ 


B = K m B m 


[ B ■ di = B m {27ir) = n 0 I c = Mo I 


B =^~ 

app 2m- 

B _ K m /J 0 I 
2 w 

_ 400(4tt x 1Q- 7 N/A 2 )(40 A) 
2 7W 

= (3.20x10 3 T-m)- 


• dl = B{2nr ) = jU 0 I c = ju 0 I 


B= 

2m• 


Solve for B: 
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Substitute numerical values and 
evaluate B\ 


B _ (4;z-xlCT 7 N/A 2 )(40A) 

2 m- 

= (8.00x10 6 T-m)- 
r 


(d) Note that the field in the ferromagnetic region is that which would be produced in a 
nonmagnetic region by a current of 400/ = 1600 A. The amperian current on the inside of 
the surface of the ferromagnetic material must therefore be (1600 - 40) A = 1560 A in 
the direction of I. On the outside surface there must then be an amperian current of 1560 
A in the opposite direction. 

General Problems 


100 • 

Picture the Problem Because point P is on the line connecting the straight segments of 
the conductor, these segments do not contribute to the magnetic field at P. Hence, we can 
use the expression for the magnetic field at the center of a current loop to find B P . 


Express the magnetic field at the 
center of a current loop: 

Express the magnetic field at the 
center of half a current loop: 

Substitute numerical values and 
evaluate B\ 


2 R 

where R is the radius of the loop. 

B = 1 /V = Po 1 
2 2 R 4 R 

_ {Atc x 1CT 7 N/A 2 )(l 5 A) 
4(0.2 m) 

= 2.36x10 5 T 


*101 • 

Picture the Problem Let out of the page be the positive x direction. Because point P is 
on the line connecting the straight segments of the conductor, these segments do not 
contribute to the magnetic field at P. Hence, the resultant magnetic field at P will be the 
sum of the magnetic fields due to the current in the two semicircles, and we can use the 
expression for the magnetic field at the center of a current loop to find B p . 

Express the resultant magnetic B p = B x + B 

field at P: 









Express the magnetic field at the 
center of a current loop: 
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Express the magnetic field at the 
center of half a current loop: 

Express 2 ?, and B 2 : 


Substitute to obtain: 


B = 


Bo 1 

2 R 


where R is the radius of the loop. 


B = 


1 Mo I _ Mo* 

2 2 R 4 R 


and 

B, 


_ Mo 1 
4R, ‘ 


IhJ • 
4 R, 


B a = 


Mo 1 ; Bo 1 


4 R, 


i - 


4 R, 


i = 


Mo 1 


1_1 


v 1 


2 y 


102 


Picture the Problem We can express B as a function of N, I, and R using B = 
eliminate R by relating i to R through i = 2 kRN . 


ml 

2 R 


and 


Express the magnetic field at the g _ // 0 2V/ 

center of a coil of N turns and radius 2 R 

R: 


Relate l to the number of turns N: 1 = ItzRN 


Solve for R to obtain: 


R 


i 

2 ttN 


Substitute to obtain: 


B 


ml 

2 — 

2nN 


/uM 1 

e 


103 

Picture the Problem The magnetic field at P (which is out of the page) is the sum of the 
magnetic fields due to the three parts of the wire. Let the numerals 1, 2, and 3 denote the 
left-hand, center (short), and right-hand wires. We can then use the expression for B due 
to a straight wire segment to find each of these fields and their sum. 
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Express the resultant magnetic field B p = B x + B 2 + B 3 

at point P: 

Because B\ = By. B P =2B X +B 2 

Express the magnetic field due to a ^ _ R 0 I 

straight wire segment: 4 n R 


(sin 0 ] + sin ft) 


For wires 1 and 3 (the long wires), 
6\ = 90° and ft = 45°: 


For wire 2, ft = ft = 45°: 


Substitute and simplify to obtain: 


B x = ^-(sin90° + sin45°) 
4 n a 


An a 


1 + 


V2. 


B , = (sin 45° +sin 45°) 

1 Ana ’ 


= BlL 

An a 


f -> A 


V 42 j 


B P =2 


EslL 

r, 11 

+ Vo_L 

f 2 1 

An a 

l v/2 J 

An a 

^v/2 J 


B<lL 

2 n a 

Bv_l_ 

2 n a 


1 


1 


1+ V2 + V2, 


1 + 


■n 


2n a ' 


*104 •• 

Picture the Problem Depending on the direction of the wire, the magnetic field due to 
its current (provided this field is a large enough fraction of the earth’s magnetic field) 
will either add to or subtract from the earth’s field and moving the compass over the 
ground in the vicinity of the wire will indicate the direction of the current. 

Apply Ampere’s law to a circle of §B-dl = B wiie (2nr) = ju 0 I c = ju 0 I 

radius r and concentric with the 
center of the wire: 

Solve for B to obtain: p _ 
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Substitute numerical values and 
evaluate f? wire : 


Express the ratio of B wnc to B e art h: 


If the cable runs east-west, its magnetic field is in the north-south direction and thus 
either adds to or subtracts from the earth’s field, depending on the current direction and 
location of the compass. Moving the compass over the region one should be able to 
detect the change. 

If the cable runs north-south, its magnetic field is perpendicular to that of the earth, and 
moving the compass about one should observe a change in the direction of the compass 
needle. 


B„ 


_ (4;rxlCT 7 N/A 2 )(50A) 
2?r(2 m) 

= 0.0500G 


B wire _ 0-05 G 


B, 


earth 


0.7G 


7% 


Thus, the field of the current-carrying wire 
should be detectable with a good compass. 


105 

Picture the Problem Let I\ and / 2 represent the currents of 20 A and 5 A, F l , F 2 , F 3 , 
and F 4 the forces that act on the horizontal wire at the top of the loop, and the other 
wires following the current in a counterclockwise direction, and B { , B, , B 3 , and B 4 

the magnetic fields at these wires due to I\. Let the positive x direction be to the right and 
the positive v direction be upward. Note that only the components into or out of the paper 
of B } , B 2 , B , and B 4 contribute to the forces F } , F 2 , F 3 , and F 4 , respectively. 


(a) Express the forces F 2 and F 4 in 
terms of F and B 2 and B 4 : 


F 2 = I 2 l 2 xB 

and 

F 4 = BJa x B 


2 


4 


Express B 2 and B 4 : 



and 

B a — 


4 n B 

Bo 2 /] j 

4n R 4 
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Substitute to obtain: 




f 

V 


An R x , 


_ M/2^1^2 ■ 
2nR 2 


and 



I 2 t 4 jx 

V 


Bl^£ 

An R 4 , 


Mj' 4 I\12 • 

2nR 4 


Substitute numerical values and evaluate F 2 and F 4 : 


B = 


(4^-x 10~ 7 N/A 2 )(0.1 m )(20A)(5A) ; 
2^(0.02 m) 


1 = 


(l .00 x 10 4 n)/ 


and 


f* = - 


(4.x 10- N/A')(0.1 m)(20 A)(5 A) ■ = I ^^ N )f 
2n(0.07 m) ^ 


(b) Express the net force acting on F nel = F t + F 2 + F 3 + F 4 

the coil: 


Because the lengths of segments 1 
and 3 are the same and the currents 
in these segments are in opposite 
directions: 


F, + F 3 = 0 
and 

F = F + F 

■* net ± 2 T ■* 4 


( 1 ) 


Substitute for F, and F 4 in equation (1) and simplify to obtain: 

F net = (- 0.250 x lO^ 4 N )j + (l.OO xlO 4 N )/ + (0.250 x 10~ 4 n)/ 
+ (-0.286 x 10 ~ 4 n)/ 

= (o.714xlO~ 4 n)/ 


106 

Picture the Problem Let out of the page be the positive x direction and the numerals 40 
and 60 refer to the circular arcs whose radii are 40 cm and 60 cm. Because point P is on 
the line connecting the straight segments of the conductor, these segments do not 
contribute to the magnetic field at P. Hence the resultant magnetic field at P will be the 
sum of the magnetic fields due to the current in the two circular arcs and we can use the 
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expression for the magnetic field at the center of a current loop to find B p . 


Express the resultant magnetic field 
at P: 


Bp B 40 + B 60 


Express the magnetic field at the 
center of a current loop: 


B = 


Mol 

2 R 


where R is the radius of the loop. 


Express the magnetic field at the 
center of one-sixth of a current loop: 

B _ 1 Mo 1 _ Mo 1 
6 2 R 12R 

Express B 40 and B b0 : 

a - ^ } 

-LJ an l 

12 R 40 


and 


bsi 

o 

II 

O' k -h 

o 


Substitute to obtain: 


B L 


/uJ : ju 0 I : 

0 - 1+——i 


12 R 


40 


Mo 1 


12 


12 R { 

J__J_ 
\B 60 R 40 j 


i 


Substitute numerical values and evaluate B 


p ■ 


B r 


[\n x 10~ 7 N/A 2 )(8 A) f 1 


1 


12 


0.6m 0.4m 


/V 

T 

i = 

I 


(- 6.98 x 10 7 t)/ 


107 

Picture the Problem Let the positive x direction be into the page and the numerals 20 
and 40 refer to the circular arcs whose radii are 20 cm and 40 cm. Because point P is on 
the line connecting the straight segments of the conductor, these segments do not 
contribute to the magnetic field at P and the resultant field at P is the sum of the fields 
due to the two semicircular current loops. 

Express the resultant magnetic field B p = B 1Q + B 40 

at P: 


2 R 


Express the magnetic field at the 
center of a circular current loop: 
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Express the magnetic field at the 
center of half a circular current loop: 

Express B 20 and B 40 : 

Substitute to obtain: 


where R is the radius of the loop. 


1 /u 0 I 

Mol 


2 2 R 

4 R 


Mt J 

-i and B, = 

f 

4 R 

4*40 

Mo 1 

• MqI • 

i +-^—i 


4^ 2 o 

4*40 


Mo 1 


i 


V Jv 20 JV 40 y 


Substitute numerical values and evaluate B P \ 


B P 


(4^-xlO -7 N/A 2 ) 

(3 A) 

i o 

4 

v 0.2m 0.4 m y 


(7.07 juY)i 


*108 •• 


Picture the Problem Chose the coordinate system shown to the right. Then the current is 

in the positive z direction. Assume that the electron is at (1 cm, 0, 0). We can use 

- - u 21 ~ 

F = qv x B to relate the magnetic force on the electron to v and B and B = —-- j to 

4 n r 

express the magnetic field at the location of the electron. We’ll need to express v for 
each of the three situations described in the problem in order to evaluate F = qvxB. 



F = qvxB 


Express the magnetic force acting 
on the electron: 


















Express the magnetic field due to 
the current in the wire as a function 
of distance from the wire: 
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B = 


£lV_) 

4 n r 


Substitute to obtain: 


F = qvx 


Mo_ 2 / y = 
4 n r 



(a) Express the velocity of the 
electron when it moves directly 
away from the wire: 

Substitute to obtain: 


v = vi 


= W( v - x ;-) = 

4tw 4 JTT 


Substitute numerical values and evaluate F : 

p 2(4^xlQ- 7 N/A 2 )(-1.6xl0 19 c)(5x 10 6 m/s)(20 A)* 

4;r(0.01m) 

= (-3.20 x 10~ 16 n)& 


( b ) Express v when the electron is v =vk 

traveling parallel to the wire in the 
direction of the current: 

Substitute in equation (1) to obtain: p _ 2g// 0 / x j\__ 2g// 0 /v : 

4 4 7ir 


Substitute numerical values and evaluate F : 


2(4^ x IQ- 7 N/A 2 )(- 1.6x IQ- 19 c)(5 x 10 6 m/s)(20 A)i 
4;r(0.01m) 


(3.20x10 16 n)/ 


(c) Express v when the electron is v = vj 

traveling perpendicular to the wire and 
tangent to a circle around the wire: 



Substitute in equation (1) to obtain: 
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109 •• 

Picture the Problem We can apply Ampere's law to derive expressions for the magnetic 
field as a function of the distance from the center of the wire. 

Apply Ampere's law to a closed B r<r (2nr) = ju 0 I c 

circular path of radius r < r 0 to 

obtain: 


Because the current is uniformly 
distributed over the cross section of 
the wire: 


nr 


nr n 




Substitute to obtain: 


B ,< ro { 2nr ) 



Solve for B : 

r<r o 


Apply Ampere's law to a closed 
circular path of radius r > r 0 to 
obtain: 

Solve for B : 

r>r 0 


_ M 0 rl _ Mo 21 ^ 
27irl An r 0 2 


(1) 


B r>r 0 { 2nr )= V 0 I C=Mo I 


B, 


j^_21_ 

An r 


( 2 ) 


The spreadsheet program to calculate B as a function of r in the interval 
0 < r < 10r 0 is shown below. The formulas used to calculate the quantities in the columns 
are as follows: 


Cell 

F ormula/Content 

Algebraic Form 

B1 

1.00E-07 

Ay 

An 

B2 

5 

I 

B3 

1 

I 

A6 

2.55E-03 

r (m) 

B6 

0.00E+00 

r (mm) 

C6 

10 A 4*$B$ 1 *2*$B$2*A6/$B$3 A 2 

Bll I r 

An rl 

C17 

10 A 4*$B$ 1 *2*$B$2*A6/A 17 

Mo_1L 

An r 



A 

B 

C 

1 

mu/4pi= 

1.00E-07 

N/A A 2 
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2 

1= 

5 

A 

3 

r 0= 

2.55E-03 

m 

4 




5 

r (m) 

r (mm) 

B (T) 

6 

0.00E+00 

0.00E+00 

0.00E+00 

7 

2.55E-04 

2.55E-01 

3.92E-01 

8 

5.10E-04 

5.10E-01 

7.84E-01 

9 

7.65E-04 

7.65E-01 

1.18E+00 

10 

1.02E-03 

1.02E+00 

1.57E+00 





102 

2.45E-02 

2.45E+01 

4.08E-01 

103 

2.47E-02 

2.47E+01 

4.04E-01 

104 

2.50E-02 

2.50E+01 

4.00E-01 

105 

2.52E-02 

2.52E+01 

3.96E-01 

106 

2.55E-02 

2.55E+01 

3.92E-01 


A graph of B as a function of r follows. 



110 •• 

Picture the Problem We can use T = ju x B to find the torque exerted on the small coil 
(magnetic moment = //) by the magnetic field B due to the current in the large coil. 


Relate the torque exerted by the 
large coil on the small coil to the 
magnetic moment Ji of the small 

coil and the magnetic field B due to 
the current in the large coil: 

Express the magnetic moment of the 
small coil: 


r = //xl? 

or, because the planes of the two coils are 
perpendicular, 

T = /jB 

ju = NIA 

where / is the current in the coil, N is the 
number of turns in the coil, and A is the 
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Express the magnetic field at the 
center of the large coil: 


Substitute to obtain: 


cross-sectional area of the coil. 

B - w 

2 R 

where /'is the current in the large coil, W is 
the number of turns in the coil, and R is its 
radius. 

_ NN'II'AjUq 
2 R 


Substitute numerical values and evaluate r: 


(50)(20)(4 A)(l A>t( 0.5 cm ) 2 (An x 1CT 7 N/A 2 ) 
2(l 0 cm) 


1.97 juN ■ m 


*111 •• 

Picture the Problem We can apply Newton’s 2 nd law for rotational motion to obtain the 
differential equation of motion of the bar magnet. While this equation is not linear, we 
can use a small-angle approximation to render it linear and obtain an expression for the 
square of the angular frequency that we can solve for /c when there is an external field 
and for the period T in the absence of an external field. 


Apply X T = la to the bar magnet 

when B ^ 0 to obtain the differential 
equation of motion for the magnet: 


For small displacements from 
equilibrium (d « 1): 

Rewrite the differential equation as: 


Because the coefficient of the linear 
term is the square of the angular 
frequency, we have: 


- K0- /jB sin 6 = /— T 

dt 2 

where / is the moment of inertia of the 
magnet about an axis through its point of 
suspension. 


-k6- /jBO « / 


d 2 e 

dr 


I^ + {k + pB)0 = 0 
dt 


or 


cfO 

dt 2 


- + 


K + /uB 


0 = 0 


1 K + jilB 

<x>~ = --— 

/ 


( 1 ) 
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Express the moment of inertia (see 
Table 9-1) of the bar magnet about 
an axis through its center: 

Substitute to obtain: 


Solve for /rto obtain: 


I = }mL 2 


co 


K + juB 

12 ml} 


k = -}mCco 2 - juB = -}mL 


r An 2 ^ 


n 2 ml} 
3 T 2 


jLlB 


/jB 


Substitute numerical values and evaluate k : 


K 


= ^ ; (0.8kg)(0 1 16m) 2 _(„ 12 A . m 2 ) (0 2T) = 
3(0.5 s) 


0.246 N • m/rad 


Substitute B = 0 and co = 2n!T in 
equation (1) to obtain: 


An" 


K 

I 


Solve for T: 


T = 2 nj- = 2 nj— = nL — 
V k V 12 k V 3/c 


Substitute numerical values and 
evaluate T: 


T = ^-(0.16m) 


0.8kg 


3(0.246 N-m/rad) 


0.523s 


112 

Picture the Problem We can apply Newton’s 2 nd law for rotational motion to obtain the 
differential equation of motion of the bar magnet. While this equation is not linear, we 
can use a small-angle approximation to render it linear and obtain an expression for the 
square of the angular frequency that we can solve for the frequency /of the motion. 

Apply / T = la to the bar magnet . cf'6 

- juB sin 0 = / —y 

to obtain the differential equation of dt 

motion for the magnet: where / is the moment of inertia of the 

magnet about an axis through its point of 
suspension. 
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For small displacements from 
equilibrium (0« 1): 

Rewrite the differential equation as: 


Because the coefficient of the linear 
term is the square of the angular 
frequency, we have: 

Solve for co to obtain: 


- juBO « / 


d 2 0 

dt 2 


I—^- + /jB6 = 0 
dt 2 

or 

dt I 
„2 _ M B 

CO = — 

/ 
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Picture the Problem We can use the potential energy of the displaced bar magnet to find 
the force acting on it to return it to its equilibrium position. While this restoring force is 
not, in general, linear, we can use a binomial expansion to show that for displacements 
that are small compared to the radius of the coil, the restoring force is linear and, hence, 
the motion of the bar magnet is simple harmonic motion. We can then apply Newton’s 
2 nd law to obtain the differential equation of motion of the bar magnet and use the 
coefficient of the linear term to express the period of the motion. 

Express the potential energy of the U = —fjB 

displaced bar magnet: 


Express the magnetic field on the 
axis of the current loop: 


D _/C 2rf/ 

4 k(x 2 +R 2 } 12 

where / is the current in the loop and R is 
its radius. 


Substitute to obtain: 


ft 2 lyNKrl 
' 47T (x 1 +R 2 y 2 










Differentiate U with respect to x to 
find the restoring force acting on the 
bar magnet: 


Factor R 2 from the radical to obtain: 


Expand the radical factor to obtain: 


Forx «R: 


F=- 
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dU 


dx 


d 


+r 2 Y ' 2 


3ju 0 juNR 2 I 


1 


(x 2 +R 2 )' 2 


F=- 


3 jU oJ uNR 2 I 


2 R 5 


x5/2 

V ' 

1 + 


X 

~R 2 


3 ju 0 juNI 


f 


2R 


V “2 
2 V 5 ^ 2 

X 


1 + ^y 
V R J 


f v 2 h- 5 / 2 

1 + ^T 

V R J 

terms 


1 5 x" ,. , 

= 1-- + higher order 

2 R~ 


r v 2 v 5 / 2 

1 + ^ 

V R J 


Substitute in F x to obtain: 


F = 


3ju oJ uNI 

'> dx* 

2 R 3 


Thus, we’ve shown that the bar magnet experiences a linear restoring force and, 
hence, its motion will be simple harmonic motion. 


Apply 27 = md to the bar 
magnet to obtain: 


Because the coefficient of the linear 
term is the square of the angular 
frequency we have: 


3// 0 /FV7 
2 R 2 


x = m - 


d 2 x 


or 

d 2 ; 


dv 


■ + 


3 jU oJ uNI 
2mR' 


dt~ 


x = 0 


9 4 7t~ 

(D~ = -T- 


3ju oJ uNI 

2mR 
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Solve for T to obtain: 


T = 2n. 


2mR 3 
3 ju 0 juNI 


Substitute numerical values and evaluate T: 


T = 2tt, 


2(0.1kg)(0.1m) 3 

3(47T x 10 7 N/A 2 )(0.04 A • m 2 )(100)(5A) 


10.2s 
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Picture the Problem We can apply Newton’s 2 nd law for rotational motion to obtain the 
differential equation of motion of the bar magnet. While this equation is not linear, we 
can use a small-angle approximation to render it linear and obtain an expression for the 
square of the angular frequency that we can solve for the frequency /of the motion. 


Apply ^ T = la to the bar magnet 

to obtain the differential equation of 
motion for the magnet: 

t) ■ n 

- uB sin# = /—r- 
dt 2 

where / is the moment of inertia of the 
magnet about an axis through its point of 
suspension. 

For small displacements from 
equilibrium ( 6 « 1): 


Rewrite the differential equation as: 

d 2 f) 

I 2 +juBO = 0 
dt~ 

or 

d ' 6 + B B 9 = Q 

dr 1 

Because the coefficient of the linear 

term is the square of the angular 
frequency, we have: 

« 2 =4 ^ 2 / 2 =^ 

/ 

where/ is the frequency of oscillation. 


Solve for/ to obtain: 1 f/jB 

f= 2ni~T 

or, because // = 2.2 Njub where N is the 


number of iron atoms in the bar magnet, 

1 \2.2Nju b B 
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From Table 9-1 we have: 

/ = -LmL 2 = jL pVL 2 

Express the number of iron atoms in 

N m pV 

terms of Avogadro’s number and 

s 

s 

the atomic weight of iron M: 

and 


N - N *P V 

M 

Substitute for / and N and simplify 

to obtain: 

1 12.2 N A pVp B B 

J 2n y ±pVL 2 M 


1 6.6N A p B B 


nL\ M 


Substitute numerical values and evaluate/: 


/ = 


;r(0.08m) 


1 6.6(6.02 x IQ 23 / mol)(9.27 x 1(T 24 A • m 2 )(p.5 x 10 4 t) 
55.85 g/mol 


0.723 Hz 
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Picture the Problem We can solve the equation for the frequency /of the compass 
needle given in Problem 112 for magnetic dipole moment of the needle. In Parts (b) and 
(c) we can use their definitions to find the magnetization M and the amperian current 

Aim peri an- 


(a) In Problem 112 it is established that 1 j pB 

the frequency of the compass needle is: ^ 2n\ I 

where / is the moment of inertia of the 
needle. 


Solve for /u to obtain: 


M = 


4k 2 f 2 I 
B 


Express the moment of inertia of the / = -^mL = T. pVls - jV pm~~ U 

needle: 


5 S' 1 _ 2 j-3 

k j pr L 
3 ~B 


M = 


Substitute to obtain: 
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Substitute numerical values and evaluate /r. 


M = 


7Z i \ 

(1.4s- 1 / 

(7.96 XlO 3 

kg/m 3 )(o.85 x 1(T 3 m) 

f (0.03 m) 3 

31 

(0.6 x io -4 tJ 

1 


5.24x10 2 A-m 2 


(. b ) Use its definition to express the ]y[ _ tL 

magnetization M: V 


Substitute to obtain: 


ju .. f 2 pr 2 L 3 _ x 2 f 2 pl} 
V 3 BV 3 B 


Substitute numerical values and evaluate M : 


_ n 1 (l .4 s' 1 f (7.96 x 10 3 kg/m 3 )( 0.03 m) 2 _ 
i “ 3 ( 0.6 x 10 4 T) “ 


7.70 xlO 5 A/m 


(c) Express and evaluate the amperian current on the surface of the needle: 
4™ =ML = (7.70x 10 s A/m)(0.03m) = 


2.31x10 A 


*116 •• 

Picture the Problem We can use the definition of angular momentum and Equation 27- 
27, together with the definition of the magnetization M of the iron bar, to derive an 
expression for the rotational angular velocity of the bar just after it has been 
demagnetized. 


Assuming its angular momentum to 
be conserved, use the definition of L 
to express the angular momentum of 
the iron bar just after it has been 
demagnetized: 

Solve for the angular velocity co: 


L = I co 


L 

co = — 
I 


L = ^L fl = ^MV = ^M^e 

q e e 

where r is the radius of the bar and i its 
length. 


Assuming that Equation 27-27 holds 
yields: 











Modeling the bar as a cylinder, 
express its moment of inertia with 
respect to its axis: 

Substitute to obtain: 
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/ = \mr 2 = j pVr 2 = \ pjw A l 


2 m e 


Mm* 2 £ 


co = 


e _ 

\ p7ir A i 


4m e M 
epr 2 


Substitute numerical values (see Table 13-1 for the density of iron) and evaluate co: 


4(9.11x10 31 kg)(l.72x!0 6 A/m) 

C ° ~ (l .6 x 10 19 C)(7.96 x 10 3 kg/m 3 )(0.01 m) 2 


4.92 x 10 5 rad/s 
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Picture the Problem The dipole moment of the bar is given by p = 2.219 Np B , where N 
is the number of atoms in the bar. We can express N in terms of Avogadro’s number, the 
density of iron, the volume of the bar, and the atomic weight of iron. We can use the 
definition of torque to find the torque that must be supplied to hold the iron bar 
perpendicular to the given magnetic field. 


(a) Express the magnetic dipole 
moment of the magnetized iron bar: 

Express the number of iron atoms in 
terms of Avogadro’s number and the 
atomic weight of iron M: 


Substitute to obtain: 


p = 2.21 97V// b 

where N is the number of iron atoms in the 
bar. 

N _ m _ pV 
N A ~ M~ M 
and 

n-^apL 

M 

2.219 N A pVp B 22\9N A pUp B 
f M M 


Substitute numerical values and evaluate p: 


2.219(6.02 xl0 23 moT 1 )(7.96xl0 3 kg/m 3 )(0.2m) 
55.85 x 10 3 kg/mol 
x (2 x 10 4 m 2 )(9.27 x 10 24 A • m 2 ) 


70.6 A • m 2 
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( b ) Express the torque required to 
hold the iron bar perpendicular to the 
magnetic field: 

T = juB sin 0 = juB sin 90° = juB 

Substitute numerical values and 

evaluate r. 

r = (70.6 A • m 2 )(0.25 T) = 17.7N-m 

*118 •• 



Picture the Problem Note that B e and B c are perpendicular to each other and that the 
resultant magnetic field is at an angle 6 with north. We can use trigonometry to relate B c 
and B e and express B c in terms of the geometry of the coil and the current flowing in it. 


Express B z in terms of B e : 

B c = B c tan 0 

where 6 is the angle of the resultant field 
from north. 

Express the field B c due to the 

current in the coil: 

B _ W 

c 2 R 

where N is the number of turns. 

Substitute to obtain: 

Nfi()! = B t tan 6* 

2 R 

Solve for /: 

T 2 RB e 

I = -- tan 0 
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Picture the Problem Let the positive x direction be out of the page. We can use the 
expressions for the magnetic fields due to an infinite straight line and a circular loop to 
express the net magnetic field at the center of the circular loop. We can set this net field 
to zero and solve for r. 


Express the net magnetic field at the 
center of circular loop: 

B ~ B \ O0 p + B \inc 

Letting R represent the radius of the 
loop, express 2? loop : 

R - ^ i 

loop 2R 

Express the magnetic field due to the 
current in the infinite straight line: 

5 _ A/ ? 

■^line ^ l 

Z7ir 
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Substitute to obtain: 


2 R 2 nr 


M 0 I , PJ ')■ 

v 2 R 2 tit ) 


If B = 0, then: _ + A/ _ q 

2 R Im 
or 

-! + -L-o 

R 7W 


Solve for r. 


r 


R 


n 


Substitute numerical values and 
evaluate r : 


10 cm 

r =- 

n 


3.18 cm 
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Picture the Problem Note that only the current in the section of wire of length 2 a 
contributes to the field at P. Hence, we can use the expression for B due to a straight wire 
segment to find the magnetic field at P. In Part ( b ) we can use our result from (a), 
together with the value for 9 when the polygon has N sides, to obtain an expression for B 
at the center of a polygon of N sides. 


Express the magnetic field at P due 
to a straight wire segment: 


B P 


— — (sin 0, + sin ) 
An R y 1 2 ' 


Because 9\ = &i = 9 : 


B =^L( 2sin0) 

P An R X ’ 


v 2 n Rj 


sin# 


Refer to the figure to obtain: 


sin 0 = , 

y/a 2 + R 2 


Substitute to obtain: 

B p = 


(b ) Express #for an iV-sided Q - — 

polygon: N 


Because each side of the polygon 
contributes to B an amount equal to 
that obtained in (a): 


w 

2nR 


sin 


^ n ^ 


\Nj 


jU 0 ClI 

2 nR^a 2 +R 2 
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As N —> oo: 


sin 


^ 71 ^ 
\Nj 


n 

N 


and 

B- 


w 

2 xR 




/V. 

2i? 


, the 


expression for the magnetic field at the 
center of a current-carrying circular loop. 
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Picture the Problem We can use Ampere’s law to derive expressions for B(r) for r<R,r 
= R, and r > R that we can evaluate for the given distances from the center of the 
cylindrical conductor. 


Apply Ampere’s law to a closed 
circular path a distance r < R from 
the center of the cylindrical 
conductor to obtain: 

Solve for B(r) to obtain: 

Substitute for/(r): 

(a) and ( b ) Noting that B is 
independent of r, substitute 
numerical values and evaluate 
B(5 cm) andi?(10 cm): 

(c) Apply Ampere’s law to a closed 
circular path a distance r > R from 
the center of the cylindrical 
conductor to obtain: 

Solve for B(r ): 


§B ■ di = B{rflnr) = n Q I c = mA v ) 


2 7jr 

B (\ = A,(50A/m)r = // 0 (50 A/m) 

2 nr 2 n 

B( 5 cm) = 5(l 0 cm) 

_ (4;rxlCT 7 N/A 2 )(50A/m) 
2 n 

= 10.0 //T 


• dl = B{r){2m-) = iu 0 I c = //„/(/?) 


B(r ) = thM 


Substitute numerical values and evaluate .5(20 cm): 
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420 cm) = 6 ;rx 10 7 N/A 2 )(50Aym)(0.1m) 

2^(0.2 m) 


5.00 /JT 
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Picture the Problem The field B due to the 10-A current is in the yz plane. The net 
force on the wires of the square along the y direction cancel and do not contribute to a net 
torque or force. We can use T = l x F ,F = I£x B, and the expression for the magnetic 
field due to an infinite straight wire to express the torque acting on each of the wires and 
hence, the net torque acting on the loop. 


(a) Express the torque on the loop: 


T = JxF 

where l is the lever arm. 


Express the magnetic force on a F = II x B 

current element: 


Express the magnetic field at the 
wire at v = 10 cm: 


By =10 — 


Mo 21 1 

Arc R V 2 



where 

R = ^(O.lm) 2 +(0.1m)- = 0.141m. 


Substitute numerical values and evaluate B 


1-10 ■ 


B 


4;rxl0~ 7 N/A 2 


v=10 


An42 0.141m 


^Tl(-j-*)=(l.00xl0- ! T)(- j-k) 


Proceed similarly to obtain: 


«,-,=(1-42x10- s t)(-./ + £) 


Evaluate F, 0 : 


F io =I£xB„_, n = 


v=10 


(5 A)(0.2 m)i x (l .00 x 10 5 t)(- j - k) 

)M + i) 


= (l .00 x 10 5 n)[/ x (- j - jfe)] = (l. 


= 1.00x10 N - 


Evaluate F, 


>'=—10 • 


F v= _ w = (5 A)(- 0.2 m)i x (l .00 x 10 5 t)(- j + k) 

= (-1.00 x 10~ 5 n)[/ x (- j + Jt)] = (l .00 x 10 5 N)(fe + j) 
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Express and evaluate the net force acting on the loop: 

F = F y=l0 + F y= _ l0 = (l .00 x 10- 5 N)(- k + j)+ (l .00 x 10- 5 N)(* + j) 

= (2.00x10 5 n)/’ 


Express and evaluate the torque 
about the x axis acting on the loop: 


r = (0.1m)(2.00xl0 5 n) 
= 2.00 x 10“ 6 N • m 


( b ) The net force acting on the loop 
is the sum of the forces acting on the 
four sides (see the next to last step in 
(«)): 


F = F +F 

1 1 y= 10 T 1 y=- 10 


(2.00x10 5 N)j 
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Picture the Problem The force acting on the lower wire is given by F lowerwire = HB, 

where / is the current in the lower wire, £ is the length of the wire on the balance, and B is 
the magnetic field at the location of the lower wire due to the current in the upper wire. 
We can apply Ampere’s law to find B at the location of the wire on the pan of the 
balance. 


The force experienced by the lower 
wire is given by: 

Apply Ampere’s law to a closed 
circular path of radius r centered on 
the upper wire to obtain: 

Solve for B to obtain: 


K 


lower wire 


= I£B 


B{2nr) = ju 0 I c = ju 0 I 


B = £l_ 

2k r 


Substitute for B in the expression 
for the force on the lower wire: 


Solve for / to obtain: 


Noting that the force on the lower 
wire is the increase in the reading of 
the balance, substitute numerical 
values and evaluate I: 


F = TP 

lower wire 


Bo I 
2k r 


BqU 1 

2k r 


/ = ^ lower wire 


/V- 


_ | 2;r(2cm)(5x 10 6 kg) 
~ y(4;rxlO- 7 N/A 2 )(lO cm) 


= 2.24 A 
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Picture the Problem We can use a proportion to relate minimum current detectible using 
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this balance to its sensitivity and to the current and change in balance reading from 
Problem 123. 


The minimum current 7 min detectible 
is to the sensitivity of the balance as 
the current in Problem 123 is to the 
change in the balance reading in 
Problem 123: 

Solve for and evaluate / min : 


4m ,2-24 A 

0.1 mg 5.0 mg 


(O.lmg) 


4.24 A 

v 5.0 mg 




44.8mA 


The " standard" current balance can be made very sensitive by increasing 
the length (i.e., moment arm) of the wire balance, which one cannot do with 
this kind; however, this is compensated somewhat by the high sensitivity 
of the electronic balance. 


*125 ••• 

Picture the Problem The diagram shows 
the rotating disk and the circular strip of 
radius r and width dr with charge dq. We 
can use the definition of surface charge 
density to express dq in terms of r and dr 
and the definition of current to show that dl 
= coor dr. We can then use this current and 
expression for the magnetic field on the 
axis of a current loop to obtain the results 
called for in (6) and (c). 

(a) Express the total charge dq that 
passes a given point on the circular 
strip once each period: 



Using its definition, express the 
current in the element of width dr: 



Inordr 
2 n 


cocrrdr 


co 
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(c) Express the magnetic field dB x at 
a distance x along the axis of the 
disk due to the current loop of 
radius r and width dr: 


dB._ = 


ju 0 2wr dl 

4^(x 2 +r 2 f 


jU 0 COOJ~~ 


B 2 , 2 V/ 2 

2 {x + r ) 


dr 


Integrate from r = 0 to r = R to 
obtain: 


B 0 o)c> f 

' J dr 

2 J 

0 

(x 2 + r 2 f 2 

jUqCOCT 

( R 2 +2x 2 ^ ) 

2 

W R 2 +x 2 J 


(b) Evaluate B x for x = (): 


B,( 0) = 


/u 0 coa 


R- 


VF 


J JlUqCTCOR 
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Picture the Problem From the symmetry 
of the system it is evident that the fields 
due to each segment of length (. are the 
same in magnitude. We can express the 
magnetic field at (x,0,0) due to one side 
(segment) of the square, find its component 
in the x direction, and then multiply by four 
to find the resultant field. 


Express B due to a straight wire 
segment: 



B = — — (sin 9, + sin 9 -,) 

4 n R k 1 

where R is the perpendicular distance from 
the wire segment to the field point. 


Use 0\ = 62 and R = ^x 2 + f /4 to 
express B due to one side at (x,0,0): 


5,(x,0,0) = 


Bo 


An I _ a 1 


- (2 sin 9 X ) 


x 2 + 


Bo 1 


2 n 


2 t 

x + — 


r (sin 9 X ) 


4 




























Referring to the diagram, express 
sin^: 
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Substitute to obtain: 


By symmetry, the sum of the y and z 
components of the fields due to the 
four segments must vanish, whereas 
the x components will add. The 
diagram to the right is a view of the 
xy plane showing the relationship 
between B x and the angle /? it makes 
with the x axis. 


Express B lx : 



Substitute and simplify to obtain: 


B 


lx 


Mo 1 


4 ttJx 






x 


Mo U 2 




B = 4 BJ 



M o It 

» 2 

2 n 

f 2 £ 2 ) 

1 2 £ 2 r 

JX H- 


l 4, 

V 2 


The resultant magnetic field is the 
sum of the fields due to the 4 wire 
segments (sides of the square): 
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Factor x 2 from the two factors in the 
denominator to obtain: 


B 


Mo lf 


2m ‘ 


o2 \ 


1 + 


4x 2 


a 2 A 


1 + 


2x 2 


Mo lf 


2 m 3 

r, o 


1 + — T 


l 4x_ j 


2r 2 

V zx J 


Forx » t. 


5 ^ .• _ MoM .• 

o ~ -3-*— -3-* 

2 ttXj 2m 
where // = It 2 . 




Chapter 28 
Magnetic Induction 


Conceptual Problems 


*1 • 

Determine the Concept We know that the magnetic flux (in this case the magnetic field 
because the area of the conducting loop is constant and its orientation is fixed) must be 
changing so the only issues are whether the field is increasing or decreasing and in which 
direction. Because the direction of the magnetic field associated with the clockwise 
current is into the page, the changing field that is responsible for it must be either 
increasing out of the page (not included in the list of possible answers) or a decreasing 


field directed into the page. ( d ) is correct. 


2 

Determine the Concept Note that when R is constant, B in the loop to the right points 
out of the paper. 

(a) If R increases, / decreases and so does B. By Lenz’s law, the induced current is 
counterclockwise. 


(. b ) If R decreases, the induced current is clockwise. 

3 

Determine the Concept If the counterclockwise current in loop A increases, so does the 
magnetic flux through B. To oppose this increase in flux, the induced current in loop B 
will by clockwise. If the counterclockwise current in loop A decreases, so does the 
magnetic flux through B. To oppose this decrease in flux, the induced current in loop B 
will be counterclockwise. We can use F = If. x B to determine the direction of the forces 
on each loop and, hence, whether they will attract or repel each other. 

(a) If the current in B is clockwise the loops repel one another. 

( b ) If the current in B is counterclockwise the loops attract one another. 

4 

Determine the Concept We know that, as the magnet moves to the right, the flux 
through the loop first increases until the magnet is half way through the loop and then 
decreases. Because the flux first increases and then decreases, the current will change 
directions, having its maximum values when the flux is changing most rapidly. 

(a) and ( b ) The following graph shows the flux and the induced current as a function of 
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time as the bar magnet passes through the coil. When the center of the magnet passes 
through the plane of the coil d(f) m ldt = 0 and the current is zero. 



time (arbitrary units) 


5 

Determine the Concept Because the magnet moves with simple harmonic motion, the 
flux and the induced current will vary sinusoidally. The current will be a maximum 
wherever the flux is changing most rapidly and will be zero wherever the flux is 
momentarily constant. 

(a), (b ) The following graph shows the flux, <j > m , and the induced current (proportional to 
-d(j>Jdt) in the loop as a function of time. 
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*6 • 

Determine the Concept The magnetic energy stored in an inductor is given by 
U m = jLI 2 . Doubling / quadruples U m . 


7 

Determine the Concept The protection is needed because if the current is suddenly 
interrupted, the resulting emf generated across the inductor due to the large flux change 
can blow out the inductor. The diode allows the current to flow (in a loop) even when the 
switch is opened. 

8 

Determine the Concept The inductance of a coil depends on the product n 2 i, where n is 
the number of turns per unit length and £ is the length of the coil. If n increases by a 
factor of 3, t will decrease by the same factor, because the inductors are made from the 
same length of wire. Hence, the inductance increases by a factor of (3)“ (l/3) = 


9 

(a) False. The induced emf in a circuit is proportional to the rate of change of the 
magnetic flux through the circuit. 

(b) True. 

(c) True. 

(i d) False. The inductance of a solenoid is determined by its length, cross-sectional area, 
number of turns per unit length, and the permeability of the matter in its core. 

(e) True. 

*10 • 

Determine the Concept In the configuration shown in (a), energy is dissipated by eddy 
currents from the emf induced by the pendulum movement. In the configuration shown 
in ( b ), the slits inhibit the eddy currents and the braking effect is greatly reduced. 

11 • 

Determine the Concept The time varying magnetic field of the magnet sets up eddy 
currents in the metal tube. The eddy currents establish a magnetic field with a magnetic 
moment opposite to that of the moving magnet; thus the magnet is slowed down. If the 
tube is made of a nonconducting material, there are no eddy currents. 

12 •• 

Determine the Concept When the current is turned on, the increasing magnetic field in 
the coil induces a large emf in the ring. As described by Lenz's law, the direction of the 



(c) is correct. 
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current resulting from this induced emf is in such a direction that its magnetic field 
opposes the changing flux in the coil, i.e., the current induced in the ring will be in such a 
direction that the magnetic field in the coil will repel it. The demonstration will not work 
if a slot is cut in the ring, because the emf will not be able to induce a current in the ring. 

Estimation and Approximation 

*13 •• 

Picture the Problem We can use Faraday’s law to relate the induced emf to the angular 
velocity with which the students turn the jump rope. 

(a) It seems unlikely that the 
students could turn the "jump rope" 
wire faster than 5 revolutions per 
second. This corresponds to a 
maximum angular velocity of: 

( b ) The magnetic flux <f> m through 
the rotating circular loop of wire 
varies sinusoidally with time 
according to: 

Because the average value of the 
cosine function, over one 
revolution, is 14, the average rate at 
which the flux changes through the 
circular loop is: 

From Faraday’s law, the magnitude 
of the induced emf in the loop is: 


_ icv z.u lau 

CO= 5- X-: 

s rev 


31.4 rad/s. 


(f) m = BA sin cot 
and 

d(/> a 


dt 
d(t m 


= BAcocoscot 


dt 


= \BAco = \7tr~Bco 


£ = 


_ d(/> m _ i 2 


dt 


\nr~Bco 


Substitute numerical values and evaluate £ 


£ = \n 


(1.5 nO 

2 f 

l 2 J 

V 


0.7 G x 


IT 

iFg 


(31.4 rad/s) 


1.94 mV 


No. To generate an emf of 1V, the students would have to rotate 
the jump rope about 500 times faster. 


id) 


The use of multiple strands of lighter wire (so that the composite wire 
could be rotated at the same angular speed) looped several times 
around would increase the induced emf. 


14 • 

Picture the Problem We can compare the energy density stored in the earth’s electric 
field to that of the earth's magnetic field by finding their ratio. 
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The energy density in an electric 
field E is given by: 


1 Z7 2 

M e =“ e 0 E 


The energy density in a magnetic 
field B is given by: 


B 1 

2 Mo 


Express the ratio of u m to u c to 
obtain: 


B 2 

_ 2 Mo _ B 2 

U e — £ E 2 Bo E 


Substitute numerical values and evaluate uj u c : 


or 


u 


m 


1 

(5 x 10 s T) 

I 2 

(4^-xlo^N/A 2 ) 

(8.85x10 12 C 

2 / N • m 2 ) 

(lOOV/m) 2 


(2.25 x 10 4 )« e 


15 •• 

Picture the Problem We can apply Faraday’s law to estimate the maximum emf induced 
by the lightning strike in the antenna. 


Use Faraday’s law to express the 
magnitude of the induced emf in antenna: 


Because the lightning strike has such 
a short duration: 


s _d ( p m _d 

dt dt 
where A is the area of the antenna. 



£ 


BA 

At 


The magnetic field induced in the 
loop is given by: 


B _ Bo 2 / _ fi 0 1 
An r 2nr 

where r is the distance from the antenna to 
the lightning strike. 


Substitute for B to obtain: 


£ = jeM_ 

2 n rAt 


Substitute numerical values and 
evaluate £: 


{Anx 1CT 7 N/A 2 ) — |(0.1m 2 ) 


£ = 


1 jus 


2^(300 m)(l jus) 


2.00 kV 
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Magnetic Flux 


16 • 

Picture the Problem Because the surface is a plane with area A and B is constant in 
magnitude and direction over the surface and makes an angle #with the unit normal 
vector, we can use </> m = BAcosOto find the magnetic flux through the coil. 


Substitute for B and A to obtain: 


(a) For 9 = 0°: 


(. b ) For 9 = 30°: 


(c) For 9 = 60°: 


(d) For 9 = 90°: 


K = 


2000 G • 1(5 x 10 2 m) 2 cos# 

10 4 G V ’ 


= (5.00x10 4 Wb)cos# 

=(5.00x10 4 Wb)cos0° 
= 5.00 xl0~ 4 Wb 


0.500 mWb 


(/, m =(5.00x10^ Wb)cos30 c 
= 4.33 x 10"" 4 Wb 


0.433 mWb 


=(5.00x10 4 Wb)cos60 c 
= 2.50 xlO' 4 Wb 


= 0.250 mWb 


</> m = (5.00x1 O' 4 Wb)cos90° 


= 0 


*17 • 

Picture the Problem Because the coil defines a plane with area A and B is constant in 
magnitude and direction over the surface and makes an angle # with the unit normal 
vector, we can use </> m = NBA cos 0 to find the magnetic flux through the coil. 

Substitute for N, B, and A to obtain: 


<j) m = NBnr 1 cos 0 = 25 


0.7 G- 


IT 

iFg 


^■(5x10 2 m)‘cos# 


= (l.37xl0 5 Wb)cos# 











(a) When the plane of the coil is 
horizontal, 9= 90°: 
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K = 


(. b ) When the plane of the coil is <j) m = 

vertical with its axis pointing north, 

9= 0°: 

(c) When the plane of the coil is (f) m = 

vertical with its axis pointing east, 

9= 90°: 

(d) When the plane of the coil is (f) m = 

vertical with its axis making an 
angle of 30° with north, 9= 30°: 

18 • 

Picture the Problem Because the square coil defines a plane with area A and B is 
constant in magnitude and direction over the surface and makes an angle t?with the unit 
normal vector, we can use (j) m = NBA cos 6 to find the magnetic flux through the coil. 

Substitute for N, B, and A to obtain: <fi m = NBA cos 6 

= 14(l.2T)(5xlO 2 m) 2 cos# 

=(42.0 mWb)cos# 

(a) For 9= 0°: = (42.0mWb)cos0° 

= 42.0 mWb 


(. b ) For 9= 60°: <f> m = (42.0mWb)cos60° 

= 21.0mWb 


(l .37 x 10~ 5 Wb)cos90° 

”o” 


(l .37 x 10 -5 Wb)cos0° 
1.37xl0“ 5 Wb 


(l .37 x 10~ 5 Wb)cos90° 

”o” 


(l.37xl0 5 Wb)cos30° 
1.19x10 5 Wb 


19 • 

Picture the Problem Noting that the flux through the base must also penetrate the 
spherical surface, we can apply its definition to express <f> m . 


<P m = AB = 


ttR 2 B 


Apply the definition of magnetic 
flux to obtain: 
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20 « 

Picture the Problem We can use (j) m = NBA cos # to express the magnetic flux through 
the solenoid and B = /u 0 nl to relate the magnetic field in the solenoid to the current in its 
coils. 


Express the magnetic flux through a <j> m = NBA cos 6 

coil with N turns: 


Express the magnetic field inside a 
long solenoid: 


Substitute to obtain: 


B = /u 0 nl 

where n is the number of turns per unit 
length. 

(f) m = Nju 0 nIA cos 6 

or, because n = NIL and 9= 0°, 

_ N 2 ju 0 IA _ N 2 ju 0 l7tr 2 


Substitute numerical values and evaluate <p m \ 


K = 


(400) 2 (An x 1(T 7 N/A 2 )(3 A)ti( 0.0 1 m) 2 
0.25 m 


7.58 x 10 4 Wb 


21 •• 

Picture the Problem We can use </> m = NBA cos 6 to express the magnetic flux through 
the solenoid and B = /./„«/ to relate the magnetic field in the solenoid to the current in its 
coils. 


Express the magnetic flux through a </> m — NBA cos 6 

coil with N turns: 


Express the magnetic field inside a 
long solenoid: 


Substitute to obtain: 


B = ju 0 nl 

where n is the number of turns per unit 
length. 

(f) m = Nju 0 nIA cos 6 

or, because n = NIL and 9= 0°, 

_ N 2 ju 0 IA _ N 2 ju Q l7r r 1 
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Substitute numerical values and evaluate (j) m \ 

(800) 2 (4 n x 10~ 7 N/A 2 )(2 A>r(0.02 m) 2 


K = - 


0.3m 


6.74x10 3 Wb 


22 •• 

Picture the Problem We can apply the definitions of magnet flux and of the dot product 
to find the flux for the given unit vectors. 


Apply the definition of magnetic 
flux to the coil to obtain: 

Because B is constant: 


Evaluate B : 

Substitute numerical values and 
simplify to obtain: 

(a) Evaluate if> m for n = i : 

(b) Evaluate (j) m for h = j : 

(c) Evaluate (f> m for h = (/ + j)/y[2 : 


(d) Evaluate (p m for h = k : 


(j) m = N^B-ndA 

s 

</> m = NB ■ «J dA = n(b ■ ft)A 

s 

= n{b ■ n)/rr 2 
B = (0AT)i 

^ n =(l5)[(0.4T)]^(0.04m) 2 
= (0.0302 T-m 2 )/-« 

</> m = (0.0302 T-m 2 )/-/ 


0.0302 Wb 


(0.0302 T-m 2 )/.;• = 


^=(0.0302T.m 2 )i'^^ 


0.0302 T-m 2 

V2 


0.0213 Wb 


<j) m = (p.0302 T • m 2 )i ■ k = |~0~| 


(e) Evaluate (f> m for n = 0.6/ + 0.8 j : 

(j) m = (0.0302 T • m 2 )/ • ( 0 . 6 / + 0.8 j) = 0.6(o.0302 T • nr)/ • / 


8(0.0302 T-m 2 ' 

/\ /V 

i ■ j 

.0302 T -m 2 ) = 

0.0181 Wb 
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23 •• 

Picture the Problem The magnetic field outside the solenoid is, to a good approximation, 
zero. Hence, the flux through the loop is the flux in the core of the solenoid. The magnetic 
field inside the solenoid is uniform. Hence, the flux through this small loop is given by the 
same expression with R 3 replacing /?,: 


(a) Express the flux through the ^ = NBA = 

large circular loop outside the 

solenoid: 


(b) Express the flux through the <f> m = NBA = 

small loop inside the solenoid: 


ju 0 nINnR^ 


HtfiINnR\ 


*24 •• 

Picture the Problem We can use the hint to set up the element of area dA and express the 
flux d(f> m through it and then carry out the details of the integration to express <(> m . 


(a) Express the flux through the 
strip of area dA: 


d(j) m = BdA 
where dA = bdx. 


Express B at a distance x from a 

b = ^l— = ^L 

long, straight wire: 

An x In x 

Substitute to obtain: 

d^ = ^ I bdx=^ Ibdx 


2 n x 2 n x 


Integrate from x = d to x = d + a: 


ju 0 Ib j-" dx 

uJb , d + a 

——In- 

2 n l x 

2n d 


(b) Substitute numerical values and evaluate </> m : 


[An x 10 7 N/A 2 )(20 A)(0.1 m) 

( n \ 

7 cm 

2 n 

^ 2 cm j 


5.01x10 7 Wb 


25 ••• 

Picture the Problem Consider an element of area dA = Ldr where r < R. We can use its 
definition to express d(j) m through this area in terms of B and Ampere’s law to express B 
as a function of I. The fact that the current is uniformly distributed over the cross- 
sectional area of the conductor allows us to set up a proportion from which we can obtain 
/ as a function of r. With these substitutions in place we can integrate dtp m to obtain <pJL. 
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Express the flux d<f> m through an area 
Ldr. 

Apply Ampere’s law to the current 
contained inside a cylindrical region 
of radius r < R : 


Using the fact that the current / is 
uniformly distributed over the cross- 
sectional area of the conductor, 
express its variation with distance r 
from the center of the conductor: 

Substitute and simplify to obtain: 


d(j) m = BdA = BLdr (1) 

j ')B ■ dl = 2 tuB = /u 0 I c 

and 

B _ Bp I c 
2 jvr 

I(r ) _ 7ir 2 

~~^R I 

or 

D ' nJ 

B =-7 =- -t 

2 7ir R 2 nR 


Substitute in equation (1): 


d<f> m 


Bo LI 
2 xR 2 


rdr 


Integrate d(f) m from r = 0 to r = R to 
obtain: 




BqLI 
2 nR 2 



BqLI 
4 n 


Divide both sides of this equation by 
L to express the magnetic flux per 
unit length: 


<h = BoJ_ 
L 4 n 


26 ••• 

Picture the Problem We can use its definition to express the flux through the rectangular 
region and Ampere’s law to relate the magnetic field to the current in the wire and the 
position of the long straight wire. 

(a) Note that for 0 < x < b, B is ^ m net = 0 

symmetric about the wire, into the 

paper for the region below the wire 

and out of the paper for the region 

above the wire. Thus, for the area 

2 (b -x)a: 


To find the flux through the 


d(j) m = BdA 
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remaining area of the rectangle, 
express the flux through a strip of 
area dA : 

Using Ampere’s law, express B at a 
distance x from a long, straight 
wire: 

Substitute to obtain: 


where dA = adx. 


ft — ^ I 

4 n x 2 n x 


= —- — adx = 

2 K 


/u 0 Ia dx 
2 TC X 


For 0 < x < b, integrate from 
x' = b -x to x' = x : 


fL(o = 

2 ;r /. x 


Mo Ia J X ' 

2 n yb-Xj 


For x > b, integrate from 
x' =x to x' =x + b : 


<f>Jx > b ) 


jU () Ia 'r* dx' 
2n x' 

X 


ju 0 Ia 

In 


In 


x + b^ 

x J 


(b) From the expressions derived in 
(a) we see that \d)\ —> oo as: 


x —> 0 


The flux is a minimum (</) m = 0) for: 



as expected from symmetry. 


Induced EMF and Faraday’s Law 

*27 • 

Picture the Problem We can find the induced emf by applying Faraday’s law to the 
loop. The application of Ohm’s law will yield the induced current in the loop and we can 
find the rate of joule heating using P = I'R . 


( AB)=A— = nR 2 — 
the induced emf in the loop in terms dt dt dt dt 

of the rate of change of the 

magnetic field: 


(a) Apply Faraday’s law to express 


d </>,n d 


\£\ = ;r(0.05my (40mT/s) 


0.314mV 


Substitute numerical values and 
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evaluate f : 

(j b ) Using Ohm’s law, relate the 
induced current to the induced 
voltage and the resistance of the 
loop and evaluate /: 

(c) Express the rate at which power 
is dissipated in a conductor in terms 
of the induced current and the 
resistance of the loop and evaluate 
P: 



0.314mV 
0.4 Q 


0.785mA 


P = I 2 R = (0.785 mA) 2 (0.4fl) 
= 0.247 //W 


28 • 

Picture the Problem Given </> m as a function of time, we can use Faraday’s law to 
express £ as a function of time. 


(a) Apply Faraday’s law to express 
the induced emf in the loop in terms 
of the rate of change of the 
magnetic field: 


£ = _ = _ L [(,2 _ 4t )x 10 1 Wb] 

dt dt 

= -{it - 4)x 10 _1 Wb/s 
= -(0.2f-0.4)V 


( b ) Evaluate (f) m at t = 0: 


^ m (° s ) = 


[(0) 2 -4(0)]xl0 1 Wb = 



Evaluate £ at t = 0: 


Proceed as above to complete the 
table to the right: 


£(0s) = -[0.2(0)-0.4]V 
= 0.400V 


t 

K 

£ 

(S) 

(Wb) 

(V) 

0 

0 

0 

2 

-0.400 

0 

4 

0 

-0.400 

6 

1.20 

-0.800 


29 • 

Picture the Problem We can find the time at which the flux is a minimum by looking for 
the lowest point on the graph of £ versus t and the emf at this time by determining the 
value of V at this time from the graph. We can interpret the graphs to find the times at 
which the flux is zero and the corresponding values of the emf. 
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(a) The flux, </> m and the induced emf, £, are shown as functions of t in the following 
graph. The solid curve represents <j) m , the dashed curve represents £. 



Referring to the graph, we see that the flux is a minimum at t = 2 s and 
that V = 0 at this instant. 


The flux is zero at t = 0 and t = 4 s. At these times, £ = 0.4 V and - 0.4 V, 
respectively. 


30 • 

Picture the Problem We can use its definition to find the magnetic flux through the 
solenoid and Faraday’s law to find the emf induced in the solenoid when the external 
field is reduced to zero in 1.4 s. 


(a) Express the magnetic flux 
through the solenoid in terms of N, 
B, A, and 6 : 

Substitute numerical values and 
evaluate (f> xn : 


(j) m = NBA cos 6 
= NBkR 2 cos 6 

cj) m = (400)(0.06T>z-(0.008m) 2 cos50° 
= 3.10mWb 
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(b) Apply Faraday’s law to obtain: ^ _ d(f) m _ 0 — 3.10mWb 

dt 1.4 s 

= 2.22 mV 


*31 » 

Picture the Problem We can use the definition of average current to express the total 
charge passing through the coil as a function of 7 av . Because the induced current is 
proportional to the induced emf and the induced emf, in turn, is given by Faraday’s law, 
we can express A Q as a function of the number of turns of the coil, the magnetic field, the 
resistance of the coil, and the area of the coil. Knowing the reversal time, we can find the 
average current from its definition and the average emf in the coil from Ohm’s law. 


(a) Express the total charge that 
passes through the coil in terms of 
the induced current: 

Relate the induced current to the 
induced emf: 

Using Faraday’s law, express the 
induced emf in terms of (f) m : 

Substitute and simplify to obtain: 


A0 = / av At 


1 = 


£_ 

R 


£ = - 


Mi 

At 


Ml 

A Q = —At = —At = 

R R R 


2 NBA 

R 

NBnd 2 

2 R 


2 NB 


R 


\ 

J 


where d is the diameter of the coil. 


Substitute numerical values and (l00)(l T )n (0.02 m) 2 

evaluate AQ: 2(50 Q) 

= - 1.26mC 


/ 


av 


A Q _ 1.26mC 
At 0.1s 


( b ) Apply the definition of average 
current to obtain: 


12.6mA 
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(c) Using Ohm’s law, relate the £ av = I m R = (l 2.6 mA)(50 Q) 

average emf in the coil to the _ 53 Q m y 

average current: 

32 •• 

Picture the Problem We can use the definition of average current to express the total 
charge passing through the coil as a function of 7 av . Because the induced current is 
proportional to the induced emf and the induced emf, in turn, is given by Faraday’s law, 
we can express AQ as a function of the number of turns of the coil, the magnetic field, the 
resistance of the coil, and the area of the coil. 

Express the total charge that passes A Q = / av A/ 

through the coil in terms of the 
induced current: 


Relate the induced current to the j _ j _ ^ 

induced emf: " R 

Using Faraday’s law, express the g _ A^ m 

induced emf in terms of (f) m : At 

Substitute to obtain: A <f> m 


AQ = — At = —^-A t 
R R 

2<f> m _ 2NBA 


R R 


Substitute numerical values and evaluate A Q: 


A Q = 


2(l000)(0.7 x 10~ 4 t)(300 x 10~ 4 m 2 ) 
15Q 


0.280 mC 


33 •• 

Picture the Problem We can use Faraday’s law to express the earth’s magnetic field at 
this location in terms of the induced emf and Ohm’s law to relate the induced emf to the 
charge that passes through the current integrator. 

Using Faraday’s law, express the 
induced emf in terms of the change 
in the magnetic flux as the coil is 
rotated through 90°: 


£ = 


A^ m 


At 


NBA NBjzr 


At 


At 
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Solve for B: 

B= £A \ 

Nnr 

Using Ohm’s law, relate the induced 

emf to the induced current: 

£ = IR= A @ R 

At 

where A Q is the charge that passes through 
the current integrator. 

Substitute to obtain: 

—RAt 

B _ At _ A Q R 

Nnr 2 Nnr 2 

Substitute numerical values and 

evaluate B: 

(9.4 M C)(20n) 

(300>z-(0.05m) 2 - 


34 •• 

Picture the Problem We can use Faraday’s law to express the induced emf in the coil in 
terms of the rate of change of the magnetic flux. We can use its definition to express the 
magnetic flux through the rectangular region and Ampere’s law to relate the magnetic 
field to the current in the wire and the position of the long straight wire. 


(a) Apply Faraday’s law to relate 
the induced emf to the changing 
magnetic flux: 

NS 

1 

II 

to 

Note that for 0 < x < b, B is 
symmetric about the wire, into the 
paper for the region below the wire 
and out of the paper for the region 
above the wire. Thus, for the area 

2(b -x)a: 

net = 0 

To find the flux through the 
remaining area of the rectangle, 
express the flux through a strip of 

area dA : 

d(j) m - BdA 

where dA = adx. 

Using Ampere’s law, express B at a 
distance x from a long, straight wire: 

b = Bl^L = r aL 

An x n x 
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Substitute to obtain: 


d(/) m = ——adx = 

71 X 


ju 0 ta dx 
n x 


For 0 < x < b, integrate from 
x' = b -x to x' =x : 


Differentiate this expression with 
respect to time to obtain: 


Substitute in equation (1) and 
evaluate £ for x = 6/4: 


(6) Using Ohm’s law, express and 
evaluate R: 


</>JO<x<b) 


/u 0 ta r dx' 
n J x' 

b-x 


_ ln f * ' 

71 \b —X; 


d K 

dt 


_d_ 

dt 

H Q« 
n 


ju 0 ta 


In 


n 


b-x 


In 


^ x ^ 


b-x) 


\ 

J 


£ = - 


M 0 a 

n 


In 


b/4 

b-b/4 


1.10 


M 0 a 

n 


Mo a 
n 


In 


f-1 

UJ 


£ _ 1.10 ju 0 a 
I nl 

1 . 10 ( 4 ^ x 10~ 7 N/A 2 )(l.5m) 
4o.i A) 

6.60 //Q 


Because the magnetic flux due to / is increasing into the page, the 
induced current will be in such a direction that its magnetic field 
will oppose this increase; i.e, it will be out of the page. Thus the 
induced current is counterclockwise. 


35 •• 

Picture the Problem We can use Faraday’s law to express the induced emf in the coil in 
terms of the rate of change of the magnetic flux. We can use its definition to express the 
magnetic flux through the rectangular region and Ampere’s law to relate the magnetic 
field to the current in the wire and the position of the long straight wire. 

e = - d -M 


(a) Apply Faraday’s law to relate 
the induced emf to the changing 
magnetic flux: 


dt 


(1) 
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Note that for 0 < x < b, B is 
symmetric about the wire, into the 
paper for the region below the wire 
and out of the paper for the region 
above the wire. Thus, for the area 
2 (b -x)a: 

To find the flux through the 
remaining area of the rectangle, 
express the flux through a strip of 
area dA : 

Using Ampere’s law, express B at a 
distance x from a long, straight 
wire: 

Substitute to obtain: 


For 0 <x<b, integrate from 
x' = b -x to x' = x : 


Differentiate this expression with 
respect to time to obtain: 


Substitute in equation (1) and 
evaluate £ for x = b! 3: 


^m.net = 0 


d<j) m = BdA 
where dA = adx. 


b = Bl = 

An x n x 


d ^ m = ikL adx = ML± 

n x n x 


*(0 

n • x 

b-x 

-lnl 


Hotel , [ x 


n 


\ 

b -x j 


d<L _ d 

dt dt 


fi 0 tci 

n 


lnl 


Mo<* 


n 


In 


b-X y 

A 


b-x) 


£ = - 




n 


In 


f b/3 A 


b-b! 3 


Mo<* 


n 


( i A 


In 




0.693 


/V? 

n 


£ _ 0.693 ju 0 a 
I nl 

0.693(4^-xlO 7 N/A 2 )(l.5m) 
40.1 A) 

4.16 /uD. 


(. b) Using Ohm’s law, express and 
evaluate R\ 
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Because the magnetic flux due to / is increasing into the page, the 
induced current will be in such a direction that its magnetic field 
will oppose this increase, i.e, it will be out of the page. Thus, the 
induced current is counterclockwise. 


Motional EMF 

*36 • 

Picture the Problem We can apply the equation for the force on a charged particle 
moving in a magnetic field to find the magnetic force acting on an electron in the rod. We 
can use E = vx B to find E and V = Ei , where l is the length of the rod, to find the 
potential difference between its ends. 

(a) Relate the magnetic force on an 
electron in the rod to the speed of 
the rod, the electronic charge, and 
the magnetic field in which the rod 
is moving: 

Substitute numerical values and 
evaluate F: 


(b ) Express the electrostatic field 
E in the rod in terms of the 
magnetic field B : 

Substitute numerical values and 
evaluate B: 


(c) Relate the potential difference 
between the ends of the rod to its 
length l and the electric field E\ 

Substitute numerical values and 
evaluate V: 

37 • 

Picture the Problem We can use E = v x B to relate the speed of the rod to the electric 
field in the rod and magnetic field in which it is moving and V = El to relate the electric 
field in the rod to the potential difference between its ends. 


F = qvxB 
and 

F = qvB sin 6 


F = (l.6 x 10 19 c)(8m/s)(0.05T)sin90 c 


6.40 x 1CT 20 N 


E = vxB 
and 

E = vB sin 6 


E = (8m/s)(0.05T)sin90° 


0.400 V/m 


V = El 


V = (0.4V/m)(0.3m) = 


0.120V 
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Express the electrostatic field E in 
the rod in terms of the magnetic 
field B and solve for v: 


E = vxB 
and 

E 

5 sin <9 


Relate the potential difference 
between the ends of the rod to its 
length t and the electric field E and 
solve for E : 

Substitute for E to obtain: 


V = Ei => 


E = 


V_ 

l 


V 

Bi sin# 


Substitute numerical values and 
evaluate v: 


6 V 

(0.05T)(0.3m) 


400 m/s 


38 • 

Picture the Problem Because the speed of the rod is constant, an external force must act 
on the rod to counter the magnetic force acting on the induced current. We can use the 
motional-emf equation £ = vB£ to evaluate the induced emf, Ohm’s law to find the 
current in the circuit, Newton’s 2 nd law to find the force needed to move the rod with 
constant velocity, and P = Fv to find the power input by the force. 


(a) Relate the induced emf in the 
circuit to the speed of the rod, the 
magnetic field, and the length of the 
rod: 


£ = vB£ = (l0m/s)(0.8T)(0.2m) 
= 1.60 V 


(. b ) Using Ohm’s law, relate the 
current in the circuit to the induced 
emf and the resistance of the circuit: 


(c) Because the rod is moving with 
constant velocity, the net force 
acting on it must be zero. Apply 



1.6V 

2D 


0.800 A 


Note that, because the rod is moving to the 
right, the flux in the region defined by the 
rod, the rails, and the resistor is increasing. 
Hence, in accord with Lenz’s law, the 
current must be counterclockwise if its 
magnetic field is to counter this increase in 
flux. 


Z F,=F-F m =0 

and 
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Newton’s 2 nd law to relate F to the 
magnetic force F m \ 

F = F m =BU 

= (0.8T)(0.8 A)(0.2m) = 0.128N 

(d) Express the power input by the 
force in terms of the force and the 

velocity of the rod: 

P = Fv = (0.128N)(l0m/s)= 1.28 W 

( e ) The rate of Joule heat production 
is given by: 

p = I 2 R = ( 0.8 A) 2 (2 £2) = 1.28 W 


39 •• 

Picture the Problem We’ll need to determine how long it takes for the loop to 
completely enter the region in which there is a magnetic field, how long it is in the region, 
and how long it takes to leave the region. Once we know these times, we can use its 
definition to express the magnetic flux as a function of time. We can use Faraday’s law to 
find the induced emf as a function of time. 


(a) Find the time required for the 
loop to enter the region where there 
is a uniform magnetic field: 

, ^ side of loop lOCttl 

t =- L =-= 4.17 s 

v 2.4 cm/s 

Letting w represent the width of the 
loop, express and evaluate (j) m for 

0<t <4.17s: 

(f) m = NBA = NBwvt 

= (l.7T)(0.05m)(0.024m/s)f 
= (2.04 mWb/s)/ 

Find the time during which the loop 
is fully in the region where there is a 
uniform magnetic field: 

^ _ ^sideofloop _ 1 0 CHI _ ^ j ^ 

v 2.4 cm/s 

i.e., the loop will begin to exit the region 

when t = 8.33 s. 

Express <j) m for 4.17s < t < 8.33s: 

(j) m = NBA = NBtw 

= (l .7 T)(0.1 m)(0.05 m) 

= 8.50mWb 

The left-end of the loop will exit the 
field when t = 12.5 s. Express <f> m for 
8.33s < t < 12.5s : 

K= mt + b 

where m is the slope of the line and b is the 
^-intercept. 

For t = 8.33 s and 
<p m = 8.50 mWb: 

8.50mWb = nz(8.33s) + 6 (1) 


8.50mWb = /w(8.33s)+6 


( 1 ) 
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For t = 12.5 s and </> m = 0: 0 = m(l2.5s) + 6 (2) 

Solve equations (1) and (2) (f> m = —(2.04mWb/s)/ + 25.5mWb 

simultaneously to obtain: 

The loop will be completely out of = 0 

the magnetic field when t > 12.5 s 

and: 

The following graph of was plotted using a spreadsheet program. 



( b ) Using Faraday’s law, relate the ^ _ _ d</> m 

induced emf to the magnetic flux: dt 


During the interval 0 < t < 4.1 7 s : 


During the interval 
4.17s < t < 8.33s: 


£ = -—[(2.04 mWb/s)/] = -2.04 mV 

dt 


£ = - — [8.50mWb] = 0 

dt 


During the interval 
8.33s < t < 12.5s : 


£ = - — [(-2.04 mWb/s)f + 25.5 m Wb] 

dt 

= 2.04 mV 


For t > 12.5 s: 


£ = 0 
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The following graph of s(f) was plotted using a spreadsheet program. 



t (s) 


40 •• 

Picture the Problem The rod is executing simple harmonic motion in the xy plane, i.e., 
in a plane perpendicular to the magnetic field. The emf induced in the rod is a 
consequence of its motion in this magnetic field and is given by \S | = vBt . Because 

we’re given the position of the oscillator as a function of time, we can differentiate this 
expression to obtain v. 


Express the motional emf in terms 
of v, B, and t : 


\e\ 


= vBi = BC 


dx 

dt 


Evaluate dxldf. 


dx 

dt 


d_ 

dt 


[(2 cm) cost 20 tt t\ 


-(2 cm)(l20 s ');rsinl20;zT 
-(7.54 m/s)sin 120 tt t 


Substitute numerical values and evaluate \£\ 


\£\ 


-(l.2T)(0.15m)(7.54m/s)sinl20;rt 


-(l.36V)sinl20;rt 


41 •• 

Picture the Problem Let m be the mass of the rod and F be the net force acting on it due 
to the current in it. We can obtain the equation of motion of the rod by applying 
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Newton’s 2 nd law to relate its acceleration to B, I, and i . The net emf that drives / in this 
circuit is the emf of the battery minus the emf induced in the rod as a result of its motion. 


(a) Letting the direction of motion 
of the rod be the positive x 
direction, apply ^ F x = ma to 

the rod: 

Substitute to obtain: 


BM = m — 
dt 

(1) 

where 


I _ £ - Blv 

R 

(2) 


dv 

dt 


—Aestv) 

mR 


(.b ) Express the condition on dv/dt 
when the rod has achieved its 
terminal speed: 


Be 

mR 


(£-B£v t )= 0 


Solve for v t to obtain: 


£ 

m 


( c ) Substitute v t for v in equation 
(2) to obtain: 


1 = 


£ 

£ -Bl — 
_ M_ = 

R 



*42 « 

Picture the Problem In Example 28-9 it is shown that the speed of the rod is given 
by v = v 0 e^ B 1 mR . We can use the definition of power and the expression for a motional 
emf to express the power dissipated in the resistance in terms of B, l, v, and R. We can 
then separate the variables and integrate over all time to show that the total energy 
dissipated is equal to the initial kinetic energy of the rod. 

Express the power dissipated in _ £ 2 

terms of s and R: R 

Express s as a function of B, i , and 
v: 


£ = Blv 
where 


Substitute to obtain: 


P = 


(Blv) 2 


R 
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The total energy dissipated as the 
rod comes to rest is obtained by 
integrating dE = P dt: 


Evaluate the integral (by changing 
2B 2 f , 

variables to u = -) to 

mR 

obtain: 


E = 

l R 


R 


n2 2 00 / x 

° - V 0 






E = bW ° 


R 


mR R 

T 

y 


2B 2 l 2 


2 mv o 


43 « 

Picture the Problem In Example 28-9 it is shown that the speed of the rod is given 
by v = v 0 e 1 '" R ■'. We can write v as dx/dt, separate the variables and integrate to find 
the total distance traveled by the rod. 


Apply the result from Example 28-9 
to obtain: 


dx 

dt 


ct 


where 


C = 


B 2 t 2 

mR 


Separate variables and integrate x' 
from 0 to x and t' from 0 to oo: 


J dx' = v 0 J e c 'dt 
o o 


Evaluate the integrals to obtain: 


x = 


C 


mv 0 R 

B 2 l 2 


Substitute for C and simplify: 


x = 
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44 •• 

Picture the Problem Let m be the mass of the rod. The net force acting on the rod is due 
to the current in it. We can obtain the equation of motion for the rod by applying 
Newton’s 2 nd law to relate its acceleration to B, I, and l . The net emf that drives / in this 
circuit is the emf of the capacitor minus the emf induced in the rod as a result of its 
motion. 

(a) Letting the direction of motion 
of the rod be the positive x 
direction, apply ^ F x = ma to the 

rod: 


Solve equation (1) for /: j _ m dv 

~ Bl dt 

or, because the capacitor is discharging, 
dQ _ m dv 
dt Bt dt 


Simplify to obtain: 

dQ = ——dv 
Bt 


Integrate Q' from Q 0 to Q and v' 
from 0 to v: 

Q v 

a o 

dv' 


and 



/o m 

Q = Qn - v 

Bt 


Substitute in equation (2) to obtain: 

m 

Qn - v 

0 Bt 

-Btv 


I- C 


R 



m 

Qn - v 

Bl 

Blv 


CR 

R 


Bit = ni¬ 
di 

where 

Q 

i=c 


(i) 


Biv 


R 


( 2 ) 







652 Chapter 28 


Substitute in equation (1) to obtain 
the equation of motion of the rod: 


dv 

dt 


mR 



m 

-v 

Bt 


C 


\ 

Blv 


V 


y 


BtQ 0 

{ 1 B 2 ! 2 ) 

V 

mRC 

K RC mR ) 


(b) When the rod has achieved its 
terminal speed: 


Solve for v t to obtain: 


*45 •• 

Picture the Problem The free-body 
diagram shows the forces acting on the rod 
as it slides down the inclined plane. The 
retarding force is the component of F m 
acting up the incline, i.e., in the -x 
direction. We can express F m using the 
expression for the force acting on a 
conductor moving in a magnetic field. 
Recognizing that only the horizontal 
component of the rod’s velocity v produces 
an induced emf, we can apply the 
expression for a motional emf in 
conjunction with Ohm’s law to find the 
induced current in the rod. In part ( b ) we 
can apply Newton’s 2 nd law to obtain an 
expression for dv/dt and set this expression 
equal to zero to obtain v t . 

(a) Express the retarding force 
acting on the rod: 


Bit = m — = 0 
dt 

and 



F = F m cos# (1) 

where 

F m = UB 

and / is the current induced in the rod as a 
consequence of its motion in the magnetic 
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Express the induced emf due to the 
motion of the rod in the magnetic 
field: 

Using Ohm’s law, relate the current 
/ in the circuit to the induced emf: 

Substitute in equation (1) to obtain: 


(. b ) Apply ^ F x = ma x to the rod: 


When the rod reaches its terminal 
velocity v t , dvldt = 0 and: 

Solve for v, to obtain: 


field. 

£ = Btv cos6 


£ _ BivcosO 
R~ R 


F = 


Biv cos# 
R 


V 


IB cos 6 


J 


B tv 
R 


cos' 6 


. n B 2 £ 2 v 2n dv 

mg sin 0 -cos 0 = m — 

R dt 


and 

dv 

dt 


gsmO- 


B 2 £ 2 v 

mR 


cos" 6 


0 = gsmd- B _ cos 2 Q 

mR 


mgR sin 6 
B 2 l 2 cos 2 e 


46 •• 

Picture the Problem The diagram shows 
the square loop being pulled from the 

magnetic field B by the constant force 

TTThe time required to pull the loop out of 
the magnetic field depends on the terminal 
speed of the loop. We can apply Newton’s 
2 nd law and use the expressions for the 
magnetic force on a moving wire in a 
magnetic field to obtain the equation of 
motion for the loop and, from this 
equation, an expression for the terminal 
speed of the loop. 


Apply IT = mu to the square 
loop to obtain: 


F - F = m 


dv 

dt 


( 1 ) 
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The magnetic force is given by: 


F, 


= IiB = 


£iB 

R 


where R is the resistance of the loop. 


Substitute for Fm in equation (1) to 
obtain: 

The induced emf s is related to the 
speed of the loop: 

Substitute for in equation (2) to 
obtain the equation of motion of the 
loop: 


„ SiB dv 

t -= m — 

R dt 

£ = vBi 


( 2 ) 


^ l 2 B 2 dv 

t -v = m — 

R dt 


When the loop reaches its terminal 
speed, dv/dt = 0 and: 


f 2 B 2 

F ~~ - V, =0: 

R 


R 

i 2 B 2 


F 


This result tells us that doubling F doubles the terminal speed v t . Hence, doubling F will 


halve the time required to pull the loop from the magnetic field and 


(c)is correct. 


47 •• 

Picture the Problem The diagram shows 
the square loop being pulled from the 

magnetic field B by the constant force 

.F.The time required to pull the loop out of 
the magnetic field depends on the terminal 
speed of the loop. We can apply Newton’s 
2 nd law and use the expressions for the 
magnetic force on a moving wire in a 
magnetic field to obtain the equation of 
motion for the loop and, from this 
equation, an expression for the terminal 
speed of the loop. 



Apply ^F = md to the square 
loop to obtain: 

| 

S 

ll 

1 

(1) 

The magnetic force is given by: 

F m =IlB = StB 
m R 

where R is the resistance of the loop. 

Substitute for F m in equation (1) to 
obtain: 

T] 

1 

CV5 

to 

II 

3 

(2) 

The induced emf s is related to the 
speed of the loop: 

£ -vBl 
















Substitute for in equation (2) to 
obtain the equation of motion of the 
loop: 
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^ £ 2 B 2 dv 

t -v = m — 

R dt 


When the loop reaches its terminal 
speed, dv/dt = 0 and: 


F 


£ 2 B 2 

- v, = 0 => v 

R ‘ 


R 

f~B 2 


F 


This result tells us that halving R halves the terminal speed v t . Hence, halving R will 


double the time required to pull the loop from the magnetic field and ( b ) is correct. 


48 •• 

Picture the Problem The diagram shows 
the initial position of the sphere and its 
position at t = 3 s. We can find the velocity 
of the sphere and the magnetic field when t 
= 3 s and use E = v x B to find E. We can 
find the voltage across the sphere at this 
time from the electric field at its center and 
its diameter. 


' t = 0 

@ y = h = 45 m 

I ' 

jili t = 3s 

v = ?I = 20 A 

2 ~~~ h- -} --- fr - 

/ 

/ 

/ 


(a) Relate the electric field at the 
center of the sphere to the magnetic 
field at that location: 

Express the magnetic field as a 
function of the distance y from the 
current-carrying wire: 

Using a constant-acceleration 
equation, find the position of the 
sphere at t = 3 s: 


E = vxB 


a (_,•)= _«lI/ 

4 7T y K ; 2 n y 

y = yo +v o,y At +i a (At ) 2 

or, because y 0 = h, v 0 , v = 0, and a = -g, 

y = h-\g(At) 2 

= 45m-^(9.81m/s 2 )(3s) 2 
= 0.855m 

B = -—2/ 

In y 

4;rx 10~ 7 N/A 2 20 A ? 

In 0.855 m 

= (-4.68x10~ 6 t)/ 


Substitute and evaluate B : 
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Using a constant-acceleration 
equation, find the velocity of the 
sphere at t = 3 s: 


Substitute and evaluate E : 


(b ) The potential difference across 
the sphere depends on the electric 
field at the center of the sphere and 
the diameter of the sphere: 

Substitute numerical values and 
evaluate V: 


v = v 0 + a At 

or, because v 0 = 0 and a = -g j 
v = ~gAt j = -(9.81 m/s 2 )(3 s )j 
= (-29.4m/s)j 

E = {- 29.4 m/s )j x (- 4.68 x 10 6 T)/ 
= (-0.138 mV/m) & 


V = 2 RE 


V = 2(0.02 m)(0.138 mV/m) = 


5.52//V 


49 •• 

Picture the Problem The free-body 
diagram shows the forces acting on the rod 
as it slides down the inclined plane. The 
retarding force is the component of F m 
acting up the incline; i.e., in the -x 
direction. We can express F m using the 
expression for the force acting on a 
conductor moving in a magnetic field. We 
can apply the expression for a motional 
emf in conjunction with Ohm’s law to find 
the induced current in the rod. In part ( b ) 
we can apply Newton’s 2 nd law to obtain an 
expression for dv/dt and set this expression 
equal to zero to obtain v t . 



(a) Noting that only the horizontal £ = Blv cos# 

component of the rod’s velocity 
v produces an induced emf, express 
£ due to the motion of the rod in 
the magnetic field: 







Substitute numerical values and 
evaluate £: 


( b ) Apply Newton’s 2 nd law to the 
rod: 


Using Ohm’s law, relate the current 
/ in the circuit to the induced emf: 


Substitute in equation (1) to obtain 
the equation of motion of the rod: 

When the rod reaches its terminal 
velocity v t , dv/dt = 0: 

Solve for v t : 


Substitute numerical values and 
evaluate v t : 
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£ = (l.2T)(l5m)v(cos30°) 

= (l5.6T-m)v 


mg sin 6 - F cos 6 = m — 

dt 

and 

F 

— = gsin#-—cost? 

dt m 


( 1 ) 


where 
F m = IIB 

and / is the current induced in the rod as a 
consequence of its motion in the magnetic 
field. 


£ _ Biv cos# 
R~ R 


and 


B 2 £ 2 v cos# 
R 


— = g sin 6 
dt 


B 2 £ 2 v 


mR 


cos 1 6 


n • . B 2 fv t 2n 

0 = gsmd - L cos 0 

mR 

mgR sin 6 
* Bri 2 cos 2 0 

; _ (0.4kg)(9.81m/s 2 )(2a)sin30° 
(l .2 T) 2 (l 5 m) 2 cos 2 3 0° 

= 1.61cm/s 


50 — 

Picture the Problem Let F f be the friction force between the rails and cylinder, F m the 
magnetic force on the cylinder, and 7 m the cylinder’s moment of inertia. Because the 
current through the rod is uniformly distributed, we can treat the current as though it were 
concentrated at the center of the rod. We can find the magnitude of B by applying 
Newton’s 2 nd law to the cylinder. The application of Ohm’s law to the circuit will allow 
us to express the net force acting on the cylinder in terms of its speed. Setting this net 










658 Chapter 28 


force equal to zero will lead us to a value for the terminal velocity of the cylinder. We can 
use the definition of kinetic energy (both translational and rotational) to find the kinetic 
energy of the cylinder when it has reached its terminal velocity. 


(a) Apply ^ F x = ma x to the 
cylinder: 


Apply ^ z = la to the cylinder: 


Solve for F f and substitute to obtain: 


Solve for r - 


dco 

dt 


Solve for B : 


Apply Ohm’s law to the circuit to 
find /: 

Substitute numerical values and 
evaluate B: 


Apply F = H x B to determine the 
direction of B : 

(,b ) Multiply both sides of equation 
(1) by m to express the net force 
acting on the cylinder: 


F m - F t = ma x 
or 

UT 17 dv d(D 

Bla - r ( = m — = mr - 

dt dt 


F f r = /, 


dco 

dt 


Bla 



dco dco 

-= mr - 

dt dt 


dco 


r - 

dt 


Bla 

m + -f 


Bla 

i 2 
(mr 
m + -=— 
r 


2 Bla 
3 m 


or 

dv _ 2 Bla 
dt 3 m 


B = 


3 m — 
_ dt 

2 la 



12V 

~6Q 


= 2 A 


B _ 3(4kg)(p.lm/s 2 ) 
2(2 A) (0.4 m) 


0.750T 


B is downward. 


A 



2 Bla 
3 


£ - Bav 


Use Ohm’s law to express the 
current as a function of the emf of 


R 





the battery and the induced emf in 
the cylinder: 
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Substitute to express the net force 
acting on the cylinder as a function 
of the velocity of the cylinder: 


(c) Set F net = 0 and solve for the 
terminal velocity of the cylinder: 


(d) Express the total kinetic energy 
of the cylinder when it has reached 
its terminal velocity: 


Substitute numerical values and 
evaluate K: 




f 

2 B 


£ - Bav 



\ 

a 

J 


2Ba£ 2 Bra 
3 R 3 R V 


2 Ba£ 2 B~a 2 

-v. = 0 

3 R 3 R 

and 

; - 8 - 12V 
Vt ~ Ba~ (0.75T)(0.4 m) 


40.0m/s 


K = \mv] +1 1 m co; 

1 2 i (i 2\ v t 

= jmv t +\\\mr )— 
r 

- j mv\ 


K =-|-(4kg)(40m/sy 


4.80 kJ 


*51 ••• 

Picture the Problem We can use the expression for a motional emf and Ampere’s law to 
express the net emf induced in the moving loop. We can also use express the magnetic 
flux through the loop and apply Faraday’s law to obtain the same result. 

(a) Express the motional emf £ = B{x)vb 

induced in the segments parallel to 
the current-carrying wire: 

Using Ampere’s law, express 
B(d + vt) and B(d + a + vt): 


1 2 7r(d + vt) 


B[d + vt) = —^-- 

7 2 7i(d + vt) 


and 

B{d + a + vt) = 


Bo 1 


2 n{d + a + vt) 


Substitute to express s\ for the near 
wire and s 2 for the far wire: 
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Noting that the emfs both point 
upward and hence oppose one 
another, express the net emf induced 
in the loop: 


£ Mo Ivb 
' 2 n{d + a + vt) 

£ = £ x — £ 2 

ju 0 Ivb ju 0 Ivb 

2 n{d + vt) 2 n{d + a + vt) 


Bo Iv b 

r 1 i 


2 n 

yd + vt d + a + vt j 


The motion of the segments perpendicular to the long wire does not change 
the flux through the rectangular loop. Consequently, these segments do not 
contribute to the the induced emf 


( b ) From Faraday’s law we have: 


£ = - 


d<L 

dt 


Express the magnetic flux in an area d(f) m = B(x)dA = B(x)b dx 

of length b and width vdt: where, from Ampere’s law, 

Mo 1 

2m 



Substitute and integrate from 
x = d + vt to d + a + vt : 


d+a+vt tt a-vai 

<P m = j B{x)dx = ^— j 


d+a+vt 


d+vt 

2 n 


In 


2 n 

d + a + vt 
d + vt 


d+vt 


dx 

x 


Differentiate with respect to time and simplify to obtain: 


d 

ju 0 Ib d + a + vt 

ju 0 Ib d 

d + a + vt 

in 

dt 

_ 2 n d + vt 

2 n dt 

d + vt 


Bo Ib 

f d + vt Y + vt)v - (d + a + vt)v) 

1 1 

2 n 

B+Jbv 

V d + a + vt Y (d 

(d + vt)-{d + a + vt) 

' + vtf 

Bo Ibv 

l 

2n 

{d + vt){d + a + vt) 

2 n 

|d + a + vt d + vt 


Bo J bv 

1 1 

2 n 

_d + vt d + a + vt J 
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52 — 

Picture the Problem We can use F = qv x B to express the magnetic force acting on the 
moving charged body. Expressing the emf induced in a segment of the rod of length dr 
and integrating this expression over the length of the rod will lead us to an expression for 
the induced emf. 


(a) Using the equation for the 
magnetic force on a moving charged 
body, express the force acting on the 
charged body a distance r from the 
pivot: 

Because v -LB and v = rco: 


(b ) Use the motional emf equation to 
express the emf induced in a 
segment of the rod of length dr and 
at a distance r from the pivot: 

Integrate this expression from 
r = 0 to r = i to obtain: 


(c) Using Faraday’s law, relate the 
induced emf to the rate at which the 
flux changes: 

Express the area dA, for any value of 
0, between r and r + dr: 

Integrate from r = 0 to r = l to 
obtain: 


F = qvxB 
and 

F = qvB sin 0 


F = 


qBrco 


d£ = Brdv 
= Brcodr 


£ (. 

J d£ r = Bco^ rdr 

o o 

and 


e = 


\Bcoi 2 


£ 


d<k n 


dt 


dA = rOdr 


i 

A = & j rdr =\0£ 2 
o 


Using its definition, express the 
magnetic flux through this area: 


K =BA = 


\BC-e 



2 d6 


\Bi —— 
2 dt 



Differentiate <f) m with respect to time 
to obtain: 
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Inductance 

53 • 

Picture the Problem We can use (j) m = LI and the dependence of / on t to find the 
magnetic flux through the coil. We can apply Faraday’s law to find the induced emf in 
the coil. 


(a) Use the definition of self- 
inductance to express <j) m : 

Express / as a function of time: 

Substitute to obtain: 

Substitute numerical values and 
express (f> m \ 


K = LI 

/ = 3 A + (200 A/s)f 

</> m =z[3A + (200A/s)f] 

</> m =(8H)[3A + (200A/s)f] 

= 24 Wb + (l 600 H • A/s)t 


(.b ) Use Faraday’s law to relate s, L, 
and dl!dt\ 


£ = —L 


dl 

dt 


Substitute numerical values and 
evaluate s : 


£ =-(8 H) (200 A/s) 


-1.60 kV 


*54 • 

Picture the Problem We can apply <f) m = LI to find (j) m and Faraday’s law to find the 
self-induced emf as functions of time. 

Use the definition of self-inductance (f> m = C/ = 

to express 

The graph of the flux </> m as a function of time shown below was plotted using a 
spreadsheet program. The maximum value of the flux is LI 0 and we have chosen 2rtf= 1 
rad/s. 


LI 0 sin 2Tift 
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55 •• 

Picture the Problem We can use B = /uyil to find the magnetic field on the axis at the 

center of the solenoid and the definition of magnetic flux to evaluate (f> m - We can use the 
definition of magnetic flux in terms of L and / to find the self-inductance of the solenoid. 
Finally, we can use Faraday’s law to find the induced emf in the solenoid when the 
current changes at 150 A/s. 


(a) Apply the expression for B 
inside a long solenoid to express and 
evaluate B: 


B = ju 0 nl 


f 400 A 


= (4;rx 10~ 7 N/A 2 ) —— (3A) 


0.25 m 


6.03 mT 


(b) Apply the definition of magnetic ( / J m — NBA 

flux to obtain: = (400)(6.03mT)^-(0.01m) 2 

= 7.58x10 4 Wb 


(c) Relate the self-inductance of the 
solenoid to the magnetic flux 
through it and its current: 



7.58x10^ Wb 
3 A 


0.253 mH 


(rf) Apply Faraday’s law to obtain: g = _ L dl = 253 mH )( 150 ^ 

= -38.0 mV 


56 •• 

Picture the Problem We can find the mutual inductance of the two coaxial solenoids 
using M 2 j = = ii (} n 2 n t lm] 2 . 

7 


Substitute numerical values and evaluate M 2 y. 


M 21 =(4;rxlO~ 7 N/A 2 ) 


f 300 ^ 

f 1000 ^ 

v 0.25m y 

v 0.25m y 


(0.25m);r(0.02m) 2 = 


1.89mH 


*57 •• 

Picture the Problem Note that the current in the two parts of the wire is in opposite 
directions. Consequently, the total flux in the coil is zero. We can find the resistance of 
the wire-wound resistor from the length of wire used and the resistance per unit length. 
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Because the total flux in the coil is 
zero: 



Express the total resistance of the 
wire: 


R = 

( o' 

18 — 

L = 

f 18 —1( 

9m) = 

1620 




y m J 




58 ••• 

Picture the Problem We can apply Kirchhoff s loop rule to the galvanometer circuit to 
relate the potential difference across L 2 to the potential difference across R 2 . Integration of 
this equation over time will yield an equation that relates the mutual inductance between 
the two coils to the steady-state current in circuit 1 and the charge that flows through the 
galvanometer. 


Apply Kirchhoff s loop rule to the 


galvanometer circuit: 

s 

M 

53 


or 


Mdl x + L 2 dl 2 - R J 2 dt = 0 

Integrate each term from t = 0 to 

t = a o: 

00 00 00 

M J dl x + L 2 J dl 2 - R 2 J I 2 dt 
0 0 0 


and 


^ioo + L 2 I 2x - R 2 Q = 0 

Because I 2oo = 0: 

mi 1x -r 2 q = 0 

Solve for M : 

/loo 

Substitute numerical values and 

evaluate M\ 

, / _(30on)(2xicr , c)_- 
5 A L 


59 ••• 

Picture the Problem We can use Ampere’s law to express the magnetic field inside the 
rectangular toroid and the definition of magnetic flux to express (f) m through the toroid. We 
can then use the definition of self-inductance of a solenoid to express L. 


Using the definition of the self¬ 
inductance of a solenoid, express L 
in terms of (p m , N, and I: 


/ 


(1) 
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Apply Ampere’s law to a closed path 
or radius a <r<b: 


j>2? • (Cl = Blnr - /j 0 I c 

or, because 7 C = NI, 
B2jw = jU 0 NI 


Solve for B to obtain: 


Express the flux in a strip of height 
H and width dr 


B = 


A,A''/ 


2 7W 

cl(f) m = BHdr 


Substitute for B and integrate d(p m 
from r = ato r = b to obtain: 


_ jU 0 NIH Ur _ ^NIH ^ 
2 n r 2 k 




Substitute in equation (1) and 
simplify to obtain: 


L = 


Ao N2 H ji 

( b ) 

2n 

yaj 


Magnetic Energy 

60 • 

Picture the Problem The current in an LR circuit, as a function of time, is given by 
/ = I { (l - e ,/r ), where 7 f = sJR and r = L/R. The energy stored in the inductor under 
steady-state conditions is stored in its magnetic field and is given by U m = \ Ll\ . 


(a ) Express and evaluate 7 f : 


C„ 24 V 

f r no. 


2.00 A 


(b) Express and evaluate the energy 
stored in an inductor: 


U m =r(2H)(2A) ! = 


4.00 J 


*61 


Picture the Problem We can examine the ratio of u m to ue with E = cB and 
c = \j-j£ 0 jU 0 to show that the electric and magnetic energy densities are equal. 


Express the ratio of the energy 
density in the magnetic field to the 
energy density in the electric field: 


B~ 

\to E 


B 2 




K 

u. 


B- 




Substitute E = cB : 




















Substitute for c: 


Magnetic Induction 667 


11 m _ Ao g O _ i 

W E AAo 



62 •• 

Picture the Problem We can use L = ju 0 trAl to find the inductance of the solenoid and 
B = ju 0 nl to find the magnetic field inside it. 


(a) Express the magnetic energy U m = \ LI 1 

stored in the solenoid: 


Relate the inductance of the 
solenoid to its dimensions and 
properties: 

Substitute to obtain: 

Substitute numerical values and 
evaluate U m : 


(b ) The magnetic energy per unit 
volume in the solenoid is: 


L = ju Q n 2 Al 


U m =\^nAlI- 


U m = j (4 7TX 1CT 7 N/A 2 )[ 


2000 


0.3 m 

x(4xl0 4 m 2 )(0.3m)(4A) : 


= 53.6mJ 


53.6mJ 

V Ai (4xl0 _4 m 2 )(0.3m) 
= 447 J/m 3 


(c) Express the magnetic field in the 
solenoid in terms of n and /: 


B = ju 0 nl = fi 0 y / 

_ (4^-xlO^ 7 N/A 2 )(2000)(4A) 
0.3 m 


33.5 mT 


(d) The magnetic energy density is: B 2 (33.5 mT) 2 

Um ~2^~ 2(4^ x 10 -7 N/A 2 ) 

= 447 J/m 3 


in agreement with our result in Part ( b ). 
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63 •• 

Picture the Problem Consider a 
cylindrical annulus of thickness dr at a 
radius r < a. We can use its definition to 
express the total magnetic energy 
dU m inside the cylindrical annulus and 

divide both sides of this expression by the 
length of the wire to express the magnetic 
energy per unit length dU' m . Integration of 

this expression will give us the magnetic 
energy per unit length within the wire. 

Express the magnetic energy within 
the cylindrical annulus: 


Divide both sides of the equation by 
i to express the magnetic energy per 
unit length dU' m : 



£2 

= —ml dr 
Mo 


2 

dU' m =—mdr (1) 

Mo 


Use Ampere’s law to express the 
magnetic field inside the wire at a 
distance r< a from its center: 


Because the current is uniformly 
distributed over the cross-sectional 
area of the wire: 

Substitute to obtain: 


2 mB = //„ I c 
and 

B _ MqI c 

2 m 

where 7 C is the current inside the cylinder 
of radius r. 

, _±. 

I m 1 c a 21 


B = 


MM'l 

2 m 2 


dU 


. _ v 


Mori 

2m 1 


Mo 


- mdr = ,L> "1 r 'dr 
4 m 4 


Substitute for B in equation (1) to 
obtain: 
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Integrate dU' m from r = 0 to r = a: 


U' 


Mol 2 

4m 4 


a t-2 4 

f r 3 dr - MqI • ° - 

Mol 2 

* 4^n 4 4 

16;r 


Remarks: Note that the magnetic energy per unit length is independent of the radius 
of the cylinder and depends only on the total current. 


*64 •• 

Picture the Problem The wire of length d and radius a is shown in the diagram, as is the 
inductor constructed with this wire and whose inductance L is to be found. We can use 
the equation for the self-inductance of a cylindrical inductor to derive an expression for 
L. 



The self-inductance of an inductor 
with length i, cross-sectional area A, 
and number of turns per unit length 
n is: 

The number of turns N is given by: 


The number of turns per unit length 
n is: 

Assuming that a « r, the length of 
the wire d is related to n and r. 


Solve for £ to obtain: 


Substitute for l, A, and n in equation 
(1) to obtain: 


L = ju 0 n 1 At (1) 


n-M 

2 a 

_ N__ J_ 
i 2 a 


d = N^lTrr 4 ) = 


r n 


\2aj 


7T r 

2n r = —— i 



nr 


l = Mo 


f 1 'l 

2 

( 2 A 

( ad ^ 



(rd\ 


[nr 


— 

Mo 


\daj 


{nr) 


y4aj 


65 • 

Picture the Problem We can substitute numerical values in the expression derived in 
Problem 64 to find the self-inductance of the inductor. 
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From Problem 64 we have: 


, _ Ao rR 
4 a 


Substitute numerical values and evaluate L\ 


^_(4;rxl0 7 N/A 2 )(0.25cm)(l0cm) 
4(0.5 mm) 


0.157 //H 


66 •• 

Picture the Problem We can find the number of turns on the coil from the length of the 
superconducting wire and the cross-sectional radius of the coil. We can use 
B = (//„ NI )/(2;zr mean ) to find the magnetic field at the mean radius. We can find the 

energy density in the magnetic field from u m = B 2 /(2ju 0 ) and the total energy stored in 
the toroid by multiplying u m by the volume of the toroid. 


(a) Express the number of turns in 
terms of the length of the wire L and 
length required per turn 2m~. 

(, b ) Use the equation for B inside a 
tightly wound toroid to find the 
magnetic field at the mean radius: 


(c) Express and evaluate the energy 
density in the magnetic field: 



2 w 


1000 m 
2;r(0.02m) 


7958 


B _ ML 

2^mean 

_ (4;rxlQ- 7 N/A 2 )(7958)(400A) 
2^-(0.25m) 

- 2.55 T 


B 2 _ (2.55 T) 2 

Um ~ 2^ “ 2(4^ x 10 -7 N/A 2 ) 

= 2.59 x 10 6 J/m 3 


Relate the total energy stored in the U m = u m C loroid 

toroid to the energy density in its 
magnetic field and the volume of 
the toroid: 

Think of the toroid as a cylinder of V towid = nr 2 {2nr mem ) = 2 x 2 r 2 r mew 

radius r and height 2 7rr mem to 

obtain: 


Substitute for F to roid to obtain: 


U m = 2 7C 2 r 2 r mB j4 m 
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Substitute numerical values and evaluate U m : 


U 


m 


In 2 (0.02 m) 2 (0.25 m)(2.59 x 10 6 J/m 3 ) 


5.1 lkJ 


RL Circuits 


67 • 

Picture the Problem We can find the current using 7 = 7 f (l — e , r ) where 7 f = eJR and 
r = L/R and its rate of change by differentiating this expression with respect to time. 

Express the dependence of the 7 = 7 f (l - e nr ) 

current on 7 f and r. 


Evaluate 7 f and r. 





100V 

8Q 


12.5 A 



4H 

8Q 


0.5s 


Substitute to obtain: 


Express dl/dt: 


(a) When t = 0: 


(b) When t = 0.1 s: 


7 = (l2.5 A)(l-e” </0 ' 5s ) 
= (l2.5 A)(l -e~ 2 ' s 1 j 


dl 

dt 


= (l2.5A)(-e- 2ts_I )(— 2 s _l ) 


= (25 A/s) A 


2ts~ 


7 = (l2.5A)(l-e°): 
and 

— = (25A/s)e° = 
dt 


25.0 A/s 


7 = (l2.5 A)(l-e _0 ' 2 ) = 
= (25 A/s) A 0 ' 2 = 


2.27 A 


and 

dl 

dt 


20.5 A/s 


7 = (l2.5A)(l-e~ 1 ): 
and 


7.90 A 


(c) When t = 0.5 s: 
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( d) When t= 1.0 s: 


— = (25A/s)e 1 = 
dt 


7 = (l2.5A)(l-e 2 


and 

dl 

dt 


(25 A/s) A 2 = 


9.20 A/s 



)= 

10.8 A 



3.38A/S 


68 • 

Picture the Problem We can find the current using / = I Q e ,, r , where 7 0 is the current at 
time t = 0 and r = L//7 


Express the current as a function of 
time: 

Evaluate r. 

Substitute to obtain: 

(a) When t = 0.5 ms: 

(b) When t = 10 ms: 


/ = f (>e ~ tlT = (2A)e~ ,,T 



ImH 

ion 


= 10‘ 4 s 


/=(2Ay ioV 

/ = (2A)A lo4 ( 0 ' 5xir3 ^ 1 = (2 A) A 5 

= 13.5 mA 


/ = ( 2A)e 


10 4 (l0xl0 _3 s)s _1 


(2A)A 100 


= 7.44 x 10 -44 A « 



*69 •• 

Picture the Problem We can find the current using / = / r (l — e ,/r ), where 

If = £q/R, and r = L/R, and its rate of change by differentiating this expression with respect 

to time. 


Express the dependence of the / = / f (l — e ,/T 

current on 7 f and r. 


Evaluate/f and v. 


u 



12V 


= 4 A 


and 
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L 0.6H 

r = — =-= 0.2s 

R 3Q 

Substitute to obtain: 

/ = (4 A) (l - e - * /0 ' 2s ) = (4 A) (l 

Express dl/dt: 

d ± = (4A)(- e —-‘X-SsO 


= (20A/s)a 5,s " 

(a) Find the current at t = 0.5 s: 

7(0.5 s) = (4 A)(l - e 5(0 5s)s ') 


= 3.67 A 


The rate at which the battery 
supplies power at t = 0.5 s is: 


( b ) The rate of joule heating is: 


(c) Using the expression for the 
magnetic energy stored in an 
inductor, express the rate at which 
energy is being stored: 

Substitute for L, I, and dl/dt to 
obtain: 


P(0.5s) = /(0.5s)£ 

= (3.67 A)(l2 V) 
= 1 44.0 W I 


Pj(0-5s) = [/(0.5s)] 2 i? 

= (3.67 A) 2 (3 n) 

= 1 40.4 W I 


dU L 

dt 


d_ 

dt 



dl 

dt 


dU L 

dt 


d_ 

dt 



= LI 


dl 

dt 


Substitute numerical values and evaluate 


dU L . 

dt 


= (0.6 H)(4 A)(l -e~ 5t& )(20A/s)A 5is " = (48 w)(l- A 5 ' 8 " )a 5; 


Evaluate this expression for 
t = 0.5 s: 

= (48W)(l-A 2 ' 5 )A 2 ' 5 
= 1 3.62 W I 
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Remarks: Note that, to a good approximation, dlljdt = P -P 3 . 


70 •• 

Picture the Problem We can find the current using/ = / f (1 — e ,/r ), where R = sJR and 
r = L/R, and its rate of change by differentiating this expression with respect to time. 

Express the dependence of the I = I f (l — e ,/r ) 

current on 7 f and r. 


Evaluate 7 f and r. 


Substitute to obtain: 


Express dl/dt\ 


(a) Find the current at t = 1 s: 


The rate at which the battery 
supplies power at t = 1 s: 

Find the current at t = 100 s: 


/ _ g o _ 12V 
f R 3f2 


= 4 A 



0.6 H 
3Q 


0.2s 


/ = (4A)(l-e“' /0 ' 2s ) 

= (4 A)(l-e~ 5,s ‘) 

f = (4A)(- e - 5 "')(-5s-') 

= (20 A/s)e _5,s 1 

/(ls) = (4 A)(l - e _5(ls)s ‘) 

= 3.97 A 

,P(l s) = /(l s)^ = (3.97 A) (l 2 V) 
= 47.7 W 

/(lOOs) = (4A)(l-e^ 5(100sV1 ) 

= 4.00 A 


The rate at which the battery 
supplies power at t = 100 s: 


/’(l 00 s) = /(l 00 s)£ = (4 A)(l 2 V) 
= 48.0 W 


P 1 (ls)=[/(ls)] ! ^ 

= (3.97 a) 2 (3 q) 

= 47.3 W 


(b) The rate of joule heating at 
7 = 1 s is: 







The rate of joule heating at 
t = 100 s is: 
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Pj(l00s) = (4 A) 2 (3Q) = 


48.0 W 


Using the expression for the 
magnetic energy stored in an 
inductor, express the rate at which 
energy is being stored: 

Substitute for L, I and dl/dt to 
obtain: 


Evaluate dUJdt for t = 1 s: 


Evaluate dUJdt for t = 100 s: 


dU L 

dt 


d_ 

dt 



dl 

dt 


dU L 

dt 


— \\LI 2 ] = LI — 
dt L J dt 

(0.6H)(4A)(l-e 5 ' s ") 
x (20 A/s)e~ 5rs ' 

(48 W)(l -e~ 5 ' s 1 )e~ 5rs 1 


= (48 w)(l - e~ 5(ls)s ~' )e~ 5(ls)s 

= (48 W)(l-e~ 5 )e~ 5 
- 0.321 W 


dU t- = (48 w)(l - e^ 5(100s)s_1 V 5(l00s ) s_l 

= (48 W) (l - e -500 )e -500 


0 


Remarks: Note that, to a good approximation, dlljdt = P — P J . 

71 •• 

Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time t is given by I = 7 f (l — e ,/r ), where If = sJR and r = L/R is the time constant 
for the circuit. We can find the time constant of the circuit from the given information 
and then use the definition of the time constant to find the self-inductance. 

I = 7 f (l — e ,/r ) where r = — 

R 

0.5/ f = / f (l-e~ 4s/r ) 
or 

0.5 = l-e~ 4s/r 


(a) Express the current in the circuit 
as a function of time: 

Express the current when t = 4 s: 


=> 0.5 = e 


-4 s/i 


(i) 
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Take logarithms of both sides of this ^ { _ _ 4 s 

equation to obtain: “ r 


Solve for and evaluate v. 


T 


4s 

ln2 


5.77s 


(b) Solve equation (1) for and 
evaluate L\ 


L = Rt = (5Q)(5.77 s) 


28.9H 


72 •• 

Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time t is given by 7 = 7 f (l — e ,/r ), where A = e 0 /R and r = L/R is the time constant 
for the circuit. We can find the number of time constants that must elapse before the 
current reaches any given fraction of its final value by solving this equation for t! r. 


Express the fraction of its final value ]_ _ ^ _ tjz 

to which the current has risen as a 7 f 

function of time: 


Solve for t/r: 


t 

T 


f 

-In 1 

V 



(a) Evaluate tS r for 7// f = 0.9: 



-ln(l - 0.9) 


2.30 


( b ) Evaluate t/r for 7/7 f = 0.99: 



-ln(l-0.99) 


4.61 


(c) Evaluate t/rfor7/7 f = 0.999: 


t 


99.9% 


-ln(l-0.999) 


6.91 


73 •• 

Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time t is given by / = I f (\ — e ,/r ), where 7 f = s 0 /R and r = L/R is the time constant 
for the circuit. We can find the rate of increase of the current by differentiating 7 with 
respect to time and the time for the current to reach any given fraction of its initial value 
by solving for t. 


7 = 


— (l-e^ r ) 
R v ’ 


(a) Express the current in the circuit 
as a function of time: 
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Express the initial rate of increase 
of the current by differentiating this 
expression with respect to time: 


Evaluate dl/dt at t = 0 to obtain: 


(6) When 7 = 0.57: 


dl 

dt 


£q d 

R dt 




R 1 


- e 


-th 


n 


F ~t 
—-e L 

L 



dl 

dt t=0 


L 


12V 

4mH 


3.00kA/s 


0.5 = l-e- ,/T => e~ t/T = 0.5 


Evaluate dl/dt with e , r =0.5 to 
obtain: 


dl 

dt e - f / r = o.5 



= 0.5 


12V 

4mH 


7 


1.50kA/s 


(c) Calculate 7 f from s and i?: 


j _ £ 0 12V 

f 7? 150f2 


80.0mA 


(<V) When / = 0.99/ f : 
Solve for and evaluate t: 


0.99 = 1-e^ /t => e^ /r =0.01 

t = -rln(O.Ol) = - —ln(0.0l) 
R 


4mH 

150Q 


ln(0.0l) = 


0.123ms 


74 •• 

Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time t is given by / = / f (l — e ,/r ), where 7 f = sJR and r = 777? is the time constant 
for the circuit. We can find the time for the current to reach any given value by solving 
this equation for t. 


Evaluate 7 f and r: 


£ 0 _ 250 V 
R~ 8Q 


31.25A 



50H 

8Q 


6.25s 
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Solve / = / r (l —e //V ) for t: 


(a) Evaluate t for / = 10 A: 


(b ) Evaluate t for / = 30 A: 


f 

t = -t In 1 

V 



= -(6.25s)ln 1 

V 


I \ 

31.25 A y 



f 

-(6.25 s)ln 1 

V 


2.41s 


10A 

31.25 A y 



c 

-(6.25 s)ln 1 

V 


20.1s 


30 A 
31.25 A y 


*75 ••• 

Picture the Problem The self-induced emf in the inductor is proportional to the rate at 
which the current through it is changing. Under steady-state conditions, dlldt = 0 and so 
the self-induced emf in the inductor is zero. We can use Kirchhoff s loop rule to obtain 
the current through and the voltage across the inductor as a function of time. 


(a) Because, under steady-state 
conditions, the self-induced emf in 
the inductor is zero and because the 
inductor has negligible resistance, 
we can apply Kirchhoff s loop rule 
to the loop that includes the source, 
the 10-Q resistor, and the inductor to 
find the current drawn from the 
battery and flowing through the 
inductor and the 10-Q resistor: 

By applying Kirchhoff s junction 
rule at the junction between the 
resistors, we can conclude that: 


10V-(l0Q)/ = 0 


and 

10V 

“Too 


1.00 A 


/ 


100-Q resistor 


= / 


battery 


/ 


inductor 



(b ) When the switch is closed, the current cannot immediately go to zero in the circuit 
because of the inductor. For a time, a current will circulate in the circuit loop between 
the inductor and the 100-Q resistor. Because the current flowing through this circuit is 
initially 1 A, the voltage drop across the 100-Q resistor is initially 


100V. 


Conservation of energy (Kirchhoff s loop rule) requires that the voltage drop 
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across the inductor is also 


100V. 


(c) Apply Kirchhoff s loop rule to 
the RL circuit to obtain: 

The solution to this differential 
equation is: 



+ IR = 0 


R t 

L =I 0 e T 
L 2H 

where z = — =- 

R 100Q 


0.02 s 


A spreadsheet program to generate the data for graphs of the current and the voltage 
across the inductor as functions of time is shown below. The formulas used to calculate 
the quantities in the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

B1 

2 

L 

B2 

100 

R 

B3 

1 

h 

A6 

0 

to 

B6 

$B$3*EXP((-$B$2/$B$1)*A6) 

R 

- 1 

T p L 

1 0 t ' 



A 

B 

C 

l 

L= 

2 

H 

2 

R= 

100 

ohms 

3 

I 0= 

1 

A 

4 




5 

t 

I(t) 

V(t) 

6 

0.000 

1.00E+00 

100.00 

7 

0.005 

7.79E-01 

77.88 

8 

0.010 

6.07E-01 

60.65 

9 

0.015 

4.72E-01 

47.24 

10 

0.020 

3.68E-01 

36.79 

11 

0.025 

2.87E-01 

28.65 

12 

0.030 

2.23E-01 

22.31 





32 

0.130 

1.50E-03 

0.15 

33 

0.135 

1.17E-03 

0.12 

34 

0.140 

9.12E-04 

0.09 

35 

0.145 

7.10E-04 

0.07 

36 

0.150 

5.53E-04 

0.06 


The following graph of the current in the inductor as a function of time was plotted using 
the data in columns A and B of the spreadsheet program. 
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The following graph of the voltage across the inductor as a function of time was plotted 
using the data in columns A and C of the spreadsheet program. 



76 •• 

Picture the Problem We can evaluate the derivative of Equation 28-26 with respect to 
time at t = 0 to find the slope of the linear function of current as a function of time. 
Because the /-intercept of this equation is Iq, we can evaluate I(t) at t= r to show that the 
current is zero after one time constant. 

Equation 28-26 describes the current — 

/ = I e r 

in an LR circuit from which the 0 

source has been removed: 
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Differentiate this expression with 
respect to t to obtain: 


Evaluate dl/dt at t = 0: 


dl d -- 
— = I n —e T 
dt dt 


‘ r 



V 


n 



t 


e T 


dl_ __/q 
dt t=0 t 


Assuming that the current decreases 
steadily at this rate, express / as a 
linear function of t to obtain: 


i(t)=-!*-t+i, 

T 


Evaluate this function when 
t= r: 


/(r) = -^r + / 0 = 


as was to have been shown. 


77 •• 

Picture the Problem The current in an initially energized but source-free RL circuit is 
given by I = I 0 e . We can find r from this equation and then use its definition to 

evaluate L. 

(a) Express the current in the RL I = I () e , r 

circuit as a function of time: 


Solve for and evaluate r: 



(. b ) Using the definition of the L = zR 

inductive time constant, relate L to 
R: 


Substitute numerical values and L = (0.0881s)(0.4Q) = 

evaluate L\ 

78 • 

Picture the Problem We can model this coil as a resistance-free inductor in series with 
an inductance-free resistor and express the potential difference across the coil as the sum 
of the potential differences across the inductor and the resistor. We can then use the 
given data to obtain two equations in the u nk nowns R and L and solve these equations 


35.2 mH 
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simultaneously for the resistance and self-inductance of the coil. 


Express the potential difference 
across the coil as the sum of the 
potential difference across a resistor 
and the potential difference across 
an inductor: 

When 1= 5 A and 
dl/dt = 10 A/s: 

When 1= 5 A and 
dl/dt = -10 A/s: 

Add these equations to obtain: 


V = V R +V L 


= IR + L 


dl 

dt 


140V = (5A)i? + (l0A/s)Z 
60V = (5A)i?-(l0A/s)Z 


200 V = (lOA)i? 
and 


R = 


200 V 

10 A 


20.0Q 


Substitute in either of the equations to 
obtain: 


L = 


4.00H 


79 •• 

Picture the Problem We can use the definition of inductance to express the rate at 
which the current changes through the inductors and the resistor and the result of 
Problem 88 to find the effective inductance in the circuit. We can find the fmal/steady- 
state current by applying Ohm’s law. 

(a) Express the rate of change of the dI R _ £ 

current through the resistor: dt L eS 


Using the result given in Problem 
88, find Z. e ii- 


1 1 1 

- —- 1 - 

Z eff 8 mH 4 mH 

and 

L ef[ = 2.67 mH 


Substitute numerical values and 
evaluate dlgjdt at t = 0: 


dl r 
dt f=0 


24 V 
2.67mH 


9.00 kA/s 
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Express the rate of change of the 
current through the 8-mH inductor: 


^4mH £ 


dt 


L 


'8mH 


( 1 ) 


Express the rate of change of the 
current through the 4- mH inductor: 


^4mH £ 


dt 


L 


4mH 


( 2 ) 


Because IR = 0 when t = 0: 


V, 


= v =v 

' 8mH ' 4 mH 


= 24 V 


Substitute numerical values in 
equation (1) and evaluate 
^8mH I dt : 


dL 


8mH 


dt 


24 V 
8mH 


3.00kA/s 


Substitute numerical values in 
equation (2) and evaluate 
^4mH I dt : 


dl 


4 mH 


dt 


24 V 
4mH 


6.00kA/s 


(b) After a long time has passed, the 
inductors will act as a short and the 
final current will be determined 
solely by the resistance in the 
circuit: 


h 


£_ 

R 


24V 

15Q 


1.60A 


*80 •• 

Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time t is given by / = I f (l — e , r j, where I\ = sJR and r = L/R is the time constant 
for the circuit. We can find the time at which the power dissipation in the resistor equals 
the rate at which magnetic energy is stored in the inductor by equating expressions for 
these rates and using the expression for / and its rate of change. 


Express the rate at which magnetic 
energy is stored in the inductor: 

Express the rate at which power is 
dissipated in the resistor: 

Equate these expressions to obtain: 


dU L 

dt 


d_ 

dt 



= LI 


dl 

dt 


P = I 2 R 


I 2 R = LI 


dl 

dt 


7 = 


dl 

T - 

dt 


Simplify to obtain: 


( 1 ) 
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Express the current and its rate of 
change: 


Substitute in equation (1) to obtain: 


Solve for t : 

Using t= 333 //s from Example 28- 
11, evaluate t to obtain: 


/ = /,(l-e*) 


and 



r 





V t 


\ 


or 

l-e-* /T =e~ t/T => 1 = 2e t<T 


t = -r\n\ 


t = -(333//s)ln| = 231//S 


81 ••• 

Picture the Problem We can integrate dE/dt = £ 0 I, where / = / f (l — e ,/r ), to find the 
energy supplied by the battery, dEjdt = I 1 R to find the energy dissipated in the 
resistor, and U l {t ) = \L,(i(t))~ to express the energy that has been stored in the 
inductor when t = r. 


(a) Express the rate at which energy dE 

is supplied by the battery: dt 


Express the current in the circuit as a 
function of time: 


I = 


R v ’ 


Substitute to obtain: 


dE_ 

dt 



-e 


) 


Separate variables and integrate 
from t = 0 to t = r to obtain: 




+ r)] 


°0 

R 


£ 0 t _£qL 


R e 


R 2 e 








Substitute numerical values and 
evaluate E : 
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(12V) ; (0.6H) 

(3U) ! e 


3.53 J 


( b) Express the rate at which energy 
is being dissipated in the resistor: 


dE } 

dt 


= I 2 R = 




+ e- 2,/T ) 


Separate variables and integrate 
from t = 0 to t = t to obtain: 


Substitute numerical values and 
evaluate E s \ 


E s 


^Ej(\-2e- t/T +e- 2,/T 
E o 

Si f 2 t r t ^ 
~r{ ~e 2 2? y 
S 2 0 Lf 2 1 1 ^ 

"flHe 2 2^j 



_ (l2V) 2 (0.6H)f2 1 1 

J ' (3 af U 2 2e 2 J 

= 1.61J 


(c) Express the energy stored in the 
inductor when t = t : 


U l {t) = \L{!(t )) 2 


= U 


(H 

- e ) 

u 

e ) 

y 


LS _o 

2 R 2 




Substitute numerical values and evaluate 
E l : 




1.92 J 


Remarks: Note that, as we would expect from energy conservation, E = Ej+ E L . 

General Problems 

82 • 

Picture the Problem We can apply the definition of magnetic flux to find the flux 
through the coil in its two orientations with respect to the magnetic field. 
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(a) Using its definition, express the (f) m = NBA cos 6 = NBtw 2 cos 6 

magnetic flux through the coil: = ( 6 )( 0 . 5 T>r(0.03 m) 2 cos 0° 

= 8.48 mWb 


( b ) Proceed as in (a) with 0= 20°: (j) m - NBA cos 6 = NBm ~ 2 cos 6 

= (6)(0.5T>r(0.03m) 2 cos20° 
= 7.97 mWb 


83 • 

Picture the Problem We can apply the definition of magnetic flux to find the flux 
through the coil in its two orientations with respect to the magnetic field and then use 
Faraday’s law to find the emfs induced in the coil. 

Using Faraday’s law, express the _ A</> m _ <?> m f - <fi m i _ (j) mi 

emf induced in the coil: At At At 

because (p m ^ = 0 

(a) Using its definition, express the (j) m = NBA cos 6 1 = NBnr 1 cos 6 

magnetic flux through the coil: 

Substitute to obtain: NBm~ : cos 0 

At 

Substitute numerical values and (6)(0.5 T)^(0.03 m) 2 cos 0° 

evaluate 1.2 s 

= 7.07 mV 


(b ) Proceed as in (a) with 
6 = 20 °: 


_ (6)(0.5T>z-(0.03m) 2 cos20 o 
L2s 

= 6.64 mV 


84 • 

Picture the Problem We can apply Faraday’s and Ohm’s laws to obtain expressions for 
the induced emf that we can equate and solve for the rate at which the perpendicular 
magnetic field must change to induce a current of 4.0 A in the coil. 

dt dt 


Using Faraday’s law, relate the 
induced emf in the coil to the 
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changing magnetic flux: 


Using Ohm’s law, relate the \S\ = IR 

induced emf to the resistance of the 
coil and the current in it: 


Equate these expressions and solve 
for dB/dt\ 


NA— = IR 
dt 


and 

dB _ IR _ IR 
dt NA Nm~ 2 


Substitute numerical values and evaluate 
dB/dt: 


dB _ (4A)(25fl) 

dt ~ (100)^(0.04 rn) 


199T/S 


*85 •• 

Picture the Problem We can apply Faraday’s law and the definition of magnetic flux to 
derive an expression for the induced emf in the coil (potential difference between the slip 
rings). In part (b) we can solve this equation for co under the given conditions. 

(a) Use Faraday’s law to express the ^ _ d(f) m 

induced emf: dt 

Using the definition of magnetic </> m {t ) = NBA cos cot 

flux, relate the magnetic flux 
through the loop to its angular 
velocity: 


Substitute to obtain: 


£ = - — \NBA cos cot] 
dt 

= -NBabco(- sin cot) 


NBabcosm cot 


(. b ) Express the condition under 
which s = £' rnax : 


sin cot = 1 
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Solve for and evaluate under this _ £ max 

condition: NBab 

_ _ 110V _ 

~ (l 000) (2 T) (0.01 m) (0.02 m) 

= 275 rad/s 


86 •• 

Picture the Problem We can apply Faraday’s law and the definition of magnetic flux to 
derive an expression for the induced emf in the rotating coil gaussmeter. 


Use Faraday’s law to express the 
induced emf: 

Using the definition of magnetic 
flux, relate the magnetic flux 
through the loop to its angular 
velocity: 

Substitute to obtain: 


e = -^- 

dt 

( j> m (t ) = NBA cos cot 


£ = \NBA cos 6Jt\ 

dt 

= -NBA co(- sin cot) 

= NBA co sin cot = £ mm sin cot 
where 

8^= NBA co 


Substitute numerical values and evaluate s max : 


^=(400)(0.45T)(l.4xl0-‘m 2 ) 


rev 2k rad I min ' 

180-x-x- 

min rev 60 s 


0.475 V 


The maximum induced emf occurs at the moment the plane of the coil is 
parallel to the magnetic field B. At this instant, (f ) rn is zero, but £ is a 
maximum. 


87 •• 

Picture the Problem We can use the equality of the currents in the inductors connected 
in series and the additive nature of the total induced emf across the inductors to show that 
the inductances are additive. 
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Relate the total induced emf to the 

effective inductance Z. e n and the rate 
at which the current is changing in 

the inductors: 

£ = L eS — 

eff dt 

Because the inductors L\ and L 2 are 

II 

<N 

II 

V — 1 

in series: 

and 


dl x dl 2 dl 


dt dt dt 

Express the total induced emf: 

£ = £ x + £ 2 = L x 



Substitute in equation (1) and 

Arff = L x + L 2 


simplify to obtain: 


*88 •• 

Picture the Problem We can use the co mm on potential difference across the parallel 
combination of inductors and the fact that the current into the parallel combination is the 
sum of the currents through each inductor to find an expression of the equivalent 
inductance. 


Define L eS by: 


Asff — 


dl 1 dt 


dl 

dt 



( 1 ) 


Relate the common potential 


difference across the inductors to 

dt 

their inductances and the rate at 

and 

which the current is changing in 

£ i=L 2 — 

each: 

- dt 


I = I l+ I 2 
and 

dl _ dl x dl 2 
dt dt dt 


Because the current divides at the 
parallel junction: 
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Solve equations (2) and (3) for dl\!dt 
and dlddt and substitute to obtain: 

Express the relationship between an 
emf s applied across the parallel 
combination of inductors and the 
emfs £\ and £2 across the individual 
inductors: 

Substitute to obtain: 


dl £ x £ 1 

dt L‘ j L>2 

£ = £ x = £ 2 


dl £ £ „ 

— = —+ — = £ 
t/i d—j] 


f \ 1 

-1- 

vA ^ 


'2 7 


Substitute in equation (1) and solve 
for 1/ Leg: 


1 


L. 


eff 


1 1 

-1- 

L\ A 


*89 •• 

Picture the Problem 


(a) 


As the magnet passes through the coil, it induces an emf because of the 
changing flux through the coil. This allows the coil to " sense" when the 
magnet is passing through it. 


(b) 


One cannot use a cylinder made of conductive material because eddy 
currents induced in it by a falling magnet would slow the magnet. 


(c) 


As the magnet approaches the loop, the flux increases, resulting in the 
increasing voltage signal. When the magnet is passing the coil, the flux 
goes from increasing to decreasing, so the induced emf becomes zero 
and then negative. The time at which the induced emf is zero is the time 
at which the magnet is at the center of the coil. 


(d) Each time represents a point when the distance has increased by 10 cm. The 
following graph of distance versus time was plotted using a spreadsheet program. The 
regression curve, obtained using Excel’s "Add Trendline" feature, is shown as a dashed 
line. 
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The coefficient of the second-degree term is ^g. Consequently, 


g = 2(4.9257 m/s 2 ) = 


9.85 m/s 2 


90 •• 

Picture the Problem The current equals the induced emf divided by the resistance. We 
can calculate the emf induced in the circuit as the coil moves by calculating the rate of 
change of the flux through the coil. The flux is proportional to the area of the coil in the 
magnetic field. We can find the direction of the current from Lenz’s law. 


(a) and (c) Express the magnitude of |£\ 

the induced current: R 

Using Faraday’s law, express the 1^.1 _ d<f> m 

magnitude of the induced emf: dt 


When the coil is moving to the right 
(or to the left), the flux does not 
change (until the coil leaves the 
region of magnetic field). Thus: 



and 



R 


( b ) and (cl) Letting x represent the = NBwx 

length of the side of the rectangular 

coil that is in the magnetic field, 

express the magnetic flux through 

the coil: 


( 1 ) 
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Compute the rate of change of the 
flux when the coil is moving up or 
down: 


d K 

dt 


= NBw 


dx 

dt 


= (80)(l.4T)(0.25m)(2m/s) 
= 56.0 V 


Substitute in equation (1) to obtain: 


56V 

240 


2.33A 


0 b ) 

When the coil is moving upward, the outward flux increases and the 
induced current will be in the sense as to produce inward flux. / is 

clockwise. 





(d) 

When the coil is moving downward, the outward flux decreases and the 
induced current will be in the sense as to produce outward flux. / is 

counterclockwise. 


*91 •• 

Picture the Problem We can apply Faraday’s law and the definition of magnetic flux to 
derive an expression for the induced emf in the coil. We can then apply Ohm’s law to 
find the induced current as a function of time. Note that only half of the loop is in the 
magnetic field. 


Apply Ohm’s law to relate the 
induced current to the induced emf: 

Use Faraday’s law to express the 
induced emf: 

Using the definition of magnetic 
flux, relate the magnetic flux 
through the loop to its angular 
velocity: 

Substitute to obtain: 


v ’ R 
V ' dt 


</> m {t)= NBA cos cot 


£(t)=— \NBA cos cot\ 
dt 

= -NBA co(- sin cot) 
= NBA rysin col 


N) 


NBA co . 
-sin cot 


Substitute in equation (1) to obtain: 


R 
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Substitute numerical values and evaluate I{t): 

,(,) = ( 8 «)(l.4T)(0.25mK0.15m)(2rad/ S ) sm(2rad/s)> 

= (0.350A)sin(2rad/s)t 


92 •• 

Picture the Problem We can use the laws of Ohm and Faraday to express the charge dQ 
passing through the coil in time dt and integrate this expression to show that Q = - 

<Pm2 )/R- 


Use Ohm’s law to express the 
induced current in terms of the 
induced emf: 


dQ £ 
dt R 


dQ = 


£_ 

R 


dt 


Apply Faraday’s law to obtain: 


dQ = 


R dt 


dt = 


N_ 

R 


d K 


Integrate dQ from 0 to Q and 
dcj) m = (f) m \ to (f ) m 2 to obtain: 



N_ 

R 



4,i 


Q = 


N_ 

R 


(^ml 0m 2 ) 


93 •• 

Picture the Problem We can apply Faraday’s law to relate the induced electric field E to 
the rates at which the magnetic flux is changing at distances r < R and 
r > R from the axis of the solenoid. 


(a) Apply Faraday’s law to relate 
the induced electric field to the 
magnetic flux in the solenoid within 
a cylindrical region of radius r < R: 



Express the field within the B = ju 0 nl 

solenoid: 

Express the magnetic flux through (f) m = BA = nr 1 ju 0 nl 

an area for which r <R: 
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Substitute in equation (1) to obtain: 


Because / = I 0 sin cot : 


(. b ) Proceed as in (a) with r > R to 
obtain: 


Solve for E to obtain: 


E(l7ir)= r 2 M 0 nl\ 

2 dl 
= -nr u n n — 

0 dt 


E = -\rju 0 n—\l a sin cot\ 
dt 


-jr/i 0 nl 0 co cos cot 


E{27ir)= \nR ju Q nI ] 


dt 

n 2 dl 
= -ttR ju 0 n — 
dt 

= -n R 2 ju 0 nl 0 co cos cot 


E = 


ju 0 nR~I 0 co 
2 r 


cos cot 


94 

Picture the Problem The system exhibits cylindrical symmetry, so one can use 
Ampere’s law to determine B inside the inner cylinder, between the cylinders, and 
outside the outer cylinder. We can use u m = ZC/2// (l and the expression for B from part 

(a) to express the magnetic energy density in the region between the cylinders. We can 
integrate this expression for u m over the volume between the cylinders to find the total 
magnetic energy in a volume of lengths . Finally, we can use our result in part (c) and 
U m = \LI 2 to find the self-inductance of the cylinders per unit length. 


(a) For r <r\ and for r > r 2 the net 
enclosed current is zero; 
consequently, in these regions: 

For r\<r< r 2 : 



2 wB = /u 0 I c => B = 


Mo 1 

2 w 


u 


m 


B 2 

2/C 


(b ) Express the magnetic energy 
density in the region between the 
cylinders: 









Substitute for B and simplify to 
obtain: 


Magnetic Induction 695 


u 


m 


k 2 tut j 


2 


2 Bo 


Mol 2 

%n 2 r 2 


(c) Express the magnetic energy 
dU m in the cylindrical element of 
volume dV\ 


dU m =u m dV =-^(am-dr) 
oft r 

_ // 0 / 2 t? dr 
4 n r 


Integrate this expression from 
r = r\ to r = r 2 to obtain: 


U m = - 


4 7t 


r dr 

t^-I 2 1 In — 

,, r 

4 n r x 


(cl) Express the energy in the U m =\LI 2 

magnetic field in terms of L and I: 


Solve for L: 



From our result in (c): 



^ln 

4n 


*1 


Substitute to obtain: 


L = 2 


-^-^ln — 


4 n 


'i 7 


= ^ln^ 
2 n r. 


Express the ratio L/1 : 


L_ 

1 


—In— 
2 n r. 


95 ••• 

Picture the Problem We can use its definition to express the magnetic flux through a 
rectangular element of area dA and then integrate from r = n to r = r 2 to express the total 
flux through the region. Substituting in L = <j>JI will yield the same result found in Part 
(d) of Problem 94. 

Use the definition of self-inductance 
to relate the magnetic flux through 
the region of interest to the current /: 

Consider a strip of unit length i and 
width dr at a distance r from the 


L = — (1) 

/ 

d(f) m = BdA = Bldr = Bdr 
because i = 1. 
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axis. The flux through this area is 
given by: 

Apply Ampere’s law to express the 2nrB - /u I => B - ^ 

magnetic field at a distance r from 2 

the axis: 


Substitute to obtain: 


d A 


_ jU 0 I dr 
2.71 r 


Integrate from r=r\tor = r 2 to 
obtain: 


Substitute in equation (1) to obtain: 


2 tv J r 

r \ 

and 

2 n r ; 


L = 


-^-ln — 

2 n r { 


*96 ••• 

Picture the Problem We can use / = s/R and s = Bvi to find the current induced in the 
loop and Lenz’s law to determine its direction. We can apply the equation for the force 
on a current-carrying wire to find the net magnetic force acting on the loop and then sum 
the forces to find the net force on the loop. Separating the variables in the differential 
equation and integrating will lead us to an expression for v(t) and a second integration to 
an expression for y{t). We can solve the latter equation for y= 1.40 m to find the time it 
takes the loop to exit the magnetic field and our expression for v(t) to find its exit speed. 
Finally, we can use a constant-acceleration equation to find its exit speed in the absence 
of the magnetic field. 

(a) Relate the magnitude of the j _ 

induced current to the induced emf R 

and the resistance of the loop: 

Relate the induced emf to the 8 = Bvi 

motion of the loop: 



R 


Substitute for s to obtain: 
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As the loop falls, the flux into the page decreases. The direction of the induced 
current is such that its magnetic field opposes this decrease, i.e., clockwise. 


(. b ) Express the velocity-dependent 
force that acts on the loop in terms 
of the current in the loop: 

Substitute for/to obtain: 


F V =BU 


F„ = B 


\Rj 


\vi = 


2 n 2 


Bl 

R 


Apply dF = Idi x B to the horizontal portion of the loop that is in the 
magnetic field to conclude that the net magnetic force is upward. 


Note that the magnetic force on the left side of the loop is to the left and the magnetic 
force on the right side of the loop is to the right. 


(c) The net force acting on the loop 
is the difference between the 
downward gravitational force and 
the upward magnetic force: 

(d) Apply Newton’s 2 nd law of 
motion to the loop to obtain its 
equation of motion: 


Factor g to obtain an alternate form 
of the equation of motion: 


F na =mg-F v 


mg 


B 2 l 2 
-v 

R 


B 2 i 2 dv 

mg -v = m — 

R dt 

or 


dv B 2 l 2 

— = g - 

dt _ mR 


dv 

dt 


f 


g 


B 2 l 2 A 


1 - 

v m g R 


g 


r \ 

\- A - 


V 


J 


mgR 

where v f = —r-— 

B 2 £ 2 


g 


dv 

B 2 £ 2 


-v 

mR 


= dt 


or 



a-bv 


(e ) Separate the variables to obtain: 
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Integrate v ' from 0 to v and t' from 
0 to t: 


where a 


= g and b = 


B 2 t 2 

mR 



]_ 

b 


' a-bv ' 
V a J 


= t 


Transform from logarithmic to 
exponential form and solve for v to 
obtain: 




Noting that v t = 


a 

~b 


, we have: 


(J) Write v as dy/dt and separate 
variables to obtain: 


v (0 = | v t (l-e“ ,/r ) 


u V t v t 

where r = — = —. 
a g 



Integrate y' from 0 to y and t' from 0 to t: 


y t 

j dy' = v t J (l -e~' /r )dt' 


and 


v(0 = 


t-T\l-e 




(g) A spreadsheet program to generate the data for graphs of position y as a function of 
time t is shown below. The formulas used to calculate the quantities in the columns are as 
follows: 


Cell 

Formula/Content 

Algebraic Form 

B1 

0.05 

m 

B2 

0.2 

R 

B3 

0.4 

B 

B4 

0.3 

L 

B5 

$B$ 1 *$B$7*$B$2/($B$3 A 2*$B$4 A 2) 

v , 

B6 

$B$5/$B$7 

r 

B7 

9.81 

.9 

A10 

0.00 

t 

BIO 

$B$5*(A10-$B$6*(1-EXP(-A10/$B$6))) 

y 

CIO 

0.5*$B$7*A10 A 2 

\gt 2 
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A 

B 

C 

1 

m= 

0.05 

kg 

2 

R= 

0.2 

ohms 

3 

B= 

0.4 

T 

4 

L= 

0.3 

m 

5 

vt= 

6.813 

m/s 

6 

tau= 

0.694 

s 

7 

g= 

9.81 

m/s A 2 

8 




9 

t 

y 

y (no B) 

10 

0.00 

0.000 

0.000 

11 

0.05 

0.012 

0.012 

12 

0.10 

0.047 

0.049 

13 

0.15 

0.103 

0.110 

14 

0.20 

0.179 

0.196 

15 

0.25 

0.273 

0.307 

16 

0.30 

0.384 

0.441 

17 

0.35 

0.511 

0.601 

18 

0.40 

0.654 

0.785 

19 

0.45 

0.809 

0.993 

20 

0.50 

0.978 

1.226 

21 

0.55 

1.159 

1.484 

22 

0.60 

1.351 

1.766 

23 

0.65 

1.553 

2.072 

24 

0.70 

1.764 

2.403 

25 

0.75 

1.985 

2.759 

26 

0.80 

2.214 

3.139 

27 

0.85 

2.451 

3.544 

28 

0.90 

2.695 

3.973 

29 

0.95 

2.946 

4.427 

30 

1.00 

3.202 

4.905 


Examining the table, we see that y 


1.4 m when t « 


0.60 s. 


The following graph shows y as a function of t for B 0 (solid curve) and B = 0 (dashed 
curve). 
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Picture the Problem We can use the expression for the period of this spring-and-mass 
oscillator to find the spring constant k We can express the induced current in the loop by 
relating it to the induced emf and relating the induced emf to the velocity of the loop. 
Knowing that the loop is executing SHM, we can express its velocity as a sinusoidal 
function of time. We can use the expression for the magnetic force on a current-carrying 
wire in a magnetic field to express the damping force acting on the loop. 


(a) Express the period of the mass¬ 
spring system: 


T = 2ttJ— 

K 


Solve for k to obtain: 


K = 


Arc in 

rji 2 


Substitute numerical values and 
evaluate k : 


4;r 2 (0.5kg) 
(0.8 s) 2 


30.8 N/m 


(b) Express the current in the loop in ^ _ £ 

terms of its resistance and the R 

induced emf: 


Relate the induced emf in the wire to £ - Bvi 

the motion of the wire: or, because ( = w (where w is the width of 

the loop), 

£ = Bvw 


Express the position of the mass¬ 
spring system as a function of time: 


y = y 0 sin cot 
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Differentiate this expression with 
respect to time to express the 
velocity of the system: 

Substitute in our expression for / to 
obtain: 

(c) Express the damping force F d 
acting on the loop: 

Substitute for / and simplify to 
obtain: 


Because v = yococoscot: 


(d) Choosing the static equilibrium 
position of the coil as the origin, 
apply Ir = ma to the coil when 

it is displaced slightly from this 
equilibrium position to obtain: 

Substituting for F r and F A yields the 
differential equation describing the 
motion of the coil: 


For weak damping, the solution to 
this differential equation is: 


dv 

v = — = y 0 co cos cot 
dt 


I = 


Bv 0 cow 

R 


cos cot 


F d = BIw 


F d = 


„ Bv n cow 
-Bw —^— cos cot 

R 

r> 2 2 

B W 

- y 0 co cos cot 

R 


f a =- 


B 2 w 2 


R 

where P = 


-v = 


-Pv 


B 2 w 2 

R 


-F -F = m — — 
d r dt 2 


where F r is the restoring force exerted by 
the plastic spring. 


0 dv d 2 y 

- P~—KV = m —t- 
dt ' dt 

or 

d 2 v P dv k . 

—+ —y = 0 
dt m dt m 

Note: compare this equation to Equation 
14-35 on page 446 of Volume 1 of your 
textbook. 


y(t) = (y 0 cos 0Jt)e (/?/2 " ,) ' 

Note: see Equation 14-36 on page 447 of 
your textbook. 
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Differentiate y(t) with respect to 
time to obtain the velocity of the 
coil: 



f 

coy 0 sin cot + 
V 


py 0 

2 m 


COS OJt\ 



) 


A spreadsheet program to generate the data for graphs of position y and velocity v as 
functions of time t is shown below. The formulas used to calculate the quantities in the 
columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

B1 

0.05 

To 

B2 

0.8 

T 

B3 

0.4 

B 

B4 

0.2 

R 

B5 

0.3 

w 

B6 

0.05 

m 

B7 

2*PI()/$B$2 

CO 

B8 

$B$3 A 2*$B$5 A 2/$B$4 

p 

All 

0.00 

t 

Bll 

$B$l*COS($B$7*Al 1)* 
EXP((-$B$8/(2*$B$6))*A11) 

t(0 

Cl 1 

-($B$ 1 *$B$7*SIN($B$7*A 11) 
+($B$8*$B$1/(2*$B$6))*C0S($B$7*A11)) 
*EXP((-$B$8)/(2*$B$6))*A11) 

v(0 


1 

A 

B 

c 

2 

y 0= 

0.05 

m 

3 

T= 

0.8 

s 

4 

B= 

0.4 

T 

5 

R= 

0.2 

ohms 

6 

w= 

0.3 

m 

7 

m= 

0.05 

kg 

8 

omega= 

7.85 

s A -l 

9 

beta= 

0.072 

kg/s 

10 




11 

t 

y 

V 

12 

0.00 

0.050 

-0.036 

13 

0.01 

0.049 

-0.066 

14 

0.02 

0.049 

-0.096 

15 

0.03 

0.048 

-0.124 

16 

0.04 

0.046 

-0.151 

17 

0.05 

0.045 

-0.177 





235 

2.24 

0.003 

0.072 

236 

2.25 

0.004 

0.069 

237 

2.26 

0.004 

0.066 

238 

2.27 

0.005 

0.062 

239 

2.28 

0.006 

0.057 
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The graph of y(t) follows: 
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Picture the Problem If the coil is twisted through an angle 6, a restoring torque equal to 
k6 acts on it return it its equilibrium position. However, if it rotates back with angular 
speed co = d6/dt, there will be an emf induced in the coil. The direction of the current 

resulting from this induced emf will be such that its magnetic field will oppose the 
change in flux resulting from the rotation of the coil. The net effect is that the motion of 
the coil is damped. We can apply Newton’s 2 nd law to relate the net restoring torque to 
the moment of inertia of the coil and its angular acceleration and use the laws of Faraday 
and Ohm to find the emf and current induced in the coil. 


Apply Z r = la to the rotating 


x 


restoring 


~T 


retarding 


d 2 e 

dt 2 


coil to obtain: 
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The magnitude of the retarding 
(damping) torque is given by: 

Substitute for r restoring and riding to 
obtain: 

Apply Faraday’s law to express the 
emf induced in the coil: 

From Ohm’s law, the magnitude of 
the induced current i in the coil is: 


retarding = NWA COS 6 

where i is the current induced in the coil 
whose cross-sectional area is A. 

- k 6 - NiBA cos 0 = I— r (1) 

dt 2 

£ = -—(NBA sin 6) = -{NBA cos 0)— 
dt dt 

. _ £ _ NBA cos 6 dd 
R R dt 


Substitute for the induced current i 
in equation (1) to obtain: 


— k6 


N 2 B 2 A 2 cos 2 0 dO _ I d 2 6 
R dt dt 2 


For small displacements from 
equilibrium, cost?® 1 and: 


— k6 — 


N 2 B 2 A 2 d0 J d 2 d 
R dt dt 2 


Rearrange terms to obtain the 
differential equation of motion of 
the coil: 


d 2 0 N 2 B 2 A 2 dd k n A 

—^ +- +—6 ~ 0 

dt~ RI dt I 


Let p = 


N 2 B 2 A 2 , 

-and co = 

RI 



obtain: 


d 0 n dO 

—T + P — 


dt 


dt 


+ co 2 6 ~ 0 


The solution to this second-order, 
homogeneous, linear differential 
equation with constant coefficients 
is: 


*M= 


9 0 e 


-(m)> 


cos cot 




Chapter 29 

Alternating-Current Circuits 


Conceptual Problems 


*1 • 

Determine the Concept Because the rms current through the resistor is given by 
/ rms = S nns /R and both £' rms and R are independent of frequency, 


(, b ) is correct. 


2 

Picture the Problem We can use the relationship between V and F pcak to decide the effect 
of doubling the rms voltage on the peak voltage. 


Express the initial rms voltage in 
terms of the peak voltage: 

Express the doubled rms voltage in 
terms of the new peak voltage 


Divide the second of these equations 
by the first and simplify to obtain: 


Solve for V ' max : 


K. 


42 


2V„ 



V 


2V ms _ 42 




V 

or 2 = 

V V 

max " 


42 


^'max = 2 ^max an d 


(a) is correct. 


Determine the Concept The inductance of an inductor is determined by the details of its 
construction and is independent of the frequency of the circuit. The inductive reactance, 


on the other hand, is frequency dependent. ( b ) is correct. 


Determine the Concept The inductive reactance of an inductor varies with the frequency 


according to X L = coL. Hence, doubling mwill double X L . (a) is correct. 


705 
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*5 • 

Determine the Concept The capacitive reactance of an capacitor varies with the 
frequency according to X c = 1/ coC . Hence, doubling co will halve X c . 


(c) is correct. 


6 • 

Determine the Concept Yes to both questions. While the current in the inductor is 
increasing, the inductor absorbs power from the generator. When the current in the 
inductor reverses direction, the inductor supplies power to the generator. 

7 

Determine the Concept Yes to both questions. While charge is accumulating on the 
capacitor, the capacitor absorbs power from the generator. When the capacitor is 
discharging, it supplies power to the generator. 

8 

Picture the Problem We can use the definitions of the capacitive reactance and 
inductive reactance to find the SI units of LC. 

Use its definition to express the X L = 2 jrfL 

inductive reactance: 


Solve for L : T _ X L 

2 4 

Use its definition to express the capacitive v _ 1 

YU Q 

reactance: 2 jifC 

Solve for C: q _ 1 

2nfX c 


Express the product of L and C: 


LC = 


1 

2^f 27tpC c 


X L 

An 2 f 2 X c 


Because the units of W and X c cancel, the units of LC are those of 1 If 2 or s 2 . 
(a) is correct. 


*9 •• 

Determine the Concept To make an LC circuit with a small resonance frequency 
requires a large inductance and large capacitance. Neither is easy to construct. 
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10 • 

(a) True. The Q factor and the width of the resonance curve at half power are related 
according to Q = co 0 /Aco ; i.e., they are inversely proportional to each other. 


( b ) True. The impedance of an RLC circuit is given by Z = 1 + (X L — X c ) 2 . At 

resonance X L = X c and so Z = R. 


( c ) True. The phase angle 8 is related to X, and X c according to 8 = tan 


X L ~X C 

R 


. At 


resonance X L = X c and so 8=0. 


11 • 

Determine the Concept Yes. The power factor is defined to be cose? = R/Z and, 
because Z is frequency dependent, so is cos 8. 

*12 • 

Determine the Concept Yes; the bandwidth must be wide enough to accommodate the 
modulation frequency. 

13 • 

Determine the Concept Because the power factor is defined to be cosS = R/Z , if R = 
0, then the power factor is zero. 


14 • 

Determine the Concept A transformer is a device used to raise or lower the voltage in a 


circuit without an appreciable loss of power, (c) is correct. 


15 • 

True. If energy is to be conserved, the product of the current and voltage must be 
constant. 

16 •• 

Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. Assuming no loss of power in the transformer, we can equate the power in the 
primary circuit to the power in the secondary circuit and solve for the current in the 
primary windings. 


P = P 
1 \ 1 2 


Assuming no loss of power in the 
transformer: 
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Substitute for P j and Pi to obtain: 


Wx = hv 2 


Solve for/p 



V IV P 
v 2 _ 2 y 2 _ £_2 


and (h) is correct 


17 • 


(a) False. The effective (rms) value of the current is not zero. 

( b ) True. The reactance of a capacitor goes to zero as/approaches very high frequencies. 

Estimation and Approximation 

*18 •• 

Picture the Problem We can find the resistance and inductive reactance of the plant’s 
total load from the impedance of the load and the phase constant. The current in the 
power lines can be found from the total impedance of the load the potential difference 
across it and the rms voltage at the substation by applying Kirchhoff s loop rule to the 
substation-transmission wires-load circuit. The power lost in transmission can be found 
from P lnun = / r 2 ms ^ trans . We can find the cost savings by finding the difference in the 

power lost in transmission when the phase angle is reduced to 18°. Finally, we can find 
the capacitance that is required to reduce the phase angle to 18° by first finding the 
capacitive reactance using the definition of tan 8 and then applying the definition of 
capacitive reactance to find C. 


Rtnm — 5.2 £2 


AAAAAAA 



Z = R + iX L 


8 = 25' 


/» 


= 40 kV 


(a) Relate the resistance and 
inductive reactance of the plant’s 
total load to Z and 8: 


R = Z cos 8 
and 

X L = Z sin S 


Express Z in terms of the current / in 
the power lines and voltage £ ms at 
the plant: 


Z - 


£. 


I 


Express the power delivered to the 
plant in terms of £ ms , 7 rms , and 8 and 



and 
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solve for / m : 


~^rms 


^rms COS^ 


CD 


Substitute to obtain: 


Z = 


eosc7 


Substitute numerical values and evaluate Z: 


(40kV)-co.2S° 
2.3MW 


Substitute numerical values and evaluate R 

and X L : 

R = (630O)cos25° = Q 
and 

X L = (630O)sin25° = 

(b ) Use equation (1) to find the 

2.3 MW 

current in the power lines: 

ms ~ (40 kV)cos 25° ~ 

Apply Kirchhoff s loop rule to the 

circuit: 

p _ T d _ jy _ 

^sub 1 rms^trans iZj tot 

Solve for £; llb : 

^*sub ^rms C^trans ^tot ) 

Evaluate Z tot : 

Z„ = 4^+xl 

= V(571fi) 2 +(266! 

Substitute numerical values and 

£^=(63.4AX5.2n + ( 

evaluate £;„b: 

= 40.3 kV 

(c) The power lost in transmission 

^trans = Aks^trans = ^3.4 

is: 

= 20.9 kW 

(d) Express the cost savings AC in 
terms of the difference in energy 
consumption 

(7*25°- 7*ig°)At and the per-unit cost u 
of the energy: 

AC = (P 2r - P ]%r )Atu 

Express the power list in 

~ As' ^lrans 


571Q 


2660 


63.4A 
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transmission when 8= 18°: 

Find the current in the transmission 
lines when 8= 18°: 

Evaluate P ls „: 


18 ° 


2.3MW 

(40kV)cosl8° 


60.5 A 


P lg o =(60.5A) 2 (5.2Q) = 19.0kW 


Substitute numerical values and evaluate AC: 


AC = (20.9kW-19.0kW)(l6h/d)(30d/month)($0.07/kW-h) 


$63.84 


Relate the new phase angle 8 to the 
inductive reactance X L , the reactance 
due to the added capacitance X c , and 
the resistance of the load R\ 

Solve for and evaluate X c : 


R 


X c =X L -RtanS 

= 266Q-(571Q)tanl8° = 80.5Q 


Substitute numerical values and evaluate 
C: 


C = 


1 

2;r(60s ')(80.5Q) 


33.0 /jF 


Alternating Current Generators 


19 • 

Picture the Problem We can use the relationship C max = liiNBAf between the 

maximum emf induced in the coil and its frequency to find/when £' niax is given and s mm 
when/ is given . 

(a) Relate the induced emf to the S = C max cos cot 

angular frequency of the coil: where 

£ nmx = NBAoj = 2nNBAf 


Solve for/: 

r _ max 

' ~ 2ttNBA 

Substitute numerical values and 

evaluate /: 

10V 

' ~2^-(200)(0.5T)(4xl0‘ 4 m 2 ) 


39.8Hz 
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(j b ) From (a) we have: 


C max = NBAco = InNBAf 


Substitute numerical values and 
evaluate £ max : 


£ max = 2;r(200)(0.5T)(4x 10* 4 m 2 )(60s ') 
= 15.1V 


20 • 

Picture the Problem We can use the relationship £ maK = InNBAf between the 

maximum emf induced in the coil and the magnetic field in which it is rotating to find B 
required to generate a given emf at a given frequency. 

Relate the induced emf to the C iTiax = NBA<x> = InNBAf 

magnetic field in which the coil is 

rotating: 

Solve for B: ^ _ £ mm 

InNfA 


Substitute numerical values and 
evaluate B: 


B = 


10 V 

2^(200) (60 s~' )(4 x 10^ 4 m 2 ) 


0.332T 


*21 • 

Picture the Problem We can use the relationship £ max = 2 nNBAf to relate the 

maximum emf generated to the area of the coil, the number of turns of the coil, the 
magnetic field in which the coil is rotating, and the frequency at which it rotates. 

(a) Relate the induced emf to the magnetic £ max = NBAo) = InNBAf (1) 

field in which the coil is rotating: 


Substitute numerical values and evaluate £ max : 


£ max = 2^-(300)(0.4T)(2x 10 2 m)(l.5x 10 2 m)(60s 1 ) = 


13.6V 


(b ) Solve equation (1) for/ 


2 nNBA 


Substitute numerical values and evaluate/: 
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110V 

' “ 2^-(300)(0.4 T)(2 x 10 2 m)(l .5 x 10“ 2 m) 


486 Hz 


22 • 

Picture the Problem We can use the relationship <7 max = 2 7tNBAf to relate the 

maximum emf generated to the area of the coil, the number of turns of the coil, the 
magnetic field in which the coil is rotating, and the frequency at which it rotates. 

Relate the induced emf to the magnetic <7 max = NBA co = 2 nNBAf 
field in which the coil is rotating: 

Solve for B: ^ 

2xNfA 


Substitute numerical values and evaluate B: 


B = 


24 V 

2;r(300)(60s 1 )(2xl(T 2 m)(l.5xl0“ 2 m) 


0.707 T 


Alternating Current in a Resistor 


*23 • 

Picture the Problem We can use P av = <7 rrm / rms to find I ms , 7 max = V27 rrm to find 7 max , 

and P m ax = 4 ax^maxto find P max . 


(a) Relate the average power 
delivered by the source to the rms 
voltage across the bulb and the rms 
current through it: 

Solve for and evaluate / rms : 


= 


rms 



100W 

120V 


0.833A 


6 b ) Express 7 max in terms of / rms : 


V27 


rms 


Substitute for 1 „ and evaluate 7 max : 


2(0.833 A) = 


1.18A 


(c) Express the maximum power in 7J nax = 7 max £' max 

terms of the maximum voltage and 


maximum current: 
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Substitute numerical values and evaluate 

p 

± max* 


P„=(1.18AV2(120V) = 


200 W 


24 • 

Picture the Problem We can 7 max = V2/ ms to find the largest current the breaker can 
carry and P av = 7 nils F nns to find the average power supplied by this circuit. 


(a) Express 7 max in terms of 7 rms : 


4,„='/24,=V2(l5A) = 


21.2 A 


(. b ) Relate the average power to the 
rms current and voltage: 


/ > ..=4„r„.=(l5A)(l20V) 
= 1.80kW 


Alternating Current in Inductors and Capacitors 


25 • 

Picture the Problem We can use X L = coL to find the reactance of the inductor at any 
frequency. 


Express the inductive reactance as a 
function of f 

(a) At/= 60 Hz: 

(. b ) At/= 600 Hz: 

(c) At/= 6 kHz: 


26 • 

(a) Relate the reactance of the 
inductor to its inductance: 

Solve for and evaluate L\ 


(b) At 160 Hz: 


X L = coL = 2 TtfL 


X L = 2^(60 s 1 )(lmH) = 
X L =2^(600 s _I )(lmH) 


X L =2^(6000 s 1 )(lmH) = 


0.3770 


= 

3.770 



)- 

37.70 


X L = coL = 2nfL 


L _x^_ 1000 

~ 2nf- 2^(80 s^ 1 )' 


0.199H 


=2^-(l60s 1 )(0.199H) = 


2000 
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27 • 

Picture the Problem We can equate the reactances of the capacitor and the inductor and 
then solve for the frequency. 

Express the reactance of the X L = coL = 2 TtfL 

inductor: 

Express the reactance of the ^ _ 1 _ 1 

capacitor: ° coC 27tfC 


Equate these reactances to obtain: 


2nfL 


1 

2 nfC 


Solve for/to obtain: 


/ 


JLpI 

2 n\LC 


Substitute numerical values and 
evaluate /: 


/ 


_L f 1 

2tt Y (l 0 //F)(lmH) 


1.59kHz 


28 • 

Picture the Problem We can use X c = 1 /a>C to find the reactance of the capacitor at 
any frequency. 


Express the capacitive reactance as 
a function of f. 

(a) At/= 60 Hz: 


(. b ) At/= 6 kHz: 


(c) At/= 6 MHz: 


X c = 


1 1 


coC 2nfC 


X r = 


2^(60 s')(lnF) 


2.65 MQ 


X. = 


246000 s')(lnF) 


26.5 kQ 


X. = 


246xl0 6 s‘XlnF) 


26.5Q 


*29 • 

Picture the Problem We can use / max = £mJX c andX c = 1 IcoC to express /max as a 
function of £ mm ,f and C. Once we’ve evaluate / max , we can use I nris = / max /V2 to find I ms . 
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Express 7 max in terms of £’ max and X c : 


p 

j _ max 




Express the capacitive reactance: 




1 _ 1 

~aC~ 2nfC 


Substitute to obtain: 


7 = 2 nfC£ 

max ■/ i 


(a) Substitute numerical values and 
evaluate 7 max : 

( b ) Express / rrns in terms of 7 max : 


=2 J r(20s-')(20 /i F)(l0V) 
= 25.1mA 


v/2 


25.1mA 

~4T~ 


17.8mA 


30 • 

Picture the Problem We can use X c = 1 / coC = 1/2 TtfC to relate the reactance of the 
capacitor to the frequency. 


Using its definition, express the reactance 
of a capacitor: 


X. 


1 _ 1 

~coC~ 2nfC 


Solve for/to obtain: 


/ = 


1 

2 nCX c 


(a) Find/when X c = 1 El: 


(b) Find/when X c = 100 Q: 


(c) Find/whenX c = 0.01 Q: 


/ = 


2^-(lO//F)(lQ) 


15.9kHz 


/ = 


2^-(l0//F)(l00Q) 


159 Hz 


/ = 


2;r(l0,uF)(0.01Q) 


1.59 MHz 


31 •• 

Picture the Problem We can use the trigonometric identity 

cos 0 + cos <j) = 2 cos j (6 + ^)cos \ {6 - (f) to find the sum of the phasors V\ and V 2 and 

then use this sum to express 7 as a function of time. In ( b ) we’ll use a phasor diagram to 
obtain the same result and in (c) we’ll use the phasor diagram appropriate to the given 
voltages to express the current as a function of time. 
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(a) Express the current in the resistor: 


i = v = v l + v 2 


R R 


Use the trigonometric identity cos 0 + cos (f> = 2 cos \ (d + ^)cos j (0-0) 
to find V\ + K 2 : 

V l + V 2 = (5.0V)[cos(ryt-(2)+cos((yt + a)] = (5 v)[2cos|(2ryt)cos i(-2 a)] 

= (lOV)cos —coscot = (8.66V)cos cot 

6 


Substitute to obtain: 


/ 


_ (8.66V)cos<z>t _ 
25Q 


(0.346 A)cos&>t 


( b ) Express the magnitude of the 
current ini?: 


I/I - V 


The phasor diagram for the 
voltages is shown to the right. 


Use vector addition to find \V\ 



\V\ = 2\V X \cos 30° = 2(5 V)cos30 c 
= 8.66 V 


Substitute to obtain: 


(c) The phasor diagram is shown to 
the right. Note that the phase angle 
between V\ and V 2 is now 90°. 


Use the Pythagorean theorem to 
find \V \: 


, 8.66V 

I\ =- 

1 250 


0.346 A 


and 
1 = 


(0.346A)cos<yi 


V, 



= 8.60 V 
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Express / as a function of t : 


Substitute numerical values and 
evaluate I: 


I = Li cos (&^ + <7) 

where 

8 = 45° - (90° -a) = a- 45° 


= tan - 


^7V A 


v 5V y 


-45° = 9.46° = 0.165 rad 


8.60 V t A 1 , 

/ =-cos(<yt +0.165 rad) 

250 v ' 


(0.344 A)cos(rut + 0.165 rad) 


LC and 7?ZC Circuits without a Generator 


*32 • 

Picture the Problem We can use Xi = coL and X c = \lcoC to show the l/VZc has the 
unit s' 1 . Alternatively, we can use the dimensions of C and L to establish this result. 


Substitute the units for L and C in 
the expression l/ V LC to obtain: 


Alternatively, use the defining 
equation (C= Q/V) for capacitance 
to obtain the dimension of C: 

Solve the defining equation 
(V = L dl/dt ) for inductance to 

obtain the dimension of L\ 

Express the dimension of 1 /V LC : 


1 

Veef 


1 



s 

Q 


\ 

) 




le] 

M 


[4 


M 


dl 

dt 


V] [vWY 
M" le] 

[Tf 


1 

VZc 


did 


lff@ 

V [£?] [r] 






Because the SI unit of time is the second, we’ve 


shown that l/ V LC has units of 
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33 • 

Picture the Problem We can use T= 2nla> and co = \f x/ZC to relate T (and hence f) to 
L and C. 

(a) Express the period of oscillation j, _ 2ft 

of the LC circuit: co 


For an LC circuit: 

Substitute to obtain: 

Substitute numerical values and 
evaluate T: 


1 

co = ,- 

Vzc 


T = 2ftjLC 

T = 2 ft ^2 m H)(20//F) = 


( 1 ) 


1.26 ms 


(b) Solve equation (1) for L to 
obtain: 


T 2 _ 1 

4 ft 2 C ~ 4ft 2 f 2 C 


Substitute numerical values and 
evaluate L\ 


4^ 2 (60s _1 ) 2 (80//F) 


88.0mH 


34 •• 

Picture the Problem We can use the expression f 0 = l/2 ft^jLC for the resonance 

frequency of an LC circuit to show that each circuit oscillates with the same frequency. In 
(. b ) we can use 7 max = coQ 0 , where Qo is the charge of the capacitor at time zero, and the 

definition of capacitance Q 0 = CV to express / max in terms of co, C and V. 


Express the resonance frequency for 
an LC circuit: 

(a) Express the product of L and C 
for each circuit: 


^ 2fty[LC 
Circuit 1: L X C X , 

Circuit 2 :L 2 C 2 = (27, )(^C,)= 7,C,, 
and 

Circuit 3 : Z 3 C 3 = (^7,)(2C,) = 7,C, 


Because L X C X =L 2 C 2 = 7 3 C\, the resonance frequencies of the three 
circuits are the same. 


( b ) Express 7 max in terms of the 


4a. = 0) Qo 
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charge stored in the capacitor: 

Express Q 0 in terms of the Q„ = CV 

capacitance of the capacitor and the 
potential difference across the 
capacitor: 

Substitute to obtain: 7 max = coCV 

or, for co and V constant, 

7 oc C 

max 

The circuit with C = C 3 has the 
greatest 7 max . 


35 •• 

Picture the Problem We can use U = \ CV 2 to find the energy stored in the electric 
field of the capacitor, tx> 0 = 2;zf 0 = l/V LC to find To, and 7 max = coQ () and Q 0 = CV to 
find 7 max . 


(a) Express the energy stored in the U = \CV 2 

system as a function of C and V: 


Substitute numerical values and 
evaluate \J\ 


U = j(5//F)(30V) 2 


2.25 mJ 


(b ) Express the resonance frequency 
of the circuit in terms of L and C: 


— 3 — 


1 

VZc 


Solve for f 0 : ,■ _ 1 

° _ 2 TTyflC 


Substitute numerical values and 
evaluate fo\ 


fo = 


_ 1 _ 

2^7(10 m H)(5//F) 


712 Hz 


(c) Express 7 max in terms of the 7 max - coQ 0 

charge stored in the capacitor: 

Express Qo in terms of the Q 0 = CV 

capacitance of the capacitor and the 
potential difference across the 
capacitor: 
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Substitute to obtain: 7 max = coCV 

Substitute numerical values and evaluate / max = 2/r(712s 1 )(5//F)(30 V) 
/max: = 0.671 A 


36 • 

Picture the Problem We can use its definition to find the power factor of the circuit and 
7 r ms = s!Z to find the rms current in the circuit. In (c) we can use P m = 7^ ns i? to find the 

average power supplied to the circuit. 

(a) Express the power factor of the qos S = — 

circuit: Z 

Express Z for the circuit: z = yjR 2 + X 2 L 


Substitute to obtain: c- R R 

cos o = , = , 

\ ■ V lR 2 +(2nfL ) 2 


Substitute numerical values and 
evaluate cosc>: 


cos^ = 


100Q 


^(lOOO) 2 +[2^(60 s 1 )(0.4 H)] 


0.553 


(b ) Express the rms current in terms j <7 £ 

of the rms voltage and the ‘ ms Z ft 2 + {'IrifL'f 

impedance of the circuit: 


Substitute numerical values and 
evaluate 7 rms : 


_120V_ 

100f)) 2 +[2^(60s 1 )(0.4 H)] 2 
0.663A 


(c) Express the average power P y: = I m]S R 

supplied to the circuit in terms of 
the rms current and the resistance of 
the inductor: 


Substitute numerical values and evaluate = (0.663 A ) 2 (l 00 Q) = 


44.0 W 
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*37 •• 

Picture the Problem Let Q represent the instantaneous charge on the capacitor and apply 
Kirchhoff s loop rule to obtain the differential equation for the circuit. We can then solve 
this equation to obtain an expression for the charge on the capacitor as a function of time 
and, by differentiating this expression with respect to time, an expression for the current 
as a function of time. We’ll use a spreadsheet program to plot the graphs. 


Apply Kirchhoff s loop rule to a 
clockwise loop just after the switch 
is closed: 


e. +£ *-o 


C 


dt 


Because / = dQ/dt : 


The solution to this equation is: 


£ ££ + £ =0of £2 + -L e= o 

dt 2 C dt 2 LC 


Q(t) = Q 0 cos (cot 


where co = 



S) 


Because 0(0) = Qo, 5= 0 and: 


Q(t) = Q 0 cos ait 


The current in the circuit is the 
derivative of Q with respect to t: 


dQ 

dt 




-coQ 0 sin cot 


(a) A spreadsheet program was used to plot the following graph showing both the charge 
on the capacitor and the current in the circuit as functions of time. L, C, and Qo were all 
arbitrarily set equal to one to obtain these graphs. Note that the current leads the charge 
by one-fourth of a cycle or 90°. 



( b ) The equation for the current is: 

The sine and cosine functions are 
related through the identity: 


/ = -coQ 0 sin cot 
-sin# = cos 


2 


(1) 
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Use this identity to rewrite equation 

(1): / = -coQ 0 sin cot = 


showing that the current leads the charge 
by 90°. 


coQ 0 cos 


^ n ^ 
cot + — 

V 2y 


RL Circuits with a Generator 


38 •• 

Picture the Problem We can express the ratio of V R to Vl and solve this expression for 
the resistance R of the circuit. In ( b ) we can use the fact that, in an LR circuit, V L leads V R 
by 90° to find the ac input voltage. 


(a) Express the potential differences 
across R and L in terms of the 
common current through these 
components: 


V L = IX L = IcoL 
and 

V r =IR 


Divide the second of these equations 
by the first to obtain: 

Solve for R: 


Substitute numerical values and 
evaluate R: 


V R _ IR _ R 

V, IcoL coL 




R = 


V, 




coL 


R = 


"30V 
v 40 V 


■12^(60 s _1 )(l .4 H) 


396Q 


( b ) Because V R leads V L by 90° in an 
LR circuit: 


V = XI + Vl 


Substitute numerical values and 
evaluate V: 


U = V(30V) 2 + (40V) 2 


50.0V 


39 •• 

Picture the Problem We can solve the expression for the impedance in an LR circuit for 
the inductive reactance and then use the definition oIX L to find L. 


Express the impedance of the coil in z = ^JR 2 + X 2 L 

terms of its resistance and inductive 

reactance: 


Solve for X L to obtain: 


X l =^Z 2 -R 2 
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Express X L in terms of L : 

Equate these two expressions to 
obtain: 

Solve for L: 


Substitute numerical values and 
evaluate L\ 


X l =2 nfL 
2 n/L = ^Z 2 -R 2 


V Z 2 -R 2 

2 nf 


L _ a /( 200Q) 2 -(80Q) 2 
2;r(lkHz) 


29.2 mH 


40 •• 

Picture the Problem We can express the two output voltage signals as the product of the 
current from each source and R = 1 kQ. We can find the currents due to each source 
using the given voltage signals and the definition of the impedance for each of them. 


(a) Express the voltage signals 
observed at the output side of the 
transmission line in terms of the 
potential difference across the 
resistor: 

Express I\ and h'. 


Substitute for I\ and h to obtain: 


V, 


1, out 


= I,R 


and 

V 2 , out =i 2 R 


_V L _ (lOV)coslOOf 

Z i a /( 103q ) 2 + [( 100s ' 1 )( 1H )] 2 
= (9.95 mA)cos lOOt 
and 

_ V 2 _ (l0V)cosl0 4 t 

Z - ^ (l 0 3 q) 2 + j(l 0 4 s _1 )(l H)] 2 

= (0.995 mA)cosl0 4 t 

V t out = (l0 3 Q)(9.95mA)cosl00t 
= (9.95 V)cosl00t 
and 

^ 2 ,out =(l0 3 Q)(0.995mA)cosl0 4 t 
= (0.995 V)cosl0 4 t 
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(. b ) Express the ratio of V\ -oul to 

F2,oul- 


2 1, out 

V 

*2, out 


9.95V 
0.995 V 


10.0 


41 •• 

Picture the Problem The average power supplied to coil is related to the power factor by 
P v = £ nn J rms cos 8. In (b) we can use P av = I^R to find R. Because the inductance L 
is related to the resistance R and the phase angle 8 according to X L = coL = R tan 8, we 
can use this relationship to find the resistance of the coil. Finally, we can decide whether 
the current leads or lags the voltage by noting whether X L is less than or greater than R. 

(a) Express the average power C 1V = £ rm J m! , cos 8 

supplied to the coil in terms of the 
power factor of the circuit: 


Solve for the power factor: 


cosc7 = 


^rms ^ 


rms 


Substitute numerical values and 
evaluate cost): 

(b ) Express the power supplied by 
the source in terms of the resistance 
of the coil: 

Solve for and evaluate R: 


(c) Relate the inductive reactance to 
the resistance and phase angle: 

Solve for L : 


Substitute numerical values and 
evaluate L: 

(d) Evaluate X L : 

Because X L > R, the circuit is 
inductive and: 


cosc7 = 


60 W 


(120 V)(l.5 A) 


0.333 


= iLR 



60 W 
(1.5 A) 2 


26.1 Q. 


X L = coL = R tan 8 


T _ Rt&nS __ i?tan(cos ‘0.333) 

E/ — — 

CO 2 Tlf 

L = (26.70), an70.5° = ^ 
2460s 1 ) - 

X L = (26.7 Q) tan 70.5° = 75.4Q 


I lags £ by 70.5° 
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42 •• 

Picture the Problem We can use 7 max = <7 max /+(<yZ) and 

F, = /A, = coLIto find the maximum current in the circuit and the maximum 

voltage across the inductor. Once we’ve found V^ max we can find F/. iITns using 

V L rms = V L max j >/2 . We can use C v = jI^R to find the average power dissipation, and 

U L ^ = "2 C/^ ax to find the maximum energy stored in the magnetic field of the inductor. 

The average energy stored in the magnetic field of the inductor can be found from 
U, = f P dt. 

L, av J av 


Express the maximum current in the 
circuit: 

Substitute numerical values and 
evaluate 7 max : 


_ max _ _ max _ 

m “~ z “ A 2 +(wlY 

_ _ 345 V _ 

7(40O) 2 + [(l50^s 1 )(36 mH)] 2 
= 7.94 A 


Relate the maximum voltage across 
the inductor to the current flowing 
through it: 

Substitute numerical values and 
evaluate V Lymax : 


V = I X 

L, max max L 


= coLI 


max 


= (l507rs~')(36mH)(7.94A) 
= 135V 


Ci.rms is related to V Lmax according 
to: 


V, 


L, rms 


L, max 

VT 


135V 

x/2 


95.5V 


Relate the average power dissipation P m = \ 7 aiax R 

to 7 max and R: 


Substitute numerical values and 
evaluate P av : 


p i>= 1(7.94 A) ! (40Q) = 


1.26kW 


The maximum energy stored in the 
magnetic field of the inductor is: 


V lm =iuL=i( 36mH)(7.94A) 2 
= 1.13J 


U 


L, av 


T 


J U{t)dt 


0 


The definition of (7i iav is: 
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U(t) is given by: 


uit)=U[i ( t )] 2 


Substitute for U(t) to obtain: 


U 


L, av 


L_ 
2 T 


\[l(t)] 2 dt 


o 


Evaluating the integral yields: 


U 


L, av 


L_ 
2 T 




\ 

4 


LI 


2 

max 


Substitute numerical values and evaluate 

C/av ■ 


6 / 


L,av 


^-(36mH)(7.94A) 2 


0.567 J 


43 •• 

Picture the Problem We can use the definition of the power factor to find the 
relationship between X L and R when/= 60 Hz and then use the definition ofX L to relate 
the inductive reactance at 240 Hz to the inductive reactance at 60 Hz. We can then use 
the definition of the power factor to determine its value at 240 Hz. 


Using the definition of the power 
factor, relate R and X L : 


cos 8 - — 
Z 


R 

■Jr'+xI 


(i) 


Square both sides of the equation to 
obtain: 


cos 2 8 = 


R 2 

R 2 +X 2 l 


Solve for X 2 L (60 Hz): 

Substitute for cose) and simplify to 
obtain: 


A 2 (60 Hz) = R- 
X 2 (60Hz ) = R- 


1 


cos~ 8 


— 1 


1 


( 0 . 866 ) 


— 1 


X R 

3 “ 


Use the definition ofX L to obtain: 


xi(f)=*zfe 

and 

x!{f)=4xT 2 L 2 


Divide the second of these equations X 2 {f) Ajif''L’ f 2 

by the first to obtain: X 2 ( f ) 4nf' 2 L 2 f 2 

Xl(f) 4XL 1 f 

Xl(f) 4 XL 1 f 


or 
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Substitute numerical values to 
obtain: 


Substitute in equation (1) to obtain: 


'f ' 1 


Xl(f)= ^ xl(f) 
J 


X\ (240 Hz) 


^240s 1 


v 60 s ' j 


= 16 


-R 2 


A, 2 (60 Hz) 

= ***’ 

3 


(cos 0') 240Hz 


R 




0.397 


*44 .. 

Picture the Problem We can apply Kirchhoff s loop rule to obtain expressions for I R and 
h and then use trigonometric identities to show that I = I R + I L = 7 max cos (cot - 8), where 
tan 8= R/X l and / max = £ m JZ with Z 2 = R 2 + X 2 . 


(a) Apply Kirchhoff s loop rule to a 
clockwise loop that includes the 
source and the resistor: 

Solve for I R : 


( b ) Apply Kirchhoff s loop rule to a 
clockwise loop that includes the 
source and the inductor: 

Solve for I L : 


(c) Express the current drawn from 
the source in terms of 7 max and the 
phase constant 5: 

Use a trigonometric identity to 
expand cos(ft>t - S): 


^max COSOJt-I K R = 0 


f 

max 

R 


cos cot 


^max COs(fe)t -90°)-I l X l =0 
because the current lags the potential 
difference across the inductor by 90°. 


- JSS2 -cos(<yt-90°) 

X L 


I = I R +I L =/ maxCOS {(at ~ S) 


I = 7 max (cos cot cos 8 + sin cot sin 5) 

= cos cot cos 8 + I m „ sin cot sin 8 

rildA IIlaA 
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From our results in (a): 


A useful trigonometric identity is: 


Apply this identity to obtain: 


Simplify equation (1) and rewrite 
equation (2) to obtain: 


I = I R +1, = —^cos cot 

R L R 


+ cos(ntf - 90°) 

X L 

coscot + sin cot 
R X, 


A cos cot + B sin cot 

= V A 2 + B 2 cos {cot-8) 

where 

8 = tan -1 — 


(£ h 

j _ | max 


v R 


+ 


r „ \ 


\ X L J 


and 


t c A 


8 = tan - 


X, 


v R j 


= tan - 


cos 


f R A 


{cot-8) (1) 


v^y 


( 2 ) 


p 

j _ max 


(c A 2 (p A 


v * y 


+ 


V^y 


= £„ 


y i a 


\Rj 


+ 


\ X U 


cos(ntf-j) 

cos(<yf-r7) 


= £„ 


COS' 


V^y 


{cot-8) 


-cos 


{cot-8) 


where 


tan 8 = 


R_ 

x7 


, 1 1 1 

and — T = —x- H-; 

Z 2 R 2 X 2 


45 •• 

Picture the Problem We can use the complex numbers method to find the impedances of 
the parallel portion of the circuit and the total impedance of the circuit. We can then use 
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Kirchhoff s loop rule to obtain an expression for the current drawn form the source. 
Knowing the current drawn from the source, we can find the potential difference across 
the parallel portion of the circuit and then use this information to find the currents drawn 
by the load and the inductor. 


(a) Express the rms currents in R, 
C, and R l : 


V 


p,rms 


R, rms r-7 ’ R, ,rms 

z 

V 

I _ p,rms 


R, 


,and 




Express the total impedance of the 
circuit: 


Use complex numbers to relate Z p 
to R l and X c : 


Multiple the numerator and 
denominator of this fraction by the 
complex conjugate of Rl + iX L and 
simplify to obtain: 

Substitute numerical values and 
evaluate X L : 

Substitute numerical values and 
evaluate Z p : 


Substitute to evaluate Z: 


Z = R + Z p 

where Z p is the impedance of the parallel 
branch of the circuit. 

_L-_L 1 _ R L +iX L 

Z P R l + iX L iR L X L 

or 

z iR L X L 
P R L +iX L 

z _ iR L X L R L ~ iX L 

p R L +iX L R L -iX L 
R l X 2 l R\X l 
R l+Xl R 2 l +X 2 l 

X L = (oL = IjrfL 

= 2^(500 s 1 )(3.2 mH) = 10.1Q 

(20Q)(10.1Q) 2 

p ~ ( 20 q) 2 + (io.iq) 2 

. (20Q) 2 (10.1Q) 

+ ? ( 20 q) 2 +(io.iq) 2 

= 4.06Q + /(8.05Q) 
and 

|Z p | = a /(4.06Q) 2 +(8.05Q) 2 = 9.02Q 

Z = 4Q + 4.03Q + /(8.05 Q) 

= 8.03Q + z(8.05Q) 
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Express and evaluate the power 
factor: 


and 

|Z| = ^(8.03 Q) 2 +(8.05 Q) 2 = 11.4Q 


cosc7 = — 
Z 


8.05Q 

11.40 


0.706 


Apply Kirchhoffs loop rule to 
obtain: 

Solve for and evaluate /*, ms : 


Express and evaluate V p , nm : 


Substitute numerical values and 
evaluate Ir_ rms : 


p —j 

rms /?,rms 


Z =0 


/ 


rms 



100Y/V2 

11.4Q 


6.20 A 


F = / 

p, rms R l ,rms ' 


= (6.20A)(9O) = 55.8 V 


, rms 


55.8V 

20Q 


2.19 A 


Substitute numerical values and 
evaluate 7 i>rms : 


rms 


55.8V 

10.10 


5.52 A 


(b) Proceed as in (a) with X L - coL - IjrfL 

f= 2000 Hz. Substitute numerical = 2^(2000 s _1 )(3.2 mH) = 40.2 Q 

values and evaluate X L : 


Substitute numerical values and (200)(40.20)' 

evaluate Z p : p “ (20 Q) 2 + (40.2 Q) 2 

, (20 Q) 2 (40.2 O) 

(20 Q) 2 +(40.2 O) 2 
= 16.0O + /(7.98O) 
and 

|Z p | = ^(l 6.0 Q) 2 +(7.98 Q) 2 = 17.90 

Z = 40 + 16.00 + i(7.970) 

= 20.00+ /(7.980) 
and 

|Z| = ^(20.0 Q) 2 +(7.98 Q) 2 =21.50 


Substitute to evaluate Z: 
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Find the power factor: 


eosc7 = — 
Z 


20.OQ 
21.50 


0.930 


Apply Kirchhoff s loop rule to 
obtain: 

Solve for and evaluate /« jrrns : 


Express and evaluate F Pjrms : 


Substitute numerical values and 
evaluate I R< rms : 


-I 


R, rms 


z 


= 0 


I 


R, rms 


ff mt= iooy/y2 
\z\ 21.50 


3.29A 


v = I 

p, rms R l ,rms I 


= (3.29A)(l7.9Q) = 58.9 V 


/ 


R l , rms 


58.9V 

20Q 


2.95 A 


Substitute numerical values and 
evaluate 4 rms : 


rms 


58.9V 

40.2Q 


1.47 A 


(c) Express the fraction of the 
power dissipated in the resistor: 


[ L,rms 


1 R L ,rm IV L 


Zrmsh.rms COS 5 


Evaluate this fraction for 
/= 500 Hz: 


When/= 2000 Hz: 


L,rms 


(2.79A) 2 (20Q) 


/=500 Hz 


100V 
v/2 J 
= 0.503 = 


(6.20A)(0.706) 


50.3% 


L, rms 


(2.95 A) 2 (20 Q) 


/=2000 Hz 


100V 

. V2 


(3.29A)(0.930) 


= 0.804= 80.4% 


46 •• 

Picture the Problem We can treat the ac and dc components separately. For the dc 
component, L acts like a short circuit. For convenience we let S\ denote the maximum 
value of the ac emf. We can use P = jP x 2 10 0 nc ' the power dissipated in the resistors 

due to the dc source. We’ll apply Kirchhoff s loop rule the loop including L, R u and Ri_ to 
derive an expression for the power dissipated in the resistors due to the ac source. Note 
that only the power dissipated in the resistor R 2 due to the ac source is frequency 
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dependent. 

( a ) Express the total power 
dissipated ini?i andfC: 

Express and evaluate the dc power 
dissipated in andfC: 


Express and evaluate the average ac 
power dissipated in : 


Apply Kirchhoff s loop rule to a 
clockwise loop that includes R\,L, 
and R 2 : 

Solve for I 2 . 


Express the average ac power 
dissipated in R 2 : 


Substitute numerical values and 
evaluate P 2y ac : 


Substitute in equation (1) to obtain: 


(b) Proceed as in (a) to evaluate P 2y 
ae with/= 200 Elz: 


P = P*+P* 


(1) 


P = = 

M,dc „ 


£ -’-M = 25.6W 


R t 10Q 


and 

P 2dc = ^_ = ( 16V ^ = 32.0 W 

2dc R a 8Q 


P..„= l -^= l -^l = 20.0W 


l,ac 


2 R 2 10Q 


R Ji ~z 2 i 2 =0 


= R L j = R l P l= P l 
Z 2 Z 2 R { Z 2 


1 2, ac 


= 1 J 2 J? 

2 1 2 1V 2 


\Z 2 J 


R , 


1 C, 2 /C 

2 Z 2 2 


_ 1 (20V) 2 (8Q) 

2 (8Q) 2 +(2^-{l00s^}{6mH}) 2 
= 20.5 W 


P x =25.6W + 20.0W 
P 2 =32.0 W +20.5 W 


45.6 W 
52.5 W 


and 

P = P l+ P 2 


98.1W 


_ 1 (20V) 2 (8Q) 

2 (8Q) 2 +(2^-{200s^}{6mH}) 2 
= 13.2 W 
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Substitute in equation (1) to obtain: 


(c) Proceed as in (a) to evaluate Pi_, ac 
with/= 800 Hz: 


P ] = 25.6W + 20.0 W 
P 2 =32.0 W +13.2 W 


45.6 W 
45.2 W 


and 

P = P l+ P 2 


90.8 W 


P = 

^ 0 OP 


L 2, ac 


(20V) 2 (8Q) 


(8 Q) 2 + (2tt{800s 1 }{6 mH}) 2 


= 1.64 W 


Substitute in equation (1) to obtain: 


P x =25.6W + 20.0W 
P 2 =32.0 W +1.64 W 


45.6 W 
33.6W 


and 

P = P l+ P 2 


79.2 W 


47 •• 

Picture the Problem We can use the phasor diagram for an RC circuit to find the voltage 
across the resistor. 


Sketch the phasor diagram for the voltages 
in the circuit: 



Use the Pythagorean theorem to 
express V R : 

Substitute numerical values and 
evaluate V R : 

Filters and Rectifiers 


v r = ^L-v c 


V R = A /(l00V) 2 -(80V)' 


60.0V 


*48 

Picture the Problem We can use Kirchhoff s loop rule to obtain a differential equation 
relating the input, capacitor, and resistor voltages. We’ll then assume a solution to this 
equation that is a linear combination of sine and cosine terms with coefficients that we 
can find by substitution in the differential equation. Repeating this process for the output 
side of the filter will yield the desired equation. 
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Apply Kirchhoff s loop rule to the 
input side of the filter to obtain: 

Vjn - V-IR = 0 

where V is the potential difference across 
the capacitor. 

Substitute for V m and / to obtain: 

K ea k cosa,t -V- R — = 0 
peak dt 

Because Q = CV: 

dQ _ d r I _ c dV 
dt dt dt 

Substitute for dQldt to obtain: 

dV 

V . cos (ot-V-RC -= 0 

peak dt 

the differential equation describing the 
potential difference across the capacitor. 

Assume a solution of the form: 

V = V c cos cot + V s sin cot 

Substitution of this assumed 
solution and its first derivative in 
the differential equations, followed 
by equating the coefficients of the 
sine and cosine terms, yields two 
coupled linear equations: 

V c + coRCV s = V peak 
and 

V s -coRCV c =0 

Solve these equations 
simultaneously to obtain: 

V = * V 

c 1 +Mc) 2 peak 

and 

_ coRC 
s 1 + (coRCf peak 

Note that the output voltage is the 
voltage across the resistor and that it 
is phase shifted relative to the input 
voltage: 

=^ H cos (ax-8) 

where Vh is the amplitude of the signal. 

Assume that Vh is of the form: 

V H (t) = v c cos cot + v s sin cot 

The input, output, and capacitor 
voltages are related according to: 


Substitute for V n {t), F peak (t), and 

V{t) and use the previously 
established values for V c and V s to 
obtain: 

V c =r peak -v c 

and 

v = — V 

y s r s 

Substitute for V c and V s to obtain: 

V - V 

c i+Mc) 2 peak 
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Vh, v c , and v s are related according 
to the Pythagorean relationship: 

Substitute for v c and v s to obtain: 


and 


v = - 


coRC 


l + (n>7?C) : 


-V 

2 peak 


r„ = > 2+v . ! 


V u 


coRC 


^jl + (coRC) 


v 

2 peak 


V 

peak 


£ 

f l 'l 

2 

v CORC ; 


49 •• 

Picture the Problem We can use some of the intermediate results from Problem 48 to 
express the tangent of the phase constant. 


(a) Because, as was shown in 
Problem 48, V H = y]v 2 c + v s 2 : 


tan 8 = — 


v 


C 


Also from Problem 48: 


v = ■ 


(■coRCf 


1 + {coRC) 
and 

y. = - 


-V 

2 peak 


coRC 


1 + (ooRC) 


-V 

2 peak 


Substitute to obtain: 


(b) Solve for S: 


tan 8 = 


~i+Mc ) 2 Vpa,k 

M c ) 2 v 

1 + (coRC) 2 peak 


1 

coRC 


8 = tan 1 


1 

coRC 


As co 


■ 0 : 





(c) As co 


8 -> 



50 •• 

Picture the Problem We can use the results obtained in Problems 48 and 49 to find /? d B 
and to plot graphs of log(F out ) versus log(/) and 8 versus log if). 
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(a) Express the ratio V out /V w : 


when Kut = V in / ^' 


Square both sides of the equation 
and solve for coRC to obtain: 

Substitute numerical values and 
evaluate / 3 dB : 


F„ 


peak 


v. 



F„ 


V 


peak 


1 + 


coRC 


1 



r 


\ 2 


ycoRC ) 


1 

VI 


coRC = 1 => co = 


RC 


A 


3dB 


1 

2nRC 


^ dB 2^(20kQ)(l5nF) 


531 Hz 


( b ) From Problem 48 we have: 


From Problem 49 we have: 


F = 

' out 


V 


peak 


1 + 


coRC 


V 

) 


8 = tan 1 


1 

coRC 


Rewrite these expressions in terms 
of fj dB to obtain: 


V =' 

r out 


and 


F 


peak 


F 


peak 


1 + 


^ 1 

InfRC 


1 + 


ff 3 2 

J 3dB 

v / j 


8 = tan 1 

1 

= tan 1 

AdB, 

InfRC _ 

f _ 




A spreadsheet program to generate the data for a graph of F out versus/ and 8 versus/is 
shown below. The formulas used to calculate the quantities in the columns are as follows: 


Cell 

F ormula/Content 

Algebraic Form 

B1 

2.00E+03 

R 

B2 

1.50E-08 

C 

B3 

1 

J^peak 

B4 

531 

fi dB 

A8 

53 

o. 1/ dB 





Alternating-Current Circuits 


C8 

$B$3/SQRT( 1 +(1 ($B$4/A8)) A 2) 

V 

peak 

J 1+l 

if Y 

J 3dB 

l / J 

D8 

L0G(C8) 

log(Eout) 

E8 

ATAN(-$B$4/A8) 

tan 1 

1-1 

CQ 

1 

1_J 

F8 

E8*180/PI() 

8 in degrees 
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Referring to the spreadsheet program, we see that when f=f} <©, 


<7* 


-44.9°. 


This 


result is in good agreement with its calculated value of-45.0°. 


51 ••• 

Picture the Problem We can use Kirchhoff s loop rule to obtain a differential equation 
relating the input, capacitor, and resistor voltages. Because the voltage drop across the 
resistor is small compared to the voltage drop across the capacitor, we can express the 
voltage drop across the capacitor in terms of the input voltage. 


Apply Kirchhoff s loop rule to the 
input side of the filter to obtain: 


Substitute for V m and / to obtain: 


V--V r -IR = 0 

in C 

where V c is the potential difference across 
the capacitor. 


Ppeak cos 0)t-V c -R = 0 


Because Q = CVc : 


dt dt dt 


Substitute for dQ/dt to obtain: 


Because the voltage drop across the 
resistor is very small compared to 
the voltage drop across the 
capacitor: 

Consequently, the potential 
difference across the resistor is 
given by: 


^peak cos 0 )t-V c -RC—^ = 0 

the differential equation describing the 
potential difference across the capacitor. 


^peak COS cot-V c « 0 
and 


K: * ^pcak cosrn/ 


Vr 


= RC 


dV^ 

dt 



cos a>t 
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Picture the Problem We can use the expression for V H from Problem 48 and the 
definition of P given in the problem to show that every time the frequency is halved, the 
output drops by 6 dB. 


From Problem 48: 


Express this ratio in terms of/ and 


For/«/ 3dB : 


Vn = 


or 


K 


peak 


f 


1 + 


1 




\coRC j 

1 


V 


peak 


1 + 


1 

coRC 




K 


peak 


1 + 


f fz V 


' 3dB 
/ 


/ 


A 


2 

3dB 


1 + 


/ 

A 


2 A 


3dB y 


v u 


f 


f 


K 


peak 


A 


2 

3 dB 


1 + 


/ 

A 


2 A 


A 


3 dB 


3dB 7 


From the definition of /3 we have: 


Substitute for V\\! F pca k to obtain: 


P = 20 log 


V u 


10 


K 


peak 


P = 20 log 


10 


A 


3dB 


Doubling the frequency yields: 


The change in decibel level is: 


P' = 20log 


10 


2f_ 

A 


3dB 


A P = P'~P 

= 20 logic ~7~ ~ 20 l°gio — 


A 


3 dB 


A 


3dB 


= 201og 10 2 = 


6.02 dB 


*53 •• 

Picture the Problem We can express the instantaneous power dissipated in the resistor 
and then use the fact that the average value of the square of the cosine function over one 
cycle is Vi to establish the given result. 
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The instantaneous power P(t ) 
dissipated in the resistor is: 


The output voltage Tout is: 


From Problem 48: 


Substitute in the expression for P(t) 
to obtain: 


Because the average value of the 
square of the cosine function over 
one cycle is Vi\ 


P(t) = 


V 2 


R 


Kut =V H cos (cot-8) 


Vn = 


V 


peak 


1 + 


coRC 


V 2 

P(t) =—cos 2 (cot-8) 
R 


K 


peak 


R 


1 + 


coRC 


cos 


(col - O' ) 


P = 

ave 


K 


peak 


2 R 


1 + 


coRC 


Simplify this expression to obtain: 


V 2 

peak 

( (coRC) 2 

2 R 

v 1 + (ojRCf J 


54 •• 

Picture the Problem We can solve the expression for V H from Problem 48 for the 
required capacitance of the capacitor. 


From Problem 48: 


We require that: 


Vn = 


K 


peak 


1 + 


coRC 


y 

) 


v u 


K 


peak 


1 



c 


\ 2 


K coRC j 


or 



T 

v coRC j 


= 10 


To 


yf99coR 2n4¥)Rf 


Solve for C to obtain: 
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Substitute numerical values and 
evaluate C: 


2;rV99(20kQ)(60Hz) 


13.3nF 


55 •• 

Picture the Problem We can use Kirchhoff s loop rule to obtain a differential equation 
relating the input, capacitor, and resistor voltages. We’ll then assume a solution to this 
equation that is a linear combination of sine and cosine terms with coefficients that we 
can find by substitution in the differential equation. The solution to these simultaneous 
equations will yield the amplitude of the output voltage. 


Apply Kirchhoff s loop rule to the 
input side of the filter to obtain: 

V m -IR-V = 0 

where V is the potential difference across 
the capacitor. 

Substitute for V in and / to obtain: 

V k coscot-R — -V = 0 
peak dt 

Because Q = CV: 

^=T[ck]=c^ 

dt dt dt 

Substitute for dQ/dt to obtain: 

dV 

V k cos cot - RC - V = 0 

peak dt 

the differential equation describing the 
potential difference across the capacitor. 

Assume a solution of the form: 

V = V c cos cot + V s sin cot 

Substitution of this assumed 
solution and its first derivative in 
the differential equation, followed 
by equating the coefficients of the 
sine and cosine terms, yields two 
coupled linear equations: 

V c + coRCV % = V peak 
and 

V s -coRCV c = 0 

Solve these equations 
simultaneously to obtain: 

V = * V 

c 1 + (coRC) 2 peak 

and 

_ coRC 
s 1 + (coRC) 2 peak 

Note that the output voltage is the 
voltage across the capacitor and that 
it is phase shifted relative to the 
input voltage: 

Vo Bt =V L cos(oat-S) 

where Vl is the amplitude of the signal. 


V L , V c , and V s are related according 
to the Pythagorean relationship: 


v L =^v; 
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Substitute for V c and V s to obtain: 


Vl=- 


r i i 

2 

[i+Mc) 2 peak j 

+ 


coRC 


1 + {coRC) 


-V 

,2 peak 


Simplify algebraically to obtain: 


V L = 


K 


peak 


JuiojRCf 


As / —» 0, —» V peak . As / —»■ oo, —» 0. 


56 •• 

Picture the Problem We can use some of the intermediate results from Problem 55 to 
express the tangent of the phase constant. 


From Problem 55: 


V 

where tan 8 = — 
V„ 


Also from Problem 55: 

V= 1 V 
c i+Mc) 2 peak 

and 

_ coRC 
s 1 + {coRC) 2 peak 

Substitute to obtain: 

coRC 

tan s-' + 'rft 

1 + (coRC) 2 Tpeak 

Solve for 8. 

8 = tMC\(oRC) 

As co —> 0: 


(c) As co —>■ go: 

90° 


Remarks: See the spreadsheet solution in the following problem for additional 
evidence that our answer for Part (c) is correct. 

*57 •• 

Picture the Problem We can use the expressions for V L and 8 derived in Problem 56 to 
plot the graphs of V L versus/and 8 versus/for the low-pass filter of Problem 55. We’ll 
simplify the spreadsheet program by expressing both Vl and 8 as functions of f-$ dB- 
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From Problem 56 we have: 


r L = 


F 


peak 


Vi+Mc ) 2 

and 

8 = tan -1 


Rewrite each of these expressions in terms 
of fs dB to obtain: 


Vl = 




peak 


K 


peak 


l + (2 n/RC) 2 


1 

and 

8 = tan~'(2;z/??C) = tan - 


1 + 


V^3dB J 


V^3dB ) 


A spreadsheet program to generate the data for graphs of Vl versus/ and 8 versus/ for 
the low-pass filter is shown below. Note that F peak has been arbitrarily set equal to 1 V. 
The formulas used to calculate the quantities in the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

B1 

2.00E+03 

R 

B2 

5.00E-09 

C 

B3 

1 

fpeak 

B4 

(2*PI()*$B$1*$B$2) A -1 

h dB 

B8 

$B$3/SQRT( 1+((A8/$B$4) A 2)) 

V 

peak 

H 

f ) 
dB j 

2 

C8 

ATAN(A8/$B$4) 

tan 1 

[ f 


D8 

C8*180/PI() 

8 in degrees 



A 

B 

C 

D 

l 

R= 

1.00E+04 

ohms 


2 

C= 

5.00E-09 

F 


3 

V peak= 

1 

V 


4 

f 3 dB= 

3.183 

kHz 


5 





6 

f(kHz) 

V out 

delta(rad) 

delta(deg) 

7 

0 

1.000 

0.000 

0.0 

8 

1 

0.954 

0.304 

17.4 

9 

2 

0.847 

0.561 

32.1 

10 

3 

0.728 

0.756 

43.3 






54 

47 

0.068 

1.503 

86.1 

55 

48 

0.066 

1.505 

86.2 

56 

49 

0.065 

1.506 

86.3 
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57 

50 

0.064 

1.507 

86.4 


A graph of V out as a function of / follows: 



A graph of 5 as a function of / follows: 



58 ••• 

Picture the Problem We can use Kirchhoff s loop rule to obtain a differential equation 
relating the input, capacitor, and resistor voltages. We’ll then assume a solution to this 
equation that is a linear combination of sine and cosine terms with coefficients that we 
can find by substitution in the differential equation. The solution to these simultaneous 
equations will yield the amplitude of the output voltage. 

Apply Kirchhoff s loop rule to the V m -IR- V c = 0 

input side of the filter to obtain: , Ir • ,, ... , 

1 where Vc is the potential difference across 

the capacitor. 

^peak COS (Ot R ~~~ V c = 0 


Substitute for V m and / to obtain: 
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Because Q = CV c : 


dQ 

dt 


d_ 

dt 


[cr c ]=c 


dVc 

dt 


Substitute for dQ/dt to obtain: 


The output voltage is the voltage 
across the capacitor. Because this 
voltage is small : 


Fpeak COS cot-RC—^-V c = 0 

the differential equation describing the 
potential difference across the capacitor. 


dV 

V. cos cot - RC —— * 0 


peak 


dt 


Separate the variables in this 
differential equation and solve for 
Vc- 


V c = 


_L [ V 

RC 


cos cotdt 


*59 ••• 

Picture the Problem We can apply Kirchhoff s loop rule to both the input side and 
output side of the trap filter to obtain an expression for the impedance of the trap. 
Requiring that the impedance of the trap be zero will yield the frequency at which the 

circuit rejects signals. Defining the bandwidth as A co = \co - co tmp | and requiring that 
|Z | = R will yield an expression for the bandwidth and reveal its dependence on R. 


Apply Kirchhoff s loop rule to the 
output of the trap circuit to obtain: 

Solve for V out : 


Apply Kirchhoff s loop rule to the 
input of the trap circuit to obtain: 

Solve for I: 


Substitute for / in equation (1) to 
obtain: 


Because X L = icoL and 


X 


c — 


-i 

~aC' 


V^-IX L -IX C = 0 
V m =l(X L +X c )=IZ, rar (1) 

where Z ,rap = X L+ X C 

V--IR-IX. - IX r = 0 

in L C 


1 = 


V:„ 


R + X l + X c 


K 

R + Z trap 


V = V 

out in 


R + Z trap 


Z trap i 


coL 


(DC y 


1 

VZc 


Note that Z, mp = 0 and V out = 0 
provided: 


co = 
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Let the bandwidth A® be: 


^(0 = \( 0 -( 0 trap 


( 2 ) 


Let the frequency bandwidth to be 
defined by the frequency at 

which \Z tmp I = R . Then: 


coL —— = R 
coC 

or 

0) 2 LC-\=0)RC 


Because co, mp 


1 

VZc' 


f y 2 
co 


V ^ tra p j 


-1 = coRC 


For co ~ co trap \ 


Solve for co 1 - co 2 : 


Because co & co trap , 

® ®trap ~ 2 ®trap • 


f 2 1 \ 

® -^trap 


CO, 


°\rap RC 


trap J 


V 1 ~ 0) lap = (® " )(® + ) 

(° 2 -°>lap ~ 20 \a P ( 0J - 0J < r a P ) 


Substitute in equation (2) to obtain: 


A co = \co-co trap 


RCco, 


trap 


R_ 
2L 


60 •• 

Picture the Problem For voltages greater than 0.6 V, the output voltage will mirror the 
input voltage minus a 0.6 V drop. But when the voltage swings below 0.6 V, the output 
voltage will be 0. A spreadsheet program was used to plot the following graph. The 
angular frequency and the peak voltage were both arbitrarily set equal to one. 
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Picture the Problem We can use the decay of the potential difference across the 
capacitor to relate the time constant for the RC circuit to the frequency of the input signal. 
Expanding the exponential factor in the expression for Vc will allow us to find the 
approximate value for C that will limit the variation in the output voltage by less than 50 
percent (or any other percentage). 

The voltage across the capacitor is V =V e t!RC 

, C in*'' 

given by: 


Expand the exponential factor to 
obtain: 


e t,RC 


*1 


1 

- 1 

RC 


For a decay of less than 50 percent: 


Solve for C to obtain: 


Because the voltage goes positive 
every cycle, t = 1/60 s and: 


1- 


RC 


-t 


C<—t 

R 


<0.5 


C< 


2 

IkQ 


f 1 1 

—s 

— 

33.3//F 

\60 y 
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Picture the Problem We know that the current leads the voltage across and capacitor 
and lags the voltage across an inductor. We can use I L max = g maY / X, and 

Ic max = <7 ni ax /X c to find the amplitudes of these currents. The current in the generator 

will vanish under resonance conditions, i.e., when |/J = |/ c |. To find the currents in the 

inductor and capacitor at resonance, we can use the co mm on potential difference across 
them and their reactances ... together with our knowledge of the phase relationships 
mentioned above. 


(a) Express the amplitudes of the 
currents through the inductor and 
the capacitor: 


p 

T _ u max 

J- i 


L, max 


x, 


and 

p 

T _ max 

1 C,max 

* C 


x, 


X L = coL and X c = 


Express X L and X c : 


1 
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Substitute to obtain: 


Solve for co to obtain: 


100V 


(4H) 


\(0 


25V/H 


co 


lagging £ by 90 c 


and 
I 


C, max 


100V 

1 




(25 //F )co 



(2.5x10- 3 V-F), 



leading £ by 90 1 

(. b) Express the condition that 

II 


1=0: 

or 



£ £ 

= = coC £ 

coL 1 


co = 


coC 

1 

VZc 


Substitute numerical values and 
evaluate co: 


1 

1 /(4H)(25/,F) 


100 rad/s 


(c) Express the current in the 
inductor at co = co a : 


h = 


a 25V/H^ 
100 s 1 


cos[(l 00 rad/s)t - 90°] 


(0.250 A )sin[(l 00 s ')/ 


Express the current in the capacitor 
at co= coq: 


(, d) The phasor diagram is shown to 
the right. 


7 C =(2.5x10 3 V-FXiOOs 1 ) 
x cos[(l 00 rad/s)t + 90°] 







Alternating-Current Circuits 749 


63 •• 


Picture the Problem We can differentiate Q with respect to time to find / as a function 
of time. In ( b ) we can find C by using co = 1/ V LC . The energy stored in the magnetic 
field of the inductor is given by U m =\ LI 2 and the energy stored in the electric field of 

Q 2 

the capacitor by U e = \ -. 


(a) Use the definition of current to 
obtain: 


j _ dQ _ d 


(15//C) 


cos 


dt dt 
-(15/C)(l250s')sin 


^ TC ^ 

1250t + — 
4y 


1250t + — 

V 4 j 


- (l8.75mA)sin 


^ TC ^ 

1250t + — 

V 4y 


( b ) Relate C to L and co: 


co = 


yflC 


Solve for C to obtain: 


C = 


arL 


Substitute numerical values and 
evaluate C: 


C = 


(l250s 1 ) 2 (28mH) 


22.86 /jF 


(c) Express and evaluate the magnetic energy U m : 


U m =\LI 2 =^(28mH)(l8.75mA) 2 sin ; 


1250t + — 


(4.92 juj) 


sin" 


1250t + — 


Express and evaluate the electrical 
energy U e \ 




22.86//F 


|2 f 

2 


-cos 


TC ^ 

1250t + — 
4y 


(4.92 /J) 


COS" 


1250t + —^ 
4y 


The total energy stored in the electric and magnetic fields is: 
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U = U m + U e = (4.92/j)sin ; 


C 


1250t+ — 
4 , 


+ (4.92/j)cos 2 


f 71 | 

1250f + - 

= 

4.92/J 

l 4 7 
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Picture the Problem We can use the definition of the capacitance of a dielectric-filled 
capacitor and the expression for the resonance frequency of an LC circuit to derive an 
expression for the fractional change in the thickness of the dielectric in terms of the 
resonance frequency and the frequency of the circuit when the dielectric is under 
compression. We can then use this expression for A tit to calculate the value of Young’s 
modulus for the dielectric material. 


Use its definition to express 
Young’s modulus of the dielectric 
material: 


stress _ A P 
strain Atjt 


( 1 ) 


Letting t be the initial thickness of ^ _ « *=( 

'-'0 

the dielectric, express the initial t 

capacitance of the capacitor: 


Express the capacitance of the 
capacitor when it is under 
compression: 


C = 


t-At 


Express the resonance frequency of 
the capacitor before the dielectric is 
compressed: 



fce 0 AL 


When the dielectric is compressed: 


Express the ratio of co c to coq and 
simplify to obtain: 


Expand the radical binomially to 
obtain: 


co,. 


1 


1 

k e 0 AL 
t-At 


tce 0 AL 
°L _ V t 
C0q \k e 0 AL 
V t-At 



At 

t 


co,. 


C0 n 


V t J 


provided At«t. 


At 

2t 
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Solve for A t/t: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate Y: 


At 

t 


f 

= 2 1 

V 



co, 


oj 


Y = 


A P 


f \ 

1-°^ 


v 


ox 


by 


_ (800atm)(l01.325kPa/atm) 
( 116MHz^ 

[ 120 MHz , 

= 1.22x 10 9 N/m 2 
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Picture the Problem We can model this capacitor as the equivalent of two capacitors 
connected in parallel. Let C\ be the capacitance of the dielectric-filled capacitor and C 2 be 
the capacitance of the air-filled capacitor. We’ll derive expressions for the capacitances 
of the parallel capacitors and add these expressions to obtain C(x). We can then use the 
given resonance frequency when x = w/2 and the given value for L to evaluate C 0 . In Part 
( b ) we can use our result for C(x) and the relationship between f, L, and C(x) at resonance 
to cxpress /(x). 


(a) Express the equivalent 
capacitance of the two capacitors in 
parallel: 


C(x) = C,+C J =^sA + f«A (1) 

a a 


Express A 2 in terms of the total area ^ - A — 

of a capacitor plate A, w, and the Aw" w 

distance x: 


Express A 1 in terms of A and A 2 : 


f 

A l =A-A 2 =A 1 
V 



Substitute in equation (1) and 
simplify to obtain: 


c(*)= 


K 


f 


d 
, A 




1 -- 

V wj 


+ - 


A x 


d w 


= kC, 


K 

( X ^ 

1-- 

X 

+ — 

- 

l wy 

w 


K — 1 



KW 
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Find C(W2): 


where C n = ■ 


A 


d 


C 




, K- 1 IV 


= kCq 

1 

U; 


KW 2 _ 


= kC„ 


1- 


K --1 


2/f 


= c f 


K -+1 


Express the resonance frequency of 
the circuit in terms of L and C(x): 


/W 


1 

2n- s jLC{x) 


( 2 ) 


Evaluate 7(w/2): 


Solve for Co to obtain: 


/ 


w 


C 0 = 


\ 

1 

) „ 1 

^ K+ 1 

2n \ 

iC » 2 

1 

l 2 

2 n \ 

\(k + \)LC„ 


1 



Substitute numerical values and evaluate 1 

Q — ___ 

C ° : 0 2n 2 (90 MHz) 2 (2 mH)(4.8 +1) 

= 5.39xl(T 16 F I 


( b ) Substitute for C(x) in equation 
(2) to obtain: 


/(*) = ' 


2 n \Li<C n 


i K ~ l 

1-x 

kw 


Substitute numerical values and evaluate/(x): 


f( x ) 


1 



70.0 MHz 

i ( 2mFtVd sVs 7Qx 1 fT 16 FI 

4.8-1 


^l-(3.96m l )x 


4.8(0.2m) X 
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RLC Circuits with a Generator 


66 


Picture the Problem We can use the expression for the resonance frequency of a series 
RLC circuit to obtain an expression for C as a function of f 


Express the resonance frequency as 
a function of L and C: 


co = = 


1 


VZc 


Solve for C to obtain: 


C = 


1 


4n 2 f 2 L 


Substitute numerical values and 
evaluate the smallest value for C: 


C 


1 


smallest 


4 k 2 (l 600 kHz) 2 (l //H) 
= 9.89 nF 


Substitute numerical values and 
evaluate the largest value for C: 


C, 


1 


largest 4^ 2 (500kHz) 2 (l//H) 
=lOlnF 


Therefore: 


9.89nF < C < lOlnF 


67 • 

Picture the Problem The diagram shows 
the relationship between S, X L , X c , and R. 
We can use this reference triangle to 
express the power factor for the circuit in 
Example 29-5. In (b) we can use the 
reference triangle to relate co to tan 5. 

(a) Express the power factor for the 
circuit: 

Evaluate X, and X c : 



Xl-Xc 


„ R R 

cos o = — = , 

z A+w-xj 

X L = coL = (400 _1 )(2 H) = 800 Q 
and 

X r = —-— = t- lx? -t - 1250Q 

c coC (400 s')(2//F) 
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Substitute numerical values and 
evaluate cos S: 


cos 8 = 


20Q 


7(20 Q) 2 + (800 Q -1250 Q) 2 


0.0444 


( b ) Express tanc>: 




R 


R 


Rewrite this equation explicitly as a 
quadratic equation in co: 


LCco 2 - CR tan 5co -1 = 0 


Substitute numerical values to obtain: 

[(2 H)(2//F)]® 2 - [(2//F)(20 Cl) tan(cos 1 0.5)]® -1 = 0 
(4x10 6 s 2 )® 2 ±(69.3xl0^s)®-l = 0 


or 


Solve for co to obtain: 


co= 491 rad/s or co = 509 rad/s 


68 • 

Picture the Problem The diagram shows 
the relationship between S, X L , X c , and R. 
We can use this reference triangle to 
express the power factor for the given 
circuit. In ( b ) we can find the rms current 
from the rms potential difference and the 
impedance of the circuit. We can find the 
average power delivered by the source 
from the rms current and the resistance of 
the resistor. 

(a) The power factor is defined to 
be: 



Xl-Xc 


* R R 

cos o = — = , 

z Jr 2 +(x l -xJ 


With no inductance in the circuit: 


X ,=0 

and 

cos£ = 


R 


R 


^R 2 + x { 


R 2 + 1 


2/~r2 


co L C 



















Substitute numerical values and 
evaluate cos S: 
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cosS = 


80Q 


(80Q) 2 + 


(400 s [ ) 2 (20//F) 2 


0.539 


(b) Express the rms current in the 
circuit: 


Insert numerical values and evaluate 

Arris- 


f 

j _ rms 


V2 


z yjR 2 +x, 
£ 


v/2ji? 2 


+ 


1 


2,~i2 


6) Z C 




20 V 


>/2 (80 Q) 2 


+ 


(400 s') 2 (20//F) 2 


= 95.3 mA 


(c) Express and evaluate the average 
power delivered by the generator: 


ft =-C* = (95.3mA) ! (80n) 
= 0.727 W 


*69 •• 

Picture the Problem The impedance of an ac circuit is given by 
Z = ^R~ + {X L — X C Y . We can evaluate the given expression forP av first for 
X L = X c = 0 and then for R = 0. 


(a) For X= 0, Z = R and: 


(b), (c) If R = 0, then: 



R£: 


R- 




(Xl-XcY 



Remarks: Recall that there is no energy dissipation in an ideal inductor or 
capacitor. 


70 •• 

Picture the Problem We can use co 0 = 1 / y/LC to find the resonant frequency of the 
circuit, = <9 mis /R to find the rms current at resonance, the definitions of X c and X L to 

























756 Chapter 29 


find these reactances at co= 8000 rad/s, the definitions of Z and / nns to find the impedance 
and rms current at co = 8000 rad/s, and the definition of the phase angle to find 5. 


(a) Express the resonant frequency 
a>Q in terms of L and C: 


®o 


1 

y[LC 


Substitute numerical values and __1_ 

evaluate oj„: ° *J(] 0 m H)(2/*F) 

= 7.07 x 10 3 rad/s 


(b ) Relate the rms current at 
resonance to £ ms and the impedance 
of the circuit at resonance: 

(c) Express and evaluate X c and X L 
at co = 8000 rad/s: 


(d) Express the impedance in terms 
of the reactances, substitute the 
results from (c), and evaluate Z: 


Relate the rms current at 
co= 8000 rad/s to £’ rms and the 
impedance of the circuit at this 
frequency: 

( e ) Using its definition, express and 
evaluate 8: 


100V 

R x/2 R V2(5Q) 

= 14.1 A 


_ _ ___ 

c coC (8000 s‘X2//F) 


and 


X L = ryfr = (8000 s 1 )(l0mH) = 


80.0Q 


Z = ^R 2 +{X L -X c y 

= X(5Q) 2 +(80Q-62.5Q) 2 
- 18.2Q 


_g ms _ ^ m ax _ 100V 

Z V2Z V2(18.2Q) 

= 3.89 A 


8 = tan 1 


= tan 


( x L -x c ) 

{ R ) 

( 80Q-62.5Q^ 


74.1° 


71 •• 

Picture the Problem We can use f 0 = l/2 n^LC to find the resonant frequency of the 

circuit, the definitions of X c and X L to find these reactances at/= 1000 Hz, the definitions 
of Z and / rms to find the impedance and nns current at f= 1000 Hz, and the definition of 
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the phase angle to find 8. 

(a) Express the resonant frequency 
/o in terms of L and C: 


fo = 


1 

2 n^LC 


Substitute numerical values and 
evaluate /o: 


fo = 


1 

27T A /(iO m 


1.13 kHz 


(b) Express and evaluate X c and X L 
at/= 1000 Hz: 


(c) Express the impedance in terms 
of the reactances, substitute the 
results from ( b ), and evaluate Z: 


c 2 nfC 2tt(i 000 s 1 )(2 //F) 
= 79.6Q 
and 

X L = 2 xfL = 2zr(l 000 s 1 )(l 0 mH) 
= 62.8Q 


z = ^r 2 +{x l -x c ) 2 

= V(5Q) 2 + (62.8 Q-79.6 Q) 2 
= 17.5Q 


Relate the rms current at 
/= 1000 Hz to £' nns and the 
impedance of the circuit at this 
frequency: 


_g ms _ g max _ toov 

Z V2Z V2(17.5Q) 

= 4.04 A 


(d) EJsing its definition, express and 
evaluate S: 


8 = tan 1 


= tan 


( x L -x c \ 

l R ) 

( 62.8Q-79.6Q^ 


-73.4° 


72 •• 

Picture the Problem Note that the reactances and, hence, the impedance of an ac circuit 
are frequency dependent. We can use the definitions of W, X c , and Z, c), and cos 8 to find 
the phase angle and the power factor of the circuit at the given frequencies. 


Express the phase angle 8 and the 
power factor cos 8 for the circuit: 


8 = tan 1 


( x l -xA 
R J 


and 


(1) 
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(a) Evaluate X L , X c , and Z at 
/= 900 Hz: 


cosc7 = — 
Z 


( 2 ) 


X l =2 xfL 

= 2^(900 s 1 )(l 0 mH) = 56.50, 

X 1 1 

c 2nfC 24900 s')(2//F) 


= 88.40, 


and 

z = ^r 2 +{x l -xJ 

= sj{5n) 2 +(56.50- 88.4 O) 2 
= 32.30 


Substitute in equations (1) and (2) to 
obtain: 


56.50-88.40" 
50 , 



and 

cos 8 = ^ = 0.155 
32.30 - 


(b) Evaluate X L , X c , and Z at 
/= 1.1 kHz: 


X L =2 nfL 

= 2tt(\ 100 s 1 )(l 0 mH) = 69.10, 

X - 1 . 1 

c 2 nfC 24ll00s^)(2//F) 


= 72.30, 


and 

Z = ^R 2 +{X L -X c f 

= 4 (5 O) 2 + (69. IO-72.3 O) 2 
= 5.940 


Substitute in equations (1) and (2) to 
obtain: 








(c) Evaluate X L , X c , and Z at 
/= 1.3 kHz: 
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X l =2 KfL 

= 2;r(l 300 s 1 )(l 0 mH) = 81.70, 

A - 1 - 1 

c 2 nfC 2^(l300s 1 )(2//F) 


= 61 . 20 , 


and 

Z = ^R 2 +(X L -X c y 

= A /(5n) 2 +(81.7Q-61.2Q) 2 

= 21.in 


Substitute in equations (1) and (2) to 
obtain: 


5 = tan 1 

f 81.70-61.20^ 



l ^O J 

and 

5Q r—— 

cose? = - 

- 0.237 


21.in 


76.3° 


73 •• 

Picture the Problem The Q factor of the circuit is given by Q = co 0 L / R , the resonance 
width by Af = f Q /Q = <u 0 /2;z£2, and the power factor by cos 8 - R/Z . Because Z is 

frequency dependent, we’ll need to find X c and A/, at a>= 8000 rad/s in order to evaluate 
cos 5. 


Using their definitions, express the 
Q factor and the resonance width of 
the circuit: 


(a) Express and evaluate the 
resonance frequency for the circuit: 


Substitute numerical values in 
equation (1) and evaluate Q: 


_ <x^L_ 
^ R 


and 



2 ttQ 


( 1 ) 

( 2 ) 


1 _ 1 
0 ~ VZc ~ flw m H)(2/,F) 
= 7.07 x 10 3 rad/s 


Q = 


(7.07 xlO 3 rad/s)(l0mH) 
50 


14.1 


(. b ) Substitute numerical values in 
equation (2) and evaluate Af: 


A/ = 


7.07xlO 3 rad/s 
2 tt( 14. l) 


79.8 Hz 
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(c) Express the power factor of the 
circuit: 

Evaluate X L , X c , and Z at 
a>= 8000 rad/s: 


Substitute numerical values and 
evaluate cos 8: 


cos 8 = — 

/ 

X L = coL 

= (8000s 1 )(l0mH) = 80.0Q, 

X - 1 - \ 

c coC (8000 s 1 )(2//F) 

= 62.50, 

and 

Z = ^R 2 +{X L -X c y 

= V(5O) 2 +(80Q-62.5O) 2 
= 18.20 


V 5Q 

COSC) =- 

18.20 


0.275 


*74 •• 

Picture the Problem We can use its definition, Q = f 0 /A/ to find the Q factor for the 
circuit. 


Express the Q factor for the circuit: 


Q = 


A 

a/ 


Substitute numerical values and evaluate 

0 : 


100.1 MHz 
0.05 MHz 


2002 


75 •• 

Picture the Problem We can use / = £ max /Z to find the current in the coil and the 

definition of the phase angle to evaluate 8. We can equate XL and XC to find the 
capacitance required so that the current and the voltage are in phase. Finally, we can find 
the voltage measured across the capacitor by using V c = IX c . 


(a) Express the current in the coil in j _ £ mi 

terms of the potential difference Z 

across it and its impedance: 


Substitute numerical values and 
evaluate /: 


100V 

10Q 


10.0 A 












(. b ) Express and evaluate the phase 
angle 8 : 
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( b ) Express and evaluate the phase 
angle 8: 

o 1 R ■ -xX 

o = cos — = sin — 

Z Z 

= 53.1° 

^ioqJ - 

(c ) Express the condition on the 

reactances that must be satisfied if the 

current and voltage are to be in 
phase: 

X, = X r or X, = 1 

L C L coC 

Solve for C to obtain: 

c= 1 = 1 

coX L 2 7tfX L 

Substitute numerical values and 

evaluate C: 

C ~ 2tt(60s 1 )(8 n) ~ 332 

0 d) Express the potential difference 
across the capacitor: 

v c =ix c 

Relate the current / in the circuit to 

the impedance of the circuit when X L 
= X C -. 

I=- 

R 

Substitute to obtain: 

v c = v *c = r 

c R 2 nfCR 

Relate the impedance of the circuit to 

the resistance of the coil: 

Z = ^R 2 +X 2 

Solve for and evaluate the resistance 

of the coil: 

R = 4z 2 -X 2 =a /(10Q) 2 -(8Q) 2 
= 6Q 

Substitute numerical values and 

evaluate Vc- 

Vc ~ 2460s 1 )(332//F)(6Q) " B3V 


76 •• 

Picture the Problem We can find C using F c = / rms X c and / nns from the potential 

difference across the inductor. In the absence of resistance in the circuit, the measured 
rms voltage across both the capacitor and inductor is V = \V, — V c \. 
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(a) Relate the capacitance C to the 
potential difference across the 
capacitor: 


V r 


= I^X C = 


2 nfC 


Solve for C to obtain: 



2 tfV c 


Use the potential difference across j _ Vl _ Vl 

the inductor to express the rms n " s X L 2 7rfL 

current in the circuit: 


Substitute to obtain: 


C = 


V, 


(2 4) 2 lv c 


Substitute numerical values and ^ _ _ 50 V _ 

evaluate C: [2^(60 s 1 f (0.25 H)(75 V) 

= 18.8 juF 


(b) Express the measured rms V = \V L - V c 

voltage V across both the capacitor 
and the inductor when R = 0: 


Substitute numerical values and evaluate V: V = |50 V - 75 Vl 


25.0V 


77 •• 

Picture the Problem We can rewrite Equation 29-51 in terms of co, L, and C and factor L 
from the resulting expression to obtain the given equation. In ( b ) and (c) we can use the 
expansions for cot 'x and tan 'x to approximate 5 at very low and very high frequencies. 


( a ) From Equation 29-51: 


tanc7 = 


coL - 1 /coC co L-X/C 


R coR 

_ l(co 2 - 1/ZC) _ L[co 2 - ml) 


coR 


coR 


(b) Rewrite tan S as: 


tan£ = 


coL 

R 


1 

coRC 


( 1 ) 


For co « 1 : 


tan 8 «- 

coRC 
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Use the expansion for cot 'jc to 
obtain: 


and 

cot J = -coRC or 8 = cot '(- coRC) 


cot x = ±-X 

2 


Recall that, for negative values of 
the argument, the angle approaches 
-7:12*, to obtain: 


(c) For co» 1, equation (1) 
becomes: 

Use the expansion for tan x to 
obtain: 


- — -8 = -coRC 
2 


or 


8 = 


- — + coRC 
2 


coL _ , 

coL 

-or o ~ tan 


R 

R 

7t 1 

n R 

=-or d = 

— 

2 x 

2 coL 


You can easily confirm this using your graphing calculator. 

78 •• 

Picture the Problem We can use the definition of the power factor to express cos Jin the 
absence of an inductor and simplify the resulting equation to obtain the equation given 
above. 


(a) Express the power factor 
for a series RLC circuit: 

With no inductance in the 
circuit, 

X L = 0 and: 


cos 8 


R_ _ R _ 

z Jr 2 +(x l -xJ 


cos 8 


R _ R 

z Jr 2 +(-x c Y 


Substitute for X c and simplify 
to obtain: 


cos 8 = 


R 


R 


R 2 + 1 


( t me y 


R.I + 


(tcoRCy 


coRC 


■yjl + (CORCf 


(b)A spreadsheet program to generate the data for a graph of cos 8 versus coRC is shown 
below. The formulas used to calculate the quantities in the columns are as follows: 
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3 




4 

omega 

cos(delta) 


5 

0.0 

0.000 


6 

0.5 

0.447 


7 

1.0 

0.707 






13 

4.0 

0.970 


14 

4.5 

0.976 


15 

5.0 

0.981 



The following graph of cos c> as a function of co was plotted using the data in the above 
table. Note that both R and C were set equal to 1. 



*79 •• 

Picture the Problem We can find the rms current in the circuit and then use it to find the 
potential differences across each of the circuit elements. We can use phasor diagrams and 
our knowledge the phase shifts between the voltages across the three circuit elements to 
find the voltage differences across their combinations. 

(a) Express the potential difference V AB ~ (1) 

between points A and B in terms of 
7rms and A/. 

Express /„ in terms of s and Z: j _ £_ _ _£_ 

z AMx.-xJ- 
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Evaluate X L and X c to obtain: 


Substitute numerical values and 
evaluate / nns : 


X L = IjtfL = 2^(60 s ')(l37 mH) 

= 51.6Q 

and 

X 1 \ 

c 24C 2^(60 s _1 )(25^) 

= 106.IQ 

__ 115V _ 

a /(50Q) 2 +(51.6Q-106.1Q) 2 
= 1.55 A 


Substitute numerical values in 
equation (1) and evaluate V AB : 


V AB = (1.55 A)(51.6Q) = 


80.0V 


( b ) Express the potential difference 
between points B and C in terms of 
Cms and R. 

(c) Express the potential difference 
between points C and D in terms of 
/ ms and X c : 

(d) The voltage across the inductor 
lags the voltage across the resistor 
as shown in the phasor diagram to 
the right: 


Use the Pythagorean theorem to find 

V AC : 


r jc =4.^ = (l-55A)(50O) 
= 77.5V I 


r C z>=4A = (i-55A)(i06.in) 
= 164V I 






7(80.0 V) 2 +(77.5 V) 2 = 

11IV 



(e) The voltage across the inductor 
lags the voltage across the resistor 
as shown in the phasor diagram to 
the right: 














Use the Pythagorean theorem to find 

Vbd- 
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V bd = ^ d + V b 2 c 

= 64 V) 2 +(77.5 V) 2 


181V 


80 •• 

Picture the Problem We can use P av = cosS to find the power supplied to the 

circuit and P m = 7^ s 7? to find the resistance. In (c) we can relate the capacitive reactance 

to the impedance, inductive reactance, and resistance of the circuit and solve for the 
capacitance C. We can use the condition on X, and X c at resonance to find the 
capacitance or inductance you would need to add to the circuit to make the power factor 
equal to 1. 


(a) Express the power supplied to 
the circuit in terms of £ nr]S , I„n s , and 
the power factor cos 5: 

Substitute numerical values and 
evaluate P m \ 

(b ) Relate the power dissipated in 
the circuit to the resistance of the 
resistor: 

Substitute numerical values and 
evaluate R\ 

(c) Express the capacitance of the 
capacitor in terms of its reactance: 

Relate the capacitive reactance to 
the impedance, inductive reactance, 
and resistance of the circuit: 

Express the impedance of the circuit 
in terms of the rms emf s and the 
rms current I ms : 


P = cosS 


av rms rms 


P dV =(l20V)(llA)cos45° = 


933 W 


P.v = ILR or R = -f 


R = 


C = 


933 W 
(11 A) 2 

1 


7.71Q 


1 


coX c 2nfX c 


( 1 ) 


z 2 = r 2 +{x l -xJ 




Substitute to obtain: 


rms 


r 2 +(x l -x c ) 2 
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Solve for X L — X c : 


Note that because / leads s, the 
circuit is capacitive and X c > X L . 
Hence: 


Substitute numerical values and 
evaluate X c \ 


Substitute in equation (1) and 
evaluate C: 

(d) Express the relationship between 
Xf and X c when cos 8= 1: 

Because X L = 18.1 Q, we could 
make X L = X c by adding 7.75 Q of 

inductive reactance to the circuit. 
Find the series inductance 
equivalent to 7.75 Q of inductive 
reactance: 

Alternatively, we could make 
X L = X c by reducing the capacitive 

reactance by 7.75 Q. Find the 
capacitive reactance that you have 
to added in parallel to the existing 
capacitive reactance to reduce the 
equivalent capacitive reactance by 
7.75 Q: 



X c =2^(60 s' 1 )(0.05H) 



_J_ 1 1 

18.1Q~26.6Q X c 
and 

X c =56.6Q 





Find the capacitance corresponding 
to a capacitive reactance of 56.6 Q: 


C = 
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1 1 

2 nfX c ~ 2^(60 s ‘)(56.6Q) 


769 


46.9 //F 


81 •• 

Picture the Problem We can find X c using the equation relating X c , X L , R, and tan 8 and 
then solve the defining equation for X c for C. 


Express the capacitance of the 
circuit in terms of its capacitive 
reactance: 


C = 


1 


1 


coX c 2 7rfX c 


Express the phase angle 5 in terms 
ofX L ,X c , and R: 

Solve for X c to obtain: 

Substitute numerical values and 
evaluate X c : 




R 


X c = 2 nfL - R tan 8 


X c = 2tt( 500 s 1 )(0.15 H) - (35 Q) tan 75° 
= 341Q 


Substitute numerical values and 
evaluate C: 


C = 


2^(500 s _1 )(341Q) 


0.933 //F 


82 •• 

Picture the Problem We can use the condition onX L and X c at resonance to find/o. By 
expressing the phase angle S in terms of X L , X c , and R we can obtain a quadratic equation 
in co that we can solve for the frequencies corresponding to the given phase angles. We 
can then use these frequencies to express the ratios of/to/ 0 for the given phase angles. 


(a) Relate X c and X L at resonance: 

II 


or 


2nf Q L - 

Solve for/ 0 : 

Jo 0 
in 

Substitute numerical values and 

evaluate /o: 

f = — 

Jo 2 n 


2nf 0 C 


(0.35 H)(5/rF) 


120 Hz 
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(. b ) Express the phase angle 8 in 
terms oiX L , X c , and R: 


tan S-*z=*SL 
R 

or 

R tan 8 = <x>L —— 
coC 


Rewrite this equation explicitly as a LCco~ - (RC tan S)co — 1 = 0 

quadratic equation to obtain: 


Substitute numerical values and (l .75 x 10 6 F • H Jco 2 

simplify to obtain: - [(2 x 10 3 Q • H)tan s]o) -1 = 0 

or 

(l F • H)co 2 - [(l. 14 x 10 3 Q • H)tan s]co 
-5.71x10 s =0 


For 8= 60°: 


(1F-H)® 2 -(i.97x10 3 Q-h)® 
-5.71x10 s = 0 


Solve for the positive value of co : 


Calculate the ratio flfa. 


For 8= -60°: 


« = 2.23x10 V 1 
and 

f - —- 2 23x 10 j ,~' _ 3 gg Hz 
In In 


f _ 355 Hz 
/o “ 120 Hz 


2.96 


(lF-H)® 2 +(i.97x10 3 Q-h)<» 
-5.71x 10 5 = 0 


Solve for the positive value of co and 
then for /: 


co = 256s 1 
and 

® _ 256s~‘ 
2n In 


40.7 Hz 


Calculate the ratio f/fo'. f_ _ 40.7 Hz _ 

/o “ 120Hz “L 

Remarks: Note that these ratios are reciprocals of each other. 


83 
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Picture the Problem The impedance for the three circuits as functions of the angular 
frequency is shown in the three figures below. Also shown in each figure (dashed line) is 
the asymptotic approach for large angular frequencies. 





*84 •• 

Picture the Problem We can substitute for X L and X c in Equation 29-48 and simplify the 
resulting equation to obtain the given equation for 7 max . 


Equation 29-48 is: 


T _ _ max _ 

Jr 2 + (x‘-xJ 


Substitute for X L and X c to obtain: 


Anax 


i ? 2 + 


' , 1 
coL- 


V 


coC 


Simplify algebraically to obtain: 


/ 


max 



85 •• 

Picture the Problem We can use the constraints on L and C at resonance and the given 
values for X L and X c to obtain simultaneous equations that we can solve for L and C. In 
( b ) we can find Q from its definition and in (c) we can calculate / ma x from £' rnax and Z. 


X L = X c or C 0 qL = 


co 0 C 


(a) Relate X L and X c at resonance: 
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Solve for the product of L and C: 


Express X c and X L : 


Eliminate co between these 
equations to obtain: 

Solve equations (1) and (2) 
simultaneously to obtain: 

( b ) Express Q in terms of R, L, and 
CDo- 

Substitute numerical values and 
evaluate Q: 

(c) Relate the maximum current in 
the circuit to £’ max and Z: 


Substitute numerical values and 
evaluate 7 max : 


LC = —= 

ox 


= 1(T 8 s 2 (1) 


(lO 4 rad/s) 


X r = — = 16Q 

c coC 

and 

X, =coL = 4Q 


— = 64Q 2 
C 


( 2 ) 


L = 


0.800 mH 


and C = 


12.5 /jF 


Q _ 0 \ L 

^ R 


(l0 4 rad/s)(0.800mH) _ 

5Q 


1.60 


r 

j _ max 




__26V_ 

7(5 Q) 2 +(4Q-16Q) 2 


= 2.00 A 


86 •• 

Picture the Problem We can find the maximum current in the circuit from the maximum 
voltage across the capacitor and the reactance of the capacitor. To find the range of 
inductance that is safe to use we can express Z for the circuit in terms of £ max and 

ax and solve the resulting quadratic equation for L. 

(a) Express the maximum current in 
terms of the maximum potential 
difference across the capacitor and 
its reactance: 


1 max 


V, 


C,max 

xT 


= coCV, 


C,max 
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Substitute numerical values and 
evaluate / max : 


7 max = (2500 rad/s)(8^F)(l 50 V) 
= 3.00A 


(b ) Relate the maximum current in 
the circuit to the emf of the source 
and the impedance of the circuit: 

Express Z 2 in terms of R, X L , and X c : Z 2 = R 1 + (X L - X c ) 2 


£ S 1 

T _ _max y 2 _ max 

' mav _ A _ -) 


Substitute to obtain: 


R'-+(X L -X c f 


Evaluate X c : 


X r 


coC (2500 rad/s) (8 //F) 


Substitute numerical values to 
obtain: 


Solve for L to obtain: 


(200 V) 2 
(3A) 2 


(60 Q) 2 

+ ((2500 rad/s )C - 50 Q) 2 


or 

844Q 2 = [(2500s ! )c-50q] 2 


50Q±^/844Q 2 
2500s 1 


Denoting the solutions as L+ and Z_, L =31.6 mH and L = 8.38 mH 

find the values for the inductance: 


Express the ranges for L : 


8.00mH < L < 8.38mH 
and 

31.6mH < L < 40.0 mH 


87 •• 

Picture the Problem We can find the impedance of the circuit from the applied emf and 
the current drawn by the device. In ( b ) we can use P m = / 2 m /? to find R and the 

definition of the impedance of a series RLC circuit to find A = X r -X c . 

(a) Express the impedance of the Z - — 

device in terms of the current it / 
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draws and the emf provided by the 
power line: 

Substitute numerical values to 
obtain: 

( b ) Use the relationship between the 
average power supplied to the 
device and the rms current it draws 
to find R\ 


Express the impedance of a series 
RLC circuit: 


Solve for X L - X c : 


120V 

10 A 


12.00 


= iLr 

and 

R _P m _ 720W 

iL (io a) 2 


7.200 


Z = ^R 2 +(X L -X c f 
or 

Z , =R t +(X L -X c J 


x = x, - x, = Vz 2 -,r ! 


Substitute numerical values and 
evaluate X: 


X = ^/(l20) 2 -(7.20) 2 


9.600 


(c) 


If the current leads the emf, the reactance is capacitive. 


*88 •• 

Picture the Problem We can use the fact that when the current is a maximum, 

X/ = X c , to find the inductance of the circuit. In (/;), we can find /max from £ max and the 
impedance of the circuit at resonance. 


(a) Relate X L and X c at resonance: 


X L = X c or (OqL = 


(OqC 


Solve for L to obtain: 


L = 


1 



Substitute numerical values and evaluate L\ 


(b ) Noting that, at resonance, 
X=0, express / max in terms of the 
applied emf and the impedance of 
the circuit at resonance: 


L = 


max 


1 

(5000 s‘) 2 (lO//F) 

_ _ 10 V _ 

Z 1000 


4.00 mH 


0.100A 
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89 •• 

Picture the Problem We can use Ohm’s law to express the current through the resistor 
as a function of time. Because the resistor and capacitor are in parallel they have the same 
potential difference across them ... the emf of the source. We can relate the charge on 
the capacitor as a function of time to its capacitance and the potential difference across it 
and differentiate this expression with respect to time to express Ic(t). We can then apply 
Kirchhoffs junction rule to express the total current drawn from the source. Using the 
results of (a) and ( b ) we can show that / = I R + I c = / max cos {cat + S), where tan S= R/X c 
and / max = fmax/Z with Z 2 = R 2 + Xc 1 . 


(a) Apply Ohm’s law to obtain: 


(b ) Express the potential difference 
across the capacitor in terms of the 
instantaneous charge on the 
capacitor: 

Differentiate q(t) to express the 
current to the capacitor: 


/ (A - g,nax costar 

rK> R R 


R _ 

VM = ^or q{t) = CV c (t) 


/c (,)=ML c±(rM 

cW dt dr cy ” 

= C-(£ max COS rut) 

dt 

= ~coC£ mm sin cot 


Use the definition of X (: and the 

trigonometric identity 

cos(a + 90°) = - sin a to obtain: 



X- 


cos(<yf + 90°) 


(c) Apply Kirchhoffs junction rule 
to obtain: 


1 = 


Ir +I c 

^■ cos cot + cos {(Ot + 90°) 

R X c 

^~ max cos (ot - ^~ max sin cat 
R X c 


We know that the current is also 
expressible in the form: 


/ = / maxCOs(ntf + £) 
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Expand this expression, using the 
formula for the cosine of the sum of 
two angles, to obtain: 

Equate these expressions and 
rewrite the resulting equation to 
obtain: 


/ = cos cot cos 8 - / v sin cot sin 8 

lllaX 11 la A 


R 


■ - cos 8 


cos cot 


V^C 


- sin 8 


= 0 


7 


Express the conditions that must be 
satisfied if this equation is to be true 
for all values of t\ 


^max COS 8 = 0 

and 

sin <? = 0 

A c 


Rewrite these equations as: 


Divide equation (1) by equation (2) 
and simplify to obtain: 

Square equations (1) and (2) and 
add to obtain: 


Anax sin (7 = 




and 

AnaxCOS 8 = ^ 


( 1 ) 

( 2 ) 


tan. 8 = 


R 

AC 


I ,L sin 2 £ + / 2 ax cos 2 8 


/ max( sin 2 ^ +COS 2 


= r = 

max 


— 

- 


v^cy 

1 1 

■ + 


7? 


V X 2 R* 


or 


f 

I _ max 


where Z 2 = 


Afy 2 + /? 2 


*90 •• 

Picture the Problem Because we’ll need to use it repeatedly in solving this problem, 
we’ll begin by using complex numbers to derive an expression for the impedance Z p of 
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the parallel combination of C with L and R L in series. The total impedance of the circuit is 
then Z = R + Z p . We can apply Kirchhoff s loop rule to obtain expressions for the 
voltages across the load resistor with S either open or closed. 


Use complex numbers to relate Z p to 
Rl, X l , and X c : 


Multiple the numerator and 
denominator of this fraction by the 
complex conjugate of 
R L + i(X L -X c ): 


Simplify to obtain: 


1 _ 1 1 

Z p ~ i*c Rl + iX L 

RM2Lzlc) 

X c X L -iR L X c 

or 

z x c x L -m L x c 

’ R L +i(X L -X c ) 

z x c x L -m L x c R L -i(x L -x c ) 

’ R,*i(X L -X r ) R,-i(X, -X c ) 


. v^xl 
’ Rl+(x L -x c y 
_ j xM±x 1 \x ±z xJ\ 

Rl+(X L -X c f 


( 1 ) 


(a) S is closed . Because L is X L =0 

shorted: 


Evaluate X c : 


Substitute numerical values in 
equation (1) and evaluate Z p , Z, |Z| 

and 5: 


In Problem 29-77 we showed that 
for a parallel combination of a 
resistor and capacitor, the phase 
angle c>is given by: 


2nfC 2^-(l0s^)(8//F) 
= 1.99kQ 


Z p = 30 Q-/(0.452 Q), 

z = 40 n- /( 0.452 n), 

and 

|Z| = a /(40Q) 2 +(0.452 Q) 2 


40.0Q 


8 = tan 


-1 


f R X 


\ X c J 
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Substitute numerical values and 
evaluate 8: 


(b) S is open; i.e., the inductor is 
in the circuit . Find X L : 


8 = tan 1 


40 Q 


V -0.452Q j 


-89.4 C 


No phasor diagram is shown because it is 
impossible to represent it to scale. 

X L =coL = 27zfL = 27r{[0s ^)(0.15H) 
= 9.42Q 


Substitute numerical values in 
equation (1) and evaluate Z p , Z, |Z| 

and 8: 


The phasor diagram for this case is 
shown to the right. 


(c) S is closed. Apply Kirchhoff s 
loop rule to a loop including the 
source, R, and R L : 

Solve for V R : 


Z p = 30.3Q + /(9.01Q), 

Z = 40.3Q + i(9.01Q), 

|Z| = A /(40.3Q) 2 +(9.01Q) 2 


41.3Q 


and 


8 = tan 1 




= tan 


9TUO^ 

v 40.3Q y 


12 . 6 ° 



£-IR-V Rl =0 


V Ri = £ — IR 


Express the current / in the circuit: 


I = 


£ 

Z 


Substitute and simplify to obtain: 


V„ =£- — = 


\ Z \j 


^„,ax cosfrn/ - A) 


From (a) we have: 


Z p =30Q-/(0.452Q), 
z = 40 n-1(0.452 n), 
|Z| = 40.0 Q, and 






Alternating-Current Circuits 779 


Substitute numerical values to 
obtain: 


8 = tan 1 


-0.452 


40 


= -0.647° * 0° 


J 


v R ,= 


ion 


(l00V)cos[(20s 


40 Q 

. y 

(75V)cos[(20s -1 )^ 


S is open . Apply Kirchhoff s loop 
rule to a loop including the source, 
R, L, and R L when S is open: 

Solve for V„ : 

K L 

Express the current / in the circuit: 


Substitute to obtain: 


Substitute numerical values and 
evaluate Z p and Z: 


£ -IR- IX L - V Rl =0 


V Ri =S-IR-IX l =S-I{R+X l ) 


1 = 


£_ 

z 


v Rr = 


\ R + x 2 


V 


^maxCOS (at-8) 


) 


Z p = 30.3Q + /(9.0 in), 
Z = 40.30 + z(9.010), 
Izl = 41 .3 n, 


and 


8 = tan 1 




R + R 


L J 


= tan 


9.420 ^ 

v 40.3O y 


= 13.2° 


Substitute numerical values and evaluate 
V„_ : 


v R = 


'100+9.420^ 


j 


41.3Q 

X (l 00 V)cos[(20 s 1 -13.2°] 

(53.0 V)cos[(20s 1 — 13.2° 


(cl) Find X L and X c when 
/= 1000 Hz: 


X L = 2;r(l000s“ 1 )(0.15H) = 942O 
and 

X c = —- { — X7 -- = 19.90 

c 241000 s ' )(8 //F) 
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S is closed. Xj. = 0, and Z n simplifies 

7 _ RlX 2 c , R 2 l x c 

to: 

p r 2 l +x 2 c r 2 l +x 2 

Substitute numerical values in 

Z p =9.170-/(13.80), 

equation (1) and evaluate Z p , Z, Z|, 

Z = 19.170-/(13.80), 

and 8: 

Z =A /(l9.170) 2 +(l3.80) 2 = 
and 

P_ tan T-i^oT _ 35 . 7 o 


23.60 


19.170 


A phasor diagram for this circuit is 
shown to the right, 


S is open . Substitute numerical 
values in equation (1) and evaluate 
Z p , Z, Izl , and 8: 



Z p =0.01400-/(20.30), 

Z = 10.00-/(20.30), 

|z| = V(l 0.0 0) 2 +(20.3 o) 2 = 


and 


22.60 


Find the total impedance, its 
magnitude, and phase angle for the 
circuit: 


The phasor diagram is shown to the 
right. 


Z = 10.00-/(20.40), 

Z = 7(l0.00) 2 +(20.40) 2 = 
and 

8 = tan -1 


22.70 


^- 20 . 40 ^ 


100 


-63.9° 


\ 


\z 

\ 


(e) 

The load voltage at the higher frequency is much more attenuated with S open, 
while opening S does not reduce the low frequency load voltage significantly. 
Therefore, S open is the better arrangement for a low - pass filter. 


• • 


91 
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Picture the Problem We can find the resonant frequency of any parallel ac circuit by 
setting the imaginary part of the reciprocal of the impedance equal to zero. In ( b) we can 
use complex numbers to find the impedance of each branch of the circuit and then relate 
the common potential difference across each branch to its impedance and the current in 
the resistors. 

(a) Express the reciprocal of the _J_ _ 1 _!_ 1 

impedance of the circuit: Z R l — iX c R 2 + iX L 

Rewrite this expression with a 1 _ (^i + R 2 ) + i(X f — X c ) 

common denominator and simplify Z {R x R 2 + X C X L ) + i{R x X L — R 2 X C ) 

to obtain: 

Multiply this expression by 1 in the form of the complex conjugate of the denominator 
divided by itself and simplify (separate the real part of the expression from the imaginary 
part) to obtain: 

1 ( R, +r ! ){r,r 2 +x c x l )+(x 1 -x c )(r 2 x l -r,x c ) 

Z (R 2 R 2 +X c X L f+(R,X L -R 2 Xj 

, .■ X - x^Yar, + X c X l )-(R, + R^X, - R,X C ) 

{R l R 1 + X c X L f+(R,X L -R 2 X c f 


Set the imaginary part of 1/Z equal to zero to obtain: 

(X L -X c )(R t R 2 +X c X l )-(R l +R 2 )(R,X l -R 2 X c ) = 0 


Substitute numerical values for R i 
and R 2 (suppress the units to save 
space and make the resulting 
equation more readable) to obtain: 


co 0 L - 


1 

c 


coJZ 


'X A 


-6 


2 co 0 L - 


(OqC j 


= 0 


Simplify this equation by clearing 
the fractions and combining like 
terms to obtain: 

Solve for a \y 


(SLC 2 +L 2 C-\2LC 2 )co; =L-\6C 


A = 


L - 16C 


8 ZC + L C -12LC 


Substitute numerical values for L 
and C and evaluate ox;. 


A = 


1.15x10 2 


1.64 x 10 3 rad/s 

4.28x1 O’ 9 
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(b ) Express the currents in each 
branch at resonance: 

Evaluate Z Cjres and Z c res : 


Substitute to obtain: 


Evaluate Z Lties and |Z A _ res 


Substitute to obtain: 


Express and evaluate the rms 
current supplied by the source: 


I r = ~~ 7 and I, = t-^-t 

ZJ ZJ 


Zc ’ res 2Q / (l .64x1 O’ s 1 )(30 x 10 6 F) 
= 20-/(20.30), 

|Z C J = 7(2 O) 2 +(20.3 O) 2 = 20.40, 


40 V 


1 C,rms 


x/2(20.4Q) 


1.39 A 


and 


S c = tan 


^-20.3O A 

20 


-84.4 C 


z i,res = 4 O + z (l .64 x 10 V 1 )(l 2 x 10~ 3 h) 
= 40 + z(l 9 . 70 ), 

ZJ = V(4fiMi9.7n) ; = 20. in, 


/ 


40V 


Z,rms 


S ( 20 . 10 ) 


1.41 A 


and 


S L = tan 1 


' 19 . 70 ^ 
40 


78.5° 


4ns = 4,rms COS + / f , rms COS 

= (l.41 A)cos78.5° 

+ (l.39 A)cos(- 84.4°) 


= 0.417 A 


92 •• 

Picture the Problem We can use its definition to express Q in terms of coq and A a>. By 
expressing the current drawn from the source we can obtain an expression for the energy 
stored in the system each cycle and then use this result to establish the relationship 
between co, R, L, and C when the energy stored per cycle is at half-maximum. Finally, we 
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can solve the resulting equation for the values of co that will allow us to determine A ox 


The definition of Q is: 


Express the resonance frequency of 
the circuit: 

Substitute to obtain: 


Express the current to the capacitor: 


Express the current in the inductor: 


Express the current in the resistor: 


Express the total current drawn from 
the source: 


At resonance, the reactive term is 
zero and the total current is the 
current in the resistor: 


Ary 

where Ary is the width of the resonance at 
half maximum. 


®o 


1 

VZc 


2 = 


l 

VZCAry 


( 1 ) 


V 

I c = -= ooCV 

with I c leading Cby 90°. 

X L coL 

with A lagging Cby 90°. 


V_ 

R 


with I R in phase with V. 


1 = 


V_ 

z 


= v 


'0 

2 

— coC} 

2 

+ 


[rj 


v oxL ) 



v_ 

R 



n 

k coL 


V 

6OC 

J 


v_ 

R 


Substitute to obtain: 


Express the total energy stored in 
the circuit per cycle: 


1 = 



k coL 


v 2 

coC 

J 


u„ 


QL 

2 C 



784 Chapter 29 


Relate the maximum value of the 
current to the maximum value of the 
charge: 

Substitute to obtain: 


At resonance we have: 


At half Ctot^res* 


where Q<, is the maximum charge on the 
capacitor. 

4ax = V ( Qo 


t T _ max 

U tot — 


1 V 


2 0 ) 2 C lore R 2 

1 ll 


2 a>C 


1 + R- 


coL 


-coC 


U„ 


2 core 


-u = 0 

2 tot ’ res 4 (o 2 C 

1 


2 0) 2 C 


f 


1 + 7?' 


1 


A 


- coC 

\coL 


or 

1 


1 


2 / 
1 + 7? 2 


— -o)C^ 
\a>L j 



{coC — 



(coC —— 

Solve for 7? 

to obtain: 

7? 


\ coL j 



y coL J 


( 2 ) 


Rewrite equation (2) explicitly as a RLCco 2 ± Leo — R = 0 

quadratic equation: 


Letting + denote the roots with a 
positive coefficient of co and - the 
roots with a negative coefficient, 
solve this equation for (o and 0 ) 


a> + 


2RC 


If 1 ^ 

y y27?C y 


1 

H- 

LC 


and 

co = 


2RC 


fjJi 

\{2RCj 


1 

H- 

LC 
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Express Aco: A 1 

F A co = CO+-CO =- 

‘ RC 


Substitute in equation (1) to obtain: 


0 = 


RC 

Jlc 



93 •• 

Picture the Problem We can use the expression for the resonance frequency derived by 
equating the capacitive and inductive reactances at resonance to express coo in terms of L 
and C. In ( b ) we can use the result derived in Problem 92 to find R from Q, L, and C. 


(a) Express the resonance frequency 
a>o in terms of L and C: 


(D 0 


1 

VZc 


Solve for C to obtain: 


C = 


1 

cO qL 


1 

4 n 2 f 2 L 


Substitute numerical values and 
evaluate C: 


4^- 2 (4xl0 3 s') 2 (4mH) 
0.396 //F 


(b ) From Problem 92 we have: 



Solve for R to obtain: 



R = 


8 


4mH 


Substitute numerical values and 
evaluate R: 


0.396 /jF 


804 Q 
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94 •• 

Picture the Problem We can use the expression for the resonance frequency derived by 
equating the capacitive and inductive reactances at resonance to express coa in terms of L 
and C. We can use the result derived in Problem 92 to find the 0-value resulting from 
halving the capacitance and to find the resistance necessary to give 0=8. 


Express the resonance frequency coq 
in terms of L and C: 

Substitute numerical values and 
evaluate /o: 


From Problem 92 we have: 


Letting C'represent the halved 
capacitance, express 0': 

Divide 0' by 0 and simplify to 
obtain: 


Because C’=jC: 


a ° VZc or/ “ 2WZc 

f = _ * 

m H) (0.396 //F) 

= 5.66 kHz 


Q - R f L 



Solve equation (1) for R to obtain: 



Substitute numerical values and 
evaluate R: 


R = 8 


4mH 


r (0.396 juF) 


1.14kD 


95 •• 

Picture the Problem We can use its definition to find the resonance frequency of this 
series RLC circuit and the fact that, at resonance, Z = R, to find the resonance current. 
Because, at resonance V L = V c , we can find the voltage across either element from the 
product of the current and its reactance. In (c) we can use the definition of the 0 factor to 
find the angular frequency corresponding to f = f 0 +jAf and then use this result to 
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find X L , X c , and Z at this frequency. Finally, we can use these values for X L , X c , and Z to 
find the rms current and the rms voltages across the inductor and capacitor. 


(a) Express the resonance frequency 
/o in terms of L and C: 




Substitute numerical values and 
evaluate fp. 


fo = 


1 

2^7(36 m H)(4nF) 


13.26 kHz 


(. b ) At resonance, Z = R and: 



20 V 
100Q 


200 mA 


Express and evaluate the equal (at 
resonance) rms voltages across the 
capacitor and the inductor: 


V c =V L =IX L =a> 0 IL = 27f 0 IL 
= 2^r(l3.26kHz)(0.2 A)(36mH) 
= 1 600 V I 


(c) Express the rms current in the 
circuit and the rms voltages across 
the inductor and capacitor: 

Express the Q factor for an RLC 
circuit: 


I = j,V L =IX L , and V c = IX c 

Q _ „ V0 _ fp 

^ ~ R ~ Aco~ Af 


Solve for Af. 


co 0 L 


Express /: 


Substitute numerical values and 
evaluate / and a>: 


Calculate X L and X c at 
84.7 krad/s: 


/ = /»+T^7/»=/. 
2 co 0 L 


1 + - 


R 


2 6) q L j 


/ = ( 13.26 kHz) 


1 + - 


100Q 


4^(13.26 kHz)(36mH) 
= 13.48 kHz 


) 


and 

<'0 = 27$ = 2^-(l3.48kHz) = 84.7krad/s 


X L = coL = (84.7 krad/s) (3 6 mH) 
= 3.05 kQ 
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Now we can find Z: 


Substitute numerical values and 
evaluate I, Vl, and V (: \ 


and 

X, 1 1 

c coC (84.7krad/s)(4nF) 

= 2.95 kO 

z = ^r 2 +(x l -x c ) 2 

= 7(100 O) 2 + (3.05 kO - 2.95 kO) 2 
= 141Q 


1 = 


20V 

141Q 


142 mA 


V L =(l42mA)(3.05kQ) = 
and 

V c =(l42mA)(2.95kQ) = 


433V 


419V 


96 ••• 

Picture the Problem We can use complex numbers to find the impedance in the 
branches of the given circuit. We can then use Kirchhoff s loop rule to find the currents 
in the branches and a current phasor diagram to find the total current and its phase 
relative to the applied voltage. 


(a) Use complex numbers to find 
Z u I Z L I, and S L : 


Z L — 7?2 "t" iXj — 400 + z(30O), 

I z l \ = ,]r 2 2 +x 2 l 

= a /(40Q) 2 +(30Q) 2 =1 50.00 


and 


S, = tan 


-1 




v R 


= tan 1 


^30O a 

400 


36.9° 


Use complex numbers to find Z c , 
I Z c I, and S c : 


Z c = + iX c =100- i (lOO), 

\z c \ = Jr?+x 2 c 

= a /(ioo ) 2 +(ioo ) 2 


14.10 


and 


S c = tan 




V R 


= tan 1 


A -10O A 

lOO 


-45.0° 





























(. b ) Apply Kirchhoff s loop rule to 
the source and the inductive branch 
to obtain: 
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V-I l X l = 0 
or 

_ F _ 110V 

L ~ Z L ~ 50Q 

= 2.20 A lagging the voltage by 36.9° 


Apply Kirchhoff s loop rule to the 

v - i c x c 

= 0 


source and the capacitive branch to 

or 




obtain: 

T — 

V 

110V 


1 c 

z c ~ 

14.IQ 


= 

7.80 A leading the voltage by 45.0° 

(c) The current phasor diagram is 




X 

shown to the right. 




/ \ r 










\ 

\ 

\ 




h 

Express the total current in terms 

of its horizontal and vertical 

7 = v 

and 

1 1 2 +/ 2 

hor vert 


components: 

f 




8 = tan 1 

x vert 





7 hor ) 



Find the horizontal component / hor / hoT - — 7 c cos + ^/. cos 

ofthe total current: = (7.80A)cos45° + (2.20A)cos36.9° 

= 7.27 A 


Find the vertical component 7 vert of 
the total current: 


7 vert = 7 c s i n S c -1 L sin S, 

= (7.80A)sin45 o -(2.20A)sin36.9° 
= 4.19 A 


/ = V(4.19A) 2 + (7.27A) 2 


8.39A 


and 

8 = tan 


4.19A ^ 

[t^TaJ 


30.0° 


Substitute numerical values and 
evaluate / and 8: 


-i 
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Remarks: The total current leads the applied voltage by 30.0°. 

*97 ... 

Picture the Problem We can manipulate Equation 29-47 into a form that has the ratio of 
L to R in it and then use the definition of Q to eliminate L and R. In (b) we can 
approximate CO 2 - a>l , near resonance, as 2co t] Aco and substitute in the result from (a) to 

obtain the desired result. 


(a) From Equation 29-47: 


tanS = 


coL-l/coC _ go 2 L-\jC 


R 


R coR 


coR 


l{oo 2 - 1 /Lc) _ l{co 2 - a>l ) 


coR coR 


coR 


Express Q in terms of a>o, L and R: 



R 


Solve for L/R to obtain: 


R co 0 


Substitute to obtain: 



( 1 ) 


(b) Near resonance: 


CO 1 -col = (co + co 0 )(co - co 0 ) 
~ 2co a Aco 


Substitute in equation (1) to obtain: ^ Q(2co 0 Aco) 2 Q[po -co 0 ) 


ooco 0 


co 


(c) A following graph of 5 as a function of x= co/coq was plotted using a spreadsheet 
program. The solid curve is for a high-(9 circuit and the dashed curve is for a low -Q 
circuit. 
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Picture the Problem We can rewrite Equation 29-45 in terms of the current and then 
differentiate Equation 29-46. Substituting for I, dl/dt, X L , and X c will allow us to use the 
trigonometric identities for the sine and cosine of the sum of two angles to rewrite the 
equation in such a form that we can equate the coefficients of sin cot and cos cot to obtain 
Equation 29-47 and an equation that is satisfied provided Z is given by Equation 29-49. 


Rewrite Equation 29-45 in terms of 
the current: 

Equation 29-46 is: 


L — + R1 + — [ Idt = £■ cos cot 
dt C J 

/ = / maxCOs(ntf-£) 


Differentiate Equation 29-50 with 
respect to time to obtain: 

Evaluate Idt : 


Substitute to obtain: 


dl 

dt 


-<naxSin {(ot-5) 


J Idt = / max | cos(Vu/ -S)dt 
= ^sin (at-8) 

CO 

L (-0Jl max sin (rut - e>)) 

+ ^4axCOS (cot-S) 

+ ^ f—sin (cut - ^)] = <? max cos cot 
C\ co ) 
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Divide through by 7 max to obtain: 


L{- cosm(cot - c>)) 

+ i?cos(<yt - £>) 

' \ . i S„ 

— sin(ft>i -o) 


1 

H- 

c 


yco 


- cos cot 


Use the definitions ofX L , X c , and Z 
to obtain: 


■ X L sin(ft>i - t>) + Rcos(cot -8) 
+ X c sin(ft>t - S) = Z cos cot 


Use the trigonometric identities for sin (a + /?)and cos(a + fi ) to obtain: 

- X L (sin cot cos 8 - cos cot sin 8) + R( cos cot cos 8 + sin cot sin 8 ) 

+ X c (sin cot cos 8 - cos cot sin S) = Z cos cot 

Collect the terms in sinfttf and cos cot: 

(- X L cos 8 + R sin 8 + X c cos c>)sin cot 

+ (i? cos 8 - X c sin 8 + X L sin <7)cos cot = Z cos cot 


Equate the coefficients of sin cot and 
coswt to obtain: 


- X L cos 8 + R sin 8 + X c cos 8 = 0 
and 

R cos 8 - X c sin 8 + X L sin 8 = Z 


Solve the first of these equations for 
tan<5i 


f „ X L -X C 
tan 8 = 


R 


Equation 29-47 


Rewrite the second equation as: 


R - X c tan 8 + X L tan 8 = 


or 


(X L -X c )tan 8 + R = 


cos 8 


cos 8 


Simplify this equation to obtain Equation ^ _ I R 2 + (x _ ^ ) 2 
29-49: ^---— 


99 ••• 

Picture the Problem In (a) we can apply Kirchhoff s loop rule to obtain the 2 nd order 
differential equation relating the charge on the capacitor to the time. In ( b ) we’ll assume a 
solution of the form Q = Q nmx cos cot , differentiate it twice, and substitute for d 2 Q/dt 2 

and Q to show that the assumed solution satisfies the DE provided 
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£ 

Qmax = - T ——n • l n ( c ) we’ll use our results from (a) and (b) to establish the for 

L\co~ - cOq) 

/ m ax given in the problem statement. 


(a) Apply Kirchhoff s loop rule to 
obtain: 


e-S-L*. o 


c 


dt 


Substitute for s and rearrange the 
differential equation to obtain: 


L — + — = <7 x cos cot 
dt C max 


Because / = dQ/dt : 


T d 2 Q Q „ 

L —=- + — = £ cos cot 
dr C max 


( b ) Assume that the solution is: 

Differentiate the assumed solution 
twice to obtain: 


Substitute in the differential 
equation to obtain: 


Factor coscot from the left-hand side 
of the equation: 


If this equation is to hold for all 
values of t it must be true that: 


Q = Q mm cosoot 


dQ 

dt 

and 

d 2 Q 

dt 2 


ooQ nmx sin cot 

cos cot 


, 0 

- co~LQ max cos cot + cos cot 


~ ^max COS (Dt 


0)2 + 


f o \ 

2 t O _)_ ^max 
max 

V v. j 


cos cot 


c 

= cos cot 


-<o 1 LQ nm + ^ = e n 


or 


l 2 ma\ 


-max 1 

,2 r 1 


— co L + 


c 


Factor L from the denominator and 
substitute for 1 !LC to obtain: 


max 


f 


L 


— co~ + 


V 


LC 


l[go 2 - cop ) 
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(c) From (a) and ( b ) we have: 


If co> co 0 ,X L >X c and the current 
lags the voltage by 90°. Therefore: 

If co< coq,X l < X c and the current 
leads the voltage by 90°. Therefore: 


/= f 

l{co 2 - col ) 

= 4axSin^ 
where 


sin cot 


sin cot 


I .= 


ooG, 


max 


L\co — co. 


L 


o | — 

CO 


CO -co. 


coL- 


coC 


\X L -X L 


I = sin cot = 


/m»cos(fi#-90°) 


I = sin cot = 


7maxCOs(fflf + 90°) 


100 — 

Picture the Problem We can use the condition determining the half-power points to 
obtain a quadratic equation that we can solve for the frequencies corresponding to the 
half-power points. Expanding these solutions binomially will lead us to the result that Aco 
= ah ~co\ ~ R/L. We can then use the definition of Q to complete the proof that Q « a>o 
/A co. 


Equation 29-58 is: 


The half-power points will occur 
when the denominator is twice the 
value near resonance, that is, when: 


Let co\ and oo be the solutions of 
this equation. Then: 


R., = 




L 2 {co 2 -tofy + co z R 


2 r>2 


L 2 (ai -coo 2 ) 2 = a?R 2 « cofR 2 
or 


fL 

[r 


(co~ — co 0 ) = CO, 


0 



C0 n 



co: 

















Solve these equations for <x>\ and oh 
to obtain: 
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Expand these solutions binomially 
to obtain: 


For R «X L (a condition that holds 
for a sharply peaked resonance): 


From the definition of Q : 


co x = co 0 


' it'* 


and 


v 


R 


.1/2 


1 + 

V L j 


co x = co 0 


1 — 


and 


®2 


7? 


2o) 0 L 


+ higher order terms 


R 


1 -l-b higher order terms 


2 co 0 L 


1 — 


7? 


2 (o 0 L j 


1 + 


7? 


2co 0 L j 


and 

a R 

A co = o>t -co, « —. 

1 Z 


R _ co 0 

L~~Q 


Substitute to obtain: 


A ®o 

A cd~ u 


Q 


Solve for Q : 


0* 


A co 


101 — 

Picture the Problem We’ll differentiate Q = Q 0 e~ R '^ 2L cos co't twice and substitute this 

function and both its derivatives in the differential equation of the circuit. Rewriting the 
resulting equation in the form Acos co’t + Bsinn/t = 0 will reveal that B vanishes. 

Requiring that Acos co't = 0 hold for all values of t will lead to co'= tJ(\/LC)- (R/2L) 2 . 


d 2 Q 

dt 2 


+ 0- + R 
C 


dQ 

dt 


= 0 


Equation 29-Alb is: 
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Assume a solution of the form: 
Differentiate Q(t) twice to obtain: 

dQ 

and 

d2Q =Q„e-“ l2L 


Q = Q 0 e~ Rt/2L cos co't 


— = -Q 0 e R ‘ l2L [co' sin a>'t+ — cos co’t 
dt ° L 2 L 


dt z 


( n2 \ 

-A- o' 2 

v4 L 2 y 


, . , 

cos co t-\ -sin cot 

L 


Substitute these derivatives in the differential equation and simplify to obtain: 

0, 


LQ 0 e- R,/2L 


f r2 

-co' 2 ) 

. Rco' . , 

cos co t+ -sin co t 

IW 

0 

L 


+ — e R,/2L cos o't 
C 

- RQ 0 e Rt/2L [co' sin co't-\ -cos co't 

2 L 


= 0 


or 


L 


f zp2 A 

y— (o' 2 
y 4I- y 


, Rco' . , 

cos cot+ -sin co t 

L 


+—cos co't -R\co' sin co't+ —cos co't 
C 1 2 L 


Rewrite this equation in the form Acosa/t + BsitW/ = 0: 


(Rco' - Rco')sinco't + 



( R 2 

l2 ) 

1 

R 2 

L 


-co 

H- 

— 


14 L 2 

0 

c 

2 L 


cos co't = 0 


or 


f Rl 


Leo' 2 


1 

H- 

c 


R 2 ^ 

2L o 


cos co't = 0 


If this equation is to hold for all 
values of t, its coefficient must 
vanish: 


RL_ 

4L 


Leo' 2 + — 
C 


Rr_ 

2L 


= 0 


Solve for at: 


co = 



the condition that must be satisfied if 
Q = Qo e R ' ,1L cos the solution to 

Equation 29-476. 
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*102 ••• 

Picture the Problem We can use L = jU 0 n 2 A£ to determine the inductance of the empty 

solenoid and the resonance condition to find the capacitance of the sample-free circuit 
when the resonance frequency of the circuit is 6.0000 MHz. By expressing L as a 
function of f 0 and then evaluating dfJdL and approximating the derivative with Af 0 /AL , 
we can evaluate x from its definition. 

(a) Express the inductance of an air-core L = ju 0 n 2 A£ 
solenoid: 

Substitute numerical values and evaluate L: 

„ f A AA V _ 

V v,.w-rmy -r 


L = (4^x10^ 7 N/A 2 ) 


A A/1 m 


- (0.003 m) 2 (0.04 m)= 35.5 juR 


(b ) Express the condition for 

resonance in the LC circuit: 

or 

2/f ( L = 1 

2 4oC 

Solve for C to obtain: 

C= l 

47t 2 f 2 L 

Substitute numerical values and 

evaluate C: 

c - ' 

4^- 2 (6MHz)(35.5//H) 

(c) Express the sample’s 
susceptibility in terms ofL and AL: 

AL 

X = ~L 

Solve equation (1) for f 0 : 

f= 1 

0 2 n^LC 

Differentiate fo with respect to L: 

dfo_ 1 d y 2 _ 

dL 2nJC dL 4 


( 1 ) 


119//F 


( 2 ) 


: L ' 3 ' 2 


1 _ fo 

4ttLJlC 2 L 


A L 2 L f 0 2 L 


Approximate dfoldL by Af/AL: 
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Substitute in equation (2) to obtain: 


Z = -2 


4/o 


fo 


Substitute numerical values and 
evaluate 



5.9989 MHz-6.0000 MHz 
6.0000 MHz 0 


\ 

) 


3.67x10 4 


103 ••• 

Picture the Problem We can find the angular frequency a> for the circuit in Problem 91 
such that the magnitudes of the reactances of the two parallel branches are equal by 
equating the reactances in the two branches. We can use P = \ I R = (£/Z)~(R/2), 
where Z is, in turn, Z L and Z c , to find the power dissipated in each resistor. 


(a) When the reactances of the 
parallel branches are equal: 


X, 


= X c and co = 


1 

4lc 


Substitute numerical values to 
obtain: 


1 

7(l2mH)(30//F) 


1.67krad/s 


(b) Express the power dissipation in 
a resistor in an ac circuit: 

Find Z/ and IzJ at 1.67 krad/s: 


Find Z c and Z c at 1.67 krad/s: 


P = \ I R = \ 




R 


Z L = +icoL 

= 4Q + /(l.67krad/s)(l2mH) 

= 4n+/(20.on) 

and 

\Z L \ = 7(4Q) 2 +(20Q) 2 = 20.4 Q 


20 1 (l. 67 krad/s) (30 //F) 

= 2Q-z(20.0Q) 
and 

|Z c | = a /( 2Q) 2 +(20.0Q) 2 =20. in 
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Evaluate the power dissipated in R\ 
and Rf. 


p-l 
1 2 


r „ \ 


7 

v^c; 


R,=- 


40 V 
v 20.1Q y 


( 20 ) 


3.96 W 


and 


f „ \ 


P 2 =- 
2 2 


7 


=- 

2 2 


40 V 
20.4 Q 


( 40 ) 


7.69 W 


104 ••• 

Picture the Problem We can equate the power dissipated in the two resistors to obtain a 
relationship between the currents in and the resistances of the two branches. Expressing 
the currents in terms of the impedances of the two branches and the common potential 
difference across them will lead us to an equation that is quadratic in of that we can solve 
for co. In ( b ) we can use complex numbers to find the reactances of each of the two 
parallel branches and then use these results to draw the phasor diagram of (c). We can use 
the results of ( b ) to find the impedance of the circuit in (<7). 


(a) Express the condition under 
which the power dissipation in the 
two resistors is the same: 

Express the ratio of the squares of 
the currents in the two resistors: 


Equate these expressions to obtain: 





*2 

*1 



R 2 Z] _ R\ + X] 
R x Z] : Rf + X 2 C 


or 



+ xD=Ri+Xl 


Substitute for X L , X c , and the ratio of 
R 2 to R\ to obtain: 


4Q 2 +- 


V 


2^2 


co z C 


= 16Q 2 + co 2 L 2 


or 


8Q 2 -I—r—^ = 16Q 2 + co 2 1} 
cd 2 C 2 
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Combine like terms and clear 
fractions to obtain: 

Substitute numerical values to 
obtain: 

Use the ''solver'' capability of your 
calculator to solve for of: 

( b) Express and evaluate Z c , | Z c |, 
and S ( : 


Express and evaluate Z L , | Z L |, and 
S L : 


( c ) The applied voltage and the 
currents in the two branches are 
shown on the phasor diagram to the 
right. 


Z 2 CV+(8Q 2 )cV-2 = 0 










(i d) Express the impedance of the 
circuit and simplify to obtain: 
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Multiply Z by 1 in the form of the 
complex conjugate of 
60 + /(6.70Q) divided by itself and 
simplify to obtain: 


Find the magnitude of the circuit’s 
impedance and the phase angle for 
the circuit: 


2 — 

_ [40 + /(23.60)][20-/(l6.90)] 
~ 40 + /(23.60) + 20-/(l6.90) 
_ 4070 2 -/(20.40 2 ) 

6O + /(6.70O) 


Z = 


407Q 2 -/(20.4Q 2 ) ^ 

6O + /(6.70O) j 

( 6Q-/(6.70q) "| 

* ^60-/(6.700) J 

_ 2.58x10 3 O 3 -/(2.85x1Q 3 O 3 ) 
~ 80.9O 2 

= 31.90-/(35.20) 


|Z| = 7(31.90) 2 +(35.20) 2 
and 

8 = tan -1 

R 


47.50 


= tan 


-i 


^-35.2Q a 

31.90 


-47.8 C 


The Transformer 


*105 • 

Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. We can use V 2 N X = V l N 2 and A'j /, = N 2 I 2 to find the turn ratio and the 
primary current when the transformer connections are reversed. 


(a) Relate the number of primary 
and secondary turns to the primary 
and secondary voltages: 

Solve for and evaluate the ratio 

N 2 /N 1 : 


V 2 N x =V x N 2 (1) 


N\ V x 


24 V 
120V 


J. 

5 


A = 


A, 

Ni 


h 


(b ) Relate the current in the primary 
to the current in the secondary and 
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to the turns ratio: 

Express the current in the prima 
winding in terms of the voltage 
across it and its impedance: 

Substitute to obtain: 

Substitute numerical values and 
evaluate I \: 

106 • 

Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. We can decide whether the transformer is a step-up or step-down transformer 
by examining the ratio of the number of turns in the secondary to the number of terms in 
the primary. We can relate the open-circuit voltage in the secondary to the primary 
voltage and the turns ratio. 


/ = *L 

2 ^2 


/, = 


/, = 


* 2.21 

n,z 2 


5 

viy 


120V 

v 12Q j 


50.0 A 


Because there are fewer turns in the secondary than in the primary 
it is a step - down transformer. 


(. b ) Relate the open-circuit voltage 
V 2 in the secondary to the voltage V\ 
in the primary: 

Substitute numerical values and 
evaluate V 2 : 


V 2 =^ Vl 

N, 


K=- 


400 


(120 V) = 


2.40V 


(c) Because there are no losses: 


v x h = v 2 i 2 


Solve for and evaluate I 2 : 


I =—I = 

2 F, ' 


120V 

2.40V 


(o. i a) = 


5.00A 


107 • 

Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. We can use I X V X = I 2 V 2 to find the current in the primary and V 2 N X = V\ V 2 to 

find the number of turns in the secondary. 

(a) Because we have 100 percent I X V X = I 2 V 2 

efficiency: 
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Solve for and evaluate If 



(20 A) 


9 V 

120V 


1.50 A 


( b ) Relate the number of primary C V, = V X N 2 

and secondary turns to the primary 
and secondary voltages: 

Solve for the ratio N 2 /N \: ft 

2 ~V X 1 


Substitute numerical values and 
evaluate N 2 !N \: 


N 2 = 


9 V 

120V 


(250) = 18.8 « 



108 • 

Picture the Problem We can relate the input and output voltages to the number of turns 
in the primary and secondary using V 2 V, = V X N 2 . 


Relate the output voltages V 2 to the 
input voltage V\ and the number of 
turns in the primary V, and 
secondary N 2 : 

Solve for N 2 : 

Evaluate N 2 for V 2 = 2.5 V: 


Evaluate N 2 for V 2 = 7.5 V: 


Evaluate N 2 for V 2 = 9 V: 


N, 


v? 

n 2 =n,— 


N 2 =( 500) 


f 2.5 V^ 


120V 


10.4 


N 2 = ( 500 ) 


^ 7.5 V ^ 


120V 


31.3 


N 2 = ( 500 ) 


f 9 V A 
120V 


37.5 


109 • 

Picture the Problem We can relate the input and output voltages to the number of turns 
in the primary and secondary using V 2 N X = V X N 2 . 


Relate the output voltages V 2 to the 
input voltage V\ and the number of 
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turns in the primary N\ and 
secondary N 2 : 


Solve for Nu 



Substitute numerical values and 
evaluate N \: 


N t = (400) 



*110 •• 

Picture the Problem Note: In a simple circuit maximum power transfer from source to 
load requires that the load resistance equals the internal resistance of the source. We can 
use Ohm’s law and the relationship between the primary and secondary currents and the 
primary and secondary voltages and the turns ratio of the transformer to derive an 
expression for the turns ratio as a function of the effective resistance of the circuit and the 
resistance of the speaker(s). 

Express the effective loudspeaker „ _ V\ 

resistance at the primary of the I x 

transformer: 


Relate V\ to V 2 , Nu and N 2 : 



Express I\ in terms of I 2 , Ni, and N 2 : 



Substitute to obtain: 



Solve for N x /N 2 : 



( 1 ) 


Evaluate N\/N 2 for R eff = R int : 



Express the power delivered to the 
two speakers connected in parallel: 



( 2 ) 
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Find the equivalent resistance R sp of 
the two 8-Q speakers in parallel: 


Solve equation (1) for .R eff to obtain: 


Substitute numerical values and 
evaluate R c tf- 

Find the current drawn from the 
source: 

Substitute numerical values in 
equation (2) and evaluate the power 
delivered to the parallel speakers: 


1 _ 1 1 _ 2 
R 80 80 80 

s>p 


and 

^ SP =40 


1 

40 


^eff — ^2 


/ \2 


R e{{ =(40)(l5.8) 2 =9990 


/, = 


V 


12V 


1 R 20000 + 9990 


= 4.00 mA 


P,=(4mA) J (999n) = 


16.0 mW 


111 •• 

Picture the Problem We can substitute L = FVZ in Equation 29-62 to show that I\ = 
£'/[(/V|//V 2 ) 2 Z] and then use this result in Z e ff = sll\ to show that Z eff = (/V|//V 2 ) 2 Z. 


From Equation 29-62 we have: 


From Equation 29-61 we have: 


1 n/ 2 

or, because L = F 2 /Z, 
= N 1 _V 1 _ 

1 N 1 Z 


v 2 =^ Vl =^s 


N, 


N i 


Substitute to obtain: 


A = 


— ^£ 

N, Z 


z \ 2 


£_ 

Z 


£ 

{XjNjZ 


Z 


eff 


£ 

h 


Express the effective impedance Z eS of the 
speaker in terms of s and I\. 
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Substitute for I\ to obtain: 


7 = 

^ eft 


(N,/N 2 ) 2 Z 


(NJN.fZ 


General Problems 

112 • 

Picture the Problem We can use P av = <9 rnis / rms to find the rms current and 
/ max = V2/ ms to find the maximum current drawn by the dryer. 


(a) Express the average power 
delivered by the source in terms of 

^rms and /rms- 

Solve for and evaluate / ms : 


P = F I 

av rms rms 



5kW 
240 V 


20.8 A 


(b ) Relate the maximum current / max 
to the rms current 4™: 


2(20.8A) = 


29.5 A 


(c) Proceed as in (a) and ( b ) to 
obtain: 


^rms 


41.6 A 


and /„ 


59.0 A 


113 • 

Picture the Problem We can use its definition to find the reactance of the capacitor at 
the given frequencies. 


Express the reactance of a capacitor: 




1 _ 1 

~aC ~ 2nfC 


(a) Evaluate X c at/= 60 Hz: 




1 

2^(60 Hz)(l0//F) 


265Q 


(b ) Evaluate X c at/= 6 kHz: 




1 

2;r(6kHz)(lO //F) 


2.650 


(a) Evaluate X c at/= 6 MHz: 


X, 


_ 1 _ 

2;r(6MHz)(lO//F) 


2.65 mO 
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114 •• 

Picture the Problem We can use its definition, / ms = ^/(/ 2 ). iv to relate the rms current 
to the current carried by the resistor and find (i 2 ) av by integrating I 2 . 


(a) Express the rms current in terms of 

the ( /2 )av : 



Evaluate I 2 : 


1 2 = [(5A)sinl20;zt+ (7A)sin240;zf] 2 

= (25A 2 )sin 2 120;#+ (70A 2 )sinl20;ztsin240;zt + (49A 2 )sin 2 240;# 

Find ( 1 2 ) av by integrating 7 2 from t=0 to t = T= In!m and dividing by T: 


(/ 2 ) av = ^_£" A ' J {(25A 2 )sin 2 120;#+ (70 A 2 )sin 120;# sin 240;# 
+ (49A 2 )sin 2 240 nt)dt 


Use the trigonometric identity 
sin 2 x = ^(l - cos2x) to simplify 

and evaluate the 1 st and 3 ld integrals 
and recognize that the middle term is 
of the form sinxsin2x to obtain: 

Substitute to obtain: 


(/ 2 ) av =12.5 A 2 +0 + 24.5 A 2 =37.0 A 2 


V37.0A 2 


6.08 A 


(b ) Relate the power dissipated in the 
resistor to its resistance and the rms 
current in it: 

Substitute numerical values and 
evaluate P: 


p = J L R 


P = (6.08 A) 2 (l2Q) = 


444 W 


(c) Express the rms voltage across the C nTls = / rms R 

resistor in terms of R and / nns : 


Substitute numerical values and 
evaluate V nns : 


F„=(6.08A)(12£2) = 


73.0V 
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*115 •• 

Picture the Problem The average of any quantity over a time interval AT is the integral 
of the quantity over the interval divided by AT. We can use this definition to find both the 
average of the voltage squared, ( V 2 ) av and then use the definition of the rms voltage. 


(a) From the definition of K mis we 
have: 



Noting that - V 0 2 = V 0 2 , evaluate 


V„ 


v z = v = 

i y o r o 


12.0V 


(b) Noting that the voltage during V = V 0 

the second half of each cycle is now 

zero, express the voltage during the 

first half cycle of the time interval 

\AT: 


Express the square of the voltage 
during this half cycle: 

Calculate (v 2 ) av by integrating V 2 
from t = 0 to t = j AT and dividing 
by AT: 

Substitute to obtain: 


V 2 = V 2 


n.=U T ^<r--iK 


AT Jo 


AT 


V = J L V 2 = - 2 - = 

'rras M 2 r 0 nr 


K 12 V 


V2 V2 


8.49V 


116 •• 

Picture the Problem We can use the definitions of 7 ms and Kms to find the rm s value of 
the waveform and the average power delivered by the pulse generator. 

(a) From the definition of / rms we f - lir 2 ) 

rms v V /av 

have: 

Evaluate (/ 2 ) av over 1 s: / 2 \ _ (0.1s)/ 2 +(0.9s)(0) 

^ Is 

= ( ais )^ = ( 01 )( 15A ) 2 

Is 

= 22.5 A 2 
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Substitute to obtain: 

( b ) Express the average power 
delivered by the pulse generator in 
terms of / rms and V ms : 

From the definition of V ms we have: 


Evaluate (f 2 ) av 


over 1 s: 




4.74 A 


P =1 V 

av rms rms 


(y,\ (o.is)r J +(o.9s)(o) 

V h ls 

= Ml =( 0 . 1 )( 100V ) 2 

Is 

= 1000V 2 


Evaluate V ms : 


V m =p000p = 31.6V 


Substitute numerical values and 
evaluate / J av : 


P av =(4.74A)(31.6V) = 


150 W 


117 •• 

Picture the Problem We can use the definition of capacitance to find the charge on each 
capacitor and the definition of current to find the steady-state current in the circuit. We 
can find the maximum and minimum energy stored in the capacitors using U = jC eq F 2 , 

where V is either the maximum or the minimum potential difference across the 
capacitors. 


(a) Lise the definition of capacitance 
to express the charge on each 
capacitor: 

Substitute to obtain: 


(?, = Cy x and Q 2 = C 2 V 2 

or, because the capacitors are in parallel, 
ft = Cy and Q 2 = C 2 V 
where V = £ + 24 V 

Q 1 =c l (e + 24v) 

= (3//F)[(20V)cos(l20^) + 24V] 
= (60//F)cos(l20^t) + 72 ; uF 


and 

Q 2 =C 2 (£ + 24 V) 

= (l.5//F)[(20V)cos(l20^) + 24V] 
= (30//F)cos(l20^t)+36//F 
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( b ) Express the steady-state current 
as the rate at which charge is being 
delivered to the capacitors: 

Substitute for Q x and Qi and 
evaluate 7: 


(c) Express t/ max in terms of the 
maximum potential difference 
across the capacitors: 

Because F max = 44 V and 
Ceq = Cl + C 2 = 3 fJF +1.5 /jF 
= 4.5 juF: 


(d) Express U min in terms of the 
minimum potential difference across 
the capacitors: 


The minimum energy stored in the 
capacitors occurs when 


V m 


24 V - £„ 


4 V: 



|(a + a) 


7 = — [(60 //F)cos(l20^)+ 72 jiF 

dt 

+ (30 /zF)cos(l20;zt) + 36 /zF] 
= -120^(60 //F)sin(l20^t) 
-120^(30 //F)sin(l20^t) 

= -(33.9mA)sin(l20^t) 


U =-C V 2 

max 2 eq max 


u„ 


i(4.5/zF)(44V) 2 


4.36 mJ 


U = +C V 

min 2 eq min 


(7 mm =+(4.5 / iF)(4V) 2 = 36.0/J 


118 •• 

Picture the Problem The average of any quantity over a time interval AT is the integral 
of the quantity over the interval divided by AT. We can use this definition to find both the 
average current 7 av , and the average of the current squared, (/ 2 L 


From the definition of 7 av and / nns we 
have: 


1 j-Ar 

AT 


Idt and 7 ms 



(a) Express the current during the j _ 4 

first half cycle of time interval AT: AT 

where 7 is in A when t and T are in 
seconds. 
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Evaluate 7 av : 


Express the square of the current 
during this half cycle: 

Noting that the average value of the 
squared current is the same for each 
time interval AT, calculate (/ 2 ) av by 

integrating I 2 from t = 0 to t = AT 
and dividing by AT: 


r 1 f Ar 4 , 4 rAT 

I m =- - tdt = -—— tdt 

AT AT 1 A 


[ATf 


(AT ) 1 


2.00 A 


Jo 


r- = 


16 


(at) 2 


(/ 2 ) = — [‘ 
V /av A T J 0 


1 fAr 16 , , 

- r- zrt'dt 


A rJ° (a t) 


16 


(A7) 3 L 3 


2 

AT 


16 

T 


Substitute in the expression for / nns 
to obtain: 


16 


—A 2 = 

2.31 A 

3 



(b) Noting that the current during the 
second half of each cycle is zero, 
express the current during the first 
half cycle of the time interval \AT : 


Evaluate 7 av : 


r„, = — f 4 A =—Hi" = 

AT Jo AT L J 


2.00 A 


Express the square of the current 
during this half cycle: 

I 2 = 16 A 2 

Calculate ( 1 2 ) av by integrating 7 2 

h= 16 A T* 

from t = 0 to / = j AT and dividing 

v /av a T 

by AT: 

= 16A2 [<]f =8A 

AT 

Substitute in the expression for / nTls 

to obtain: 

2.83A 


119 •• 

Picture the Problem We can apply Kirchhoff s loop rule to express the current in the 
circuit in terms of the emfs of the sources and the resistance of the resistor. We can then 
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find 7 max and I m j n by considering the conditions under which the time-dependent factor in / 
will be a maximum or a minimum. The average of any quantity over a time interval AT is 
the integral of the quantity over the interval divided by AT. We can use this definition to 
find average of the current squared, (/ 2 ) av and then I ms . 

Apply Kirchhoff s loop rule to £ ] + £ 2 — fR = 0 

obtain: 

Solve for I: j _ £\ + £ 2 

R 

( 20 V)cos( 2 ^-(l 80 s~ 1 )t)+ 18 V 
36Q 

= 0.5A + (0.556A)cos(ll31s _1 )t 


Express the condition that must be 
satisfied if the current is to be a 
maximum: 


Express the condition that must be cos(l 131 s ' = — 1 

satisfied if the current is to be a 

minimum: 


Evaluate I„ 


/max = 0.5 A+ 0.556 A = 


1.06 A 


cos(l 131s = 1 


Substitute numerical values to 
obtain: 


Evaluate / min : 


= 0.5 A-0.556A = 


-0.0560A 


Because the average value of cos at 
= 0 : 


0.500 A 


Express and evaluate the average 
current delivered by the source 
whose emf is s 2 \ 


h 


^2 

R 


18V 

36Q 


0.5 A 


Because/j = (0.556A)cos(l 131s ')t: 



---[ 5 56 " 1S (0.556 A) 2 cos 2 (l 1 3 1 s- 1 )tdt 

5.56ms Jo v ’ v ’ 


Use the trigonometric identity cos“ x = \ (l + cos 2x ) to obtain: 
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0.309A" 1*5.56 ms 
2(5.56 ms)*’ 0 


+ cos 


2(1 



(27.8 A 2 /s) 

t-1 --—rsin(2262s 1 )t 


2262 s' 1 V ’ J 


Evaluate (/ 2 ) av : 


(/, 2 ) av = (27.8A 2 /s) 5.56ms-I--——sin(2262s' 1 )(5.56ms) 


2262 s' 


= 0.1543 A 2 


Express (/ 2 ) a , 


Evaluate 7^: 


= 0.1543 A 2 +(0.5 A) 2 
= 0.4043 A 2 

4„= 1 /CT = 1 /0-4043A j 

= 0.636A 


*120 •• 

Picture the Problem We can apply Kirchhoff s loop rule to obtain an expression for 
charge on the capacitor as a function of time. Differentiating this expression with respect 
to time will give us the current in the circuit. We can then find / max and 7 m i n by 
considering the conditions under which the time-dependent factor in / will be a maximum 
or a minimum. We can use the maximum value of the current to find / nns . 


Apply Kirchhoff s loop rule to 
obtain: 

Substitute numerical values and 
solve for q(t ): 


Differentiate this expression with 
respect to t to obtain the current as a 
function of time: 


Express the condition that must be 


£ x + S 2 


iW = 0 
c 


q{t) = (2 //F)(20 V )cos(l 13 Is -1 )/ 

+ (2 //F) (l 8 V) 

= (40/C)cos(ll31s 1 )t + 36/C 


I = — = — [(40//C)cos(l 131s 1 )t 
dt dt 


+ 


36//C] 


(45.2 mA)sin(l 13 I s 1 ) 


sin(l 131s = 1 















814 Chapter 29 


satisfied if the current is to be a 
minimum: 

Express the condition that must be 
satisfied if the current is to be a 
maximum: 

Because the dc source sees the 
capacitor as an open circuit and the 
average value of the sine function 
over a period is zero: 

Because the peak current is 
45.2 mA: 


and 


-45.2 mA 


sin(l 131s 1 )t = -1 

and 


45.2 mA 


0 




45.2 mA 

~jr 


32.0 mA 


21 •• 

Picture the Problem The inductance acts as a short circuit to the constant voltage 
source. The current is infinite at all times. Consequently, 7 max = 7 niis = go; there is no 
minimum current. 
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Chapter 30 

Maxwell’s Equations and Electromagnetic Waves 

Conceptual Problems 

*1 • 

(a) False. Maxwell’s equations apply to both time-independent and time-dependent 
fields. 

( b ) True 

(c) True 
(i d) True 

( e ) False. The magnitudes of the electric and magnetic field vectors are related according 
to E = cB. 


(/) True 


2 


Determine the Concept Two changes would be required. Gauss’s law for magnetism 
would become j> B n dA = ju 0 q m and Faraday’s law would 


become 


§E • dl 



——, where I m is the current associated with the motion 


of the magnetic poles. 


3 

Determine the Concept X rays have greater frequencies whereas light waves have 
longer wavelengths (see Table 30-1). 


*4 . 

Determine the Concept The frequencies of ultraviolet radiation are greater than those of 
infrared radiation (see Table 30-1). 


5 

Determine the Concept Consulting Table 30-1 we see that FM radio and televisions 
waves have wavelengths of the order of a few meters. 

6 • 

Determine the Concept The dipole antenna detects the electric field, the loop antenna 
detects the magnetic field of the wave. 
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7 

Determine the Concept The dipole antenna should be in the horizontal plane and normal 
to the line from the transmitter to the receiver. 


*8 


Determine the Concept A red plastic filter absorbs all the light incident on it except for 
the red light and a green plastic filter absorbs all the light incident on it except for the 
green light. If the red beam is incident on a red filter it will pass through, whereas, if it is 
incident on the green filter it will be absorbed. Because the green filter absorbs more 
energy than does the red filter, the laser beam will exert a greater force on the green filter. 

Estimation and Approximation 


9 


• • 


Picture the Problem We’ll assume that the plastic bead has the same density as water. 
Applying a condition for translational equilibrium to the bead will allow us to relate the 
gravitational force acting on it to the force exerted by the laser beam. Because the force 
exerted by the laser beam is related to the radiation pressure and the radiation pressure to 
the intensity of the beam, we’ll be able to find the beam’s intensity. Knowing the beam’s 
intensity, we find the total power needed to lift the bead. 


Apply X F y = 0 to the bead: 


by laser beam 


mg = 0 


Relate the force exerted by the laser 
beam to the radiation pressure 
exerted by the beam: 


F, 


by laser beam 


= P r A = —7ui 2 P t 


4 


Substitute to obtain: 



The radiation pressure P r is the 
quotient of the intensity / and the 
speed of light c: 


r 

C 


Substitute for P T to obtain: 



( 1 ) 


Express the mass of the bead: 


m = pV = —7ipd 


6 


Substitute for m in equation (1) to 
obtain: 
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Solve for I: 


1 = 


-cpdg 


Substitute numerical values and evaluate I: 


I = 


2 

3 


(3xl0 8 m/s)(l0 3 kg/m’)(l5 /ffu)(9.81m/s 2 ) 


2.94 x 10 7 W/m 2 


The power needed is the product of 
the beam intensity and the cross- 
sectional area of the bead: 

Substitute numerical values and 
evaluate P: 


P = U^=\xd-I 

P = ijr(l5/jm) ! (2.94x 10 7 W/m ! ) 
= 5.20 mW 


10 ••• 

Picture the Problem The net force acting on the spacecraft is the difference between the 
repulsive force due to radiation pressure and the attractive gravitational force. We can 
apply Newton’s 2 nd law to the spacecraft and solve the resulting equation for the 
acceleration of the spacecraft. Because the acceleration turns out to be a function of r, 
we’ll need to integrate a to find v 2 . We’ll assume that the sail absorbs all of the radiation 
incident on it. 

Apply Newton’s 2 nd law to the F r - F g = ma 

spacecraft (including sail) to obtain: 

Solve for a: F r —F 

a =-- 

m 

Assuming that the sail absorbs all of p _ p^_^ 

the incident solar radiation: 1 1 c 

where A is the area of the sail. 


P s _ . 

4;zr 2 


F = 


PJ 

4 7tr 2 c 


Because / = 
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Substitute for h\ and F„ to obtain: 


P s A GMjn 


a = 


4 nr c r 

m 

P S A 

— - GMm 

4 nc 

mr 2 


P s A GM s 


4k r me r 


Neglecting the gravitational term: 


a = 


PA 


4nrmc 


(b ) Because a is a function of r, the 
velocity must be found by 
integration. Note that: 


dv dv dr dv , , 

a = — =-= v — vdv = adr 

dt dr dt dr 


Substitute for a and integrate v' from Vo to v and r' from r 0 to r: 


|v'Jv' = l(v 2 -Vq) = 


( PA 

\ 


( PA ^ 

S 

- GM m 


GM m 

4 nc 

S 

r dr' 

4 nc 


m 

'b 

m 

V 

) 


V J 


A A 


V r o rj 


Solve for v to obtain: 


f p A \ 

- GMm 


v 2 = v 2 + 2| 


4 nc 


m 


A A 


V r o rj 


Ignore the gravitational term to obtain: 


2 


V 


f PA } 

A 

A 

ylmnc j 

Ao 

A 


This scheme is not likely to work effectively. For any reasonable mass, the 
surface mass density of the sail would have to be extremely small and the 
sail would have to be huge. Additionally, unless struts are built into the sail, 
it would collapse during the acceleration of the spacecraft. 
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11 •• 

Picture the Problem We can use / = /Uq and B rms = E m Jc to express E vms in terms 

of I. We can then use B rms = E rms /c to find B rms . The average power output of the sun is 
given by P m = 4nR l where R is the earth-sun distance. The intensity and the radiation 

pressure at the surface of the sun can be found from the definitions of these physical 
quantities. 

(a) Express the intensity / of the 
radiation as a function of its average 
power and the distance r from the 
station: 

Solve for E rms : 


E B E 2 

J _ mis rms _ rms 


A) 


CM o 


Substitute numerical values and evaluate E ms : 


E 


rms 


V(3 x 10 8 m/s)(4/r x 1 (T 7 N/A 2 )(l .37 kW/m 2 ) 


719 V/m 


Use B ms = E nr Jc to evaluate B um : 


B.. 


719 V/m 
3 x 10 s m/s 


2.40 fJI 


(b) Express the average power 
output of the sun in terms of the 
solar constant: 


=4tt R 2 1 

where R is the earth-sun distance. 


Substitute numerical values and 
evaluate P m \ 


P av = 4^(l. 5 x 10 11 m) 2 (l .3 7 kW/m 2 ) 
= 3.87 x 10 26 W 


(c) Express the intensity at the 
surface of the sun in terms of the 
sun’s average power output and 
radius r: 

Substitute numerical values and 
evaluate / at the surface of the sun: 


Express the radiation pressure in 
terms of the intensity: 


1 = 


4 n r 2 


3.87 x 10 26 W 


4 n 

6.96 x 10 8 m 

2 

6.36 xlO 7 W/m 

2 


I_ 

c 


6.36 x 10 7 W/m 2 


Substitute numerical values and 
evaluate P t : 


3 x 10 s m/s 


0.212Pa 
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*12 •• 

Picture the Problem We can find the radiation pressure force from the definition of 
pressure and the relationship between the radiation pressure and the intensity of the 
radiation from the sun. We can use Newton’s law of gravitation to find the gravitational 
force the sun exerts on the earth. 


The radiation pressure exerted on 
the earth is given by: 


Express the radiation pressure in 
terms of the intensity of the 
radiation / from the sun: 

Substituting for P t and A yields: 


Substitute numerical values and 
evaluate F T \ 


The gravitational force exerted on 
the earth by the sun is given by: 


P = — => F = PA 
1 A r r 

where A is the cross-sectional area of the 
earth. 



c 


_ ;r(l370W/m 2 )(6370km) 2 
3xl0 8 m/s 

= 5.82x 10 8 N 


p _ Gn PJ n ^ 


where r is the radius of the earth’s orbit. 


Substitute numerical values and evaluate F: 


p (6.67x10-" N-m 2 /kg-)(l.99xlO M kg)(5.98xlO M kg) ,„.. 1|)atl 

(l.5x 10 11 mf 


Express the ratio of the force due 
radiation pressure F r to the 
gravitational force F: 


F 


5.82 x IQ 8 N 
3.53x 10 22 N 


= 1.65x10 14 


The gravitational force is greater by a factor of approximately 10 14 . 


*13 •• 

Picture the Problem We can find the radiation pressure force from the definition of 
pressure and the relationship between the radiation pressure and the intensity of the 
radiation from the sun. We can use Newton’s law of gravitation to find the gravitational 
force the sun exerts on Mars. 


The radiation pressure exerted on 
Mars is given by: 


P = — => F = PA 
T A r r 

where A is the cross-sectional area of Mars. 









Maxwell’s Equations and Electromagnetic Waves 821 


Express the radiation pressure on 
Mars in terms of the intensity of the 
radiation / Mars from the sun: 


P = 


I 


Mars 


C 


Substituting for P r and A yields: 


F = 


^Mars^ ^ 


2 

Mars 


C 


Express the ratio of the solar 

J 

(r ^ 

2 

(r ^ 

constant at the earth 7 earth to the solar 

Mars _ 

r earth 

1 

^Mars ^earth 

'earth 

constant / Mars at Mars: 

^earth 

r Mars ) 


V^Mars J 


Substitute for I Mars to obtain: 


J TT /r 

p _ _ earth ^ ^Mars 


earth 


VMars J 


Substitute numerical values and evaluate F r : 


F = 


;r(l370W/m 2 )(3395km) 2 
3 x 10 s m/s 


1.50xl0 u m Y 
v 2.29xlO n m y 


7.09 x 10 7 N 


The gravitational force exerted on Gm sun m M ars GmJfiAbn^J 

Mars by the sun is given by: r ^2 2 

where r is the radius of Mars’ orbit. 


Substitute numerical values and evaluate F: 

F (6.67x10-” N-mW)(l.99xl0 lo kg)(0.1l)(5.98xl0 24 kg) , M10 =i M 

(2.29x10" m) 2 


Express the ratio of the force due 
radiation pressure F r to the 
gravitational force F: 


F r _ 7.09x 10 7 N 
F ~ 1.66x 10 21 N 


4.27 x 10 -14 


Because the ratio of these forces is 1.65 x 10 14 for the earth and 
4.27 x 10 14 for Mars, Mars has the larger ratio. The reason that 
the ratio is higher for Mars is that the dependence of the radiation 
pressure on the distance from the Sun is the same for both forces 
(r 2 ), whereas the dependence on the radii of the planets is different. 
Radiation pressure varies as R 2 , whereas the gravitational force 
varies as R 3 (assuming that the two planets have the same density, an 
assumption that is nearly true). Consequently, the ratio of the forces 
goes as R 2 / R 3 = R 1 . Because Mars is smaller than earth, the ratio 
is larger. 
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*14 •• 

Picture the Problem We can use Newton’s 2 nd law to express the acceleration of an 
atom in terms of the net force acting on the atom and the relationship between radiation 
pressure and the intensity of the beam to find the net force. Once we kn ow the 
acceleration of an atom, we can use the definition of acceleration to find the stopping 
time for a rubidium atom at room temperature. 


(a) Apply X F — ma to the atom to 
obtain: 

The radiation pressure P r and 
intensity of the beam / are related 
according to: 

Solve for F to obtain: 


Substitute for F in the expression of 
Newton’s 2 nd law to obtain: 

Solve for a\ 


F = ma 

where F is the force exerted by the laser 
beam. 


i a _ a 2 

c c 


a 2 

-= ma 

c 


IA 2 

a =- 

me 


Substitute numerical values and evaluate a: 


a = 


(l0W/m 2 )(780 nm) 


85 


lmol 


mol 6.02x10" particles 


(3xl0 8 m/s) 


1.44 x 10 5 m/s 2 


( b ) Using the definition of 
acceleration, express the stopping 
time At of the atom: 


At= Yl fisl 


-V; 


initial 


a 


Because Vf ma i« 0: 


At 


initial 


Using the rms speed as the initial 
speed of an atom, relate v initia i to the 
temperature of the gas: 



Substitute in the expression for the 
stopping time to obtain: 


At = 



3 kT 


a V m 
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Substitute numerical values and evaluate At: 


At = 


1 


-1.44x 10 m/s 2 


3(l .38x10^ J/k)(300K) 


85- 


1 mol 


mol 6.02 x 10 23 particles 


2.06 ms 


Maxwell’s Displacement Current 


15 • 

Picture the Problem We can differentiate the expression for the electric field between 
the plates of a parallel-plate capacitor to find the rate of change of the electric field and 
the definitions of the conduction current and electric flux to compute / d . 


(a) Express the electric field 
between the plates of the parallel- 
plate capacitor: 


E = 


Q 

e 0 A 


Differentiate this expression with 
respect to time to obtain an 
expression for the rate of change of 
the electric field: 


dE _ d Q 
dt dt e 0 A 


1 dQ 

<? 0 A dt 


I 

e 0 A 


Substitute numerical values and evaluate dE/dt: 


dE 


5A 


dt (8.85 x 10 12 C 2 / N • m 2 )n (0.023 m) 2 


3.40x 10 14 V/m • s 


( b ) Express the displacement current 

h- 


h =^o 


d<K 

dt 


Substitute for the electric flux to 
obtain: 


/, =^ 0 — \EAl\=£ q A^A 
d ° dt L J ° dt 


Substitute numerical values and evaluate / d : 


I A =(8.85x 10- 12 C 2 /N-m 2 )^-(0.023m) 2 (3.40 x 1 O' 4 V/m-s) = 


5.00 A 
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16 • 

Picture the Problem We can express the displacement current in terms of the electric 
flux and differentiate the resulting expression to obtain 7 d in terms dE/dt. 


Express the displacement current 7 d : 


h 


d<t> c 

dt 


Substitute for the electric flux to 
obtain: 

Because E = (0.05N/C)sin2000t: 


7 d will have its maximum value 
when cos 2000t = 1. Hence: 


h =A> ^l EA \= e o A ^T7 

dt dt 

I d =e 0 A — [(0.05 N/C)sin 2000t] 
dt 

= (2000s' )<■„ d(0.05 N/Cjcos2000; 
4,„=(2000s J k -4(0.05N/C) 


Substitute numerical values and evaluate 7 d max : 


h 


(2000 s- 1 )(8.85 x 1(T 12 C 2 / N • m 2 )(l m 2 )(0.05 N/C) 


8.85 xl(T 10 A 


17 •• 

Picture the Problem We can use Ampere’s law to a circular path of radius r between the 
plates and parallel to their surfaces to obtain an expression relating B to the current 
enclosed by the amperian loop. Assuming that the displacement current is uniformly 
distributed between the plates, we can relate the displacement current enclosed by the 
circular loop to the conduction current 7. 


Apply Ampere’s law to a circular 
path of radius r between the plates 
and parallel to their surfaces to 
obtain: 

Assuming that the displacement 
current is uniformly distributed: 


Substitute to obtain: 


j>/ • ^ = lnrB = /'o/enclosed = A . 7 


—— = d => J = —I 

nr 2 nR 2 R 2 d 

where R is the radius of the circular plates. 

2nrB = ^ r t d 
R 2 
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Solve for B : 


B = 


Mo r j 

InR 2 d 


Substitute numerical values and 
evaluate B\ 


X Un x 1 (T 7 N / A 2 )(5 A) 
B{r)= 2*(0.023m f ' 

= (1.89x10 3 T/m)r 


18 •• 

Picture the Problem We can use the definitions of the displacement current and electric 
flux, together with the expression for the capacitance of an air-core-parallel-plate 
capacitor to show that 7 d = C dV/dt. 

(a) Use its definition to express the j d$ e 

displacement current 7 d : d dt 


Substitute for the electric flux to 
obtain: 


h 



A 


dE_ 

dt 


Because E = V/d: 


h 


A± 

dt 


V_ 

d 


£0 A dV 
d dt 


The capacitance of an air-core- ^ _ g p 

parallel-plate capacitor whose plates d 

have area A and that are separated 
by a distance d is given by: 


Substitute to obtain: 


h 


dV_ 

dt 


(.b ) Substitute in the expression 
derived in (a) to obtain: 


(5 nF)— [(3 V)cos 500^ t\ 
dt 

-(5nF)(3V)(500^-s 1 ) sin 500 ^-1 
- (23.6//A)sin 500;r t 


*19 •• 

Picture the Problem We can use the conservation of charge to find 7 d , the definitions of 
the displacement current and electric flux to find dE/dt, and Ampere’s law to evaluate 
B ■ di around the given path. 
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(a) From conservation of charge we 
know that: 


h 


1 = 


10.0 A 


( b ) Express the displacement current 

h: 


h 


d</> e 

dt 



A 


dE_ 

dt 


Substitute for dE/df. 


dE _ I A 
dt e 0 A 


Substitute numerical values and 
evaluate dE/df. 


dE _ 10 A 

~dt~ (8.85 x 10~ 12 C 2 / N • m 2 )(0.5m 2 ) 

„ V 

= 2.26 xlO 12 —— 
m -s 


(c) Apply Ampere’s law to a £/? • dl = // 0 / enclosed 

circular path of radius r between the 
plates and parallel to their surfaces 
to obtain: 


Assuming that the displacement 
current is uniformly distributed: 


Substitute for /enclosed to obtain: 


^enclosed _ ^d _. T 

2 a ^ 1 enclosed 

nr A 


nr " 
~A 


where R is the radius of the circular plates. 


A d 


Substitute numerical values and evaluate juB • dl : 


B-dl = 


(4;rxl0~ 7 N/A 2 );r(0.1 m )’(10A) 
0.5 m 2 


7.90x10 7 T-m 


20 — 

Picture the Problem If Q = Q (] e is the charge on the capacitor plates, then the 


conduction current 1 = dQ/dt. We can use /. =e 


d<L 

dt 


to find the displacement current 


and E = 


dQb 

dt 


to find the current due to the rate of change of the bound charges. The 


total current is the sum of / I A , and / b . 
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(a) The conduction current is given j _ dQ 

by: dt 

The charge on the capacitor varies Q = Q n e , where z = RC 

with time according to: 


Substitute for Q to obtain: 



— e^ ,lT 

z 


This current is in the direction of the electric field, which is from the positive plate to the 
negative plate. By choosing the positive sign for this current we define this to be the 
positive direction. 


( b ) The displacement current is 
given by: 

Relate the electric field E to the 
potential difference V between the 
plates and the separation of the 
plates d: 

Substitute to obtain: 


V varies with time according to: 


Substituting in the expression for I d 
yields: 


(c) As the voltage across the 
dielectric decreases the magnitude 
of the bound charges also decreases. 
The current 7 b due to the flow of 
these bound charges though a 


h 





dE_ 

dt 


E = 


V_ 

d 


I, =e n A — 
d ° dt 


V_ 

d 


or, because C = 


_ e 0 A dV 
d dt 
k^A 


CdV_ 
k dt 


V = V 0 e 


_ 


Qo e ~tR 

c 


T go p-'A 

d K dt C 



_0^ e ->A 

KT 


h 


dQh 

dt 


where Q b is the bound charge 


on the surface of the dielectric next to the 
plate with charge Q. 
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stationary surface is given by: 

It follows that Q and Qb are opposite 
in sign and are related by Equation 
24-27: 

Substitute in the expression for I h 
and carry out the differentiation to 
obtain: 


( d) Add the currents found in (a), 
(b ), and (c) to obtain: 


f 




KJ 


d 


r n 



r n 

7 b=W 

— 

1 — 

Q 

= — 

i— 

dt 


l K) 





dQ 

dt 


( 

1 

V 



^total - I + h + h 


= 1 — I- 

K 




Remarks: In more sophisticated treatments of electrodynamics it is conventional to 
refer to the sum 7 d + 7 b as the displacement current. 


21 ••• 

Picture the Problem We can find the conduction current as a function of time using 7 = 
V(t)/R and substituting for V(t). We can use 7 d =e 0 (f),. to obtain an expression for the 

displacement current 7 d as a function of time. Finally, equating the conduction and 
displacement currents will yield an expression for the time at which they are equal. 

(a) Express the conduction current j _ V{t) _ AV{t) 

in terms of the potential difference R pd 

between the plates of the capacitor: 

Substitute for V(t) to obtain: 


(0.01V/s)^ 

pd 


t d ( -r? A \ d ( V ^ 

-v\ EA )=^-P ~J A 
dt dt\d 


A dV 


(b) The displacement current is 
given by: 


d dt 























Maxwell’s Equations and Electromagnetic Waves 829 


Substitute for V and simplify to 
obtain: 


, d ^T [(0 .01V/s),] 
a at 

(O.QlV/s)g 0 X 

d 


(c) Set7 d = /to obtain: (0.01 V/s )A _ yl(0.01V/s)^ 

d pd 


Solve for t: 



22 


Picture the Problem We can use I d =e 0 


dt 


and the relationship between the voltage 


across the plates and the electric field between them to find the displacement current. The 

V AV 

conduction current between the plates is given by I — — =-where A is the area of 

R pd 

the plates and d is their separation. 


(a) The displacement current is 
given by: 


h 


dA 

dt 



A 


dE_ 

dt 


Relate the electric field E to the 
potential difference V between the 
plates and the separation of the 
plates d: 

Substitute to obtain: 


V varies with time according to: 


E = 


V_ 

d 


h 


A- 

dt 


e 0 A dV 
d dt 


V = V 0 cos cot 


Substituting in the expression for 7 d 
yields: 


h 


£o_ 

d 


-—\v 

dt L o 
0 xr 2 V 0 


cos cot\ 
sin cot 


Substitute numerical values and evaluate 7 d : 
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4 - - (° 5 * ic; cl / N • gtegg (4° y) sin(120;r rad/s) , 

(120tt rad/s)(l mm) 

-(l.l8xlO~ 10 A)sm(l20;rrad/s)t 


( b ) The conduction current between 
the plates is given by: 



AV 

pd 


AV 0 

—-coscot 
pd 


Substitute numerical values and 
simplify to obtain: 


/ 


;r(0.2m) 2 (40V) 
(l0 4 Q-m)(l0 3 m) 


cos(l20;rrad/s)t 


(0.503 A)cos(l20^ rad/s)t 


*23 ••• 

Picture the Problem We can follow the step-by-step instructions in the problem 
statement to show that Equation 30-4 gives the same result for B as that given in Part (a). 


(a) Express the magnetic field at P 
using the expression for B due to a 
straight wire segment: 


Substitute for sin^i and sin On to 
obtain: 


( b ) Express the electric flux through 
the circular strip of radius r and 
width dr in the yz plane: 

The electric field due to the dipole 
is: 


B P 


—(sin 61 + sin 60 
4 n R y 2 ' 


where 

sin 9 X = sin 0 2 


a 

V R 2 +a 2 


B _ Mo 1 

\n R Vi? 2 +o 2 
p 0 Ia 1 
2 nR V R 2 + a 2 


d(j) e = E x dA = E x {2n rdr) 


2 kQ a 

— --cos# = 

r +a 


2 kQa 

( 2 2 W 2 

v +a J 

















Maxwell’s Equations and Electromagnetic Waves 831 


Substitute for E x to obtain: 


d(j) e = E x dA = 


2 kQa 


(r 2 +a 2 ) 


3/2 


{in r dr) 


2Qa 


An e 0 (r 2 +a 2 ) 


3/2 


(2 nrdr) 



Qa 

_ l*/i 

^0 1 

E+« 2 ) 

3/2 rar 


(c) Multiply both sides of the expression 
for </> e by e 0 - 

Integrate r from 0 to R to obtain: 


d(f> c = 


Qa 


{r+ad 1 


rdr 


<t> e = Qa\ 


rdr 


. ( 2 2 V / 2 

0 \r + a ) 


= Qa 


-1 


Vi? 2 +a 2 


1 

+ — 
a 


\ 

f 

) 

Q 

V 



(d) The displacement current is 
defined to be: 


h =^o 


dfa _ d 
dt dt 


1- 


V/? 


2 , 2 , 

+ Cl J 


= -I 


1- 

V 

dQ 

dt 


Vi? 2 +o 2 


1- 


4r 


2 , 2 , 

+ Cl J 


The total current is the sum of / and 

U 


(e) Apply Equation 30-4 (the 
generalized form of Ampere’s law) 
to obtain: 


I + I d =I-I 


1- 


Vi ? 2 +a 2 


■\Ir 2 +a 2 


o B -dl = InRB = /u 0 (l + I d ) 

J c 


B = 


Mo 

In R 


(i+h) 


Solve for B : 






832 Chapter 30 


Substitute for I + I A from (d) to 
obtain: 


B = 


A> 


2k R 


4r 


2 2 

+ a ^ 


ju v Ia 1 
2 nR V R 2 + a 2 


Maxwell’s Equations and the Electromagnetic Spectrum 


24 •• 

Picture the Problem The figure shows the 
end view of a pillbox surrounding a small 
area dA of the surface. The normal 
components of the magnetic field, 

K*V and ^n,bottom . are sh0WI1 With 

different magnitudes. When performing the 
surface integral the normal to the surface is 
outward, as shown in the figure. 



Apply Gauss’s law for magnetism to the pillbox to obtain: 

§B-fidA = J B ■ ndA + \B-ndA+ \B-ndA = 0 

bottom surface lateral surface top surface 


Because the horizontal component of B is zero, J B ■ ndA = 0, and: 

lateral surface 


B ■ ndA = 


B ■ ndA + I B ndA = 0 


bottom surface 


top surface 


(i) 


Because B and h are oppositely 
directed at the bottom surface: 


\Kx ov ' fl dA = -B nheXovj A 

bottom surface 


Because B and h are parallel at the 
top surface: 


\B below -ndA = B nahom A 

top surface 


Substitute in equation (1) to obtain: 


^n, below ^ + ^n, above ^^ — 0 


Solve for B nAop : 


n _ d 

^n, above ^n, below 


i.e., the normal 


component of B is continuous across the 
surface. 
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*25 • 

Picture the Problem We can use c =fi l to find the wavelengths corresponding to the 
given frequencies. 


Solve c =fA for A: 


/l 


c 


f 


(a) For/= 1000 kHz: 


A 


3x 10 s m/s 
1000 x 10V 1 


300 m 


(b ) For/= 100 MHz: 


A 


3x 10 s m/s 




lOOxlOV 1 


*26 • 

Picture the Problem We can use c =fA to find the frequency corresponding to the given 
wavelength. 

Solve c =fA for f. f — — 

J ~ A 


Substitute numerical values and evaluate/: 


3x 10 8 m/s 
3x 10 2 m 


= 10 10 Hz = 


10.0 GHz 


27 • 

Picture the Problem We can use c =fA to find the frequency corresponding to the given 
wavelength. 


Solve c =fA for f. 


f = 


c 

I 


Substitute numerical values and evaluate/: 


3xl0 8 m/s 
0.1x10 9 m 


3.00x 10 18 Hz 


Electric Dipole Radiation 

28 •• 

Picture the Problem We can use the intensity I\ at a distance r = 10 m and at an angle 6 
= 90° to find the proportionality constant in the expression for the intensity of radiation 
from an electric dipole and then use the resulting equation to find the intensity at the 
given distances and angles. 
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Express the intensity of radiation as 
a function of r and 9 : 


Express 7(90°, 10 m): 


Solve for C: 

Substitute in equation (1) to obtain: 


(a) Evaluate equation (2) for r = 30 
m and 9 = 90°: 


(b ) Evaluate equation (2) for r = 10 
m and 9 = 45°: 


(c) Evaluate equation (2) for 
r = 20 m and 9 = 30°: 


l(9,r)= sin 2 0 (1) 

r 

where C is a constant of proportionality. 


/(90°,10m) 


h 


C 

(10m) 2 


sin 2 90° 


C 

100 m 2 


C = (lOOm 2 )/, 


l(0,r)= ( 1Q ° m sin 2 6 (2) 

r 

/(90°,30m)= ( 100m ) 7 i S i n 2 90° 
(30 m) 

/(45°,10m) - ( 10 ° m )/' sin 2 45° 

(lOm ) 2 

/(30°,20m)= ( 100m K sin 2 30° 
(20 m)" 


29 •• 

Picture the Problem We can use the intensity I\ at a distance r = 10 m and at an angle 9 
= 90° to find the proportionality constant in the expression for the intensity of radiation 
from an electric dipole and then use the resulting equation to find the angle for a given 
intensity and distance and the distance corresponding to a given intensity and angle. 

l(&,r)= -^-sin 2 0 (1) 

r 

where C is a constant of proportionality. 


Express the intensity of radiation as 
a function of r and 9 : 
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Express 7(90°,10 m): /(90°,10m) = /, = C sin 2 90° 

(lOmj 

C 

~ 100 m 2 


Solve for C: 

C = (l00m 2 )/ 1 


Substitute in equation (1) to obtain: 

l{0,r) = ^ 100m ) 7 ' sin 2 6 
r 

(a) For r = 5 m and 1( 9,r) = 7 t : 

(lOOnr)/, 

(5m)' 

or 

sin 2 6 = \ 

-sin 2 0 

Solve for 9 to obtain: 

6 = sin -1 1 = 

30.0° 

(b) For 9 = 45° and 1(9,r) = 7p 

(lOOm 2 )/, 

1_ r 2 

or 

r 1 = y (l 00 m 2 

-sin 2 45° 

Solve for r to obtain: 

r = ^{l 00 m 2 

]= 7.07m 


30 •• 

Picture the Problem We can use the intensity 7 at a distance r = 4000 m and at an angle 
9 = 90° to find the proportionality constant in the expression for the intensity of radiation 
from an electric dipole and then use the resulting equation to find the intensity at sea level 
and 1.5 km from the transmitter. 

Express the intensity of radiation as j^ ^ _ C ^ q ^ 

a function of r and 9: r 2 

where C is a constant of proportionality. 

sin 2 90° 

C 


C 

(4 km) 2 


Use the given data to obtain: 


4x 10~ 12 W/m 2 
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Solve for C: 


C = (4km) 2 (4xl0 12 W/m 2 ) 
= 6.40xl0~ 5 W 


Substitute in equation (1) to obtain: \ 6.40x10 W . , - 

l[6, r) =-^-sin 6 (2) 

r 


For a point at sea level and 1.5 km 
from the transmitter: 


6 = tan 1 


2 km 
1.5km 


53.1° 


Evaluate 7(5 3.1 °, 1.5 km): 


7(53.1°, 1.5 km) 


6.40x 10~ 5 W 
(l.5km)~ 


sin 2 53.1° 


18.2pW/m 2 


31 ••• 

Picture the Problem The intensity of radiation from an electric dipole is equal to 
7 0 (sin 2 0)/r 2 , where 0 is the angle between the electric dipole moment and the position 
vector r. We can integrate the intensity to express the total power radiated by the antenna 
and use this result to evaluate 7 0 . Knowing 7 0 we can find the intensity at a horizontal 
distance of 120 km directly in front of the station. 


Express the intensity of the signal as 
a function of r and 0 : 


l(r,0) 



At a horizontal distance of 120 km 
from the station and directly in front 
of it: 


7(120 km, 90°) 


. sin 2 90° 
0 (l20km) 2 


(l20km)“ 


( 1 ) 


From the definition of intensity we 
have: 


dP = Id A 
and 

P m =fjl(r,e)dA 

where, in polar coordinates, 
dA = r 2 sin 0d0d(j) 

Ik 7i 

- JJ/M) r 2 sin OdOdtp 


Substitute for dA to obtain: 









Substitute for I(r, 0): 
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2 jin 

P tot = I Q J J sin 3 9ddd(f) 

0 0 


From integral tables we find that: 


TV a 

J sin 3 Odd = - }cos^(sin 2 0 + 2 )]* = — 

0 ^ 


Substitute and integrate with respect 
to (j) to obtain: 



8;r 

T 


I 


0 


Solve for 7 0 : 


8;r 


Substitute for P tot and evaluate 7 0 : 


— (500kW) = 59.7kW 
8^r 


Substitute for I 0 in equation (1) and 
evaluate 7(120 km,90°): 


7(120 km,90°) 


59.7 kW 
(l20 km) 2 

4.15 juW/m 2 


Express the number of photons 
incident on an area A in time At: 


Substitute numerical values and 
evaluate 7 Ihf. 


N N _ NI 
AAt ~ {P/l)At ~ PAt 
_ ATI _ I _ I 
~ E ~ E/N ~ hf 

J__ 4.15 //W/m 2 

hf ~ (6.63x1 O' 34 J-s)(l.20MHz) 

= 5.21 x 10 21 P hotons 
m" -s 

= 5.22x10'’Pt^pT 

cm" -s 


*32 — 

Picture the Problem The intensity of radiation from an electric dipole is given by 
7 0 (sin 2 0)1 r 2 , where 0 is the angle between the electric dipole moment and the position 
vector r. We can integrate the intensity to express the total power radiated by the antenna 
and use this result to evaluate 7 0 . Knowing 7 0 we can find the total power radiated by the 
station. 


From the definition of intensity we 


dP = Id A 
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have: 

and 

=JJ l(r,0)dA 

where, in polar coordinates, 
dA = r 2 smOdOdfi 

Substitute for dA to obtain: 

27171 

P tot - J J l(r 9 0)r 2 sin Oddd(j) 

0 0 

Express the intensity of the signal as 

a function of r and 9 : 

l(r,e) = ( 1 ) 

r 

Substitute for I(r, 0): 

2 7171 

P tot = h J J sin 3 6d6d(!) 

0 0 

From integral tables we find that: 

J sin 3 OdO = -}cos6 l (sin 2 6* + 2)]q = — 
o ^ 

Substitute and integrate with respect 
to (f> to obtain: 

j Q j j 

From equation (1) we have: 

j _ l{r,0)r 2 

0 sin 2 6 

Substitute to obtain: 

_8 7T l{r,d)r 2 
'Cot ~ -In 

3 sin 6 

or, because 9= 90°, 

p,«=Y I A r2 

Substitute numerical values and 

evaluate P to t: 

P m = -y ( 2 x 10 13 W/m2 )( 30 J™ 1 ) 2 

= 1.51 mW 


33 ••• 

Picture the Problem The intensity of radiation from the airport’s vertical dipole antenna 
is given by /o(sin 2 9)/r 2 , where 0 is the angle between the electric dipole moment and the 
position vector r. We can integrate the intensity to express the total power radiated by the 
antenna and use this result to evaluate 7 0 . Knowing I 0 we can find the intensity of the 
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signal at the plane’s elevation and distance from the airport. 


Express the intensity of the signal as 
a function of r and 9 : 

From the definition of intensity we 
have: 


Substitute for dA to obtain: 


Substitute for I(r, 0): 


i(r,e)=i^A (1) 

r 

dP = Id A 
and 

P,. =f\l(r,0)<U 

where, in polar coordinates, 
dA = r 2 sin# d6d</> 

2 Jin 

- JJ'M) r 2 sin OdOdcj) 

0 0 

27171 

P tot = I 0 J J sin 3 0d0d(f) 

0 0 


From integral tables we find that: 


Substitute and integrate with respect 
to (f> to obtain: 


71 

J sin 3 Odd = -}cos6 , (sin 2 # + 2 )]^ = 

0 



Solve for 7 0 : 




Substitute for/ 0 in equation (1): 


I(r,e) 


3^ot sin 2 0 
8 n r 2 


At the elevation of the plane: 


Substitute numerical values and 
evaluate 7(4717 m,32°): 


6 = tan 1 


2500 

v 4000m y 


32.0° 


and 

r = 7(2500 m) 2 + (4000 m) 2 = 4717 m 


7(4717 m,32°) 


3(100 W) sin 2 32° 


8 n (4717 

m ) 2 

0.151 //W/m 2 



UJ I 4^ 
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Energy and Momentum in an Electromagnetic Wave 


34 • 

Picture the Problem We can use Pr = He to find the radiation pressure. The intensity of 
the electromagnetic wave is related to the rms values of its electric and magnetic fields 
according to 1= E rms B ms /jU 0 , where B rrm = E ms /c. 

(a) Express the radiation pressure in 
terms of the intensity of the wave: 

Substitute numerical values and 
evaluate P r : 


pJ- 


R = 


lOOW/m 2 

3x 10 s m/s 


0.333 //Pa 


(b ) Relate the intensity of the 
electromagnetic wave to E ms and 

T^rms* 


F B 

j _ rms rms 


Mo 


or, because B ms = E rms /c, 
F F lr F 2 

j _ ^rms ^ rms / L _ ^rms 

Mo Mo c 


Solve for E rms : 


E nns = 


Substitute numerical values and evaluate E ms : 


V(4 n x 10~ 7 N/A 2 )(3 x 10 8 m/s)(l 00 W/m 2 ) 


194 V/m 


(c) Express B ^ s in terms of E rmfi : 


f 

— rms 


Substitute numerical values and 
evaluate B rms : 


B.. 


194 V/m 
3xl0^m/s 


0.647 j/T 


35 • 

Picture the Problem The rms values of the electric and magnetic fields are found from 
their amplitudes by dividing by the square root of two. The rms values of the electric and 
magnetic fields are related according to B ms = E ms /c. We can find the intensity of the 
radiation using / = E ims B n] JjU( } and the radiation pressure using P r = He. 

(a) Relate E ms to E 0 : _ E o _ 400 V/m 

“ Vf “ ~F- 


283 V/m 
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( b ) Find B rms from E ms : „ _ £ niis _ 283 V/m 

ms c 3x 10 8 m/s 

= 0.943 /IT 


(c) The intensity of an 
electromagnetic wave is given by: 


F R 

j _ rms nns 


Mo 


Substitute numerical values and 
evaluate /: 


(283V/m)(0.943//T) 
4/rxl0~ 7 N/A 2 


212 W/m 2 


(i d) Express the radiation pressure in P - — 

terms of the intensity of the wave: r c 


Substitute numerical values and 
evaluate P r : 


_ 212 W/m 2 
3x10 s m/s 


0.707 //Pa 


36 • 

Picture the Problem Given E mH , we can find B rms using B ms = E rms /c. The average 
energy density of the wave is given by u m = E m)S B rm ,j /li^c and the intensity of the wave by 

I l/gyC . 

(a) Express B nns in terms of E ms : 


Substitute numerical values and 
evaluate B rms : 


p 

nns 


400 V/m 

nns “ 3x 10 8 m/s 


1.33//T 


(b) The average energy density u m is 
given by: 

Substitute numerical values and 
evaluate u m : 


. _ rms mis 

W av — 

Mo c 

(400 V/m) (l .33 jul) 

Mav _ (4 it x 10^ 7 N/A 2 )(3 x 10 s m/s) 

= 1.41/d/m 3 


(c) Express the intensity as the I = u m c 

product of the average energy 
density and the speed of light in a 


vacuum: 
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Substitute numerical values and 
evaluate I: 


/ = (l.41/J/m 3 )(3xl0 8 m/s) 
= 423 W/m 2 


37 • 

Picture the Problem We can simplify the units of cB to show that this product has the 
same units as E. 

Express the units of cB and simplify: 


s 


m m N m ;; N N N^m J V 

s s A • m s C C C m Cm m 


*38 • 

Picture the Problem Given fi rms , we can find E ms using E ms = cB nr]S . The average energy 
density of the wave is given by u w = E rms B u1 Jpi t) c and the intensity of the wave by 

I tlftyC. 


(a) Express E ms in terms of B nm : 


Erms = cB rms 


Substitute numerical values and 
evaluate E ms : 


£ m =(3xl0 s m/s)(0.245//T) 
= 73.5 V/m 


( b ) The average energy density u m is 
given by: 


= 


E B 

nns rms 

M 0 c 


Substitute numerical values and _ (73.5 V/m)(0.245//T) 

evaluate u m : av (4^x10 7 N/A ](3 x 10 s m/s) 

= 47.8 nJ/m 3 


(c) Express the intensity as the 
product of the average energy 
density and the speed of light in a 
vacuum: 

Substitute numerical values and 
evaluate /: 


1 = W av C 


/ = (47.8nJ/m 3 )(3xl0 8 m/s) 
= 14.3 W/m 2 
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39 •• 

Picture the Problem We can find the force exerted on the card using the definition of 
pressure and the relationship between radiation pressure and the intensity of the 
electromagnetic wave. Note that, when the card reflects all the radiation incident on it, 
conservation of momentum requires that the force is doubled. 

(a) Using the definition of pressure, F = P r A 

express the force exerted on the card 
by the radiation: 

Relate the radiation pressure to the D _ I 

intensity of the wave: 

Substitute to obtain: 

Substitute numerical values and 
evaluate F : 


(b) If the card reflects all of the 
radiation incident on it, the force 
exerted on the card is doubled: 


F = — 


F 


_ (200 W/m 2 )(0.2 m)(0.3 m) 
3 x 10 8 m/s 


= 40.0 nN 


F= 80.0nN 


40 •• 

Picture the Problem Only the normal component of the radiation pressure exerts a force 
on the card. 


(a) Using the definition of pressure, 
express the force exerted on the card 
by the radiation: 

Relate the radiation pressure to the 
intensity of the wave: 

Substitute to obtain: 


F = 2P r Acos& 

where the factor of 2 is a consequence of 
the fact that the card reflects the radiation 
incident on it. 

C 

„ 2 IA cos 6 


c 
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Substitute numerical values and 2(200 W/m 2 )(0.2 m)(0-3 m)cos30° 

evaluate F: 3xl0 8 m/s 

= 69.3 nN 


*41 •• 

Picture the Problem We can use / = P.J 4;rr 2 and / = to express E ms in terms 

of P av and the distance r from the station. 


Express the intensity / of the 
radiation as a function of its average 
power and the distance r from the 
station: 


1 = 


47V r 2 


The intensity is also given by: 


F B 

j _ nns rms 

Mo 


E 2 

^rms 

cMo 


E 2 

max 

2 c Mo 


Equate these expressions to obtain: P m C 2 ax 

4wr 2 2 cju 0 


Solve for E max : 

E jcAo^av 

rn 


max \ 2 TV 

\r) 


(a) Substitute numerical values and evaluate E mm for r =500 m: 

£ m (500m) = 


(3x10* m/s)(4;rx 10~ 7 N/A ; K50kW)t 1 ' 


2 TV 


y500m j 


3.46 V/m 


Use B max = E m Jc to evaluate B n 


= 


3.46 V/m 
3 x 10 8 m/s 


11.5nT 


( b ) Substitute numerical values and evaluate E max for r = 5 km: 


/ x_ | (3xl0 8 m/s)(4^-xl0~ 7 N/A 2 )(50kW) 

; m ~ V 2 tv 


f 1 ^ 

5 km j 


0.346 V/m 


Use 5 max = E m Jc to evaluate B n 


_ 0.346 V/m 
max "" 3xl0 8 m/s 


1.15 nT 


(c) Substitute numerical values and evaluate E mm for r = 50 km: 
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£„„(500m) = 


J (3 x 10 8 m/s )(4 tt x 10^ 7 N/A 2 )(50 kW) 

[ 1 ^ 


j 2 n 

v 50km j 



0.0346 V/m 


Use B mdX = EraJc to evaluate B n 


_ 0.0346 V/m 

max _ 3 x 10 s m/s 


0.115nT 


42 •• 

Picture the Problem We can use / = P m /A to express E m s in terms of I. We can then use 
B rms = E UJ Jc to find B rms . The average power output of the sun is given by P av = 4nR l, 

where R is the earth-sun distance. The intensity and the radiation pressure at the surface 
of the sun can be found from the definitions of these physical quantities. 


(a) From the definition of intensity 
we have: 

Substitute numerical values and 
evaluate /: 


P 4 P 

j _ av _ av 


A n d 1 

_ 4(1.5 mW) 
n{\ 0 ; m) 


1.91kW/m 2 


(. b ) Express the intensity / of the 
radiation as a function of its average 
power and the distance r from the 
station: 


F B F 

j _ rms rms _ rms 


Mo 


CMo 


Solve for E 

rms* 


E un s = a/c/A/ 


Substitute numerical values and evaluate E nm : 

E ms = ^/(3 x 10 8 m/s)(4 n x 10" 7 N/A 2 )(l .91 kW/m 2 ) = 


849 V/m 


Use fi™ = EUc to evaluate B ms : 


849 V/m 

n " s “ 3x 10 8 m/s 


2.83 /IT 


(i d) Express the radiation pressure in 
terms of the intensity: 


pJ- 


P = 


1.91 xlO 3 W/m- 


6.37 //Pa 


Substitute numerical values and 
evaluate P t : 


3x 10 s m/s 
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*43 •• 

Picture the Problem We can use / = /Uq and B rms = E un Jc to express E vms in terms 

of I. We can then use B rms = E m Jc to find B rms . 

Express the intensity / of the 
radiation as a function of its average 
power and the distance r from the 
station: 

Solve for E ms : E ms = JquJ 

Use the definition of intensity to 
relate the intensity of the 
electromagnetic wave to the power 
in the beam: 

Substitute for / to obtain: \cu,J V 

77 _ | trans. line v 


PI V 

J _ _ _ trans. line 

~ A~ A 


Z7 D Z7 2 

J _ rms^nns _ rms 


Mo 


CMo 


Substitute numerical values and evaluate E ms : 


E 


rms 


/ (3xl0 8 m/s)(4^-xl0~ 7 N/A 2 )(l0 3 A)(750kV) 
V 50 m 2 


75.2 kV/m 


Use B„ m = E n ,Jc to evaluate B ms : 


B.. 


75.2 kV/m 
3 x 10 8 m/s 


0.25 lmT 


44 •• 

Picture the Problem The spatial length L of the pulse is the product of its speed c and 
duration At. We can find the energy density within the pulse using its definition 
(;u = U/V). The electric amplitude of the pulse is related to the energy density in the beam 
according to u = e 0 E 2 and we can find B from E using B = Etc. 

(a) The spatial length L of the pulse L = cAt 

is the product of its speed c and 
duration At: 


L = (3x 10 s m/s)(l0ns) 


3.00 m 


Substitute numerical values and 
evaluate L\ 
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(. b ) The energy density within the _ _ U _ U 

U 2 

pulse is the energy of the beam per V nr'L 

unit volume: 


Substitute numerical values and 
evaluate u : 


20 J 

7t {2 mm) 2 (3.00 m) 


531kJ/m 3 


(c) E is related to u according to: 
Solve for E 0 to obtain: 


Substitute numerical values and 
evaluate E 0 : 


“ = e o 


2 


E 


2 

0 



E» = 


2(531 kJ/m 3 ) 


8.85 x 10~ 12 C” /N m z 


346 MV/m 


Use B 0 = Eq/c to find B 0 : 


B n 


346 MV/m 
3 x 10 s m/s 


*45 •• 

Picture the Problem We can determine the direction of propagation of the wave, its 
wavelength, and its frequency by examining the argument of the cosine function. We can 
find E from S = E 2 //u G c and B from B = Etc. Finally, we can use the definition of the 


Poynting vector and the given expression for S to find E and B . 


Because the argument of the cosine function is of the form kx - cot, 
the wave propagates in the positive x direction. 


(b ) Examining the argument of the ^ ^ ^ 1 

cosine function, we note that the 2 

wave number k of the wave is: 


Solve for and evaluate A: 


A = 


2 71 

10 111 1 


0.628m 


co = 2 t rf = 3 x 10 9 s 1 


Examining the argument of the 
cosine function, we note that the 
angular frequency co of the wave is: 
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Solve for and evaluate/ to obtain: 


/ = 


3xlQV' 
2 n 


477 MHz 


(c) Express the magnitude of S in 
terms of E: 

Solve for E : 

Substitute numerical values and evaluate E\ 



E = 7(3 x 10 8 m/s)(4zr x 10 7 N/A 2 )(l00 W/m 2 ) = 194 V/m 

Because *S'(x,t) = (lOOW/m 2 )cos 2 [l0x-(3xl0 9 ) t] * and S = —ExB: 

Mo 


E{x,t)= (l 94 V/m) cos 

lOx- 

3x !0 9 

t 

j 


Use B = Etc to evaluate B: 


194 V/m 
3x 10 8 m/s 


0.647 /IT 


Because S = — E x B, the direction of B must be such that the cross product of E 
Mo 

with B is in the positive x direction: 


B(x,i)= (0.647 //T)cos 

l 

X 

o 

3xl ° 9 ' 

t 

k 


46 •• 

Picture the Problem We can use the definition of the electric field between the plates of 
the parallel-plate capacitor and the definition of the displacement current to show that the 
displacement current in the capacitor is equal to the conduction current in the capacitor 
leads. In ( b ) we can use the definition of the Poynting vector and the directions of the 
electric and magnetic fields to determine the direction of the Poynting vector between the 

capacitor plates. In (c), we’ll demonstrate that the flux of S into the region between the 
plates is equal to the rate of change of the energy stored in the capacitor by evaluating 
these quantities separately and showing that they are equal. 


(a) The electric field between the 
plates of the capacitor is given by: 



— (l - e~ tlRC ) 


4(0 = e o 


dt 


jM e)= ^ a 


dE_ 

dt 


The displacement current is 
proportional to the rate at which the 
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flux is changing between the plates: 

Substitute fori? and carry out the 
details of the differentiation to 
obtain: 


Because the capacitance of an air- 

filled-parallel-plate capacitor is 

u n G o A 
given by C =-: 

d 

(b) Apply Ampere’s law to a closed 
circular path of radius r (the radius 
of the capacitor plates) to obtain: 

Substitute for I D from (a): 


4(0 


4(0 


, d 


V 


d 


(\-e- ,,RC 


, AV d 
d dt 
, AV d 
d dt 


[(> 


— e 


-t/RC 


[ -t/RC 

L~e 


z 0 AV -t/RC 


dRC 


CV 

RC 


-t/RC 




) 

)] 


B(27rr)= ju 0 I c = ju 0 I D 


B(l7T r) = /i 0 e 0 


W V -t/RC 

d{RC) 


Solve for B to obtain: D fV _ t/RC 

B = H ‘ e °MRC) e 


Because E is perpendicular to the plates of the capacitor and B is tangent to 
circles that are concentric and whose center is through the middle of the 
capacitor plates, S points radially inward toward the center of the capacitor. 


(c) The magnitude of the Poynting 
vector is: 

Substitute fori? and E and simplify 
to obtain: 


S 



I = 


V 2 r 


2 d~RC 


e- t,R c(\- e - t/RC ) 



= 2 n rdl 


The total power is: 
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Substitute for / to obtain: 


Because the capacitance of an air- 
filled-parallel-plate capacitor is 

U ^ e o nrl 

given by C =-: 

d 

The energy in the capacitor at any 
time is: 

Differentiate E with respect to time 
to obtain: 


dE V m~ „-t/Rc(] „-t/Rc 

dt dRC v 


— = — e -‘ ,RC (l- e - t/R c) (1) 

dt R V ’ 


E = \c[r(tf 


dE_ 

dt 


d_ 

dt 


\c(v(t)f 


CV(t) 


dV{t ) 
dt 


Substitute for V(t) and complete the 
differentiation to obtain: 


dE_ 

dt 


— e t,RC (\-e- tlRC ) 

R v ’ 


( 2 ) 


The equivalence of equations (1) and (2) proves that the flux of S into this 
region is equal to the rate of change of the energy stored in the capacitor. 


47 •• 

Picture the Problem The diagram shows 
the displacement of the pendulum bob, 
through an angle 0, as a consequence of the 
complete absoiption of the radiation 
incident on it. We can use conservation of 
energy (mechanical energy is conserved 
after the collision) to relate the maximum 
angle of deflection of the pendulum to the 
initial momentum of the pendulum bob. 
Because the displacement of the bob during 
the absorption of the pulse is negligible, we 
can use conservation of momentum 
(conserved during the collision) to equate 
the momentum of the electromagnetic 
pulse to the initial momentum of the bob. 



Apply conservation of energy to 
obtain: 


Kf-Kt+Uf-U^ 0 

or, since U, - K t = 0 and K t = p[ / 2in , 
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C/f is given by: 
Substitute for Uf. 


Solve for 9 to obtain: 


Use conservation of momentum to 
relate the momentum of the 
electromagnetic pulse to the initial 
momentum p x of the pendulum bob: 

Substitute for p x . 


~^- + U t = 0 

2m 


U { = mgh = mgL (l - cos 0 ) 


z. 

- + mgL{\ - cos 0) = 0 

2m 


6 = cos 


1 -- 


P i 


,2 A 


2/h gZ 


_ U _ PAt _ 

P cm wave Pi 


c c 

where At is the duration of the pulse. 


f 

6 = cos 1 1 

V 


P 2 (At) 2 ' 
2m 2 c 2 gL J 


Substitute numerical values and evaluate 9 : 

e = cos -/,_ (l 000 MW) 2 (200 ns) 2 

v 2(l0 mg) 2 (3x10 s rWs)-(9.81m/s 2 )(0.04m) y 

Remarks: The solution presented here is valid only if the displacement of the bob 
during the absorption of the pulse is negligible. (Otherwise, the horizontal 
component of the momentum of the pulse-bob system is not conserved during the 
collision.) We can show that the displacement during the pulse-bob collision is small 
by solving for the speed of the bob after absorbing the pulse. Applying conservation 
of momentum (niv = P{Ai)lc) and solving for v gives v = 6.67x10 7 m/s. This speed is 
so slow compared to c, we can conclude that the duration of the collision is 
extremely close to 200 ns (the time for the pulse to travel its own length). Traveling 
at 6.67xl0 -7 m/s for 200 ns, the bob would travel 1.33xl0 -13 m—a distance 1000 
times smaller that the diameter of a hydrogen atom. (Since 6.67xl0“ 7 m/s is the 
maximum speed of the bob during the collision, the bob would actually travel less 
than 1.33xl0 -13 m during the collision.) 

48 •• 

Picture the Problem We can use the definitions of pressure and the relationship between 
radiation pressure and the intensity of the radiation to find the force due to radiation 
pressure on one of the mirrors. 


6.10 x 10 3 degrees 













852 Chapter 30 


(a) Because only about 0.01 percent 
of the energy inside the laser "leaks 
out", the average power of the 
radiation incident on one of the 
mirrors is: 


15W 

1(T 4 


1.50x 10 5 W 


(b ) Use the definition of radiation 
pressure to obtain: 


The radiation pressure is also related 
to the intensity of the radiation: 


Equate the two expression for the 
radiation pressure and solve for F: 

Substitute numerical values and 
evaluate F: 



where F is the force due to radiation 
pressure and A is the area of the mirror on 
which the radiation is incident. 

p= V = 2P 

c Ac 

where P is the power of the laser and the 
factor of 2 is due to the fact that the mirror 
is essentially totally reflecting. 

F 2P „ IP 
A Ac c 

_ 2(l.50xIQ 5 W 
3x 10 s m/s 


l.OOmN 


49 •• 

Picture the Problem The card, pivoted at 
point P, is shown in the diagram. Note that 
the force exerted by the radiation acts 
along the dashed line. Let the length of the 
card be l, the width of the card be w, and 
the force acting on an area dA = wdx be 
dF md [ a tion- We can find the total torque 
exerted on the card due to radiation 
pressure by integrating d relation over the 
length t of the card and then relate the 
intensity of the light to the angle 6 by 
applying the condition for rotational 
equilibrium to the card. 


P 



Express the torque, due to F, acting d r radiation = x<iF radiation 

at a distance x from P: 
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Relate Eradiation to the intensity of 
the light: 


Substitute to obtain: 


Integrate x from 0 to t. 


Apply Z T P =0to the card: 


Solve for / to obtain: 


21 

^radiation = —COS 6 dA 


where the factor of 2 arises from the total 
reflection of the radiation incident on the 
mirror. 


2 / 

Nation = — COS # xdA 
c 

= — cos 0 xwdx 
c 


1 radiation 


2 Iw 
c 

2 Iw 


cos# 

xdx 

0 

cos# 

r l 2 ^ 


IAI 


cos# 


IAI 


cos 0-{\i sin 0)mg = 0 


1 = ^ tan# 
2 A 


Substitute numerical values and evaluate I: 


1 = 


(2g)(9.81m/s^)(3x 10 s m/s) 
2(0.1m)(0.15m) 


tanl° 


3.42 MW/m 2 


The Wave Equation for Electromagnetic Waves 

50 • 

Picture the Problem We can show that Equation 30-17a is satisfied by the wave 

2 2 2 2 2 

function E v by showing that the ratio of d E y /8x to d EJdt is 1/c where c = co/k. 
Differentiate 

E v = E 0 sin(fcr - rut) with respect 
to x: 

Evaluate the second partial 
derivative of E v with respect to x: 

= ~k 2 E 0 sin(&x - cot) 


8E 3 r i 

-— = — [E 0 sm(kx-6)t)\ 
ox ox 

= kE 0 cos (kx - cot) 


d 2 E v d r 1 

-—^ = — [kE 0 cos(kx-oot)\ 

OX" OX ( 1 ) 
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Differentiate E = E 0 sin(&x - cot) 
with respect to t: 


Evaluate the second partial 
derivative of E v with respect to t: 


Divide equation (1) by equation (2) 
to obtain: 


8E fir -I 

= — l^o sin(Cv - cot)\ 
ot ot 

= -coE 0 cos (kx - cot ) 


d 2 E r d r i 

-— = —- coE n cos (kx-cot)\ 

8t 2 8t l ° J (2) 

= -co 2 E 0 sin(&x - cot) 


d 2 E„ 


q x 2 _ - k 2 E 0 sin(kx-cot) _ k 

8 2 E y - co 2 E 0 sin(&x - cot) 


co~ 


8t 2 


or 

8 2 E y _ k 2 8 2 E v 


8x 2 co 2 8t 2 
provided c = cdk. 


1 8% 
c 2 8t 2 


51 • 

Picture the Problem Substitute numerical values and evaluate c: 


1 

V(4 H x 1CT 7 N/A 2 )(8.85 x 1(T 12 C 2 / N • m 2 ) 


3.00x 10 8 * m/s 


*52 ••• 

Picture the Problem We can use Figures 30-10 and 30-1 land a derivation similar to that 
in the text to obtain the given results. 


In Figure 30-11, replace B z by E~. 
For Ax small: 

Evaluate the line integral of 
E around the rectangular area AxAz: 

Express the magnetic flux through 
the same area: 

Apply Faraday’s law to obtain: 


fix 


E-d£~ - -AxAz (1) 

fix 


f B dA = B v AxAz 

Js n y 


ie-dt* - A } BdA = - A(s AtAz) 
J 8t JS 8t 

8B 

=- — AxAz 

8t 
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Substitute in equation (1) to obtain: 


In Figure 30-10, replace E y by B v 
and evaluate the line integral of 
B around the rectangular area AxAz: 

Evaluate these integrals to obtain: 


( b ) Using the first result obtained in 
(a), find the second partial 
derivative of E z with respect to x: 


- -AxAz = - -AxAz 

ox Gt 


or 



§B-d£ = B 0 e 0 \ s E n dA 

provided there are no conduction currents. 



8 f GE_ \ _ d (6B v " 
dx\dx ) dxy dt ^ 

Dr 

d 2 E, _ 8 fdB y ' 
dx 2 dt v dx y 



or, because // 0 ^o = 1/c 2 , 
d 2 B y 1 G 2 B y 
~^x r ~^ 2 ~dt r 
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53 ••• 

Picture the Problem We can show that these functions satisfy the wave equations by 
differentiating them twice (using the chain rule) with respect to x and t and equating the 
expressions for the second partial of/ with respect to u. 

Let u =x -vt. Then: df du d f d f 

dx dx du du 
and 

df _ du df _ df 
dt dt du du 


Express the second derivatives of f 
with respect to x and t to obtain: 


d 2 f _d 2 f 

dx 2 du 2 

and 

dt 2 du 2 


Thus, for any J[u)\ 


d 2 f__ 1 d 2 f 

dx 2 v 2 dt 2 


Let u = x + vt. Then: 


Express the second derivatives of f 
with respect to x and t to obtain: 


df_dudf_df 
dx dx du du 
and 

djf_du_djf_ df_ 
dt dt du du 

d 2 f __ d 2 f 

dx 2 du 2 

and 

d 2 f 2 d 2 f 

—— = v —— 
dt 2 du 2 


d 2 f _ 1 d 2 f 

dx 2 v 2 dt 2 


Thus, for any fu)\ 
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General Problems 


54 • 

Picture the Problem We can substitute the appropriate units and simplify to show that 
the units of the Poynting vector are watts per square meter and that those of radiation 
pressure are newtons per square meter. 


(a) Express the units of S and 
simplify: 


(. b ) Express the units of P, and 
simply: 


J N 

V C-m* m 
— x T C — 

m___s_ 


N 


N 


J 



= _C 

_ J _ 


s 

s 


C 


W J 

2 2 

m _ s-tn 

m m 

s s 


N • m 


m 



55 •• 

Determine the Concept The current induced in a loop antenna is proportional to the 
time-varying magnetic field. For maximum signal, the antenna’s plane should make an 
angle 9 = 0° with the line from the antenna to the transmitter. For any other angle, the 
induced current is proportional to cos 0. The intensity of the signal is therefore 
proportional to cos 9. 


56 •• 

Picture the Problem We can use c = fX to find the wavelength. Examination of the 
argument of the cosine function will reveal the direction of propagation of the wave. We 
can find the magnitude, wave number, and angular frequency of the electric vector from 
the given information and the result of (a) and use these results to obtain E (z, t ). Finally, 
we can use its definition to find the Poynting vector. 


(a) Relate the wavelength of the 
wave to its frequency and the speed 
of light: 


X = 


c 

7 


3 x 10 8 m/s 


3.00m 


Substitute numerical values and 
evaluate X: 


100MHz 
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From the sign of the argument of the cosine function and the spatial dependence 
on z, we can conclude that the wave propagates in the z direction. 


( b ) Express the amplitude of E : 

ll 

$ 

ll 

[3 x 10 8 m/s)(l(T 8 Tj 


= 3.00 V/m 

Find the angular frequency and 

co = 2n f 

= 2^(l 00 MHz) = 6.28 x 10 8 s~ 

wave number of the wave: 

and 



k 

ln -2.09 m 1 


A, 3.00 m 


Because S is in the positive z direction, E must be in the negative y direction in order to 
satisfy the Poynting vector expression: 



E(z,t) = -(3.00 V/m)cos 

[(2.09 m 1 

) z -{ 

6.28 x 10 8 s _1 ) 

f \j 

(c) Use its definition to express the Poynting vector: 

- 1 - 5 - (3.00 V/m)(l0~ 8 t) 2 \( _ 

S = — ExB = — -^—r—^cos 12.09m 

Ho 4;rxl0~ 7 N/A~ LV 

or 

')z - (6.28 x 10 8 


S = (23.9mW/m 2 )cos 2 

2.09m') 

z-(6 

.28xl0 8 s -1 )/ 

k 

The intensity of the wave is the 1=1 

f 1 

2 

(23.9 mW/m 2 



average magnitude of the Poynting 
vector. The average value of the 
square of the cosine function is 1/2: 


12.0 mW/nr 



*57 •• 

Picture the Problem The maximum rms voltage induced in the loop is given by 
<£ rms = A coB () / V2 , where A is the area of the loop, B 0 is the amplitude of the magnetic 

field, and co is the angular frequency of the wave. We can use the definition of density 
and the expression for the intensity of an electromagnetic wave to derive an expression 
for B 0 . 


The maximum induced rms emf 
occurs when the plane of the loop is 
perpendicular to B : 


AcoB 0 _ kR 2 coBq 

V2 V2 


( 1 ) 


where R is the radius of loop of wire. 
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From the definition of intensity we 
have: 


1 = 


P 

4k r 2 


where r is the distance from the transmitter. 


The intensity is also given by: 


j _ E 0 B 0 _ B 0 c 
2p 0 2 A> 


Substitute to obtain: B^c P 

2 ju 0 4 k r 1 

Solve for B 0 : _ 1 I jU 0 P 

0 r \ 2 k c 


Substitute in equation (1) to obtain: _ KR 2 {lKf) \/J 0 P 

V2 r y 2 k c 

R 2 f \ 2 n'n 0 P 

42 A c 


Substitute numerical values and evaluate 6W 


(0.3m) 2 (l 00 MHz) 1 

I2k 3 ( 

(4;rx 10~ 7 N/A 2 )(50kW) 

V2I 

(lO 5 m) 

1 ]l 3x10 s m/s 


7.25 mV 


58 •• 

Picture the Problem The voltage induced in the piece of wire is the product of the 
electric field and the length of the wire. The maximum rms voltage induced in the loop is 
given by £ = AcoB 0 , where A is the area of the loop, B 0 is the amplitude of the magnetic 

field, and co is the angular frequency of the wave. 

V = E£ 

where l is the length of the wire. 

V = [(lO 4 N/c)eosl0 6 tj(0.5m) 

= (50.0//v)cosl0 6 f 

£ = coB 0 A 

where A is the area of the loop and B 0 is the 
amplitude of the magnetic field. 


(a) Because E is independent ofx: 

Substitute numerical values and 
evaluate V: 

(b ) The voltage induced in a loop is 
given by: 
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Eliminate B 0 in favor of E 0 and 
substitute for A to obtain: 


£ = 


a)E 0 7T R 1 


c 


evaluate £\ 


Substitute numerical values and 


£ = 


(lO 6 s 1 )(lO^ 4 N/c);z~(0.2m) 2 
3 x 10 s m/s 


41.9nV 


59 •• 

Picture the Problem Some of the charge entering the capacitor passes through the 
resistive wire while the rest of it accumulates on the upper plate. The total current is the 
rate at which the charge passes through the resistive wire plus the rate at which it 
accumulates on the upper plate. The magnetic field between the capacitor plates is due to 
both the current in the resistive wire and the displacement current though a surface 
bounded by a circle a distance r from the resistive wire. The phase difference between 
the supplied current and the applied voltage may be calculated using a phasor diagram. 


I 


+ 



(a) The current drawn by the 
capacitor is the sum of the 
conduction current through the 
resistance wire and dQ/dt, where Q 
is the charge on the upper plate of 
the capacitor: 



( 1 ) 


Express the conduction current I c in 
terms of the potential difference 
between the plates and the 
resistance of the wire: 


T V f 0 ' 

I = — = — sin cot 

R R 


Express the displacement current 
between the capacitor plates. Let C 
be the capacitance of the capacitor: 


Q = CV 


so 


dQ dV 

— = C — = coCVq cos cot 
dt dt 
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Substitute in equation (1): 

Using Equation 24-10 for the 
capacitance of a parallel-plate 
capacitor with plate area A and plate 
separation d we have: 

Substituting for C equation 2 gives: 


( b ) Apply the generalized form of 
Ampere’s law to a circular path of 
radius r centered within the plates of 
the capacitor, where I' A is the 

displacement current through the 
flat surface S bounded by the path 
and I c is the conduction current 
through the same surface: 

By symmetry the line integral is B 
times the circumference of the circle 
of radius r. 

In the region between the capacitor 
plates there is a uniform electric 
field due to the surface charges +Q 
and —Q. The associated 
displacement current through S is: 

To evaluate the displacement 
current we first must evaluate E 
everywhere on S. Near the surface 
of a conductor E = cr/e (| (Equation 

22-25), where a is the surface 
charge density: 


/ = — sin cot + coCV 0 cos cot (2) 



§B-dt = Mo {i c + r d ) 


b(2k r)= Boil <■ + I'd) (3) 


r d =e 0 ^=e 0 ^-(A'E) 

d 0 dt 0 dr 

,,dE 2 dE 


provided (r < a) 


E = a/e 0 , where a = QjA = Ql{n a 2 ) 


so 



e 0 na 
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Substituting for E in the equation for 
I ' d gives: 


Substituting for 7 C and 7' d in 
equation (3) and solving for B gives: 


2 dE 2 d 

Ii=e 0 xr —=e 0 7vr — 
at dt 


r Q A 


V^o na J 


r 2 dQ r 2 d ( . \ 

= —r— = —— (K, sin cot) 

d dt d 2 dr 0 ' 


= ( 0 —rV n cos cot 
d 0 


B (r)= M o( 7 c +/ d) 


/^o 


2^r 

7 


2^r 


V r 

— sin cot + a>—^ V n cos cot 
R a 2 0 




2^r 


1 r 

—sin cot + co—r cos cot 
R a 2 


(c) Both the charge (9 and the 
conduction current I c are in phase 
with V. However, dQ/dt, which is 
equal to the displacement current I d 
through S for r > a, lags V by 90°. 
(Mathematically, cos cot lags behind 
sin cot by 90°.) The voltage V leads 
the current / = 7 C + I A by phase angle 
8. The current relation is expressed 
in terms of the current amplitudes: 

The values of the conduction and 
displacement current amplitudes are 
obtained by comparison with the 
answer to part (a): 


A phasor diagram for adding the 
currents 7 C and 7 d is shown to the 
right. The conduction current 7 e is in 
phase with the voltage V across the 
resistor and 7 d lags behind it by 90°: 


/ = /„+/, 


or 


/ maxSin(ryt + ^) = / c , max sinryt 


+ / d,maxCOS cot 
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From the phasor diagram we have: 


co e 0 wa 2 

tan 8 = =- d - 

^c.max Vo /R 

_ Rco e 0 na 2 
~ d 


so 


8 = 


tan 


-i 


f r\ 2 

Rco e n 7i a 


Remarks: The capacitor and the resistive wire are connected in parallel. The 
potential difference across each of them is the applied voltage Vo sin cot. 

60 •• 

Picture the Problem The total force on the surface is the sum of the force due to the 
reflected radiation and the force due to the absorbed radiation. From the conservation of 
momentum, the force due to the 10 kW that are reflected is twice the force due to the 10 
kW that are absorbed. 


Express the total force on the 
surface: 

Substitute for F r and F a to obtain: 


Substitute numerical values and 
evaluate F tot : 


F = F + F 

tot J r J - a 


F„ 


2({P) | IP 
c c 2c 


F„. 


3(20 kW) 
2(3 x 10 s m/s) 


O.lOOmN 


*61 •• 

Picture the Problem We can use the definition of the Poynting vector and the 
relationship between B and E to find the instantaneous Poynting vectors for each of the 
resultant wave motions and the fact that the time average of the cross product term is zero 
for co\ ^ (D 2 , and V 2 for the square of cosine function to find the time-averaged Poynting 
vectors. 


(a) Because E 1 and E 2 propagate in E x B = jU 0 Si => B = Bk 

the x direction: 


Express B in terms of E\ and E 2 : 


B = -(£,+£,) 

C 


Substitute for E\ and bF to obtain: 
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B = — [e i 0 cos^qx - 6^)+ E 2 0 cos(A: 2 x - co 2 t + c!>)]& 
c 

Express the instantaneous Poynting vector for the resultant wave motion: 

S = — {e x 0 cos^x - co { t) + E 0 0 cos(£ 2 x - co 2 t + 8))j 

Bo ’ 

- (Cj 0 cos {k x x -co x t)+E 2Q cos (k 2 x - co 2 t + <*))* 


X — 

c 


—— (e x 0 cos(£jX - a\t ) + E 2 0 cos(A: 2 x - oo 2 t + (S’ ))' (j x A ) 

BoP 


= Bo c 


— [c^ 0 cos 1 (k l x-co l t)+2E l 0 E 2 0 cos {k, x x-a\t) 


: cos(^ 2 x - 0 ) 2 t + <5)+ C 2 0 cos 2 (A: 2 x-£y 2 t+ e>)] / 


(6) The time average of the cross 
product term is zero for a>\ # ftb, and 
the time average of the square of the 
cosine terms is 14: 


S„, = 


-‘-h, 2 , +£ 2 n ]i 

2 BP 


(c ) In this case B , = —5A: because the wave with k = k 2 propagates in the — i direction. 
The magnetic field is then: 

B = — [c i 0 cos(^,x - coj)-E 2 0 cos(k 2 x + co 2 t + <5>)]a 


Express the instantaneous Poynting vector for the resultant wave motion: 

S = — {e x 0 cos(k l x-co l t)+ E 2 0 cos (k 2 x - a> 2 t + 5))j 


Bo 


x — (Cj 0 cos(A'jX - 1 v x t ) -E 2 o cos(& 2 x + co 2 t + 8^j)k 


—— [c/ 0 cos 7 (k x x — C 0 ]t )— E 2 0 cos 2 (C,x + co 2 t + £)] i 

BP ’ ." 


( d) The time average of the square 
of the cosine terms is 54: 


S m = 


_!_ \e 2 -E 2 1 ; 

~ pl.O ^2,0 J 1 

2 Bo c 


*62 •• 

Picture the Problem We can use the definitions of power and intensity to express the 
area of the surface as a function of P, I, and the efficiency s. 
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Use the definition of power to relate 
the required surface area to the 
intensity of the solar radiation: 

Solve for A to obtain: 


E 

P = —s = IAs 
t 

where s is the efficiency of the system. 



Is 


Substitute numerical values and 
evaluated: 


A _ 25 kW 
' “ 0.3(0.75 kW/m 2 ) 


111m 2 


63 •• 

Picture the Problem We can use the relationship between the average value of the 
Poynting vector (the intensity), E 0 , and B 0 to find B 0 . The application of Faraday’s law 
will allow us to find the emf induced in the antenna. The emf induced in a 2-m wire 
oriented in the direction of the electric field can be found using £ = Ei and the 
relationship between E and B. 

(a) The intensity of the signal is SI c ^l 

related the amplitude of the av 2// 0 2// 0 

magnetic field in the wave: 


Solve for B 0 : ^ _^2/j 0 I 


Substitute numerical values and evaluate B 0 : 


3x10 m/s 


(b) Apply Faraday’s law to the 
antenna coil to obtain: 


\s\=A( BA )= A A( N K As mcot) 
at at 

= NK m AB 0 co cos cot 


Substitute numerical values and evaluate \£\: 

|£j = 2000(200)^(0.01 m) 2 ( 9 .15 x 10 -15 T)[2;r(l40kHz)]cos[2;r(l40kHz)]t 
= (l.01//V)cos(8.80xl0 5 s')t 


(c) The voltage induced in the wire 


£ = El 
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is the product of its length i and the 
amplitude of electric field E 0 \ 

Relate E to B: E = cB = cB 0 sin cot 

Substitute for E to obtain: £ = c£B 0 sin cot 

Substitute numerical values and evaluate : 

£ = (3 x 10 8 m/s)(2 m)(9.15 x 10 15 T)sin[2^-(l40kHz)]t 
= (5.49//V)sin(8.80xl0 5 s 


64 •• 

Picture the Problem We’ll choose the 
curve with sides Ax and Az in the xv plane 
shown in the diagram and apply Equation 


30-6 d to show that 


8B : 

dx 


= ~B 0 e 0 


8E v 

_ y_ 

8t 


Because Ax is very small, we can 
approximate the difference in B : at 
the points x\ and X 2 by: 



Then: 


■ - - 8E v 

>2? ■ di « fi Q e 0 —- AxAz 

c 8t 


The flux of the electric field through J E n dA = E y AxAv 

this curve is approximately: 


Apply Faraday’s law to obtain: 


—AxAz = ~n Q e 0 
dx 


8E v 

_ y_ 

8t 


AxAz 


8B, 8E v 

—- = -u n e n —- 
5x 0 0 8t 


*65 ••• 

Picture the Problem We can use Ohm’s law to relate the electric field E in the conductor 
to /, p, and a and Ampere’s law to find the magnetic field B just outside the conductor. 
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Knowing E and B we can find S and, using its normal component, show that the rate of 
energy flow into the conductor equals I 2 R, where R is the resistance. 


(a) Apply Ohm’s law to the 
cylindrical conductor to obtain: 


V = IR = 


IpL 

A 


IpL 

it a 2 


= EL 


Solve for E : 


E = 


Ip 

it a 2 


(b) Apply Ampere’s law to a 
circular path of radius a at the 
surface of the cylindrical conductor: 

Solve for B to obtain: 


\P ' M = B ( 271 a ) = /'(/enclosed = Pi , 1 


B = 


Pi , 1 

2 it a 


(c) The electric field at the surface 
of the conductor is in the direction 
of the current and the magnetic field 
at the surface is tangent to the 
surface. Use the results of (a) and 
( b ) and the right-hand rule to 
evaluate S : 


( d) The flux through the surface of 
the conductor into the conductor is: 


S = — ExB 
Po 


1 

( T h 

Ip 


( T \ 

Po 1 

Po 

pit a 2 ) 

“parallel A 

K 2n a ; 


u, 


tangent 


2n V 

where r is a unit vector directed radially 
outward from the cylindrical conductor. 


j lS n dA =S{l7iaL) 


Substitute for S n , the inward 
component of S , and simplify to 
obtain: 


Since R = 


pL _ pL 
A na 2 



I 2 P 

In-a 2 


(2/r aL) 


i 2 pl 

7i a 2 



66 ••• 

Picture the Problem We can use Faraday’s law to express the induced electric field at a 
distance r < R from the solenoid axis in terms of the rate of change of magnetic flux and 
B = np Q at to express B in terms of the current in the windings of the solenoid. We can 

use the results of (a) to find the magnitude and direction of the Poynting vector S at the 
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cylindrical surface r = R just inside the solenoid windings. In part (c) we’ll use the 
definition of flux and the expression for the magnetic energy in a given region to show 
that the flux of S into the solenoid equals the rate of increase of the magnetic energy 
inside the solenoid. 


(a) Apply Faraday’s law to a 
circular path of radius r < R: 


-d£ = Eilnr) 


d K 

dt 


Solve for E to obtain: 


1 d<L 

2 n r dt 


( 1 ) 


Express the magnetic field inside a B = nju Q I = nju Q at 

long solenoid: 

The magnetic flux through a circle <f> m = BA = njU Q at7T r 

of radius r is: 


Substitute in equation (1) to obtain: 


E = 


1 d 
2nr dt 


nju 0 at7r r 2 


nju Q ar 

2 


(b) Express the magnitude of S at r 
= R: 


S = 


EB 


Mo 


At the cylindrical surface just inside B = nju 0 at 

the windings: 


Substitute to obtain: 


5 = 


Mo 


n jUqO 2 Rt 

2 


Because the field E is tangential 
and directed so as to give an induced 
current that opposes the increase in 
B , ExB is a vector that points 
toward the axis of the solenoid. 
Hence: 

(c) Consider a cylindrical surface of 
length L and radius R. Because 
S points inward, the energy flowing 


- n~ u () a Rt „ 

S = -—- r 

2 

where r is a unit vector that points radially 
outward. 


| S n dA =2 ft RLS 


= 2 n RL\ 


njU 0 a 2 Rt 


= n njU 0 R La 2 t 


x 

) 
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into the solenoid per unit time is: 

Express the magnetic energy in the 
solenoid: 


Evaluate dU B /dt. 


z // 0 

Mil) 

2 Mo 

n 2 n jU 0 R 2 La 2 t 2 


dU B d 

2 

n 2 n /u 0 R 2 La 2 1 2 

dt dt 

2 

= n 2 n jU 0 R 2 La 2 1 


= §S„dA 


*67 ••• 

Picture the Problem We can use a condition for translational equilibrium to obtain an 
expression relating the forces due to gravity and radiation pressure that act on the 
particles. We can express the force due to radiation pressure in tenns of the radiation 
pressure and the effective cross sectional area of the particles and the radiation pressure 
in terms of the intensity of the solar radiation. We can solve the resulting equation for r. 


Apply the condition for translational 
equilibrium to the particle: 


F -F„ =0 


or, since F r = P r A and F g = mg, 
GM ^, =0 

r R 2 


( 1 ) 


The radiation pressure P, depends on P - — 

the intensity of the radiation I: 1 c 

The intensity of the solar radiation at j _ P 

a distance R is: An R 2 


Substitute to obtain: „ _ P 

1 ~ An R 2 c 


P 

AnR?c 



f nr 3 pGM s 
R 2 


= 0 


Substitute for P t , A, and m in 
equation (1): 
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Solve for R to obtain: 3 P 

r =- 

16;r pcGM s 


Substitute numerical values and evaluate r: 

3(3.83 xl0 26 w) 

1 ~ 16^(l g/cm 3 )(3 x 10 8 m/s)(6.67 x 10 11 N • m 2 / kg 2 )(l .99 x 10 30 kg) 

= 0.574 pm 


68 ••• 

Picture the Problem 

(a) At a perfectly conducting surface E = 0 . Therefore, the sum of the electric fields of 
the incident and reflected wave must add to zero, and so E i = —E r . 

(b ) Let the incident and reflected E { = E 0y cos(<ut — kx) 

waves be described by: an( j 

E r = -E 0 cos (cot + kx) 


Use the trigonometric identity cos(a + j3) = cosacos/3- sinasin/?to obtain: 


E i +E r = E 0y cos (cot -kx)- E 0 cos (cot + kx) = E 0y [cos(<yt - kx)- cos (cot + fcc)] 
= E 0 [cos cot cos(— kx) - sin cot sin(- kx) - cos cot cos kx + sin cot sin(Cv)] 
= E 0 [cos cot cos kx + sin cot sin kx - cos cot cos kx + sin cot sin kx] 


2E 0 sin cot sin kx 


the equation of a standing wave. 


(c) Because E xB = /u 0 S and S is in the direction of propagation of the wave, we see 
that for the incident wave B l = B. cos (cot - kx). Since both S and E y are reversed for the 
reflected wave, B r = B z cos (cot + kx). So the magnetic field vectors are in the direction 
at the reflecting surface and add at that surface. Hence B = 2B . 


*69 ••• 

Picture the Problem Let the point source be a distance a above the plane. Consider a 
ring of radius r and thickness dr in the plane and centered at the point directly below the 
light source. Express the force of force on this ring and integrate the resulting expression 
to obtain F. 
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The intensity anywhere along this 
infinitesimal ring is P!An(r 2 + a 1 ) 
and the element of force dF on this 
ring of area 2 nrdr is given by: 


Integrate dF from r = 0 to r = oo: 


From integral tables: 


Substitute to obtain: 


Substitute numerical values and 
evaluate F : 


Prdr a 
c(r 2 + a 2 ) Vr 2 + a 2 
Pardr 
c\r + a ) 

where we have taken into account that only 
the normal component of the incident 
radiation contributes to the force on the 
plane, and that the plane is a perfectly 
reflecting plane. 

_ Pa r rdr 


00 

f 

rdr 

-1 


1 

u 

2 + a 2 J' 2 

\Jr 2 + a 2 _ 

0 

a 


F = 


Pa 




\a) 


P 

c 


1MW 
3 x 10 8 m/s 


3.33 mN 
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Chapter 31 
Properties of Light 

Conceptual Problems 


1 

Determine the Concept The population inversion between the state E 2 ^ e and the state 
1.96 eV below it (see Figure 31-9) is achieved by inelastic collisions between neon atoms 
and helium atoms excited to the state E 2 ,n e - 

2 

Determine the Concept Although the excited atoms emit the light of the same frequency 
on returning to the ground state, the light is emitted in a random direction, not exclusively 
in the direction of the incident beam. Consequently, the beam intensity is greatly 
diminished. 


3 

Determine the Concept The layer of water greatly reduces the light reflected back from 
the car’s headlights, but increases the light reflected by the road of light from the 
headlights of oncoming cars. 


4 


Determine the Concept When light passes from air into water its wavelength changes 
(^water = 4* ! n water )> its s P eed changes (v water = c/« water ), and the direction of its 


propagation changes in accordance with Snell’s law. 


(c) is correct. 


*5 •• 

Determine the Concept The change in atmospheric density results in refraction of the 
light from the sun, bending it toward the earth. Consequently, the sun can be seen even 
after it is just below the horizon. Also, the light from the lower portion of the sun is 
refracted more than that from the upper portion, so the lower part appears to be slightly 
higher in the sky. The effect is an apparent flattening of the disk into an ellipse. 

6 • 

Determine the Concept (a) Yes. ( b ) Fler procedure is based on Fermat’s principle in 
that, since the ball presumably travels at constant speed, the path that requires the least 
time of travel corresponds to the shortest distance of travel. 

7 

Determine the Concept Because she can run faster than she can swim, she should 
choose the path that will maximize her running distance. Path LES is the path that 
satisfies this criterion. 
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8 

Picture the Problem The intensity of the light transmitted by the second polarizer is 
given by / trans = 7 0 cos 2 0, where I 0 = ^/.Therefore, / trans = T/ cos 2 0 and 

( b ) is correct. 


9 


Picture the Problem Polarized light can be produced from unpolarized light by 


absorption, reflection, birefringence, and scattering. Therefore, 


(d) is correct. 


*10 •• 


Determine the Concept The diagram shows that the radiated intensity for a dipole is 
zero in the direction of the dipole moment. Because the dipole axis is in the same 
direction as the polarization, for light polarized parallel to plane of incidence, the dipole 
axis will point in the same direction as the reflected wave, i.e., in the direction described 
by Brewster’s law. As the diagram indicates, there is zero field in the direction of the 
refracted ray. On the other hand, if the incoming wave is polarized perpendicular to the 
plane of incidence, the dipole axis will never point along the direction of propagation for 


the reflected or refracted wave. 

Unpolarized 



11 •• 

Determine the Concept The diagram shows unpolarized light from the sun incident on 
the smooth surface at the polarizing angle for that particular surface. The reflected light 
is polarized perpendicular to the plane of incidence, i.e., in the horizontal direction. The 
sunglasses are shown in the correct orientation to pass vertically polarized light and block 
the reflected sunlight. 
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12 • 

(a) True. 

( b ) False. Most of the light incident normally on an air-glass interface is transmitted. 

(c) False. The relationship between the angles of incidence and refraction depends on the 
indices of refraction on both sides of the interface. 


(d) False. The index of refraction of water is a function of the wavelength of light. 

(e) True. 


13 •• 

Picture the Problem Because the speed of light in a given medium is inversely 
proportional to the index of refraction of the medium, we can decide which of the 
statements are true by referring to Figure 31-26. 

(a) The graphs of n vs. A are not horizontal lines and so the speed of light is a 
function of its wavelength. 

( b ) Because the index of refraction decreases with wavelength, violet light has the 
lowest speed and red light the highest speed. 


(c) Because the index of refraction decreases with wavelength, violet light has the 


lowest speed and red light the highest speed, (c) is correct. 


(< d) Examination of Figure 31-26 tells us that this statement is false. 
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(e) Examination of Figure 31-26 tells us that this statement is false. 

*14 •• 

Picture the Problem The sound is reflected specularly from the surface of the water (we 
assume it is calm). It is then refracted back toward the water in the region above the water 
because the speed of sound depends on the temperature of the air and is greater at the 
higher temperature. The pattern of the sound wave is shown schematically below. 

Source 



15 • 

Determine the Concept In resonance absorption, the molecules respond to the frequency 
of the light through the Einstein photon relation E = hf Thus, the color appears to be the 
same in spite of the fact that the wavelength has changed. 

Estimation and Approximation 

16 • 

Picture the Problem We can use the distance, rate, and time relationship to estimate the 
time required to travel 6 km (see Problem 31-14). 

Express the distance D to light D = cAt 

traveled in terms of its speed c and 
the elapsed time At: 

Solve for At: At - ^ 

c 


Substitute numerical values and 
evaluate At: 


At = 


6 km 

2.998 x10 s m/s 


20.0 /us 


17 • 

Picture the Problem We can use the period of Io’s motion and the position of the earth 
at B to find the number of eclipses of Io during the earth’s movement and then use this 
information to find the number of days before a night-time eclipse. During the 42.5 h 
between eclipses of Jupiter’s moon, the earth moves fromd to B, increasing the distance 
from Jupiter by approximately the distance from the earth to the Sun, making the path for 
the light longer and introducing a delay in the onset of the eclipse. 










(a) Find the time it takes the earth to 
travel from points to point B: 
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365.24d 24 h 
=-x- 

4 d 
= 2191 h 


Because there are 42.5 h between 
eclipses of Io, the number of 
eclipses N occurring in the time it 
takes for the earth to move from A 
to B is: 


N = W = 2191h =5 i 55 
T lo 42.5 h 


Flence, in one-fourth of a year, there will be 51.55 eclipses. Because we want to find the 
next occurrence that happens in the evening hours, we’ll use 52 as the number of 
eclipses. We’ll also assume that Jupiter is visible so that the eclipse of Io can be observed 
at the time we determine. 


Relate the time t(N) at which the 
Mh eclipse occurs to N and the 
period T lo of lo: 


t(N)=NT„ 


Evaluate t{ 52) to obtain: 


f(52) = (52) 42.5 h 


= 92.083d 


Subtract the number of whole days 
to find the clock time t: 


t = t{ 52) - 92 d = 92.083 d-92 d 
24 h 

= 0.083 d x-= 1.992 h 

d 


Because June, July, and August 
have 30, 31, and 31 d, respectively, 
the date is: 


September 1 


(b ) Express the time delay At in the 
arrival of light from Io due to the 
earth’s location at B: 


c 
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Substitute numerical values and 
evaluate A t: 


A t = 


1.5 x IQ 11 m 
2.998 xlO 8 m/s 


= 500s 


= 8.33 min 


Hence, the eclipse will actually occur at 2 : 08 pm. 


18 •• 

Picture the Problem We can express the relative error in using the small angle 
approximation and then either 1) use trial-and-error methods, 2) use a spreadsheet 
program, or 3) use the Solver capability of a scientific calculator to solve the 
transcendental equation the results from setting the error function equal to 0.01. 

Express the relative error A in using S{0) - ^ ~ S * n ^ ^ —1 

the small angle approximation: sin 9 sin 9 


A spreadsheet program was used to plot the following graph of S (9). 


0.016 

0 014 










0 012 - 







0 010 - 







<D 

•5 0 008 
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0.000 
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10 0. 
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From the graph, we can see that 9(9) < 1% for 0< 0.24 radians. In degree measure, 


9 < 



Remarks: Using the Solver program on a TI-85 gave 9 = 0.244 radians. 
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Sources of Light 

19 • 

Picture the Problem We can use the definition of power to find the total energy of the 
pulse. The ratio of the total energy to the energy per photon will yield the number of 
photons emitted in the pulse. 

(a) Use the definition of power to 
obtain: 


Substitute numerical values and 
evaluate E : 

( b ) Relate the number of photons N 
to the total energy in the pulse and 
the energy of a single photon E v \ M)Um \ 

The energy of a photon is given by: 

Substitute for E phoum to obtain: 

Substitute numerical values (the wavelength of light emitted by a ruby laser is 694.3 nm) 
and evaluate N: 


E = PAt 


E = (lOMW)(l.5ns) = 


15.0mJ 


N = 


J photon 


E = — 

photon ^ 


N 

hr 


_ (694.3nm)(l5.0mj) leV 
1240eV-nm 1.60x10 19 J 


5.25 x 10 16 


20 • 

Picture the Problem We can express the number of photons emitted per second as the 
ratio of the power output of the laser and energy of a single photon. 

Relate the number of photons per 
second n to the power output of the 
pulse and the energy of a single 
photon photon: 


n = 


''photon 


E 


photon 


The energy of a photon is given by: 


he 

T 
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Substitute for photon to obtain: 


AP 
n = — 
he 


Substitute numerical values and evaluate n : 

_ (632.8nm)(4mW) leV 
11 ~ 1240eV • nm 1.60x10 19 J 


1.28 x 10 16 photons/s 


21 • 

Picture the Problem We can use the Einstein equation for photon energy to find the 
wavelength of the radiation for resonance absorption. We can use the same relationship, 
with iiRaman = Cue - AT where A E is the energy for resonance absorption, to find the 
wavelength of the Raman scattered light. 


(a) Use the Einstein equation for 
photon energy to relate the 
wavelength of the radiation to 
energy of the first excited state: 

Substitute numerical values and 
evaluate A: 



1240eV • nm 
2.85eV 


435 nm 


(b ) The wavelength of the Raman 
scattered light is given by: 


/l 


Raman 


1240eV • nm 


E 


Raman 


Relate the energy of the Raman 
scattered light E Raman to the energy 
of the incident light E mc : 


E 


Raman 


= E,. 


-A E 


1240eV • nm 


320 mn 
= 1.025 eV 


2.85 eV 


Substitute numerical values and 
evaluate 2 Raman : 


A 


Raman 


1240eV • nm 
1.025eV 


121 Onm 


22 •• 

Picture the Problem The incident radiation will excite atoms of the gas to higher energy 
states. The scattered light that is observed is a consequence of these atoms returning to 
their ground state. The energy difference between the ground state and the atomic state 

he 

excited by the irradiation is given by A E = hf = — . 
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The energy difference between the 
ground state and the atomic state 
excited by the irradiation is given 
by: 

Substitute 368 nm for A and 
evaluate A E: 


AE = hf = — 
A 


1240eV • fm 

A 


1240eV • fm 
368 nm 


3.37 eV 


23 •• 

Picture the Problem The ground state and 
the three excited energy levels are shown 
in the diagram to the right. Because the 
wavelength is related to the energy of a 
photon by A = hc/AE, longer wavelengths 
correspond to smaller energy differences. 



4.35 eV 
3.2 eV 
2.11 eV 


0 


(a) The maximum wavelength of 
radiation that will result in 
resonance fluorescence corresponds 
to an excitation to the 3.2 eV level 
followed by decays to the 2.11 eV 
level and the ground state: 


2 


1240eV • fm 
3.2eV 


387.5 nm 


The fluorescence wavelengths are: 


A. 


21 


1240eV • fm 
3.2eV-2.11eV 


1138 nm 


and 

/ ^io 


1240eV • fm 
2.11eV-0 


587.7 nm 


(b ) For excitation: 


A, 


'03 


1240eV • fm 
4.35 eV 


285. lnm 


The fluorescence wavelengths 
corresponding to the possible transitions 
are: 


^32 - 


2. 2 i - 


Ao - 


1240eV • fm 
4.35 eV- 3.2 eV 
1240eV • fm 
3.2eV-2.11eV 
1240eV • fm 


1078nm 


1138 nm 


2.31 - 


2.11 eV - 0 
1240eV • fm 
4.35 eV-2.1 leV 


587.7 nm 


553.6 nm 
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and 

^20 


1240eV • fm 
3.2eV-0 


387.5 nm 


*24 •• 

Determine the Concept The energy difference between the ground state and the first 
excited state is 3E 0 = 40.8 eV, corresponding to a wavelength of 30.4 nm. This is in the 
far ultraviolet, well outside the visible range of wavelengths. There will be no dark lines 
in the transmitted radiation. 

The Speed of Light 

25 • 

Picture the Problem We can use the distance, rate, and time relationship to find the 
distance to the spaceship. 

Relate the distance D to the D = cAl 

spaceship to the speed of 
electromagnetic radiation in a 
vacuum and to the time for the 
message to reach the astronauts: 

Noting that the time for the message 
to reach the astronauts is half the 
time for Mission Control to hear 
their response, substitute numerical 
values and evaluate D: 

26 • 

Picture the Problem We can use the conversion factor, found in EP-3, to convert a 
distance in km into c- v: 

Convert D = 2xl0 19 km into light- £) — 2 x 10 19 kmx ' T 

years: 9.46xl0 15 m 

= 2.1 lx 10 6 c ■ y 


D = (2.998 xl0 8 m/s)(2.5s) 
= 7.50 x 10 s m 
and 

(a) is correct. 


27 • 

Picture the Problem We can use the distance, rate, and time relationship to find the time 
delay between sending the signal from the earth and receiving it on Mars. 


Relate the distance D to Mars to the 


D = cAt 
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speed of electromagnetic radiation 
in a vacuum and to the travel time 
for the signal: 

Solve for At: 


Substitute numerical values and 
evaluate At: 


A/ - — 


9.7 x 10 i0 m 


At = 


2.998x 10 8 

m/s 

5 min 23 s 



= 324 s 


28 • 

Picture the Problem We can use the given information that the uncertainty in the 
measured distance Ax is related to the uncertainty in the time At by Ax = cAt to evaluate 
Ax. 


The uncertainty in the distance is: 

Substitute numerical values and 
evaluate At: 


Ax = ±cAt 

Ax = ±(2.998x10 s m/s)(l.O ns) 
= ±30.0 cm 


*29 •• 

Picture the Problem We can use the distance, rate, and time relationship to find the time 
difference Galileo would need to be able to measure the speed of light successfully. 


(a) Relate the distance separating 

D = cAt 

Galileo and his assistant to the speed 


of light and the time required for it 


travel to the assistant and back to 


Galileo: 


Solve for At: 

A; = — 
c 

Substitute numerical values and 

A< = 2( 3km) = 

20.0 jus 

evaluate At: 

3 x 10 8 m/s 


(b ) Express the ratio of the human 

^reaction _ 0 - 2 S _ 

10 4 

reaction time to the transit time for 

3. 

O 

Cl 

<1 

the light: 

or 
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At 


reaction 


10 4 A/ 


Reflection and Refraction 


30 • 

Picture the Problem Let the subscript 1 refer to air and the subscript 2 to water and use 
the equation relating the intensity of reflected light at normal incidence to the intensity of 
the incident light and the indices of refraction of the media on either side of the interface. 


Express the intensity / of the light 
reflected from an air-water interface 
at normal incidence in terms of the 
indices of refraction and the 
intensity I 0 of the incident light: 

Solve for the ratio //Vo: 


/ = 


n t —n 2 




V «1 + n i j 


Substitute numerical values and 
evaluate I/I 0 : 



( 1-1.33 V 
v l + 1.33 j 


= 0.0201 = 


2 . 01 % 


*31 •• 

Picture the Problem The diagram shows 
ray 1 incident on the vertical surface at an 
angle 9\, reflected as ray 2, and incident on 
the horizontal surface at an angle of 
incidence We’ll prove that rays 1 and 3 
are parallel by showing that 9\ = & 4 , i.e., by 
showing that they make equal angles with 
the horizontal. Note that the law of 
reflection has been used in identifying 
equal angles of incidence and reflection. 



We know that the angles of the right 
triangle formed by ray 2 and the two 
mirror surfaces add up to 180°: 

The sum of 0 2 and is 90°: 


0 2 + 90° + 90°-#, =180° 
or 

0 \ = 0 2 
0 3 = 90° - 0 2 


Because O x = Q : : 


0 3 = 90° - 9 X 
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The sum of ft and ft is 90°: 


ft + ft = 90° 


Substitute for ft to obtain: 


90° - ft + ft = 90° => ft 



32 •• 

Picture the Problem Diagrams showing the light rays for the two cases are shown 
below. In (a) the light travels from air into water and in ( b ) it travels from water into air. 




(a) Apply Snell’s law to the air- 
water interface to obtain: 


n x sin ft = n 2 sin 0 2 

where the angles of incidence and 

refraction are ft and ft, respectively 


Solve for ft: 


ft 


= sin 


^ sin ft 


\ 

J 


A spreadsheet program to graph ft as a function of ft is shown below. The formulas used 
to calculate the quantities in the columns are as follows: 


Cell 

C ontent/Formula 

Algebraic Form 

B1 

1 

n\ 

B2 

1.33333 

»2 

A6 

0 

ft (deg) 

A7 

A6 + 5 

ft + AO 

B6 

A6*PI()/180 

X 

00 ^ 

o 

C6 

ASIN(($B$1/$B$2)*SIN(B6)) 

f \ 

sin 1 —sin ft 

\ n 2 J 

D6 

C6*180/PI() 

a 180 
ft x- 

n 






















Angle of refraction (deg) 
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A 

B 

C 

D 

1 

nl= 

1 



2 

n2= 

EHI 



3 





4 

theta 1 

theta 1 

theta2 

theta2 

5 

(deg) 

(rad) 

(rad) 

(deg) 

6 

0 




7 

1 




8 

2 




9 

3 



2.25 






21 

87 

1.52 


mmm 

22 

88 

1.54 


mmm 

23 

89 

1.55 


mmm 

24 

90 

1.57 


mmm 


A graph of ft as a function of ft follows: 



Angle of incidence (deg) 


( b ) Change the contents of cell B1 to 1.33333 and the contents of cell B2 to 1 to obtain the 
following graph: 
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Note that as the angle of incidence approaches the critical angle for a water-air interface 
(48.6°), the angle of refraction approaches 90°. No light will be refracted into the air if 
the angle of incidence is greater than 48.6°. 

33 • 

Picture the Problem We can use the definition of the index of refraction to find the 
speed of light in water and in glass. 

The definition of the index of c 

n = — 

refraction is: v 


Solve for v to obtain: c 

v = — 

n 


Substitute numerical values and 
evaluate v wat er: 


3 x 10 s m/s 
L33 


2.25 x 10 s m/s 


Substitute numerical values and evaluate 

^glass* 


v glass 


3 x 10 s m/s 
L5 


2.00 x 10 8 m/s 


34 • 

Picture the Problem Let the subscript 1 refer to the air and the subscript 2 to the silicate 
glass and apply Snell’s law to the air-glass interface. 

Apply Snell’s law to the air-glass sin 9 X = n 2 sin 0 2 

interface to obtain: 


0 2 = sin 


— sin#! 
n n 


) 


Solve for &i. 


i 





































888 Chapter 31 


Substitute numerical values for the 
light of wavelength 400 nm and 
evaluate ft, 4 oon m : 

Substitute numerical values for the 
light of wavelength 700 nm and 
evaluate ft, 7 oo„m: 


sin ' 

( 1 3 

sin 45° 


25.2° 


11.66 ) 




sin 1 

( 1 3 

sin 45° 


26.1° 


U-61 2 




35 •• 

Picture the Problem Let the subscript 1 refer to the water and the subscript 2 to the glass 
and apply Snell’s law to the water-glass interface. 


Apply Snell’s law to the water-glass n i sin 9 X = n 2 sin # 2 

interface to obtain: 


Solve for #' 2 : 


(a) Evaluate 62 for 9\ = 60°: 


(. b ) Evaluate 62 for 9\ = 45°: 


(c) Evaluate ft for ft = 30°: 


sin 1 

— sin#] 





\ n 2 J 





( 1.33 




sin 1 

-sin 60 

= 

50.2° 


11-5 

) 




( 1.33 

\ 



sin 1 

-sin 45° 

= 

38.8° 


11.5 

) 




( 1.3.3 

\ 



sin 1 

sin 30° 

= 

26.3° 


y 1.5 





36 •• 

Picture the Problem Let the subscript 1 refer to the glass and the subscript 2 to the water 
and apply Snell’s law to the glass-water interface. 

Apply Snell’s law to the water-glass n x sin #, = n 2 sin 0 2 

interface to obtain: 


0 2 = sin 


— sin#! 
n u 


\ 

) 


Solve for ft: 


1 
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(a) Evaluate 0 2 for 0\ = 60°: 



f 1.5 . ] 



sin 1 

sin 60° 

— 

77.6° 


U-33 ) 




(. b ) Evaluate 0 2 for 0\ = 45°: 


sin 1 

15 ) 

sin 45° - 

52.9° 


U-33 J 



(c) Evaluate ft for 9\ = 30°: 


6 \ = sin 1 

(15 ) 

’ sin 30° - 

34.3° 


U-33 J 



*37 •• 

Picture the Problem Let the subscript 1 
refer to the medium to the left (air) of the 
first interface, the subscript 2 to glass, and 
the subscript 3 to the medium (air) to the 
right of the second interface. Apply the 
equation relating the intensity of reflected 
light at normal incidence to the intensity of 
the incident light and the indices of 
refraction of the media on either side of the 
interface to both interfaces. We’ll neglect 
multiple reflections at glass-air interfaces. 


»i = 1 

*r,l 


h 


» 2 = 1.5 

kz 

h 


«3 = 1 


h 


Express the intensity of the 
transmitted light in the second 
medium: 


Express the intensity of the 
transmitted light in the third 
medium: 


Substitute for I 2 to obtain: 


I 2 =I \ -trA =I \~ 


= /, 


V'h + n 2j 



r \ 

2 

1 - 

n x - 



Uh +r h) 



A 12 I r.2 12 


= L 


\ n 2 + f hj 



r \ 

2 

1- 

n 2 - n 3 



l n 2 +>h) 



Wl 


1 - 


v «i +n 2j 


1 - 


V ,7 2 + n 2 J 


1 - 




1 - 


V «2 +n 3j 


Solve for the ratio I 2 H \: 
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Substitute numerical values and 
evaluate / 3 //p 


h _ 

1- 

fl-1.5^ 

2 

1- 

r 1 . 5 -n 

2 

h 

ll + 1.5j 


I 1 . 5 + 1 ; 



= 0.922 = 


92.2% 


38 •• 

Picture the Problem As the line enters the muddy field, its speed is reduced by half and 
the direction of the forward motion of the line is changed. In this case, the forward 
motion in the muddy field makes an angle of 14.5° with respect to the normal of the 
boundary line. Note that the separation between successive lines in the muddy field is 
half that in the dry field. 

Picture the Problem As the line enters 
the muddy field, its speed is reduced by 
half and the direction of the forward 
motion of the line is changed. In this case, 
the forward motion in the muddy field 
makes an angle of 14.5° with respect to the 
normal of the boundary line. Note that the 
separation between successive lines in the 
muddy field is half that in the dry field. 

39 •• 

Picture the Problem We can apply Snell’s law consecutively, first to the n x -n 2 interface 
and then to the n 2 -n 2 interface. 

Apply Snell’s law to the n r n 2 n \ sin O x = n 2 sin 0 2 

interface: 



Apply Snell’s law to the n 2 -n 2 n 2 sin 0 2 - n 3 sin 0 3 

interface: 


Equate the two expressions for 
n 2 sin 0 2 to obtain: 


n t sin 6 X = n 3 sin 0 3 
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*40 ••• 

Picture the Problem Let x be the 

perpendicular separation between the two 
rays and let l be the separation between 
the points of emergence of the two rays on 
the glass surface. We can use the 
geometry of the refracted and reflected 
rays to express x as a function of l, d, # r , 
and #. Setting the derivative of the 
resulting equation equal to zero will yield 
the value of #, that maximizes x. 

(a) Express i in terms of d and the 
angle of refraction 0 T : 

Express x as a function of i, d, 

0 T , and 0;. 



I = 2d tan # r 

x = 2d tan # cos # 


Differentiate x with respect to#: 


d* =2d-d— (tan# r cos# ) = 2# 


d6: dO: 


d6 

- tan 6, sin 6■ + sec 2 0 r cos 6■ — 1 

dO ; 


CD 


i y 


Apply Snell’s law to the air-glass 
interface: 


n x sin#; = n 2 sin# r 

or, since n\ = 1 and «2 = n, 
sin 6, = n sin Q, 


( 2 ) 


Differentiate implicitly with respect 
to 0\ to obtain: 


cos 6 i d6 i = n cos # r dd x 
or 

d6 r 1 cos 0, 


d6, n cos# 


Substitute in equation (1) to obtain: 
dx 


dO-, 


= 2 d 


sin# . ^ 1 cos# cos 6, 

-sin# + 


cos# r 1 n cos 2 0 r cos#, 


^ 1 cos 2 # sin#,, sin# ^ 


r J 


n cos 3 # r cos#, 


r J 
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Substitute 1 - sin 2 0 ] for 

9 1 

cos 9 t and — sin 9 { for sin 9 r to 
n 

obtain: 


dx 

~d9 


= 2 d 


A l-sin 2 6, sin 2 0, ' 


, ncos0 r n cos6* ry 


Multiply the second term in parentheses by cos” 9J cos 9 X and simplify to obtain: 


dx 


d9\ 


= 2 d 


i v 


l-sin 2 9 X sin 2 9 { cos 2 6* r 'l 

2d t 

v «cos 3 6 l r ncos 3 0 r j 

~ 3 n V 

HCOS ff T 


-(l - sin 2 - sin' 9- cos” 


Substitute 1 - sin 0 r for cos 2 0 T : 

dx 2d 


d9, n cos 9, 


[l - sin" 0 t - sin 2 9- (l - sin 2 9 r )] 


Substitute — sin 9 X for sin 9 r to obtain: 
n 


dx 2d 


d9, n cos 0, 


1 - sin" 9, - sin 2 9, 


1--Vsin 2 9- 
V n j 


Factor out 1 In , simplify, and set equal to zero to obtain: 
dx 2d 


d9, n ' cos ’ 9, 


- [sin 4 9 X - 2n 2 sin 2 9 x + n 2 =0 for extrema 


If dx/dO\ = 0, then it must be true 
that: 


sin 4 9■ - 2n 2 sin 2 9, + n z = 0 


Solve this quartic equation for 0 to 
obtain: 


9, = 


sin 


-i 


nj 1 - J1 - 


(b) Evaluate 9\ for n = 1.60: 


9, = sin 


-i 


1.6 1 - 1 - 


(1.6) 2 


= 48.5 d 


In (a) we showed that: 


x = 2d tan <9 cos 9, 
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Solve equation (2) for #: 


Substitute numerical values and 
evaluate #: 

Substitute numerical values and 
evaluate x: 


6 ,. 


= sin 


— sin#; 
n n 


\ 

J 


e. 


= sin 


( 1 

— sin 48.5° 

U-6 J 


27.9° 


x = 2(4cm)tan27.9 0 cos48.5° 
= 2.81cm 


Total Internal Reflection 


41 • 

Picture the Problem Let the subscript 1 refer to the glass and the subscript 2 to the water 
and use Snell’s law under total internal reflection conditions. 


Use Snell’s law to obtain: 

When there is total internal reflection: 

Substitute to obtain: 


77 ; sin #; = n 2 sin d 2 
#; = # c and 6 2 = 90° 

77 ; sin # c = 77 2 sin 90° = n 2 


Solve for#: & = S m~ l — 


Substitute numerical values and evaluate 

#: 


e. 


= sin 


1.33 

1.5 


62.5° 


42 •• 

Picture the Problem Let the index of 
refraction of glass be represented by 771 and 
the index of refraction of water by n 2 and 
apply Snell’s law to the glass-water 
interface under total internal reflection 
conditions. 



Apply Snell’s law to the glass-water sin 6 X — n 2 sin 0 2 

interface: 


77; sin# c = 77 2 sin 90° 


At the critical angle, 0\ = 0 C and 
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02 = 90°: 
Solve for 0 C : 


e. 


= sin 


^ sin 90° 
>h 


Substitute numerical values and 
evaluate 0 C : 


ri.33 . 



sin 90° 

= 

62.5° 

L 1.5 




43 •• 

Picture the Problem We can apply Snell’s law to the water-air interface to express the 
critical angle 0 C in terms of the indices of refraction of water («i) and air (n 2 ) and then 
relate the radius of the circle to the depth d of the point source and 0 C . 



radius is r. 

Relate the radius of the circle to the r = d tan 0 C 

depth d of the point source and the 
critical angle 6 C \ 

Apply Snell’s law to the water-air n x sin 0 c = n 2 sin90° = n 2 

interface to obtain: 


Solve for 0 C : q = sjn i >h 

Hi 


Substitute for r and 0 C to obtain: 

A~n\d tan6^]° = n 

d tan 

r \\ 

• -1 n 2 
sin — 




l >h)_ 
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Substitute numerical values and 
evaluate A: 


A = n 


(5 m)tan 


sin 


1.33 


-1 2 


102 m 2 


44 •• 

Picture the Problem We can use the 
definition of the index of refraction to 
express the speed of light in the prism in 
terms of the index of refraction n \ of the 
prism. The application of Snell’s law at the 
glass-air interface will allow us to relate 
the index of refraction of the prism to the 
critical angle for total internal reflection. 
Finally, we can use the geometry of the 
isosceles-right-triangle prism to conclude 
that 6 C = 45°. 



Express the speed of light v in the v - — 

prism in terms of its index of n x 

refraction « 1 : 


Apply Snell’s law to the glass-air n x sin# c = n 2 sin 90° = 1 

interface to obtain: 


Solve for n\\ 


1 

n, =- 

sin 6*. 


Substitute to obtain: 

Substitute numerical values and 
evaluate v: 


v = c sin 0 c 

v = (2.998xl0 8 m/s)sin45° 
= 2 . 12 xl 0 8 m/s 


45 •• 

Picture the Problem The observer above the surface of the fluid will not see any light 
until the angle of incidence of the light at the fluid-air interface is less than or equal to the 
critical angle for the two media. We can use Snell’s law to express the index of refraction 
of the fluid in terms of the critical angle and use the geometry of card and light source to 
express the critical angle. 
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Apply Snell’s law to the fluid-air 
interface to obtain: 

Light is seen by the observer when 
9\ = 9 C and 9, = 90°: 

Because the medium above the 
interface is air, « 2 = L Solve for ti\ 
to obtain: 

From the geometry of the diagram: 


n x sin 6 ] = n : sin 0 2 


n x sin 9 C = n , sin 90° = n , 


1 

n, = - 

sin 6*. 


tan 9 = — => 9 = tan 1 — 
d d 


Substitute to obtain: 

n \ = 

1 





r 


sin 

tan 

~d 


Substitute numerical values and 
evaluate n i: 


1 



, 6 cm 

sin 

tan - 


5 cm 


1.30 


*46 •• 


Picture the Problem We can use the geometry of the figure, the law 
air-/;i interface, and the condition for total internal reflection at the n\ 
show that the numerical aperture is given by Jn\ 


2 2 

h ~ f h 


of refraction at the 
-« 2 interface to 


Referring to the figure, note that: q _ _ a 

n i c 


and 
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Apply the Pythagorean theorem to 
the right triangle to obtain: 


Solve for —: 
c 


sin 6*2 


b 


c 


2 , >2 

a +b = c 


2 


or 




a 


2 


2 


C 


a b 

Substitute for — and — to obtain: 
c c 

Use the law of refraction to relate 6\ 
and ft: 


sin 6*2 = jl--y 
\ n. 


72, sin <9, = 72-, sin ft 


Substitute for sin ft and let 70 = 1 
(air) to obtain: 


sin#. 



47 • 

Picture the Problem We can use the result of Problem 46 to find the maximum angle of 
incidence under the given conditions. 

From Problem 46: s in q q = ^ n f- n 2 2 

Solve for ft: # 0 = shT 1 (, Jnf-n 2 2 ) 


Substitute numerical values and 
evaluate ft: 


6*0 = 

shr'^v 

(1.492) 2 -(1.489) 2 J 

= 

5.43° 



48 •• 

Picture the Problem Examination of the figure reveals that, if the length of the tube is L, 
the distance traveled by the pulse that enters at an angle ft is the ratio of a to b multiplied 
by L. Let the subscripts 1 and 2 denote the pulses entering the tube normally and at an 
angle ft, respectively. 











898 Chapter 31 


Express the difference in time At 
needed for the two pulses to travel a 
distance L\ 


At = t 2 - 



a 

c 


L 

c 


77, 77, 


Substitute for t 2 and t\ and simplify 
to obtain: 


Referring to the figure, note that: 


From Snell’s law, the sine of the 
critical angle is also given by: 


L— 

At = - g - 
c 

n, 


L _ 77,Z 


( b 

\a 


(1) 


s 'n 0 C 


b_ 

a 


sin 0 C 


n 2 b _ n 2 

77, a 77, 


Substitute for bla in equation (1) 
and simplify to obtain: 


At = 


r ( 

n x L n 2 

C y 77, 


X 

1 




Substitute numerical values and 
evaluate At: 


At = 


15km 
3x 10 x m/s 


(1.492 


1.489) 


150 ns 


49 ••• 

Picture the Problem Let the index of 
refraction of glass be represented by n h the 
index of refraction of water by n 2 , and the 
index of refraction of air by n 2 . We can 
apply Snell’s law to the glass-water 
interface under total internal reflection 
conditions to find the critical angle for total 
internal reflection. The application of 
Snell’s law to glass-air and glass-water 
interfaces will allow us to decide whether 
there are angles of incidence greater than d c 
for glass-to-air refraction for which light 
rays will leave the glass and the water and 
pass into the air. 



77, sin 0 X = 77 2 sin 


(a) Apply Snell’s law to the glass- 
water interface: 
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At the critical angle, 0\ = 0 C and n x sin 9 C = n 2 sin 90° 

02 = 90°: 


Solve for 9 C : 


9, 


= sin 


—sin 90° 

A 


Substitute numerical values and 
evaluate 0 C : 

( b ) Apply Snell’s law to a glass-air 
interface: 


Solve for 9 C : 


r i.33 



sin 90° 

= 

62.5° 

L 1.5 




n t sin6* c = « 3 sin 90° 
or 

1.5 sin 9 C = sin 90° = 1 


9 C = sin 1 


m 

vl-5y 


41.8° 


Apply Snell’s law to a ray incident 
at the critical angle for a glass-water 
interface: 


n x sin 9 l = n 2 sin 9 2 


or 


1.5 sin 41.8° = 1.33 sin 9 n 


Solve for 


9 2 


= sin 


'l.5sin41.8 oN 
V h33 y 


48.7° 


Note that 9 2 equals the critical angle for a water - air interface. Therefore, the ray 
will not leave the water for 9 l >41.8°. 


50 — 

Picture the Problem The situation is 
shown in the adjacent figure. We can use 
the geometry of the diagram and 
trigonometric relationships to derive an 
expression for d in terms of the angles of 
incidence and refraction. Applying Snell’s 
law will yield 9 r . 


Express the distance x in terms of t 
and 6 X \ 



x = 21 tan 9 r 
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The separation of the reflected rays 
is: 

Substitute to obtain: 

Apply Snell’s law at the air-glass 
interface to obtain: 

Solve for # r : 


Substitute in equation (1) to obtain: 

Substitute numerical values and 
evaluate d : 


d = x cos 6 t 


d = 2t tan # r cos 0 i (1) 

sin 6 X = n sin 6 { 


# r = sin ' 


^ sin#C 
V n J 


sin 


d = 2t tan 
d = 2(3 cm) tan 


sin# 


cos# 


sin 


n j 

r sin 40°^ 


v 


1.5 


y 


cos40° 


= 2.18cm 


Dispersion 

*51 •• 

Picture the Problem We can apply Snell’s law of refraction to express the angles of 
refraction for red and violet light in silicate flint glass. 

Express the difference between the A# = # r red - # r violet (1) 

angle of refraction for violet light 
and for red light: 

Apply Snell’s law of refraction to sin 45° = n sin # r 

the interface to obtain: 


Solve for # r : 


# r = sin 1 


vv/277, 


Substitute in equation (1): 


A# = sin 


-1 


A 1 ' 


V2/7. 


-sin 


-1 


' 1 A 


V v ^"red J 


~j2n 


V v ^“violet J 


A# = sin 


' 1 A 


V2(l.60) 


-sin 


" 1 A 

V2(l.66) 


= 1.02 c 


Substitute numerical values and 
evaluate A #: 


= 26.23°-25.21° 
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Picture the Problem The transit times will be different because the speed with which 
light of various wavelengths propagates in silicate crown glass is dependent on the index 
of refraction. We can use Table 31-26 to estimate the indices of refraction for pulses of 
wavelengths 500 and 700 nm. 

Express the difference in time 
needed for two short pulses of light 
to travel a distance L in the fiber: 

Substitute for L, V500, and V700 and 
simplify to obtain: 

Use Table 31-26 to find the indices 
of refraction of silicate crown glass 
for the two wavelengths: 

Substitute numerical values and 
evaluate At: 

= 2.50//S 


At = 


L L 


V 500 V 700 


A f - n 500 ^ n 700 ^ _ L ( 1 

LAl ~ ~ V'500 "700/ 

c c c 


n soo ~ ^ -^5 
and 

n 700 ~ ^ ‘^0 


At = --(1.55-1.50) 

? QQSxl 0 8 m/u V ’ 


Polarization 


53 • 

Picture the Problem The polarizing angle is given by Brewster’s law: 

tan 0 p = n 2 / n ] where and n 2 are the indices of refraction on the near and far sides of 

the interface, respectively. 


Use Brewster’s law to obtain: 


(a) For n\ = 1 and n 2 = 1.33: 


(b ) For n\ = \ and n 2 = 1.50: 



r \ 


II 

r-F 

P 

n 2 



UJ 



( 1 33^ 



0 n = tan 1 



— 

53.1° 

P 

V 1 

) 




0 = tan 1 

f 1.50 ] 



= 

56.3° 

P 

v 1 ; 




54 • 

Picture the Problem The intensity of the transmitted light / is related to the intensity of 
the incident light 7 0 and the angle the transmission axis makes with the horizontal 6 
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according to / = I 0 cos 2 9. 


Express the intensity of the / = I 0 cos“ 9 

transmitted light in terms of the 

intensity of the incident light and the 

angle the transmission axis makes 

with the horizontal: 


Solve for 6 : 


Substitute numerical values and 
evaluate 9: 



9 = cos 1 ^fOA5 = 67.2° 


and 


( d ) is correct. 


55 • 

Picture the Problem Let /„ be the intensity after the nth polarizing sheet and use 
/ = 7 0 cos - 9 to find the intensity of the light transmitted through all three sheets for 

9 = 45° and 9 = 30°. 


(a) Express the intensity of the light 
between the first and second sheets: 

Express the intensity of the light 
between the second and third sheets: 

Express the intensity of the light that 
has passed through the third sheet: 

( b ) Express the intensity of the light 
between the first and second sheets: 

Express the intensity of the light 
between the second and third sheets: 


/ = -L/ 

2 1 a 

1 2 = I x cos 2 9 l 2 = jl 0 cos 2 45° = jl 0 

/ 3 = I 2 cos 2 9 2 3 = jl 0 cos 2 45° = 

/ =J-/ 

2 J 0 

I 2 = I x cos 2 9 l 2 = \Iq cos 2 30° = |/ 0 


Express the intensity of the light that 
has passed through the third sheet: 


1 3 = 12 COS' 


^2,3 — 8 A) C0S 


60° 


J-T 

32 1 0 


56 •• 

Picture the Problem Because the light is polarized in the vertical direction and the first 
polarizer is also vertically polarized, no loss of intensity results from the first 
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transmission. We can use Malus’s law to find the intensity of the light after it has passed 
through the second polarizer. 


The intensity of the beam is the ratio 
of its power to cross-sectional area: 

A 

Express the intensity of the light 

between the first and second 
polarizers: 

I\ =/ o and P 1 = P 0 

Express Malus’s law in terms of the 
power of the beam: 

— = —cos 2 0 => P = P 0 cos 2 0 

A A 0 

Express the power of the beam after 

the second transmission: 

P 2 = P x cos 2 0 l2 = P 0 cos 2 0 n 

Substitute numerical values and 

evaluate / 2 : 

P 2 = (5mW)cos 2 27° = 3.97 mW 


57 •• 

Picture the Problem Assume that light is incident in air (ji\ = 1). We can use the 
relationship between the polarizing angle and the angle of refraction to determine the 
latter and Brewster’s law to find the index of refraction of the substance. 


(a) At the polarizing angle, the sum 
of the angles of polarization and 

refraction is 90°: 

0 p +0 T =90° 

Solve for 0 r : 

ii 

'vO 

o 

0 

1 

Substitute for 0 P to obtain: 

0 r = 90° - 60° = 30.0° 

(b) From Brewster’s law we have: 

tan 0 = — 

«i 

or, because n\ = 1 , 
n, = tan 0 n 

Substitute for 0 P and evaluate n 2 : 

« 2 = tan60°= 1.73 
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58 •• 

Picture the Problem Let /„ be the intensity after the nth polarizing sheet and use 
I = 7 0 cos 2 6 to find the intensity of the light transmitted through the three sheets. 


Express the intensity of the light 
between the first and second sheets: 

Express the intensity of the light 
between the second and third sheets: 

Express the intensity of the light that 
has passed through the third sheet 
and simplify to obtain: 


Because the sine function is a 
maximum when its argument is 90°, 
the maximum value of / 3 occurs 
when: 


I = i / 

1 2 = /, cos 2 6 X 2 =\I 0 cos 2 6 

13 — ^2 C0S ^ 2,3 

= \I 0 cos 2 6 cos 2 (90° - 0) 
= \I Q cos 2 ^sin 2 0 
= |/ 0 (2cos6 l sin^) 2 
= \I Q sin 2 26* 


6 = 45.0° 


59 •• 

Picture the Problem Let /„ be the intensity after the nth polarizing sheet, use 
I = 7 0 cos 2 6 to find the intensity of the light transmitted through each sheet, and replace 

$ with cot. 


Express the intensity of the light 
between the first and second sheets: 

Express the intensity of the light 
between the second and third sheets: 

Express the intensity of the light that 
has passed through the third sheet 
and simplify to obtain: 


/ = i / 

2 1 0 

1 2 = I x cos 2 0 y2 =\I Q cos 2 cot 

1 3 — 1 2 C0S ^2,3 

= \ I 0 cos 2 cot cos 2 (90° - cot) 
= |/ 0 cos 2 cot sin 2 cot 
= jIq{ 2 cos cot sin cotf 
= sin 2 2<x>t 
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*60 •• 

Picture the Problem Let /„ be the intensity after the «th polarizing sheet and use 
I = I 0 cos 2 6 to find the ratio of /„+1 to I„. 


(a) Find the ratio of I n+ \ to 



= cos 2 


n 

2 N 


Because there are N such reductions 
of intensity: 


In+ 1 = C0S 2N 


^ 71 ^ 


h 

and 


-* jv+i ~ 


V2 Nj 


I 0 cos 


2 TV 


f n ^ 


V2 N; 


(b) A spreadsheet program to graph I N+ 1 // 0 as a function of N is shown below. The 
formulas used to calculate the quantities in the columns are as follows: 


Cell 

C ontent/Formula 

Algebraic Form 

A2 

2 

N 

A3 

A2+ 1 

N+ 1 

B2 

(cos(PI()/(2 * A2)) A (2 * A2) 

( jr \ 

cos 2 " * 
U N) 




A 

B 

1 

N 

I/Io 

2 

2 

0.250 

3 

3 

0.422 

4 

4 

0.531 

5 

5 

0.605 




95 

95 

0.974 

96 

96 

0.975 

97 

97 

0.975 

98 

98 

0.975 

99 

99 

0.975 

100 

100 

0.976 


A graph of I/Iq as a function of N follows. 
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In each case, the polarization of the transmitted beam is perpendicular to 
that of the incident beam. 


61 •• 

Picture the Problem Let 7„ be the intensity after the nth polarizing sheet and use 
/ = I 0 cos 2 0 to find the ratio of 7„ +1 to Because each sheet introduces a 2% loss of 

intensity, the net transmission after N sheets (0.98)". 


Find the ratio of 7„ +1 to 



(0.98)cos 2 


n 

2 N 


Because there are N such reductions 
of intensity: 


7V+1 


= (0.98)" cos 2 " 


n 

IN 


(. b ) A spreadsheet program to graph In+iUq for an ideal polarizer as a function of N, the 
percent transmission, and 7jv+i//o for a real polarizer as a function of /Vis shown below. 
The formulas used to calculate the quantities in the columns are as follows: 


Cell 

Content/Formula 

Algebraic Form 

A3 

1 

N 

B2 

(cos(PI()/(2*A2)) A (2*A2) 

2n( ft 

cos - 

V2NJ 

C3 

(0.98) A A3 

(0.98)" 

D4 

B3*C3 

(0.98)"cos 2 "f—1 

\2N J 
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A 

B 

C 

D 

1 


Ideal 

Percent 

Real 

2 

N 

Polarizer 

Transmission 

Polarizer 

3 

1 

0.000 

0.980 

0.000 

4 

2 

0.250 

0.960 

0.240 

5 

3 

0.422 

0.941 

0.397 

6 

4 

0.531 

0.922 

0.490 

7 

5 

0.605 

0.904 

0.547 

8 

6 

0.660 

0.886 

0.584 

9 

7 

0.701 

0.868 

0.608 

10 

8 

0.733 

0.851 

0.624 

11 

9 

0.759 

0.834 

0.633 

12 

10 

0.781 

0.817 

0.638 

13 

11 

0.798 

0.801 

0.639 

14 

12 

0.814 

0.785 

0.638 

15 

13 

0.827 

0.769 

0.636 

16 

14 

0.838 

0.754 

0.632 

17 

15 

0.848 

0.739 

0.626 

18 

16 

0.857 

0.724 

0.620 

19 

17 

0.865 

0.709 

0.613 

20 

18 

0.872 

0.695 

0.606 

21 

19 

0.878 

0.681 

0.598 

22 

20 

0.884 

0.668 

0.590 


A graph of I/Iq as a function of N for the quantities described above follows: 



Inspection of the table, as well as of the graph, tells us that the optimum number of sheets 


is 



*62 •• 

Picture the Problem A circularly polarized wave is said to be right circularly polarized 
if the electric and magnetic fields rotate clockwise when viewed along the direction of 
propagation and left circularly polarized if the fields rotate counterclockwise. 
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For a circularly polarized wave, the 
x and y components of the electric 
field are given by: 


For a wave polarized along the x 
axis: 


E x = E 0 cos cot 
and 

E = E 0 sin cot or E y = -E 0 sin cot 

for left and right circular polarization, 
respectively. 

.Z?right + E left = E 0 cos cot i + E 0 cos cot i 
= 2E 0 cos cot i 


63 •• 

Picture the Problem Let /„ be the intensity after the nth polarizing sheet and use 
/ = I 0 cos' 6 to find the intensity of the light transmitted by the four sheets. 


(a) Express the intensity of the light 
between the first and second sheets: 

Express the intensity of the light 
between the second and third sheets: 

Express the intensity of the light 
between the third and fourth sheets: 

Express the intensity of the light to 
the right of the fourth sheet: 


h = \h 

h = h cos 2 0 X 2 = \I 0 cos 2 30° = |/ 0 

1 3 = 1 2 cos 2 62,3 = &Iq cos 2 30° = ^I 0 

1 4 = / 3 cos 2 = £/ 0 cos 2 30° = ^/ 0 
= 0 . 211/ 0 


Note that, for the single sheet between the two end sheets at 9= 45°, / = 0.125/o. Using 
two sheets at relative angles of 30° increases the transmitted intensity. 


Remarks: We could also apply the result obtained in Problem 60(a) to solve this 
problem. 

*64 •• 

Picture the Problem We can use the components of E to show that E is constant in 
time and rotates with angular frequency co. 


e = je 2 +e: 


Express the magnitude of E in 
terms of its components: 
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Substitute for E x and E v to obtain: 

E = tJ[E~ 0 sin(/cr - cot )] 2 + \E 0 cos (kx - mt)] 2 = ^E^ [sin 2 {he - cot) + cos 2 (kx - 
= E 0 

and the E vector rotates in the yz plane with angular frequency ox 

65 •• 

Picture the Problem We can apply the given definitions of right and left circular 
polarization to the electric field and magnetic fields of the wave. 

The electric field of the wave in Problem 64 is: 


E = E 0 sin(Lr - a>t)j + E 0 cos(Ax - cot)k 


The corresponding magnetic field is: 


B = B 0 sin (Ax - cot)k - B 0 cos(kx - cot)j 


Because these fields rotate clockwise when viewed along the direction of propagation, 
the wave is right circularly polarized. 


For a left circularly polarized wave traveling in the opposite direction: 


E = 


E 0 sinfkx + cot)j - E 0 cos {kx + 0 )t)k 


General Problems 


66 • 

Picture the Problem We can use v = fx and the definition of the index of refraction to 
relate the wavelength of light in a medium whose index of refraction is n to the 
wavelength of light in air. 


(a) The wavelength X n of light in a X = — = — = ^° 

medium whose index of refraction is " f nf n 

n is given by: 


Substitute numerical values and 
evaluate /Later: 


X 


700 nm 

^ water 


700 nm 
1.33 


526 nm 
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Because the color observed depends on the frequency of the light, a swimmer 
observes the same color in air and in water. 


67 •• 

Picture the Problem We can use Snell’s law, under critical angle and polarization 
conditions, to relate the polarizing angle of the substance to the critical angle for internal 
reflection. 


Apply Snell’s law, under critical 
angle conditions, to the interface: 

Apply Snell’s law, under 
polarization conditions, to the 
interface: 


Solve for 0 P : 


n, sin 6 C = n 2 (1) 


sin 0 p = n 2 sin(90° -0 ) = n 2 cos 8 p 


or 

n -> 

tan 6 = — 


r \ 


6 p = tan 




( 2 ) 


Solve equation (1) for the ratio of n 2 
to n\. 


— = sin 0 C 

n i 


Substitute for n 2 /n i in equation (2) to 0 p = tan 1 (sin 9 C ) 

obtain: 


evaluate 6 V \ 


Substitute numerical values and 


6 = tan '(sin45°) = 


35.3° 


*68 •• 

Picture the Problem Angle ADE is the 
angle between the direction of the 
incoming ray and that reflected by the two 
mirror surfaces. Note that triangle ABC is 
isosceles and that angles CAB and ABC are 
equal and their sum equals 6. Also from the 
law of reflection, angles CAD and CBD 
equal angle ABC. Because angle BAD is 
twice BAC and angle DBA is twice CBA, 
angle ADE is twice the angle 9. 
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Picture the Problem The sketch shows the 
ray from the coin passing through the water 
to the eye of the observer. We can use 
trigonometry to express the apparent depth 
d in terms of the depth h of the water, the 
20° angle, and the angle of incidence 0,. 

The application of Snell’s law at the 
interface will yield an expression for 0\. 

Express the apparent depth d in 
terms of the distance x: 



d=x tan 20° (1) 


Relate the distance x to the depth of x = h tan 6 ] 

the water and the angle 


Substitute for x in equation (1) to d — h tan 0 x tan 20° (2) 

obtain: 


Apply Snell’s law to the water-air n x sin 6 i — n 2 sin 0 r 

interface: 


Solve for 6j: 


Substitute for 0\ in equation (2) to 
obtain: 



f 



6 X = sin 1 

' l 2 * n 

— sin ft 








( 

y 

d = h tan 

sfrr 1 

n 2 * n 

—sin ft 






tan 20° 


Substitute numerical values and 
evaluate d: 


d = (4 m) tan 


sin 


-i 


f 1 

-sin 70° 

U-33 


tan 20° 


1.45 m 


70 •• 

Picture the Problem Assume that the sound source is the voice of the fisherman and that 
the fisherman’s mouth is 2 m from the surface of the water as shown below. We can 
apply Snell’s law at the air-water interface to find d c and use trigonometry to find 0\. If 
we can show that 0\ > 0 C , then we can conclude that the noise on shore cannot possibly be 
sensed by fish 20 m from shore. 
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Apply Snell’s law at the air-water 
interface 20 m from the shore: 

For 0\ = 0 C : 


Substitute numerical values and 
evaluate 0 C : 


Relate 0\ to the distance from the 
shore and the distance from the 
surface of the water to the 
fisherman’s mouth: 

Solve for and evaluate 0 \: 


n [ sin O x = n 2 sin 0 2 


• -1 

( \ 
n 2 

• -1 

C \ 

v i 

sin 

UJ 

= sin 

l V 2j 


= sin 


330m/s 

v 1450m/s y 


13.2° 


tan(90° - 6 X ) 


2 m 
20 m 


6 * = 90° - tan -1 (0. l) = 84.3° 


Because 0 X > 6 C , all the sound is reflected at air - water interface. 


*71 •• 

Picture the Problem We can apply Snell’s law to the water-air interface to express the 
critical angle 0 C in terms of the indices of refraction of water (n\) and air (n 2 ) and then 
relate the radius of the circle to the depth d of the swimmer and 0 C . 
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Relate the radius of the circle to the 
depth d of the point source and the 
critical angle 9 C : 

Apply Snell’s law to the water-air 
interface to obtain: 

Solve for 0 C : 


Substitute for 6 C to obtain: 


Substitute numerical values and 
evaluate r. 


r = d tan 6 C 


«, sin 0 C = n 2 sin 90° = n 2 


0 C = sin 1 



( W 

• -1 

n n 

sin 



U JJ 


r = (3 m) tan 

sin 1 

f 1 ^ 

= 

3.42 m 



ll.33j 




72 •• 

Picture the Problem Let ^be the initial angle of incidence. Since the angle of reflection 
with the normal to the mirror is also^, the angle between incident and reflected rays is 2(p. 
If the mirror is now rotated by a further angle 0, the angle of incidence is increased by 9 
to <p+9, and so is the angle of reflection. Consequently, the reflected beam is rotated by 
20relative to the incident beam. 



73 •• 

Picture the Problem We can apply Snell’s law at the glass-air interface to express 9 C in 
terms of the index of refraction of the glass and use Figure 31 -25 to find the index of 
refraction of the glass for the given wavelengths of light. 

n [ sin 9 X = n 2 sin 0 2 


Apply Snell’s law at the glass-air 
interface: 
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If 9\ = 9 C and n 2 = 1: 


(a) For violet light of wavelength 
400 nm, n 2 = 1.67: 

( b ) For red light of wavelength 700 
nm, n 2 = 1-60: 


n x sin 6?. = sin 90° = 1 
and 

( 1 3 
0 C = sin -1 — 


0 C = sin 1 

r 1 > 


36.8° 


Ll-67 ) 




0 C = sin 1 

r 1 > 


38.7° 


I 1.609 




74 •• 

Picture the Problem We’ll neglect multiple reflections at the glass-air interfaces. We 
can use the expression (Equation 31-11) for the reflected intensity at an interface to 
express the intensity of the light in the glass slab as the difference between the intensity 
of the incident beam and the reflected beam. Repeating this analysis at the glass-air 
interface will lead to the desired result. 


Express the intensity of the light 
transmitted into the glass: 


^glass A, I R. 1 

where / R J is the intensity of the light 
reflected at the air-glass interface. 


The intensity of the light reflected at 
the air-glass interface is: 

4i =( l 

Substitute and simplify to obtain: 

■^glass I { 


= h 


= I 


1-77 
1 + 77 


1- 


f\-n) 

2 

U + 77 J 



477 


(l + 7?) 2 


Express the intensity of the light 
transmitted at the glass-air interface: 


-At ^glass A<.2 


where /r .2 is the intensity of the light 
reflected at the glass-air interface. 
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The intensity of the light reflected at 
the glass-air interface is: 


Substitute and simplify to obtain: 


^R,2 ~ 


' I -*' 2 


1 + 77 

1-77 
1 + 77 


glass 


477 


L(l + 77) 2 


I r 


477 


fl-77^ 

2 

477 

L(i+»)+ 


U + nj 


L(i+«tJ 


I 


1 


ri-77^ 

2 

4n 

U + nj 


L(i+«) 2 J 



477 

(! + 77) 2 _ 


T 

477 

2 

■*0 

L(i+«tJ 



75 •• 

Picture the Problem We can write an 
expression for the total distance traveled by 
the light as a function of x and set the 
derivative of this expression equal to zero 
to find the value of x that minimizes the 
distance traveled by the light. The adjacent 
figure shows the two points and the 
reflecting surface. The x and y coordinates 
are in meters. 



(a) Express the total distance D 
traveled by the light: 

Differentiate D with respect to x: 


D — dy + d~, 

= a /(x + 2) 2 +4+ a /(2-x) 2 +36 


^4rV(x + 2) 2 + 4 + V(2-x) 2 +36 

ax ax L 


y[(x + 2) 1 +4 2 2(x + 2) + 4 [(2 -x) 2 +36 2 2(2 -x)(-1) = 0 for extrema 


Simplify this expression to obtain: 
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x + 2 


2 -x 


V(* + 2) 2 +4 V(2-x) 2 +36 


= 0 


Solve for x to obtain: 


(6) Withx = -1 m: 


x = 


-1.00 m 


= tan 1 

= tan -1 
and 

6 x = tan 1 
= tan -1 


- 2 - (~ 1) 


0-2 


( i 3 




26.6° 


0-6 






26.6 C 


*76 •• 

Picture the Problem Let the angle of refraction at the first interface by ft and the angle 
of refraction at the second interface be ft. We can apply Snell’s law at each interface and 
eliminate ft and n 2 to show that ft = 0?i- 


Apply Snell’s Brewster’s law at the 
n\-n 2 interface: 

Draw a reference triangle consistent 
with Brewster’s law: 


Apply Snell’s law at the n r n 2 
interface: 

Solve for ft to obtain: 


Referring to the reference triangle 
we note that: 


tan 6 ?l = — 



sin 6 n = n 2 sin 6 X 


6 X = sin 


“* — sin# pl 

\ U 2 J 


6 X = sin 


-i 


} h ijn x +n 


2 


= sin 


J 


\M n \ +n; J 
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i.e., 0\ is the complement of 9 V \. 

Apply Snell’s law at the n 2 -n\ n 2 sin 6 X = n x sin d 2 

interface: 


Solve for 9i to obtain: 


Refer to the reference triangle again 
to obtain: 


Equate these expressions for 
n 2 sin 6 X to obtain: 


0 2 = skT 


• n 

— sin 0 X 


V«I 


0 2 = sin 


= sin 


-i 


h tJ n x + ru, 


‘1 1 ”2 j 


5 



n 2 


<9 P2 

1 2 . 2 


V"l +f7 2 J 




n t sin 6* p = n x sin 0 2 => 0 2 = 


e a 


77 •• 

Picture the Problem We can use Brewster’s law in conjunction with index of refraction 
data from Figure 31-29 to calculate the polarization angles for the air-glass interface. 


From Brewster’s law we have: 


r \ 


0 V = tan 




or, for n\ = 1, 
<9 = tan -1 «, 


For silicate flint glass, n 2 ~ 1.62 and: 

For borate flint glass, n 2 ~ 1.57 and: 

For quartz glass, n 2 ~ 1.54 and: 

For silicate crown glass, 
n 2 ~ 1-51 and: 


0 p = tan -1 (1.62) = 
0 p =tan-'(l.57) = 
6 V = tan _1 (l.54) = 
G v =tan _1 (l.5l) = 


58.3° 


57.5° 


57.0° 


56.5° 
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78 ••• 

Picture the Problem The diagram to 
the right shows the angles of incidence, 
refraction, and deviation at the first 
interface. We can use the geometry of 
this symmetric passage of the light to 
express 0, in terms of a and 8\ in terms 
of 6 X and a. We can then use a 
symmetry argument to express the 
deviation at the second interface and the 
total deviation 8 Finally, we can apply 
Snell’s law at the first interface to 
complete the derivation of the given 
expression. 



(a) With respect to the normal to 0 X = \a 

the left face of the prism, let the 

angle of incidence be 6} and the 

angle of refraction be d r . From the 

geometry of the figure, it is evident 

that: 


Express the angle of deviation at the 
refracting surface: 

By symmetry, the angle of deviation 
at the second refracting surface is 
also of this magnitude. Thus: 

Solve for #: 


8 x -0 x -d x =6 x -\a 
8 - 28 x = 26 l - a 


e t =\(a+s) 


Apply Snell’s law, with n\ = 1 and sin 0 i — n sin \ a 

u 2 = n, to the first interface: 


Substitute for 0\ to obtain: 


. a + 8 

. a 

sin- 

= n sin — 

2 

2 


( b ) The angular separation is: 


A ^ = ^violet -^red 


8 = 2 sin 1 


. a 

n sin — 


2 


Solve equation (1) for 8. 


-a 








Properties of Light 


919 


Substitute to obtain: 


AS = 2 sin 1 
= 2sin~ 1 


. a 

"violet sin — 

-a-< 

2 sin 1 

. a 

"red Smy 

-aj 

. a 


-1 


. a 




«v I0 ie,smy 


"red Sln y 


Substitute numerical values and evaluate AS: 


AS = 2skf 


„ . 60° 

r\ • —1 

-2 sin 

ON 

o 

o 


3.47° 

1.52 sin- 

1.48 sin- 

= 

2 


2 




*79 •• 

Picture the Problem We can apply Snell’s law at the critical angle and the polarizing 
angle to show that tan 0 P = sin 0 C . 


(a) Apply Snell’s law at the 

medium-vacuum interface: 

n x sin 6 X =n 1 sin 0 X 

For 0\ = 0 C , «i = n, and n 2 = 1: 

nsin^ = sin 90° = 1 

For 0\ = 0 V , n i = n, and n 2 = 1: 

H 1 

tan 6 V = — = — => n tan 0 p = 1 


Because both expressions equal one: 
( b ) For any value of 0: 


tan 6* = sin 0 r 

P c 


tan 6 > sin 0 


o P >e c 


80 •• 

Picture the Problem Let the numeral 1 refer to the side of the interface from which the 
light is incident and the numeral 2 to the refraction side of the interface. We can apply 
Snell’s law, under the conditions described in the problem statement, at the interface to 
derive an expression for n as a function of the angle of incidence (also the polarizing 
angle). 

(a) Apply Snell’s law at the air- sin 0 X = n sin 0 2 

medium interface: 

Because the reflected and refracted 0 x +0 2 = 90° => 6 2 = 90° - 0 X 

rays are mutually perpendicular: 
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Substitute for to obtain: sin 0 X = n sin(90° - 0 X ) = n cos 6 X 

or 

n = tan 0 X = tan 6 


Substitute for d v and evaluate n: 


n = tan 58° 


1.60 


( b ) Apply Snell’s law at the n 2 sin 0 C = n x sin 90° = n x 

interface under conditions of total 
internal reflection: 


Because n\ = 1: 

6 C = shT 1 

rn 


rn 



= sin 

— 



L "2 J 




Substitute for n and evaluate 6 C : 


6„ = sin 


-i 


f i A 


V1 -6 y 


38.7° 


81 •• 

Picture the Problem We can apply Snell’s law at the glass-liquid and liquid-air 
interfaces to find the refractive index of the unknown liquid, the angle of incidence 
(glass-air interface) for total internal reflection, and the angle of refraction of a ray into 
the liquid film. 


(a) Apply Snell’s law, under 
critical-angle conditions, at the 
glass-liquid interface: 


Solve for n ]iquicl : 


Substitute numerical values and 
evaluate « liquid : 


(b) With the liquid removed: 


Substitute numerical values and 
evaluate & c : 


sin0 c 


^liquid 

^glass 


"liquid = "glass Sill #c 


^=(1.655)8^53.7° = 


1.33 


# = shr 


A 1 A 


y "glass j 


= sin 


-i 


f i A 


v 1.655 j 


31.2° 


"glass sin <9, = "i iqu id sin 


(c) Apply Snell’s law at the 
glass-liquid interface: 
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Solve for 02- 


Substitute numerical values and 
evaluate 0i. 


0 2 = skf 


*glass 

^liquid 


sin# 


0 2 = sin 


-i 


1-655 . 

-sin37.2 

1.33 


48.8° 


Because 0 2 is also the angle of incidence at the liquid - air interface and because 
it is larger than the critical angle for total internal reflection at this interface, no 
light will emerge. 


82 •• 

Picture the Problem We can use Equation 31-18 and the result of Problem 86 to find the 
angular separation of these colors in the primary rainbow. 

Express the angular separation A(f> of ~ ^d.biue - 0d,red (1) 

the colors: 


From Equation 31-18, with 

M air 1 and n water r/. 


(j) A = 7T + 20 l -4 sin 


-i 


sin#, 

V n J 


From Problem 86: 



or 





Substitute to obtain: 


(j) A = n + 2 cos 1 


h-l 


-4 sin 


sin- 

cos 1 

1 

s 

K> 

1 

_J 


\ 3 





l 


J 


Evaluate <p& for blue light in water: 
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f 

sin- 

cos 1 

/( 1 . 3435) 2 -1 

\ 

> 

/r + 2cos 1 

/(1.3435) 2 -1 

-4 sin 1 



V 3 


V 3 

1.3435 


= 139.42° 


Evaluate <j>& for red light in water: 


^d,red =tf + 2C0S -1 


((1.3318) 2 -1 




f 

sin- 

cos 1 

/(1.3318) 2 -1 


1 

-4 sin 1 

V 3 





1.3318 









= 137.75° 


Substitute in equation (1) and 
evaluate A <fr. 


A^ = 139.42-137.75° 


1.67° 


83 •• 

Picture the Problem We can use the result, obtained in Problem 74, that each slab 

2 

An 

reduces the intensity of the transmitted light by 


(n + l ) 2 


, to find the ratio of the 


transmitted intensity to the incident intensity through N parallel slabs of glass for light of 
normal incidence. 


(a) From Problem 74, each slab 
reduces the intensity by the factor: 


An 

(« + l) 2 


2 


For N slabs: 


( b ) Evaluate equation (1) with 
N= 3 and n = 1.5: 


Wo 


and 


An 


(»+i ) 2 


2 N 


I n 


4/2 


L(»+i) J 


IN 


(i) 



' 4 ( 1 . 5 ) ~ 

2(3) 

0.783 

h 

(1.5 + lt 
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(c) Begin the solution of equation 
(1) for /V by taking the logarithm 
(arbitrarily to base 10) of both sides 
of the equation: 


log 


vA>y 


= log 


4 n 


> + 'f 


2N 


= 2N\og 


An 


(« + l) : 


Solve for N: 


Substitute numerical values and 
evaluate N: 


log 


N = - 


V^oy 


2 log 


4n 


(»+i f 


N = 


log(O.l) 


2 log 


4(1-5) 
(1.5 + 1) 2 


= 28.2 


84 •• 

Picture the Problem We can apply 
Snell’s law at the air-slab interface to 
express the index of refraction n in 
terms of 6\ and (h and then use the 
geometry of the figure to relate 6k to t 
and d. 



Apply Snell’s law to the first sin 6 ] = n sin 0 2 

interface: 


Solve for n: 


From the diagram: 


n = 


sin^ 

sin^ 2 


d = t tan => 6*, = tan 


f-1 

V t J 


Substitute to obtain: 


sin^ 





sin 

tan 

v t )_ 


28 


*85 •• 

Picture the Problem The angle that the rain appears to make with the vertical, according 
to the marathoner, is the angle whose tangent is the ratio of v m nner to v ra i n . The circular 
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motion of the star is analogous to the circular motion of the cloud with Vnmner = v eart h and 

^rain C* 


(a) The angle that the rain appears 
to make with the vertical to the 
marathoner is given by: 


0 = tan 1 


V Cain ) 


Substitute numerical values and 
evaluate 9: 


0 - tan 1 


4m/s A 

v 9m/s y 


24.0° 


( b ) The cloud moves in a circle R = H tan 6 

whose radius is given by: 


Substitute numerical values and 
evaluate R: 


R = (l 0 km) tan 24° 


4.45 km 


(c) Here v mnner v ear th and 

^rain — 


0 = 


tan 




K earth 


\ C J 


( 1 ) 


where 9 = \ (angular diameter) 


(d) From equation (1): 


c = 


v earth 

tan 6 


2uR 


earth-sun 


dearth tan ^ 


Convert 20.6" to degrees: 


Substitute numerical values and 
evaluate c : 


20.6" = 20.6" x — x — = 5.722 x 10 3o 
60" 60' 


2tt(i .5 x 10 11 m) 
(ly)(3.156xl0 7 s/y)tan(20.6 M ) 


2.99x 10 8 m/s 


Substitute numerical values and evaluate c: 


2tt(i .5 x 10 11 m) 

(l y)(3.156 x 10 7 s/y)tan(5.722 x 10 3o ) 


2.99 x 10 s m/s 


86 ••• 

Picture the Problem We can follow the directions given in the problem statement and 
use the hint to establish the given result. 
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(a) Equation 31 -18 is: 


For fl a i r = land fl wat er = n: 


Use the hint to differentiate fy with 
respect to 9\. 


(b) Set d<j)Jd0\ = 0: 


Simplify to obtain: 

Replace sin 2 t?i with 1 - cosVf and 
simplify: 

Solve for cos^ = cos0i m : 


(j) A = n + 29 X -4sin 


”a.r sin 
V ^ water J 


</) d = re + 20 x -4sin“ 


' sinfl^ 

V n J 


d9 x 


cl 

d9 x 


n + 29 x 


-4 sin 


2 sin 9 X 2 
v n J 


2 

4 cos 9 X 


^n 2 - sin 2 9 X 


4 cos 9 X 

2 — . . = = 0 for extrema 

-y/« 2 - sin 2 9 X 

16 cos 2 0 X = 4 {n 2 - sin 2 0 X ) 

12cos 2 6 X = 4a 2 -4 


cos 9 


lm 



n z -1 

M 

3 


and 



Evaluate 0 ]m for n = 1.33: 


9 Xm = cos 1 


/(1.33) 2 -1 


59.6° 


87 ••• 

Picture the Problem Let the thickness of 
the slab be t and the separation of the 
incident and emerging rays be ds. We can 
apply Snell’s law at both interfaces and 
use the geometry of the diagram and 
trigonometric relationships to show that 
the emerging ray and incident ray are 
parallel and to derive an expression for d. 
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Apply Snell’s law at the two 
interfaces to obtain: 


Because ft and ft are equal (they 
are alternate interior angles formed 
by parallel lines and a transversal): 


sin <9j = n sin 0 2 ( 1 ) 

and 

n sin 0 3 = sin 0 A 

sin 0 X = n sin ft, 
and 

n sin ft, = sin ft, 


Substitute for n sin ft, in the first of 
these equations to obtain: 


sin 6 ] = sin ft, => 6 X - ft, and 
the emerging ray and incident ray 
are parallel. 


Express the distance d B d in terms of d BD = t tan ft, 

t and 6 \: 


The distance d Bc is: 

Use the distances d BD and d B c to express 
the distance day. 


d BC = t tan 0 2 

d-cD = ^bd _ d BC = t(tan 0 X - tan 0 2 ) 


Because a and 6\ have their right 
and left sides mutually 
perpendicular, they are equal and: 


s = t(tan$, -tan# 2 )cosa 
= /(tan 6 } - tan 6 * 2 ) 005 ^, 


( 2 ) 


Substitute for tan and tan ft and 
simplify to obtain: Solve equation 
( 1 ) for 02 - 


s = t 


f sin 0 X sin d 2 ' 

cos 0 X cos 0 2 j 


COS0 , 


= / 


. _ sin 6*, cos 6 , 

sin 0 X --- L 

cos6*2 


'2 j 

_ /(sin 9 X cos 6*2 - sin 0 2 cos 6 X ) 
cos 6*2 


t sin(/( - 0 2 ) 


cos 6*2 


Remarks: One can also derive this expression using the law of sines. 

88 •• 

Picture the Problem We can use Snell’s law to determine ft and then apply the result of 
Problem 87 to find s. 
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From Problem 87 we have: 


? s in (ft -ft) 
cos 6*2 


Apply Snell’s law to the first sin ft — n sin ft 

interface to obtain: 


Solve for ft: 


6*2 = skf 


sin ft 

V n J 


Substitute numerical values and 

evaluate ft: 

ft = sin 1 

( sin30°^ 

— 1 9 /| 70 

l 1-5 J 

Substitute numerical values and 

_ (l 5 mm)sin(30° -19.47°) 

evaluate s\ 


cos(l9.47°) 


2.91mm 


89 ••• 

Picture the Problem The figure below shows the prism and the path of the ray through 
it. The dashed lines are the normals to the prism faces. The triangle formed by the interior 
ray and the prism faces has interior angles of a, 90° - ft, and 90° - ft. Consequently, 

6 2 + ft = a. We can apply Snell’s law at both interfaces to express the angle of 

deviation 5 as a function of ft and then set the derivative of this function equal to zero to 
find the conditions on ft and ft that result in c) being a minimum. 



Express the angle of deviation: 

8 = ft + ft - a 

(1) 

Apply Snell’s law to relate ft to ft 

sin ft = n sin ft 

(2) 

and ft to ft: 

and 



n sin ft = sin ft 

(3) 

Solve equation (2) for ft and 

ft = shr^Hsinft) 
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equation (3) for t? 4 : 


and 

0 A = sin '(n sin # 3 ) 


Substitute in equation (1) to obtain: 

5 = shT 1 (n sin <9,) + sin -1 (n sin 0 3 )- a = sin 1 \n sin( 6 , 3 - a)] + sin 1 (n sin 0 3 )- a 


Note that the only variable in this expression is &?. To determine the condition that 
minimizes 8, take the derivative of 8 with respect to 6? and set it equal to zero. 


d8 d 


d0 2 d0 3 


{sin [n sin (# 3 - «)] + sin 1 (nsin 0 3 )-a 


n cos 


k-A) 


n cos 6 


- [n sin (a-B,)]- VH n sin 6*3 ) 2 


= 0 for extrema 


This equation is satisfied provided: 


a - 6*3 = 6*3 => 6*3 = j a 


Because 0 2 = a - 0 2 : 


0 2 = a - j a = \ a 


Because 0 2 = 0 3 , we can conclude that the deviation angle is a minimum if the 
ray passes through the prism symmetrically. 


Remarks: Setting cl 81 cl 6? = 0 establishes the condition on 6? that <Jis either a 
maximum or a minimum. To establish that Jis indeed a minimum when 
0 2 =0 2 = {a, we can either show that d l djdd] .evaluated at 0 3 = \a , is positive 

or, alternatively, plot a graph of 8(6?) to show that it is concave upward at 

6 3 =\a. 




Chapter 32 
Optical Images 


Conceptual Problems 

1 

Determine the Concept Yes. Note that a virtual image is ''seen'' because the eye focuses 
the diverging rays to form a real image on the retina. Similarly, the camera lens can focus 
the diverging rays onto the film. 

2 

Determine the Concept Yes; the mirror image is a left-handed coordinate system. 

3 

(a) False. The virtual image formed by a concave mirror when the object is between the 
focal point and the vertex of the mirror depends on the distance of the object from the 
vertex. 

( b ) False. When the object is outside the focal point, the image is real. 

(c) True. 

(d) False. When the object is between the center of curvature and the focal point, the 
image is enlarged and real. 

*4 .. 

Determine the Concept Let s be the object distance and/the focal length of the mirror. 

(a) If s <f the image is virtual, upright, and larger than the object. 

( b ) If s <f the image is virtual, upright, and larger than the object. 

(c) If s>2f, the image is real, inverted, and smaller than the object. 

(cl) 1 if < .v < 2 / the image is real, inverted, and larger than the object. 

5 

Determine the Concept A convex mirror always produces a virtual, upright image that is 
than the object. It never produces an enlarged image. 


929 
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6 •• 

Determine the Concept They appear more distant because the images are smaller than 
they would be in a flat mirror. 


Picture the Problem The ray diagram shows three object positions 1, 2, and 3 as the 
object is moved from a great distance toward the focal point F of a concave mirror. The 
real images corresponding to each of these object positions are labeled with the same 
numeral. 



8 

Picture the Problem The diagram shows 
two rays (from the bundle of rays) of light 
refracted at the air-water interface. Because 
the index of refraction of water is greater 
than that of air, the rays are bent toward the 
normal. The diver will, therefore, think that 
the rays are diverging from a point above 
the bird and so the bird appears to be 
farther from the surface than it actually is. 

*9 . 

Determine the Concept 

(a) The lens will be positive if its index of refraction is greater than that of the 
surrounding medium and the lens is thicker in the middle than at the edges. Conversely, if 
the index of refraction of the lens is less than that of the surrounding medium, the lens 
will be positive if it is thinner at its center than at the edges. 

( b ) The lens will be negative if its index of refraction is greater than that of the 
surrounding medium and the lens is thinner at the center than at the edges. Conversely, if 
the index of refraction of the lens is less than that of the surrounding medium, the lens 
will be negative if it is thicker at the center than at the edges. 


_-^linage 

/ \ of the 
j \ bird 













Optical Images 931 


10 • 

Determine the Concept The focal length depends on the index of refraction, and n is a 
function of wavelength. 

11 « 

Picture the Problem We can use a ray diagram to determine the general features of the 
image. In the diagram shown, the parallel ray and central ray have been used to locate the 
image. 



From the diagram, we see that the image is virtual (only one of the rays from the head of 
the object actually pass through the head of the image), upright, and diminished. 

(. d ) is correct. 


12 •• 


Picture the Problem We can use a ray diagram to determine the general features of the 
image. In the diagram shown, the ray parallel to the principle axis and the central ray 
have been used to locate the image. 



From the diagram, we see that the image is virtual (neither ray from the head of the object 


passes through the head of the image), upright, and enlarged, (c) is correct. 


13 • 

Determine the Concept The muscles in the eye change the thickness of the lens and 
thereby change the focal length of the lens to accommodate objects at different distances. 
A camera, on the other hand, has a fixed focal length so that focusing is accomplished by 
varying the distance between the lens and the film. 
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*14 • 

Determine the Concept The eye muscles of a farsighted person lack the ability to 
shorten the focal length of the lens in the eye sufficiently to form an image on the retina 
of the eye. A convex lens (a lens that is thicker in the middle than at the circumference) 


will bring the image forward onto the retina, (a) is correct. 


15 •• 

Determine the Concept Refraction of light at the water-cornea interface is less than at 
the air-cornea interface and so an image that would normally (that is, without a corrective 
lens) be in front of the retina, is formed on the retina. 


(b) is correct. 


16 •• 

Determine the Concept A nearsighted person’s lenses form shaip images (unless the 
person is also astigmatic) of nearby object’s on the retinas of her eyes. The corrective 
lenses (convex) give a reduced image of the object and, therefore, should be removed. 
( b ) is correct. 


*17 • 


Determine the Concept Referring to the ray diagram show below we note that the image 


is always virtual and diminished. ( d ) is correct. 



18 • 

Determine the Concept Converging lenses can form real or virtual images that can be 


enlarged or reduced, (c) is correct. 


19 • 

Picture the Problem We can apply the lens maker’s equation to the air-glass lens and to 
the water-glass lens to find the ratio of their focal lengths. 


= ( 1 . 6 - 1 ) 

J air 


1 1 


v/l 


'2j 


Apply the lens maker’s equation to 
the air-glass interface: 
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Apply the lens maker’s equation to 
the water-glass interface: 


/w 


= (1.6-1.33) 


"l P 


V'l r 2j 


Divide the first of these equations by 
the second to obtain: 


/w 


( 1 . 6 - 1 ) 




Vfi r 2j 


/a, 


(1.6-1.33) 


'l O 


= 2.22 


Vfi r 2j 


or /water = 2 - 22 /air and («) is correct. 


20 •• 

{a) True. 

(. b ) True. 

(c) False. Where the rays intersect the axis of a spherical mirror depends on how far from 
the axis they are reflected from the mirror. 

(</) True. 

( e ) False. The image distance for a virtual image is negative. 

*21 • 

Determine the Concept Microscopes ordinarily produce images (either the intermediate 
one produced by the objective or the one viewed through the eyepiece) that are larger 
than the object being viewed. A telescope, on the other hand, ordinarily produces images 
that are much reduced compared to the object. The object is normally viewed from a 
great distance and the telescope magnifies the angle subtended by the object. 

Estimation and Approximation 


22 •• 

Picture the Problem We can use the lens-maker’s equation to obtain a relationship 
between the two radii of curvature of the lenses we are to design. 


1 


27 cm 


= ( 1 . 6 - 1 ) 


"l P 


Vfi V 2J 


or 

1 1 _ 1 

t\ r 2 16.2 cm 


For a thin lens of focal length 27 cm 
and index of refraction of 1.6: 
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One solution is a plano-convex lens 
(one with a flat surface and a convex 
surface). Let r 2 = oo. Then 


16.2cm 


and 


oo 




Another design is a double convex 
lens (one with both surfaces convex 
and radii of curvature that are equal 
in magnitude) obtained by letting 
r 2 = —r\. Then r x = 


32.4 cm 


and 


-32.4 cm 


A third possibility is a double 
convex lens with unequal curvature, 
e.g., let r 2 = 12 cm. Then 
and 


6.89 cm 


12.0 cm 




23 •• 

Picture the Problem We can use the lens-maker’s equation to obtain a relationship 
between the two radii of curvature of the lenses we are to design. 


For a thin lens of focal length -27 
cm and index of refraction of 1.6: 


1 


-27 cm 


= ( 1 - 6 - 1 ) 


1 1 


V r i 


r 2 


OX 

1 


r 2 -16.2 cm 


One solution is a plano-concave lens 
(one with a flat surface and a 
concave surface), Let r 2 = oo. Then 


-16.2cm 


andr 2 = 


oo 



Another design is a biconcave lens 
































(one with both surfaces concave) by 
letting r 2 = —r\. Then 
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A third possibility is a lens with r 2 = 
8.1 cm. Then/'j = 5.40cm 


and r 2 = 


16.2 cm 



*24 •• 

Picture the Problem Because the focal length of a spherical lens depends on its radii of 
curvature and the magnification depends on the focal length, there is a practical upper 
limit to the magnification. 


Use equation 32-20 to relate the 
magnification M of a simple 
magnifier to its focal length/: 

Use the lens-maker’s equation to 
relate the focal length of a lens to its 
radii of curvature and the index of 
refraction of the material from 
which it is constructed: 

For a plano-convex lens, r 2 = oo. 
Flence: 

Substitute in the expression for M 
and simplify to obtain: 


A reasonable smallest value for the 
radius of a magnifier is 1 cm. Use 
this value and n = 1.5 to estimate 

■Umax ■ 


M = 


x 


np 


/ 




f 


1 1 


r u 


1 17-1 

/ r i 


f = 


r i 

77-1 



r \ 


Note that the smallest reasonable value for 
r\ will maximize M. 


M 


max 


(l.5-l)(25cm) 

1cm 


12.5 
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Plane Mirrors 

25 • 

Determine the Concept Rays from the source and reflected by the mirror are shown. 
The reflected rays appear to diverge from the image. The eye can see the image if it is 
the region between rays 1 and 2. 



26 • 

Determine the Concept The mirror must 
be half the height of the person, i.e., 81 cm. 
The top of the mirror must be 7.5 cm below 
the top of the head, or 154.5 cm above the 
floor. The bottom of the mirror must be 
73.5 cm above the floor. A ray diagram 
showing rays from the person’s feet and 
the top of her head reaching her eyes is 
shown to the right. 

*27 • 

Determine the Concept Draw rays of light 
from the object that satisfy the law of 
reflection at the two mirror surfaces. Three 
virtual images are formed, as shown in the 
adjacent figure. The eye should be to the 
right and above the mirrors in order to see 
these images. 




28 • 

Determine the Concept Draw rays of light from the object that satisfy the law of 
reflection at the two mirror surfaces. The images are located at the intersection of the 
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dashed lines (extensions of the reflected rays). 

(a) The diagram to the right shows 
selected rays emanating from a point 
object (P) that form the two virtual 
images directly below the horizontal 
miiTor: 


The diagram to the right shows 
selected rays emanating from the 
point object (P) that form the image 
that lies on the bisector of the angle. 
There are two additional virtual 
images to the left of the mirror that 
is at 60° with the horizontal. Hence, 
the total number of images formed 
when a point object is on the 
bisector of the 60° angle is five. 

(. b ) The diagram to the right shows 
selected rays emanating from a point 
object (P) that form the two virtual 
images at the intersection of the 
dashed lines (extensions of the 
reflected rays): 







I / 
1 / 
r 


29 •• 

Determine the Concept 

(a) The first image in the mirror on the left is 10 cm behind the mirror. The mirror on the 
right forms an image 20 cm behind that mirror or 50 cm from the left mirror. This image 
will result in a second image 50 cm behind the left mirror. The first image in the left 
mirror is 40 cm from the right mirror and forms an image 

40 cm behind the right mirror or 70 cm from the left mirror. That image gives an image 
70 cm behind the left mirror. The fourth image behind the left mirror is 
110 cm behind that mirror. 
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( b ) Proceeding as in Part ( a ) for the mirror on the right, one finds the location of the 
images to be 20 cm, 40 cm, 80 cm, and 100 cm behind the right-hand mirror. 

Spherical Mirrors 


*30 •• 

Picture the Problem The easiest rays to use in locating the image are 1) the ray parallel 
to the principal axis and passes through the focal point of the mirror, the ray that passes 
through the center of curvature of the spherical mirror and is reflected back on itself, and 
2 ) the ray that passes through the focal point of the spherical mirror and is reflected 
parallel to the principal axis. We can use any two of these rays emanating from the top of 
the object to locate the image of the object. 


(a) The ray diagram is shown to the 
right. The image is real, inverted, 
and reduced. 


( b ) The ray diagram is shown to the 
right. 



The image is real, inverted, and 
reduced. 













(c) The ray diagram is shown to the 
right. The object is at the focal point 
of the mirror. 
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((/) The ray diagram is shown to the 
right. 



The emerging rays are parallel and 
do not form an image. 



31 • 

Picture the Problem In describing the images, we must indicate where they are located, 
how large they are in relationship to the object, whether they are real or virtual, and 
whether they are upright or inverted. The object distance s, the image distance s', and the 

focal length of a mirror are related according to — + — = where / = \r and r is the 

s s' f 

radius of curvature of the mirror. In this problem,/= 20 cm because r is positive for a 
concave mirror. 

Solve the mirror equation for s': fs 

S ~ s-f 


(a) Whens = 50 cm: 


s' 


(12 cm) (5 0 cm) 
50 cm-12 cm 


15.8cm 


s' 15.8 cm 

m =-=- 

50 cm 


The lateral magnification of the 
image is: 


s 


0.316 
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Because the image distance is positive and the lateral magnification is less 
than one and negative, we can conclude that the image real, inverted, and 
reduced. 


(b) When s = 24 cm: 


5 ' 


(l2 cm) (24 cm) 
24 cm-12 cm 


24.0 cm 


The lateral magnification of the _ _ _ _ 24 cm 

image is: s 24 cm 


Because the image distance is positive and the lateral magnification is 
one and negative, we can conclude that the image real, inverted, and 
the same size as the object. 


(c) When 5=12 cm: 


(l2cm)(l2cm) 
12 cm-12 cm 


and 


there is no image. 


( d) When 5 = 8 cm: 


(l2cm)(8cm) 
8 cm-12 cm 


- 24.0 cm 


The lateral magnification of the _ _ s' _ _ — 24 cm 

image is: s 8 cm 


Because the image distance is negative and the lateral magnification is 
three and positive, we can conclude that the image virtual, erect, and 
three times the size of the object. 


32 •• 

Picture the Problem The easiest rays to use in locating the image are 1) the ray parallel 
to the principal axis and passes through the focal point of the mirror, the ray that passes 
through the center of curvature of the spherical mirror and is reflected back on itself, and 
2) the ray that passes through the focal point of the spherical mirror and is reflected 
parallel to the principal axis. We can use any two of these rays emanating from the top of 
the object to locate the image of the object. 














(a) The ray diagram is shown to the 
right. 
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( b ) The ray diagram is shown to the 
right. 


(c) The ray diagram is shown to the 
right. 


(d) The ray diagram is shown to the 
right. 



The image is virtual, upright, and 
reduced. 





33 • 

Picture the Problem In describing the images, we must indicate where they are located, 
how large they are in relationship to the object, whether they are real or virtual, and 
whether they are upright or inverted. The object distance s, the image distance s', and the 

focal length of a mirror are related according to — 4-= —, where f = \r and r is the 

s s' f 

radius of curvature of the mirror. In this problem,/= -20 cm because r is negative for a 
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convex mirror. 

Solve the mirror equation for s': 


(a) When 5 = 55 cm: 


The lateral magnification of the 
image is: 


fi 

s-f 


, _ (-12cm)(55cm) _ 
55 cm-(-12 cm) 


-9.85 cm 


m 



-9.85 cm 
55 cm 


0.179 


Because the image distance is negative and the lateral magnification is less 
than one in magnitude and positive, we can conclude that the image is virtual, 
upright, and reduced. 


( b ) When s = 24 cm: 


5 ' 


(-12 cm) (24 cm) 
24 cm-(-12 cm) 


-8.00 cm 


The lateral magnification of the 
image is: 



-8 cm 
24 cm 


0.333 


Because the image distance is negative and the lateral magnification is less 
than one in magnitude and positive, we can conclude that the image is virtual, 
upright, and reduced. 


(c) When 5=12 cm: 


5 ' 


(-12cm)(l2cm) 
12 cm-(-12 cm) 


-6.00 cm 


The lateral magnification of the _ _ s^_ _ _ ~6cm _ 

image is: s 12 cm 2 


Because the image distance is negative and the lateral magnification is 
one - half in magnitude and positive, we can conclude that the image 
virtual, upright, and half the size of the object. 


5 ' 


(-12 cm) (8 cm) 
8 cm- (- 12 cm) 


-4.80 cm 


(d) When 5 = 8 cm: 
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The lateral magnification of the 
image is: 

5 ' -4.80cm 

m =-=-= 0.600 

5 8 cm 


Because the image distance is negative and the lateral magnification is 
less than one and positive, we can conclude that the image is virtual, upright, 
and reduced. 


34 • 

Picture the Problem We can solve the mirror equation for 1 /s' and then examine the 


implications of/ < 0 and s > 0. 


Solve the mirror equation for I/s': 

1_1 1 _s-f 

s' f s sf 

For a convex mirror: 

/< 0 

With 5 > 0, the numerator is positive 
and the denominator negative. 
Consequently: 

— <0^ s' < 0 

5' - 


*35 • 

Picture the Problem We can use the mirror equation and the definition of the lateral 
magnification to find the radius of curvature of the mirror. 


(a) Express the mirror equation: 

1112 

7 + 7“ /“ r 

Solve for r: 

2ss' 

r = , (1) 

s+s 

The lateral magnification of the 
mirror is given by: 

s' 

m = - 

s 

Solve for s': 

s' = -ms 

Substitute for s' in equation (1) to 

obtain: 

-2 ms 

r =- 

1 - m 

Substitute numerical values and 

evaluate r: 

-2(5.5)(2.1cm) c ^ 

r = ——--= 5.13 cm 

1-5.5 - 
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The mirror must be concave. A convex mirror always produces a 
diminished virtual image. 


36 •• 

Picture the Problem We can use the mirror equation and the relationship between the 
focal length of a mirror and its radius of curvature to find the location of the image. We 
can then use the definition of the lateral magnification of the mirror to find the height of 
the image formed in the mirror. 


(a) and ( b ) Solve the mirror equation , _ fs 

for for s': s — f 


Relate the focal length of the mirror / = \ r 

to its radius of curvature: 


Substitute to obtain: 


, _ j rs _ rs 
s-\r 2s -r 


Substitute numerical values and 
evaluate s': 


s' 


(-1.2m)(l0m) 
2(l0 m) -(-1.2 m) 


-0.566 m 


and 

the image is 56.6 cm behind the mirror. 


(c) Express the lateral magnification 

y' 

m = — = 

of the mirror: 

y 

Solve for/: 

, s' 

y = — 

s 

Substitute numerical values and 

evaluate /: 

/=-- 


y 


10 m 


(2 m) = 


11.3 cm 


37 •• 

Picture the Problem We can use the mirror equation to locate the image formed in this 
mirror and the expression for the lateral magnification of the mirror to find the diameter 
of the image. 


s' 


t 

f-s 


Solve the mirror equation for the 
location of the image of the moon: 
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Because f = \r: 


Substitute numerical values and 
evaluate s'\ 


s' 


j rs rs 
\r-s r-2s 


s' 


(8m)(3.8xl0 1 ' m) 
8m- 2 ( 3.8 x 10 8 m) 


Express the lateral magnification of 
the mirror: 

Solve for;/: 

Substitute numerical values and 
evaluate y'\ 


38 •• 

Picture the Problem The rays from the 
point object are shown in the diagram to 
the right. Note that the rays that reflect 
from the mirror far from the axis do not 
converge at the same point as those that 
reflect from the mirror close to the mirror 
axis. For the small-angle rays, the point of 
convergence is 4.5 cm from the mirror. 
The 60° ray crosses the axis at 3 cm from 
the mirror. Consequently, the image 
extends from 4.5 cm to 3.0 cm, or about 
1.5 cm along the axis. 
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*39 •• 

Picture the Problem 


(a) The figure to the right shows the 
mirror and the four rays drawn to scale. 
Using a calibrated ruler, the spread of 
the crossing points is & « 1.0 cm. Note 
that the triangles formed by the center of 
curvature, the point of reflection on the 
mirror, and the point of intersection of 
the reflected ray and the mirror axis are 
isosceles triangles. 

Express the equal angles of the 
isosceles triangles: 



where y is the distance of the incoming ray 
from the mirror axis and R is the radius of 
curvature of the mirror. 


Using the law of cosines, the 
distance between the point of 
intersection and the mirror is given 
by: 

Evaluate d for y/R = 2/3: 


d = R< 




r 


-r 

1- 

2 cos 

snU 1 

y 





V 


)_ 



d = (6 cm) 


1 - 


2 cos 


f o XA 


sin 


v wy 


= 1.975 cm 


Evaluate d for y/R = 1/12: 


d = (6 cm) 


1- 


2 cos 


sin 


-i 


f i Ah 


-i-i 


Vl2 yy 


= 2.990 cm 


Express the spread <Sc: 


<5x = 2.990 cm -1.975 cm = 


1.01cm 


in good agreement with the result obtained 
above. 
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(. b ) Evaluate d for y/R =1/3: 


Express the new spread Sx': 
Express the ratio of Sx' to Sx: 




f 

fO 

v 

n-r 

1- 

2 cos 

sin -1 






V 

^3 ) 

). 



d = (6cm)< 

= 2.818cm 

Sx' = 2.990 cm-2.818 cm = 0.172 cm 
Sx' 0.172cm 


Sx 1.01cm 


= 17.0% 


By blocking off the edges of the mirror so that only paraxial rays within 2 cm 
of the mirror axis are reflected, the spread is reduced by 83.0%. 


40 •• 

Picture the Problem We can use the mirror equation to find the focal length of the 
mirror and then apply it a second time to find the object position after the mirror has been 
moved. 


Solve the mirror equation for/: 

Substitute numerical values and 
evaluate /: 



s' + s 


(l00cm)(75cm) 

f = --^-- = 42.86 cm 

75 cm+ 100 cm 


Solve the mirror equation for s\ 


Find s for/= -42.86 cm and 
s' = - 35 cm: 


s'-f 

s J- 42.86cm)(-35cm) 9cm 
- 35 cm - (- 42.86 cm) 


The distance d the mirror moved is: 


d 


190.9cm- 100 cm 


90.9 cm 


41 •• 

Picture the Problem We can use the mirror equation, with s = oo, to find the image 
distance in the large mirror. Because this image serves as a virtual object for the small 
mirror, we can use the mirror equation a second time to find the focal length and, hence, 
the radius of curvature of the small mirror. 


(a) Express the mirror equation: 


1 i _ 2 

s s' r 

















948 Chapter 32 


Because s = co: 


Substitute numerical values and 
evaluate s'\ 


— = — and s' = \r 
s' r 

s' = }(5m) = 2.5m 


This image serves as a virtual object _ ss' 

r , 11 • J small . 

tor the small mirror at s +5 

s = -0.5 m. Solve the mirror 
equation for the focal length of the 
small mirror: 


Substitute numerical values and 
evaluate/ sma u: 


(-0.5m)(2m) 
2m + (-0.5m) 


0.667 m 


The radius of curvature is twice the 
focal length: 


Cmall= 2 / S mall= 2 (- 0 -667 m) 

= -1.33 m 


(. b ) Because / small < 0, the small mirror is convex. 


Images Formed by Refraction 


42 • 

Picture the Problem The diagram shows 
two rays (from the bundle of rays) of light 
refracted at the glass-air interface. Because 
the index of refraction of air is less than 
that of water, the rays are bent away from 
the normal. The writing on the paper will, 
therefore, appear to be closer than it 
actually is. We can use the equation for 
refraction at a single surface to find the 
distance s'. 



Use the equation for refraction at a n i + n 2 _ n 2 ~ n \ 

single surface to relate the image and s s' r 

object distances: 


Here we have n\ = n, n 2 = and 
r = co. Therefore: 
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Solve for s': 


s' 


s 

n 


Substitute numerical values and 
evaluate s': 


s' 


2 cm 

7T 


-1.33 cm 


where the minus sign tells us that the image 
is 1.33 cm below the glass surface. 


43 • 

Picture the Problem The diagram shows 
two rays (from the bundle of rays) of light 
refracted at the water-air interface. Because 
the index of refraction of air is less than 
that of water, the rays are bent away from 
the normal. The fish will, therefore, appear 
to be closer than it actually is. We can use 
the equation for refraction at a single 
surface to find the distance s'. We’ll 
assume that the glass bowl is thin enough 
that we can ignore the refraction of the 
light passing through it. 

(a) Use the equation for refraction at 
a single surface to relate the image 
and object distances: 

Here we have ti\ = n and «2 = 1. 

Therefore: 



s s' r 


n 1 1 - n 

s s' r 


Solve for s': 


Substitute numerical values and 
evaluate s': 


rs 


s = 


■ (l - n)-nr 


(-20cm)(l0cm) 

(10 cm)(l -1.33) - (l .33)(- 20 cm) 

-8.54 cm 


where the minus sign tells us that the image 
is 8.54 cm from the front surface of the 
bowl. 











950 Chapter 32 


(. b ) Repeat ( a ) with s = 30 cm: , _ (-20cm)(30cm) _ 

* ~ (30cm)(l-1.33)-(l.33)(-20cm) 

= -35.9 cm 

where the minus sign tells us that the image 
is 35.9 cm from the front surface of the 
bowl. 


*44 » 

Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 
correctness of our analytical solutions. 


Use the equation for refraction at a 
single surface to relate the image 
and object distances: 



( 1 ) 


Here we have n i = 1 and 
n 2 = n= 1.5. Therefore: 


1 n n -1 

s s' r 


Solve for s': 


(a) Substitute numerical values 
(s = 35 cm and r = 7.2 cm) and 
evaluate s': 


nrs 


s = 


:{n -l )-) 


, (l-5)(7.2 cm) (3 5 cm) 

(35 cm)(l .5 -1) — (7.2 cm) 

= 36.7 cm 


where the positive distance tells us that the 
image is 36.7 cm in back of the surface and 
is real. 



(l.5>(7.2 cm) (6.5 cm) 
(6.5 cm)(l .5 -1) - (7.2 cm) 

-17.8cm 


(b) Substitute numerical values 
(s = 6.5 cm and r = 7.2 cm) and 
evaluate s': 


where the minus sign tells us that the image 
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is 17.8 cm in front of the surface and is 
virtual. 



(c) When s = oo, equation (1) 
becomes: 

Solve for s': 


Substitute numerical values and 
evaluate s': 


n _n — 1 
s' r 


. nr 

s =- 

n -1 


5 ' = 


(1.5) (7.2 cm) 


1.5-1 


21.6 cm 


i.e., the image is at the focal point, is 
real, and of zero size. 



45 •• 

Picture the Problem We can use the equation for refraction at a single surface to find the 
image distance that corresponds to parallel light rays in the rod. 


Use the equation for refraction at a 
single surface to relate the image 
and object distances: 



( 1 ) 


Parallel rays imply that s' = go. _ n—\ 

Therefore: s r 


Solve for 5 : 


s = 


r 


n -1 


7.2 cm 
1.5-1 


Substitute numerical values and 


s = 


14.4 cm 
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evaluate s: 


The ray diagram is shown below: 


I 



Z 




46 •• 

Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 
correctness of our analytical solutions. 

Use the equation for refraction at a »i | n 2 _ n 2 — n x ^ 

single surface to relate the image s s' r 

and object distances: 

Here we have n\ = 1 and ]_ + n_ _ n ~ 1 

n 2 = n = 1.5. Therefore: s s' r 


Solve for s': 



nrs 


(a) Substitute numerical values 
(s = 35 cm and r = -7.2 cm) and 
evaluate s': 



15.3 cm 


where the minus sign tells us that the image 
is 15.3 cm in front of the surface of the rod 
and is virtual. 
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(. b ) Substitute numerical values 
(,s = 6.5 cm and r = -7.2 cm) and 
evaluate s': 


(l .5)(- 7.2 cm)(6.5 cm) 
(6.5 cm)(l .5 -1) - (- 7.2 cm) 

I -6.72 cm 


where the minus sign tells us that the image 
is 6.72 cm in front of the surface of the rod 
(located at the object) and is 


virtual. 


(c) When 
becomes: 



Solve for s': 


, nr 

s =- 

n — 1 


Substitute numerical values and 
evaluate s': 


(1.5) (-7.2 cm) 
1.5-1 
-21.6 cm 


where the minus sign tells us that 
is 21.6 cm in front of the surface 
and is virtual. 


the image 
of the rod 
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47 •• 

Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 
correctness of our analytical solutions. 


Use the equation for refraction at a 
single surface to relate the image 
and object distances: 



( 1 ) 


Solve for s': 


(a) Substitute numerical values 
(s = 35 cm, n\ = 1.33, n 2 = 1.5, and 
r = 7.2 cm) and evaluate s': 


s’ = 


s{n 2 - Wj) - n t r 


cm) (3 5 cm) 

(35cm)(l.5-1.33)-(l.33)(7.2cm) 
-104 cm 


where the negative distance tells us that the 
image is 104 cm in front of the surface and 
is virtual. 



( b ) Substitute numerical values , _ (l ,5)(7.2 cm)(6.5 cm) _ 

(s = 6.5 cm) and evaluate s': (6. 5cm)(l.5-1.33)-(l.33)(7.2 cm) 

= -8.29 cm 

where the minus sign tells us that the image 
is 8.29 cm in front of the surface and is 


virtual. 
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(c) When 5 = 00 , equation (1) 
becomes: 



s' r 


Solve for s': 


s' 


>h 

n 2 - n t 


r 


Substitute numerical values and 
evaluate s': 


s' = ■ 


1.5 


1.5-1.33 


(7.2 cm) = 


63.5 cm 


i.e., the image is 63.5 cm to the right of the 
surface (at the focal point) and is real. 



48 •• 

Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 
correctness of our analytical solutions. 


Use the equation for refraction at a 
single surface to relate the image 
and object distances: 



( 1 ) 


Solve for s': n 2 rs 

s{n 2 -n^)-n x r 

(a) Substitute numerical values , __ (l .5)(-7.5 cm)(35 cm) _ 

(s = 35 cm) and evaluate s': (35cm)(l.5 —1.33) — (l.33)(— 7.5cm) 

= -24.7 cm 

where the minus sign tells us that the image 
is 24.7 cm in front of the surface and is 


virtual. 
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( b ) Substitute numerical values s , _ (l.5)(-7.5cm)(6.5cm) _ 

(s = 6.5 cm) and evaluate s': (6.5cm)(l.5 -1.33)-(l.33)(-7.5cm) 

= -6.60 cm 

where the minus sign tells us that the image 
is 6.60 cm in front of the surface and is 
virtual. 


(c) When s = oo, equation (1) 
becomes: 



Solve for s': 


Substitute numerical values and 
evaluate s': 


s = ■ 


n 2 r 

n 2 ~n x 


s = 


(1.5) (-7.5 cm) 
1.5-1.33 


-66.2 cm 


i.e., the image is at the focal point, is 


virtual, and of zero size. 







Optical Images 957 



*49 .. 

Picture the Problem We can use the equation for refraction at a single surface to find the 
images due to refraction at the ends of the glass rod. The image formed by the refraction 
at the first surface will serve as the object for the second surface. The sign of the final 
image distance will tell us whether the image is real or virtual. 


(a) Use the equation for refraction at 
a single surface to relate the image 
and object distances at the first 
surface: 



( 1 ) 


Solve for s': 


Substitute numerical values 
and evaluate s': 


(.b ) The object for the second surface 
is 96 cm - 64 cm = 32 cm from the 
surface whose radius is 16 cm. 
Substitute numerical values and 
evaluate s': 


n 2 rs 

s(n 2 -n { )-n/ 

(l. 6) (8 cm) (20 cm) 
(20 cm)(l .6 -1) - (8 cm) 

64.0 cm 


(l)(-16cm)(32cm) 

(32 cm)(l -1.6) - (l .6)(-16 cm) 

-80.0 cm 


The final image is 96 cm - 80 cm = 16 cm from the surface whose radius 
is 8 cm and is virtual. 


50 •• 

Picture the Problem We can use the equation for refraction at a single surface to find the 
images due to refraction at the ends of the glass rod. The image formed by the refraction 
at the first surface will serve as the object for the second surface. The sign of the final 
image distance will tell us whether the image is real or virtual. 
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(a) Use the equation for refraction at n \ + n 2 _ n 2 — n x 

a single surface to relate the image s s’ r 

and object distances at the first 
surface: 


( 1 ) 


Solve for s': 


Substitute numerical values 
and evaluate s': 


(b) The object for the second surface 
is 96 cm +128 cm = 224 cm from 
the surface whose radius is 8 cm. 
Substitute numerical values and 
evaluate s': 


n 2 rs 

s{n 2 -n x )-n,r 

(l.6)(l6cm)(20cm) 

(20cm)(l.6-l)-(l6cm) 

- 128 cm 


(l) (- 8 cm) (224 cm) 

(224 cm)(l -1.6) - (l .6)(- 8 cm) 

14.7 cm 


(c) 


The final image is 14.7 cm from the far end of the rod and is real. 


Thin Lenses 


51 • 

Picture the Problem We can use the lens-maker’s equation to find the focal length of 
each of the lenses. 


The lens-maker’s equation is: 


- = (n- 1) 


r \ P 


vh r U 


where the numerals 1 and 2 denote the first 
and second surfaces, respectively. 


r (lM ' 1 


i 


15 cm -26 cm 


and 
/ = 


19.0cm 


(a) For ri = 15 cm and r 2 = -26 cm: 
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A double convex lens is shown to 
the right: 


( b ) For r x = oo and r 2 = -15 cm: 


- = (1.5-1) 

/ 


J_ 

00 


1 


-15 cm 


and 
/ = 


30.0cm 


A plano-convex lens is shown to the 
right: 


(c) For r\ = -15 cm and 
r 2 = +15 cm: 



1 

7 


(1.5-1) 

V 


1 

15 cm 


and 


/ = 


-15.0cm 



15 cm J 


A double concave lens is shown to 
the right: 



(d) For r\ = co and r 2 = +26 cm: 


1 


1 ^ 

26 cm 


and 


/ = 


-52.0 cm 


A plano-concave lens is shown to 
the right: 
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52 • 

Picture the Problem We can use the lens-maker’s equation to find the focal length of the 
lens. 


The lens-maker’s equation is: 


Substitute numerical values to 
obtain: 


Solve for/: 


- = (n- 1) 


r \ P 


vh r 2j 


where the numerals 1 and 2 denote the first 
and second surfaces, respectively. 


2 = (1.62-1)' 1 

/ 


1 


A 


v -100cm -40cmy 


/ = 


108 cm 


*53 • 

Picture the Problem We can use the lens-maker’s equation to find the focal length of the 

s r 

lens and the thin-lens equation to locate the image. We can use m =-to find the 

s 


lateral magnification of the image. 


(a) The lens-maker’s equation is: 


Substitute numerical values to 
obtain: 


Solve for f: 


— = (n - 1) 

/ 


r \ 1 A 


V/l r 2j 


where the numerals 1 and 2 denote the first 
and second surfaces, respectively. 


i = (l.45-l)' 1 

/ 


1 


-30 cm 25 cm 


/ = 


- 30.3 cm 


( b ) Use the thin-lens equation to 
relate the image and object 
distances: 


I 1 _J_ 


Solve for s': 


s' 


fi 

s~f 


s' 


(-30.3cm)(80cm) 
80 cm-(-30.3 cm) 


Substitute numerical values and 
evaluate s': 
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(c) The lateral magnification of the 
image is given by: 


5 ' 


m =- 


s 


Substitute numerical values and 
evaluate m: 


- 22 cm 

m = - 

80cm 


0.275 


(. d ) Because 5' < 0 and in > 0, the image is 


virtual and upright. 


54 • 

Picture the Problem We can use the lens-maker’s equation to find the focal length of 
each of the lenses described in the problem statement. 


The lens-maker’s equation is: 


(a) For r\ = 20 cm, r 2 = 10 cm: 


\ = { n ~ X ) 


f 


1 1 


Vh 


'ij 


where the numerals 1 and 2 denote the first 
and second surfaces, respectively. 




and 
/ = 


1 


20 cm 


-33.3 cm 


1 ^ 

10cm y 


A sketch of the lens is shown to the 
right: 



(. b ) For r\ = 10 cm, r 2 = 20 cm: 


r (1 - 6 - ,) ' 1 


and 
/ = 


1 


10 cm 20 cm 


33.3 cm 


A sketch of the lens is shown to the 
right: 
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(c) For r\ = -10 cm, r 2 = -20 cm: 


r (1 - 6 - ,)f 1 


i 


-10cm -20cm 


and 
/ = 


-33.3 cm 


A sketch of the lens is shown to the 
right: 


Remarks: Note that the lenses that are thicker on their axis than on their 
circumferences are positive (converging) lenses and those that are thinner on their 
axis are negative (diverging) lenses. 



*55 • 

Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P=\/f 

y' s ' 

and the size of the image from m = — =-. 

y s 



The image is real, inverted, and diminished. 

The thin-lens equation is: 1 1 _ 1 

Solve for s': , _ ft 

S " s-f 


Use the definition of the power of 
the lens to find its focal length: 



_1 

10 m 1 


0.1m = 10 cm 


Substitute numerical values and 
evaluate s': 


s' 


(10 cm) (2 5 cm) 
25 cm-10 cm 


16.7 cm 
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Use the lateral magnification m _ y' _ _ s' 

equation to relate the height of the v s 

image y' to the height y of the object 
and the image and object distances: 

Solve for v': , s' 

y =—y 

s 


Substitute numerical values and 
evaluate v': 


y = 


16.7 cm 
25 cm 


(3 cm) 


- 2.00 cm 


Because 5' > 0 and y' = -2.00 cm, the image is real, inverted, and diminished 
in agreement with the ray diagram. 


56 • 

Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P=l/f 

y' s' 

and the size of the image from m = — =-. 

y s 



The image is real and inverted and appears to be the same size as the object. 
The thin-lens equation is: 11 _ 1 

7 7'7 

Solve for s': , _ ft 

S ~ s-f 


Use the definition of the power of 
the lens to find its focal length: 


/ = —= —-—- = 0.1 m = 10 cm 
P 10 m 1 


, _ (10 cm)(20 cm) _ 


s = 


20cm-10cm 


20.0 cm 


Substitute numerical values and 
evaluate s': 
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Use the lateral magnification m _ y' _ _ s' 

equation to relate the height of the v s 

image y' to the height y of the object 
and the image and object distances: 

Solve for v': , s' 

y =—y 

s 


Substitute numerical values and 
evaluate v': 


y = 


20cm 

20cm 


(l cm) 


-1.00 cm 


Because s' > 0 and y' = -1 cm, the image is real, inverted, and the same size 
as the object in agreement with the ray diagram. 


57 • 

Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P=\/f 

y' s' 

and the size of the image from m = — =-. 

y s 



The image is virtual, upright, and diminished. 


The thin-lens equation is: 


I _L__L 

7 + 7'7 


Solve for s': 


s' 


s-f 


Use the definition of the power of 
the lens to find its focal length: 


/= 4 = 


i 


P -10m 1 


= -0.1m = -10 cm 


, _ (-10cm)(20cm) _ 
20 cm- (- 10 cm) 


- 6.67 cm 


Substitute numerical values and 
evaluate s': 
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Use the lateral magnification _ y' _ _ s' 

equation to relate the height of the y s 

image y' to the height y of the object 
and the image and object distances: 

Solve for v': , s' 

y =—7 

s 


Substitute numerical values and 
evaluate v': 


y- 


-6.67 cm 
20 cm 


(l.5cm) 


0.500 cm 


Because s' < 0 and y' = 0.500 cm, the image is virtual, erect, and 
about one - third the size of the object in agreement with the ray diagram. 


58 

Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P= \/f 

s r 

and the size of the image from m =-. 

s 

(a) A negative object distance implies that the object is a virtual object, i.e., that light rays 
converge on the object rather than diverge from the object. A virtual object can occur in a 
two-lens system when the first lens forms an image that is at a distance — s from the 

second lens. 

( b ) The thin-lens equation is: 11 1 

Solve for s': , _ fi 

" ~ s-f 


Substitute numerical values and 
evaluate s': 


s' 


(20cm)(-20cm) 
- 20 cm - (20 cm) 


10.0 cm 


The lateral magnification is: 


m = - 


U 

s 


10cm 
-20 cm 


0.500 


The parallel and central rays were used to locate the image in the ray diagram shown 
below: 
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Because s' > 0 and m > 0, the image is real, erect, and one - half the size 
of the virtual object. 


(c) Proceed as in ( b ) with 
s = -10 cm and/= -30 cm: 


5 ' 


(-30cm)(-10cm) 

-10cm-(-30cm) 


15.0 cm 



15 cm 
-10cm 


1.500 


The parallel and central rays were used to locate the image in the ray diagram shown 
below: 



Because s' > 0 and m =1.5, the image is real, erect, and one and one - half 
times the size of the virtual object. 


*59 •• 

Picture the Problem We can apply the thin-lens equation to find the image formed in the 
first lens and then use this image as the object for the second lens. 

(a) The parallel, central, and focal rays were used to locate the image formed by the first 
lens and the parallel and central rays to locate the image formed by the second lens. 































Apply the thin-lens equation to 
express the location of the image 
formed by the first lens: 
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s 


i 


fi s i 


•h ~ f 


( 1 ) 


Substitute numerical values and 
evaluate s,': 


, (l Ocm) (2 Ocm) OA 

= A -—-- = 20 cm 

20 cm-10 cm 


Find the lateral magnification of the 
first image: 

Because the lenses are separated by 
35 cm, the object distance for the 
second lens is 

35 cm - 20 cm =15 cm. Equation 
(1) applied to the second lens is: 

Substitute numerical values and 
evaluate s 2 : 


Find the lateral magnification of the 
second image: 


s,' 20cm 

m, = —- =-= -1 

s 20cm 


t _ fl S 2 

~ r 

S 2 fl 


(I0cm)(l5cm) 

-- & -= 30cm 

15cm-10cm 


and the final image is 


85.0cm 


from the 


object. 


5,' 30 cm 

in, = —— =-= -2 

s 15 cm 


Because 5 ' 2 > 0 and m = m x m 2 = 2, the image is real, erect, and twice the 
size of the object. 


The overall lateral magnification of 
the image is the product of the 
magnifications of each image: 


m = m [ m 2 


(-0(-2) = 


2.00 


60 •• 

Picture the Problem We can apply the thin-lens equation to find the image formed in the 
first lens and then use this image as the object for the second lens. 

(a) The parallel, central, and focal rays were used to locate the image formed by the first 
lens and the parallel and central rays to locate the image formed by the second lens. 
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Apply the thin-lens equation to 
express the location of the image 
formed by the first lens: 



( 1 ) 


Substitute numerical values and 
evaluate s x : 


, (l0cm)(20cm) 

' = --^-- = 20 cm 

20 cm-10 cm 


Find the lateral magnification of the 
first image: 


s' 20cm 

m, =- - =-= -1 

s 20 cm 


Because the lenses are separated by 
35 cm, the object distance for the 
second lens is 

35 cm - 20 cm =15 cm. Equation 
(1) applied to the second lens is: 

Substitute numerical values and 
evaluate s 2 : 


, fi s 2 

S 2 fl 


, (-15cm)(l5cm) 

s' = - - A - { = -7.5 cm 

15 cm - (-15 cm) 

and the final image is 

object. 


47.5 cm 


from the 


Find the lateral magnification of the 
second image: 



-7.5 cm 
15 cm 


= 0.5 


Because s' 2 < 0 and m = m x m 2 = -0.5, the image is virtual, inverted, and 
half as large as the object. 


The overall lateral magnification of 
the image is the product of the 
magnifications of each image: 


m = m x m 2 


(-1)(0.5) 


-0.500 


61 •• 

Picture the Problem We can use the thin-lens equation and the definition of the lateral 
magnification to show that s = (m - 1 )f/m. 
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(a) Express the thin-lens equation: 


I _L__L 


Express the lateral magnification of s' 

r & m =-=> x = -ms 

the image and solve for s': s 


Substitute to obtain: 


1 t _ 1 

s - ms f 


Solve for s: 


("»-!)/ 

m 


(b ) The magnification m is: 


Substitute numerical values and 
evaluate s: 



24 mm 
1.75 m 


0.0137 


(-0.0137-l)(50mm) 
-0.0137 


3.70m 


62 •• 

Picture the Problem We can plot the first graph by solving the thin-lens equation for the 
image distance s' and the second graph by using the definition of the magnification of the 
image. 

(a) and (b) Solve the thin-lens _ fs 

equation for s' to obtain: s — f 


The magnification of the image is _ s' 

given by: s 

A spreadsheet program to calculate .s'as a function of s is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell 

Content/Formula 

Algebraic Form 

B1 

12 

/ 

A4 

13.2 

s 

A5 

A4+ 1 

s + As 

B4 

$B$1*A4/(A4 - $B$1) 

fs 



s-f 

C5 

-B4/A4 

s' 



s 
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A 

B 

C 

1 

f= 

12 

cm 

2 




3 

s 

s' 

m 

4 

13.2 

132.00 

-10.00 

5 

14.2 

77.45 

-5.45 

6 

15.2 

57.00 

-3.75 

7 

16.2 

46.29 

-2.86 

8 

17.2 

39.69 

-2.31 

9 

18.2 

35.23 

-1.94 





108 

117.2 

13.37 

-0.11 

109 

118.2 

13.36 

-0.11 

110 

119.2 

13.34 

-0.11 

111 

120.2 

13.33 

-0.11 


A graph of s' as a function of s follows. 



(c) 


The images are real and inverted for this range of object distances. 


id) 


The asymptotes of the graph of s' versus s correspond to the focal 
length of the lens. The horizontal asymptote of the graph of m versus 
s indicates the fact that, as the object moves away from the lens, the 
image formed by the lens approaches the far focal point and its size 
approaches zero. 
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63 •• 

Picture the Problem We can plot the first graph by solving the thin-lens equation for the 
image distance s' and the second graph by using the definition of the magnification of the 
image. 

(a) and ( b ) Solve the thin-lens ? , _ fi 

equation for s' to obtain: s - f 


The magnification of the image is m _ _ s' 

given by: s 

A spreadsheet program to calculate s'as a function of .vis shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell 

C ontent/Formula 

Algebraic Form 

B1 

12 

/ 

A4 

0.12 

5 

A5 

A4 + 0.1 

s + As 

B4 

$B$1*A4/(A4 - $B$1) 

fi 



s~f 

C5 

-B4/A4 

s' 



s 



A 

B 

C 

1 

f= 

12 

cm 

2 




3 

s 

s’ 

m 

4 

0.12 

-0.12 

1.01 

5 

0.22 

-0.22 

1.02 

6 

0.32 

-0.33 

1.03 

7 

0.42 

-0.44 

1.04 

8 

0.52 

-0.54 

1.05 

9 

0.62 

-0.65 

1.05 





108 

10.52 

-85.30 

8.11 

109 

10.62 

-92.35 

8.70 

110 

10.72 

-100.50 

9.37 

111 

10.82 

-110.03 

10.17 
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A graph of s' as a function of 5 follows. 



(c) 


The images are virtual and erect for this range of object distances. 


id) 


The asymptote of the graph of s' versus s corresponds to the image 
approaching infinity as the object distance approaches the focal 
length of the lens. The horizontal asymptote of the graph of m versus 
s indicates that, as the object moves toward the lens, the height of the 
image fonned by the lens approaches the height of the object. 


*64 •• 

Picture the Problem We can apply the thin-lens equation to find the image formed in the 
first lens and then use this image as the object for the second lens. 


Apply the thin-lens equation to 
express the location of the image 
formed by the first lens: 

Substitute numerical values and 
evaluate 5 /: 



( 1 ) 


, _ (l5cm)(l5cm) _ 


15 cm-15 cm 


= 00 


1 _ 1 , _ 

, f ^ S 2 f2 

*2 fl 


With 5 / = 00 , the thin-lens equation 
applied to the second lens becomes: 


15.0cm 
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A ray diagram is shown below: 



65 •• 

Picture the Problem We can apply the thin-lens equation to find the image formed in the 
first lens and then use this image as the object for the second lens. 


Apply the thin-lens equation to , _ /iN 

express the location of the image 1 s l — f x 

formed by the first lens: 


( 1 ) 


Substitute numerical values and 
evaluate s t ': 


. (15 cm) (l 5 cm) 

s, = --—-- = 00 

15 cm -15 cm 


With s j = oo, the thin-lens equation 
applied to the second lens becomes: 


11 , , 

— = — => s 7 = /, = 


15.0 cm 


A ray diagram is shown below: 



The final image is 50 cm from the object, real, inverted, and the same 
size as the object. 


66 ••• 

Picture the Problem We can substitute x = s -/and x' = s' -f in the thin-lens equation 
and the equation for the lateral magnification of an image to obtain Newton’s equations. 
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Express the thin-lens equation: 


If x = s -f and x' = s' -/: 


Expand this expression to obtain: 


The lateral magnification is: 


Solve equation (1) forx: 


I 1 _J_ 


1 1 _ 1 

x + f x' + f f 


f(x' + x + 2/) = (x + fix' + /) 

= xx' + xf + xf + f 2 
or, simplifying, xx' = f 1 (1) 


m =- 

s 


or, because x = s -f and x' = s' -f 
x' + f 


m = — 


x + f 


X 


f 1 


Substitute for x and simplify to 

m = 

1 

+ 

~X 

\ 


x' + f 

obtain: 

f 2 

+ / 

X 

Af+x') 




x' 



x' 






/ 




The lateral magnification is also 
given by: 

m = 

+ + 
x X 

1 



From equation (1) we have: 

II 

~X 




Substitute to obtain: 

m = 

1 

X ^ 

1 10 

+ 

1 

f 

( f \ 
J-+\ 

\X J 


+ 

X 

x| 

'l+c 


V X) 
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The variables x,f .v.and s' are shown in the sketch below: 



r 


67 ••• 

Picture the Problem The ray diagram shows the two lens positions and the 
corresponding image and object distances (denoted by the numerals 1 and 2). We can use 
the thin-lens equation relate the two sets of image and object distances to the focal length 
of the lens and then use the hint to express the relationships between these distances and 
the distances D and L to eliminate .Vi, s\', S 2 , and s 2 ' and obtain an expression relating/ D, 
and L. 


Relate the image and object 
distances for the two lens positions 
to the focal length of the lens: 

Solve for/to obtain: 

The distances D and L can be 
expressed in terms of the image and 
object distances: 

Substitute for the sums of the image 
and object distances in equation (1) 
to obtain: 

From the hint: 

Hence D = s\ + s 2 and: 

Take the product of D - L and 
D + L to obtain: 

From the thin-lens equation: 


111 111 

-1-= — and-1-= — 

s i s i / s 2 s 2 ’ f 


^1 + S l' S 2 + S 2 

D = x, + 5 / = s 2 + s 2 ' 
and 

L=s 2 -s x =s’~ s 2 

D D 

Sj = s 2 and s x = s 2 
D-L = 2s x and D + L = 2 s 2 

(D-L)(D + L)=D 2 -L 2 

= 4 s v s 2 = 4v l v l ' 

4xj5 2 = rs ] s t ’ = 4fD 
4 fD = D 2 -L 2 


Substitute to obtain: 
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Solve for f. 


D 2 -L 2 

4 D 


68 •• 

Picture the Problem We can use results obtained in Problem 67 to find the focal length 
of the lens and the two locations of the lens with respect to the object. 

(a) From Problem 77 we have: D 2 - L 2 

J ~ 4D 


Substitute numerical values and 
evaluate fi 


. _ (l .7 m) 2 - (0.72 m) 2 
* ~ 4(1.7 m) 


34.9 cm 


( b ) Solve the thin-lens equation for fs ^ 

the image distance to obtain: f — s 

In Problem 77 it was established D — L — 2 s { and D + L = 2 s 2 

that: 


Solve for si and s 2 : 


D-L D + L 

s, = - and s 7 = - 

2 2 


Substitute numerical values and 
evaluate si and ,v 2 : 




170cm-72cm 

2 


49.0 cm 


and 
S 2 = 


170cm + 72cm 
2 


121cm 


69 ••• 

Picture the Problem The ray diagram shows four rays from the head of the object that 
locate images I\ and / 2 . We can use the thin-lens equation to find the location of the 
image formed in the positive lens and then, knowing the separation of the two lenses, 
determine the object distance for the second lens and apply the thin lens a second time to 
find the location of the final image. 


























(a) Express the object-to-image 
distance d: 

Apply the thin-lens equation to the 
positive lens: 

Solve for s {: 


Substitute numerical values and 
evaluate s/: 
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d = jj + 5 cm + s 2 (1) 


1 1 1 






s i~fi 


(8.5cm)(l7.5cm) 

--—- - = 16.53cm 

17.5 cm-8.5 cm 


Find the object distance for the 
negative lens: 

The image distance s{ is given by: 


Substitute numerical values and 
evaluate s{\ 


s 2 = 5 cm - v/ = 5 cm- 16.53 cm 
= -11.53cm 


i _ fl S 2 

*2 ~ r 

S 2 f2 


(-30cm)(-l 1.53cm) _ 
-11.53cm-(-30cm) 


Substitute numerical values in 
equation (1) and evaluate d: 


d = 17.5 cm+ 5 cm +18.7 cm 
= 41.2cm 


(b) The overall lateral magnification m = m l m 2 

is given by: 


Express m , and m 2 : 


in , 


—— and m 2 
Si 


S 2 


Substitute to obtain: 


Substitute numerical values and 
evaluate nr. 


f 

£/' 

f 

s£ 

_ S ' S 2 

V 


V 

S 2 y 

s x s 2 


(l6.53cm)(l8.7cm) 
(l 7.5 cm)(-11.53 cm) 


Because m < 0, the image is inverted. Because s 2 > 0, the image is real. 
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Aberrations 


*70 • 

Determine the Concept Chromatic aberrations are a consequence of the differential 


refraction of light of differing wavelengths by lenses, (a) is correct. 


71 • 

(a) False. Aberrations are a consequence of imperfections in lenses. 

( b ) True. 


72 • 

Picture the Problem We can use the lens-maker’s equation to find the focal length the 
this lens for the two colors of light. 


The lens-maker’s equation relates 
the radii of curvature and the index 
of refraction to the focal length of 
the lens: 


4 = ( n ~ 0 


/ 


1 1 


V'i r 2j 


(a) For red light: 


(. b ) For blue light: 


2-= (1-47-1) 

J red 


1 


1 


10cm -10cm 


and 

/red = 


10.6 cm 


= (1-53-1) 

J blue 


l 


l 


10cm -10cm 


and 

/due 


9.43 cm 


The Eye 

*73 •• 

Picture the Problem The thin-lens equation relates the image and object distances to the 
power of a lens. 


1 J___L 
7 + 7 " 7 “ 


p 


(a) Use the thin-lens equation to 
relate the image and object distances 
to the power of the lens: 
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Because s' =d and, for a distance 
object, s = oo: 


1 


5' 


~d 


(j b ) If X np is the closest distance an 

object could be and still remain in 
clear focus on the screen, equation 
(1) becomes: 

(c) Use our result in (a) to obtain: 


Use the results of (a) and ( b ) to 
express the accommodation of the 
model eye: 

Substitute numerical values and 
evaluated: 


P = 

max 


—+ - 

*np d 


P . = 


1 


2.5 cm 


40.OD 


A = P -P =J- + I-I = J_ 

1 max min i j 

x a a x n 


np 


np 



25cm 


4.00D 


74 •• 

Picture the Problem The thin-lens equation relates the image and object distances to the 
power of a lens. 

(a) Use the thin-lens equation to 
relate the image and object distances 
to the power of the lens: 


Because s' =d and s = Xf P : 


(b ) To correct for the 
nearsightedness of this eye, we need 
a lens that will fonn an image 25 cm 
in front of the eye of an object at the 
eye’s far point: 

75 •• 

Picture the Problem The thin-lens equation relates the image and object distances to the 
power of a lens. 

(a) Use the thin-lens equation to i_ + _L-_L -/3 

relate the image and object distances s s' f 

to the power of the lens: 


- + — = — = P 
s s' f 


P- = 


1 1 

— + — 
*fp d 


p =-*—+- 1 


50 cm -25 cm 


-2.00D 












980 Chapter 32 


Because s' = cl and s = x' np : 


F 


max 


1 


np 


1 

+ — 
d 


( 1 ) 


( b ) For a normal eye: 


The amount by which the power of 
the lens is too small is the difference 
between equations (2) and (1): 



( 2 ) 


-F 

max 


1 1 

— + — 
t d 

np 


f 


V 




\ 

) 


1 

1 

X 

x' 


np 


(c) For x np = 15 cm and 
x' n p =150 cm: 


P -P' 

max max 


1 1 

15 cm 150 cm 


6.00 D 


76 • 

Picture the Problem We can use the thin-lens equation to find the distance from the lens 
to the image and then take their difference to find the distance the lens would have to be 
moved. 


Express the distance d that the lens d — s' — f 

would have to move: 


Solve the thin-lens equation for s': 


s' = 


A_ 

s-f 


Substitute to obtain: 


s-f 


Substitute numerical values and 
evaluate d: 


(2.5 cm) (25 cm) 

d = - -—---2.5cm 

25 cm-2.5 cm 


0.278 cm 


That is, the lens would have to move 0.278 
cm toward the object. 


77 • 

Picture the Problem We can apply the thin-lens equation for the two values of s to find 

A f 
















Express the change Af in the focal 
length: 
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A/" = fs=3 m fs=\ 


' 5=0.3 m 


Solve the thin-lens equation for 5 : 
Substitute to obtain: 


ss 


f = ~, 

s +s 

i 

A f = -7 


3m 


‘ S 3m + ^3m S 0.3m + %3m 


or, because s' 3 m = s'0.3 m , 
s? 


Af = s' : 


3m 


J 3m 


J 0.3m 


S 3m +S 3m S 0.3m+ S ‘ 


0.3m 


Substitute numerical values and evaluate A/: 


A f = (2.5 cm) 


300 cm 


30 cm 


2.5 cm+ 300 cm 2.5 cm+ 30 cm 


= 0.172 cm = 


1.72 mm 


78 • 

Picture the Problem We can use the thin-lens equation and the definition of the power 
of a lens to express the near point distance as a function of P and s. 

From the thin-lens equation we 1 ^ 1 _ 1 _ 

have: s s' f 


Solve for s': 


Ps -1 


Substitute numerical values and 
evaluate s': 


25cm 

V ~ (l .75 in 1 )(0.25 m)- 1 


-44.4 cm 


The person's near point with lenses is 44.4 cm. 


*79 • 

Picture the Problem We can use the relationship between a distance measured along the 
arc of a circle and the angle subtended at its center to approximate the smallest angle the 
two points can subtend and the separation of the two points 
20 m from the eye. 

(a) Relate 0 mm to the diameter of the d f , ye 6 min « 2 /an 

eye and the distance between the 
activated cones: 
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Solve for 6 mm \ 


= 


2 /an 


eye 


Substitute numerical values and 
evaluate # m i n : 


6 > 


2 /an 
2.5cm 


80.0 /a*ad 


(/;) Let D represent the separation of D = R 0 mi „ = (20 m)(80 //rad) 

the points R = 20 m from the eye to _ j 60 mm 

obtain: 


80 •• 

Picture the Problem We can use the thin-lens equation to find/and the definition of the 
power of a lens to find P. 


(a) Solve the thin-lens equation for 

/: 


/ 


ss' 
s' + s 


Noting that s' < 0, substitute 
numerical values and evaluate/: 


/ 


(45cm)(-80cm) 
-80 cm+ 45 cm 


103 cm 


(b) Use the definition of the power 
of a lens to obtain: 



1 

1.03 m 


0.971 diopters 


81 •• 

Picture the Problem We can use the thin-lens equation to find/and the definition of the 
power of a lens to find P. 


Express the required power of the P _ — 

lens: / 


The thin-lens equation is: 


I _L__L 

s + s'~ f 


For s — go; 


^“7 


f = s' 


Substitute for/to obtain: 


P = 


7 


Substitute for s' and evaluate P: 


P = 


1 

2.25 m 


0.444 diopters 
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82 •• 

Picture the Problem We can use the lens-maker’s equation with s = oo to find the radius 
of the cornea modeled as a homogeneous sphere with an index of refraction of 1.4. 


Use the lens-maker’s equation to *h_ _ /? 2 ~ n \ 

relate the radius of the cornea to its s s' r 

index of refraction and that of air: 


Because n 2 = n, n x = 1, and s = co: 


n _ n -1 
s' r 


Solve for r : 


Substitute numerical values and 
evaluate r. 



( 

1 

V 




_P| 
1-4 J 


(2.5 cm) 


0.714cm 


The eye is not a homogeneous sphere. It is filled with a transparent liquid 
(vitreous humor) which has an index of refraction that is not known. If that 
index of refraction differs from 1.4, there is refraction at the inner surface 
of the cornea which will result in the formation of the image nearer the 
cornea's surface if n > 1.4 and farther if n < 1.4, where n is the index of 
refraction of the vitreous humor. If n < 1.4, then r as calculated above is 
too small. 


83 •• 

Picture the Problem We can use the definition of the power of a lens and the thin-lens 
equation to find the power of the lens that should be used in the glasses. 


Express the power of the lens that 
should be used in the glasses: 

Because the glasses are 2 cm from 
the eye: 


P - -^eye + ^ens “ ~T~ + ~f - ^ 

J eye J glasses 

s' = -80 cm+ 2 cm = -78 cm 
and 

s = 25 cm - 2 cm = 23 cm 

1 _ 1 

5 /eye 


Apply the thin-lens equation to the 
eye with s' = oo: 


^ /eye S 
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Apply the thin-lens equation to the 
glasses with s = co: 




glasses 




glasses 


Substitute for / eye and /gasses in p _ }_ 

equation (1) to obtain: s s' 


Substitute numerical values and 
evaluate P: 


P 


1 1 

0.23 m -0.78 m 


3.07D 


84 ••• 

Picture the Problem We can use the thin-lens equation and the distance from her eyes to 
her glasses to derive an expression for the location of her near point. 

(a) Express her near point, x np , at x np = |s '| + 2.2 cm (1) 

age 45 in terms of the location of her 

glasses: 

Because the glasses are 2.2 cm from s = 25 cm —2.2cm = 22.8 cm 

her eye: 

Apply the thin-lens equation to the 1 1 _ 1 _ p 

glasses: s s' / glasses 

Solve for s': , s 1 

s =-=- r 

ps -i P A 
s 


Substitute in equation (1) to obtain: 


X np = 


P — 


+ 2.2cm 


( 2 ) 


Substitute numerical values and 
evaluate x„ p : 


X np = 


2.1m 1 - 1 


0.228 m 


+ 2.2 cm 


45.9 cm 


(. b ) At age 55: 


s = 40 cm-2.2 cm = 37.8 cm 




















Substitute numerical values in 
equation (2) and evaluate s'\ 
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(c) Solve the thin-lens equation for/: 
From the definition of P: 


For 5 = 22.8 cm and 
s'= 183.3 cm: 

The Simple Magnifier 



+ 2.2cm 


/ 

P 


ss' 
s' + s 
1 _ s' + s 

7'^r 


p 


183.3cm + 22.8cm 
(183.3 cm)(22.8 cm) 


4.93 D 


*85 • 

Picture the Problem We can use the definitions of the magnifying power of a lens 
( M = x np jf ) and of the power of a lens ( P = 1/ / ) to find the magnifying power of the 

given lens. 


The magnifying power of the lens is 
given by: 


Substitute numerical values and 
evaluate M: 


M = —jr = Px nv 

where P is the power of the lens. 


M = (20m7(0.3 m) 


6.00 


86 • 

Picture the Problem We can use the definition of the magnifying power of a lens to find 
the required focal length so that this person’s lens will have magnification power of 5. 

The magnifying power of the lens is x np 

given by: f 


Solve for/: 


J M 


f = 


25 cm 


5.00 cm 


Substitute numerical values and 
evaluate f. 


5 
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87 • 

Picture the Problem We can use the definition of the magnifying power of a lens to find 
the magnifying power of this lens. 


The magnifying power of the lens is x np 

given by: f 


Substitute numerical values and 
evaluate M: 


M 


35 cm 
7 cm 


5.00 


88 •• 

Picture the Problem Let the numerals 1 and 2 denote the 1 st and 2 nd persons, 
respectively. We can use the definition of magnifying power to find the effective 
magnifying power of the lens for each person. The relative height of the images on the 
retinas of the two persons is given by the ratio of the effective magnifying powers. 


The magnifying power of the lens is x np 

given by: f 


Substitute numerical values and 
evaluate M x and M 2 : 


M i = 


25 cm 
6 cm 


4.17 


and 
Ad 2 


40 cm 
6 cm 


6.67 


From the definition of magnifying 
power we have: 


Substitute for M\ and M 2 and 
evaluate the ratio of y\ to y 2 : 


A 

Ml = JL = A 
m 2 a A 
/ 


A 

A 


4.17 

C67 


0.625 


89 •• 

Picture the Problem We can use the definition of angular magnification to find the 
expected angular magnification if the final image is at infinity and the thin-lens equation 
and the expression for the magnification of a thin lens to find the angular magnification 
when the final image is at 25 cm. 











(a) Express the angular 
magnification when the final image 
is at infinity: 
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Substitute numerical values and 
evaluate M: 


M P 

f p 

where P is the power of the lens. 
M = (25cm)(l2nr‘ 


)- 


3.00 


( b ) Express the magnification of the m _ s' 

lens when the final image is at 25 s 

cm: 


Solve the thin-lens equation for ,v: 


s = 


fi’ 

s'-f 


Substitute to obtain: 


Substitute numerical values and 
evaluate m: 



s'-f 


= 1 -s'P 


s'-f 

f 


s 

f 


+ 1 


m = 1 -(-0.25m)(l2m ')= | 4 | 


*90 •• 

Picture the Problem We can use the definition of the angular magnification of a lens 

x 

and the thin-lens equation to show that M = —— +1. 


(a) Express the angular 
magnification of the simple 
magnifier in terms of the angles 
subtended by the object and the 
image: 

Solve the thin-lens equation for 5 : 
Because the image is virtual: 


M = — 

e n 


(i) 


s'-f 

S'=-X np 

„_ /(~^np) _ f X n p 

-x -/ X +/ 
np <2 np «/ 


Substitute to obtain: 
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Express the angle subtended by the n _ T 

. . - 
object: x np 

where y is the height of the object. 


Express the angle subtended by the 
image: 

Substitute for s to obtain: 


Substitute in equation (1) and 
simplify: 


(b ) In terms of the power of the 
magnifying lens: 

The magnification of a 20-D lens for 
a person with a near point of 30 cm 
and the final image at the near point 
is: 

A ray diagram for this situation is 
shown to the right: 




6 = 


y y(x*p+f) 


K A, 


*np +/ 


np 


M = 


y( X np+f) 

Anp *np + / 


y 


np 


/ 


^ + 1 
/ 


M = x np P + 1 


M = (0.3m)(20m')+! = 


7.00 



91 •• 

Picture the Problem We can use the definitions of lateral and angular magnification and 
the result given in Problem 82 to show that, when the image of a simple magnifier is 
viewed at the near point, the lateral and angular magnifications are equal. 

*np 

/ 


Express the lateral magnification of 
the lens: 


M = 
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Because the image is viewed at the ^ x np 

near point,/= s and: $ 


From Problem 32-82: 


The Microscope 


M=^ +1 

/ 

and 

X np X np ^ , 

—- = —+1 or 

* / 


^ lateral ^angular 


92 •• 

Picture the Problem We can use the thin-lens equation to find the location of the object 
and the expression for the magnifying power of a microscope to find the magnifying 
power of the given microscope for a person whose near point is at 25 cm. 


(a) Using the thin-lens equation, 11 1 

relate the object distance 5 to the s s' f 0 

focal length of the objective lens fa. 


Solve for s to obtain: 


s = 



s'~ fa 


From Figure 32-48, the image 
distance for the image formed by the 
objective lens is: 

Substitute numerical values and 
evaluate s\ 


s'= / 0 + U = 1.7 cm + 16 cm = 17.7 cm 


(l.7 cm)(l7.7 cm) 
17.7 cm -1.7 cm 


1 .88cm 


(. b ) Express the magnifying power of 
a microscope: 


M = 


fa fe 


Substitute numerical values and 
evaluate M: 


,, 16 cm 25 cm 

M = - 

1.7cm 5.1cm 


-46.1 


*93 •• 

Picture the Problem The lateral magnification of the objective is m 0 = —L/f 0 and the 
magnifying power of the microscope is M = m o M e . 
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(a) The lateral magnification of the 
objective is given by: 


L 



Substitute numerical values and 
evaluate m 0 : 


m„ = 


16cm 
8.5 mm 


- 1.88 


(/;) The magnifying power of the M - m 0 M e 

microscope is given by: where M e is the angular magnification of 

the lens. 


evaluate M : 


Substitute numerical values and 


M = (— 1.88)(l0) = 


-18.8 


94 •• 

Picture the Problem We can find the tube length from the length of the tube to which 
the lenses are fastened and the focal lengths of the objective and eyepiece. We can use 
their definitions to find the lateral magnification of the objective and the magnifying 
power of the microscope. The distance of the object from the objective can be found 
using the thin-lens equation. 


(a) The tube length L is given by: 


L = D-f 0 -f e 

= 0.30 m- 2 — 

20 m 1 


20.0 cm 


(b ) The lateral magnification of the 
objective m 0 is given by: 



20 cm 
5 cm 


-4.00 


(c) The magnifying power of the 
microscope is given by: 

Substitute numerical values and 
evaluate M: 

(i d) From the thin-lens equation we 
have: 


x„ 


M = m„M a = m„ —— 
ft 


ir i .\25cm 
M = {~ 4)-- 

5 cm 


- 20.0 


_L _L-_L 

■*0 + S o fo 

where s 0 '= f 0 +L 


_L i _ i 

So fo+ L fo 


Substitute to obtain: 
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Solve for s 0 : 


Substitute numerical values and 
evaluate s 0 : 


/,(/,+r) 


(5 cm)(5 cm + 20 cm) 
20 cm 


6.25 cm 


*95 •• 

Picture the Problem The magnifying power of a compound microscope is the product of 
the magnifying powers of the objective and the eyepiece. 


Express the magnifying power of 
the microscope in terms of the 
magnifying powers of the objective 
and eyepiece: 

From Problem 82, the magnification 
of the eyepiece is given by: 


M = m 0 m e (1) 


m e =^ + l = P e x np +l 

J e 


The magnification of the objective 
is given by: 


L 



where L = D-f 0 -f e 


Substitute to obtain: 


m o = 


D-L-L 

fo 


Substitute for m e and m„ in equation 
(1) to obtain: 


(px + l) 

f D-fo-f,) 

\ e np / 

{ fo J 


Substitute numerical values and evaluate M : 


/ 

M = [(80D)(0.25m)+l] 

v 


28 cm - 2.22 cm -1.25 cm N 
2.22 cm . 


-232 


96 ••• 

Picture the Problem We can find the focal length of the eyepiece from its angular 
magnification and the near point of a normal eye. The location of the object such that it is 
in focus for a normal relaxed eye can be found from the lateral magnification of the 
eyepiece and the magnifying power of the microscope. Finally, we can use the thin-lens 
equation to find the focal length of the objective lens. 
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(a) Relate the focal length of the 
eyepiece to its angular magnifying 
power: 

Substitute numerical values and 
evaluate f e : 

(b ) Relate .v to s' through the lateral 
magnification of the objective: 

Relate the magnifying power of the 
microscope M to the lateral 
magnification of its objective m 0 
and the angular magnification of its 
eyepiece M e : 

Solve for m 0 : 


M e =^- => f e =^~ 

/e M e 


/.= 


25 cm 
15 


1.67 cm 


m 


s’ _ s’ 
s m 0 


M = m a M e 


m„ 



Substitute to obtain: 


s'M e 

M 


Evaluate s': 


Substitute numerical values and 
evaluate s: 

(c ) Solve the thin-lens equation for 

u 


Substitute numerical values and 
evaluate f 0 : 


s' = 22 cm — f e 

= 22 cm -1.67 cm = 20.33 cm 


(20.33 cm)(l5) 
-600 


0.508 cm 


fo 


ss' 
s' + s 


_ (0.508cm)(20.33 cm) 
■ /o “ 20.33 cm+ 0.508 cm 

= 0.496 cm 


The Telescope 

97 • 

Picture the Problem Because of the great distance to the moon, its image formed by the 
objective lens is at the focal point of the objective lens and we can use D = f o 0 to find 
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the diameter D of the image of the moon. Because angle subtended by the final image at 
infinity is given by 0 e = M0 o = MO, we can solve ( b ) and (c) together by first using 

M = -fo/fe to find the magnifying power of the telescope. 


(a) Relate the diameter D of the D = s o '0 

image of the moon to the image 
distance and the angle subtended by 
the moon: 


Because the image of the moon is at 
the focal point of the objective lens: 

Substitute numerical values and 
evaluate D: 

( b ) and (c) Relate the angle 
subtended by the final image at 
infinity to the magnification of the 
telescope and the angle subtended at 
the objective: 

Express the magnifying power of the 
telescope: 

Substitute numerical values and 
evaluate M and 0 e : 


*0 = fo 

and 

D = f o 0 

D = (l00cm)(0.009rad) = 


9.00 mm 


0, = MO „ = MO 


f 

M = - — 

fo 


M = - 


100 cm 
5 cm 


- 20.0 


and 

0 e =(-20)(0.009rad) = 


0.180 rad 


98 • 

Picture the Problem Because of the great distance to the moon, its image formed by the 
objective lens is at the focal point of the objective lens and we can use D = f o 0 to find 

the diameter D of the image of the moon. 

Relate the diameter D of the image D = s o '0 

of the moon to the image distance 
and the angle subtended by the 
moon: 


Because the image of the moon is at 


s ' = f 

O J O 






994 Chapter 32 


the focal point of the objective lens: 

Substitute numerical values and 
evaluate D: 


D = f o e 

D = (l9.5m)(0.009rad) 


17.6cm 


*99 » 

Picture the Problem Because the light-gathering power of a mirror is proportional to its 
area, we can compare the light-gathering powers of these mirrors by finding the ratio of 
their areas. We can use the ratio of the focal lengths of the objective and eyepiece lenses 
to find the magnifying power of the Palomar telescope. 


(a) Express the ratio of the light¬ 
gathering powers of the Palomar and 
Yerkes mirrors: 


Substitute numerical values and 
evaluate -Ppalomar/TYerkes* 


P A 

Palomar ^Palomar mirror 


v Palomar mirror 


p A 

± Yerkes ^Yerkes mirror 


d 


Yerkes mirror 


d 


Palomar mirror 


1 Y erkes mirror 


Palomar 


Yerkes 


(200 in) 2 
(40 in) 2 


= 25.0 


or 


Palomar 


(25.0)P l 


Yerkes 


(b) Express the magnifying power of 
the Palomar telescope: 


M = 


fo 


/e 


Substitute numerical values and 
evaluate M: 


M = 


1.68 m 
1.25 cm 


-134 


100 •• 

Picture the Problem We can use the expression for the magnifying power of a telescope 
and the fact that the length of a telescope is the sum of focal lengths of its objective and 
eyepiece lenses to obtain simultaneous equations in f 0 and f e . 

The magnifying power of the M = —— = 7 

telescope is given by: f e 

The length of the telescope is the T = / o + /j =32 cm 

sum of the focal lengths of the 
objective and eyepiece lenses: 
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Solve these equations 
simultaneously to obtain: 

101 •• 

Picture the Problem The magnification of a telescope is the ratio of the angle subtended 
at the eyepiece lens to the angle subtended at the objective lens. We can use the geometry 
of the ray diagram to express both 0 e and 0 O . 

( b ) The ray diagram is shown below: 


28.0 cm 


and / e = 


4.00 cm 



(a) Express the magnifying power 
M of the telescope: 


M = — 
0 „ 


Because the image formed by the 
objective lens is at the focal point, 
F\: 


Express the angle subtended by the 
eyepiece: 

Substitute to obtain: 



where we have assumed that 9 a « 1 so 
that tan 9 0 ~ 9 a . 



where f e is negative. 


h 



fo 


fo 

/e 


and M = 



is positive. 


Remarks: Because the object for the eyepiece is at its focal point, the image is at 
infinity. As is also evident from the ray diagram, the image is virtual and upright. 

102 •• 

Picture the Problem We can use the thin-lens equation to find the image distance for the 
objective lens and the object distance for the eyepiece lens. The separation of the lenses is 













996 Chapter 32 


the sum of these distances. We can use the definition of the angular magnification and the 
angles subtended at the objective and eyepiece lenses to find the height of the final 
image. 


(a) Solve the thin-lens equation for 


Substitute numerical values and 
evaluate s 0 ’: 


(b ) Solve the thin-lens equation for 

s e : 

Noting that s e ' = -25 cm, substitute 
numerical values and evaluate s e : 


(c) Express the separation D of the 
lenses: 


./> o 
So-fo 


(lm)(30m) 
30m- lm 


103.45 cm 


where we have kept more than three 
significant figures in the answer for use in 
(c) and (d). 


s _ fX 

, r 

-/e 

_ (-5cm)(-25cm) 

- 25 cm - (- 5 cm) e 
where the minus sign tells us that the object 
of the eyepiece is virtual. 


-6.25 cm 


D = s 0 ' + s 


e 


Substitute numerical values and 
evaluate D: 


0 = 103.45 cm - 6.25 cm = 


97.2 cm 


(d) Express the height // of the final 
image in terms of the magnification 
M of the telescope: 

The magnification of the telescope 
is the product of the magnifications 
of the objective and eyepiece lenses: 


h' = Mh 


M = m 0 m e = —— 


h' = ^^h 


Substitute to obtain: 
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Substitute numerical values and 
evaluate h'\ 


h' = 


103.45 cm 
3000cm 


-25 cm 
-6.25 cm 


(l.5m) 


20.7 cm 


Express the angular magnification 
of the telescope: 

The angle subtended by the object 
is: 

The angle subtended by the image 
is: 


Substitute to obtain: 


Substitute numerical values and 
evaluate M: 


M = 


e. 


e= — 


d„ = tan 


-i 


f 




tan 1 


M = 


f h* 


K S eJ 


= — tan 1 
h 




K S eJ 


M = 


30 m 
1.5 m 


tan 


20.7 cm^ 
v 6.25cm y 


25.6 


103 — 

Picture the Problem The roles of the objective and eyepiece lenses are reversed. 


Express the magnifying power of the M = - — 

"wrong end" telescope: f 0 


Substitute numerical values and 
evaluate M: 


M = 


1.5 cm 
2.25 m 


-1/150 


-6.67x10 3 


General Problems 

104 • 

Picture the Problem We can solve the thin-lens equation for s' and then argue that the 
signs of the numerator and denominator are such that their quotient is always negative. 
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Solve the thin-lens equation for s': , _ fs 

S 

For a diverging lens: f < Oand s > 0 for a real object. 

Consequently, the denominator is positive and the numerator is 
negative, so 5 ' must always be negative. 


*105 • 

Picture the Problem We can express the distance As that the lens must move as the 
difference between the image distances when the object is at 30 m and when it is at 
infinity and then express these image distances using the thin-lens equation. 

Express the distance As that the lens As s 30 s x 

must move to change from focusing 
on an object at infinity to one at a 
distance of 30 m: 


Solve the thin-lens equation for s': 
Substitute and simplify to obtain: 


s’ = 


As = 


fs 

s-f 

fs 30 fs =, 


*30 “/ *.-/ 

fii 0 / 


=/ 


* 30 -/ !-//*=< 


30 


*30 f 


— 1 


Substitute numerical values and 
evaluate As: 


As = (200 mm) 


30 m 


30 m-0.2 m 


1 


1.34 mm 


106 • 

Picture the Problem We can express the distance As that the lens must move as the 
difference between the image distances when the object is at 30 m and when it is at 
infinity and then express these image distances using the thin-lens equation. 

Express the distance As that the lens As = s' 5 — s' x 

must move to change from focusing 
on an object at infinity to one at a 
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distance of 5 m: 

Solve the thin-lens equation for s': 


s' 


fi 


Substitute and simplify to obtain: 


fes 

_ fi 5 

s 5 ~f 


>00 

s x -f 

f 

1 -f/s, 



1 


Substitute numerical values and 
evaluate As: 


As = (28 mm) 


5m 


5m-0.028 m 


1 


0.158 mm 


107 • 

Picture the Problem We can use the thin-lens and magnification equations to obtain 
simultaneous equations that we can solve to find the image and object distances for the 
two situations described in the problem statement. 

(a) Use the thin-lens equation to 11 1 

relate the image and object s s' f 

distances to the focal length of 
the lens: 


Because the image is twice as 
large as the object: 

s 

m =-=> s' 

s 

= - 2s 

Substitute to obtain: 

1 1 1 

s -2 5 / 


Solve for s: 

s = \f 


Substitute numerical values and 

s = |(lOcm) = 

5.00 cm 


evaluate s and s': 

and 



s' = -2(5 cm) = 

-10.0cm 
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(. b ) If the image is inverted, then: 

Solve for s : 

Substitute numerical values and 
evaluate s and s': 


s' = 2s and —I-= — 

s 2s f 


s=\f 


s =|3(l0cm) = 

15.0cm 

and 


s' = 2(l 5 cm) = 

30.0cm 


The ray diagrams for (a) (left) and ( b ) (right) are shown below: 



108 •• 

(a) In an astronomical telescope the eyepiece (short focal length) and objective (long 

focal length) lenses are separated by the sum of their focal lengths. Given these two 

lenses, we’ll use the 25 mm lens as the eyepiece lens and the 75 mm lens as the objective 

lens and mount them 100 mm apart. The angular magnification is 

, . . f 0 75mm rr-| 

thenM = — =-= 3 . 

f e 25 mm 1 — 1 

( b ) A ray diagram showing how rays from a distant object are magnified by an 
astronomical telescope follows. A real and inverted image of the distant object is formed 
by the objective lens near its second focal point. The eyepiece lens forms an enlarged and 
inverted image of the image formed by the objective lens. 


Objective 


Eyepiece 
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109 •• 

Determine the Concept 


(a) Because the focal lengths appear in the magnification formula as a product, it would 
appear that it does not matter in which order we use them. The usual arrangement would 
be to use the shorter focal length lens as the objective but we get the same magnification 
in the reverse order. What difference does it make then? None in this problem. 

However, it is generally true that the smaller the focal length of a lens, the smaller its 
diameter. This condition makes it harder to use the shorter focal length lens, with its 
smaller diameter, as the eyepiece lens. If we separate the objective and eyepiece lenses by 
L +f e +f 0 = 16 cm + 7.5 cm + 2.5 cm = 


26.0 cm, the overall magnification will be 


M = m 0 M e = = - 


/o /e 


16cm 25cm 
7.5 cm 2.5 cm 


-21.3 


In a compound microscope, the 8~L + f e +f 0 

lenses are separated by: 


Substitute numerical values and 
evaluate S: 


8 = 16cm + 7.5cm + 2.5cm = 


26.0 cm 


The overall magnification of a 
compound microscope is given by: 


M = m 0 M e 


p 

/o /e 


Substitute numerical values and 
evaluate M: 


,, 16cm 25cm 

M =- 

7.5cm 2.5cm 


-21.3 


( b ) A ray diagram showing how rays from a near-by object are magnified by a compound 
microscope follows. A real and inverted image of the near-by object is formed by the 
objective lens at the first focal point of the eyepiece lens. The eyepiece lens form s an 
inverted and virtual image of this image at infinity. 
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*110 •• 

Picture the Problem We can use the equation for refraction at a single surface to locate 
the image of the fish and the expression for the magnification due to refraction at a 
spherical surface to find the magnification of the image. 


(a) Use the equation describing 
refraction at a single surface to 
relate the image and object 
distances: 

Solve for s': 


Substitute numerical values and 
evaluate s': 


(b ) Express the magnification due to 
refraction at a spherical surface: 

Substitute numerical values and 
evaluate m: 



>h->h 


r 


, n 2 rs 

s = ?—i— 

(l)(0.5m)(2.5m) 

(l-1.33)(2.5m)-(l.33)(0.5m) 

= -0.839 m 

Note that the fish appears to be much 
closer to the diver than it actually is. 


n,s' 
m = —-— 
n 2 s 


(l.33)(-0.839 m) 
(!)(2.5m) 


0.446 


Note that the fish appears to be smaller 
than it actually is. 


Ill •• 

Picture the Problem We can use the thin-lens equation and the definition of the 
magnification of an image to determine where the person should stand. 


Use the thin-lens equation to relate s 
and s': 


I 



2.4 cm 
175 cm 


-1.37x10 2 


The magnification of the image is 
given by: 


and 

s ' = -ms 
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Substitute to obtain: 

Solve for s: 


Substitute numerical values and 
evaluate s: 


]_ _]__J_ 

s ms f 



3.70 m 


112 •• 

Picture the Problem We can use the thin-lens equation and the definition of the 
magnification of an image to determine the ideal focal length of the lens. 


Use the thin-lens equation to relate 5 
and s'\ 

The magnification of the image is 
given by: 


Substitute to obtain: 


Solve for/: 


Substitute numerical values and 
evaluate /: 


I 

7 + 7'7 



3.6cm 
200 cm 


-1.80x10 2 


and 

s' = -ms 


_ 

s ms f 



m 


f 


30 m 


-1.80x10 2 


0.530m 


113 •• 

Picture the Problem Let the numeral 1 refer to the first lens and the numeral 2 to the 
second lens. We apply the thin-lens equation twice; once to locate the image formed by 
the first lens and a second time to find the image formed by the second lens. The 
magnification of the image is the product of the magnifications produced by the two 
lenses. 
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(a) Solve the thin-lens equation for 
the location of the image formed by 
the first lens: 

Substitute numerical values and 
evaluate s/: 

Because the second lens is 20 cm to 
the right of the first lens: 

Solve the thin-lens equation for the 
location of the image formed by the 
second lens: 


, (l0cm)(l2cin) 

s' = - -—-- = 60.0 cm 

12 cm-10cm 

s 2 = 20 cm - 60 cm = -40 cm 


t _ fl S 2 

*2 ~ r 

S 2 f2 


Substitute numerical values and 
evaluate s 2 ': 


(b ) Express the magnification of the 
final image: 

Substitute numerical values and 
evaluate nr. 


, _ (l2.5cm)(- 40cm) 
-40 cm -12.5cm 


9.52 cm 


i.e., the final image is 9.52 cm to the right 
of the second lens. 


m = m l m 2 = 


V *19 


1 °2 


m = 


(l2cm)(-40cm) 


*2 9 

1 

1 

-1.19 


i.e., the final image is about 20% larger 
than the object and is inverted. 


(c) The ray diagram is shown in the figure. The enlarged, inverted image formed by the 
first lens serves as a virtual object for the second lens. The image formed from this virtual 
object is the real, inverted image shown in the ray diagram. 
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114 « 

Picture the Problem We can apply the equation for refraction at a surface to both 
surfaces of the lens and add the resulting equations to obtain an equation relating the 
image and object distances to the indices of refraction. We can then use the lens maker’s 
equation to complete the derivation of the given relationship between/' and f. 


(a) Relate .v and s' at the water-lens n _ » ~ » w 

interface: s s { ' t\ 


Relate s and s' at the lens-water 
interface: 

Add these equations to obtain: 


Let — = — -I-to obtain: 

/ 5 5 ' 

The lens-maker’s equation is: 


Substitute to obtain: 


Solve for/': 



( b ) Use the lens-maker’s equation to 
find the focal length of the lens in 
air: 


Use the result derived in ( a ) to find 


— = (1.5 —l)f--- 

/ 1^ — 30 cm 


and 
/ = 


-32.3 cm 


1 ' 

35cm y 


/’ = 


(! ■33)( 1 .5 -!) (_ 32 3 cm) 
1.5-1.33 V 7 


- 126 cm 
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*115 •• 

Picture the Problem Here we must consider refraction at each surface separately. To 
find the focal length we imagine the object at s = co, and find the image from the first 
refracting surface at s’i. That image serves as the object for the second refracting surface. 
We’ll find that this is a virtual image for the second refracting surface, i.e., s 2 is negative. 
Using the equation for refraction at a single surface a second time, we can locate the 
image formed by the second refracting surface by the virtual object at s 2 . The location of 
that image is then the focal point of the thick lens. We’ll let the numeral 1 denote the first 
surface and the numeral 2 the second surface. In part ( b ) we can proceed as in part (a) 
(except that now n\ = 1.33 for the first refraction and n 2 = 1.33 for the second refraction) 
to determine the focal length in water, which we denote by f w . 


(a) Use the equation for refraction 
at a single surface to relate and 
U': 

For si = co: 

Solve forsi': 


Substitute numerical values and 
evaluate s t ': 

The object distance s 2 for the 
second lens is: 


»i [ n 2 _ n 2 - n x 
h V fi 

n 2 _n 2 - n x 


n 2 - «, 

, (l.5)(20cm) ^ nn 

s: = -——- - = 60.0 cm 

1 1.5-1 

s 2 = -(s/ - 4 cm) = -(60 cm - 4 cm) 
=-56cm 


Solve the equation for refraction at 
a single surface for s 2 : 


S 2 = 


n 2 r 2 s 2 


{n 2 ~n x )s 


( 2 ) 


Substitute numerical values and 
evaluate s 2 : 


, _ (l)(-20cm)(-56cm) 

(l -1,5)(- 56 cm) - (l ,5)(- 20cm) 
= 19.3cm 


Because/is measured from the 
center of the lens: 


/ = s 2 + 2cm = 19.3cm + 2cm 
= 21.3 cm 


/ = 


(l.5)(20cm) 


= 176cm 


(b) Substitute numerical values in 
equation (1) and evaluate s,': 


1.5-1.33 
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The object distance s 2 for the s 2 = — ( 5 / ~ 4cm) = —(l76cm — 4cm) 

second lens is: =-172 cm 


Substitute numerical values in equation (2) and evaluate s' 2 . 


s 


t 

2 


(l .33)(-20 cm)(-172 cm) 

(1.33 —1.5)(—172 cm) - (l ,5)(- 20 cm) 


77.2cm 


Because f v is measured from the 
center of the lens: 


f w =s 2 ' + 2cm = 77.2cm + 2cm 
= 79.2 cm 


Remarks: Note that if we use the expression given in Problem 114 we obtain f„ = 
83.3 cm, in only moderate agreement with the exact result given above. 


116 •• 

Picture the Problem Let the numeral 1 
denote the CC1 4 -H 2 0 interface and the 
numeral 2 the H 2 0-air interface. We can 
locate the final image by applying the 
equation for refraction at a single surface to 
both interfaces. The ray diagram shown 
below shows a spot at the bottom of the 
tank and the rays of light emanating from it 
that form the intermediate and final 
images. 



Use the equation for refraction at a 
single surface to relate s and s' at the 
CCI4-LLO interface: 


n n 2 o 

s i s i 

or, because r = go, 

n CCl 4 | ^H,0 _ Q 
Si .S',' 


n cci 4 

r 


Solve forsi': 


Substitute numerical values and 
evaluate s\\ 


, «H,0 J 1 

Si =-— 

n cc\ i 


( 1 ) 


(l.33)(4 cm) 


3.64 cm 


1.46 
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The depth of this image, as viewed s 2 = 2 cm — s/ = 2 cm —(—3.64 cm) 

from the H 2 0-air interface is: =5.64 cm 


At the H 2 0-air interface equation 
(1) becomes: 


Substitute numerical values and 
evaluate s 2 ': 


(l)(5.64 cm) 
L33 


-4.24 cm 


The apparent depth is 4.24 cm. 


117 •• 

Picture the Problem The speed of the jogger as seen in the mirror is v' = ds'/dt. We can 
use the mirror equation to derive an expression for v' in terms of f and ds/dt. 


Solve the mirror equation for s': 


Differentiate s' with respect to time 
to obtain: 


Simplify this result to obtain: 


x’ = 


"1 O ' 1 


/ 


( 1 ) 


V = 


ds' _ d 
dt dt 



2 

J s , 

\ 


7 * 

i 


ds 

dt 


f s '\ 2 


v = — 


J 


( 2 ) 


Rewrite equation (1) in terms of r: 


Find s' when s = 5m: 


Use equation (2) to find |v'|when 
|v|= 3.5 m/s: 


"2_ P 

v r s) 


y 

2 m 5 my 


f- 0.833 m 


5m 

0.0971 m/s 


= -0.833 m 


(3.5 m/s) 


118 •• 

Picture the Problem Let the numerals 1 and 2 denote to the first and second refracting 
surfaces of the spherical lens, respectively, and follow the steps given in the hint. 
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Use the equation for refraction at a n x n 2 _ n 2 — n x 

single surface to relate 5i and si': s x s,' /, 


When 5i = oo: 


n 2 _ n 2 - n \ 



Solve for s{\ 


Substitute numerical values and 
evaluate s\\ 


M 

n 2 - n x 


(l.5) (2 mm) 

A ——-- = 6.00 mm 

1.5-1 


Because the thic kn ess of the glass s 2 ~ ^ — V — 4 mm — 6 mm — -2 mm 

sphere is 4 mm: 


Use the equation for refraction at a n 2 + n \ _ n \ ~ n 2 

single surface to relate S 2 and .v 2 ': s 2 s 2 ' r 2 


Solve for ,s’ 2 ': 


Substitute numerical values and 
evaluate sj'. 


(n l -n 2 )s 2 -n 2 r 2 

, (l) (- 2 mm) (- 2 mm) 

l 1 - 1 - 5 )(- 2 nnm) - [i-5](- 2 mm) 
= 1.00 mm 


Because s 2 = 1.00 mm = rl 2, / = 1.00 mm. 


119 — 

Picture the Problem We can use the thin-lens equation to locate the first image formed 
by the lens, the mirror equation to locate the image formed in the mirror, and the thin-lens 
equation a second time to locate the final image formed by the lens as the rays pass back 
through it. 

(b ) and (c) The ray diagram is shown below. The numeral 1 represents the object. The 
parallel and central rays from 1 are shown; one passes through the center of the lens, the 
other is paraxial and then passes through the focal point F. The two rays intersect behind 
the mirror, and the image formed there, identified by the numeral 2, serves as a virtual 
object for the mirror. Two rays are shown emanating from this virtual image, one through 
the center of the mirror, the other passing through its focal point (halfway between C and 
the mirror surface) and then continuing as a paraxial ray. These two rays intersect in front 
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of the mirror, forming a real image, identified by the numeral 3. Finally, the image 3 
serves as a real object for the lens; again we show two rays, a paraxial ray that then 
passes through the focal point F and a ray through the center of the lens. These two rays 
intersect to form the final real, upright, and diminished image, identified as 4. To see this 
image the eye must be to the left of the image 4. 



(a) Solve the thin-lens equation for 
si': 


A 

s i~f 


Substitute numerical values and 
evaluate s\'\ 


(l0cm)(l5cm) 

--—-- = 30 cm 

15 cm-10cm 


Because the image formed by the s 2 — 25 cm — 30 cm — —5 cm 

lens is behind the mirror: 


Solve the mirror equation for s 2 : 


fi 2 

s 2 ~f 


Substitute numerical values and 
evaluate s 2 : 


(5 cm) (-5 cm) 
-5 cm -5 cm 


= 2.50 cm and the 


image is 22.5 cm from the lens; i.e., 
S 3 = 22.5 cm. 


Solve the thin-lens equation for S3': 


Substitute numerical values and 
evaluate S 3 ': 


>3 

*3 ~f 


(lO cm) ( 22 .5 cm) 
22.5 cm-10 cm 


18.0cm 


*120 ••• 

Picture the Problem The mirror surfaces must be concave to create inverted images on 
reflection. Therefore, the lens is a diverging lens. Let the numeral 1 denote the lens in its 
initial orientation and the numeral 2 the lens in its second orientation. We can use the 
mirror equation to find the magnitudes of the radii of the lens’ surfaces, the thin-lens 
equation to find its focal length, and the lens maker’s equation to find its index of 
refraction. 
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Solve the mirror equation for y] 


Substitute numerical values and 
evaluate \r x |: 

Solve the mirror equation for \r 2 : 


Substitute numerical values and 
evaluate | r 2 1: 

Solve the thin-lens equation for/: 


Substitute numerical values and 
evaluate /: 


2s x s{ 

V + Si 

2(30cmX6cm) 

— 1 -—-- = 10.0cm 

6 cm+ 30 cm 


s 2 + s 2 

2(30 cm)(l 0 cm) 

—-—-- = 15.0cm 

10cm + 30cm 


/ = 


ss' 
s' + s 


r (30cm)(-7.5cm) 

/ =--—-- = -10.0cm 

-7.5 cm+ 30 cm 


Solve the lens-maker’s equation for 
n to obtain: 


n = 


r \ P 


/ 


V'i r 2j 


+ 1 


Because the lens is a diverging lens, 
ri = -10 cm and r 2 = 15 cm. 
Substitute numerical values and 
evaluate n : 


n = 


(-10 cm) 


1 


1 


- + 1 


-10cm 15cm 


1.60 


121 ••• 

Picture the Problem Assume that the object is very small compared to r so that all 
incident and reflected rays traverse 1 cm of water. The problem involves two refractions 
at the air-water interface and one reflection at the mirror. Let the numeral 1 refer to the 
first refraction at the air-water interface, the numeral 2 to the reflection in the mirror 
surface, and the numeral 3 to the second refraction at the water-air interface. 

n \ + n 2 _ n 2 _ n \ 
s x s; r 

or, because r = oo, 


Use the equation for refraction at a 
single surface to relate si and .v/: 
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Solve for si': 


n 2 s x 

>h 


Let n 2 = n. Because n\ = 1: 

Find the object distance for the 
mirror: 

Solve the mirror equation for s 2 : 


Substitute for ,v 2 : 


Find the object distance s 3 for the 
water-air interface: 


s 2 = 1-s/ = 1 + ns 1 
where 1 has units of cm. 


f 2 1 V ' 


\ T S U 


f 2 1 Vl 


^2 = 


r 1 + ns 


i J 


^3 =\-S 2 ' = \~ 


r 2 1 


v r 1 + ns l j 


Use the equation for refraction at a 
single surface to relate s\ and s 2 : 


Solve for s 2 : 


Because n 2 = 1 and n\ = n: 


Equate ,v 3 ' and .V]: 


Simplify to obtain: 


n \ n 2 _ fl 2 ~ n \ 


or, because r = oo, 
^ + ^ = 0 


, n 2 s 3 
s 3 =- 


1- 


f 2 1 v ‘ 


u =—- = — 


v r 1 + ns l j 


1- 


f 2 1 V ' 


r 1 + ns l J 


2 — r 1 — r 

+ - s 1 +—— 

n n 


= 0 
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Substitute numerical values and 
simplify: 


Solve for the positive value of Si: 


2 2 cm-50cm lcm-50cm 

Jj +-5! +-7-^- = 0 


1.33 


(1.33) 2 


or 

^-36.09^-27.70 = 0 
where Si is in cm. 


Si 


36.8cm 


122 ••• 

Picture the Problem We can use the lens maker’s equation, in conjunction with the 
result given in Problem 114, to find the index of refraction of the liquid. 

Solve the lens-maker’s equation for 


n = 


f l P 


+ 1 


/ 


Vfi V 2J 


Substitute numerical values and 
evaluate n: 


From Problem 114, the focal length 
of the lens in the liquid, fu is related 
to the focal length of the lens in air, 
f according to: 

Solve for n L : 


Substitute numerical values and 
evaluate 77 L : 


n = 


(27.5 cm) 
= 1.55 


1 


1 


+ 1 


17 cm -8 cm 


A = 


n L (”~l) y 
n~n L 


n = _ n A _ 

(n-l)f + f L 

n (l.55)(l09cm) 

L (l .55 -1)(27.5 cm) + 109 cm 

= 1.36 


123 ••• 

Picture the Problem The problem involves two refractions and one reflection. We can 
use the refraction at spherical surface equation and the mirror equation to find the images 
formed in the two refractions and one reflection. Let the numeral 1 refer to the first 
refraction at the air-glass interface, the numeral 2 to the reflection from the silvered 
surface, and the numeral 3 refer to the refraction at the glass-air interface. 
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(a) The image and object distances + - n 2 ~ n \ 

for the first refraction are related .S', s' r 

according to: 


Solve fors/ to obtain: 


Substitute numerical values and 
evaluate sf: 


1 ( n 2 - n x )sj - n x r 

(l.5)(l0cm)(30cm) 

1 (l.5 -l)(30cm)-(l)(l0cm) 

= 90.0 cm 


The object for the mirror surface is 
behind the mirror and its distance 
from the surface of the mirror is: 

Use the mirror equation to relate s 2 
and s 2 ': 


s 2 = 20 cm - 90 cm = -70 cm 


s 2 s 2 ' r 


Solve for s 2 : 


Substitute numerical values and 
evaluate s 2 : 

The object for the second refraction 
at the glass-air interface is in front 
of the mirrored surface and its 
distance from the glass-air interface 
is: 

The image and object distances for 
the second refraction are related 
according to: 

Solve for s 2 ' to obtain: 


Noting that r = -10 cm, substitute 
numerical values and evaluate S 3 ': 


= 


rs 2 

2s 2 -r 


(l0cm)(-70cm) rn 

= 4.67 cm 

2(-70 cm) - 10 cm 


s 3 = 20 cm-4.67 cm = 15.3 cm 


n x n 2 _ n 2 - n x 

s 3 s 3 ' r 


(n 2 -n x )s 3 -n x r 

(l)(-10cm)(l5.3cm) 

3 ~ (l-1.5)(l5.3cm)-(l.5)(-10cm) 
= - 20.8 cm 
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The final image is - 20.8 cm + 20 cm = 0.8 cm behind the mirror surface. 


Proceed as in (a) with s, = 20 cm to obtain s 3 = - 20 cm and the final image 
to be at the mirror surface. 


124 ••• 

Picture the Problem We can solve the lens maker’s equation for/and then differentiate 
with respect to n and simplify to obtain df/f= -dn/{n - 1). 


(a) The lens maker’s equation is: 




C /, r 2 


Solve for f 


f = C(n- 1) 


Differentiate/with respect to n and simplify: 



Solve for dflf : 


df _ dn 


f _ 


(b ) Express the focal length for blue 
light in terms of the focal length for 
red light: 


/blue ./red"*" 4/" (1) 


Approximate dflf by Af/f and dn by 
An to obtain: 


A f An 


f n -1 


Solve for A f : 




Substitute for A/in equation (1) to 
obtain: 


n — 1 


V 


1 
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Substitute numerical values and 
evaluate fu w : 


A 


blue 


f 

(20 cm) 1 

V 


1.53-1.47^ 
1.47-1 , 


17.4cm 


*125 «• 

Picture the Problem We examine the amount by which the image distance s' changes 
due to a change in s. 


Solve the thin-lens equation for s': 


s' = 


v/ S J 


Differentiate s' with respect to s: 


ds' _ d 
ds ds 


\f s j 


i i 


f--- 

j s 


n 2 2 

' S 


C 2 

* 2 

- Y = -m 

s 


The image of an object of length Ax will have a length - m 2 As. 
















Chapter 33 

Interference and Diffraction 

Conceptual Problems 

*1 • 

Determine the Concept The energy is distributed nonuniformly in space; in some regions 
the energy is below average (destructive interference), in others it is higher than average 
(constructive interference). 

2 

Determine the Concept Coherent sources have a constant phase difference. The pairs of 
light sources that satisfy this criterion are ( 'b ), (c), and (e). 

3 

Determine the Concept The thickness of the air space between the flat glass and the lens 
is approximately proportional to the square of d, the diameter of the ring. Consequently, 
the separation between adjacent rings is proportional to 1 Id. 

4 

Determine the Concept The distance between adjacent fringes is so small that the 
fringes are not resolved by the eye. 

5 

Determine the Concept If the film is thick, the various colors (i.e., different 
wavelengths) will give constructive and destructive interference at that thickness. 
Consequently, what one observes is the reflected intensity of white light. 

*6 • 

(a) The phase change on reflection from the front surface of the film is 180°; the phase 
change on reflection from the back surface of the film is 0°. As the film thins toward 
the top, the phase change associated with the film’s thickness becomes negligible and the 
two reflected waves interfere destructively. 

( b ) The first constructive interference will arise when t = T/4. Therefore, the first band 
will be violet (shortest visible wavelength). 

(c) When viewed in transmitted light, the top of the film is white, since no light is 
reflected. The colors of the bands are those complementary to the colors seen in reflected 
light; i.e., the top band will be red. 
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7 

Determine the Concept The first zeroes in the intensity occur at angles given by 

sin 0 = A/a. Hence, decreasing a increases 0and the diffraction pattern becomes wider. 


8 

Determine the Concept Equation 33-2 expresses the condition for an intensity maximum i 
slit interference. Here d is the slit separation, A the wavelength of the light, m an integer,; 
the angle at which the interference maximum appears. 

Equation 33-11 expresses the condition for the first minimum in single-slit diffraction. 

Here a is the width of the slit, A the wavelength of the light, and 9 the angle at which the 
first minimum appears, assuming m = 1. 


9 

Picture the Problem We can solve d sin 9 = mA for 6? with m = 1 to express the location 
of the first-order maximum as a function of the wavelength of the light. 


The interference maxima in a 
diffraction pattern are at angles 9 
given by: 

Solve for the angular location 9\ of 
the first-order maximum : 


d sin# = mA 

where d is the separation of the slits and 

m = 0, 1, 2, ... 


6 , = sin 1 


\dj 


Because A, 


'green light 


^ 2. r cd 


light - 


^green light ^ ^red light 


(a) is correct. 


*10 • 

Determine the Concept The distance on the screen to mth bright fringe is given by 
AL 

y m = m —, where L is the distance from the slits to the screen and d is the separation of 
d 


the slits. Because the index of refraction of air is slightly larger than the index of 
refraction of a vacuum, the introduction of air reduces A to Ain and decreases y m . Because 
the separation of the fringes isy m -y m -i, the separation of the fringes decreases 
and ( b ) is correct. 


11 • 

(a) False. When destructive interference of light waves occurs, the energy is no longer 
distributed evenly. For example, light from a two-slit device forms a pattern with very 
bright and very dark parts. There is practically no energy at the dark fringes and a great 
deal of energy at the bright fringe. The total energy over the entire pattern equals the 
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energy from one slit plus the energy from the second slit. Interference re-distributes the 
energy. 

(. b ) True 

(c) True 

(< d) True 

(e) True 

Estimation and Approximation 

*12 • 

Picture the Problem We’ll assume that the diameter of the pupil of the eye is 
5 mm and that the wavelength of light is 600 nm. Then we can use the expression for the 
minimum angular separation of two objects than can be resolved by the eye and the 
relationship between this angle and the width of an object and the distance from which it 
is viewed to support the claim. 

Relate the width w of an object that w 

can be seen at a height h to the *- an a c ~ ~T 

critical angular separation a c : 

Solve for w: w = htana c 

The minimum angular separation a c 
of two point objects that can just be 
resolved by an eye depends on the 
diameter D of the eye and the 
wavelength X of light: 

Substitute for a c in the expression 
for w to obtain: 

In low-earth orbit: 




w = h tan 


A 

1.22 — 
V D 


i on ^ 
a r = 1.22 — 

c D 


w = 


(400 km) tan 


1.22 


600 nm^ 
5 mm 


58.6m 


Because the width of the Great Wall is about 5 m, a naked eye would not 
be able to see it from the moon. 


At a distance equal to that of the distance of the moon from earth: 
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w = 


(3.84 x 10 8 m)tan 


1.22 


600 mV 
5 mm , 


56.2 km 


Because the width of the Great Wallis about 5 m, a naked eye would not 
be able to see it from the moon. 


13 • 

Picture the Problem We can use sin# = 1.22 — to relate the diameter D of the opaque- 

disk water droplets to the angular diameter 9 of a coronal ring and to the wavelength of 
light. We’ll assume a wavelength of 500 nm. 


The angle 6 subtended by the first 
diffraction minimum is related to 
the wavelength A of light and the 
diameter D of the opaque-disk water 
droplet: 

Because of the great distance to the 
cloud of water droplets, 

#« 1 and: 

Solve for D to obtain: 


Substitute numerical values and 
evaluate D: 


sin# = 1.22— 
D 


6 « 1.22 — 

D 


D 


1.22 A 

9 


D 


1.22(5 00 nm) 


10°x 


n rad 
180° 


3.50 /an 


14 • 

A 

Picture the Problem We can use sin# = 1.22—^10 relate the diameter/) of a 

D 

microsphere to the angular diameter # of a coronal ring and to the wavelength of light in 
water. 

The angle # subtended by the first 
diffraction minimum is related to 
the wavelength A n of light in water 
and the diameter D of the 
microspheres: 


sin# = 1.22^ = 1.22— 
D nD 


Because #« 1: 


# « 1.22 —— 
nD 
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Substitute numerical values and 
evaluate 9: 


1.22(632.8nm) 
1.33(5 /an) 


= 0.116rad 


6.65° 


15 • 

A 

Picture the Problem We can use sin# = 1.22 — to relate the diameter D of a pollen 

D 

grain to the angular diameter #of a coronal ring and to the wavelength of light. We’ll 
assume a wavelength of 450 nm for blue light and 650 nm for red light. 


The angle 0 subtended by the first 
diffraction minimum is related to 
the wavelength A of light and to the 
diameter D of the microspheres: 

Because 9« 1: 


Substitute numerical values and 
evaluate 0 for red light: 


Substitute numerical values and 
evaluate 9 for blue light: 


sin# = 1.22 — 
D 


#* 1.22 — 
nD 


#. 


red 


1.22(650 mn)_ 
25 jum 


3.17x10 2 rad 


1.82 c 


#, 


blue 


1.22(450 nm)_ 
25 /jm 


2 .20x10 2 rad 


= 1.26 c 


*16 •• 

Picture the Problem The diagram shows the hair whose diameter d = a, the screen a 
distance L from the hair, and the separation Ay of the first diffraction peak from the 
center. We can use the geometry of the experiment to relate Ay to L and a and the 
condition for diffraction maxima to express 9 in terms of the diameter of the hair and the 
wavelength of the light illuminating the hair. 



T 

Ay 

1 


Relate #to Ay: 
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Solve for Ay: 

Diffraction maxima occur where: 

Solve for 9 to obtain: 


Ay = L tan 6 


a sin 9 = (m + 
where m = 1, 2, 3, .. 


6 = sin 1 


( j m + 


Substitute for 9 in the expression for 
Ay to obtain: 


Ay = L tant sin 


-i 


[m + \)y l 


For the first peak, m= 1. Substitute numerical values and evaluate Ay: 


Ay = (l 0 m)tan< sin 


(l + j)(632.8mn)' 
70//m 


13.6cm 


Phase Difference and Coherence 


17 • 

Picture the Problem A path difference A r contributes a difference 8 given 
byS = —360°. 


(a) Relate a path difference A r to a 
phase shift 8 : 

Solve forAr: 


Substitute numerical values and 
evaluate Ar: 


A r 

8 = —360° 
/l 


( 1 ) 


A r = 


SZ 

360° 


Ar (I80°)(600nm) 
360° 


300 nm 


( b ) Substitute numerical values in 
equation (1) and evaluate 8: 


8 = 


300 nm 
800 nm 


360° 


135° 


18 • 

Picture the Problem The wavelength of light in a medium whose index of refraction is n 
is the ratio of the wavelength of the light in air divided by n. The number of wavelengths 
of light contained in a given distance is the ratio of the distance to the wavelength of light 
in the given medium. The difference in phase between the two waves is the sum of a n 
phase shift in the reflected wave and a phase shift due to the additional distance traveled 
by the wave reflected from the bottom of the water-air interface. 
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(a) Express the wavelength of light 
in water in terms of the wavelength 
of light in air: 

( b ) Relate the number of 
wavelengths N to the thickness t of 
the film and the wavelength of light 
in water: 

(c) Express the phase difference as 
the sum of the phase shift due to 
reflection and the phase shift due to 
the additional distance traveled by 
the wave reflected from the bottom 
of the water-air interface: 

Substitute for N and evaluate 8: 



n 


500nm 

1.33 


376 nm 



2 x10 4 cm 
376nm 


5.32 


^ ^reflection ^additional distance traveled 

2t _ _ 

= 7t-\ - 2n = 7T + 27VN 

A., 


8 = n rad + 2;r(5.32 rad) 


11 .6;r rad 


or, subtracting 11. 6k rad from 1 lit rad, 




0.4;r rad 


*19 •• 

Picture the Problem The difference in phase depends on the path difference according 
A r 

to 8 = —360°. The path difference is the difference in the distances of (0, 15 cm) and 

A 

(3 cm, 14 cm) from the origin. 


Relate a path difference A r to a 
phase shift S: 


8 = 


A r 

T 


360° 


The path difference A r is: 


Ar = 15 cm - -J(3cm) +(l4cm)~ 
= 0.682 cm 


A = 


0.682 cm 


360° 


164° 


Substitute numerical values and 
evaluate 8: 


1.5 cm 
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Interference in Thin Films 

20 • 

Picture the Problem Because the with fringe occurs when the path difference 2 1 equals in 
wavelengths, we can express the additional distance traveled by the light in air as an mA. 
The thickness of the wedge, in turn, is related to the angle of the wedge and the distance 
from its vertex to the 772th fringe. 


The first band is dark because the phase difference due to reflection by the 
back surface of the top plate and the top surface of the bottom plate is 180° 


(b ) The 772th fringe occurs when the 
path difference 2 1 equals m 
wavelengths: 

Relate the thickness of the air wedge 
to the angle of the wedge: 


Substitute to obtain: 


2 1 = mA 


6 = — => t = x6 
x 

where we’ve used a small-angle 
approximation to replace an arc length by 
the length of a chord. 

2x0 = 772/t 


Solve for 6 : 


mA 1 772 
2x 2 x 


Substitute numerical values and 
evaluate 0: 



1.75 x 10 4 rad 


*21 •• 

Picture the Problem The condition that one sees m fringes requires that the path 
difference between light reflected from the bottom surface of the top slide and the top 
surface of the bottom slide is an integer multiple of a wavelength of the light. 

The mth fringe occurs when the path ^ ^ _ mA 

difference 2d equals m wavelengths: 2 


Because the nineteenth (but not the 
twentieth) bright fringe can be seen, 


,A 


(m - y)— < d < (772 + j) 


A 

~2 
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the limits on d must be: 

Substitute numerical values to 
obtain: 


22 •• 

Picture the Problem The light reflected 
from the top surface of the bottom plate 
(wave 2 in the diagram) is phase shifted 
relative to the light reflected from the 
bottom surface of the top plate (wave 1 in 
the diagram). This phase difference is the 
sum of a phase shift of n (equivalent to a 
2/2 path difference) resulting from 
reflection plus a phase shift due to the 
additional distance traveled. 

Relate the extra distance traveled by 
wave 2 to the distance equivalent to 
the phase change due to reflection 
and to the condition for constructive 
interference: 


Solve for m: 


where m = 19 

( 19 - 7 )—^— <d <(l9 + 7 )—1— 
or 

5.46 /an < d < 5.75 /an 



2/ + A, — A, 22,32.,... 
or 

It = jA,jA,jA,... 
and 

2 1 = (m + \)A where m = 0, 1,2, ... and A 
is the wavelength of light in air. 

_ 2 1 1 _ 2(2 r) 1 _ 4 r 1 

A 2 2 2 2 2 

where r is the radius of the wire. 

4(0.025 mm) 1 11 

m = — ---= 166 

600 nm 2 ———' 


Substitute numerical values and 
evaluate m: 


23 •• 

Picture the Problem We can use the condition for destructive interference in a thin film 
to find its thickness. Once we’ve found the thickness of the film, we can use the 
condition for constructive interference to find the wavelengths in the visible portion of 
the spectrum that will be brightest in the reflected interference pattern and the condition 
for destructive interference to find the wavelengths of light missing from the reflected 
light when the film is placed on glass with an index of refraction greater than that of the 
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film. 


( a ) Express the condition for 2t + jA' = 

destructive interference in the thin or 

film: 2t = A\2A , ,3A',... 

or 

2 

2t = mA' = m— (1) 

n 

where m = 1,2,3, ... and X is the 
wavelength of the light in the film. 

Solve for X. ^ _ 2 nt 

m 


Substitute for the missing 
wavelengths to obtain: 

Divide the first of these equations by 
the second and simplify to obtain: 


Solve for m: 

Solve equation (1) for t: 


Substitute numerical values and 
evaluate t: 

(. b ) Express the condition for 
constructive interference in the thin 
film: 


450 nm = 


2 nt 
m 


and 360 nm = 


2 nt 
m +1 


2 nt 

450 nm m m +1 
360 nm 2 nt z n 

m +1 

m = 4 for A = 450 nm 



_ 4(450 nm) 
2(1-5) 


600 nm 


2t + U' = X,2XM',... 

or 

2t = = (m + j)A' ( 1 ) 

where X is the wavelength of light in the 
oil and m = 0 , 1 , 2 , ... 


2 1 = (m + -j)— 
n 

where n is the index of refraction of the 
film. 


Substitute for X to obtain: 
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Solve for A: ^ _ 2 nt 

Substitute numerical values and ^ _ 2(l.5)(600nm) _ 1800nm 

simplify to obtain: m + \ m + 2 

Substitute for m and evaluate A to obtain the following table: 


m 

0 

1 

2 

3 

4 

5 

A (nm) 

3600 

1200 

720 

514 

400 

327 


From the table, we see that the only wavelengths in the visible spectrum are 
720 nm, 514 nm, and 400 nm. 


(c) Because the index of refraction 
of the glass is greater than that of the 
film, the light reflected from the 
film-glass interface will be shifted 
by \ A (as is the wave reflected 

from the top surface) and the 
condition for destructive 
interference becomes: 

Solve for A: 


Substitute numerical values and simplify to 
obtain: 


2t = \A',\A\\A\... 

or 

2 1 = (m + \)~ 
n 

where n is the index of refraction of the 
film and m = 0, 1,2, ... 


m + \ 

, 2(l.5)(600nm) 1800nm 

A =-=- 

m + j m + \ 


Substitute for m and evaluate A to obtain the following table: 


m 

0 

1 

2 

3 

4 

5 

A (nm) 

3600 

1200 

720 

514 

400 

327 


From the table we see that the missing wavelengths in the visible spectrum are 
720 nm, 514 nm, and 400 nm. 


24 •• 

Picture the Problem Because there is a jA phase change due to reflection at both the 
air-oil and oil-water interfaces, the condition for constructive interference is that twice 
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the thickness of the oil film equal an integer multiple of the wavelength of light in the 
film. 


Express the condition for 
constructive interference: 


Substitute for A' to obtain: 


Solve for t: 


Substitute numerical values and 
evaluate t: 


2t = A',2A',3A',... 

or 

2 1 = mA' (1) 

where A' is the wavelength of light in the oil 
= 1,2,3,... 

„ A 

21 = m — 
n 



(2)(650nm) 

2 ( 1 . 22 ) 


533 nm 


25 •• 

Picture the Problem Because there is a \A phase change due to reflection at both the 

air-oil and oil-glass interfaces, the condition for constructive interference is that twice the 
thickness of the oil film equal an integer multiple of the wavelength of light in the film. 


Express the condition for 
constructive interference: 


Substitute for A' to obtain: 


Solve for A: 


2t = A',2A',3A',... = mA' (1) 
where A' is the wavelength of light in the oil 
and m = 0, 1, 2, ... 

„ A 

21 = m — 
n 

where n is the index of refraction of the oil. 

111 


Substitute for the predominant 
wavelengths to obtain: 


690 nm = 

m 


and 460 nm = 


2 nt 

m +1 


2 nt 

690 nm m in +1 

460 nm 2 nt 


Divide the first of these equations by 
the second and simplify to obtain: 


m +1 


m 
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Solve for nr. 


m = 2 for X = 690 nm 


Solve equation (1) for t: 



Substitute numerical values and 
evaluate t: 


(2)(690nm) 

2(1.45) 


476 nm 


*26 •• 

Picture the Problem Because the index of refraction of air is less than that of the oil, 
there is a phase shift of n rad (42 ) in the light reflected at the air-oil interface. Because 

the index of refraction of the oil is greater than that of the glass, there is no phase shift in 
the light reflected from the oil-glass interface. We can use the condition for constructive 
interference to determine in for X = 700 nm and then use this value in our equation 
describing constructive interference to find the thickness t of the oil fi lm . 


Express the condition for 
constructive interference between 
the waves reflected from the air-oil 
interface and the oil-glass interface: 

Substitute for X' and solve for X to 
obtain: 

Substitute the predominant 
wavelengths to obtain: 

Divide the first of these equations by 
the second to obtain: 


2t + \X’ = X',2X',3X',... 

or 

2 t = \X',\X',\X',... = {rn + \)X' ( 1 ) 

where X' is the wavelength of light in the 
oil and m = 0 , 1,2, ... 

m + \ 

700nm = an( j 500nm = 

m + j m + j 

2 nt 

700 nm m + \ _ m + f 
500 nm 2 nt m + \ 

m + 2 


Solve for m: 

Solve equation (1) for t: 

Substitute numerical values and 
evaluate t\ 


m = 2 for X = 700 mn 


t = (m + \)— 
V - 2n 


{ ~ ( 2 + 2 ) 


700 nm 
2(1.45) 


603 nm 
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Newton’s Rings 


*27 •• 

Picture the Problem This arrangement is essentially identical to a "thin film" 
configuration, except that the "film" is air. A phase change of 180° (\A ) occurs at the 

top of the flat glass plate. We can use the condition for constructive interference to derive 
the result given in ( a ) and use the geometry of the lens on the plate to obtain the result 
given in ( b ). We can then use these results in the remaining parts of the problem. 


(a) The condition for constructive 
interference is: 


Solve for t: 


2t + -j A — A, 2 A, 3 A,... 
or 

21 = jA,jA,jA,... = (m + j)A 

where A is the wavelength of light in air and 

m = 0 , 1 , 2 , ... 


t = 


A 

(m + \)—,m = 0,1,2,. 


( 1 ) 


(b) From Figure 33-39 we have: 


For t«R we can neglect the last 
term to obtain: 

Solve for r. 


r 2 +(R-tf =R 2 
or 

R 2 =r 2 +R 2 -2Rt + t 2 
R 2 *r 2 + R 2 -2Rt 



( 2 ) 


(c) 


The transmitted pattern is complementary to the reflected pattern. 


(d) Square equation (2) and r 2 = (m + \)RA 

substitute for t from equation (1) to 

obtain: 


Solve for nr. 



2 


Substitute numerical values and 
evaluate nr. 


m = 


(2 cm) 1 


(l0m)(590 nm) 2 
and so there will be 68 


-- = 67 

bright fringes. 
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( e ) The diameter of the m'" fringe is: D = 2r = 2 yj(m + \)RA 


Noting that m = 5 for the sixth fj = 2^(5 + f)(l 0 m X590 nrn) 

fringe, substitute numerical values - 

and evaluate D: = 1 ' 14cm 


(/) 


The wavelength of the light in the film becomes A ak / n = 444 nm. The 
separation between fringes is reduced and the number of fringes that will 
be seen is increased by the factor n = 1.33. 


28 •• 

Picture the Problem This arrangement is essentially identical to a "thin film" 
configuration, except that the "film" is air. A phase change of 180° (jA ) occurs at the 

top of the flat glass plate. We can use the condition for constructive interference and the 
results of Problem 27(b) to determine the radii of the first and second bright fringes in the 
reflected light. 

The condition for constructive 2 1 + jA = A,2A,3A,... 

interference is: or 

2 1 = jA,jA,jA,... = (m + j)A 

where A is the wavelength of light in air and 
m = 0, 1, 2, ... 


Solve for t: 

A 

t = (m + j )—, m = 0,1,2, 


From Problem 27(b): 

r = JltR 


Substitute for t to obtain: 

r = yj(m + \)AR 


The first fringe corresponds to 

r = 520nm)(2m) = 

0.721mm 

m = 0: 



The second fringe corresponds to 

r = 520nm)(2m) = 

1.25 mm 

m = 1: 
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29 •• 

Picture the Problem This arrangement is essentially identical to a "thin film" 
configuration, except that the "film" is oil. A phase change of 180° (jA) occurs at lens- 

oil interface. We can use the condition for constructive interference and the results from 
Problem 27(b) to determine the radii of the first and second bright fringes in the reflected 
light. 


The condition for constructive 
interference is: 


Substitute for A' and solve for t: 


From Equation 33-29: 
Substitute for t to obtain: 


The first fringe corresponds to 
m = 0 : 

The second fringe corresponds to 
m = 1: 


2t + \A' = A',2A',3A',... 

or 

2 t = \A',\A',\A',... = (m + \)A' 

where A' is the wavelength of light in the 
oil and m = 0, 1,2, ... 


t = (m + j) 


-~i m = 0,1,2,... 

2 n 


where A is the wavelength of light in air. 


r = V 2tR 



r 


11 (520 nm)(2m) 
V2 L82 


0.535mm 


r 


1 3 (520mn)(2m) 
V2 L82 


0.926 mm 


Two-Slit Interference Pattern 


*30 • 

Picture the Problem The number of bright fringes per unit distance is the reciprocal of 
the separation of the fringes. We can use the expression for the distance on the screen to 
the mth fringe to find the separation of the fringes. 

Express the number N of bright 
fringes per centimeter in terms of 
the separation of the fringes: 


N = — 
Ay 


(i) 


Express the distance on the screen to 
the mth and (m + l)st bright fringe: 


AL / \AL 

y,n = m — and y m+1 = (m + lj— 
a a 
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Subtract the second of these 
equations from the first to obtain: 

ll 


Substitute in equation (1) to obtain: 

AT 

XL 

^ 1 mm 

(600nm)(2m) 


Substitute numerical values and 

evaluate N: 

8.33 cm 1 


31 • 

Picture the Problem We can use the expression for the distance on the screen to the mth 
and (m + l)st bright fringes to obtain an expression for the separation A ,y of the fringes as 
a function of the separation of the slits d. Because the number of bright fringes per unit 
length N is the reciprocal of Ay, we can find d from N, A, and L. 


Express the distance on the screen to 
the /7/th and {m + l)st bright fringe: 


XL 

y m = m -r 

d 


and =(m + \) 


XL 

~d 


Subtract the second of these 
equations from the first to obtain: 


Ay = 


XL_ 

~d 


Solve for d: 


d = 


XL 

4P 


Because the number of fringes per d = NXL 

unit length N is the reciprocal of Ay: 


Substitute numerical values and 
evaluate d\ 


d = (28 cm 1 )(589nm)(3m) 


4.95 mm 


32 • 

Picture the Problem We can use the 

geometry of the setup, represented to the 
right, to find the separation of the slits. To 
find the number of interference maxima 
that can be observed we can apply the 
equation describing two-slit interference 
maxima and require that sin < 1. 

Because d « L, we can 
approximate sin#i as: 
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Solve for d to obtain: 


sin O x 


From the right triangle whose sides 
are L and y l we have: 


. 0.82m nn^on 

sin# = , = = 0.06817 

12 m) 2 + (0.82 m)" 


Substitute numerical values in 
equation ( 1 ) and evaluate d: 


633 nm 
0.06817 


9.29/an 


(b) The equation describing two-slit d sin# — mA,m — 0,1,2,... 

interference maxima is: 


Because sint?< 1 determines the 
maximum number of interference 
fringes that can be seen: 

Solve for w max : 


d = m 


max 


A 


m„ 


d_ 

A 


Substitute numerical values and 
evaluate m max : 


Because there are 14 fringes on 
either side of the central maximum: 


m 


max 


9.29 /an 
633 nm 


= 14 because m must be 


an integer. 


A r = 2'» m „ + l = 2(l4)+l 



33 •• 

Picture the Problem We can use the equation for the distance on a screen to the mth 
bright fringe to derive an expression for the spacing of the maxima on the screen. In (c) 
we can use this same relationship to express the slit separation d. 


(a) Express the distance on the 
screen to the with and (in + l)st 
bright fringe: 


AL 

y m = m ~r 

d 


an d y m+ 1 =(m + 1 ) 


AL 

~d 


Subtract the second of these 
equations from the first to obtain: 



( 1 ) 


Ay = 


(500nm)(l m) 


Substitute numerical values and 
evaluate Ay: 


lcm 


50.0 fjm 











Interference and Diffraction 1035 


Not with the unaided eye. The separation is too small to be observed with 
the naked eye. 


(c) Solve equation (1) for d: 


d 


AL 

4 ^ 


Substitute numerical values and evaluate d: 


(500nm)(lm) 

limn 


0.500 mm 


34 •• 

Picture the Problem Let the separation of the slits be d. We can find the total path 
difference when the light is incident at an angle (j) and set this result equal to an integer 
multiple of the wavelength of the light to obtain the given equation. 


Express the total path difference: 


M = d sin (j> + d sin 0 m 


The condition for constructive 
interference is: 


M = mA 

where m is an integer. 


Substitute to obtain: 


d sin <f) + d sin 6 m = mA 


Divide both sides of the equation by 
d to obtain: 


sin (p + sin 0 m 


mA 


*35 •• 

Picture the Problem Let the separation of the slits be d. We can find the total path 
difference when the light is incident at an angle (j) and set this result equal to an integer 
multiple of the wavelength of the light to relate the angle of incidence on the slits to the 
direction of the transmitted light and its wavelength. 


Express the total path difference: 


M = d sin (j) + d sin 0 


The condition for constructive 
interference is: 


M = mA 

where m is an integer. 


Substitute to obtain: 


d sin (j) + d sin 0 = mA 


Divide both sides of the equation by 
d to obtain: 


. , . n mA 

sin (p + sin 0 =- 

d 
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Set 0=0 and solve for A: 


Substitute numerical values and 
simplify to obtain: 


A 


dsirufi 

m 


. (2.5//m)sin30° 1.25/an 

A — -=- 

m m 


Evaluate A for positive integral values of m: 


m 

A (nm) 

1 

1250 

2 

625 

3 

417 

4 

313 


From the table we can see that 625 nm and 417 nm are in the visible portion of 
the electromagnetic spectrum. 


36 •• 

Picture the Problem The diagram shows 
the two speakers, Si and S 2 , the central- 
bright image and the first-order image to 
the left of the central-bright image. The 
distance y is measured from the center of 
the central-bright image. We can apply the 
conditions for constructive and destructive 
interference from two sources and use the 
geometry of the speakers and microphone 
to find the distance to the first interference 
minimum and the distance to the first 
interference maximum. 



S, s 2 


Relate the distance Ay to the first 
minimum from the center of the 
central maximum to 0 and the 
distance L from the speakers to the 
plane of the microphone: 

Solve fory to obtain: y = Lt&nO (1) 

Interference minima occur where: d sin 6 = (m + \)A 

where m = 0, 1, 2, 3, ... 

Solve for 0 to obtain: 

9 = siiT 1 



tan 6 = — 
L 




















Relate the wavelength A of the 
sound waves to the speed of sound v 
and the frequency /of the sound: 

Substitute for A in the expression for 
6? to obtain: 


Substitute for dm equation (1): 
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v 

7 


6 = sin 1 


(m + \)v 
df 


y = L tant sin 



( 2 ) 


Noting that the first minimum corresponds to m = 0, substitute numerical values and 
evaluate Ay: 




= (l in)tan] sin 


(j,)(343m/s) 
(5 cm) (lO kHz) 


0.365 m 


The maxima occur where: 


d sin 6 = mA 
where m = 1, 2, 3, ... 


For diffraction maxima, equation (2) 
becomes: 


A y = L tan 


sin 



Noting that the first maximum corresponds to m = 1, substitute numerical values and 
evaluate Ay: 


Tis 


= (lm)tan<sin 1 


(l)(343m/s) 
(5 cm) (lO kHz) 


0.943 m 


Diffraction Pattern of a Single Slit 

37 • 

Picture the Problem We can use the expression locating the first zeroes in the intensity 
to find the angles at which these zeroes occur as a function of the slit width a. 


The first zeroes in the intensity 
occur at angles given by: 


■ a A 
sin 0 = — 

a 


Solve for 6 : 


6 = sin ' 


K a) 


0 = sin 1 


600 nm^ 


1 mm j 



0.600 mrad 


(a) For a = 1 mm: 
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(b ) For a = 0.1 mm: 


(c) For a = 0.01 mm: 


6 = sin 1 


^ 600 run N 

0.1mm y 


6.00 mrad 


/ 600 nm 
0.01 mm , 


60.0mrad 


38 • 

Picture the Problem We can use the expression locating the first zeroes in the intensity 
to find the wavelength of the radiation as a function of the angle at which the first 
diffraction minimum is observed and the width of the plate. 

The first zeroes in the intensity s j n q _ A 

occur at angles given by: a 

Solve for A: A = a sin 6 


evaluate A: 


Substitute numerical values and 


A = (5cm)sin37° = 


3.01cm 


*39 •• 

Picture the Problem The diagram shows the beam expanding as it travels to the moon 
and that portion of it that is reflected from the mirror on the moon expanding as it returns 
to earth. We can express the diameter of the beam at the moon as the product of the beam 
divergence angle and the distance to the moon and use the equation describing diffraction 
at a circular aperture to find the beam divergence angle. We can follow this same 
procedure to find the diameter of the beam when it gets back to the earth. In Parts (c) and 
(d) we can use the dependence of the power in a beam on its cross-sectional area to find 
the fraction of the power of the beam that is reflected back to earth and the fraction of the 
original beam energy that is recaptured upon return to earth. 



(a) Relate the diameter D of the D « 6L 

beam at the moon to the distance to 
the moon L and the beam 
divergence angle 6 : 
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The angle 0 subtended by the first 
diffraction minimum is related to 
the wavelength X of the light and the 
diameter of the telescope opening 

^telescope by: 


sin 6 = 1.22 


X 


d 


telescope 


Because 9« 1, sin<?« 9 and: 


<9 * 1.22 


X 


d 


telescope 


Substitute for 9 in equation (1) to 1.22LX 

obtain: — ~j 

u telescope 

Substitute numerical values and evaluate D: 


D = 


3.82 x 10 8 m) 


1.22(500 nm) 

2.54 cm lm 

6inx-x—-- 

in 10“ cm 


1.53 km 


( b ) The portion of the beam 
reflected back to the earth will be 
that portion incident on the mirror, 
so the diffraction angle is: 

The beam will expand back to: 


<9*1.22 


X 

i 

mirror 


D' = L 


1.22 


X 

1 

mirror 


Substitute numerical values and evaluate D': 


D' = (3.82 x 10 8 m) 


1.22(500 nm) 


... 2.54cm lm 

20inx-x—-- 

in 10“ cm 


459 m 


(c) Because the power of the beam 
is proportional to its cross-sectional 
area, the fraction of the power that 
is reflected back to the earth is the 
ratio of the area of the mirror to the 
area of the expanded beam at the 


p' A 

± _ ^mirror 


_ 4 


dl 


r i • ^ 

mirror 


A 


beam 


—D 2 

4 


D 


moon: 
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Substitute for D to obtain: 


r V 


p 


d 


1 . 221/1 

y ^telescope J 


f 


V 


mirror 1 '* telescope 

I 22 LA 


Y 

J 


(i) 


Substitute numerical values and evaluate 
P'/P: 


P' 

(20 

On) (6 in) 

( 2.54 cm ^ 

2 

l in ) 

p - 

1.221 

(3.82x10 

■m) 

(500 nm) 


1.10x10 7 


(d) The angular spread of the beam 
from reflection from the 20-in 
mirror is given by: 


0 * 1.22 


A_ 

> 

mirror 


The diameter D' of the beam on 
return to earth will be: 

Letting P" represent the power 
intercepted by the telescope, we 
have: 


Substitute for D' and simplify: 


D' *1.221 


A 

f 

mirror 


P^_ 

P' 


A, 


telescope 


A 


beam 


n 

~4 


d 


2 

telescope 


K 

~4 


D' 2 


r d ' 

telescope 

D' 


El 

P' 


f d d A 

telescope mirror 

1.22 LA 


(2) 


Multiply equation (2) by equation (1) and simplify to obtain: 


pft pt ptt 

(d d V 

telescope mirror 

^mirror^telescope ^ 

2 

(d d V 

mirror telescope 

P' P ~ P ~ 

v 1.22 LA , 

v X.22LA j 


v X.22LA J 


P" 

\ (20m)(6m)[ 2 ' 54cm ) : 

P ~ 

1.22(3.82 x 10 s m)(500nm) 

= 

1.21x10 14 



Substitute numerical values and evaluate 
P'/P: 


4 
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Interference-Diffraction Pattern of Two Slits 

40 • 

Picture the Problem We need to find the value of m for which the mth interference 
maximum coincides with the first diffraction minimum. Then there will be 
N = 2m -1 fringes in the central maximum. 


The number of fringes N in the 

central maximum is: 

N = 2m-l (1) 

Relate the angle 0\ of the first 

diffraction minimum to the width a 
of the slits of the diffraction grating: 

■ n ^ 
sin 0\= — 

a 

Express the angle 6 m corresponding 
to the with interference maxima in 

terms of the separation d of the slits: 

. mA 

sm °n,=—r 

d 

Because we require that 9\ = 0 m , we 
can equate these expressions to 
obtain: 

mA A 

d a 

Solve for and evaluate m: 

d 5a 

m = — = — = 5 
a a 

Substitute in equation (1) to obtain: 

N = 2(5)-1 = 9 

If d = na: 

d na 

m = — = — = n 

a a 

and 

N = 2/7 — 1 


41 •• 

Picture the Problem We can equate the sine of the angle at which the first diffraction 
minimum occurs to the sine of the angle at which the fifth interference maximum occurs 
to find a. We can then find the number of bright interference fringes seen in the central 
diffraction maximum using N = 2m - 1. 


(a) Relate the angle 9\ of the first 

diffraction minimum to the width a 
of the slits of the diffraction grating: 

sin O x = — 
a 
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Express the angle Os corresponding 
to the mth fifth interference maxima 
maximum in terms of the separation 

d of the slits: 

■ a 5A 
sin Or = — 

5 d 

Because we require that 0\ = 0„ & 
we can equate these expressions to 
obtain: 

5A _ A 
d a 

Solve for and evaluate ma: 

d 0.1mm 

a = — =-= 20.0 /an 

5 5 

(b ) Because m = 5: 

TV = 2m -1 = 2(5)-1 = 9 


42 •• 

Picture the Problem We can equate the sine of the angle at which the first diffraction 
minimum occurs to the sine of the angle at which the mth interference maximum occurs 
to find m. We can then find the number of bright interference fringes seen in the central 
diffraction maximum using N = 2in — 1. 


The number of fringes N in the 

central maximum is: 

N = 2m -1 (1) 

Relate the angle 0\ of the first 
diffraction minimum to the width a 

of the slits of the diffraction grating: 

' n * 
sin ^ — — 

a 

Express the angle 0 m corresponding 

to the with interference maxima in 
terms of the separation d of the slits: 

. mA 

sin e m=—r 

d 

Because we require that 0\ = 0 m , we 
can equate these expressions to 
obtain: 

mA A 

d a 

Solve for nr. 

d 

m = — 

a 

Substitute in equation (1) to obtain: 

N = —-1 
a 
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Substitute numerical values and 
evaluate N: 


N _ 2(0. 2 mm) 
0.01mm 



*43 •• 

Determine the ConceptPicture the Problem There are 8 interference fringes on each 
side of the central maximum. The secondary diffraction maximum is half as wide as the 
central one. It follows that it will contain 8 interference maxima. 


44 •• 

Picture the Problem We can equate the sine of the angle at which the first diffraction 
minimum occurs to the sine of the angle at which the mth interference maximum occurs 
to find m. We can then find the number of bright interference fringes seen in the central 
diffraction maximum using N = 2in -1. In (/;) we can use the expression relating the 

2 71 

intensity in a single-slit diffraction pattern to phase constant (j) =- a sin # to find the 

A. 

ratio of the intensity of the third interference maximum to the side of the centerline to the 
intensity of the center interference maximum. 


(a) The number of fringes N in the N = 2m — 1 (1) 

central maximum is: 


Relate the angle 6\ of the first 
diffraction minimum to the width a 
of the slits of the diffraction grating: 

Express the angle #,„ corresponding 
to the mth interference maxima in 
terms of the separation d of the slits: 

Because we require that 6\ = 0„„ we 
can equate these expressions to 
obtain: 

Solve for m: 


Substitute in equation (1) to obtain: 


sin#, 


A 

a 


sin#,,, 


in A 

~T 


mA _ A 
d a 


d 




a 


1 


2(0.15 mm) 
N = — - 



Substitute numerical values and 
evaluate N: 


0.03 mm 
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( b ) Express the intensity for a 
single-slit diffraction pattern as a 
function of the phase difference <p\ 


For m = 3: 


1 = 1 , 


sin \(j) 




where <j) = 


— a sin# 
/l 


( 2 ) 


sin # 3 


32 

d 


and 

2n . n In 
<p = —a sint/, =—a — 

X X \d 



a 

d 


J 


Substitute numerical values and 
evaluate (fr. 


$ 


f 

= 6n 

v 


0.03 mm N 
0.15mm y 


6 n 


Solve equation (2) for the ratio of / 3 
to 7 0 : 



\ 2 

sin \<f> 


Substitute numerical values and 
evaluate / 3 // 0 : 




r 

2 v 


' 6n 

6 n^ 

~ 5 ~, 


y 


2 


0.255 


Using Phasors to Add Harmonic Waves 


45 • 

Picture the Problem Chose the coordinate 
system shown in the phasor diagram. We 
can use the standard methods of vector 
addition to find the resultant of the two 
waves. 



The resultant of the two waves is of E — R sin(ntf + S) 

the form: 

Express R in vector form: R = 2i - 3 j 

R = ^{ 2) 2 +(-3) 2 =3.61 


Find the magnitude of R : 
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Find the phase angle c> between 
R and E x : 


8 = tan 1 


l 2 J 


-56.3° 


Substitute to obtain: 


E = 


3.61sin(<yt-56.3°) 


*46 • 

Picture the Problem Chose the coordinate system shown in the phasor diagram. We can 
use the standard methods of vector addition to find the resultant of the two waves. 



The resultant of the two waves is of E — R sin(<nt + 8) 

the form: 


Express the x component of R : 
Express the y component of R : 
Find the magnitude of R : 


R x = 4 + 3cos60° = 5.50 
R y = 0 + 3sin60° = 2.60 

R = V(5.50) 2 +(2.60) 2 = 6.08 


Find the phase angle ^between 
R and E x : 


8 = tan 1 


f R. ^ 


K R xJ 


= tan 


^ 2 . 60 ^ 
v 5.50 j 


25.3° 


Substitute to obtain: 


E = 


6.08 sin(r»t +25.3°) 


Remarks: We could have used the law of cosines to find R and the law of sines to 
find <5 

47 •• 

Picture the Problem We can evaluate the expression for the intensity for a single-slit 
diffraction pattern at the second secondary maximum to express / 2 in terms of Iq. 

The intensity at the second 
secondary maximum is given by: 


sin^ 
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At this second secondary maximum: 


Substitute for <j> and evaluate / 2 : 


where 

,2n 

<b = —asm# 

A 


asin# = —A 
2 


and 


<t> = 


In 

T 


f 5 A^ 


v z y 


= 5 n 


Wo 


sin 




v z y 


5 n 
2 


0.0162/,, 


48 •• 

Picture the Problem We can use phasor concepts to find the phase angle Ain terms of 
the number of phasors N (three in this problem) forming a closed polygon of N sides at 
the minima and then use this information to express the path difference A r for each of 
these locations. Applying a small angle approximation, we can obtain an expression fory 
that we can evaluate for enough of the path differences to establish the pattern given in 
the problem statement. 


Express the phase angle 8 in terms ^ _ 2 n 

of the number of phasors N forming N 

a closed polygon of N sides at the 
first minimum: 


Express the path difference A r in 
terms of sint? and the separation d 
of the slits: 


Solve for v: 


For three equally spaced sources, 
the phase angle corresponding to the 
first minimum is: 


A r = d sin 0 

or, provided the small angle approximation 
is valid. 



L 

where L is the distance to the screen. 


= — A r v = — 8 
d ' 2d 


8 = — : — and A r = — 8 = 4 A 
3 In 3 
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Substitute to obtain: 


The phase angle corresponding to 
the second minimum is: 

Substitute to obtain: 


The path difference corresponding 
to the fourth minimum is: 

Substitute to obtain: 



8 = 


2 n 


v -3 y 


and A r = — 8 = \ A 
2k 3 



When the path difference is A, we have an 
interference maximum. 

A r = jA 



Continue in this manner to obtain: 


y n 


nAL 

~2d 


n = 1,2,4,5,7,8,... 


(b) For L = 1 m, 2 = 5xl0 -7 m, and d ~ _ 2(500 nm)(lm) 

= 0.1 mm: ' ™ n 3(0.1mrn) 

49 •• 

Picture the Problem We can use phasor concepts to find the phase angle Ain terms of 
the number of phasors N (four in this problem) forming a closed polygon of N sides at the 
minima and then use this information to express the path difference A r for each of these 
locations. Applying a small angle approximation, we can obtain an expression for y that 
we can evaluate for enough of the path differences to establish the pattern given in the 
problem statement. 

Express the phase angle 8 in terms 
of the number of phasors N forming 
a closed polygon of N sides at the 
first minimum: 

Express the path difference A r in A r = d sin 6 

terms of sin 6 and the separation d or, provided the small angle approximation 

of the slits: is valid, 



3.33 mm 
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Ar = 


yd 

L 


where L is the distance to the screen. 


Solve for v: 


= —A r 
d 


For four equally spaced sources, the 
phase angle corresponding to the 
first minimum is: 


5 = — and Ar = 8 = \ A 

2 In 4 


Substitute to obtain: 



The phase angle corresponding to 
the second minimum is: 

Substitute to obtain: 


The phase angle angle 
corresponding to the third minimum 
is: 

Substitute to obtain: 


8 = n and A r = —8 = \A 
In 2 




and A r = 


A ( 3 n^ 
2n\ 2 j 


3 A 
4 



Continue in this manner to obtain: 


y m =^,”= 1,2,3,5,6,7,9,... 
4 d 


(b) For L = 2 m, A = 6x 10 7 m, 
d = 0.1 mm, and n = 1: 

2 Tmi„ 

For two slits: 

2 Tmi„ 

ForL = 2 m, A = 6x10 7 m, 
d = 0.1 mm, and m = 0: 

2 Tmin 


2(600 nm) (2 m) 
4(0. limn) 

_ l{m + 2 )AL 
~ d 

(600nm)(2m) _ 
0.1mm 


6.00 mm 


12.0 mm 


The width for four sources is half the width for two sources. 
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50 •• 

Picture the Problem We can use sin 0 = X/ a to find the first zeros in the intensity 

pattern. The four-slit interference maxima occur at angles given by 
d sin 6 = mX,m = 0,1,2,.... In (c) we can use the result of Problem 49 to find the 

angular spread between the central interference maximum and the first interference 
minimum on either side of it. In ( d) we’ll proceed as in Example 33-6, using a phasor 
diagram for a four-slit grating, to find the resultant amplitude at a given point in the 
intensity pattern as a function of the phase constant 5, that, in turn, is a function of the 
angle 0that determines the location of a point in the interference pattern. 


(a) The first zeros in the intensity 
occur at angles given by: 


■ R 1 

sin 0 = — 
a 


Solve for 6 : 


6 = sin 1 


V a) 


Substitute numerical values and 
evaluate 9: 


0 = sin ' 


480 mV 

v 2 J um V 


0.242 rad 


( b ) The four-slit interference d sin 9 — mX, m — 0,1,2,... 

maxima occur at angles given by: 


Solve for 9 m \ 




= sin 


mX 

~cT 


Substitute numerical values to 
obtain: 


6* = sin 


m(480 nm) 
6 //in 


= sin ‘( 0 . 08777 ) 


Evaluate 0 m for m = 0, 1,2, and 3: 


(c) From Problem 49 we have: 


6 0 =sin ‘[0(0.08)] = 

0 


6> =sin- 1 [l(0.08)] = 

80.1mrad 

0 2 = sin 1 [2(0.08)] = 

0.161rad 

6, = sin 1 [3(0.08)] = 

0.242 rad 


where 0^ will not be seen as it coincides 
with the first minimum in the diffraction 
pattern. 


6*.., 


nX 

4 d 
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For n = 1: 


480 nm 


(d) Use the phasor method to show the superposition of four waves of the same amplitude 


Ao and constant phase difference 8 =- d sin 6. 

X 


\ 

S' 1 



Express A in terms of S' and 5": 


A = 2(A 0 cos5"+ A 0 cos5') (1) 


Because the sum of the external 
angles of a polygon equals 2 tv. 


2a+ 2>S = In 


Examining the phasor diagram we 
see that: 


a + 5" = n 


Eliminate a and solve for 5" to 
obtain: 


S n = \S 


Because the sum of the internal 
angles of a polygon of n sides is (n - 
2) a: 


3<f> + 25" = 3n 


From the definition of a straight 
angle we have: 


<j)-5' + 5 = n 


Eliminate </> between these equations 
to obtain: 


5' = }5 
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Substitute for cU'and ^'inequation A = 2A 0 {cos^S+ cos^) 

(1) to obtain: 

Because the intensity is proportional / = 4/ () (cos 4O' + coStO’) 2 

to the square of the amplitude of the 
resultant wave: 


The following graph of I/Iq as a function of sin# was plotted using a spreadsheet 

sin \(f> 

j 


T f ' I -A 2 

1 sin — 

program. The diffraction envelope was plotted using — = 4“ - 1 

I 


V 2 ’ 


, where 


In 


(j) = —a sin 6. Note the excellent agreement with the results calculated in (a), (b ), and 

X 

(c). 



sin(theta) 


51 ••• 

Picture the Problem We can find the 
phase constant 8 from the geometry of the 
diagram to the right. Using the value of 8 
found in this fashion we can express the 
intensity at the point 1.72 cm from the 
centerline in terms of the intensity on the 
centerline. On the centerline, the amplitude 
of the resultant wave is 3 times that of each 
individual wave and the intensity is 9 times 
that of each source acting separately. 



t 

1.72 cm 

\ 













































1052 Chapter 33 


(a) Express 5 for the adjacent slits: 
For small angles, sint?* tant?: 

Substitute to obtain: 

Substitute numerical values and 
evaluate 8 : 


The three phasors, 270° apart, are 
shown in the diagram to the right. 
Note that they form three sides of a 
square. Consequently, their sum, 
shown as the resultant R, equals the 
magnitude of one of the phasors. 

( b ) Express the intensity at the point 
1.72 cm from the centerline: 


8 = — d sin 0 
X 

sin 6 « tan 9 = — 

L 

g Indy 
XL 

2;r(0.06rnm)(l.72crn) 
(550nm)(2.5 m) 

3 jr 

= — rad = 270° 

2 



I cc R 2 


Because Iq gc 9 R 2 : 


I _ R 2 
h~9R 2 



Substitute for I 0 and evaluate I: 


0.05 W/m 2 
9 


5.56 mW/m 2 


*52 ••• 

Picture the Problem We can use the phasor diagram shown in Figure 33-26 to determine 
the first three values of (f> that produce subsidiary maxima. Setting the derivative of 
Equation 33-19 equal to zero will yield a transcendental equation whose roots are the 
values of (f) corresponding to the maxima in the diffraction pattern. 

(a) Referring to Figure 33-26 we see = 

that the first subsidiary maximum 
occurs when: 


A minimum occurs when: 


(f) = A7t 
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Another maximum occurs when: 

Thus, subsidiary maxima occur 
when: 


( b ) The intensity in the single-slit 
diffraction pattern is given by: 


(j)-5n 

(j) = (in + 1 )n, n = 1,2,3,... 

and the first three subsidiary maxima 

are at (j) = 3 n, 5 n, and 7 it. 

( ■ i aS 1 
sin (p 


Set the derivative of this expression equal to zero for extrema: 


dI -IT 

f ' 1 ±\ 

sin \(p 

| ^ cos | ^ - 4 sin | ^ 

o 

1 

-1 

1 

■%. 

{ M J 

1 

K> 

1_ 


= 0 for relative maxima and minima 


Simplify to obtain the transcendental tan \(j) = \(j) 

equation: 


Solve this equation numerically (use 
the "Solver" function of your 
calculator) to obtain: 


2.86;r, 4.92^, and 6.94;r 


Remarks: Note that our results in ( b ) are smaller than the approximate values found 
in (a) by 4.80%, 1.63%, and 0.865% and that the agreement improves as n 
increases. 

Diffraction and Resolution 


53 • 

Picture the Problem We can use 

X 

6 = 1.22 — to find the angle between the 
D 

central maximum and the first diffraction 
minimum for a Fraunhofer diffraction 
pattern and the diagram to the right to find 
the distance between the central maximum 
and the first diffraction minimum on a 
screen 8 m away from the pinhole. 



(a) The angle between the central 
maximum and the first diffraction 


0 = 1.22 — 
D 
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minimum for a Fraunhofer 
diffraction pattern is given by: 

Substitute numerical values and 
evaluate 6\ 


0 = 122 


700 nm 
0.1mm 


8.54 mrad 


(b) Referring to the diagram, we see v - L tan 6 

that: 


Substitute numerical values and 
evaluate v: 


y = (8 m) tan(8.54 mrad) 


6.83 cm 


54 • 

Picture the Problem We can apply Rayleigh’s criterion to the overlapping diffraction 
patterns and to the diameter D of the pinhole to obtain an expression that we can solve for 
Ay. 



Rayleigh’s criterion is satisfied 
provided: 


a, =1.22 


A 

D 


Relate a c to the separation Ay of the 
light sources: 

Equate these expressions to obtain: 
Solve for Ay: 




Ay 

L 


provided a c « 1. 


— = 1.22 

L 


Ay = 1.22 


A 

D 

AL 

D 


Ay = 1.22 


(700nm)(l0m) 


8.54cm 


Substitute numerical values and 
evaluate Ay: 


0.1mm 
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*55 • 

Picture the Problem We can use 

Rayleigh’s criterion for slits and the 
geometry of the diagram to the right 
showing the overlapping diffraction 
patterns to express x in terms of A, L, and 
the width a of the slit. 



Referring to the diagram, relate a c , 
L, andx: 


x 

a c ~ — 
c L 


For slits, Rayleigh’s criterion is: 


A 

«c =- 

a 


Equate these two expressions to 
obtain: 


x _ A 
L a 


Solve forx: 


Substitute numerical values and 
evaluate x : 


x 


XL 


a 


x 


(700 nm)(5 m) 
0.5 mm 


7.00 mm 


56 • 

Picture the Problem We can use Rayleigh’s criterion for circular apertures and the 
geometry of the diagram to express L in terms of A, x, and the diameter D of your pupil. 



Referring to the diagram, relate a c , ~ x 

a c 1 ' 

L, andx: L 
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For circular apertures, Rayleigh’s 
criterion is: 


a„ 


1.22 


A 

D 


Equate these two expressions to 
obtain: 


x 

L 


1.22 


A 

D 


Solve for L : 


Substitute numerical values and 
evaluate L\ 


L 


xD 
1.222 


L 


(l 12 cm) (5 mm) 
1.22(550 nm) 


8.35 km 


57 • 

Picture the Problem We can use Rayleigh’s criterion for circular apertures and the 
geometry of the diagram to express L in terms of A, x, and the diameter D of your pupil. 



Referring to the diagram, relate a c , 
L, andx: 




x 


L 


For circular apertures, Rayleigh’s 
criterion is: 




1.22 


A 

D 


Equate these two expressions to 
obtain: 


x , A 

= 1 . 22 - 


L 


D 


Solve for L : 


L = 


xD 

1 . 22/1 


(6.5cm)(5mm) 
1.22(550 nm) 


484 m 


Substitute numerical values and 
evaluate L\ 
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58 •• 

Picture the Problem We can use 

Rayleigh’s criterion for circular apertures 
and the geometry of the diagram to the 
right showing the overlapping diffraction 
patterns to express L in terms of A, x, and 
the diameter D of your pupil. 



(a) Referring to the diagram, relate 
a c , L, and x: 


a c « — provided a « 1 


For circular apertures, Rayleigh’s 
criterion is: 


a„ 


1.22 


A 

D 


Equate these two expressions to 
obtain: 


x 

L 


1.22 


A 

D 


Solve for L : 


Substitute numerical values and 
evaluate L\ 


L = 


xD 

1 . 22/1 


L = 


(6 mm) (5 mm) 
1.22(500 nm) 


49.2 m 


0 b ) 


Because L is inversely proportional to A, the holes can be resolved better 
with violet light which has a shorter wavelength. 


59 •• 

Picture the Problem We can use Rayleigh’s criterion for circular apertures and the 
geometry of the diagram to obtain an expression we can solve for the minimum 
separation Ax of the stars. 
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(a) Rayleigh’s criterion is satisfied 
provided: 




1.22 


A 

D 


Relate a c to the separation Ax of the Ax 

v a c ~ — because a c « 1 

light sources: L 


Equate these expressions to obtain: 
Solve for Ax: 


— = 1 . 22 — 
L D 

XL, 

Ax = 1.22 — 
D 


Substitute numerical values and evaluate Ax: 


(550 nm) 


Ax = 1.22- 


4c • y x 


9.461xl0 15 nA 


lc • y 


200 in x 


2.54 cm 
lin 


5.00x 10 m 


*60 •• 

Picture the Problem We can use Rayleigh’s criterion for circular apertures and the 
geometry of the diagram to obtain an expression we can solve for the minimum diameter 
D of the pupil that allows resolution of the binary stars. 



(a) Rayleigh’s criterion is satisfied 
provided: 


a =1.22 — 
c D 


Solve for D\ 


D = 1.22 — 
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Substitute numerical values and 
evaluate D: 


D = 1.22- 


550 nm 


1° ;rrad 
14" x-x- 


9.89 mm 


3600" 180° 

lcm 


Diffraction Gratings 


61 • 

Picture the Problem We can solve d sin 6 = mA for 0with m = 1 to express the location 
of the first-order maximum as a function of the wavelength of the light. 


The interference maxima in a 
diffraction pattern are at angles 6 
given by: 


dsirtO = mA 

where d is the separation of the slits and m 

= 0, 1,2, ... 


Solve for the angular location 9 m of 
the maxima : 


6L 


= sin 


r mA ^ 
'v d J 


Relate the number of slits N per 
centimeter to the separation d of the 
slits: 

Substitute to obtain: 

Evaluate 6\ for A = 434 nm: 

Evaluate 6\ for A = 410 nm: 



0 m =sin {mNA) 

6 X =sin~ 1 [(2000cnT 1 )(434nm)J 
= 86.9 mrad 

6 X = shT 1 [(2000 cm 1 )(410 nm)] 
= 82.1 mrad 


*62 • 

Picture the Problem We can solve d sin 0 = mA for A with m = 1 to express the location 
of the first-order maximum as a function of the angles at which the first-order images are 
found. 


The interference maxima in a 
diffraction pattern are at angles 9 
given by: 


d sin 6 = mA 

where d is the separation of the slits and m 

= 0, 1,2, ... 
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Solve for A: 


A = 


d sin# 
m 


Relate the number of slits N per jy — 1_ 

centimeter to the separation d of the d 

slits: 


Let m= 1 and substitute for d to 
obtain: 


d sin# 
N 


Substitute numerical values and 
evaluate A\ for 6\ = 9.72 xlO" 2 rad: 


4 = 


sin(9.72xl0 2 rad) 
2000 cm -1 


485 nm 


Substitute numerical values and 
evaluate A\ for # 2 = 1-32 xlO -1 rad: 




sin(l.32xl0~ 1 rad) 
2000 cm -1 


658 nm 


63 • 

Picture the Problem We can solve d sin# = mA for #with m = 1 to express the location 
of the first-order maximum as a function of the wavelength of the light. 


The interference maxima in a 
diffraction pattern are at angles # 
given by: 


d sin # = mA 

where d is the separation of the slits and m 

= 0 , 1 , 2 , ... 


Solve for the angular location 0,„ of 
the maxima : 


#„. 


= sin 


' mA ^ 
v d J 


Relate the number of slits N per ^ _ 1 

centimeter to the separation d of the d 

slits: 


Substitute to obtain: 
Evaluate 6\ for A = 434 nm: 


Evaluate 6\ for A = 410 nm: 


6 m = sin '(inNA) 

#, = sin -1 [(l5000cm 1 )(434nm)j 


= 0.7089 rad = 


40.6 C 


#, =sin '[(l 5000 cm ‘)(410nm)J 


= 0.6624 rad = 38.0 
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64 • 

Picture the Problem We can use the grating equation with sint?= 1 and 
m = 5 to find the longest wavelength that can be observed in the fifth-order spectrum 
with the given grating spacing. 

The interference maxima are at d sin 9 = mA, m = 1,2,3,... 

angles 6 given by: 

Solve for A: ^ _ d sin 9 

m 


Evaluate A for sin^= 1 and 
m = 5: 


1 

d _ 4000 cm -1 
5 ~ 5 


500 nm 


65 • 

Picture the Problem We can use the grating equation to find the angle at which 
normally incident blue light will be diffracted by the Morpho’s wings. 

The grating equation is: d sin 6 = mA 

where m = 1, 2, 3, ... 

Solve for dto obtain: T mA 

9 = sin - 

d 


Substitute numerical values and evaluate 


6 = sin 1 


(l)(440nm) 
880 mn 


30.0° 


66 •• 

Picture the Problem We can use the grating equation to find the angular separation of 
the first-order spectrum of the two lines. In (b) we can apply the definition of the 
resolving power of the grating to find the width of the grating that must be illuminated for 
the lines to be resolved. 

(a) Express the angular separation in A 9 = 9 5ig - 9 S11 

the first-order spectrum of the two 

lines: 

Solve the grating equation for 9: ^ , r mA ' 

\ d J 


Substitute to obtain: 
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For m = 1: 


AO = sin 1 

/«(579 nm) 

-sin 1 

m(577 nm) 

1 

1 


2000 cm -1 


2000 cm 1 






A6* = sin 


(l)(579nm) 

I 

2000cm 1 


- sin 


(l)(577 mu) 

I 

2000cm 1 


0.0231° 


(b) Express the width of the beam 
necessary for these lines to be 
resolved: 

Relate the resolving power of the 
diffraction grating to the number of 
slits N that must be illuminated in 
order to resolve these wavelengths 
in the with order: 

For m = 1: 


Substitute in equation (1) to obtain: 


Letting A be the average of the two 
wavelengths, substitute numerical 
values and evaluate w: 


w = Nd (1) 


-= mN 

A/t 


N = 


A 

A/l 


Ad 
w = — 
AA 


(578 nm) 


w = ■ 


v 2000 cm 1 j 


2nm 


1.45 mm 


*67 •• 

Picture the Problem We can use the grating equation d sin 6 = mA, m = 1,2,3,... to 
express the order number in terms of the slit separation d, the wavelength of the light A, 
and the angle 9. 

The interference maxima in the d sin 0 = in A, m = 1,2,3,... 

diffraction pattern are at angles 9 
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given by: 

Solve for nr. d sin 6 

m = - 

A 

If one is to see the complete ■ a ^ i , ^ d 

r sin 6 < 1 and m < — 

spectrum: A 


Evaluate »i max : 


1 


4800cnT 




2 


1 

4800 cm 1 
700 nm 


2.98 


Because m max = 2.98, one can see the complete spectrum only for m = 1 and 2. 


Express the condition for overlap: 


m ] A l > m 2 /1 2 


Because 700 nm < 2 x 400 nm, there is no overlap of the second - order 
spectrum into the first - order spectrum; however, there is overlap of long 
wavelengths in the second order with short wavelengths in the third - order 
spectrum. 


68 •• 

Picture the Problem We can use the grating equation and the resolving power of the 
grating to derive an expression for the angle at which you should look to see a 
wavelength of 510 nm in the fourth order. 


The interference maxima in the 
diffraction pattern are at angles 0 
given by: 

The resolving power R is given by: 


Relate d to the width w of the 
grating: 


dsm6 = mA, m = \,2, 3,... (1) 


R = mN 

where N is the number of slits and m is the 
order number. 



N 


, mw 
a =- 


Substitute for N to obtain: 


R 
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Substitute for d in equation (1) to mw ^ q _ 

obtain: R 


Solve for 9 : 


6 = sin 


RA 

v w j 


Substitute numerical values and 
evaluate 9\ 


9 = sin 1 


(22,000) (5 lOnm) 
5 cm 


13.0° 


69 •• 

Picture the Problem The distance on the screen to the 777 th bright fringe can be found 
using y m = mAL/d, where d is the slit separation. We can use 6 mm = A/Nd = Ay/2L 

to find the width of the central maximum and the R = mN, where N is the number of slits 
in the grating, to find the resolution in the first order. 


(a) The distance on the screen to the 
777 th bright fringe is given by: 


Substitute numerical values to 
obtain: 

Evaluate y\ and i’ 2 : 


(. b ) The angle 9 mm that locates the 
first minima in the diffraction 
pattern is given by: 


AL 

y m = m — 
d 

or, because d = ri~ x , 
y m = rnnAL 

y m = 772(4000 cm 1 )(589nm)(l.5 m) 


= (0.353 m)772 


y 1= (0.353 m)(l) = 

0.353 m 

and 


y 2 = (0.353 m)(2) = 

0.706 m 


_ A _ Ay 
mm Nd 2 L 

where Ay is the width of the central 
maximum. 


Solve for Ay: 


Substitute numerical values and 
evaluate Ay: 


Ay = 


2 LA 
Nd 


A y = 


2(l.5 m) (589 nm) 


(8000 lines) 


1 

4000 cm 


x 

) 


88.4 fjm 
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(c) The resolution R in the mth order R = mN 

is given by: 


Substitute numerical values and 
evaluate R: 


R = (l)(8000) = 


8000 


70 •• 

Picture the Problem The width of the grating w is the product of its number of lines N 
and the separation of its slits d. Because the resolution of the grating is a function of the 
average wavelength, the difference in the wavelengths, and the order number, we can 
express w in terms of these quantities. 


Express the width w of the grating 
as a function of the number of lines 
N and the slit separation d\ 

The resolving power R of the 
grating is given by: 

Solve for N to obtain: 


w = Nd 



= in N 



mAA 


Substitute for N in the expression ^ _ Ad 

for w to obtain: mAA 


Letting A be the average of the given wavelengths, substitute numerical values and 
evaluate w: 


(519.313nm + 519.322nm) 


w = - 


v 8400 cm j 


2(519.322 nm- 519.313 nm) 


3.43 cm 


*71 •• 

Picture the Problem We can use the expression for the resolving power of a grating to 
find the resolving power of the grating capable of resolving these two isotopic lines in the 
third-order spectrum. Because the total number of the slits of the grating N is related to 
width w of the illuminated region and the number of lines per centimeter of the grating 
and the resolving power R of the grating, we can use this relationship to find the number 
of lines per centimeter of the grating 
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The resolving power of a diffraction 
grating is given by: 



= m N 


( 1 ) 


Substitute numerical values and 
evaluate R: 


546.07532 

|546.07532-546.07355| 

3.09xl0 5 


Express n, be the number of lines 
per centimeter of the grating, in 
terms of the total number of slits N 
of the grating and the width w of the 
grating: 

From equation (1) we have: 


N 




m 


Substitute to obtain: 


n = 


R 


mw 


Substitute numerical values and 
evaluate n: 


3.09xl0 5 
(3) (2 cm) 


5.15xl0 4 cm 1 


72 •• 

Picture the Problem We can differentiate the grating equation implicitly to obtain an 
expression for the number of lines per centimeter n as a function of cost? and d 0 /cl a. We 
can use the Pythagorean identity sin 2 t?+ cos 2 t?= 1 and the grating equation to write cost? 
in terms of n, in, and A. Making this substitution and approximating dd/dA by Ad/AA 
will yield an expression for n in terms of m, A, A A, and Ad. 


(a) The grating equation is: 


dsind = mA, m = 0,1,2,... (1) 


Differentiate both sides of this 
equation with respect to A: 


— id sin 6 ) = — (. mA ) 
dA V ' dA V ' 

or 

d cos 0 — = m 
dA 


a de 

cos c? — = nm 
dA 


Because n = 1 Id: 
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Solve for n to obtain: 


Approximate dO/dA by AOIAA: 


Substitute for cost?: 


From equation (1): 


Substitute to obtain: 


1 n d6 

n = — cos 0 — 

m d/1 


1 A6> a 
n — -cos 0 

m A/l 


n = 


1 A 0 
m A/l 


V 1-sin 2 6 


sin 0 = = nmA 

d 


n = 


i a e 

m AA 


yl\-n 2 m 2 A 2 


Solve for n: 


n 


Substitute numerical values and evaluate n: 


1 



yAOy 


n = 


= 6.677xlO 5 m 


5 „-l 


480nm + 500nm 


A 


500nm-480nm 
v 180° J 


6677 cm 


-i 


(. b ) Express m n 

Am-dX' 


: in terms of d and 


m„ 


d 1 


/l 


max 


nA 


max 


Substitute numerical values and evaluate 

max* 
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73 •• 

Picture the Problem We can use the 

grating equation and the geometry of the 
diagram to derive an expression for the 
separation Ay = y 2 -y t of the spectral lines 
in terms of the distance L to the screen, the 
wavelengths of the resolved lines, and the 
number of grating slits per centimeter n. 
We will assume that the angle 0 2 is small 
and then verify that this is a justified 
assumption. 

(a) The grating equation is: 

Assuming that ft « 1 and 

777 = 2 : 

Substitute to obtain: 

Solve fory: 

Letting the numerals 1 and 2 refer to 
the spectral lines, express y 2 -yn 


y 



d sin 0 = ml, m = 0,1,2,... 

y 

sin 6 , ~ tan ft, = — 

‘ L 

d — = ml 
L 

mLA 

y= ~ 

fy = y2-yx = 1 ^r^2-\) 
d 


Solve for d to obtain: 


<7 = -^(y-A) 

y 2 -y\ 


The number of lines per centimeter 
77 is the reciprocal of d: 

Substitute numerical values and 
evaluate n: 


„= y *-* 

mL(l 2 -/tj) 

_ 8.4cm 

(2)(8 m)(590 nm - 520 nm) 

= 750cm 1 


e 2 


= sin 


"2/P 

v d J 


= sin 1 (2 An ) 


To confirm our assumption that 
ft « 1, solve the grating equation 
for ft: 
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Substitute numerical values and 
evaluate 62. 


0 2 =sin 1 [2(590 nm)(750 cm ')] 

= 8.86x10 2 «1 


Because Oi « 1: 


sin (9, « tan 0 2 ~ 0 2 , as was assumed 
above. 


( b ) The separation of the 
wavelengths is given by: 



d 


For m = 1: 


Ay = (l)(8m)(750cm ')(590nm-520nm) = 4.20cm 


For m = 3: 


Ay = (3)(8m)(750cm 1 )(590nm-520nm) = 12.6cm 


74 ••• 

Picture the Problem We can differentiate the grating equation implicitly and 
approximate dd Id/1 by A 0 /'Ax. to obtain an expression AO as a function of m, n, AT, and 
cos 6? We can use the Pythagorean identity sin 2 0+ cos 2 # = 1 and the grating equation to 
write cos 0 in terms of n, m, and A. Making these substitutions will yield the given 
equation. 

The grating equation is: d sin 6 = mA, m = 0,1,2,... (1) 


Differentiate both sides of this 
equation with respect to A: 



or 



Because n = 1 Id: 



dA 


Solve for n to obtain: 



m dA 


dA 


Approximate dOldA by AO!AA\ 


n = 



m AA 
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Solve for Ad: 


Substitute for cost?: 


From equation (1): 


Substitute to obtain: 


. ^ nmAA 

Ad = - 

cos 0 


AO 


nmAA 
Vl - sin 2 6 


sin 0 = 


mA 

~T 


= nmA 


Ad = 


nmAA 
Vl -n 2 m 2 A 2 


Simplify by dividing the numerator and denominator by nnr. 


AA 

AA 

AA 

—V1 - n 2 m 1 A 2 

ll-n 2 m 2 A 2 


1 A 2 

nm 

V nm 2 


2 2 71 
n m 


75 ••• 

Picture the Problem We can use the grating equation and the geometry of the grating to 
derive an expression for tj) m in terms of the order number m, the wavelength of the light A, 
and the groove separation a. 

(a) The grating equation is: d sin 6 = mA, m = 0,1,2,... (1) 

Because (f> and (\ have their left and d t = </> m 

right sides mutually perpendicular: 


Substitute to obtain: 


d sin <f> m = mA 


Solve for 0 m : 


(b ) For m = 2: 


(t>m 


i 

( mA\ 

sin 



l d ) 


(j) 2 = sin 




(2)(450nm) 


1 


10,000 cm 1 


64.2° 
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76 ••• 

Picture the Problem We can follow the procedure outlined in the problem statement to 
obtain R = A/AA = mN. 


(a) Express the relationship between 
the phase difference (j) and the path 
difference A r: 


(f) A r 
2 n A 


</> = 


2nAr 

A 


Because A r = dsin#: 

(j)- 

(b ) Differentiate this expression 

d(j) 

with respect to #to obtain: 

d6 

Solve for d(p\ 

d(f) = 

(c) From ( b ): 

dO = 


2nd . n 

-sin # 

A 


2 nd . „ 

-sin # 

A 


2nd 

~A 


cos# 


2 nd 


cos Odd 


Ad(j) 


2nd cos 0 


Substitute 2n/N for dtp to obtain: 


d6 = 


A 

Nd cos 9 


33-30 


(d) Equation 33-27 is: 


d sin# = mA, m = 0,1,2,... 


Differentiate this expression 
implicitly with respect to A to 
obtain: 


— \d sin 0\ = — \mA\ 
dA L J dA 1 J 


or 


, Q d0 
d cos#— = m 
dA 


Solve for dO to obtain: 


d6 = 


mdA 
d cos# 


33-31 


(e) Equate the two expressions for d9 
obtained in (c) and (d): 


A _ mdA 
Nd cos# d cos# 


R = 


— = mN 
dA _ 


Solve for R = A1AA\ 
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General Problems 


*77 • 

Picture the Problem We can apply the condition for constructive interference to find the 
angular position of the first maximum on the screen. Note that, due to reflection, the 
wave from the image is 180° out of phase with that from the source. 

(a) Because yo « L, the distance To = L6 Q (1) 

from the mirror to the first 
maximum is given by: 

Express the condition for d sin 6 = (in + j)A, m = 0,1,2,... 

constructive interference: 

( m + 


Solve for 6 : 


6 = shT 


For the first maximum, m = 0 and: 


Substitute in equation (1) to obtain: 

Because the image of the slit is as 
far behind the mirror’s surface as 
the slit is in front of it, d = 2 mm. 
Substitute numerical values and 
evaluate y 0 : 

( b ) The separation of the fringes on 
the screen is given by: 

The number of dark bands per 
centimeter is the reciprocal of the 
fringe separation: 


0 , 


= sin 



To = Csin 



To = (im)shT 1 



600 nm 
2 mm 


0.150 mm 


Ay = 


AL 

~d 


__L _±_ 

Ay AL 


Substitute numerical values and 
evaluate n: 


2 mm 

(600nm)(lm) 


3.33 x 10 3 m 1 


78 •• 

Picture the Problem The light from the radio galaxy reaches the radio telescope by two 
paths; one coming directly from the galaxy and the other reflected from the surface of the 
lake. The latter is phase shifted 180°, relative to the former, by reflection from the surface 
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of the lake. We can use the condition for constructive interference of two waves to find 
the angle above the horizon at which the light from the galaxy will interfere 
constructively. 

Telescope 




Because the reflected light is phase 
shifted by 180°, the condition for 
constructive interference at point P 
is: 


A r = (m + y)/l 
where m = 0, 1,2, ... 


Referring to the figure, note that: 


sin# « 


A r 


=> 6 = sin 1 


A r 
~d 


Substitute for A r to obtain: 


0 = sin 1 


(/« + y)/l 

d 


Noting that m = 0 for the first 
interference maximum, substitute 
numerical values and evaluate 9q\ 


# 0 = sin 1 


1(20 cm) 
20 m 


5.00x10 3 rad 


0.286° 


79 • 

Picture the Problem We can use the 

condition determining the location of 
points of zero intensity in a diffraction 
pattern to express the location of the first 
zero in terms of y and L. The width of the 
central maximum can then be found from 
Ay = 2y. 

Express the horizontal length of the 
principal diffraction maximum on 
the screen: 

Referring to the diagram, relate the 
angle 6 to the distances y and L: 



tan 0 = — 

L 

or, because 9 « 1, tan#® sin# and 
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sin 6 = — 

L 

The points of zero intensity for a a si n 0 = mA,m = 1,2,... 

single-slit diffraction pattern are 
determined by the condition: 

Substitute for sint? to obtain: ay_ _ ^ 

L ~ m 


Solve for v: AL 

y = m — 

a 


Substitute for y in equation (1): Ay - 2m 

a 


At the first diffraction minimum, m 
= 1. Substitute numerical values and 
evaluate Ay: 


Ay = 2 (l) ( 700nm >( 6m ) 
0.5 mm 


1.68 cm 


80 • 

Picture the Problem We can use the Rayleigh criterion to express a c in terms of A and 
the diameter of the opera glasses lens D and the geometry of the problem to relate a c to 
separation y of the singer’s eyelashes and the observation distance L. 



The critical angular separation, 
according to Rayleigh’s criterion, is: 


a„ 


1.22 — 

D 


Given that a c « 1, it is also given _ y_ 

ct 

by: L 


Equating these two expressions 
yields: 


>=1.22- A 


L 


D 
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Solve for D to obtain: 


Substitute numerical values and 
evaluate D: 


D = 1.22 


AL 

y 


D- 1.22 ( 55Qnm )( 25m ) 
0.5 mm 


33.6 mm 


81 • 

Picture the Problem The resolving power of a telescope is the ability of the instrument 
to resolve two objects that are close together. Hence we can use Rayleigh’s criterion as 
the resolving power of the Arecibo telescope. 


Rayleigh’s criterion for resolution 
is: 


a =1.22 


A 

D 


Substitute numerical values and 
evaluate a c : 


a„ 


1.22 


3.2 cm 
300 m 


0.130mrad 


*82 •• 

Picture the Problem Note that reflection 
at both surfaces involves a phase shift of n 
rad. We can apply the condition for 
destructive interference to find the 
thic kn ess t of the nonreflective coating. 



The condition for destructive 
interference is: 

Solve for f. 


2t = (m + ” 2 ^) 2 .coating = (m + y) 


/L 


coating 


t = (m + y) 




2n 


coating 


<=fe) 


600 nm 
2(1.30) 


Evaluate t for m = 0: 


115 nm 
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83 « 

Picture the Problem The Fabry-Perot 
interferometer is shown in the figure. For 
constructive interference in the transmitted 
light the path difference must be an integral 
multiple of the wavelength of the light. 

This path difference can be found using the 
geometry of the interferometer. 



Express the path difference between ^ _ 2 a 

the two rays that emerge from the cos 0 

interferometer: 


For constructive interference we Ar — mA,m — 0,1,2,... 

Require that: 


Equate these expressions to obtain: 
Solve for a to obtain: 


inA = 


2 a 
cos 6 


a = 


mA 


cos# 


84 •• 

Picture the Problem The gaps in the 
spectrum of the visible light are the result 
of destructive interference between the 
incident light and the reflected light. 
Noting that there is a n rad phase shift at 
the first air-mica interface, we can use the 
condition for destructive interference to 
find the index of refraction n of the mica 
sheet. 


Air 


Mica 



Because there is a 7T rad phase shift 
at the first air-mica interface, the 
condition for destructive 
interference is: 


2/ =/ »An,ca =/« — ,/« = 1,2 

n 


Solve for n : 


/L 


n = m - 


It 


( 1 ) 


For A = 474 nm: 


It = (474nm)/77 
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For X = 421 nm: 


2 1 = (421 nm)(m +1) 


Equate these two expressions for 2 t m = 8 for X = 474 nm 

and solve for m to obtain: 


Substitute numerical values in 
equation (1) and evaluate n: 


n = 8 


474 nm 
2(l .2 /an) 


1.58 


85 •• 

Picture the Problem Note that the light 
reflected at both the air-film and film-lens 
interfaces undergoes a n rad phase shift. 

We can use the condition for destructive 
interference between the light reflected 
from the air-film interface and the film-lens 
interface to find the thickness of the film. 

In (c) we can find the factor by which light 
of the given wavelengths is reduced by this 
film from / oc cos 2 \S. 

(a) Express the condition for 
destructive interference between the 
light reflected from the air-film 
interface and the film-lens interface: 



2 1 = (m + \)X mm + L (1) 

n 

where m = 0, 1,2, ... 


Solve for t: 


t = (ill + y) 



Evaluate t for m = 0: 


(b ) Solve equation (1) for X Mr : 


Evaluate X mr for m = 1: 


t = 


( 1 ) 540 nm 


UJ 2(1.38) 

97.8 nm 


4r = 


2 tn 

>n+' 2 


X ; 


_ 2(97.8nm)(l.38) _ 


1+2 


= 180nm 


No; because 180 nm is not in the visible portion of the spectrum. 


(c) Express the reduction factor/as 


/ = cos^ \ 8 


(2) 
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a function of the phase difference 8 
between the two reflected waves: 

Relate the phase difference to the 
path difference A r. 

Because A r = 21: 


Substitute in equation (2) to obtain: 


8 A r 


2n A. 


8 = 2n 


f A r ^ 


'film 


V 'Vital J 


8 = 2n 


r 21 A 


V'Vital J 


f = cos 2 



[ 2t y 

\2n 


V Vital ) _ 


= cos 2 


2n t 

Vim 


= cos 2 


2nnt 

Vir 


Evaluate/ for A = 400 nm: 


Voo — cos 


2^-(l.38)(97.8nm) 
400 nm 


0.273 


Evaluate/ for A = 700 nm: 


Voo — cos 


2^-(l.38)(97.8mn) 
700 nm 


0.124 


86 •• 

Picture the Problem As indicated in the 
problem statement, we can find the optimal 
size of the pinhole by equating the angular 
width of the object at the film and the 
angular width of the diffraction pattern. 


Express the angular width of the a 
distant object at the film in terms of 
the diameter D of the pinhole and 
the distance L from the pinhole to 
the object: 

Using Rayleigh’s criterion, express 
the angular width of the diffraction 
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pattern: 

Equate these two expressions to 
obtain: 

Solving for D yields: 

Substitute numerical values and 
evaluate D: 


— = 1.22 — 

2 L D 

D = y/2.44AL 

D = ^2.44(550 mn)(l0cm) 
= 0.366 mm 


*87 •• 

Picture the Problem We can use the geometry of the dots and the pupil of the eye and 
Rayleigh’s criterion to find the greatest viewing distance that ensures that the effect will 
work for all visible wavelengths. 



Referring to the diagram, express Q ~ — 

the angle subtended by the adjacent L 

dots: 


Letting the diameter of the pupil of 
the eye be D, apply Rayleigh’s 
criterion to obtain: 


or 


1.22 — 
D 


Set 0= a c to obtain: 


d_ 

L 


1.22 


A 

D 


Solve for E: ^ _ Dd 

~ 1 . 22/1 

_ (3 mm) (2 mm) 
~ 1.22(400 nm) 


Evaluate L for the shortest 
wavelength light in the visible 
portion of the spectrum: 


12.3 m 













1080 Chapter 33 


*88 ••• 

Picture the Problem It is given that with one tube evacuated and one full of air at 1 -atm 

pressure, there are 198 more wavelengths of light in the tube full of air than in the 

evacuated tube of the same length. We can use this condition to obtain an equation that 

expresses this difference in terms of L, A n , and A 0 . We can obtain a second equation 

o 

relating A,„ n, and To (A„ = — ) and solve the two equations simultaneously to find n. 

n 


(a) The wavelengths are related by: 


A = — 


The number of wavelengths in 
length L is the length L divided by 
the wavelength. Thus: 


L_ 

T 


L_ 

A„ 


= 198 


Substitute for A„: 


nL 


A n 


L_ 

An 


= 198 


Solve for A n to obtain: 

Substitute numerical values and 
evaluate n: 


n = 1 + 


198/to 

L 


n = 1 + 198 


f 589 nm' 


v 0.4 m j 



1.0002916 


(b ) Replace 198 with 198 ± 0.25 and assume that the uncertainties in L and A 0 are 
negligible: 


« = 1 + Al(198±0.25) 


1.0002916 ±0.0000004 


89 ••• 

Picture the Problem We can use the 

condition that determines points of zero 
intensity for a single slit diffraction pattern 
and the geometry of the slit and screen 
shown in the diagram to derive the given 
width of the central maximum on the 
screen. 



(a) The points of zero intensity for a 
single-slit diffraction pattern are 
given by: 


asin# = mA,m = 1,2,3,... 


( 1 ) 
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Relate the half-width y of the 
diffraction pattern to 0 and L: 

tan 6* = — 

L 


Because 0is very small, 
tan 0 ~ sin# and: 

sin 6 « — 

L 


Substitute for sin# in equation (1) 
to obtain: 

a — « mX 

L 


Solve fory: 

XL 

y « m — 
a 


The width of the central maximum 

(m = 1) is: 

0 2 XL 

a 


2 LX 

( b) Set a =- and simplify to 

a 

o ~ 2XL 
y ~ 2 LX 

a 

obtain: 

a 
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Chapter 34 

Wave-Particle Duality and Quantum Physics 


Conceptual Problems 


*1 • 

Determine the Concept The Young double-slit experiment, the diffraction of light by a 
small aperture, and the J.J. Thomson cathode-ray experiment all demonstrated the wave 
nature of electromagnetic radiation. Only the photoelectric effect requires an explanation 


based on the quantization of electromagnetic radiation. (c)is correct. 


2 


Determine the Concept Since the power radiated by a source is the energy radiated per 
unit area and per unit time, it is directly proportional to the energy. The energy radiated 
varies inversely with the wavelength ( E = he/A); i.e., the longer the wavelength, the 


less energy is associated with the electromagnetic radiation. 


(&)is correct. 


3 

(a) True 

( b ) False. The work function of a metal is a property of the metal and is independent of 
the frequency of the incident light. 

(c) True 
(< d) True 

4 

Determine the Concept In the photoelectric effect, the number of electrons emitted per 
second is a function of the light intensity, proportional to the light intensity, independent 
of the work function of the emitting surface and independent of the frequency of the light. 
(b)is correct. 


*5 • 

Determine the Concept The threshold wavelength for emission of photoelectrons is 
related to the work function of a metal through 0 = he/ A t . Hence /L t = hc/(f) and 

(a) is correct. 


1083 
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6 •• 

Determine the Concept In order for electrons to be emitted he!A. must be greater than^. 
Evidently, hc!A\ < <f>, but he! X 2 > <p. 


7 

(a) True 

(b) True 

(c) True 

(i d) False. Electrons are too small to be resolved by an electron microscope. 

8 

Determine the Concept If the de Broglie wavelengths of an electron and a proton are 
equal, their momenta must be equal. Since m p > m e , v p < v e . Response (c) is correct. 


9 

Picture the Problem The kinetic energy of a particle can be expressed, in terms of its 
2 
P 

momentum, as K = -. We can use the equality of the kinetic energies and the fact that 

2m 

m e < m v to determine the relative sizes of their de Broglie wavelengths. 


Express the equality of the kinetic 
energies of the proton and electron 
in terms of their momenta and 
masses: 

Use the de Broglie relation for the 
wavelength of matter waves to 
obtain: 


Since m e < m p : 



2m v 2 m e 


h 2 _ h 2 

2m A 2m A 

or 

= m X 


A~ p < A c and A e > A p 


and 


(c)is correct. 


10 • 

Determine the Concept Yes. <x> can equal a value for which P(x) is zero. An example 
is the asymmetric well for all even numbered states. 
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*11 • 

Determine the Concept In the photoelectric effect, an electron absorbs the energy of a 
single photon. Therefore, K nVdX = hf- (f>, independently of the number of photons incident 
on the surface. However, the number of photons incident on the surface determines the 
number of electrons that are emitted. 

12 •• 

Picture the Problem The probability of a particular event occurring is the number of 
ways that event can occur divided by the number of possible outcomes. The expectation 
value, on the other hand, is the average value of the experiment. 


(a) Find the probability of a 1 
coming up when the die is thrown: 


( b ) Find the average value of a large 
number of throws of the die: 

13 •• 

Determine the Concept According to quantum theory, the average value of many 
measurements of the same quantity will yield the expectation value of that quantity. 
However, any single measurement may differ from the expectation value. 

Estimation and Approximation 

14 •• 

Picture the Problem From Einstein’s photoelectric equation we have W max = hf — (f), 

which is of the form y = mx + b , where the slope is h and the 

A max -intercept is the work function. Hence we should plot a graph of K max versus/in 

order to obtain a straight line whose slope will be an experimental value for Planck’s 

constant. 

(a) The spreadsheet solution is shown below. The formulas used to calculate the 
quantities in the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

A3 

544 

X (nm) 

B3 

0.36 

Amax(eV) 

C3 

A3*10 A -19 

X (m) 

D3 

3*10 A 8/C3 

d X 

E3 

B3*1.6*10 A -19 

-^Amax (J) 


H 0=t = 
6 


3xl+3x2 


n) — ■ 


1.5 


lambda 

Kmax 

lambda 

f=c/lambda 

Kmax 

(nm) 

(eV) 

(m) 

(Hz) 

(J) 
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544 

0.36 

5.44E-07 

5.51E+14 

5.76E-20 

594 

0.199 

5.94E-07 

5.05E+14 

3.18E-20 

604 

0.156 

6.04E-07 

4.97E+14 

2.50E-20 

612 

0.117 

6.12E-07 

4.90E+14 

1.87E-20 

633 

0.062 

6.33E-07 

4.74E+14 

9.92E-21 


The following graph was plotted from the data shown in the above table. Excel’s "Add 
Trendline" was used to fit a linear function to the data. 



(b) From the regression line we note 
that the experimental value for 
Planck’s constant is: 

(c) Express the percent difference 
between h exp and h: 


exp 


6.19x10 34 J-s 


h — h h 

% diff =-^ = 1—^ 

h h 

6.19xlQ~ 34 J-s 

6.63x10 34 J-s 


6.64% 


15 •• 

Picture the Problem From Einstein’s photoelectric equation we have K max = hf — (f), 

which is of the form y = mx + b , where the slope is h and the 

-Amax"intercept is the work function. Hence we should plot a graph of K nrdX versus/in 

order to obtain a straight line whose intercept will be an experimental value for the work 

function. 

(a) The spreadsheet solution is shown below. The formulas used to calculate the 
quantities in the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

A3 

544 

A (nm) 
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B3 

0.36 

Tfmax(eV) 

C3 

A3*10 A -19 

A (m) 

D3 

3*10 A 8/C3 

d A 

E3 

B3*1.6*10 A -19 

^max (J) 


lambda 

Kmax 

lambda 

f=c/lambda 

Kmax 

(nm) 

(eV) 

(m) 

(Hz) 

(J) 

544 

0.36 

5.44E-07 

5.51E+14 

5.76E-20 

594 

0.199 

5.94E-07 

5.05E+14 

3.18E-20 

604 

0.156 

6.04E-07 

4.97E+14 

2.50E-20 

612 

0.117 

6.12E-07 

4.90E+14 

1.87E-20 

633 

0.062 

6.33E-07 

4.74E+14 

9.92E-21 


The following graph was plotted from the data shown in the above table. Excel’s "Add 
Trendline" was used to fit a linear function to the data. 



/(Hz) 


(b) From the regression line we note 
that the experimental value for the 
work function <?>is: 


0ex P = 2.83 xl0~ 19 Jx 


leV 

1.6x10 19 J 


1.77 eV 


(Q 


*16 

Picture the Problem From the Compton-scattering equation we have 

X 2 — A{ = Aq (l - cost?), where A c = h/m e c is the Compton wavelength. Note that this 

equation is of the form y = mx + b provided we let v = Az - A\ and x = 1 - cos 6. Thus, we 
can linearize the Compton equation by plotting AA = \ as a function of 1 - cos 0. 

The slope of the resulting graph will yield an experimental value for the Compton 
wavelength. 


The value of (f) c: , p = 1.77 eV is closest to the work function for cesium. 


• • 
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(a) The spreadsheet solution is shown below. The formulas used to calculate the 
quantities in the columns are as follows: 


Cell 

Formula/C ontent 

Algebraic Form 

A3 

45 

0 (deg) 

B3 

1 -cos(A3*PI()/180) 

1 - cost? 

C3 

6.47E A -13 

i 

-r 

ii 

< 


e 

1- cost? 

^1 

(deg) 



45 

0.293 

6.47E-13 

75 

0.741 

1.67E-12 

90 

1.000 

2.45E-12 

135 

1.707 

3.98E-12 

180 

2.000 

4.95E-12 


The following graph was plotted from the data shown in the above table. Excel’s "Add 
Trendline" was used to fit a linear function to the data. The regression line is 
A/l = 2.48 x 10 12 (l - cos 0) - 1.03 x 10 13 



From the regression line we note 
that the experimental value for the 
Compton wavelength 2c,exp is: 

The Compton wavelength is given 
by: 


2 , 


'C,exp 


2.48 x 10~ 12 m 


X r 


h _ he 
m e c m e c 2 


Substitute numerical values and 
evaluate Ac: 


1240eV -nm 
5.11x10 s eV 


2.43x10 12 m 
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Express the percent difference 
between Ac and /ic,ex P : 


% diff = .^ c ' exp ^ exp — / ^ c > ex P 


A 


exp 


A 


-1 


exp 


2.48 xl0~ 12 


m 


2.43x10 12 m 


-1 = 


2.06% 


*17 •• 

Picture the Problem The de Broglie wavelength of an object is given by A = hip, where 
p is the momentum of the object. 

The de Broglie wavelength of an 
object, in terms of its mass m and 
speed v, is: 


The values in the following table 
were obtained using the internet: 


Type of ball 

m 

^max 


(g) 

(m/s) 

Baseball 

142 

44 

Tennis 

57 

54 

Golf 

57 

42 

Soccer 

250 

31 



mv 


The de Broglie wavelength of a 
baseball, moving with its maximum 
speed, is: 


6.63 x 10~ 34 J s 
(0.142kg)(44m/s) 


1.06x10 34 m 


Proceed as above to obtain the 
values shown in the table: 


Type of 
ball 

m 

^max 

2 


(g) 

(m/s) 

(m) 

Baseball 

142 

44 

1.06x10 34 

Tennis 

57 

54 

2.15x10 34 

Golf 

57 

42 

2.77 x 10~ 34 

Soccer 

250 

31 

0.855x10 34 


Examination of the table indicates that the soccer ball has the shortest 
de Broglie wavelength. 


The Particle Nature of Light: Photons 

18 • 

Picture the Problem We can find the photon energy for an electromagnetic wave of a 
given frequency/from E = A/where h is Planck’s constant. 
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(a) For/= 100 MFlz: 


( b ) For/= 900 kHz: 


E = hf 

= (6.63x10 34 J-s)(l00MHz) 
= 6.63x10 26 J 


= 6.63x10 26 Jx 


leV 

1.60x10 19 J 


4.14x10 7 eV 


E = hf 

= (6.63 xl0~ 34 J-s)(900 kHz) 
= 5.96x10 28 J 


= 5.96x10 28 


J x 


leV 

1.60x10 19 J 


3.73x10 9 eV 


19 • 

Picture the Problem The energy of a photon, in terms of its frequency, is given by E=hf. 


(a) Express the frequency of a 
photon in terms of its energy and 
evaluate / for£'= 1 eV: 


( b ) For E = 1 keV: 


(c) For E = 1 MeV: 


E _ leV 
h ~ 4.14x10 15 eV-s 

2.42x10 14 Hz 


IkeV 

4.14x10 15 eV-s 
2.42 x 10 17 Hz 


I MeV 

4.14x10 15 eV-s 
2.42 xlO 20 Hz 


*20 • 

Picture the Problem We can use E = hc/A to find the photon energy when we are given 
the wavelength of the radiation. 


he 1240eV-nm 

T 


(a) Express the photon energy as a 
function of wavelength and evaluate 
E for A = 450 nm: 


450 nm 


2.76 eV 
















Wave-Particle Duality and Quantum Physics 1091 


(b ) For A = 550 nm: 


1240eV • nm 
550 nm 


2.25 eV 


(c) For X = 650 nm: 


1240eV • nm 
650 nm 


1.91eV 


21 • 

Picture the Problem We can use E = hc/X to find the photon energy when we are given 
the wavelength of the radiation. 


(a) Express the photon energy as a 
function of wavelength and evaluate 
E for X = 0.1 nm: 



1240eV • nm 
0.1 nm 


12.4 keV 


(. b ) For X = 1 fm: 


1240eV • nm 
10 6 nm 


1.24GeV 


22 •• 

Picture the Problem We can express the density of photons in the beam as the number 
of photons per unit volume. The number of photons per unit volume is, in turn, the ratio 
of the power of the laser to the energy of the photons and the volume occupied by the 
photons emitted in one second is the product of the cross-sectional area of the beam and 
the speed at which the photons travel, i.e., the speed of light. 


Express the density of photons in 
the beam as a function of the 
number of photons emitted per 
second and the volume occupied by 
those photons: 

Relate the number of photons 
emitted per second to the power of 
the laser and the energy of the 
photons: 

Express the volume containing the 
photons emitted in one second as a 
function of the cross sectional area 
of the beam: 


P = 


N_ 

V 



PX 

he 


V = Ac 
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Substitute to obtain: 


P = 


Pa 
he 2 A 


Substitute numerical values and evaluate p\ 


P = 


(3 mW)(632 nm) 


(6.63x10 34 J -s)(3x 10 s m/s) 2 [ ^-(lmm) 2 


4.05xl0 13 m 3 


*23 • 

Picture the Problem The number of photons per unit volume is, in turn, the ratio of the 
power of the laser to the energy of the photons and the volume occupied by the photons 
emitted in one second is the product of the cross-sectional area of the beam and the speed 
at which the photons travel; i.e., the speed of light. 


Relate the number of photons 
emitted per second to the power of 
the laser and the energy of the 
photons: 

Substitute numerical values and 
evaluate N: 



Pa 

he 


(2.5mW)(l.55 /an) 


(6.63x10 34 J-s 

)(3x 10 s m/s) 

1.95xl0 16 s 1 



The Photoelectric Effect 


24 • 

Picture the Problem The threshold wavelength and frequency for emission of 
photoelectrons is related to the work function of a metal through 0 = hf t = hej A t . We 

he 

can use Einstein’s photoelectric equation K mm = - <p to find the maximum kinetic 

A 

energy of the electrons for the given wavelengths of the incident light. 


(a) Express the threshold frequency 
in terms of the work function for 
tungsten and evaluate/: 


_(f) _ 4.58eV 

h~ 4.14x10 15 eV-s 

- l.llxl 0 15 Hz 


v _ 3 x 10 s m/s 
~J~ 11 lx 10 15 Hz 


Using v =fA, express the threshold 
wavelength in terms of the threshold 


270 nm 
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frequency and evaluate /It: 

( b ) Using Einstein’s photoelectric 
equation, relate the maximum 
kinetic energy of the electrons to 
their wavelengths and evaluate K max : 


(c) Evaluate K max for 
A = 250 nm: 




1240eV - nm 
200 nm 


-4.58eV 


1.62 eV 


1240eVjm_ 

max ^ c r\ 

250 nm 


= 0.380eV 


25 • 

Picture the Problem We can use the Einstein equation for photon energy to find the 
energy of an incident photon and his photoelectric equation to relate the work function 
for potassium to the maximum energy of the photoelectrons. The threshold wavelength 
can be found from A t = hcj(f ). 


(a) Use the Einstein equation for 
photon energy to relate the energy 
of the incident photon to its 
wavelength: 

( b ) Using Einstein’s photoelectric 
equation, relate the work function 
for potassium to the maximum 
kinetic energy of the photoelectrons: 

Solve for and evaluate (j>\ 



1240eV • nm 
300 nm 


4.13eV 


K max =E-<l> 


$ = E - K max = 4.13 eV - 2.03 eV 
= 2.10eV 


(c) Proceed as in ( b ) with 
E = he/A : 


K 


max 


he 

T 


-</> 


1240eV • nm 
430 nm 


2.10eV 


0.784eV 
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( d) Express the threshold 
wavelength as a function of 
potassium’s work function and 
evaluate At - . 


. he 

4 = — 

<p 


1240eV • nm 
2.10eV 


590 nm 


26 • 

Picture the Problem We can find the work function for silver using (f) = he/A t and the 
maximum kinetic energy of the electrons using Einstein’s photoelectric equation. 


(a) Express the work function for 
silver as a function of the threshold 
wavelength: 


, he 
9 = — 


1240eV • nm 
262 nm 


4.73 eV 


(b ) Using Einstein’s photoelectric 
equation, relate the work function 
for silver to the maximum kinetic 
energy of the photoelectrons: 175 nm 

= 2.36 eV 




1240eV • nm 


-4.73eV 


27 • 

Picture the Problem We can find the threshold frequency and wavelength for cesium 
using (f) = hf t = he// l t and the maximum kinetic energy of the electrons using Einstein’s 

photoelectric equation. 


(a) Use the Einstein equation for 
photon energy to express and 
evaluate the threshold wavelength 
for cesium: 

Use v =fA to find the threshold 
frequency: 


, he 

A - — 
<P 


1240eV • nm 
1.9 eV 


653 nm 


v _ 3x 10 s m/s 
A t 653 nm 

4.59xl0 14 Hz 


( b ) Using Einstein’s photoelectric 
equation, relate the maximum 
kinetic energy of the photoelectrons 
to the wavelength of the incident 
light and evaluate K, mx for A = 250 





1240eV -nm 
250 nm 


1.90eV 


3.06 eV 


nm: 
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(c) Proceed as above with 
A = 350 nm: 


K 


1240eV -nm 
350nm 


1.90eV 


1.64 eV 


*28 •• 

Picture the Problem We can use Einstein’s photoelectric equation to find the work 
function of this surface and then apply it a second time to find the maximum kinetic 
energy of the photoelectrons when the surface is illuminated with light of wavelength 365 
nm. 


Use Einstein’s photoelectric 
equation to relate the maximum 
kinetic energy of the emitted 
electrons to their total energy and 
the work function of the surface: 

Using Einstein’s photoelectric 
equation, find the work function of 
the surface: 


Substitute for (j) and 4 and evaluate 

A nl ax ■ 


K„ 


he 

T 


-<t> 


4> = e-k^ = I j-K' 


1240eV • nm 
780 nm 
= 1.22 eV 


-0.37eV 


1240eV-nm _ 

max , , A ^ 

410nm 


= 1.80eV 


Compton Scattering 


29 • 

Picture the Problem We can calculate the shift in wavelength using the Compton 

relationship A A =-(l — cos 6). 

m e c 


The shift in wavelength is given by: 


AA = —— (l - cos 6*) 

mx 


Substitute numerical values and evaluate A A: 









1096 Chapter 34 


A/L = 


6.63 x 10~ 34 J • s f ^ - 

(9.11x 10~ 31 kgj(3x 10 8 m/s) 1 ~ cos ^° ) = li^ 


30 • 

Picture the Problem We can calculate the scattering angle using the Compton 

relationship A A =-(l — cos 0). 

m e c 


Using the Compton scattering 
equation, relate the shift in 
wavelength to the scattering angle: 


AA = —— (l-cos#) 
me 


Solve for 6 : 


6 = cos 


l_^ A /t 

h 


Substitute numerical values and evaluate 6 : 


6 = cos 


, _ (9.11X IQ- 1 ' kg)(3 x 10 s m/s) (0 33pm) 


6.63x10 J -s 


30.2° 


31 • 

Picture the Problem We can calculate the shift in wavelength using the Compton 

relationship A A =-(l — cos 0). 

m e c 


Express the wavelength of the 
incident photons in terms of the 
fractional change in wavelength: 


M = 2.3%=.A = ^- 
X 0.023 


Using the Compton scattering 
equation, relate the shift in 
wavelength to the scattering angle: 


AA = — l — (l-cos#) 
in.c 


Substitute numerical values and evaluate A: 


6.63x10 34 J-s 


A =- -t — '" —v t —— o - y(1-cos135°)= 180pm 

0.023(9.11x10 31 kg)(3xl0 8 m/s) V ; -— 
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*32 • 

Picture the Problem We can use the Einstein equation for photon energy to find the 
energy of both the incident and scattered photon and the Compton scattering equation to 
find the wavelength of the scattered photon. 

(a) Use the Einstein equation for 
photon energy to obtain: 

( b ) Express the wavelength of the 
scattered photon in terms of its pre¬ 
scattering wavelength and the shift 
in its wavelength during scattering: 


_ he 1240 eV • nm 
A x 0.071 lnm 


17.4keV 


X 2 = Ay + AA = Ay ■+—— (l - cos 6) 


me 


Substitute numerical values and evaluate A 7 


A, = 0.071 lnm+ 7 - 6 - 63 >< 10 J ' s -v(l-cosl80°) = 

(9.11x10 31 kg)(3xl0 8 m/s) V ' 


(c) Use the Einstein equation for 
photon energy to obtain: 


E = — = 


A 2 0.0760 nm 


0.0760 nm 




16.3keV 


33 • 

Picture the Problem Compton used X rays of wavelength 71.1 pm. Let the direction the 
incident photon (and the recoiling electron) is moving be the positive direction. We can 
use p = h/A to find the momentum of the incident photon and the conservation of 
momentum to find its momentum after colliding with the electron. 


Use the expression for the 
momentum of a photon to find the 
momentum of Compton’s photons: 


h _ 6.63xlCT 34 J-s 
Ay 71.1 pm 

9.32x 10 24 kg-m/s 


Using the Compton scattering A 2 = Ay + A c (l - cos 0 ) 

equation, relate the shift in 
wavelength to the scattering angle: 


Substitute numerical values and evaluate A 2 : 

A 2 =71.1pm +(2.43 x10 '~ 12 m)(l - cos 180°) = 76.0 pm 
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Apply conservation of momentum to P\ - p e — p 2 => P e - P\~ P 2 

obtain: 


Substitute for p\ and p 2 and evaluate p e : 


P e 


9.32x10 24 kg-m/s 


6.63x IQ- 34 J-s" 
76.0pm J 


1.80 x 10 23 kg • m/s 


34 •• 

Picture the Problem We can calculate the shift in wavelength using the Compton 

relationship A A =-(l — cos 0) = /l c (l - cos 0) and use conservation of energy to find 

m e c 

the kinetic energy of the scattered electron. 


(a) Use the Compton scattering 
equation to find the change in 
wavelength of the photon: 


AA = A c (l - cos 6 >) 

= ( 2 .43 x 1CT 12 m)(l - cos90°) 
= 2.43 pm 


( b ) Use conservation of energy to ^ _ h^_ _ /zc 

relate the change in the kinetic A 1 A 2 

energy of the electron to the 
energies of the incident and 
scattered photon: 

Find the wavelength of the scattered A 2 = A l + A A = 6 pm + 2.43 pm 

photon: = 8.43 pm 


Substitute and evaluate the kinetic 
energy of the electron (equal to the 
change in its energy since it was 
stationary prior to the collision with 
the photon): 



he 

X 


( 

= 1240eV-nm 

V 


1 

6 pm 


59.6keV 


1 \ 

8.43pm y 


35 •• 

Picture the Problem We can find the number of head-on collisions required to double 
the wavelength of the incident photon by dividing the required change in wavelength by 
the change in wavelength per collision. The change in wavelength per collision can be 
found using the Compton scattering equation. 
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Express the number of collisions 
required in terms of the change in 
wavelength per collision: 

Using the Compton scattering 
equation, express the wavelength 
shift per collision: 

Substitute numerical values and 
evaluate AA: 


A/l/collision 
AA = A c (l - cos 0) 


AA = (2.43 x 10 12 m)(l - cos 180°) 
= 4.86 pm 


Substitute and evaluate N: 


N 200 pm 
4.86 pm 



Electrons and Matter Waves 


36 • 


Picture the Problem From Equation 34-16 we have A = 


1.226 

4k 


nm provided K is in 


electron volts. 


(a) For K = 2.5 eV: 


0 b ) For/f = 250eV: 


(c) For = 2.5 keV: 


(d) For K = 25 keV: 


, 1.226 
A = ,- nm = 

V2A 


0.775 nm 


5 1.226 
A = , - nm = 

x/250 


0.0775 nm 


3 1-226 
A = - f=—- nm = 


x/2500 


0.0245 nm 


A = 


1.226 

V25000 


nm = 


7.75 pm 


37 • 

Picture the Problem We can use its definition to find the de Broglie wavelength of this 
electron. 
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Use its definition to express the de 
Broglie wavelength of the electron 
in terms of its momentum: 


Substitute numerical values and 
evaluate A: 


P 

h 

m e v 


6.63x10 34 J-s 


(9.11 x 10 

31 kg)(2.5 x 10 5 m/s) 

2.9 lnm 



38 • 

Picture the Problem We can find the momentum of the electron from the de Broglie 


equation and its kinetic energy from A = 


1.226 

vz 


nm, where K is in eV. 


(a) Use the de Broglie relation to 
express the momentum of the 
electron: 


h _ 6.63x 10~ 34 J-s 
A 200 nm 

3.31xl0~ 27 kg-m/s 


(b ) Use the electron wavelength 
equation to relate the electron’s 
wavelength to its kinetic energy: 


A = 


1.226 

VZ 


nm 


Solve for and evaluate K: 


K = 


1.226eV 1/2 nm V 
200 nm . 


3.76x10 5 eV 


*39 •• 

Picture the Problem The momenta of these particles can be found from their kinetic 
energies and speeds. Their de Broglie wavelengths are given by 
A = hip. 

(a) The momentum of a particle p, p = y]2mK 

in terms of its kinetic energy K, is 
given by: 


Substitute numerical values and evaluate p e : 
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^ e =V2^Z = j2(9.11xlO- 31 kg) 


150keV x 


1.6x10' A9 C^ 
eV 


2.09 x 10~ 22 N • s 


Substitute numerical values and evaluate p p : 


p„=j2^K= 2(1.67x10-” kg) 


150keV x 


1.6xlO~ 19 C^ 

eV 


8.95 x 10~ 21 N • s 


Substitute numerical values and evaluate p a : 


P a = pm a K = 2 


4ux 


1.66xl0~ 27 kg AA 
u 


150keV x 


1.6x10 19 C A 

eV 


1.79x 10~ 2 ° N • s 


( b) The de Broglie wavelengths of 
the particles are given by: 

Substitute numerical values and 
evaluate 7 l p : 


Substitute numerical values and 
evaluate 2 e : 


Substitute numerical values and 
evaluate A a : 


2 = 


h 


P 


JL 


h 


P r 

6.63x IQ 34 J-s 
8.95 x 10 21 N • s 


7.41x10 14 m 


2 . 


h 


Pc 

6.63xIQ 34 J-s 
2.09 x 10~ 22 N -s 


3.17x10 12 m 


2 _ 


h 


Pa 

6.63 xlO 34 J-s 
1.79 x 10~ 2 ° N • s 


3.70 xlO~ 14 m 
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40 • 

Picture the Problem The wavelength associated with a particle of mass m and kinetic 

1240eV-nm 

energy K is given by Equation 34-15 as A = - 


V2 


me K 


Substitute numerical data in 
Equation 34-15 to obtain: 


A = 


1240eV • nm 


A /2(940MeV)(0.02eV) 


= 0.202 nm 


41 • 

Picture the Problem The wavelength associated with a particle of mass m and kinetic 

1240eV-nm 

energy K is given by Equation 34-15 as A = ■ 


>/2 


me K 


Substitute numerical data in ^ _ 1240 eV • mn 

Equation 34-15 to obtain: ^2(938 MeV)(2 MeV) 

= 2.02x10mn 

= 20.2 fm 


*42 • 

Picture the Problem We can use its definition to calculate the de Broglie wavelength of 
this proton. 

Use its definition to express the de ^ _ J]_ _ h 

Broglie wavelength of the proton: p p m v 

Substitute numerical values and evaluate /. p : 

_ 6.63x10 34 J-s 

“ (l .67 x 10 27 kg)[o.003(3 x 10 8 m/s)] 


0.441pm 


43 • 


. 1240eV-nm 

Picture the Problem We can solve Equation 34-15 (A = - , — 

V 2 me 1 K 

energy of the proton and use the rest energy of a proton me 2 = 938 MeV 
computation. 


) for the kinetic 
to simplify our 


^ (l240eV-nm) 2 

K = - -z—z - 

2 mc 2 A" 


Solve Equation 34-15 for the kinetic 
energy of the proton: 
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(a) Substitute numerical values and 
evaluate K for A = 1 nm: 


(b ) Evaluate K for A = 1 nm: 


(l240eV • nm) 2 
~ 2(938 MeV)(lnm) 2 

= 0.820 meV 


(l240eV -nm) 2 
2(938 MeV)(lO~ 6 nm)’ 
820 MeV 


44 • 

Picture the Problem We’ll need to convert oz and mph into SI units. Then we can use its 
definition to calculate the de Broglie wavelength of the baseball. 


Use its definition to express the de 
Broglie wavelength of the baseball: 


A 


aseball 


h 


/^baseball 


h 

^baseball^baseball 


Substitute numerical values and evaluate X\ 


baseball • 


6.63 xlO -34 J-s 


K 


aseball 


lib 1kg 

5 oz x-x 


16 oz 2.201b 


. 0.447 — ^ 

95 —x-. s 

h mi 

v h ) 


= l.lOxlO -34 m 


For the tennis ball: 




tennis ball 


/^tennis 


is ball 


Substitute numerical values and evaluate 2, ( 


:ennis ball* 


6.63x10 34 J-s 


k 


= 2.01x10 34 m 


tennis balll 


^ lib 1kg ^ 

2 oz x-x- 

16oz 2.201b j 


. 0.447—^ 

130 —x_^ 

h mi 


v 


y 


The tennis ball has the longer de Broglie wavelength. 
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Remarks: Because A = hip, we could have solved the problem by determining which 
ball has the smaller momentum. 


45 • 

Picture the Problem If K is in electron volts, the wavelength of a particle is given 

1 22(5 

by A, = — nm provided K is in eV. 


Evaluate A for K = 54 eV: 


„ 1.226 1.226 
A = —nm = —nm = 


vz 


V54 


0.167 nm 


46 • 


Picture the Problem We can use A = 

electrons whose wavelength is/.. 

Relate the wavelength of the 
electrons to their kinetic energy: 

Solve for K: 


1.226 

4k 


nm, where K is in eV, to find the energy of 


3 1-226 
A = — 1 =- nm 

4k 


K = 


1.226 nm • eV 

T 


1/2 A 


Substitute numerical values and 
evaluate K: 


K = 


" 1.226 nm • eV 1/2 V 
0.257 nm , 


22.8 eV 


*47 • 


Picture the Problem We can use A = 


1.226 

Jk 


nm, where K is in eV, to find the 


wavelength of70-keV electrons. 


Relate the wavelength of the 
electrons to their kinetic energy: 


A = 


1.23 

VF 


nm 


Substitute numerical values and 
evaluate A: 


A = 


1.226 


■yJlOxlO 3 eV 


nm = 


4.63 pm 


48 • 

Picture the Problem We can use its definition to calculate the de Broglie wavelength of 
a neutron with speed 10 6 m/s. 
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Use its definition to express the de 
Broglie wavelength of the neutron: 


h _ h 

Pn l}l n V n 


Substitute numerical values and evaluate 


/L 


6.63x IQ" 34 J-s 
(1.67x10 27 kg)(l0 6 m/s) 


0.397 pm 


Wave-Particle Duality 


49 • 

Picture the Problem In order for diffraction to occur, the diameter of the aperture d must 
be approximately equal to the de Broglie wavelength of the spherical object. We can use 
the de Broglie relationship to find the size of the aperture necessary for this object to 
show diffraction. 


Express the de Broglie wavelength 
of the spherical object: 


A 


'object 


P obje 


^ obj ect ^obj ect 


Substitute numerical values and 
evaluate /Uject: 


6.63xl0~ 34 J-s 
object (4 x 10 3 kg)(l 00 m/s) 


= 1.66x10 33 m 

This is many orders of magnitude smaller than even the diameter of a proton 
and so no common objects would be able to squeeze through such an aperture. 


50 • 

Picture the Problem In order for diffraction to occur, the size of the object must be 

„ , , , . . , . 1240eV-nm 

approximately A. The wavelength of the neutron is given by A =- , — . The rest 


4lmcK 


energy of the neutron is me = 940 MeV. 


Substitute numerical values and 
evaluate A: 


1240eV • nm 
^2(940 MeV) (l 0 MeV) 
= 9.04x1 O’ 6 nm 


10 fm 


This wavelength is of the same order - of - magnitude as a nuclear diameter 
and so nuclei would be suitable targets to demonstrate the wave nature of 
neutrons with this energy. 
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51 • 

1.226 

Picture the Problem We can use A = — ^nm , where K is in eV, to find the 

ylK 

wavelength of 200-eV electrons. In order for diffraction to occur, the size of the target 
must be approximately A. 


Relate the wavelength of the 
electrons to their kinetic energy: 


/l 


1.226 

VZ 


nm 


Substitute numerical values and 
evaluate A: 


A 


1.226 

7 nm = 

yjlOOeV 


0.0867 nm 


This distance is of the order of the size of an atom and so atoms would be 
suitable targets to demonstrate the wave nature of electrons with this energy. 


A Particle in a Box 


*52 


nm 


Picture the Problem The wave function for state n is i u (x) = J— sin 

Y n \ ) y\ L L 


. The 


following graphs were plotted using a spreadsheet program. The graph of yAx) for 
n = 1 is shown below: 






















The graph of i//\x) fo: 


1.0 i 


0.8 - 

g 

* cn 

g 0.6 - 

-a 

-9 

g 0.4 - 
o 
Clh 

0.2 - 


o.o 4 

0 .' 


The graph of i/Ax) for 
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The graph of y/ 2 (x) for n = 3 is shown below: 



x/L 


53 •• 


Picture the Problem We can find the ground-state energy using E x = 
energies of the excited states using E n = n 2 E x . The wavelength of the 


-r- and the 

8 ml} 

electromagnetic 


radiation emitted when the proton transitions from one state to another is given by the 

he 

Einstein equation for photon energy (E = —). 


(a) Express the ground-state energy: 


E x = 


h 2 

8 m p L 2 


Substitute numerical values and evaluate E\. 


, (6.63 xlQ~ 34 J-s) 2 _ leV 

8(l.67xl0 27 kg)(l0 15 m) 2 1.6x10 19 J 


206 MeV 


Find the energies of the first two 
excited states: 


E 2 =2 2 E x = 4(206 MeV) = 
and 

E, =3 2 E x = 9(206 MeV) = 


824 MeV 


1.85 GeV 
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The energy-level diagram for this E / E iA n 

system is shown to the right: „_ s 


(b ) Relate the wavelength of the 
electromagnetic radiation emitted 
during a proton transition to the 
energy released in the transition: 


16 - 

9 - 

4 - 
l - 

o J 


A E 

1240eV • nm 


A E 


4 

3 

2 

1 


For the n = 2 to n = 1 transition: 


AE = E 2 -E l = 4 E x -E x = 3 E l 


Substitute numerical values and 
evaluate T 2 ->i: 


1240 eV • nm 1240 eV • nm 
1 E 1 “ 3(206 MeV) 

2.0 lfm 


(c) For the n = 3 to n = 2 transition: 

Substitute numerical values and 
evaluate 2 3 ^, 2 : 

(d) For the n = 3 to n = 1 transition: 


A E = E,-E 2 =9E l -4E l =5 E x 

1240eV-nm 1240eV-nm 

3 ^ 2 _ 5^ ~ 5(206 MeV) 

= 1.20 fin 


AE = E,-E, = 9 E x -E x =8 E x 


Substitute numerical values and 
evaluate 2 3 ^i : 


1240 eV • nm 1240 eV • nm 
8 E x ~ 8(206 MeV) 

0.752 fm 


54 


h 2 


Picture the Problem We can find the ground-state energy using E\ =-- and the 

8 mE 

energies of the excited states using E n = n 1 E ] . The wavelength of the electromagnetic 
radiation emitted when the proton transitions from one state to another is given by the 
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Einstein equation for photon energy (E = 


he 


)• 


(a) Express the ground-state energy: h 1 

E, = -r- 

8 m p L 2 


Substitute numerical values and evaluate E p 


(6.63x10 34 J-sT 

leV 



1 ~ 8(l .67 x 10 27 kg)(0.2mn 

) 2 1.60x10 19 J ~ 

5.14meV 

- 

Find the energies of the first two 

E 2 =2 2 E { =4(5.14meV) = 

20.6 meV 

excited states: 

and 




E 2 = 3 2 E l =9(5.14meV) = 

46.3 me V 

(. b) Relate the wavelength of the 




electromagnetic radiation emitted 

AE 




during a proton transition to the _ 1240 eV • nm 

energy released in the transition: A E 


For the n = 2 to n = 1 transition: 


A E = E 2 - E i = 4 E x -E l = 3E X 


Substitute numerical values and 
evaluate A 2 ^.\: 


1240 eV • nm 1240 eV • nm 
3 Ey ~ 3(5.14meV) 

80.4 /an 


(c) For the n = 3 to n = 2 transition: 

Substitute numerical values and 
evaluate A 2 ^ 2 - 

(, d) For the n = 3 to n = 1 transition: 

Substitute numerical values and 
evaluate : 


AE = E 2 -E 2 = 9 E x -4 E x = 5 E x 

1240 eV • nm 1240 eV • nm 
3 " 2 ~ 5 ~E X ~ 5(5.14 meV) 

= 48.2 /an 


AE = E 2 - E l = 9 E x -E x = 8^ 

1240 eV • nm 1240 eV • nm 
_ %E X ~ 8(5.14meV) 

= 30.2 /an 
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Calculating Probabilities and Expectation Values 


55 •• 

Picture the Problem The probability of finding the particle in some range Ax is y/dx. 
The interval Ax = 0.002Z, is so small that we can neglect the variation in t/Ax) and just 
compute y? Ax. 


Express the probability of finding 
the particle in the interval Ax: 

Express the wave function for a 
particle in the ground state: 

Substitute to obtain: 


(a) Evaluate P at x = L! 2: 


(b) Evaluate P at x = 2L/3: 


(c) Evaluate P at x = L: 


P = P(jc) Ax = y/ 2 {x) Ax 



2 7lL . 2 


P = 0.004 sin z -— = 0.004 sin 

2 L 2 


0.004 


P = 0.004 sin 2 — = 0.004 sin 2 — 
3 L 3 


0.003 


P = 0.004 sin 2 — = 0.004 sin 2 n 
L 


0 


*56 •• 

Picture the Problem The probability of finding the particle in some range Ax is y/ 2 dx. 
The interval Ax = 0.002L is so small that we can neglect the variation in yAx) and just 
compute y/ 2 txx. 


Express the probability of finding 
the particle in the interval Ax: 


P = P(x) Ax = y/ 2 (x)Ax 
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Express the wave function for a 
particle in its first excited state: 

Substitute to obtain: 


(a) Evaluate P at x = L! 2: 


( b ) Evaluate P at x = 2 LI3: 


(c) Evaluate P at x = L: 


I \ 2 . 2m 

w)=^- sin — 


2.2 2 7VC 

P = — sin -Ax 

L L 


sin" 


2m 


V 


L 

= 0.004 sin 


L j 

2 2 TDC 

L 


(0.002Z) 


2 2 7lL 


P = 0.004sin" —— = 0.004sin 2 n 
2 L 


= 0 


2 4 7iL . 2 An 


P = 0.004 sin -= 0.004 sin" — 

3 L 3 


= 0.003 


2 2nL 


P = 0.004sin 2 —— = 0.004sin 2 2 n 
L 


= 0 


57 •• 

Picture the Problem We’ll use (/ W) = J /(x)^' 2 (x)t/xwith^ r ;i (x) = 



(a) Express yAx) for the n = 2 state: 



2m 

L 


Express (x^ using the n = 2 wave 
function: 



2m 

L 


dx 


Change variables by 

, . . 2m _ 

lettmg 6 =-. Then: 

L 


X = ——0, 

2 n 

dO - — dx, and 
L 

dx = ~^d6 
2 n 


and the limits on 6? are 0 and 2 n. 
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Substitute to obtain: 



"N 

d6 


L 

2k 2 


2 71 

J<9sin 2 Odd 

o 


Using a table of integrals, evaluate 

( x \- L 

O 2 

6 sin 20 

cos 26 

the integral: 

' 2 tv 2 

4 

4 



8 


L 

~ 2n 2 

n 2 

1 f 

- 1 - 

8 8_ 

= 

L 

~2 



2 n 


( b ) Express (x 2 ^ using the n = 2 
wave function: 



r2x 2 


L 


. 2 2tdc . 

sin - dx 

L 


Change variables as in (a) and 
substitute to obtain: 




Using a table of integrals, evaluate the integral: 


L 2 

'e 2 

r e 2 

n 

sin 26 - 

6cos26 

lK 1 

L 2 

4;r 3 n 

4 n 2 

6 


sj 

4 

4 7T 3 

0 

3 2 


f\ 1 > 




— 

0.321 L 2 

U 8 n 2 ) 




58 •• 


Picture the Problem We’ll use 


(f( x )) = \f( x )v' 2 ( x ) dx With ¥n(x) = 



In Part (c) we’ll use P{x) = y/ 2 (x) to determine the probability of finding the particle in 
some small region dx centered at x = VtL. 


(a) Express the wave function for a 
particle in its first excited state: 



. 2m 

sin- 

L 


Square both sides of the equation to 
obtain: 



2 . 9 2tix 

— sin - 

L L 
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The graph of y/\x) as a function of 
x is shown to the right: 


(. b) Express {x) using the n = 2 
wave function: 

Change variables by 

, . _ 2m m 

letting 6 =-. Then: 


Substitute to obtain: 


Using a table of integrals, evaluate 
the integral: 


(c) Express P(x)\ 


Evaluate P(L/ 2): 



x = —0, 

3 n 

dO = — dx, and 
L 

dx = —d6 
3 n 

and the limits on 0 arc 0 and In. 


= -\\—e 

l{ yin ) 


L . , J L ' 


L 

In 1 


sin e\ 


—dd 
\2n j 


^0 sin 2 6d6 


o 


L 


x = 


In 2 

L 


0 1 0 sin 26 cos 2 6 

~4 4 8 


2n 


In 2 
P(x) = y/;{x) 


2 1 1 

n - 
8 8 



L 


~2 


2 . 9 2 7ix . 

= —sin - dx 

L L 






2 . 2 2 n L 

= — sin- 

L L 2 

2 . 2 n 
= — sin n = 0 
L 


f-1 


dx = 



Because P(L/ 2) = 0: 
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The answers to Parts ( b ) and (c) are not contradictory. ( b ) states that the 
average value of measurements of the position of the particle will yield 
LI 2, even though the probability that any one measurement of position 
will yield L/2 is zero. 


59 •• 

Picture the Problem We can find the constants by applying the normalization 

00 

condition J i//~(x)dx = 1 and finding the value for A that satisfies this condition. As soon 

—oo 

as we have found the normalization constant, we can calculate the probability of the 

a 

finding the particle in the region -a<x< a using P = J y/ 2 {x)dx. 

—a 


(a) Express the normalization condition: 


oo 

J i// 2 (x)dx = 1 

—oo 


Substitute y/{x) = Ae 


00 / °° 

j\Ae dx = 2A 2 ^e~ 2 ^ a dx 

-oo 0 


From integral tables: 


J e °*dx 

o 


a 


Therefore: 


2A 2 j e~ 2xla dx = 2 A 2 
0 






= aA 2 = 1 


Solve for A: 



(b ) Express the normalized wave 
function: 


v{x) = 

da 


The probability of finding the 
particle in the region -a<x< a is: 


P = 


J i// 1 (x)dx = 2j 

-a 0 


-e~ 2x/a dx 

a 


2 fe~ 2x/a dx = \-e- 2 

n J 


0.865 
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60 •• 

Picture the Problem The probability density for the particle in its ground state is given 
b yP{x) = — sin —j^x ■ We’ll evaluate the integral of P(x) between the limits specified in 

(a), ( b ), and (c). 

Express P(x) for 0 < x < d: , \ 2 r . 2 it , 

P{x) = — J sin — xdx 


L 


Change variables by 


n 


letting# = — x . Then: 
L 


X = —0, 
n 

d6 = — dx, and 
L 

dx = —dd 

7t 


the interval 0 < x < ViL\ 


Substitute to obtain: 

F(x) 

2 

7 

p 


(T. 






sin 

2 e 

—dO 





0 



7 





2 

9 

f sin 

2 odd 






n 

0 






Using a table of integrals, evaluate 

P(x) 

2 

~e 

sin 26 

& 



9' 






( 1 ) 

Jsin 2 Odd : 

0 

n 

_2 


4 

0 



(a) Noting that the limits on #are 0 


2 

~e 

sin 29 

K ' 2 2 

n 

and n/2, evaluate equation (1) over 

P{x) 

n 

_2 


4 

0 

n 

~4 


= 0.500 


(b ) Noting that the limits on #are 0 
and nil. Evaluate equation (1) over 
the interval 0 < x < L! 3: 


d*)=- 


6 sin 26 

2 


2 
n 
2 _ 
n 

\_ 

3 An 


n /3 


6 

V3 



4 

0 

sin 2 tt/3 


4 

- 

= 

0.196 
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(c) Noting that the limits on 6? are 0 
and 3^/4, Evaluate equation (1) over 
the interval 0 < x < 3L/4: 


P(x) 


2 

0 sin 2 6 

3tt/4 

n 

_2 

4 

0 

2 

3 7t sin 6^/4 

Jt 

_ 8 

4 


3 

1 





0.909 


4 2 jt 


61 •• 

Picture the Problem The probability density for the particle in its first excited state 
/ \ 2. 2 2tt 

given by Pyx) = —sin — x . We’ll evaluate the integral of P(x) between the limits 

L L 

specified in (a), (b), and (c). 


Express P(x) for 0 < x < d: 


Change variables by 
letting# = -^-x. Then: 


Substitute to obtain: 


Using a table of integrals, evaluate 

6 ' 

Jsin 2 Odd : 

o 



P(x) 


e_ 

2 


sin 26 
4 


( 1 ) 


P(x) 


1 

6 sin 2 6 

1 

n 

n 

_2 4 

o n 

_ 2 _ 


(a) Noting that the limits on #are 0 
and 7t, evaluate equation (1) over the 
interval 0 < x < ViL: 


0.500 
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( b ) Noting that the limits on 6^ arc 0 
and 2 tt/ 3, evaluate equation (1) over 
the interval 0 < x < L/3: 


P(x) 


1 

6 sin 20 

In ft 

n 

_2 4 


0 

1 

2 n sin4;r/3 

n 

_ 6 

4 


1 

V3/2 




v ' - 

0.402 


3 4 n 


(c) Noting that the limits on 0are 0 

F(x) = 

1 

r o 

sin 2 6 

in ft 

1 

3 n 

and 3 nil, evaluate equation (1) over 

n 

2 

4 

o 

n 

4 

the interval 0 < x < 3Z/4: 









= 

0.750 






62 •• 

Picture the Problem Classically, (x'j 
Evaluate (x)withP(x) = ML. 

Evaluate ^x 2 ^ with P(x) = 1 !L\ 


J xP(x)dx and ) = J x 2 P{x)dx. 


f -dx = 

r 2 

X 

L 

L 


2 L 

0 

2 


L 2 

f X j 

r v 3 1 

L 

T 2 

— dx = 


= 


J J 

0 ^ 

3 Z 

0 

3 
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Picture the Problem We’ll use 


/M) = J f{x)yr{x)dx with i//„(x) = 


show that {x^j 


| and (x 2 ) 


Z 2 _ L 2 
T ~ 2n 2 n 2 ' 



to 


(a) Express (x) for a particle in the , . \ 2x xHTDC 

(x)=|—sin" - dx 

«th state: (l L L 


Change variables by 

, . „ T17DC m 

letting 6 =-. Then: 


x 


Z 


e. 


nn 


d0=™ 

L 

dx = 


dx, and 
dO 


nn 


and the limits on 0 arc 0 and nn. 
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Substitute to obtain: 


2 _ 

L 


J f— o'' 

sin 2 # 

{—dd 

0 \nx j 


ynn J 


2 L 

2 2 

n n 


nn, 

J#sin 2 Odd 


Using a table of integrals, evaluate the integral: 


2 L 

~ o 2 

6 sin 26 cos 2 6 

fl7T 



2 2 

n n 

4 

4 8 

0 



2 L 

r 2 2 
n n 

n7rsin2nn cos 2 nn t 1 

2 L 

\n n 2 1 , l] 

2 2 

n n 

4 

4 

00 

OO 1 

il_ 

~ 2 2 

n n 

00 I 

00 I 


L 

~2 


Express (x 1 j for a particle in the 
«th state: 



nnx 

L 


dx 


Change variables by 

, . „ Y171X m 

letting 6 =-. Then: 


Substitute to obtain: 



nn 

dO = *—dx, and 
L 

dx = d6 
nn 

and the limits on 0 arc 0 and nn. 


x ‘ 


2 _ 

L 

2 L 


n U L ^ 

2 

( L ^ 

\\—0 

sin 2 <9 

—de 

0 \nn j 


ynn ) 


2 n7r 


3 3 

n n 


J 6 1 sin 2 6dO 


Using a table of integrals, evaluate the integral: 


21} 

" 6 2 

r o 2 

n 

sin 20 - 

0zo%29 

nx 

2 L 2 

r 3 3 

n n 

nn 

n n 2 

6 

14 

| OO 

4 

~ 3 3 

n n 

0 

6 

~~4 


L 2 

L 2 

T 

2 n 2 n 2 
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For large values of n, the result agrees with the classical value o f L 2 / 3 
given in Problem 62. 


*64 •• 

L 1} 1} 

Picture the Problem From Problem 63 we have lx) = — and ( x 2 ) = - ; —-. A 

W 2 ' / 3 2 

spreadsheet program was used to plot the following graphs of <x> and <x> as a function 
of n. 


0.55 

0.50 

0.45 

0.40 

0.35 

0.30 

0.25 

1 10 19 28 37 46 55 64 73 82 91 100 

n 



As n —» oo, 



Zf 

3 


65 


Picture the Problem For the ground state, n = 1 and so we’ll evaluate 
f{x)) = \f{x)y/ 2 {x)dx using y/ x (x)- 


12 7a 

cos—. 
L L 


for all values of n. 

of x, x\ffl (x) is an odd function of 
x. It follows that the integral of 
xy/\(x) between -LI 2 and LI 2 is 
zero. Thus: 


Because y/[\x)\s an even function 


x) = 
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Express (x ): 


o L I 2 

i\ ^ f 2 2 n , 

JC > = — I x cos —xax 

L - 1/2 ^ 


2ZX 


Change variables by letting 9 = —. 

L 

Then: 


x = — 9, 
n 


d6 = —dx, and 
L 

dx = — d9 
n 

and the limits on $ arc -n !2 and rd2. 


Substitute to obtain: 


T 1 n j 


\ 2 f L \ 


L 


cos 0 


-71 12 


-dO 

\n 


2 L 


n 


2 s '/ 2 


[ 6 1 cos 2 0 dQ 

-7C/2 


Use a trigonometric identity to 
rewrite the integrand: 


2 L 


2 »"/ 2 


X = 


7T 3 

2 L 2 


16* 2 (l - sin 2 6)dd 


.3 


n 


-71 12 


nf2 

71 f 2 

f 9 2 d9- 

[ 9 2 sin 2 9d9 

_-7tj2 

-s/2 


Evaluate the second integral by looking it up in the tables: 


x 2 > = ■ 


2L 2 

9 3 1 

\9 3 

' 9 2 

r 

n 3 

3 ] 

l 6 

U ' 

"sj 


sin2$- 


6cos26 


2 L 2 


n 3 

21 } 


6 


3 

V 4 _ 8y 


sin2# + 


#cos2<9 


4 

njl 

-71 jl 


Trjl 


-Tljl 


3 


K 


n 

48 


V_1 

V 16 8y 


sin n + - 


;rcos;r 


.3 


n 

H-b 

48 


^2 1 

n 1 

T6 8 


sin n + - 


8 

TTCOSTT 


8 


2L 2 

n 3 n 


-.-9 

' 1 1 

n 3 

24 ~4 j 

— 

Zr 

12 2;r 2 J 
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Remarks: The result differs from that of Example 34-8. Since we have shifted the 
origin by Ax = LI 2, we could have arrived at the above result, without performing 
the integration, by subtracting (Ax) 2 = L 1 ! 4 from (x 2 ^ as given in Example 34-8. 


66 •• 

Picture the Problem For the first excited state, n = 2, and so we’ll evaluate 

(/(*)) = J/(*V 2 M^ usin § Vi(x) = 



Since y/ 2 {x)is an even function of 
x, x y/1 (x) is an odd function of x. It 
follows that the integral of x y/\ (x) 
between -LI 2 and LI 2 is zero. Thus: 

Express ^x 2 ^: 


Change variables by letting 

9 = — . Then: 

L 


Substitute to obtain: 





d6 = — dx, and 


dx = ~^—d9 
2 n 

and the limits on 6? are -n and n. 


2 r 

' L ^ 

2 

( L ,3 

- \ 

— 9 

sin 2 9 

— d9 

L J 

—71 

K 2n ) 


\2n ) 


-^-r \e 2 sin 2 6 d6 
4n 2 J 


—K 
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Evaluate the integral by looking it up in the tables: 


r- 


X = 


4tt 2 

L 2 


4 n 


(P_ 

6 

n 2 

~6 


f e^_i 

4 8 


A 


sin 20 — 


f _2 
n 


sin 2 n - 


6 cos26* 
4~ 

;rcos2;z‘ 


.3 


n 

+- 

6 


( _ 2 

n 


v 


sin2;r- 


4 

^cos2^- 


u- 


4 n 


_3 3 

n n n n 

~6 ~4 ~6 ~4 


Ir 

n 3 7t 



r i i 

4;r 3 

T ~2_ 


L 

12 8;r 2 J 


Remarks: The result differs from that of Example 34-8. Since we have shifted the 
origin by Ax = LI 2, we could have arrived at the above result, without performing 
the integration, by subtracting (Ax) 2 = L 2 I4 from (x 1 ^ as given in Example 34-8. 

General Problems 


*67 • 

Picture the Problem We can use the Einstein equation for photon energy to find the 
energy of each photon in the beam. The intensity of the energy incident on the surface is 
the ratio of the power delivered by the beam to its delivery time. Hence, we can express 
the energy incident on the surface in terms of the intensity of the beam. 


(a) Use the Einstein equation for 
photon energy to express the energy 
of each photon in the beam: 
Substitute numerical values and 
evaluate £p hoton : 


E 


photon 


= hf = 


he 

T 


E 


photon 


1240eV • nm 
400 nm 


3.10eV 


( b ) Relate the energy incident on a 
surface of area A to the intensity of 
the beam: 


E = I A At 





























Substitute numerical values and 
evaluate E : 
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£ = (l00W/m 2 )(l0^m 2 )(ls) 

leV 


= 0.01 Jx 


1.60 xl(T 19 J 


6.25 x 10 16 eV 


(c) Express the number of photons 
striking this area in 1 s as the ratio 
of the total energy incident on the 
surface to the energy delivered by 
each photon: 


E 6.25 x IQ 16 ev 
photon " 3.10eV 

2.02 xlO 16 


68 


h 2 


Picture the Problem The particle’s nth-state energy is E n = n --. We can find n by 

8 /;//. 

solving this equation for n and substituting the particle’s kinetic energy fori?,,. 


Express the energy of the particle 
when it is in its nth state: 


2 


= n 


h 2 

8 mis 


Solve for n: 


L 

n = — 
h 




Express the energy (kinetic) of the 
particle: 

Substitute to obtain: 


Substitute numerical values and 
evaluate n: 


J—r 1 2 

E „ = 2 mv 


n = 


2m vL 


n = 


2(l0~ 9 kg)(l0~ 3 m/s)(l0 -2 m) 
6.63xl0 -34 J-s 


= 3.02x10 


19 


3x10 


19 


69 • 

Picture the Problem We can use the fact that the uncertainties are given by 
A xiL = 0.01 percent and A p/p = 0.01 percent to find Ax and A p. 

Ax = 10^(l) = 10 4 (l0 2 m 


)= 1.00//m 


(a) Assuming that Ax/L = 0.01 
percent, find Ax: 
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Assuming that A p/p = 0.01 percent, 
find A p: 


A p = 10 4 mv = 10 4 (l0 9 kg)(l0 3 m/s) 
= 10 16 kg-m/s 


( b ) Evaluate (AxAp)/ fi : 


AxAp _ (l //m)(l 0 16 kg • m/s) 
h 1.054x10 34 

= 0.949 xlO 12 


70 • 

Picture the Problem We can estimate the number of emitted photons from the ratio of 
the total energy in the flash to the energy of a single photon. 

Letting N be the number of emitted 
photons, express the ratio of the 
total energy in the flash to the 
energy of a single photon: 

Relate the energy in the flash to the E = PAt 

power produced: 

Express the energy of a single ^ 

photon as a function of its phot ° n X 

wavelength: 

Substitute to obtain: ^ _ PAtX 

he 

Substitute numerical values and evaluate _ (Sx 1(C w)(l0 12 s)(400x 1 0 m) 

N: (6.63x10 34 J-s)(3xl0 8 m/s) 

= l.OlxlO 22 


N = - 


"'photon 


71 • 

, 1.23 

Picture the Problem We can use the electron wavelength equation X = .— nm, where 

V K 


K is in eV to find the minimum energy required to see an atom. 


Relate the energy of the electron to 
the size of an atom (the wavelength 
of the electron): 


X = 


1.23 

4k 


nm 


provided K is in eV. 
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Solve for K : 


Substitute numerical values and 
evaluate K: 


_ (l.23eV 1/2 -nm) 2 

A 2 


_ (l.23eV 1/2 - nm) 2 
(0.1 nm) 2 


151eV 


72 • 

Picture the Problem The flea’s de Broglie wavelength is A = h/p, where p is the flea’s 
momentum immediately after takeoff. We can use a constant acceleration equation to 
find the flea’s speed and, hence, momentum immediately after takeoff. 


Express the de Broglie wavelength 
of the flea immediately after 
takeoff: 


h___h_ 
p m\\ 


Using a constant acceleration 
equation, express the height the flea 
can jump as a function of its takeoff 
speed: 

Substitute to obtain: 


Substitute numerical values and 
evaluate A: 


v 2 = vj + 2aAy 

or, since v = 0 and a = -g, 

= V 2 g4v 


A = 


h 

m-JigAy 


_6.63xlCT 34 J-s_ 

(8 x 1 O' 6 kg) A /2(9.81 m/s 2 )(0.2 m) 

4.18x10 29 m 


*73 •• 

Picture the Problem We can relate the fraction of the photons entering the eye to ratio of 
the area of the pupil to the area of a sphere of radius R. We can find the number of 
photons emitted by the source from the rate at which it emits and the energy of each 
photon which we can find using the Einstein equation. 


Letting r be the radius of the pupil, 

N A 

entering eye eye 

Altering eye the number of photons per 

^emitted 

second entering the eye, and Admitted 

7ir 2 

the number of photons emitted by 

~ AkR 2 

the source per second, express the 

2 

fraction of the light energy entering 

<N 

II 

the eye at a distance R from the 
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source: 

Solve for R to obtain: 


R = L 


N. 


emitted 


2\N, 


entering eye 


(i) 


Find the number of photons emitted 
by the source per second: 


N. 


emitted 


''photon 


Using the Einstein equation, express ^ _ he 

the energy of the photons: phot ° n X 


Substitute numerical values and 
evaluate E photon : 


''photon 


1240eV-mn = 2()7eV 
600 nm 


Substitute and evaluate Admitted: », __ 100 W _ 

emitted ~ (2.07cV)(l.60x10 19 J/cV) 

= 3.02xl0 20 s 1 


Substitute for Admitted in equation (1) 
and evaluated: 


_ 3.5mm l 3.02x 10 2Q s~ T 
~ 2 \ 20s^ 


6.80 x 10 3 km 


74 •• 

Picture the Problem The intensity of the light such that one photon per second passes 
through the pupil is the ratio of the energy of one photon to the product of the area of the 
pupil and time interval during which the photon passes through the pupil. We’ll use the 
Einstein equation to express the energy of the photon. 


Use its definition to relate the P C lphol(in 

intensity of the light to the energy of 1 ph ° ton A A At 

a 600-nm photon: 

Using the Einstein equation, express ^ _ hc_ 

the energy of a 600-nm photon: i photon ^ 


Substitute for E\ ph oton to obtain: 


/ 


1 photon 


he 

AAAt 
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Substitute numerical values and evaluate E photon: 


(l240eV-nm)(l.602xl0 19 

J/eV) 

(600 nm) 

-(5xl0~ 3 m) 2 
|_4 V ’ _ 

(is) 


1.69x10 14 W/m 2 


75 •• 

Picture the Problem We can find the intensity at a distance of 1.5 m directly from its 
definition. The number of photons striking the surface each second can be found from the 
ratio of the energy incident on the surface to the energy of a 
650-nm photon. 


(a) Use its definition to express the 
intensity of the light as a function of 
distance from the light bulb: 

Substitute numerical data to obtain: 


(b) Express the number of photons 
per second that strike the surface as 
the ratio of the energy incident on 
the surface to the energy of a 650- 
nm photon: 

Use the Einstein equation to express 
the energy of the 650-nm photons: 

Substitute to obtain: 


Substitute numerical values and 
evaluate N: 



P 

4 kR 2 


90 W 
47r(l.5m) 2 


3.18 W/m 2 


N = - 


IA 


"'photon 


where A is the area of the surface. 


E 


he 

T 


N = 


I A A, 
he 


( 3 .18 W/m 2 )(l 0 4 m 2 )(650 nm) 
~ (1240eV • nm)(l.60 x 10 19 J/eV) 

= 1.04xl0 15 


76 •• 

Picture the Problem The maximum kinetic energy of the photoelectrons is related to the 
frequency of the incident photons and the work function of the cathode material through 
the Einstein equation. We can apply this equation to the two sets of data and solve the 
resulting equations simultaneously for the work function. 
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Using the Einstein equation, relate 
the maximum kinetic energy of the 
emitted electrons to the frequency of 
the incident photons and the work 
function of the cathode material: 

Substitute numerical data for the 
light of wavelength A,: 


^rnax = ¥ ~ <!> 

he . 
=- <p 

A 


1.8eV =- 6 


Substitute numerical data for the 
light of wavelength A\!2\ 


5.5 eV 


he , 2 he 

- 0 =- 

4/2 4 


<P 


Solve these equations 
simultaneously for (f) to obtain: 


(j) = 


1.90 eV 


77 •• 

Picture the Problem We can use the Einstein equation to express the energy of the 
scattered photon in terms of its wavelength and the Compton scattering equation to relate 
this wavelength to the scattering angle and the pre-scattering wavelength. 


Express the energy of the scattered 
photon E as a function of their 
wavelength A'\ 

Express the wavelength of the 
scattered photon as a function of the 
scattering angle 6 : 



A' 


A ' = —— (l - cos 0) + A 
m e c 

where A is the wavelength of the incident 
photon. 


he 

—— (l - cos 0) + A 
m e c 

he 

y 

—%-{\-cosO)+\ 
m e c A 

E 

—, (l-cos6 l ) + l 


Substitute and simplify to obtain: 


E' = 
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78 •• 

Picture the Problem While we can work with either of the transitions described in the 
problem statement, we’ll use the first transition in which radiation of wavelength 114.8 
nm is emitted. We can express the energy released in the transition in terms of the 
difference between the energies in the two states and solve the resulting equation for n. 


Express the energy of the emitted 
radiation as the particle goes from 
the «th to n - 1 state: 

Express the energy of the particle in 
«th state: 

Express the energy of the particle in 
the n — 1 state: 

Substitute and simplify to obtain: 


Solve for n: 


A E = E„-E, 


E n = n% 


AE = n 2 E l -(n-l) 2 E l 

he 1 

n =-h — 

2 AE X 2 


Substitute numerical values and evaluate n: 


1240eV-nm 1 

2(1 14.8nm)(l.2cV) 2 


*79 •• 

Picture the Problem We can use the expression for the energy of a particle in a well to 

find the energy of the most energetic electron in the uranium atom. 

Relate the energy of an electron in J h 2 N 

E — H - 

the uranium atom to its quantum " 8mL 2 

number n: 


Substitute numerical values and evaluate E 92 '- 


E 92 = (92) : 


(6.63x10 34 J-s) 2 leV 

8(9.11 x 10 31 kg)(0.05 nm) 2 X 1.6 x 10 19 J 


1.28MeV 


The rest energy of an electron is: 
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m e c 2 


(9.11x10 31 kg)(3x!0 8 m/s) 3 


leV 


1.6x10 19 J 


0.512MeV 


Express the ratio of to m c c 2 : 


E 92 _ 1.28MeV _ 25Q 
m e c 2 0.512MeV 


The energy of the most energetic electron is approximately 2.5 times the 
rest - mass energy of an electron. 


80 •• 

Picture the Problem We can express the kinetic energy of an electron in the beam in 
terms of its momentum. We can use the de Broglie relationship to relate the electron’s 
momentum to its wavelength and use the condition for constructive interference to find X. 



Express the kinetic energy of an p 2 

electron in terms of its momentum: 2m 


Using the de Broglie relationship, _ h_ 

relate the momentum of an electron A 

to its momentum: 


Substitute for p in equation (1) to 
obtain: 


K = 


h 2 

2 mA 2 


( 2 ) 


The condition for constructive 
interference is: 


d sin 0 = nX 

where d is the slit separation and 
n = 0, 1,2, ... 


Solve for X: 


X = 


d sin# 
n 


sin 6 ~ 


Ay 

L 


For 6« 1, sin 6 is also given by: 
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Substitute for sin 9 to obtain: 


, _ dAy 

nL 


Substitute for A in equation (2) to 
obtain: 


K = 


n 2 L 2 h 2 
2md 2 (Ayf 


Substitute numerical values (n= \) and evaluate K: 


K = 


(l) 2 (l ,5 m) 2 (6.63 xl(T 34 J-s) 2 leV 

2(9.11 x 10 31 kg)(54nm) 2 (0.68mm) 2 1.6xlO~ 19 J 


2.52 keV 


81 •• 

Picture the Problem The maximum kinetic energy of the photoelectrons is related to the 
frequency of the incident photons and the work function of the illuminated surface 
through the Einstein equation. We can apply this equation to either set of data and solve 
the resulting equations simultaneously for the work function of the surface and the 
wavelength of the incident photons. 

Using the Einstein equation, relate k" niax = hf -(f) 

the maximum kinetic energy of the he 

emitted electrons to the frequency of A ^ 

the incident photons and the work 
function of the cathode material: 


Substitute numerical data for the 
light of wavelength A: 


1.2eV 


he 

T 


<t> 


Substitute numerical values for the 
light of wavelength A': 

Solve these equations 
simultaneously for (j) to obtain: 


1.76eV 


he . he 

- (p = - 

A' 0.8 A 


<t> = 


1.04 eV 


A = 


554 nm 


Substitute in either of the equations 
and solve for A: 
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82 •• 

Picture the Problem The diagram shows 
the pendulum with an angular displacement 
6. The energy of the oscillator is equal to 
its initial potential energy mgh = mgL(\ - 
cost?). We can find n by equating this 
initial energy to E n = (n + \)hf 0 and 

solving for n. In part ( b ) we’ll express the 
ratio of A E n to E n and solve for An. 



(a) Express the nth-state energy as a 
function of the frequency of the 
pendulum: 

Express the energy of the pendulum: E n = mg Li I — cos 6) 


E n = (n + \)hf 0 = (n + Jf 

2n V L 


Substitute to obtain: 


mgL(l 


-cos 


0 ) = ( n + l)^~ 



Solve for n: 


iTim-sfgL; 12 (l -cos#) 1 
h 2 


Substitute numerical values and evaluate n: 


2^(0.3 kg)^/9.81 m/s 2 (l m) 3 2 (l - cos 10°) 1 

6.63x10 34 J-s 2 


1.35xl0 32 


(b ) Express the ratio of AE n to E„: 


Solve for and evaluate An: 


AE„ _ (n + An + \)hf 0 - (n + })hf 0 
E n (n + ir)hfo 


n + \ 


An =10 4 (« + y)~ 10 4 n = 


1.35 x 10 28 


*83 •• 

Picture the Problem We can use the fact that the energy of the «th state is related to the 
energy of the ground state according to E n = n 2 E ] to express the fractional change in 

energy in terms of n and then examine this ratio as n grows without bound. 













(a) Express the ratio 
(E n + l -E„)/E„: 


Wave-Particle Duality and Quantum Physics 


1135 


E n + i~ E n _ (n + \f-n 2 _ 2n + I 


2 1 

- _ + ~ 
n n 


for n » 1. 


(ib ) Evaluate ^ 1001 El00 ° 


E W0l E 1000 ~ 2 


U000 


nooo 


1000 


0 . 2 % 


Classically, the energy is continuous. For very large values of n, the 
energy difference between adjacent levels is infinitesimal. 


84 •• 

Picture the Problem We can apply the definition of power in conjunction with the de 
Broglie equation for the energy of a photon to derive an expression for the average power 
produced by the laser. 


The average power produced by the 
laser is: 


P 


A E 
At 


Use the de Broglie equation to 
express the energy of the emitted 
photons: 


A E = Nhf = 


Nhc 


where N is number of photons in each 
pulse. 


Substitute for A E to obtain: 

Substitute numerical values and evaluate P: 


_ Nhc 
AAt 


n (5 x 10 9 )(6.63 x 10 34 J • s)(3 x 10 s m/s) 
P= -(850nm)(l0-» S )- 


117mW 


Remarks: Note that the pulse length has no bearing on the solution. 

85 •• 

Picture the Problem We can find the rate at which energy is delivered to the atom using 
the definitions of power and intensity. We can also use the definition of power to 
determine how much time is required for an amount of energy equal to the work function 
to fall on one atom. 
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(a) Relate the energy per second 
(power) falling on an atom to the 
intensity of the incident radiation: 

Substitute numerical values and 
evaluate P: 


( b) Classically: 



= I A 


P = (0.01 W/m 2 )(0.01 x 10 18 m 2 

= 10~ 22 — x leV 19 

s 1.60xl0“ 19 J 

= 6.25 x 10~ 4 eV/s 



P 


Substitute numerical values and 
evaluate At: 


A t = 


2 eV 

6.25x10 4 eV/s 


=3200s 


53.3 min 





Chapter 35 

Applications of the Schrodinger Equation 


Conceptual Problems 

l 

True 


2 

Determine the Concept Looking at the graphs in the text for the n = 1,2, and 3 states, 
we note that the n = 4 state graph of the wave function must have four extrema in the 
region 0 < x < L and decay in toward zero in the regions x < 0 and x > L. 



3 

Determine the Concept Looking at the graphs in the text for the n= 1,2, and 3 states, 
we note that the n = 5 state graph of the wave function must have five extrema in the 
region 0 < x < L and decay in toward zero in the regions x < 0 and x > L. 



1137 
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Estimation and Approximation 


*4 . 

Picture the Problem Assume a mass of 150 g for the baseball, 30 cm for the width of the 
locker, and 1 cm/s for the speed of the ball, and equate the kinetic energy of the ball and 
the quantum-mechanical energy and solve for the quantum number n. 


The allowed energy states of a 
particle of mass m in a 
1-dimensional infinite potential well 
of width L are given by: 


E„ = n 


f 7.2 \ 


v 8 mL j 


The kinetic energy of the ball is: 


For E n = K: 


Solve for the quantum number n: 


Substitute numerical values and 
evaluate n: 


1 2 

K = — mv 
2 


v 8 mL j 


1 2 
= — mv 
2 


n = 


2 mvL 

IT 


n = 


_ 2(0.15kg)(0.01m/s)(0.3m) 
6.63 x 10~ 34 J -s 


= 1.36x10 


30 


10 


30 


The Schrodinger Equation 


5 

Picture the Problem We can show that i/a(x) is a solution to the time-independent 
Schrodinger equation by differentiating it twice and substituting in Equation 35-4. 


Equation 35-4 is: 


n_ dy/(x) + = E ^( x ) 

2 in ax 


¥ ( x ) + = E¥x ( x ) 

2m ax 

and 

- d + U{x)y/ 2 (x) = Ey/ 2 (x) 

2 in ax 


Because y/ x {x) and y/ 2 {x) are 
solutions of Equation 35-4: 
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Add these equations to obtain: 


h 2 d 2 y/ j(x) d 2 y/ 2 (x) 
2m dx 2 dx 2 


+ U{x)[y/ t (x) + y/ 2 (x)] = E[y/ X (x) + y/ 2 (x)] (1) 


Differentiate y/ 2 (x) = y/ x (x) + y/ 2 (x) twice 
with respect to x to obtain: 


dy/ 2 (x) _ dy/ x (x) dy/ 2 (x) 
dx dx dx 


and 


d 2 yj 2 {x) _ d 2 y/ x (x) d 2 y/ 2 (x) 

dx 2 dx 2 dx 1 


Substitute in equation (1) to obtain: 



which shows that y/ 2 (x) = y/\ (x) + y/-, (x) satisfies Equation 35-4. 

The Harmonic Oscillator 

6 •• 

Picture the Problem We can relate the spring constant to the mass of the hydrogen atom 
and its angular frequency and then use the relationship between the allowed energy levels 
and the angular frequency co to derive an expression for the spring constant k. 

The spring constant k is related to k = mco 2 (1) 

the mass m of the hydrogen 
molecule and its angular frequency 
ax. 

Relate the energy spacing A E to the ^ ^ _ h 0) _ ^ ^ 

angular frequency ay. ' 2n 


Solve for ay. 


A E 


fi 


Substitute for o in equation (1) to 
obtain: 


k = m - 

y h ) 



Substitute numerical values and evaluate k: 
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k = 


1.66x10 27 kg 


lux 


u 


8.7 x 10 J 
1.05 x 1(T 34 J • s 


1.14kN/m 


Remarks: Our result is very similar to the stiffness constant of typical macroscopic 
springs. Note that strictly speaking one should use the reduced mass of a hydrogen 
molecule rather than the simpler model of a single atom attached to a fixed point. 

7 

Determine the Concept The integral (x) = J x\y/\dx = 0 because the integrand is an 

odd function of x for the ground state as well as any excited state of the harmonic 
oscillator. 

*8 •• 

Picture the Problem We can differentiate i//(x) twice and substitute in the Schrodinger 
equation for the harmonic oscillator. Substitution of the given value for a will lead us to 
an expression for E\. 

The wave function for the first 
excited state of the harmonic 
oscillator is: 

Compute dy/\{x)!dx\ 


i// ] (x) = A x xe 


dy/ i(x) _ d 
dx dx 


A x xe 


- A x e 


Compute d 2 i// t (x)Ulx 1 : 


A x e 


d y/ ,(x) _ d 
dx 2 dx 

= (4a 2 x 3 - 6ax)A x e 


= -2 axA x e a:r -4 axA x e +4a 2 x 3 A t e " v " 


Substitute in the Schrodinger equation: 


\ 2 

— (Aa 2 x 2 - 6axjA x e 


2 m 


+ jma>gX 2 A l xe“ x = E 1 A l xe 


Divide out A.e ax to obtain: 


2m 


[(4a 2 x 3 - 6ax)]+^ m oj 2 x 2 = E x x 


or 
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(4a 2 x 3 )+-^— {6ax)+\mcolx i = E.x 
2 ni ’ 2m ’ 2 0 1 


Substitute for a to obtain: 


2 m 


mco 0 

~2h 


' 

X H-6 

2m 


ma> 0 

~2h 


x + \mcolx i = E x x 


Solve for E\ to obtain: 




■jhd) 0 


= 3 E n 


Picture the Problem We must show that, with^4 0 = (2 maxjh) 114 , the normalization 

2 2 


condition J|^ 0 (x)| dx = j\d 0 e 


dx = 1 is satisfied. 


We need to show that: 


With 


A> = 


2 m ox 


xl/4 


V 


h 


J 


mco 0 

7th 


y/4 


, the 


normalization condition becomes: 


In Example 35-1 it is shown that: 


Substitute to obtain: 


Let s = 


m ox. 


\V 2 


x. Then: 


V n J 


Substitute for dx and simplify to 
obtain: 


J|y/ 0 (x) dx = j\A 0 e 


2 

dx - 1 


| |i// 0 (x) dx ■ 


ma> 0 

7th 


, 1/2 


dx 


a = 


mco Q 

~2h 




\ V 2 


oo main 


7th 


dx 


ds = 
and 
dx = 


f \l/2 

mco, 


dx 


V n J 


f mco, 


-1/2 


ds 


\ n j 


2 

oo ^ j oo 

[ V// Q (x) I dx = —j= [ e~ s ds 

l V 7t L 
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From integral tables (see Table D-5): 


00 

| e~ s ds = ^ 

—oo 


Therefore: 


J \y/ Q (x) | dx = 1 provided A 0 


2 ma> n 


\ 1/4 


10 ••• 

Picture the Problem We are required to evaluate (jc 2 ) = J x 2 l^oOO | with 

i// 0 (x) = A {) e , where a = m0> ' ] Wc can then use U m = jmco^ix 2 ) to find the 

2fi ' 1 

average potential energy of the harmonic oscillator. 


We need to evaluate: 


(x. 2 ^ = j*x 2 |(/|~c£x 


For the ground state of the harmonic 
oscillator: 

i i 2 

Substitute for \y/\ to obtain: 


Use the appropriate integral from 
the inside of the back cover of the 
text to obtain: 



-lax 2 


(x 2 ^ = A 2 jx 2 e 2ax ~ dx 
-00 
+00 

= 2A 2 J x 2 e- 2axl dx 
0 



A[ fV 
4a V 2a 


( 1 ) 


The normalization condition is: 


Again, use the appropriate integral 
from the inside of the back cover of 
the text to obtain: 

Solve for A 2 to obtain: 


+oo +oo 

1 = J|^| 2 dx = A 2 jV 2 “ 2 dx 

— 00 - 00 

+ 00 

= 2 A\ J e~ 2ax dx 
o 
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Substitute in equation (1) to obtain: 
From Example 36-1: 



a = 


ma > 0 

~2h 


4 a 


( 2 ) 


Substitute for a in equation (2) to 
obtain: 



2 h n 

4mo) n 2 mco 0 


The average potential energy of the C/ av = \m col (x 2 ^ 

oscillator is: 


Substitute for (x ) and simplify: 


U m =\mo ) 0 


= 1/7 
2 ^0 


v 2 ma> 0 j 


jfiG ) 0 


11 •• 

Picture the Problem We can combine the result for 



from Problem 10 and the 


result for (xj from Problem 7 to obtain an expression for 
energy of the electron in an infinite potential well is given by E i 


(x) . The lowest 
h 2 

8mL 2 


(a) From Problem 10 we have: 



h 

2ma> 0 


The ground-state energy is given by: 


Solve for coq to obtain: 


Eq — 2 


2 E n 


=■ 


( 1 ) 


Substitute in equation (1) and 
simplify to obtain: 



n 2 

4mE 0 


From Problem 7 we have: 


(x) = 0 (2) 


Substitute equations (1) and (2) in 
the expression ^x 2 ^-(x)~ to 




0 = 


n nr 

2 ]] mE 0 


obtain: 
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Substitute numerical values and evaluate 





1.05x10 34 J-s 

i 

2 

i 

(9.1 lx 10~ 31 kg) 

l w 10’ 4 cV'^ 1-6x10 ^ J 1 

r. eV J 


9.49 nm 


(b) The lowest energy of an electron h 2 

E\ — ~ 

trapped in an infinite potential well 8 mlY 

is: 


Letting L 



~{xY yields: 


Er = 


h 2 



Substitute numerical values and evaluate E\\ 


(6.63x10 34 J-s) 2 

leV 


4.19meV 

8(9.11 x 10 31 kg)(9.49 x 10 9 m J 

1.6x10 19 J 



12 ••• 

Picture the Problem We can begin by equating the average kinetic energy of the 
harmonic oscillator and its average potential energy and solving for and then 

evaluating and substituting for (x 2 \ 


According to the problem statement: 


Solve for : 


We need to evaluate: 




(p 2 ) = tnk{x 2 ^j 


or, because o.)\ - 

/ 2 \ 22/2 
(p ) = m (Dq (x 



2 “ 

(x 2 ) = \x 2 \ ¥ \ =A^\x 2 e- 2 ^dx 
-00 

ma >o 

where a =- - 

2 fi 


( 1 ) 

( 2 ) 
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2 —- ” 2 - - V and: 


Let v 2 = 2 ax 2 . Then x“ = 


2 a 


dx = 


ydy 

lax 


With appropriate substitutions, the integral becomes: 


00 2 r 00 3 r 

f ® = f ^ 2a “ v 
2a lax ^ la lav 

-00 —00 j 


{laf 2 


jy 2 e y dy 


From integral tables (see Table D- 
5): 



In Problem 35-9 it was given that: 


Substitute in equation (2) to obtain: 


Substitute for a and simplify: 


Substitute for 



in equation (1): 


4> = 


2 III 61. 


y/4 



1 f 

(laf 2 { 


2m oi 


y/2 


n 

v2 




III 6J r: 


.3/2 


2 III 61. 


V /2 f i 

v2 


7 


y n ) 
h 



2mco 0 



2 2 

m co Q 


ylmco 0 j 


\hmco Q 


13 ••• 

Picture the Problem We can use the definition of the standard deviation of Ax and A p 
and the results of Problems 7, 10, and 12 to determine the uncertainty product Ax A p for 
the ground state of the harmonic oscillator. 


Express the standard deviation of A p 
(see Equation 17-35a): 


(Ap) 2 = [(p~pji v 

= [p 2 -2pp m -p 2 \ s 


Because p m = 0: 


(4 pf ={p 2 ) 
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Express the standard deviation of Ax 
(see Equation 17-35a): 


(Ax) 2 


= [(*~*av) 2 ]av 

= [x 2 - 2xx av - x 2 | 

L av av j ay 


Because x av = 0: 


(Ax) 2 =(x 2 } 


We have, from Problems 10 and 12, 
for the ground state of the harmonic 
oscillator: 


Express the product of (Ax) and 

(A/?) 2 : 


(x 2 ) = (Ax) 2 
and 

(p 2 ) = M 2 

(Ax) 2 (Ap) 2 = 


h 


2 mco 0 


hma> 0 

2 


f h ^ 

' hmco^ 

v 2 mco 0 y 

l 2 J 


4 


Take the square root of both sides of 
the equation to obtain: 



Reflection and Transmission of Electron Waves: Barrier 
Penetration 


*14 •• 

Picture the Problem We can use the total energy of the particle in the region 
x > 0 to express k 2 in terms of a and k\. Knowing k 2 in terms of k\, we can use 

(jc L -k 2 f 


R 


{k x +k 2 \ 


to find R and T = 1 - R to determine the transmission coefficient T. 


(a) Using conservation of energy, 
express the energy of the particle in 
the region x > 0: 

Solve for k 2 : 


fi 2 k 2 
2m 


U 


= aU 0 


u _ ^2mU 0 (a-\) 

/v 


yj2maU 0 

K = 


From the equation for the total 
energy of the particle: 


h 
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Express the ratio of £2 to k\. 


(b ) The reflection coefficient R is 
given by: 


Factor k\ from the numerator and 
denominator to obtain: 


Substitute our result from (a) for 
kijk\. 


The transmission coefficient is 
given by: 


■j2mU 0 (a - 1) 

k i _ h 

k x 2 Jim all 0 

h 


a -1 


a 


and k 2 = 


a -1 


a 


K 


R _ {k x - k 2 ) 

(A'i + k 2 ) 


R = 


f k ' 2 

I _ k 2 

V Kj 

f k V 

1 + * 2 


v Kj 


R 





T = \-R = \- 


1- 


a -1 


a 


a -1 


1 + . 

V V a 7 


A spreadsheet program to plot /s’ and T as functions of a is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell 

Content/Formula 

Algebraic Form 

A2 

1.0 

a 

B2 

(1 -S QRT ((A2-1 )/A2))/ 

(1+SQRT ((A2-1 )/A2)) A 2 


'‘A 

a -1 1 

a 

2 

b 

la-1 
a ) 
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C2 

1-B2 









1 - 

V oc 




! + P 1 





L \ oc J 




A 

B 

C 

1 

alpha 

R 

T 

2 

1.0 

1.000 

0.000 

3 

1.2 

0.298 

0.702 

4 

1.4 

0.198 

0.802 

5 

1.6 

0.149 

0.851 





18 

4.2 

0.036 

0.964 

19 

4.4 

0.034 

0.966 

20 

4.6 

0.032 

0.968 

21 

4.8 

0.031 

0.969 

22 

5.0 

0.029 

0.971 


The following graph was plotted using the data in the above table: 



15 •• 

Picture the Problem We can use the total energy of the particle in the region 

(k - k 0 2 

x > 0 to find k 2 . Knowing k 2 , we can use R = - yy to find R and T = 1 - R to 

\K + ) 


detennine the transmission coefficient T. 
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(a) Using conservation of energy, 
express the particle in the region x > 
0 : 


1149 


trk; 

2m 


U o = 2 U 0 


Solve for k 2 : 


From the equation for the total 
energy of the particle: 

Express the ratio of k 2 to k \: 


(b ) The reflection coefficient R is 
given by: 


Substitute for k 2 /k\ and evaluate R: 


(c ) Because R + T = 1: 

(d) If we let A'o represent the number 
of particles incident upon the 
potential step, then the number that 
continue beyond is: 


_ V 6/nf7 o 

/C 

n 

j4m(/ 0 

k ' = —iT 

yj6mU 0 
_ h 
K y/4 mU Q 
h 



p _ {k\~ k 2 ) 2 

~{k l+kl f 


f 

1- 

V _ 

f 

1 + 

V 



R = 


:-c 

h : 


0.0102 


T = l-R = 1-0.0102= 0.990 


A n r = 10 6 x 0.990 = 


9.90x 10 


Classically, all 10 6 would continue 
to move past the potential step. 


16 •• 

Picture the Problem We can use the energies in the regions U= 0 and U= Uq to express 
the ratio of the potential energy to the total energy in terms of the ratio of the wave 
numbers. We can also express this ratio in terms of the reflection coefficient R to obtain 
an expression for the ratio of E to U in terms of R. 
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In the region (7=0: 


n 2 k{ 

2 m 


E = 


K 



In the region U= Uq\ 


Let r equal the ratio of k 2 to k\. 


Letting £/ 0 = U, solve for UIE: 


Write the reflection coefficient R as 
ky 

a function of r = —: 

K 


Solve for r to obtain: 


Substitute for r in equation (1): 


Substitute a numerical value for R 
and evaluate £7(7: 



U . 2 

— = 1 — r 
E 


( 1 ) 


R _ {k ] -k 2 f _ 
[k\ + k 2 ) 


2 

i 

* 7 


f k ^ 

l - 

v Kj 


i+L V 

v Kj 


_ 0-^) 

(! + r) 


r = 


1 -4r 

1 + y[R 


u _ 

l- 

V 

i-vpi 

E ~ 

1 + Vi? y 

and 



E _ 

i 

fi-VP| 

U ~ 

1 — 

v i + Vi? j 

E _ 

r 

( i-Vo!5 

U ~ 

1- 

v l + V(L5 


n-i 


-l 


1.03 
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17 •• 

Picture the Problem The probability that a proton will tunnel out of a nucleus in one 
collision with a nuclear barrier if it has a given energy is given by Equation 35-29. 


Equation 35-29 is: 


Multiply the numerator and 
denominator of a by c to obtain: 


T = e~ 2aa 

where 


l 2m(U 0 -E) 

V n 2 


pm{U 0 -E) 

h 


^2mc 2 {U 0 -E) 

Pic 


where 

Pic = 1.974x10 13 MeV-m 


Using m p c 2 = 93 8 MeV, evaluate T: 


r = exJ-2(l0-n,)V 2 ( 938M fl6Me V ) 


0.341 

v 7 1.974x10 13 MeV-m 




*18 •• 

Picture the Problem The probability that the electron with a given energy will tunnel 
through the given barrier is given by Equation 35-29. 

(a) Equation 35-29 is: T = e~ 2aa 

where 

\2m(U,-E) pm(U,-E) 

in 1 h 


Multiply the numerator and 
denominator of a by c to obtain: 


Using m e c 2 = 511 keV, evaluate T 


a = 


yj2mc 2 (U 0 —E) 


tic 


where 

hc = 1.974x1 O’ 13 MeV-m 


T = 



^2(511 keV )(25 eV -10 eV) 
1.974x10 13 MeV-m J 


5.91x10 18 


( b ) Repeat with a = 10 10 m: 
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r = ex P j-2(lO-'° m )^ llkeV X^ eV - 10eV) 


1.974x10 13 MeV-m 




= 

1.89x10 2 

J 



19 ••• 

Picture the Problems We can find the distance of closest approach by equating the 
kinetic energy of the alpha particle and the Coulomb potential energy. The probability that 
the electron with a given energy will tunnel through the given barrier is given by 
T = e 2a “, where a is the transmission coefficient and depends on AE. 

(a) The distance of closest approach ^ _ kleZe 

is related to the kinetic energy E of r x 

the alpha particles: 


Solve for r t : 


r x = 


2 kZe 1 
E 


For E = 4 MeV: 


'l,4MeV 


2(8.99xl0 9 N-m 2 /C 2 )(92)(l.6xl0 19 c) 2 _ 
1.6x10 19 J 


6.62x10 14 m 


4 MeV x 


eV 


For K =7 MeV: 


'1,7 MeV 


2(8.99 X10 9 N • m 2 / C 2 )(92)(l .6 x 10 19 c ) 2 
1.6x10 19 J 


3.78x10 14 m 


7 MeV x ■ 


eV 


(b ) The transmission coefficient T is 
given by: 


T = (? 2aa 


where 


2mAE 

h 2 


( 1 ) 


-JlniAE 

h 


Evaluate CC 4 Mev for AE = 4 MeV: 


a 


4ux 


1 . 66 x 10 -27 kg^ 


u 


4MeV x 


1.6x10 19 J A 


y 


eV 


14_—1 


4MeV 


1.05 x 10 34 J -s 


= 8.78x 10 m 
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Evaluate a 2 Mev for A E = 7 MeV: 


a 


4ux 


1.66 xlO 27 kg^ 


u 


7MeV x 


J 


1.6xlO~ 19 J^ 

eV 


7 MeV 


1.05xl0~ 34 J-s 


= 1.16x 10 15 m~ 


Substitute numerical values in 
equation (1) and evaluate T 4 MeV : 


rp _ -2(8.78xio 14 m~ 1 )(6.62xi(r 14 m) 

^4MeV ~ e 


3.27x10 


-51 


Substitute numerical values in 
equation (1) and evaluate 73 MeV : 


1 7MeV 


-2(l. 16x10 I5 nT I )(3.78xl(r 14 m) 


8.21x10 39 


The Schrodinger Equation in Three Dimensions 


20 


Picture the Problem We can use E 


h 7C 


U n\ 


,« 2 ,«3 


2m 


2 A 


+ - 


- + - 


U L~ Li 


with the given sides 


of the box to find the quantum numbers 771 , n 2 , n 2 that correspond to the lowest ten 
quantum states of this box. 


The energies of the quantum states 

are given by Equation 

35-34: 




(2 


,« 2 


2m 


2 A 


vA 2 


+ ■ 


• + - 
Li L 


'3 y 


For a box with sides L u 
L 2 = 2L U and L 2 = 2>L\\ 


2 _2 


H 7T 


f 2 


2m 

h 2 


+ ■ 




n. 


.2 A 


8 mL 2 
h 2 


yL\ 

r 

2 n 4 n , 

«,+ — + — 

V 4 9 y 


4L, 9L 

2 A 


1 7 


288 /uZ; 


(3 6/7 2 + 9n 2 +^ 3 ) 


The energies in units of 


h 2 


are listed in the following table: 


n 1 

77 2 

773 

E 

1 

1 

1 

49 

1 

1 

2 

61 


288 mL 2 
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1 

2 

1 

76 

1 

1 

3 

81 

1 

2 

2 

88 

1 

2 

3 

108 

1 

1 

4 

109 

1 

3 

1 

121 

1 

3 

2 

133 

1 

2 

4 

136 


21 • 

Picture the Problem The wave functions are of the form 
( \ f \ f ^ 

y/= Asia ——x sin —— y sin 


V A y 


2 Ljj 


n^n 


V 3 A J 


22 


Picture the Problem We can use E„ 


2_2 


fi n 


2m 


f 2 2 2 \ 

n, n, n, 

— H-— H—2 

L 2 L 2 L 2 

^2 Ci y 


with the given sides 


of the box to find the quantum numbers n\, n 2 , n 2 that correspond to the lowest ten 
quantum states of this box. 


(a) The energies of the quantum 
states are given by Equation 
35-34: 


+ 2 1 

n n 


«j ,« 2 


2m 


2 2 \ 
n , n, n, 

L 2 L 2 L 2 , 

v^i ^2 -^3 y 


For a box with sides L h 
L 2 = 2L\, and L 2 = 4L\\ 


n 2 7t 2 


2m 

2 f 


n, n. 

2 + . T 2 


2 y 


+ - 


k L\ 4 L\ 16 L\j 


h 


8 mL\ 

h 2 


n n n 


2 \ 


n; + — + — 

4 16 


v 


128 mL\ 


(l 6n 2 + 4n 2 +n 2 ) 


are listed in the following table: 


n\ 

«2 

«3 

E 

1 

1 

1 

21 

1 

1 

2 

24 

1 

1 

3 

29 

1 

2 

1 

33 


The energies in units of 


128 mA 
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1 

1 

4 

36 

1 

2 

2 

36 

1 

2 

3 

41 

1 

1 

5 

45 

1 

2 

4 

48 

1 

3 

1 

53 

1 

1 

6 

56 

1 

3 

2 

56 


Referring to the table, we see that 
there are two degenerate levels: 


(l,l,4)and(l,2,2) 

and 

(l,l,6)and(l,3,2) 


*23 • 


Picture the Problem The wave functions are of the form 

r \ r \ r ^ 


¥ 


= A sin 

V 


n x n 


x 

) 


sin 


21 , 


y 

) 


sin 


4 L 


z 


24 • 

Picture the Problem The boundary conditions in the y and z directions are the same 
those in Figure 35-1. In the x direction, we’ll require the y/= 0 at -LI 2 and LI 2. 

(a) The boundary conditions in the x (//(-\L)= y/( y \L)= 0 

direction are: 


The general solution of the time- 
independent Schrodinger equation 
is: 

Apply the boundary conditions to 
obtain: 


Eliminate the terms in B by 
subtracting the equations: 


i//(x) = A sin kx + B cos kx 


y/(-\L) = — A sin + B cos = 0 

and 

i//(jL)= A sin + B cos = 0 


.kL 

A sin — = 0 
2 
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Eliminate the terms in A by adding 
the equations: 

For B ^ 0: 


or 

k = = 0,2,4, ... 

L 


B sin 


kL 

T 


= o 



n 3 n 5 n 

— 9 _ 9 _ 9 **• 

2 2 2 


or 

k = '-^—,n 2 = 1,3,5, ... 
L 


Thus: 


and 


y/(x,y,z)= B cos 


x 

L j 


\ f 

sin 


T y , 
v L y 


sin 


-—z 
V L j 


, n x = 2n + 1 


^•(x,v,z) = ^4 sin 


——x 
L j 


sin 


T y 

V B j 


sin 


-—z 
V L j 


, n x = 2n 


The ground-state wave function is: 



( TT \ 


f „ > 


f _ \ 

^(l,l,l) = A cos 

7Z 

— X 

sin 

71 

—y 

cos 

7Z 

— Z 

j 


) 


J 


0 b ) 


The allowed energies are the same as those for a well with U = 0for0<x<L. 


25 •• 

Picture the Problem We can apply the solution to the time-independent Schrodinger 
equation in three dimensions to obtain the wave function and the allowed energies for the 
given two-dimensional region. In (c), we must find three different sets of quantum 
numbers (m,n) for which the sum of the squares are the same. 

(a) The solution to the time- cCt }’) = 

independent Schrodinger equation in 
two-dimensions is: 

where n and m are integers. 


A sin k\x sin k 2 y 

. . nrc . mn 

A sin — xsin- v 

L L ' 
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(b ) The energy is quantized to the 



values: 

E n ,m ~ 

- An- + m ) 

SmL 2 V ’ 


(c) The lowest two states that are 
degenerate are: 


-^ 1,2 — -^ 2,1 


5 h 2 
8 mL 2 


(d) The energies of three lowest 
states that have the same energies 
h 2 


(in units of , 
8 mL 2 

table to the right: 


) are listed in the 


The quantum numbers for the three 
states are: 


n 

m 

F 

J -'n,m 

1 

7 

50 

7 

1 

50 

5 

5 

50 


(1.4 

7,1), 

and 

(5,5) 


and their energies are 
h 2 


E = (50) 


8 mE 


25 r 

4 mL 2 


The Schrodinger Equation for Two Identical Particles 


26 • 

Picture the Problem We must differentiate Equation 35-37 twice and substitute these 
derivatives in this equation to show that it is a solution. 


With U= 0, Equation 35-35 
becomes: 


Differentiate Equation 35-7 with 
respect to x\. 


Compute the second derivative with 
respect to jq: 


fi : d 2 y/{x l5 x 2 ) h 2 d 2 y/{x l ,x 1 ') 

2m dx 2 2m dx\ (1) 
= Ey/(x x ,x 2 ) 


dy/ _ 
ox, ox 


1 L 

An 


, . jlx i . 2m 1 

ylsin— L sin-- 

L L 


juc | . 2tu 1 

— cos — L sin-- 

L L L 


d 2 y/ _ d 
dx 2 fix, 


An 7tx, . 27VC-f 

-cos — L sin-- 

L L L 


An . nx, . 2m, 

—r— sin —- sin-- 

L 2 L 


L 
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Differentiate Equation 35-7 with 
respect to x 2 : 


Compute the second derivative with 
respect to x 2 : 


Substitute in equation (1) to obtain: 


dy./ _ 

Gx 1 8x n 


, . AX, . 2JiX , 

y4sin— L sin 


L 


2An . 7ix x 


L 
2tvc^ 


-sin—-cos- 
L L L 


d 2 y/ _ 8 

dxl dx. 


2 An . 7a, 

-sin —- cos- 

L L L 


2 L 

4 An 1 . 7a, . 2 7a^ 

-z— sin — L sin-- 

L 2 L L 


tr_ 

2m 


An~ 

~1F 


-sin- 


?a x 

L 


-sin- 


2 7a, 


L 


_ . . 7a, , 2 jlx 1 

EA sin— L sin- 


L 


L 


tr_ 

2m 


4 At: 2 
L 2 


. jlx, . 27a.~, 

sin— L sin-- 

L L 


Solve for E to obtain: 5ti 2 7V 2 

~ 2 ml} 


Thus we've shown that Equation 35-37 satisfies Equation 35-35 provided 

E _ 5 n 2 7T 2 
2 ml} 


27 • 

Picture the Problem Because bosons have symmetric wave functions and do not obey 
the Pauli exclusion principle, they can occupy the same ground state. 


The ground-state energy of a single _ h 1 

particle in a one-dimensional box of o.iparticie g m j 2 

length L is: 


For 10 bosons: 


E 


0,10 bosons 


10/z 2 _ 5 h 2 

8 mix 4 mL 2 


*28 • 

Picture the Problem For fermions, such as neutrons for which the spin quantum number 
is '/ 2 , two particles can occupy the same spatial state. 






























The lowest total energy for the 10 
fermions is: 
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E 


■ 2E X (l 2 + 2 2 + 3 2 + 4 2 + 


= 2 


v 8 mE j 


(55) 



55 h 2 

Ami} 


Orthogonality of Wave Functions 


29 •• 

Picture the Problem We need to show that 
are given by Equations 35-23 and 35-25, respectively. 


Equations 35-23 and 35-25 are: 


Note that y/\(x) is antisymmetric, 
whereas y/<>(x) is symmetric. 

Because the product of an 
antisymmetric function and a 
symmetric function is 
antisymmetric: 

Because the integral of an 
antisymmetric function over 
symmetric limits is zero: 

30 •• 

Picture the Problem We need to show that 


J y/ ll (x)y/ ] (x)dx = 0 , where y/o(x) and t//, (x) 


y/ 0 {x)= A 0 e~ axl 35-23 

and 

i// l (x) = A x xe~ ax 35-25 

i// (i (x)i//| (x) is antisymmetric 


oo 

J i// 0 (x)i// l (x)dx = 0 

-oo 


Ji// ! (x)i// 2 (x)dx = 0 , where i// 2 (x) is given 


in the problem statement and ///, (x) = A x xe ax . 

Note that y/\ (x) is antisymmetric, ///, (x)i// 2 (x) is antisymmetric, 

whereas ^ 2 (x) is symmetric. 

Because the product of a symmetric 
function and an antisymmetric 
function is antisymmetric: 
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Because the integral of an 
antisymmetric function over 
symmetric limits is zero: 


J y/ l {x)y/ 2 (x)dx = 0 


31 


L, 

Picture the Problem We need to show that J sin 


l f \ 

. I nm 


o 


V L 


sin 


f mmd' 


V L j 


dx = 0. 


Use the trigonometric identity (sin aa){dm ba) = i{cos[(a -h)a]-cos[(a + b)a ]} 
to rewrite the product of the two sine functions as the difference of two cosine functions: 


sin 


nm 

~Tj 


^ f mm\ 1 


sin 


V L j 


= — < cos 
2 


( \m 

I n - m I— 
V ’ L 


-cos 


/ \ JLS. 

(n + m I — 
v ’ L 


Substitute for sin 


^ nm^ 


V L j 


and sin 


^ mm'' 


V L j 


and evaluate | sin 


nm 


sin 


f mm^ 


L J v L 


dx : 


ri J 

/ \ TDC 


/ \ TDC 

1 

— < cos 

\n — m )— 

-cos 

\n + m )— 


J 2 1 

-c«o v. 

L L _ 


L L _ 

J 


\dx = 



t \m 

sin 

[n - m ) — 

L 

L L \ 


n 


n - m 



l \ /zx: 

sin 

1 /7 + 777 1- 

L 

L L \ 


71 


n + m 


Because n and m are integers and n ^ m, the sine functions vanish at the two limits x = 0 


and x = L. Therefore, | sin 

o 

General Problems 


L f \ 

. f nm 


\ L 


sin 


f mmd' 


V L j 


dx = 0 for n * m. 


32 •• 

Picture the Problem We can use the wave functions y/\(x) and yMx) and the definitions 
of <x> and <x 2 > to evaluate these quantities and the wave functions at x = 0. 


(a) The wave functions y/\(x) and 
y/i(x) are: 


W m 

and 

y m 


[2 . 

( m7t 

\ 

— sin 


X 

u 

V L 

y 


, m = 2/? 



, m = 2n + l 
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Evaluate these functions at x = 0 to 
obtain: 


(. b ) Because | y/ m (x) |" is an even 
function of x in all cases, x if/m ( x ) ' s 
an odd function of x and: 

(c) For n = 1: 


where n = 0, 1,2, ... 


^i(°) = 




and 


^ 2 ( 0 ) 




L/2 

(x)= \xy 2 m (x)dx = 


-L/2 




2 

L 


\ 


2 • 2 ft 
x sin — 

L 


xdx 


2 ■ 2 

x sin 


(ax)dx = —— 

V ' 6 


From integral tables: 

1 

Use this integral with a = n,1L to obtain 

For n = 2: 

From integral tables: 

1 


f -3 


v 4 a 8 a y 


sin 


(2ax)- 


x cos(2ax) 
4a 2 


3 


x 2 cos (ax)dx = - 

V ' 6 


x = 


12 


6 ' 
1 + —r 
V ft J 


L/2 


Z C 2 2 ^ft 1 

= — x cos —xdx 
L J T 


-L/2 


2 n 
L 


f ,.3 


1 


4a 8a 


sin 


(2ax) + 


xcos(2ax) 

4a 2 


Use this integral with a = 2 jdL to obtain: 


V 

l 2 \ 

f, 3 ^ 



1 + —X 

/ 

12 

V 2ft~ J 


Remarks: Note that for any value of m, 


x 2 ) = ~ 

/ 12 


1 + 


2 2 

m n J 
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*33 •• 

Picture the Problem We can determine the energies of the state by identifying the four 
lowest quantum states that are occupied in the ground state and computing their 
combined energies. We can then find the energy difference between the ground state and 
the first excited state and use this information to find the energy of the excited state. 


Each n, m state can accommodate 
only 2 particles. Therefore, in the 
ground state of the system of 8 
fermions, the four lowest quantum 
states are occupied. These are: 


(1,1), (1,2), (2,1) and (2,2) 

Note that the states (1,2) and (2,1) are 
distinctly different states because the x and 
y directions are distinguishable. 


The energies are quantized to the 
values given by: 


= 2 


8 mL 


( n \ +n i) 


The energy of the ground state is the sum of the energies of the four lowest quantum 
states: 


E 0 E xl + E l2 + E 2l + E 22 



f h 2 ' 


v 8 mL j 


r h 1 > 


v 8 mL j 


f h 2 ' 


(l 2 +1 2 )+ 2 -j- (l 2 + 2 2 )+ 2 -- (2 2 +l 2 )+2 -- (2 2 +2 2 ) 


v 8 mL j 


v 8 mL j 


5 h 2 


(2 + 5 + 5 + 8) 


ml 


The next higher state is achieved by 
taking one fermion from the (2,2) 
state and raising it to the next higher 
unoccupied state. That state is the 
(1,3) state. The energy difference 
between the ground state and this 
state is: 


A E = E 


1,3 


E 


2,2 


h 2 

8 mL 2 
h 2 

8 mL 2 


(l 2 +3 2 ) 

(10-8) = 


h 2 

8mL 2 
h 2 

4 mL 2 



Hence, the energies of the degenerate 
states (1,3) and (3,1) are: 


E j 3 = E 3 1 = E 0 + AE 

_ 5h 2 h 2 _ 21 h 2 

mL 2 4 ml} 4ml} 


5 h 1 
mL 2 


The three lowest energy levels are 
therefore: 


and two states of energy 
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E x - E 2 


21 h 2 
4 mL 2 


34 •• 

Picture the Problem The energy levels are the same as for a two-dimensional box of 
widths L and 3 L. 


(a) The energies of the bound states 
are given by: 


h 


ti¬ 


nt ~ 


.2 \ 


E "' m 8 m L 2 + 9Lr 


h 


12mE 


(9/r +m 2 ) 


The three lowest energy states are: 


(b ) Express the condition that must 
be satisfied for two states to be 
degenerate: 

This condition is first satisfied for: 

Find the energy of this doubly 
degenerate state: 


E u = 


F - 


h 1 


llmLr 

h 2 

12mE 


■(9 + 1) = 


5k 1 


3 6mL 


(9 + 4) = 


13/r 
12ml} 


and 


F - 


h 


12m L 


' (9 + 9) = 


4 mL 


None of these states are degenerate. 


9{n 2 -n;)-- 


n ] = 2, m l = 3, and n 2 = 1 and m : = 6 


F - 

-j 


h 2 


12mE 


(36 + 9) = 


5 h 2 
8mL 2 


35 ••• 

Picture the Problem We can use the definition of the classical expectation value 
(average value) to show that the classical expectation value of x 2 for a particle in a one¬ 
dimensional box of length L centered at the origin is L 2 / 12. In ( b ) we’ll proceed as in ( a ) 
using the definition of the quantum expectation value of x 2 . 
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(a) The classical expectation value is given 
by: 



1 

H-(-H) 


i/2 

[ x 2 dx 

-i/2 


1 

r 31 

X 

m _ 1 


L 

_ 3 _ 

-i/2 L 

112 J 


z? 

12 


( b ) For a particle in the nth state in a 
one-dimensional box: 



2 _ 

L 


1 


-i/2 


2 • 2 

x sin 


/77T 

z 


xdx 


From integral tables: 


2 • 2 

x sin 


(ax)dx = —— 
V 7 6 


^x 3 


1 


4 a 8 a 3 


sin 


(2ax)- 


xcos 


(2ax) 


4a" 


In the limit n » 1: 



Z? 

12 


36 •• 

Picture the Problem We can solve Equation 35-28 for T and substitute for R using 
Equation 35-27. Letting r = k 2 /k\ and simplifying will lead to the given result. 


Equation 35-28 is: 


T + R = 1 => T = \-R 


From Equation 35-27: 


Substitute for R to obtain: 


Substitute for k 2 lk\ for r and 
simplify to obtain: 


p _ (k\-k 2 ) 2 

{K + K ) 2 


where r = k 2 /k\ 

T _ x (l-Q 2 _ (l + r) 2 -(l-r) 2 
(l + r)“ (l + r) 2 


4r 


(i+T 



4k^k 2 

(ki+k 2 f 


1 _ - 
v Kj 

f ky 

i+— 

Kj 


(i-T 

(i+T 
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37 •• 

Picture the Problem We can use the energies in the regions (7=0 and U= U 0 to express 
the ratio of the wave numbers k\ and k 2 in these regions in terms of E and Uq and the 

(l - rf 

definition of the reflection coefficient R to show that R = f . 

(1 + r\ 


In the region ( 7 o = 0: 


In the region U= U 0 : 


Let r equal the ratio of k 2 to k \: 


The reflection coefficient R is given 
by: 

Factor k\ from the numerator and 
denominator to obtain: 


trk\ 

2m 


E = 



h 2 k 2 

E-U„ = nk2 


2m 


=> k 2 = 


\2m{E-U Q ) 



]l 


2m(E-U 0 ) 


fi 2 


2mE 



n_ (k\-k 2 ) 2 

{k.+kj 


R = 


( 

1- 

y 

1 + 

V 



Substitute for k 2 lk\ to obtain: 


R = 


(i-T 

(i±7 


38 •• 

Picture the Problem 


(a) From Problem 37 we have: (l - r f I U7 

R = ) ’ , where r = Jl-^ 

(l + rf V E 


Because E = aUo, R can be written: 


r = 

T = 



4 r 


From Problem 36 we have: 
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A spreadsheet program to plot R and T as functions of a is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell 

Content/Formula 

Algebraic Form 

A2 

1.0 

a 

B2 

SQRT(1-1/A2) 


'i-i 

a 

C2 

(1 -B2) A 2/( 1 +B2) A 2 

(1 -rf 

(l + r) 2 

D2 

4*B2//(1+B2) A 2 

4 r 

(i+T 



A 

B 

C 

D 

1 

alpha 

r 

R 

T 

2 

1.0 




3 

1.5 

0.577 

0.072 

0.928 

4 

2.0 

0.707 

0.029 

0.971 

5 

2.5 

0.775 

igiMMi 







16 

8.0 

0.935 



17 

8.5 

0.939 


■US 

18 

9.0 

0.943 


SB 

19 

9.5 

0.946 


wmm 



0.949 


mmm 


The following graph of R and T as functions of a was plotted using the data in the table: 
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ib) 


From the graph, we note that, as a —» qo, T —> 1 and R —» 0. The graph 
also shows that, as a —> 1, T —> 0 and R —> 1. 


39 


Picture the Problem We require that 

00 00 

4 J (lax 2 -e 2axl dx = 2 A* f (lax 2 - e' 2 ^ dx = \. 
-00 0 

Expand the integrand to obtain: 


(2ax 2 -i)V 2 “ 2 = (4a 2 x A -lax 2 +\)e~ 2ax * = 4a 2 x 


4 e 2ax 


- lax 1 e~ 2ax +}e~ 2ax 


Substitute in the integral expression: 


lA 2 j (4 a 2 x 4 e- 2axl - lax 2 e~ 2axl +{e‘ 2 “ 2 )dx = 1 
0 


or 


UJ fJJ 

8a 2 A 2 fx 4 e~ 2ax dx -4aA 2 J x 2 e 2ax dx + jA^je 2 ^ dx = 1 (1) 


0 

1 In 


Use the definite integrals J e bx dx = — and 


1 


2 n -bx 2 i 

x e dx 


_ l-3-5-(2 B -l) [JF 

in \ 1 ’ n ~ 1 


2 n+\^n J —> n ~ 1 ( see Table D-5) to integrate equation 


(1) term by term: 


or 


or 


8 a 2 A 2 


2 3 (2a) 2 


— 4 aA-j 


1 n 


2 2 (2 a)\ la 


+ \A 2 


A: 


3 I ;r 
4\2x/ 


A; 


1 n 1 

2 V 2 a 4 V 2 a 


1 j ;r 

2 V la 


= 1 


1 I # 

2 V 2a 


= 1 


= 1 


Solve for 


A = J2.& 
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Because a = 


mco 0 

~Th 


ni(0 {] 7i 

h 



40 — 

(a) Letx = -x. The second derivative is an even operator, that is, 

d 2 i//(-x)/d(- x) 2 = d 2 y/(x)/ dx 2 . Therefore, if U{— x)= U{x), the Schrodinger 
equation for y/ (-jc) = y/ (x) and must give the same values for the energy E. If 
y/ (-x) differs from y/ (x), the ratio if/ (-x)l y/ (x) cannot be a function ofx and must be a 
constant. Hence, y/(x) = Cy/{-x). 

(b ) The previous result means that replacing the argument of the wave function by its 
negative is equivalent to multiplication by C. Thus, if Cy/ (-x) is a good wave function 
and we replace its argument by its negative, that is, by x, we must multiply by C again. 
Thus, y/{x) = C 2 y/(x), C 2 = 1, and C = ± 1. 

*4i ... 

Picture the Problem We can follow the step-by-step procedure outlined in the problem 
statement to show that (E iw ) mm = + \ti co. 


1. The total classical energy is: 


2. Express the standard deviation of 

A p: 


Because p m = 0: 

3. Express the standard deviation of 
Ax: 


2 ( 2 x (p 2 ) CD 

= \mor[x) + - 
2 V /av 2m 

(ApY = [(p-p„Y\„ 

= [p 2 -2pp sv -pl\ m 

(Ap) 2 = (p\ 

(Ax) 2 =[(x-x av ) 2 ] av 

= [x 2 - 2xx av - x 2 1 

L av av j av 

(Ax) 2 =(x 2 ) av 


Because x av = 0: 








4. Use the uncertainty principle 
A p = fi/2Ax to eliminate (/r) av from 
the average energy in equation (1): 
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E w =\m(o 


! (* 2 ! 


+ 


fed 

2 m 


= \mco 2 


= \mo) 




4(Ax) 2 




+ 


8/ »U 2 i 


Let Z = (x 2 ) av to obtain: 


5. Differentiate E m with respect to Z 
and set this derivative equal to zero: 


Solve for Z to find the value of Z 
that minimizes E m (see the remark 
below): 

6. Evaluate E m when Z = h/2m or. 


E dv = \moj Z + 


8 mZ 


dE n „ d 


dZ dZ 


1 27^ H 

■kmco Z H- 


8 mZ 


= \ mo) - -——y = 0 for extrema 


SmZ 


Z = 


2m co 


(E ) =i 

V av /min 2 


mco 


f h ^ 

h 2 

2 mood 

v 2 mco j 

8 m 

l h ) 


\fia> 


Remarks: All we’ve shown is that Z = h/hncois an extreme value, i.e., either a 
maximum or a minimum. To show thatZ= tillmo) minimizes E m , we must either 1) 
show that the second derivative of with respect to Z evaluated at Z = h/hncois 
positive, or 2) confirm that the graph of E m as a function of Z opens upward at Z = 
h/2m co. 

42 ••• 

Picture the Problem 

The classically allowed region is for 
E > U(z). In the figure below, this 
region extends from z = 0 to z = 

•^max* 


I z 

2jnax 
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The kinetic energy is E - U(z). In 
this case, K(z) is a straight line 
extending from E at z = 0 to 0 at z = 

■^max* 


A sketch of the wave functions for 
the lowest three energy states is 
shown to the right: 




43 •• 

Picture the Problem If/lx) = 0 everywhere on the interval 1 < x < 2, then the slope of 
fx) is zero everywhere on the interval; and if the slope remains zero everywhere on the 
interval, then the rate of change of the slope (with respect to x) also remains zero 
everywhere on the interval; the rate of change of slope remains zero everywhere on the 
interval, then the rate of change of the rate of change of the slope also remains zero 
everywhere on the interval; and so on. More concisely, if fix) = 0 everywhere on the 
interval 1 < x < 2, then derivatives of J{x) with respect to x of order 1, 2, 3, ... are each 
equal to zero everywhere on the interval. 


Calculating the first three 
derivatives of/ we obtain: 

= 3^x 2 + 2 Bx + Cx 
dx 

d 2 f 

J , =6Ax + 2B 
dx 

and 

d '{-6A 

dx 

Using (ff/df 3 = 0 and solving for A 
one obtains: 

A = 0 

Substituting 0 for A in the 
expression for d 2 f/dx 2 gives: 

d 2 f 

{ = 0 + 25 = 25 
dx" 

Using d 2 f/dx 2 =0 and solving for B 
yields: 

5 = 0 

Substituting 0 for both A and B in 
the expression for df/dx yields: 

— = 0 + 0 + Cx = Cx 
dx 

Using df/dx =0 and solving for C 

C = 0 
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one obtain s : 

Substituting 0 for A, B, and C in the /= 0 + 0 + 0 + Z) = Z) 

expression for/gives: 

Using/ = 0 and solving for D D - 0 

gives: 

Thus, we’ve shown that if/(.r) = Ax 3 + Bx 2 + Cx + D = 0 everywhere on the interval 
1 <x < 2, it follows that A = B = C = D= 0. 
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Chapter 36 
Atoms 

Conceptual Problems 


*1 • 

Determine the Concept Examination of Figure 35-4 indicates that as n increases, the 
spacing of adjacent energy levels decreases. 

2 

Picture the Problem The energy of an atom of atomic number Z, with exactly one 

E 2 

electron in its nth energy state is given by E n = -Z z —n = 1,2,3,.... 

n 


Express the energy of an atom of 
atomic number Z, with exactly one 
electron, in its nth energy state: 


E„=-Z 1 ^ r ,n= 1,2,3,... 


n 

where E 0 is the atom’s ground state energy. 


For lithium (Z = 3) in its first 
excited state (n = 1) this expression 
becomes: 




and 


(a) is correct. 


3 


Determine the Concept Bohr’s postulates are 1) the electron in the hydrogen 
atom can move only in certain non-radiating, circular orbits called stationary states, 2) if 
E[ and £j are the initial and final energies of the atom, the frequency / of the emitted 
radiation during a transition is given by/= [£j - E f ]/h, and 3) the angular momentum of a 


circular orbit is constrained by mvr = nfi. 


{a) is correct. 


4 •• 

Picture the Problem We can express the kinetic energy of the orbiting electron as well 
as its total energy as functions of its radius r. 

Express the total energy of an E = K + U 

orbiting electron: 


Express the orbital kinetic energy of 
an electron: 

Express the potential energy of an 
orbiting electron: 

Substitute and simplify to obtain: 


K = 


kZe 2 
2 r 


U = 

E = 


kZe 


kZe 1 
2 r 
kZe 1 
2 r 


kZe 7 
r 


( 1 ) 


kZe 2kZe 
2 r 2 r 


1173 
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Thus, as r increases, E becomes 
less negative and therefore increases. 


Examination of the expression for K makes it clear that if r increases, 
K decreases. 


5 

Picture the Problem We can relate the kinetic energy of the electron in the n = 2 state to 
its total energy using E 2 = K 2 +U 2 . 


Express the total energy of the 
hydrogen atom in its n = 2 state: 

Express the energy of hydrogen in 
its nth energy state: 


Substitute to obtain: 


E 2 =K 2 +U 2 =K 2 -2K 2 =-K 2 

or 

K 2 = -E 2 



where E 0 is hydrogen’s ground state 
energy and Z = 1. 


(. d ) is correct. 


6 • 

Picture the Problem The orbital radius r depends on the n = 1 orbital radius a 0 , the 
atomic number Z, and the orbital quantum number n according to r = n 2 ao/Z. 

The radius of the n = 5 orbit is: , 

r 5 = 5 2 -p = 25a 0 

because Z = 1 for hydrogen. 

(b) is correct. 


*7 . 

Determine the Concept We can find the possible values of £ by using the constraints on 
the quantum numbers n and l. 


The allowed values for the orbital 

n 

l 

quantum number £ for 

1 

0 

n = 1, 2, 3, and 4 are summarized in 

2 

0,1 

table shown to the right: 

3 

o, 1,2 


4 

0, 1,2,3 


(a) is correct. 


From the table it is clear that £ can 
have 4 values. 
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8 

Picture the Problem We can find the number of different values m, can have by 
enumerating the possibilities when the principal quantum number n = 4. 

The allowed values for the orbital 
quantum number i and the 
magnetic quantum number m, for 
n = 4 are summarized to the right: 


From this enumeration we can see 
that m can have 7 values. 

9 

Picture the Problem We can visualize the relationship between the quantum number i 
and the electronic configuration as shown in the table below. 


* = 0 , 1 , 2,3 
and 

m, = -3, -2,-1,0,1,2,3 


(c) is correct. 



s 

P 

d 

f 

S 

h 

i value 

0 

1 

2 

3 

4 

5 


Because the p state corresponds to i 


= 1 , 


(c) is correct. 


*10 •• 

Determine the Concept The s state, with i = 0, is a "penetrating" state in which the 
probability density near the nucleus is significant. Consequently, the 3 s electron in 
sodium is in a region of low potential energy for a significant portion of the time. In the 
state i = 1, the probability density at the nucleus is zero, so the 2p electron of sodium is 
shielded from the nuclear charge by the Is electrons. In hydrogen, the 3s and 2p electrons 
experience the same nuclear potential. 

11 •• 

Determine the Concept In conformity with the exclusion principle, the total number of 
electrons that can be accommodated in states of quantum number n is n 2 (see Problem 
48). The fact that closed shells correspond to 2 n 2 electrons indicates that there is another 
quantum number that can have two possible values. 

12 

Picture the Problem We can group these elements by using Table 35-1 to look for a 
common outer electronic configuration in the ground states. 

The following elements have an outer 4s 2 
configuration in the ground state: 


titanium, manganese, and calcium 
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The following elements have an outer 4s 
configuration in the ground state: 


potassium, chromium, and copper. 


Remarks: It is to be expected that atoms of the first group will have similar 
properties, and, likewise, that atoms of the second group will have similar 
properties. 


13 • 

Picture the Problem We can use the fact that the sum of the exponents in the electronic 
configuration representation is the atomic number to identify these two elements. 


(a) Adding the exponents yields a sum of 15. Because this sum is the atomic 


number, Z, the element must be phosphorus. 


( b ) Adding the exponents yields a sum of 24. Because this sum is the atomic number, Z, 
the element must be chromium. 


Remarks: Checking the electronic configurations in Table 35-1 further confirms 
these conclusions. 


*14 • 

Picture the Problem We can apply the constraints on the quantum numbers l and m, to 
find the possible values for each when n = 3. 


Express the constraints on the 
quantum numbers n, i , and m,\ 


So, for « = 3, the constraints on £ 
limit it to the values: 

777, can take on the values: 


n = 1,2,3,..., 

£ = 0,1,2,. ..,77 -1 , 
and 

777,, = -£,-£ + !,...,£ 


0,1, and 2. 


m. 


- 2 ,- 1 , 0 , 1,2 


15 • 

Determine the Concept The correspondence between the letter designations K, L, M, N, 
O, and P for the shells and the principal quantum number n is summarized in the table 
below. 
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Shell designation K L 

n 1 2 

i 0 0 

1 


4 4 4 

5 5 

6 


M N O P Q 

3 4 5 6 7 

0 0 0 0 0 

11111 
2 2 2 2 2 

3 3 3 3 


While n 


2 for the L shell, t can be either 0 or 1. 


(d) is correct. 


16 •• 

Picture the Problem The strengths and weaknesses of each model are summarized in the 
following table. 



Bohr Theory 

Schrodinger Theory 

Ease of application 

Easy 

Difficult 

Prediction of stationary 
state energies 

Correct predictions 

Correct predictions 

Prediction of angular 

momenta 

Predicts incorrect 

results 

Predicts correct results 

Spatial distribution of 

electrons 

Predicts incorrect 

results 

Predicts correct probabilistic 

distribution 


17 •• 

Determine the Concept The optical spectrum of any atom is due to the configuration of 
its outer-shell electrons. Ionizing the next atom in the periodic table gives you an ion 
with the same number of outer-shell electrons, and almost the same nuclear charge. 
Hence, the spectra should be very similar. 

*18 •• 

Determine the Concept The Ritz combination principle is due to the quantization of 
energy levels in the atom. We can use the relationship between the wavelength of the 
emitted photon and the difference in energy levels within the atom that results in the 
emission of the photon to express each of the wavelengths and then the sum of the 
reciprocals of the first and second wavelengths and the sum of the reciprocals of the third 
and fourth wavelengths. 
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Express the wavelengths of the 
spectral lines k\, 7 . 2 , 2 , 3 , and X 4 in 
terms of the corresponding energy 
transitions: 


Add the reciprocals of X\ and 7 . 2 to 
obtain: 


Add the reciprocals of 2 , 3 and X 4 to 
obtain: 


Because the right-hand sides of 
equations ( 1 ) and ( 2 ) are equal: 


4 = 
i 2 = 
x 3 = 

and 

^4 = 


Ac 


E 3 

-£ 2 


Ac 

E 2 

- F 


Ac 

E 3 

~E 1 


he 


~E 0 


= ^3 ^2 ! ^*2 ^0 

Tlj he he 

_ E3 ~Eq 
he 

_L_I__L = ^3 ~ Ei | E) — £ 0 

/t 3 /l 4 Ac Ac 

_ E 3 ~^o 
he 


1 

1 

1 

1 

-1- 

= - 

H- 

A 

A 2 

X 3 

a 4 


One possible set of energy levels is 
shown to the right: 


Ai ( 


A3 




A 2 


A 4 


e 3 

e 2 

Ei 


19 • 

Determine the Concept An allowed transition must satisfy the selection rules 


A m, = 0 or ±1 and M = ±1 
(a) A £ = -1 and A m e = 0: 
(A) (3,0,1) does not exist. 

(c) A i = -1 and A m, = 2: 

(d) A.I = +1 and A = 1: 


The transition is allowed. 


The transition is not allowed. 


The transition is not allowed. 


The transition is allowed. 



































Atoms 1179 


(e) Al = -1 and A m, = 0: 


The transition is allowed. 


Estimation and Approximation 


*20 •• 

Picture the Problem The number of photons need to stop a 8:, Rb atom traveling at 300 
m/s is the ratio of its momentum to that of a typical photon. 


(a) The number N of photon-atom 
collisions needed to bring an atom 
to rest is the ratio of the change in 
the momentum of the atom as it 
stops to the momentum brought to 
the collision by each photon: 

The kinetic energy of an atom 
whose temperature is T is: 


N _ APatom _ mV _ mVC 
^photon A E 


C 

where m is the mass of the atom. 


j mv 2 = \kT 



Substitute for v to obtain: 


E v m E 


For an atom use mass is 50 u: 


N = ■ 


3 x 10 8 m/s 


leV x 


1.6x10 J 
eV 


1.66x10 27 kg 


50ux 


u 


(l.38xl(T 23 J/k)(500K) 


10 5 


(b) The number N of ping-pong ball¬ 
bowling ball collisions needed to 
bring the bowling ball to rest is the 
ratio of the change in the 
momentum of the bowling ball as it 
stops to the momentum brought to 
the collision by each ping-pong ball: 

Provided the speeds of the 
approaching bowling ball and ping- 
pong ball are approximately the 
same: 

(c) The number of photons N needed 
to stop a 85 Rb atom is the ratio of the 
change in the momentum of the 
atom to the momentum brought to 
the collision by each photon: 


N = 


Ap 


bowling ball 


™bb v bb 


i) J7i V 

Jr ping-pong ball ppb ppb 


N = 


Ap. 


bowling ball 


ping-pong ball 


111 


bb 


m 


ppb 


6 kg 

4g 


10 3 


N _ APatom _ mV _ lm ’ A 

/^photon A h 

A 


Substitute numerical values and evaluate N : 
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85(l.66xl0~ 27 kg)(300m/s)(780.24 nm) 
6.63x10 34 J-s 


4.98x 10 4 


21 •• 

Picture the Problem We can use the relationship between the kinetic energy of an atom 
and its momentum, together with the de Broglie equation, to derive the expression for the 
thermal de Broglie wavelength. In Part ( b ), we can use the definition of the number 
density of atoms and the result from Part ( a ), with the interatomic spacing set equal to the 
thermal de Broglie wavelength, to estimate the temperature needed to create a Bose 
condensate. 


(a) Express the kinetic energy of an 
atom in terms of its momentum: 

Use the de Broglie relationship to 
express the atom’s momentum in 
terms of its de Broglie wavelength: 


Substitute for p to obtain: 


The kinetic energy of an atom is 
also a function of its temperature T: 

Equate these expressions for K to 
obtain: 


Solve for Af. 


(b) The number density of atoms p 
is given by: 


Assume that the atoms are arrayed 
on a cubic lattice of lattice spacing d 
to obtain: 


K = 


P 


2 


2m 


h 

p = — 

A T 

where At is the thermal de Broglie 
wavelength. 

K-J^ 

2mA T 




h 2 

2 mA 2 T 


A T 


h 2 

3 mkT 


N 

P ~ V 

where N is the number of atoms and V is 
the volume they occupy. 

, N 1 

V = Nd ' and p =- r- = — r- 

Nd 3 d 3 


Solve for d to obtain: 


d = 



Setting d= A t yields: 



3 mkT 
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Solve for T to obtain: 


T = 


h 2 p 2/3 

3 mk 


Substitute numerical values and evaluate T: 


(6.63x10 34 J-s ) 2 


T = 


10 12 


atoms 10 cm 

-W*-3 

cm m 


6_3 A 2 / 3 


3(85 u)( 1.66x 10 ~ 27 — 

V u j 


1.38x10 


-23 


V 


J 7 

K 


75.2 nK 


The Bohr Model of the Hydrogen Atom 


22 • 

n 2 

Picture the Problem The radius of the first Bohr orbit is given by a 0 =- 3 - 

mke 


Equation 36-12 is: 


inker 


Substitute numerical values and evaluate ao- 


(l.Q5 x 10 ~ 34 J • s ) 2 


(9.1 lx 10~ 31 kg)(8.99x 10 9 N • m 2 /kg 2 )(l.60x 10 -19 c ) 2 


= 5.26x10 11 m 


= 0.0526 nm 


23 • 

Picture the Problem We can use the equation relating the wavelength of the radiation 
emitted during a transition between two energy states to find the wavelengths for the 
transitions specified in the problem statement. 


Express the wavelength of the 
radiation emitted during an energy 
transformation from one energy 
state to another: 


Because E f = -13.6 eV: 


_ 1240 eV • nm 1240 eV • nm 

A E ~ E t - E f 

provided the energies are expressed in eV. 
Note that this relationship tells us that the 
longest wavelength corresponds to the 
smallest energy difference. 

_ 1240 eV -nm 
~ £ i +13.6eV 
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Express the energy of the nth energy 
state of the atom: 

Substitute to obtain: 


(a) Evaluate equation (1) for 
n = n\ = 3: 

( b ) Evaluate equation (1) for 
n = ri\ = 4: 


E 0 _ 13.6eV 

2 2 

n n 


k = - 


1240eV -nm 


13.6eV 


+ 13.6eV 


1240eV -nm 


13.6eV 


1- 


v 


I ^ 

n 2 J 


( 1 ) 


A = 


1240eV -nm 


13.6eV 


1- 


1 


V 


103nm 


k = - 


1240eV -nm 


13.6eV 


1- 


V 


1 

4 2 


A 


97.3 nm 


24 • 

Picture the Problem For the Balmer series, E { = E 2 = -3.40 eV. The wavelength 

associated with each transition is related to the difference in energy between the states 

, . 1240 eV • nm 

by A =-. 

£, - E { 


Express the wavelength of the 
radiation emitted during an energy 
transformation from one energy state 
to another: 


Evaluate A E for the transition 
n = 3 to n = 2: 


1240eV -nm 
A E 


( 1 ) 


provided the energies are expressed in eV. 
Note that this relationship tells us that the 
longest wavelength corresponds to the 
smallest energy difference. 


A F - F -F - — - F 

n 


Because E f = E 2 = -3.40 eV and 
E 0 = -13.6 eV: 


A£^ 2 =-^^ + 3.40eV (2) 

n 

A£«=-^|^ + 3.40eV 
= 1.89eV 


Evaluate equation (2) for n = 3: 
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Substitute in equation (1) to obtain: 


1240eV -nm 
1.89eV 


656 nm 


Evaluate equation (2) for n = 4: 


>2 


13.6 eV 
4 2 


+ 3.40eV 


2.55eV 


Substitute in equation (1) to obtain: 


1240eV -nm 
2.55eV 


486 nm 


Evaluate equation (2) for n = 5: 


A E 


5->2 


13.6eV 

5 2 


+ 3.40eV 


2.86eV 


Substitute in equation (1) to obtain: 


1240eV -nm 
2.86eV 


434 nm 


25 •• 

Picture the Problem We can use Bohr’s second postulate to relate the photon energy to 

1240eV-nm 

its frequency and use A =-to find the wavelengths of the three longest 

E - E f 


wavelengths in the Paschen series. 


(a) Use Bohr’s second postulate to hf = AE = E 1 -E i 

express the energy of the photons in 
the Paschen series: 


For the series limit: 


n = oo and E i = 0 


Substitute to obtain: 


Evaluate the photon energy for 
n 2 = 3: 

Express the wavelength of the 
radiation resulting from an energy 
transition AE = hf: 


A E = -E f 



-'o 

7 2 

*2 y 



( 1 ) 


hf = 


13.6eV 

3 2 


1.5 leV 


1240eV -nm 

AE 


( 2 ) 


provided the energies are expressed in eV. 
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Evaluate X mm for the transition 
n = oo to = 3: 

(. b ) For the three longest 
wavelengths: 


= 


1240eV -nm 


1.5 leV 
n x = 4,5, and 6 


821 nm 


Equation (1) becomes: 


hf = E i -E t =—$- 


= E r 


n 

\ U 2 n i J 


( E \ 
_ EEL 

i V f h j 

= E. 


'l P 


(3) 


9 n 


Evaluate equation (3) for n = 4: 


^=( 13 .6eV)(i-lJ 


= 0.66 leV 


Evaluate equation (2) for 
AE = 0.661 eV: 


^ 4—>3 — 


1240eV -nm 
0.66 leV 


1876 nm 


Evaluate equation (3) for n = 5: 


AE M =(l3.6eV)fi-V 


= 0.967 eV 


Evaluate equation (2) for 

: 1240eV-nm 

5 ^ 3 ~ 0.967 eV 

AE = 0.967 eV: 

Evaluate equation (3) for n = 6: 

A£ M =(l3.6eV)fi 

= 1.13eV 

Evaluate equation (2) for 

3 1240eV-nm 

6 ^ 3_ 1.13eV 

AE =1.13 eV: 


1282nm 


1097 nm 


The positions of these lines on a horizontal linear scale are shown below with the 
wavelengths and transitions indicated. 


6—>3 5—>3 

-I-1—- 

1097 nm 1282 nm 


4—>3 

-1- 

1876 nm 
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*26 •• 

Picture the Problem We can use Bohr’s second postulate to relate the photon energy to 
its frequency and use X =--to find the wavelengths of the three longest 

E i~ E f 

wavelengths in the Brackett series. 


(a) Use Bohr’s second postulate to hf = AE = E i -E f 

express the energy of the photons in 
the Paschen series: 


For the series limit: 


77 = oo and E { = 0 


Substitute to obtain: 


Evaluate the photon energy for 
77 2 = 4: 

Express the wavelength of the 
radiation resulting from an energy 
transition AE = hf: 


A E = -E f 



-^o 
l 2 y 



( 1 ) 


hf = 


13.6eV 

4 2 


0.850eV 


1240eV -nm 
AE 


( 2 ) 


provided the energies are expressed in eV. 


Evaluate X mm for the transition 

77 = 00 tO 772 = 4: 




1240eV -nm 
0.850eV 


1459 nm 


( b ) For the three longest n, —5,6, and 7 

wavelengths: 


Equation (1) becomes: 


Evaluate equation (3) for 77 = 5: 


AE = E- E ( =- f- 


= E r 


1 1 


f h 

\ 


V 77 2 


^0 

V f h J 
/ 


= E r 


16 


(3) 


AE, 


5->4 



25y 


0.306 eV 


Evaluate equation (2) for 
AE = 0.306 eV: 


X 


'5—>4 


1240eV -nm 
0.306eV 


4052 nm 
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Evaluate equation (3) for n = 6: 


= 0.472 eV 


Evaluate equation (2) for 
A E = 0.472 eV: 


X. 


'6->4 


1240eV • nm 
0.472 eV 


2627 nm 


Evaluate equation (3) for n = 7: 



_n 

49 j 


Evaluate equation (2) for ^ _ 1240 eV • nm 

AE = 0.572 eV: 7 ^ 4 0.572 eV 

The positions of these lines on a horizontal linear scale are shown below with the 
wavelengths and transitions indicated. 


2168 nm 


7—>4 6—>4 


2168 nm 2627 nm 


5—>4 


4052 nm 


27 •• 

Picture the Problem We can use the grating equation to find the wavelength of the given 
spectral line and the Rydberg-Ritz formula to evaluate R. 

(a) The grating equation is: mA = d sin 9 

where m= 1, 2, 3, ... 

Solve for A: dsinO 

A — - 

m 

Substitute numerical values and (3.377//m)sinl 1.233° 

evaluate A for m = 1: ~ 


1 

657.8 nm 


1 

I 


= R 


\ n 2 


n 



(b ) The Rydberg-Ritz formula is: 
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Solve for R to obtain: 


f \ 


R 


1 1 

I XIZ 

2 2 


Substitute numerical values and evaluate R: 


R = 


1 


0.6578 fim 

= 10.946 /um' = 


1 1 


3 2 j 


v2- 

1 - 1.0946 xl0 7 m 1 


Remarks: The data used here came from a real experiment. The value for/? differs 
by approximately 0.2% from the commonly accepted value. 


28 ••• 

Picture the Problem This is an extreme value problem in which we need to identify the 
relationship between E and r, differentiate it with respect to r, and set that derivative 
equal to zero. Solving the latter expression for r will give us r m . 


Express the total energy of the 

E = 

h 2 

ke 2 



electron: 


2 mr 

r 



Differentiate this expression with 

dE 

_ d 

n 2 

ke 1 


respect to r to obtain: 

dr 

dr 

2 mr 2 

r 




_ d 

n 2 

d 

ke 2 



dr 

2 mr 2 

dr 

r 


ti 2 ke 2 

mr r 

= 0 for extreme values 


Solve for r to obtain: tr 

r = —^— 
ke m 


Differentiate E a second time to 
obtain: 


d 2 E _ 3 n 2 Ike 1 

i 2 4 3 

dr mr r 


Evaluate d 2 E!dr 2 at r to obtain: 


d 2 E _ kVm 3 

dr 2 r _ n 2 fi b 

he 2 m 

Therefore, our extreme value is a minimum 
and the value for r that minimizes the 
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energy is r = —-— 
kem 


Note that this is just the Bohr radius 



<2o- Consequently, the energy is the 
ground state energy of the hydrogen 
atom and: 

*29 

Picture the Problem We can express the total kinetic energy of the electron-nucleus 
system as the sum of the kinetic energies of the electron and the nucleus. Rewriting these 
kinetic energies in terms of the momenta of the electron and nucleus will lead to K = 



(a) Express the total kinetic energy 
of the electron-nucleus system: 


K=K+K, 


n 


Express the kinetic energies of the 
electron and the nucleus in terms of 
their momenta: 



Substitute to obtain: 



2 m e M 
+ m ey 


2m, 


provided we define ju= m e M/(M + m e ). 


(b ) From Equation 36-14 we have: 


f \ 



( 1 ) 


4^ 3 i + »C 

l M) 

where 


4/kW 


Use the Table of Physical Constants at the C = 1.204663 x 10’ 7 m 1 / kg 
end of the text to obtain: 
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For H: 


*H=Cl 


m,. 


1 + 


m„ 


m 


p J 


Substitute numerical values and evaluate R H : 


R ti =(l .204663 xl0 37 m 1 /kg) 


9.11x10 kg 
9.11x10 31 kg 
1.67x10 27 kg 


1 + 


1.096850x10' nL 


Let M —» oo in equation (1) to obtain ^h, approx = 

-^H.approx- 


Substitute numerical values and evaluate .Rh, approx: 


R 


H,approx 


(l .204663 x 10 37 m 1 /kg)(9.11 x 10 31 kg) = 


1.097448 xl0 7 m 1 


R h and R u approx agree to three significant figures. 


(c) Express the ratio of the kinetic 
energy K of the electron in its orbit 
about a stationary nucleus to the 
kinetic energy of the reduced-mass 
system K': 


Substitute numerical values and 
evaluate the ratio of the kinetic 
energies: 


K _ 2 m e n _ 1 f m p m e " 

K' p 2 m e m e \m v +m ey 

2 m r 

fflp _ 1 

m v + m c i + 

m p 

K 1 

9.1 lx 10~ 31 kg 
+ 1.67x10 27 kg 
= 0.999455 
or 

K = 0.999455 K’ 

and the correction factor is the ratio of the 

0.0545% 


masses or 
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Remarks: The correct energy is slightly less than that calculated neglecting the 
motion of the nucleus. 

*30 •• 

Picture the Problem We can use Equation 36-15 with Z = 2 to explain how it is that 
every other line of the Pickering series is very close to a line in the Balmer series. We can 
use the relationship between the energy difference between two quantum states and the 
wavelength of the photon emitted during a transition from the higher state to the lower 
state to find the wavelength of the photon corresponding to a transition from the n = 6 to 
the n = 4 level of He + . 


(a) From Equation 36-15, the energy 
levels of an atom are given by: 


For He + , Z = 2 and: 



where E 0 is the Rydberg constant 
(13.6 eV). 



Because of this, an energy level with even principal quantum number n in He + will have 
the same energy as a level with quantum number nl 2 in H. Therefore, a transition 
between levels with principal quantum numbers 2m and 2 p in He + will have almost the 
same energy as a transition between level m and p in H. In particular, transitions from 
2m to 2p = 4 in He + will have the same energy as transitions from m to n = 2 in H (the 
Balmer series). 


(b) Transitions between these energy 
levels result in the emission or 
absorption of a photon whose 
wavelength is given by: 

Evaluate E 6 and E 4 : 


Substitute for E 6 and E 4 in equation 
(1) and evaluate 2: 



( 1 ) 


e 6 = 

and 

e 4 = 



13.6eV 


J 



13.6 eV 
4 2 


A 

J 


-1.5 leV 


-3.40 eV 


2 = 


1240eV • nm 


-1.51eV-(-3.40eV) 


656 nm 


which is the same as the n = 3 to n = 2 
transition in H. 


Quantum Numbers in Spherical Coordinates 

31 • 

Picture the Problem We can use the expression relating L to l to find the magnitude of 
the angular momentum and the constraints on the quantum numbers to determine the 
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allowed values for m. 

(a) Express the angular momentum L = yj£{£ + \ )fi 

as a function of £ : 


Substitute numerical values and 
evaluate L\ 


L = 7l(l + l )fi = y[2h 
= 72(l. 055 xlO~ 34 J-s) 
= 1.49x10 34 J-s 


( b ) Because m t = -£,... ,0,, £ 
the allowed values for £ = 1 are: 




- 1 , 0,+1 


(c) The vector diagram is shown on 
the right. Note that because 
L z = mfi and L = 72/?, the vectors 
for m e = -1 and m,= 1 must make 
angles of 45° with the z axis. 



32 • 

Picture the Problem We can use the expression relating L to £ to find the magnitude of 
the angular momentum and the constraints on the quantum numbers to determine the 
allowed values for m. 


(a) Express the angular momentum L = J£{£ + 1)/? 

as a function of £ : 


Substitute numerical values and 
evaluate L: 


L = 73(3 + 1 )n = 273 ;h 
= 273(l.055xl0- 34 J-s) 
= 3.65x10 34 J-s 


— 3, - 2, — 1,0, +1, + 2, + 3 


(b ) Because m t = -£,... ,0,..., £ 
the allowed values for £ = 1 are: 


m 
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(c) The vector diagram is shown on 
the right. Note that because 
L z = m,h and L = 2-J3ft , the angles 
between the vectors and the z axis are 
determined by cos 6 m = m, j 2V3 . 

Thus = 30°, 02 = 54.7°, and 
9\ = 73.2°. The spacing between the 
allowed values of L z is constant and 
equal to ft. 

33 • 

Picture the Problem We can find the possible values of i by using the constraints on 
the quantum numbers. A more analytical solution is to first derive the number of electron 
states for an arbitrary value of n and then substitute the specific value of n. 



(a) When n = 3: 



(. b ) For l = 0: 


For l = 1: 


For l = 2: 



(c) We can find the total number of 

n 

£ 


electron states by enumerating the 

3 

0 

0 

possibilities as shown in the table. 

3 

1 

-1 


3 

1 

0 


3 

1 

1 


3 

2 

-2 


3 

2 

-1 


3 

2 

0 


3 

2 

1 


3 

2 

2 


Note that there are 9 m states. Because N, the number of electron states is 
twice the number of m f states, the number of electron states is 18. 


Alternatively, we can derive an expression for the number of electron states for an 
arbitrary value of n and then substitute specific values of n: 

The number of m , states for a given 
n is given by: 


n —1 n —1 n —1 

A'„=£(2l + l)=2]Tl + £(l) 
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Express the sum of all integers from 

0 to p: 

Yj £ = 2p(p + 1 ) 

1 =0 

n— 1 

Use this result to evaluate 2^/: 

t=o 

n— 1 

2^£ = 2\\{n -l)«] = n 1 -n 

e=o 

Evaluate the second term to obtain: 

1 ( 0 = » 

f=0 

Substitute to obtain: 

N m = n - n + n = n 

and, because N, the number of electron 
states is twice the number of m states, the 
number of electron states is N= 2n 1 . 

Hence, for n = 3, the number of electron 

states is: 

N = 2rr = 2(3 ) 2 = 18 


34 • 

Picture the Problem While we could find the number of electron states by finding the 
possible values of i from the constraints on the quantum numbers and then enumerating 
the states, we’ll take a more analytical approach by deriving an expression for the number 
of electron states for an arbitrary value of n and then substitute specific values of n. 


The number of m states for a given n 
is given by: 

H-l n— 1 n— 1 

Jv„=Z(2r+0=2jU+Z(0 

£=0 £=0 £=0 

Express the sum of all integers from 

0 to p: 

£ £ = }p(p + 1 ) 

£=0 

n- 1 

Use this result to evaluate 2^f: 

1=0 

n —1 

2ji = 2 [y(w- 1 ) 77 ] = n 2 -n 

1=0 

Evaluate the second term to obtain: 

Z(0=» 

£=0 

Substitute to obtain: 

AT 2 . 2 

N m = n - n + n = n 

and, because N, the number of electron 
states is twice the number of m states, the 
number of electron states is N= 2 n 2 . 
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(a) For n = 4, the number of electron 

states is: 

N = 2n 2 = 2(4 ) 2 = 

32 

( b ) For n = 2, the number of electron states 

is: 

N = 2n 2 = 2(2 ) 2 = 

8 


*35 •• 

Picture the Problem The minimum angle between the z axis and L is the angle between 
the L vector for m = £ and the z axis. 


Express the angle 6 as a function of 
L z and L\ 


6 = cos 


V L 


Relate the z component of L to m f L z - m,ti — £Ti 

and £ : 


Express the angular momentum L: 


L = y]£(£ + \)tl 


Substitute to obtain: 


(a) For (. = 1: 


(. b ) For 1 = 4: 


(c) For t = 50: 


6 = cos 1 


m 


j£{£ + l)h 


= cos 




v j6+! y 


0 = cos - 




ji + i y 


45.0° 


6 = cos - 


6 rrA 


v' 4 + 1 y 


26.6 C 


6 = cos - 


f I 50 A 


50 + 1 


8.05 c 


V ’ J 


36 •• 

Picture the Problem We can use constraints on the quantum numbers in spherical 
coordinates to find the possible values of n and m, for each of the values of £. 

n = 1, 2, 3, ... 

£ = 0 , 1 , 2 , - 1 
m ( =-£,(-£ + 1 ),... 0 , 1 , 2 ,... £ 


The constraints on n, m e , and £ are: 
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(a) For £ =3: 


n> 4 and m f = -3, -2,-1,0,1,2,3 


(. b ) For ^ = 4: 


« > 5and/n f = -4,-3,-2,-1,0,1,2,3,4 


(c) For £ = 0: 


n > landm,, = 0 


37 •• 

Picture the Problem The magnitude of the orbital angular momentum L of an electron is 
related to orbital quantum number £ by L = (f + I )h and the z component of the 
angular momentum of the electron is given by L, = inti. 


(a) For the £ = 2 state, the square 
magnitude of the angular 
momentum is: 

(b ) For the 1 = 2 state, the maximum 
value of L z is: 

2 2 

(c) The smallest value of L~ + L" is 
given by: 


L 2 =2(2 + 1 )h 2 



Ll= i 2 n 2 



L 2 +L 2 =L 2 -Ll=6h 2 -4h 2 



Quantum Theory of the Hydrogen Atom 


38 


Picture the Problem We can use 


H r )=-i= 

sin 


( ^ V /2 


-Zr/a 0 


to evaluate the normalized 


V a o J 


ground-state wave function and its square at r = a 0 and P{r) = 4^r ’|i// to find the radial 
probability density at the same location. 


(a) Noting that Z = 1 for hydrogen, 
evaluate y/(a Q ) to obtain: 


vM = ~t 


f x A 3 / 2 


-Oo/ao 


\ a o J 


J* 


( * A 

2 


1 


1 

/ 


2 3 

\ eu oy^o y 


e a 0 7r 


(b) Square iff(a 0 ) to obtain: 
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(c) Use the result from part ( b ) to evaluate 
P(a 0 ): 


P(a 0 ) = Ana\ H = 4^ia, 


v e a o 7V J 



*39 • 

Picture the Problem We can use the constraints on n, £, and m to determine the number 
of different wave functions, excluding spin, corresponding to the first excited energy state 
of hydrogen. 

For n = 2: i = 0 or 1 


(a) For i = 0, m f = 0 and we have: 

For £ = 1, m, = -1, 0, +1 and we 
have: 

Hence, for n = 2 we have: 

( b ) The four wave functions are 
summarized to the right. 


1 state 

3 states 


4 states 


n 

l 

m. 

(n, i , mi) 

2 

0 

0 

(2,0,0) 

2 

1 

-1 

(2,1,-1) 

2 

1 

0 

(2,1,0) 

2 

1 

1 

(2,1,1) 


40 


Picture the Problem We can use 


v( r ) = 7 = 




V a o J 


-Zrja a 


to evaluate the normalized 


ground-state wave function and its square and P(r) = 4/zr ’ |i// to find the radial 


probability density at the same location. Because the range A r is so small, the variation in 
the radial probability density P(r) can be neglected. The probability of finding the 
electron in some small range A r is then P(r) A r. 


Express the probability of finding 
the electron in the range A r: 


Probability = J P{r )dr (1) 

where P(r) is the radial probability density 
function. 


The radial probability density 
function is: 


P(r) = 4zzr 2 1^| 


( 2 ) 
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Express the normalized ground-state 
wave function: 

Evaluate the normalized ground- 
state wave function evaluated at 
r = a 0 to obtain: 

Square y/(a 0 ) to obtain: 


Substitute in equation (2) to obtain: 


A r ) = ~r= 

V^r 


7 Z V /2 


\ a G J 


-Zr/a 0 


o) I — 


2 j V/2 


\ a Q J 


'o/ a o _ 




¥ 


: (« r o) = 


^ ea 0 -\JtccIq j 


2 3 


P(a 0 ) = Am\ = ^ m o 


r 1 A 


e 2 a n 


(a) Substitute in equation (1) to find 
the probability of finding the 
electron in the small range 
A r = 0.03a 0 : 


(b ) Evaluate the normalized ground- 
state wave function at r = 2a 0 to 
obtain: 

Square if/(la 0 ) to obtain: 


Substitute in equation (2) to obtain: 


Substitute in equation (1) to find the 
probability of finding the electron in 
some small range 
A r = 0.03«o: 


Probability = J P(a 0 )dr « P(a 0 )A 
4 


e a n 


(0.03a 0 )= 


0.0162 


~ i — 

V n 


( x V/ 2 


r 2 a J“o _ 


K a o J 


)V^ 


V 


i 2a o)= 




43. 


P(2a 0 ) = 47r(2a 0 ) 2 \y/ ~ =1 6m, 


r 1 ' 
4 3 

\ e a Q n J 


16 

e 4 a n 


Probability = J P(2a 0 )dr « P(2a 0 )A, 
16 


e a n 


-(0.03a 0 )= 


0.00879 


Remarks: There is about a 2% chance of finding the electron in this range at r = a 0 , 
but at r = 2a 0 ? the chance is only about 0.9%. 
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41 « 

Picture the Problem We can use Equation 36-36 and the given expression for C 2 ,o,o to 
evaluate the spherically symmetric wave function i// for n = 2, £ = 0, 
m, = 0, and Z = 1 and then use this result to evaluate y? and P(r) for r = ao- 


(a) Express the spherically 
symmetric wave function for 
n = 2, £ = 0, = 0, and Z = 1 

(Equation 35-36): 


Evaluate this expression for 
r = a 0 : 


( b ) Square y/ 2 0 0 (a 0 ) to obtain: 


ys 2,0,0 — Q 


2,0,0 


2 - — 

V a o y 
6 , A 3 / 2 




V a o j 


~r/2a 0 


2 - — 

v a o y 


?- r / 2a o 




y i \ 3 / 2 


V a o J 


2 - — 

v a o y 


-a 0 /2a 0 


4^2 




3/2 

0 


0.0605 


<3, 


3/2 


[(^2,0,0 ( a o)] 


0.0605 

a 12 
V w o 


0.00366 


(c) Express the radial probability density: 


P(r) = 4;zr 2 ^ r2 (r) 


Substitute to obtain: 


P(a 0 ) = 4^ 2 


0.00366 


0.0460 


42 ••• 

Picture the Problem We can use the definition of the radial probability density and the 
wave function (Equation 35-37) for the state (2, 1, 0) to obtain the result given in the 
problem statement. 


Eising Equation 35-37, express the 
wave function for the state 
(2, 1,0): 

Square y/ 2 , 0 (r) to obtain: 


Wi, i,o( r ) ^2,1,0 e 


-Zr/2a 0 


COS# 



c —— p- Zr l la a 

^ 2 , 1,0 e 
a n 


= c 2 

'-'2,1. 


ryl 2 

Z r 

0 2~ 

a n 


1 - Zr !“ 0 


V 

COS# 

J 

cos 2 # 
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Express the radial probability 
density: 

Substitute and simplify to obtain: 


P(r) = 4 m" 2 if/ 2 (r) 

P{r ) = 4;zr 2 C 2 2 | 0 Z : g -z ''/ a ° cos 2 0 
a 0 

= Ar 4 cos 2 6* 
where 

^ 4<, 0 Z 2 ' 


43 ••• 

Picture the Problem In this instance, J P{r)dr extends over a sufficiently narrow 

interval Ar « 0.02a 0 that we can neglect the dependence of P(r) on r. Hence, we can 
set | P{r)dr = P(r)Ar and use the wave function (Equation 36-36) for the state 

(2, 0, 0) and the expression for C 2 ,o,o from Problem 41 to find i// 2 ,o,n, \jA {) 0 , / J (r), and the 

probability of finding the electron in the range specified at r = a 0 and 
r = 2 ao. 


(a) Express the probability of 
finding the electron in the range Ar: 


The radial probability density 
function is: 

The normalized wave function for 
the (2, 0, 0) state of hydrogen is 
given by Equation 36-36: 

From Problem 41 we have, for 
hydrogen: 


Probability = ^P(r)dr (1) 

where P(r) is the radial probability density 
function. 

P(r) = 47tr 2 \i//\~ (2) 


V 2 , 0,0 ( r ) — C 


2,0,0 


f \ 
2 - — 

V a o J 


,- r / 2 “o 


1 


Cm " 4VS 


f , V/2 


V a o J 


Via 


0,0 ( r ) — ^ 2 , 0,0 


f \ 

2 - — 

V a o J 

r , \ 3 / 2 


4V2 ~n 


V a o J 


?- r l 2a o 


f \ 
2 - — 

V a o J 


,- r ! 2a o 


Substitute to obtain: 


















1200 Chapter 36 


Evaluate the normalized ground- 
state wave function at r - a (l to 
obtain: 


Square y/ 2Q0 


(a 0 ) to obtain: 


Substitute in equation (2) to obtain: 


Substitute in equation (1) to find the 
probability of finding the electron in 
some small range 
A r = 0.02 a 0 : 




f , V3/2 


-a 0 /2a 0 


V a o 


0.0605 


A^JlmaT a * 2 


[^2,0,0 ( a o)]~ — 


0.0605^ 

a 3/2 

V w o 


0.00166 


a n 


P(a 0 ) = 4 mly/ 1 (a 0 ) = 4m, 


A 0.00366 A 


V o y 

_ 4^(0.00366) _ 0.0460 


Probability = J P(a 0 )dr « P(a 0 )A r 
= ^( 0 . 02 . 0 ) 


= 9.20x10^ 


(b) Evaluate the normalized ground-state wave function at r = 2 a 0 to obtain: 


^ A0 ( 2a °) 4,/S\ 

Square y/ 200 (2a 0 ) to obtain: 

Substitute in equation (2) to obtain: 

Substitute in equation (1) to find the 
probability of finding the electron in 
some small range 

Ar = 0.02 a 0 : 


\3/2 

( 0 "\ 

2 2a ° 

J 

v a o ) 


t^2,o,o ( a o)] ~ 0 

P{2a 0 ) = 0 

Probability = J P(2a 0 )dr ~ p(2a 0 )Ar 


*44 


Picture the Problem We wish to show that y/ x 0 0 = 


f ^ V/ 2 


V a o J 


-Zr/a 0 _ Q^-Zr/a^ • 


is a 


solution to — 


h 2 


2 mr dr 


- \ + U{r)^/ = Ey/, where U(r)= -. Because the 


kZe~ 


V 


dr 
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ground state is spherically symmetric, we do not need to consider the angular partial 
derivatives in Equation 36-21. 


The normalized ground-state wave 
function is: 


VT.o.o 


f r? y/2 


\ a o J 


- Zr ! a a _ 


Ce 




Differentiate this expression with 
respect to r to obtain: 


d^Vo = Q L-Zr/a 0 e -Zr/a 0 

dr dr ^ a 0 


Multiply both sides of this equation 
by r 2 : 

Differentiate this expression with respect to r to obtain: 



/—i ^ 2 Zr/ On 

C —re ' 0 

On 


d_ 

dr 


dy/ 


1 , 0,0 


dr 


-C.——( r 1 e~ ZrK \- 


= -C 


a 0 dr 


2 Zr 2 
-h r 


z \ 2 


V°oy 


Ce~ Zrla o 


Substitute in Schrodinger’s equation to obtain: 


ft 2 

2mr 2 


2Zr 2 
- + r 




\ a o J 


C e ~ Zr ! a » c^-Zr/ao _ £Q e Zrja,, 


Solve for E : 


E = 


n 2 

2 mr 1 


2 Zr 2 
-+ r 


z \ 2 

' z 2 


V a o J 


kZe 2 
r 


Because a n =-r-: 

0 mke 2 

kZe 2 _ A:Ze 2 Zk 2 e 4 m kZe 2 
r r 2ft 2 r 


Z 2 k 2 e A m 

~ 2 h 2 

Because this is the correct ground state energy, we have shown that Equation 
36-33, is a solution to Schrodinger’s Equation 36-21 with the potential energy function 
Equation 36-26. 

45 •• 

Picture the Problem We can substitute the dimensions of the physical quantities for the 
physical quantities in Equation 36-28 and simplify the resulting expression to show that it 
has dimensions of energy. 


E = — 


2 mr~ 


2mke 2 Zr , 

-x- + Z 


2 Zmke 2 ' 
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Equation 36-28 is: 


The units of this equation are: 


ink 1 e 4 

2 n 2 



N-m 2 

C 2 



[Js] 2 


[kg][N-m-’1~’ 

[N -m-s] 2 

MM! 

[T 


46 •• 

h 2 

Picture the Problem The Bohr radius is a n =- - . We can substitute the dimensions 

U j L 

mke 

of the physical quantities for the physical quantities in this equation and simplify the 
resulting expression to show that it has dimensions of length. 


Because the SI units of ti are J-s, its 
dimensions are: 

Because the SI units of k are 
N-m 2 /C 2 , its dimensions are: 


Substitute the dimensions 

tr 

m a n =-t to obtain: 

0 mke 2 


M L 2 _ M • L 2 
T 2 T 

ML 2 1 ML 3 

T 2 Q 2 T 2 Q 2 

where Q is the dimension of charge. 



ML 2 ’ 

m 2 -l 4 

T 

T 2 

M- 

’ml 3 

1 , m 2 -l 3 

•Q 2 T 2 

T 2 Q 2 


47 •• 

Picture the Problem This is an extreme value problem. We'll begin its solution with the 
radial probability distribution function, differentiate it with respect to its independent 
variable r, set this derivative equal to zero, and solve for the value for an extreme value 
for r. We can show that this value corresponds to a maximum by evaluating the second 
derivative of P(r) at the location found from the first derivative. 
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Differentiate the radial probability 
distribution function with respect to 
r to obtain: 


Mr) = 

dr dr L 


= C 


2re~ 2Zr l a< ' c -2Z ^ a ° 


2 CZr 


; -2Zr/a 0 


vZ j 


= 0 for extrema 


Solve for r to obtain: 


To show that this value for r 
corresponds to a maximum, 
differentiate dP(r)/dr to obtain: 


Evaluate this derivative at 
r = aJZ\ 


r 


a 


o 


Z 


d 2 P(r) 
dr 2 


2 CZr 


e ~2Zr/a 0 + 


X 

r 

J 


4 CZ 2 2CZ 

—— + - 

a 0 a 0 j 


-2Zr/a 0 



-2 Ce 2 < 0 


z 

because C is a positive constant. Hence, 


P(r) has its maximum value at 



48 ••• 

Picture the Problem We can double the sum of the number of m states for a given n to 
show that the number of states in the hydrogen atom for a given n is In 2 . 


The number of m r states for a given 
n is: 

The sum of all integers from 0 to p 
is: 


n —1 n —1 n -1 

N : =£( 2 * + 1 )=2Z< + Z(>) 

£=0 £=0 £=0 

Y J t = ±p(p + ] ) 

£=0 

and 

2 Yjt = 2{\)(n-l)(n) = n 2 -n 

£=0 


EM=» 


The second term is: 
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Substitute to obtain: N llh =n -n + n = n 


Because N, the number of electron N = 2N = 

m f 

states, is twice the number of m, 
states, the number of electron states 
is: 

49 ••• 

Picture the Problem The ground state of a hydrogen atom is the state described by n = 1, 
i = 0, m, = 0. We can calculate the probability that the electron in the ground state of the 

a 0 

hydrogen atom is in the region 0 < r < a 0 by evaluating the integral J 4/zr 2 i// 2 0 0 (r)dr. 

o 



Express the probability that the 
electron in the ground state of a 
hydrogen atom is in the region 
0 < r < a 0 : 


Express the ground-state wave 
function for hydrogen: 

Square the wave function to obtain: 


“0 

Probability = J 4 7rr 2 y/ 2 00 (r)dr 


Wo M I — 

yJ7X 


f j V/2 


V°oy 


-V a o 


(r) = -Ke*l* 


2 

^1,0,0 V / — 3 

m. 


0 


Substitute to obtain: 

a 0 f 1 

Probability = [4;z7- 2 —-e 2 ' 7a " 

0 V m o 


A a ° 

= — [ r 2 e 2r/a "dr 
a o 0 

Use a table of integrals to find: 

bx . . 

J x 2 e bx dx = ^-{b 2 x 2 - 2bx + 2 ) 

Use this integral to show that: 

f 2 ^ 

Probability = - e 2 ' 7 " 0 — V — + — 
V a o a o 


II 

(N 

1 

IT) 

1 

II 

0.323 
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The Spin-Orbit Effect and Fine Structure 


*50 • 

Picture the Problem The energy difference between the two possible orientations of an 
electron in a magnetic field is 2juB and the wavelength of the photons required to induce 
a spin-flip transition can be found from hc/AE. The magnetic moment jU B associated with 
the spin of an electron is 5.79x10 -5 eV/T. 


(a) Relate the difference in energy 
between the two spin orientations in 
terms of the difference in the 
potential energies of the two states: 


AE = 2/.iB 

= 2(5.79xlCT 5 eV/T)(0.6T) 
= 6.95x10 5 eV 


( b ) Relate the wavelength of the ^ _ he 

photon needed to induce such a A E 

transition to the energy required: 


Substitute numerical values and 
evaluate A: 


1240eV -nm 


6.95x10 5 

eV 

1.78cm 



1.78xl0 7 nm 


51 • 

Determine the Concept j and t are constrained according to j = i ± j . For 


j = ‘A 


l = j ±\or l = 


Oor 1 


52 • 

Determine the Concept j and i are constrained according to j = l ± \. For 


1 = 2 , 


j = 2±b 


or 7 


— or — 

2 Ui 2 


53 • 

Picture the Problem The total angular 
momentum vector J is the sum of the 
orbital momentum vector L and the spin 
orbital angular momentum vector S .The 
quantum number j can be either l + \ or 

l — \, where 7^0. Hence, j can take on 

the values 3 + M2 = 112 and 3 - 1/2 = 5/2. 
The scaled vector diagrams are shown to 
the right. 
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The Periodic Table 


54 • 

Determine the Concept The total number of quantum states of hydrogen with quantum 
number n is 2 n 2 . For n =4, we have 2(4) 2 = 32. 


(c) is correct. 


55 • 

Determine the Concept From Table 36-1, oxygen’s electronic configuration is 
ls 2 2s 2 2p 4 . Because there are 4 electrons in the p state, 


(c) is correct. 


*56 • 

Determine the Concept We can use the atomic numbers of carbon and oxygen to 
determine the sum of the exponents in their electronic configurations and then use the 
rules for the filling of the shells to find their electronic configurations. 


(a) The atomic number Z of carbon 
is 6. So we must fill the subshells of 
the electronic configuration until we 
have placed its 6 electrons. This is 
accomplished by writing: 

( b ) The atomic number Z of oxygen 
is 8. So we must fill the subshells of 
the electronic configuration until we 
have placed its 8 electrons. This is 
accomplished by writing: 


ls 2 2s 2 2p 2 


ls 2 2s 2 2p 4 


57 • 

Determine the Concept We can find the z component of the orbital angular momentum 
using L z = mh and the relationship between the quantum numbers £ (which we know from 
the state of the electrons) and m, (which is related to t through m t = -£, (-£ + 1), ..., 0, 1, 
2 


(a) For a p electron t = 1. For i = 

£ = l,m ( = -1, 0, or 1. Because 
L z = -mh, mh: 


-2h,-h,0,h,2h 


-4h,-3h,-2h,-h,0,h,2h,3h,4h 


(b ) For an f electron, £ = 4. 

For £ = 4, m, = -4, -3, -2, -1, 0, 1, 
2, 3, 4. Because L z = -mh, ..., mh: 


L 
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Optical Spectra and X-Ray Spectra 

58 • 

Determine the Concept Lithium, sodium, potassium, chromium, and cesium have one 
outer s electron and hence belong in the same group. Beryllium, magnesium, calcium, 
nickel, and barium have two outer s electrons and, hence, belong in the same group. 


59 • 

Determine the Concept We can use Table 35-1 to find the electronic configurations for 
the first excited states of these elements. 


(a) For H, E depends only on n and 
the lowest excited state is: 


2s or 2p 


( b ) For Na, the 3p state is higher 
energy than the 3 s state and the 
lowest excited state is: 

(c) For Fie, the lowest excited state 
has one electron in the 2s state and 
the lowest excited state is: 


ls 2 2s 2 2p 6 3p 


ls2s 


60 • 

Determine the Concept Atoms with one outer electron have spectra similar to H: Li, Rb, 
Ag, Fr. Atoms with two outer electrons have spectra similar to He: Ca, Ti, Hg, Cd, Ba, 
Ra. Therefore, the table should be completed as shown below: 

Optical Spectra Optical Spectra 

Similar to Hydrogen Similar to Helium 

Li, Rb, Ag, Fr Ca, Ti, Hg, Cd, Ba, Ra 


*61 • 

Picture the Problem When an electron from state n drops into a vacated state in the n = 
1 shell, a photon of energy A E = E n - E\ is emitted. We can find the wavelength of this 
photon using A, = he/AE . The second and third longest wavelengths in the K series 

correspond to transitions from n = 3 to n = 1 and n = 4 to n = 1 and the shortest 
wavelength to the transition from n = oo to n = 1. 

Express the wavelength of the ^ _ he _ 1240eV • nm 

emitted photon in terms of the E n — E x E n — E x 

energy transition within the atom: 
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Express the energy of the nth energy 
state: 


£„=-(z-i) j 4 

n 

where n = 1,2, ... 


Substitute to obtain: 


E n ~E x 

1240eV -nm 

-(z-i) 2 4-f-(z-i) 2 f 1 ' 

n \ 1 ) 

1240eV -nm 

(Z-lfUl-U 

V n ) 


(a) Evaluate this expression with n = 
3 and Z = 42 to obtain: 


!,=■ 


1240eV -nm 


(42 — l) 2 (l3.6eV) 1 


= 0.06 lOnm 


3 2 , 


Use n = 4 and Z = 42 to obtain: 


(b) The shortest wavelength in the 
series corresponds to the largest 
energy difference between the initial 
and final states. Repeat the 
calculation in part (a) with n = oo to 
obtain: 


1240 eV -nm 

(42-l) ! (l3.6eV){i-U 

0.0578 nm 


1240eV - nm 
(42 — l) 2 (l3.6eV)(l-0) 

0.0542 nm 


62 • 

Picture the Problem When an electron from state n drops into the vacated state in the n 
= 1 shell, a photon of energy E n - E\ is emitted. The wavelength of this photon 
he 

is A = - j - - —r . Hence, if we know the wavelength of the K a line we 

(Z-l) 2 (l3.6eV) 1-T 

V n J 

can solve for the atomic number of the element and use its value to identify the element. 
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Express the wavelength of the K„ 
line as a function of the atomic 
number of the element: 


A = 


he 


(Z-l) J (l3.6eV) 1-4 

V n j 


Solve for Z: 


Substitute numerical values and 
evaluate Z: 


Z = 1 + 


i 


he 


Z(l3.6eV) [l—E 

V n ) 


Z = l + 


1 


1240eV -nm 


(0.3368nm)(l3.6eV) 


V-T 

2 - 7 


= 20 


The element whose atomic number is 20 is calcium. 


63 • 

Picture the Problem The K a corresponds to a transition from n = 2 to n = 1. Equation 
36-16 relates the atomic number Z to the wavelength of the emitted photon When an 
electron from state n drops into a vacated state in the n= 1 shell, a photon of energy 
E n -E\ is emitted. We can find the wavelength of this photon using A = hc/[E n - E } ) 

and E n from E n = -Z 2 (e o fn 1 ) . 

Express the wavelength of the K a 
line: 


he 1240eV-nm 
E n -E~ E n -E x 


Express the energy of the atom’s 
«th energy state: 

Substitute and simplify to obtain: 


(a) Substitute n = 2, Z = 12, and 
Eo = 13.6 eV to obtain: 


E = —Z 2 —ir 


A = 


1240 eV • nm 1240 eV • nm 


-Z=4 + Z ! £„ Z 2 £, 


V n J 


A = 


1240eV - nm 


H 2 (l3.6eV) 1-2 


l.OOnm 
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(. b ) Substitute n = 2,Z= 29, and 
Eo = 13.6 eV to obtain: 


1240eV ■nm 


28 2 (l3.6eV)fl-T' 


0.155nm 


General Problems 


64 • 

Picture the Problem The energy associated with a transition from an initial state to some 
final state is given by A E = E\ - E ( and the wavelength 2 of a photon emitted in such a 

transition is given by 2 = hc/AE. Hence, the shortest wavelength corresponds to the 
largest energy difference. 

Express the wavelength of the ^ _ he ^ ^ _ he 

emitted photon in terms of the A E 2 

energy difference A E between the 
atom’s initial and final states: 


For 2min, A E will be the energy 
required to ionize a hydrogen atom: 


A E 


max 



13.6eV 


65 • 

Picture the Problem This spectral line is due to a transition from some initial state n x to a 
final state n { (we’re given that the final state is the ground state). The wavelength of the 
spectral line is related to the difference in energy A E between these states according to 
2 = 1240 eV • nm/ A E and the energy of the «th state is given (for hydrogen, Z 1) by 

E a = (1 2 )(—13.6 eV)/« 2 . 

Relate the wavelength of a spectral ^ _ 1240eV • nm . ^. 

line to the energy transition within A E 

the atom: 


Express the energy difference A E in 
a transition: 


7 2 E 7 2 E 

A E = E.-E { = - p^ + =-^ 


= Z 2 En 


n, 

K n f n l J 


n 


f 


AE = (l3.6eV) 


K n f n fj 


For Z= 1 and£'o = 13.6 eV: 
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Substitute in equation (1) to obtain: 


For X = 97.254 nm and « f = 1 this 
expression simplifies to: 

Solve for n, to obtain: 


X = 


1240eV - nm 


(l3.6eV) 


1 1 


v « f 


) 


91.2nm 

1 T 


or 

1 1 


91.2 nm 

I 


n. 


91.2nm 
97.254 nm 


0.938 


n. = 


4 


The transition that produced the given wavelength was from 
n { = 4 to n { = 1. 


66 • 

Picture the Problem This spectral line is due to a transition from some initial state to a 
final state » f (we’re given that the final state is the ground state). The wavelength of the 
spectral line is related to the difference in energy A E between these states according to 
X = 1240 eV • nm/ A E and the energy of the nth state is given (for hydrogen, Z = 1) by 

E n = ( 1 2 )(-13.6 eV)/« 2 . 

Relate the wavelength of a spectral ^ _ 1240eV • nm . ^ ^ 

line to the energy transition within A E 

the atom: 


Express the energy difference AE in 
a transition: 


A E = 


Ei-E t 

_Z% Z% 

2 2 


= z 2 e„ 


y n- 


n 



c 

AE = (l3.6eV) 

V 


1 


X 



ForZ= 1 and£'o= 13.6 eV: 
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Substitute in equation (1) to obtain: 


For A = 1093.8 nm this expression 
simplifies to: 


A = 


1240eV -nm 


(l3.6eV) 


1 1 


2 

v«f 


y 


91.2nm 

1 T 


or 

1 1 


91.2 nm 

A 


1 1 


91.2nm 
1093.8 nm 


0.0834 


Because the only constraints on « f and n, are that they be integers, we can solve this 
equation by trial and error. One way to do this is to plot a graph of n\ as a function of n\ 
and look for integer solutions visually or with a trace of the trajectory of the curve. The 
following graph was plotted using a spreadsheet program. Note that a solution to our 
equation is = 6 and «f = 3. 



Thus, the transition that produces the given wavelength is from 
n { = 6 to n f = 3. 
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67 • 

Picture the Problem These spectral lines are due to transitions in singly ionized helium 
from some initial state n\ to a final state n r. The wavelengths of the spectral lines are 
related to the difference in energy A E between these states according to 
A, = 1240eV • nm/A E and the energy of the «th state is given (for helium, Z = 2) by 

E n = (2 2 )(-13.6 cV)/« 2 . 

Relate the wavelength of a spectral ^ _ 1240 eV • nm ^ 

line to the energy transition within A E 

the atom: 


Express the energy difference A E in 
a transition: 


For Z = 2 and E 0 = 13.6 eV: 


Substitute in equation (1) to obtain: 


A E = E-E r 


Z% + Z% 


n. 


n: 


= Z 2 E„ 


r 1 P 


V«r th j 


AE = 2 2 (l3.6eV) 
= (54.4 eV) 


_l_1_ 

2 2 

v n i n i 




\ n t n i 7 


Z = - 


1240eV • nm 


(54.4 eV) 


V»f n \ j 


or 


V 

J 


22.8 nm 

1 T 


1 1 22.8 nm 

I 


For A = 164 nm this expression 1 _ 1 _22.8nm_Q^^ 

becomes: n 2 n 2 164nm 

Because the only constraints on 11 f and n, are that they be integers, we can solve this 
equation by trial and error. One way to do this is to plot a graph of n 1 as a function of n f 
and look for integer solutions visually or with a trace of the trajectory of the curve. The 
following graph was plotted using a spreadsheet program. Note that a solution to our 
equation is n, = 3 and « f = 2. 
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Thus, the transition that produces the given wavelength is from 
= 3 to n { = 2. 


Similarly, for A = 230.6 nm: 


The transition that produces 
the given wavelength is from 
n { = 9 to n f =3. 


For A = 541 nm: 


The transition that produces 
the given wavelength is from 
n { = 7 to n f = 4. 


*68 •• 

Picture the Problem We can show that ke 2 = 1.44 eV-nm by solving the equation for the 
ground state energy of an atom for ke 2 . 


Express the ground state energy of 
an atom as a function of k, e, and a 0 : 

Solve for ke 2 : 

Substitute for E 0 and do to obtain: 



ke 2 = 2 E 0 a 0 

ke 2 =2(l3.6eV)(0.0529 nm) 


1.44 eV -nm 
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69 •• 

Picture the Problem Because the energies of the photons emitted by potassium 
during these transitions are related to their wavelengths through 
hf= (1240 eV- nm/i) eV where 2 is in nm, we can use this relationship to find the 
energies of the given photons. The difference in energy between these states can be found 
using its definition and is related to the magnetic field through A E = 2 ju b B . 

(a) For 2 = 766.41 nm: hf = 1240eV-nm 

766.4 lnm 

For 2= 769.90 nm: , , 1240eV-nm 

hf =- 

769.90 nm 


1.6106eV 


1.6179eV 


(b) Using its definition, express the 
difference in energy between these 
two states: 


AE = 1.6179eV-1.6106 eV 
= 0.00730eV 


(c) Relate the energy difference 
between these states AE to the 
magnetic field B and the quantum 
unit of magnetic moment (a Bohr 
magneton) // B : 

Solve forR: 


Substitute numerical values and 
evaluate B: 


AE = 2 ju b B 


B 


AE 

2Ab 


B 


0.0073 eV 
2(5.79x10 5 eV/T) 


63.0T 


Remarks: This magnetic field is about 42 times that of commercial magnetic 
resonance imagers. 


70 •• 

Picture the Problem One 1 s electron must be released from the atom. It is shielded from 
the nuclear charge Zby one other Is electron. Thus, the effective charge is Z- 1, and the 
ionization energy for that Is electron is E mm = (Z - 1 ) 2 E (h 

(a) For tungsten, Z = 74, and: E mm = 73 2 (l3.6eV) = 

£ m ,„=41 2 (l3.6eV) = 


72.5 keV 


22.9 keV 


(b ) For molybdenum, Z = 42, and: 
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(c) For copper, Z = 29, and: 


28 2 (l3.6eV) 


10.7 keV 


*71 •• 

Picture the Problem We can show that a is dimensionless by showing that it has no 
units. In part (6) we can use Bohr’s 3 rd postulate and the expression for the radii of the 
Bohr orbits, together with the definition of a, to show that the speed of the electron in a 
stationary state of quantum number n is related to a according to v n = ca In. 


N-m 2 

J-m 


(a) Express the units of a: 


^ N • m 2 ^ 
C 2 

v ^ y 


(is) 


m 


Because a is unitless, it is also dimensionless. 


( b ) Apply the quantization of 
angular momentum postulate to 
obtain: 

The radii of the Bohr orbits are 
given by: 


Substitute and simplify to obtain: 


rih 

mr n 


tr 


r = n 


mkZe 2 
or, because Z = 1 

, rr 


r = n 


mker 


for hydrogen, 


nfi 


v„ = ■ 


mn 


mke 2 



Divide this expression by the ke 2 

definition of a to obtain: Yjl _ nh _ 

a e~k n 

he 


Solve for v n : 


ac 

n 


72 •• 

Picture the Problem We can use Problem 29 to express the energy levels of positronium 
in terms of the reduced mass of the electron-positron system. In part ( b ) we can find the 
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energies corresponding to 400 nm and 700 nm to decide whether the transitions between 
any of the levels found in (a) fall in the visible range of wavelengths 

Express the energy of positronium m r k 2 e A Z 2 

as a function of the quantum number " 2ft 2 n 2 

n: 


From Problem 29 we have: 


Because m e = m pos : 


mjn 


m = ■ 


pos 


m c +"V 


in = 


m e m e _ m c 


m. + m. 


Substitute and simplify to obtain: 


(a) Evaluate E„ for n = 1, 2, 3, 4, 
and 5 to obtain: 


Relate the wavelength of the emitted 
photons to the energy-level 
differences: 


_ m e k 2 e 4 1 _ E 0 
" 4ft 2 n 2 2 n 2 


n 

E n 


(eV) 

1 

-6.80 

2 

-1.70 

3 

-0.756 

4 

-0.425 

5 

-0.272 


he 1240eV-nm 
A E~ A E 


Solve for AE: 


A E = 


1240 eV -nm 

I 


Evaluate AE for A = 400 nm and 
A = 700 nm: 


A E 


400 r 


1240 eV -nm 
400 nm 


3.10eV 


and 

A f 

^^VOOnm 


1240 eV - nm 
700 nm 


1.77eV 


Because none of the energies in the table shown above are in the interval 
1.77 eV to 3.10 eV, no transitions are in the visible range of wavelengths. 
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73 • 

Picture the Problem We can use E = hf to find the frequency of the photon and 
2 = hc/E to find its wavelength. 


(a) The energy of the photon whose 
energy is equal to the Lamb shift 
energy is given by: 

Solve for/to obtain: 


E = hf 



Substitute numerical values and 
evaluate /: 


/ 


4.372 xl(T 6 eV 
4.14x10 15 eV-s 


1.06 GHz 


(6) The wavelength of this photon is he 

given by: ^ - 


Substitute numerical values and 
evaluate A: 


1240eV -nm 
4.372 xl0~ 6 eV 


28.4 cm 


This wavelength is in the microwave portion of the electromagnetic spectrum. 


*74 • 

Picture the Problem The ionization energy of the electron is the magnitude of the 
energy of the atom in the given state. We can use E = - E 0 /n 2 , where E 0 is the ground-state 
energy, to find the energy levels in the 44 th and 45 th states and, hence, the energy level 
separation between the states. The wavelength of a photon resonant with this transition 
can be found from A = hc/AE. We’ll approximate the size of the atom in the n - 45 state 
by finding the radius of the outer-shell electron. 

(a) The energy of the atom in its nth E 0 

state is: — j 

n 

The energy of the atom in the 
n = 45 state is: 

The ionization energy is the 
negative of the energy in the state n 
= 45: 


P 13.6eV .. 

E A5 = — ^ , 2 = -6.72 mev 


(45f 


E = —E = 

ionizing 45 


6.72 meV 


(. b ) The energy level separation 
between the n = 45 and n = 44 state 
is: 


^45—>44 


" l3.6eV 13.6 eV " 
\ (45) 2 (44) 2 , 

3.09x10 4 eV 


(c) The photon wavelength is: 


AE 
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Substitute numerical values and 
evaluate A: 


1240 eV -nm 
3.09x10 4 eV 


4.01 xlO 6 nm 


(d) The radii of the Bohr orbits are given 
by: 


r = n 


2 


«0 

z 


Substitute numerical values and evaluate 
the radius of the 45th Bohr orbit: 


=(«) : 


0.0529nm 

I 


107nm 


75 •• 

Picture the Problem We can use the definition of the Rydberg constant and the equation 
for the reduced mass from Problem 29 to calculate the Rydberg constant for hydrogen 
and for deuterium. We can find the wavelength difference between the longest 
wavelength Balmer lines of hydrogen and deuterium by finding the longest wavelengths 
from the Rydberg-Ritz equation, using the appropriate value for R, and taking their 
difference. 


(a) From Equation 36-14 we have: 


For H: 


Substitute numerical values and 
evaluate R H : 


R = mjre^ = c 
4 mh 


m„ 


1 fH c 

1 + — !L 


M J 


where 

k 2 P 4 

C = -r- = 1.204662 x 10 37 m 1 / kg 

4 rf 


R h =C 


m„ 


1 + 


ni. 


m 


p 7 


R h = (l .204662 x 10 37 itT 1 / kg) 

f \ 

9.109390 x!0~ 31 kg 
x | 9.109390x IQ' 31 kg 
v + 1.672623 xlO^ 27 kg , 

= 1.096776xlO 7 m _1 
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For deuterium: 


Substitute numerical values and 
evaluate R D : 


R d =C 


/»„ 


1 + 


'«c 

2m 


p ) 


R d = (l .204662 xlO^nT 1 / kg) 

f \ 

9.109390 x 10~ 31 kg 
" 9.109390x10 !| kg 

v + 2(l.672623 xl0~ 27 kg) y 

= 1.097075 xlO 7 m -1 


(. b ) Express the wavelength 
difference between the longest 
wavelength Balmer lines of 
hydrogen and deuterium: 

Use the Rydberg-Ritz formula to 
express the reciprocal wavelength: 


AA = 


K 


ongest, H 


K 


ongest, D 


A 


= R 


1 1 


\ n l 


'i J 


where n \ and n 2 are integers and 
«i > n 2 . 


Solve for A to obtain: 


The longest wavelength in the 
Balmer series corresponds to a 
transition from n\ = 3 to n 2 = 2. Use 
R = Rh to evaluate ^.longest, m 


Find iiongest,D using R = R D : 


i _ »i "2 

R (nf - n\ ) 

; 3 2 (2 2 ) 

lo " scsUI (l.096776 xl0 7 m 1 )(3 2 -2 2 ) 
= 656.470 nm 

1 U2 2 ) 

,onscsU) (1.097075xl0 7 m 1 )(3 2 -2 2 ) 
= 656.29 lnm 

AA = 656.470 nm-656.29 lnm 
= 0.179nm 


Substitute to obtain: 
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76 •• 

Picture the Problem We can use Problem 29 to express the energy levels of muonium in 
terms of the reduced mass of the muonium-proton system. In Part ( b ) we can find the 
energies corresponding to 400 nm and 700 nm to decide whether the transitions between 
any of the levels found in (a) fall in the visible range of wavelengths 

Express the energy of muonium as a m r k 2 e 4 Z 2 

function of the quantum number n: " 2ti 2 n 2 


From Equation 35-47 in Problem 17 m p m 4 

we have: m +m 

p p 


Because m = 207m ■ 

M e 


207m m e 207m e 

m r =---=- 5 — 

m p +207m e 1 + 20 7^ 


Because m p = 1836m e : 


in , = 


207 in 


1 + 


207 

1836 


= 186 /n 


Substitute in equation (1) and 
simplify to obtain: 


E. =- 


186 m e k e 1 

2ft 2 ~n 


18 6 A n 


(a) Evaluate E„ for n = 1, 2, 3, 4, 
and 5 to obtain: 


n 

E„ 


(keV) 

1 

-2.53 

2 

-0.633 

3 

-0.281 

4 

-0.158 

5 

-0.101 


Relate the wavelength of the emitted 
photons to the energy-level 
differences: 

Solve for AE: 


he _ 1240eV-nm 
AE ~ AE 


AE = 


1240 eV -nm 

I 


AE 


400 nm 


1240 eV -nm 


3.10eV 


Evaluate AE for A = 400 nm and 
A =700 nm: 


and 


400 nm 
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A E 


700 nm 


1240 eV - nm 
700 nm 


1.77eV 


Because none of the energies in the table shown above are in the interval 
1.77 eV to 3.10 eV, no transitions are in the visible range of wavelengths. 


77 •• 

Picture the Problem We can use the definition of the Rydberg constant and the equation 
for the reduced mass from Problem 29 to calculate the Rydberg constant for hydrogen, 
tritium, and deuterium. We can find the wavelength difference between the longest 
wavelength Balmer lines of tritium and deuterium and tritium and hydrogen by finding 
the longest wavelengths from the Rydberg-Ritz equation, using the appropriate value for 
R, and taking their difference. 


(a) From Problem 29 we have: 


R = mJcV =c 

4 7xh 


m. 


1 + — 
v M 


where 

z-V 

C =- T = 1.204662 x 10 37 m ' / kg 

4 rf 


For tritium: 


f 


\ 


R t =C 


m„ 


m„ 


1 + 

V m P +2m n 


Evaluate the expression in m r =9.107738x10 31 kg 

parentheses to obtain: 

Substitute numerical values and R T = (l .204662 x 10 " m 1 / kg) 

evaluate Ry. x (9.107738 x 10 31 kg) 

= 1.097175 xl0 7 m 1 


For deuterium: 


r 


















Substitute numerical values and 
evaluate R D : 
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( b) Express the wavelength 
difference between the longest 
wavelength Balmer lines of 
hydrogen and deuterium: 

Use the Rydberg-Ritz formula to 
express the reciprocal wavelength: 


R d = (l .204662 x 10 37 m 1 / kg) 

f \ 

9.109390 xlO~ 31 kg 
] | 9.109390x 10~ 31 kg 
v + 2(l.672623 xl0~ 27 kg) y 

= 1.097075 xlO 7 m 1 

A>1= 4„ g est,D-longest,! 


i-d 

A 


V«2 


1 


A 



where n \ and n 2 are integers and 
«i > n 2 . 


Solve for A to obtain: 


The longest wavelength in the 
Balmer series corresponds to a 
transition from n\ = 3 to n 2 = 2. Use 
R = R t to evaluate ^longest, R 


_ »i "2 

A 2 2~i 

Ryn j —n 2 ) 

, 3 2 (2 ; ) 

lor ' 8CSl ' T (l .097175 x 10 7 m 1 )(3 2 - 2 2 ) 
= 656.23 lnm 


,/ 2 \ 

Find Ai ong est,D using R = Rd'. _ _ 3~^2~ J 

/ “ longcsLD ~ (l.097075 xl0 7 m 1 )(3 2 -2 2 ) 
= 656.29 lnm 

Substitute to obtain: A2, = 656.29lnm —656.23 lnm 

= 0.0600 nm 


AA = 656.4695 nm-656.2314nm 
= 0.238nm 


Proceed similarly to show that for 
hydrogen and hydrogen: 
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Chapter 37 
Molecules 

Conceptual Problems 

*1 • 

Determine the Concept Yes. Because the center of charge of the positive Na ion does 
not coincide with the center of charge for the negative Cl ion, the NaCl molecule has a 
permanent dipole moment. Hence, it is a polar molecule. 

2 

Determine the Concept Because a N 2 molecule has no permanent dipole moment, it is a 
non-polar molecule. 

3 

Determine the Concept No. Neon occurs naturally as Ne, not Ne 2 . Neon is a rare gas 
atom with a closed shell electron configuration. 

4 

Determine the Concept 

(a) Because an electron is transferred from the H atom to the F atom, the bonding 
mechanism is ionic. 

( b ) Because an electron is transferred from the K atom to the Br atom, the bonding 
mechanism is ionic. 

(c) Because the atoms share two electrons, the bonding mechanism is covalent. 

(i d) Because each valence electron is shared by many atoms, the bonding mechanism is 
metallic bonding. 

*5 •• 

Determine the Concept The diagram would consist of a non-bonding ground state with 
no vibrational or rotational states for ArF (similar to the upper curve in Figure 37-4) but 
for ArF* there should be a bonding excited state with a definite minimum with respect to 
inter-nuclear separation and several vibrational states as in the excited state curve of 
Figure 37-13. 

6 • 

Determine the Concept Elements similar to carbon in outer shell configurations are 
silicon, germanium, tin, and lead. We would expect the same hybridization for these as 
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for carbon, and this is indeed the case for silicon and germanium whose crystal 

structure is the diamond structure. Tin and lead, however, are metallic and here the 
metallic bond is dominant. 

7 

Determine the Concept The effective force constant from Example 37-4 is 1.85xl0 3 
N/m. This value is about 25% larger than the given value of the force constant of the 
suspension springs on a typical automobile. 

8 

Determine the Concept As the angular momentum increases, the separation between the 
nuclei also increases (the effective force between the nuclei is similar to that of a stiff 
spring). Consequently, the moment of inertia also increases. 

9 

Determine the Concept For H 2 , the concentration of negative charge between the two 
protons holds the protons together. In the H) ion, there is only one electron that is shared 
by the two positive charges such that most of the electronic charge is again between the 
two protons. However, the negative charge in the H, ion is not as effective as the larger 
charge in the H 2 molecule, and the protons should be farther apart. The experimental 
values support this argument. For H 2 , r 0 = 0.074 nm, while for H), r 0 - 0.106 nm. 

10 • 

Determine the Concept The energy of the first excited state of an atom is orders of 
magnitude greater than kT at ordinary temperatures. Consequently, practically all atoms 
are in the ground state. By contrast, the energy separation between the ground rotational 
state and nearby higher rotational states is less than or roughly equal to kT at ordinary 
temperatures, and so these higher states are thermally excited and occupied. 

11 •• 

Determine the Concept With more than two atoms in the molecule there will be more 
than just one frequency of vibration because there are more possible relative motions. In 
advanced mechanics these are kn own as normal modes of vibration. 

Estimation and Approximation 

12 •• 

Picture the Problem We can estimate the value of the quantum number v for which the 
improved formula corrects the original formula by 10 percent by setting the ratio of the 
correction term to the first term equal to 10 percent and solving for v. 
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Express the ratio of the correction 
term to the first term of the 
expression for E v and simplify to 
obtain: 

For a correction of 10 percent: (y + Ejcc = 0.1 

Solve for v to obtain: 1 1 

v = - 

10a 2 


(v+'Jhfa 

(y^)hf ~ [v 


Substitute numerical values and 
evaluate v: 


1 

1 “ 10(7.6 xlO 3 ) 


= 12 . 

2 



13 

Picture the Problem We can solve Equation 37-12 for £ and substitute for the moment 
of inertia and rotational kinetic energy of the baseball to estimate the quantum number l 
and spacing between adjacent energy levels for a baseball spinning about its own axis. 


The rotational energy levels are 
given by Equation 37-12: 


Solve for £(£+\)\ 


Factor £ from the parentheses to 
obtain: 

The result of our calculation of £ 
will show that l » 1. Assuming 
for the moment that this is the case: 

Because the energy of the ball is 
rotational kinetic energy: 

Substitute for E in the expression for 
£ to obtain: 


E ((t+M 

21 

where £ = 0, 1, 2, ... is the rotational 
quantum number and / is the moment of 
inertia of the ball. 


l(£ + \) 


2 IE 

IF 


1 + - 


2 IE 

IF 



and l « 


File 

h 


E = K 




c , Mil® 1 ) 

h 



The moment of inertia of a ball / = l mr 

about an axis through its diameter is 
(see Table 9-1): 


£~ 


2 mr 2 co 


Substitute for / to obtain: 
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Substitute numerical values and evaluate t. 


2(0.3 kg)(0.03 

m ) 


20 rev In rad 1 min 

-x-x 


nun 


rev 


60s 


5 ( 1 .05 x 10 34 J • s) 


2.15xl0 30 


Set t = 0 to express the spacing 
between adjacent energy levels: 

Substitute numerical values and 
evaluate E 0r : 


h 2 _ 5n 2 


2/ 4 mr 2 


5(l.05xl0 34 J 


4(0.3 kg)(0.03m) 2 

5.10xl0" 65 J 



Remarks: Note that our value for l justifies our assumption that l » 1. 


*14 •• 

Picture the Problem We can solve Equation 37-18 for v and substitute for the 
frequency of the mass-and-spring oscillator to estimate the quantum number vand 
spacing between adjacent energy levels for this system. 


The vibrational energy levels are 
given by Equation 37-18: 

Solve for v: 


The vibrational energy of the object 
attached to the spring is: 

Substitute for E v in the expression 
for v to obtain: 

The frequency of oscillation/of the 
mass-and-spring oscillator is given 
by: 


E v =(v + \)hf 

where v = 0, 1,2, ... 

v = £-i 
hf 2 

or, because v» 1, 

hf 

E v =\kA 2 

where A is the amplitude of its motion. 


kA 2 

2hf 
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Substitute numerical values and evaluate v : 


v = 


v/(5kg)(l500N/m) = 


6.63x10 J-s 


1.64x10 


32 


Set v= 0 in Equation 37-18 to 1 h \~k 

express the spacing between 0v 2 ' An V m 

adjacent energy levels: 


Substitute numerical values and 
evaluate E 0v : 


6.63x 10~ 34 J-s l l500N/m 
4 n | 5kg 

9.14x10 34 J 


Remarks: Note that our value for i/justifies our assumption that v » 1. 

Molecular Bonding 

15 • 

Picture the Problem The electrostatic potential energy with U at infinity is given by 
U = -ke 2 /r. 

Relate the electrostatic potential 
energy of the ions to their 
separation: 

Solve for r: ke 2 

r = ~~u~ e 



Substitute numerical values and evaluate r. 


r 


(8.99 x 1Q 9 N • in 2 / C 2 )(l .6 x 10~ 19 cf 
(-1.52eV)(l.6x 10 -19 J/eVj 


0.946 nm 


16 • 

Picture the Problem We can find the energy absorbed or released per molecule by 
computing the difference between dissociation energy of Cl and the binding energy of 
NaCl. 
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Noting that the dissociation energy A E = 1.24 eV - C bindin& NaC1 

per Cl atom is 1.24 eV, express the 
net energy change per molecule 
A E: 


The binding energy of NaCl is (see 4.27 eV 

page 1210): 


Substitute and evaluate AE: 


AE = 1.24 eV - 4.27 eV = 


-3.03 eV 


Because AE < 0, energy is released. The reaction is exothermic. 


17 • 

Picture the Problem We can use conversion factors to convert eV/molecule into 
kcal/mol. 


(a) 


, eV eV lkcal 6.02 xlO 23 molecules 1.60x10 19 J 

1-= 1-x-x-x- 

molecule molecule 4184J mole eV 


23.0kcal/mol 


(b) The dissociation energy of 
NaCl, in eV/molecule, is (see page 
1205): 

Using the conversion factor in (a), 
express this energy in kcal/mol: 


4.27 eV/molecule 


4.27 eV 
molecule 


x 


23.0kcal 

mol 


98.2 kcal/mol 


*18 • 

Picture the Problem The percentage of the bonding that is ionic is given by 

f ^ 

Cmcas 


100 


p 1 


oo y 


Express the percentage of the 
bonding that is ionic: 


f 

Percent ionic bonding = 100 

v 


P 


meas 


Pi 00 




y 


Express the dipole moment for 
100% ionic bonding: 


Pi oo = er 
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Substitute to obtain: 


Percent ionic bonding = 100 


(p ^ 

£ meas 

V er J 


Substitute numerical values and evaluate the percent ionic bonding: 


Percent ionic bonding = 100 


6.40x10 30 C-m 
(l.60x10 19 C)(0.0917 nm) 


43.6% 


19 •• 

Picture the Problem If we choose the potential energy at infinity to be A E, the total 
potential energy is U tot = U e + AE + U iep , where U Tep is the energy of repulsion, which is 
found by setting the dissociation energy equal to 


Express the total potential energy of 
the molecule: 

The core-repulsive energy is : 

Calculate the energy AE needed to 
form Rb and F ions from neutral 
rubidium and fluorine atoms: 

Express the electrostatic potential 
energy is: 


U„=U, + AE + U, V 

U„=-(AE+!/,+£„) 

AE = 4.18eV-3.40eV = 0.78eV 



r 


Substitute numerical values and evaluate U e \ 


TT (8.99 xlO 9 N -m 2 / C 2 )(l.60xlCT 19 cf 

U c = - A -t -vT- ——tq- 1 —— = -6.34 eV 

e (0.227 nm)(l.60xl0 19 J/eV) 


Substitute numerical values and 

evaluate U rep : U Kp = -(0.78eV-6.34eV + 5.12eV) 

= 0.44 eV 


20 •• 

Picture the Problem The potential energy of attraction of the ions is U e = —ke 2 /r. We 

can find the dissociation energy from the negative of the sum of the potential energy of 
attraction and the difference between the ionization energy of potassium and the electron 
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affinity of chlorine. 

(a) The potential energy of attraction 
of the ions is given by: 


Substitute numerical values and 
evaluate U c : 

(b ) Express the total potential 
energy of the molecule: 


The dissociation energy is the 
negative of the total potential 
energy: 

A E is the difference between the 
ionization energy of potassium and 
the electron affinity of Cl: 

Substitute numerical values and 
evaluate E AMc \ 



r 

where ke 2 =1.44 eV-nm 


1.44 eV ■ nm 
0.267 nm 


-5.39eV 


U tot =U e +AE + U iep 

or, neglecting any energy of repulsion, 
U a =U,+&E 

=-U„=-(U,+A£) 


AE = 4.34eV-3.62eV = 0.72eV 


£ i c„c = -(-5 39eV + 0.72eV) 
= 4.67 eV 


The energy due to repulsion of the U iep = C d talc - £’ d mcas 

ions at equilibrium separation is 
given by: 


evaluate C rcp : 

21 •• 

Picture the Problem Assume that U{r) is of the form given in Problem 24 with 
n = 6. 


Substitute numerical values and 


=4.67 eV- 4.49 eV = 


rep 


0.18eV 
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The potential energy curve is shown in the 
figure. The turning points for vibrations of 
energy E l and E 2 are at the values of r, 
where the energies equal U(r). It is 
apparent that the average value of r 
depends on the energy and that r 2 , av is 
greater than r ljav . 



22 •• 

Picture the Problem We can use U e = —ke 2 /r 0 to calculate the potential energy of 

attraction between the Na + and Cl~ ions at the equilibrium separation 

r 0 = 0.236 nm. We can find the energy due to repulsion of the ions at the equilibrium 

separation from U = ~(U e + E d + AE). 


The potential energy of attraction 
between the Na and CT ions at the 
equilibrium separation r 0 is given 
by: 



where ke =1.44 eV-nm. 


Substitute numerical values and 
evaluate U e : 


1.44 eV • nm 
0.236 nm 


-6.10eV 


From Figure 37-1: 

The ratio of the magnitude of the 
potential energy of attraction to the 
dissociation energy is: 

{7 rep is related to U e , E A , and AE 
according to: 

From Figure 37-1: 

Substitute numerical values and 
evaluate U rep : 


E a =4.21gV 

E a 4.27 eV 1 - 1 

U„ = -(U, + £ d +A£) 

AE = 1.52eV 

[/ rep = -(-6.10 eV +4.27 eV +1.52 eV) 
= 0.310eV 


23 •• 

Picture the Problem The potential energy of attraction of the ions is U e = - ke 1 jr. We 
can find the dissociation energy from the negative of the sum of the potential energy of 
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attraction and the difference between the ionization energy of potassium and the electron 
affinity of fluorine. 


(a) The potential energy of ke 2 

attraction between the K + and F e r 

ions at the equilibrium separation r 0 where = , 44 eV . nm 

is given by: 


Substitute numerical values and 
evaluate U c : 


1.44 eV -nm 
0.217 nm 


-6.64 eV 


( b ) Express the total potential 
energy of the molecule: 


The dissociation energy is the 
negative of the total potential 
energy: 

A E is the difference between the 
ionization energy of potassium and 
the electron affinity of fluorine: 

Substitute numerical values and 
evaluate £’ d , C aic: 


U tot =U e +AE + U Kp 

or, neglecting any energy of repulsion, 
U„=U,+AE 

E a „, c =-U, ot =-(U t + AE) 


AE = 4.34eV-3.40eV = 0.94eV 


£d,caic=-(-6.64eV + 0.94eV) 
= 5.70 eV 


The energy due to repulsion of the U rep = C d calc - E dmeas 

ions at equilibrium separation is 
given by: 


evaluate t/ rep : 


Substitute numerical values and 


6/rep =5.70 eV- 


-5.07eV = 


0.63 eV 


*24 ••• 

Picture the Problem U{r) is the potential energy of the two ions as a function of 
separation distance r. U(r) is chosen so (7(oo) = -A E, where A E is the negative of the 
energy required to form two ions at infinite separation from two neutral atoms also at 
infinite separation. U rep (r) is the potential energy of the two ions due to the repulsion of 
the two closed-shell cores. E d is the disassociation energy, the energy required to separate 
the two ions plus the energy A E required to form two neutral atoms from the two ions at 
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infinite separation. The net force acting on the ions is the sum of F iep and F e . We can find 
F tep from U rep and F e from Coulomb’s law and then use dUldr = F net = 0 at r = r 0 to solve 
for n. 


Express the net force acting on the F net - F rep +F e (1) 

ions: 


Find F iep from U iep : 


The electrostatic potential energy of 
the two ions as a function of 
separation distance is given by: 

Find the electrostatic force of 
attraction F e from U e : 


dU 

f =_!!L 

dr 

nC 


rep 


n +1 



-nCr nX 


U e = 


ke 2 


r 



d_ 

dr 




Substitute for F rep and F e in equation 
(1) to obtain: 


nC ke 1 
F —-1- 

net «+l 2 

r r 


Because dUldr = F net = 0 at 
r = r 0 : 


0 = 


nC 




Multiply both sides of this equation 
by r 0 to obtain: 


nC ke' 
0 =-+- 


~ nU rcFFV X r i)) 


Solve for n to obtain: 


n = 




25 ••• 

Picture the Problem U iep at r = r 0 is related to U e , E d , and A E through 

U re p = ~(U e + E d + AE ). The net force is the sum of F rep and F c . We can find T r e P from 

(/ rep and F e from Coulomb’s law. Because F net = 0 at r = r 0 , we can obtain simultaneous 
equations in C and n that we can solve for each of these quantities. 

U rtt = -(U,+E a +AE) 
where AC NaC | = 1.52 eV 


(a) C rC p is related to U e , E d , and A E 
according to: 
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U e (r 0 ) is given by: 


Substitute numerical values and 
evaluate U e : 

Substitute numerical values and 
evaluate C rep : 



where ke =1.44 eV-nm 


1.44 eV -nm 
0.236 nm 


-6.10eV 


[/ rep =_(_ 6.10 eV +4.27 eV +1.52 
= 1 0.31eV 


( b ) Express the net force acting on 
the Na + and Cl ions: 

Find F rep from U Tep : 


The electrostatic force of attraction 
is: 

Substitute for F rep and F e in equation 
(1) to obtain: 

Because F net = 0 at r = r 0 : 


Solve for n and C to obtain: 


F. 


F 


rep 


-fr’rep+^’e (1) 

= di ^ = —[cr "} = -nCr " 
dr dr L J 

nC 


F = 


ke~ 


nC ke 

i —-1- 

net „+1 2 

r r 


nC ke 1 
° = —+ - 


or 


C 


U S r o)\ = n — = nU r J r o) 


n = 


^e(Oj 

^rep(c) 


rep \ 

and 

c=u 


U s ( r o)~ -6.10eV 
^('•«) = 0.31eV 
and, from Figure 37-1, 


From (a): 
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Substitute for U e (r 0 ) and U Kp (r 0 ) and 
evaluate n and C: 


r 0 = 0.236 nm 


6.10eV 

n =- 

0.31eV 


19.7 


and 

C = (0.31eV)(0.236nm) 19 ' 7 
= 1.37x10 13 eV-nm 197 


Energy Levels of Spectra of Diatomic Molecules 


26 • 

Picture the Problem We can relate the characteristic rotational energy E 0r to the moment 
of inertia of the molecule and model the moment of inertia of the N 2 molecule as two 
point objects separated by a distance r. 


The characteristic rotational energy fi 

E a = — 

of a molecule is given by: r 2 / 


Express the moment of inertia of the 
molecule: 

Substitute for / to obtain: 


/ = 2M X 




v z 7 


= — A/f v 

2 1V1 N a 



h 2 _ h 2 

M N r 2 14 m r 2 


Solve for r. 


r = h 


] 4E 0r m p 


Substitute numerical values and evaluate r. 


r = (l.055xl0 -34 J-s) /■—7 -j-v- ^^—x 

v ^ 1 4(2.48 x 10 ^ 4 eVj(l .602 x 1CT 19 J/eV.673x10^ 27 kg) 


= 0.109 mu 


*27 • 

Picture the Problem We can relate the characteristic rotational energy E 0r to the moment 
of inertia of the molecule and model the moment of inertia of the 0 2 molecule as two 
point objects separated by a distance r. 
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The characteristic rotational energy fj 2 

Eq = - 

of a molecule is given by: ' 2/ 


Express the moment of inertia of the 
molecule: 

Substitute for / to obtain: 


I = 2M r 


f \ 2 

r 




= \M Q r 2 


h 2 r _ r 

°' 2 [^M 0 r 2 ) M 0 r 2 1 6m p r 2 


Solve for r: 


r = 


ft f 1 
^\ E 0r m P 


Substitute numerical values and evaluate r: 


r = 


f 1.055xl0 -34 J-s^ 

1 1 

l 4 j 

V (l.78xlO' 4 ev)(l.6x10 19 J/eV)(l.67x10 27 kg) 


0.121nm 


28 •• 

Picture the Problem We can use the definition of the reduced mass to show that the 
reduced mass is smaller than either mass in a diatomic molecule. 


Express the reduced mass of a two- 
body system: 


m,m 1 

M =- 

m x + m 2 


Divide the numerator and 
denominator of this expression by 
m 2 to obtain: 


M = 


m. 


1+*L 


m 1 


(1) 


Divide the numerator and 
denominator of this expression by 
m i to obtain: 




nu 


. m 2 
1 + — 


m , 


( 2 ) 


Because the denominator is greater 
than 1 in equations (1) and (2): 


/u < m ] 


and 


ju < m 2 


/^h 2 


MM 

lu + lu 


(a) For H 2 , m i = m 2 = 1 u: 


0.500u 
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(b ) For N 2 , mi = m 2 = 14 u: 

.. _ (l4u)(l4u) _ 

14u + 14u 

(c) For CO, 7771 = 12 u and 

7722 = 16 u: 

_ (l2u)(l6u) _ 
co 12u + 16u 

(d) For E1C1 ,7721 = 1 u and 

7?7 2 = 35.5 u: 

(lu)(35.5u) 

u un = - ——-- = 

HC1 lu + 35.5u 


7.00u 


6.86u 


0.973u 


29 •• 

Picture the Problem We can solve Equation 37-18 for v and substitute for the 
frequency of the CO molecule (see Example 37-4) and its binding energy to estimate the 
quantum number v. 


The vibrational energy levels are E, =(v+\)hf 

given by Equation 37-18: where x= 0, 1, 2 


Solve for v : 


Substitute numerical values and 
evaluate v: 



2 


lleVx 


v = 


1.60x10" J 
eV 


(6.63 x 10" 34 J • s)(6.42 x 10 13 Hz) 

= 40.8 


41 


\_ 

2 


*30 •• 

Picture the Problem We can use the expression for the rotational energy levels of the 
diatomic molecule to express the energy separation A E between the t = 3 and 
l = 2 rotational levels and model the moment of inertia of the LiEl molecule as two point 
objects separated by a distance r 0 . 


The energy separation between the 
l = 3 and 1 = 2 rotational levels of 
this diatomic molecule is given by: 

Express the rotational energy levels 
E t = 3 and E f=2 in terms of E 0r : 


AE = E e=3 - E (=1 


£ M =3(3 + lK = 12£ 0r 
and 

£„=2(2 + l)£ 0 ,=6£ 0 . 


AE — 12 E 0r 6E 0r — 6E 0r 


Substitute for E e = 3 and E, - 2 to 
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obtain: or 

F - J-A F 

C 0 r 6 


The characteristic rotational energy 
of a molecule is given by: 

E -!L- 
0r 21 

i AE => AE = 3f> 

6 / 

Express the moment of inertia of the 

A? 

II 


molecule: 

where // is the reduced mass of the 


molecule. 



Substitute for / to obtain: 


A E = 


3h 

M r o 


3 tr 


m u + m n 


3h 2 (m u +m H ) 


m u m H r 0 ~ 


Substitute numerical values and evaluate A E: 


A E = 


3(l.055xl0 34 J-s) 2 (6.94u + 1u) 
(6.94u)(lu)(0.16 mn) 2 (l .602 x 10 19 J/eV)(l .660 x 10 27 kg/u) 


5.61meV 


*31 •• 

Picture the Problem Let the origin of coordinates be at the point mass m i and point mass 
m 2 be at a distance r 0 from the origin. We can express the moment of inertia of a diatomic 
molecule with respect to its center of mass using the definitions of the center of mass and 
the moment of inertia of point particles. 

Express the moment of inertia of a I = m x / j 2 + m 2 r 2 (1) 

diatomic molecule: 


The r coordinate of the center of 
mass is: 


m o 


r CM 


m ] + m 1 


The distances of m \ and m 2 from the 
center of mass are: 


r i = r cu 

and 

m 7 

-y - p _ p - y __ — _ y 

'2 '0 'CM — '0 '0 

m ] + m 2 


m , 


m 1 + in 2 
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Substitute for i\ and r 2 in equation 
(1) to obtain: 


f V f \ 2 


ffl, 

+ m 2 

m. 

'o 

'0 

\m ] +m 2 J 


+m 2 ) 


Simplifying this expression leads to: 


r_ m x m 2 2 
1 ~ . r 0 
m l + m 2 

or 


T 2 

I = M r o 


where 


m,m 1 

M = — L -^- 

/«, + 111 2 


36-14 


36-15 


32 •• 

Picture the Problem We can relate the characteristic rotational energy E 0r to the moment 
of inertia of the molecule and model the moment of inertia of the KC1 molecule as two 
point objects of reduced mass /u separated by a distance r. 

The characteristic rotational energy fi 2 

E n = — 

of a molecule is given by: r 21 

Express the moment of inertia of the I = H r 0 “ 

molecule: m K m r , 

where ju = - 

m K + m CA 

Substitute for / to obtain: ti 2 ft 2 (m K +m cl ) 

^ 0 r ~ ^ 2 — 4 2 

2 jur 0 2m k m a r 0 


Substitute numerical values and evaluate E 0r : 


_ (l.055xl0 -34 J-s) 2 (39.1u + 35.5u) 

° r ~ 2(39.1u)(35.5u)(0.267nm) 2 (l.660xl0 27 kg/u) 


= 2.53x10 24 Jx 


1 


1.602x10 J/eV 


0.0158meV 


33 •• 

Picture the Problem We can use the expression for the vibrational energies of a 
molecule to find the lowest vibrational energy. Because the difference in the vibrational 
energy levels depends on both A/and the moment of inertia / of the molecule, we can 
relate these quantities and solve for I. Finally, we can use I = jur 2 , with /u representing 
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the reduced mass of the molecule, to find the equilibrium separation of the atoms. 

(a) The vibrational energy levels are E v = (y + \)hf v = 0,1,2,... 

given by: 

The lowest vibrational energy E 0 = \hf 

corresponds to v= 0: 

Substitute numerical values and evaluate E 0 : 

E 0 = | (6.63 x 10~ 34 J • s)(8.66 x 10 13 Hz) = 2.87 x 10“ 20 J x- l — - 

0 2V A ’ 1.6x10 9 J/eV 

= 0.179eV 


(. b ) For M = ±1: 

Solve for /: 


Substitute numerical values and 
evaluate I: 


(. c ) The moment of inertia of a HCL 
molecule is given by: 


m 2 

AE e = —j- = ehAf 

h 2 h 2 _ h 

- hAf ~ 47T 2 hAf ~ 47V 2 Af 

6.63xl0 -34 J-s 
" 4^- 2 (6xlO n Hz) 

= 2.80xl0^ 47 kg-m 2 


/ = /ir 2 


Replace //by the reduced mass of a T _ m H m a ji 

i 6) 

HC1 molecule and r by r 0 to obtain: m H + m cl 


Solve for r 0 : 


l m H + m a j 


Substitute numerical values and evaluate r 0 : 


lu + 34.453u 

(2.80xl0- 47 kg-m 2 ) 


0.132nm 

(lu)(34.453u) 

1 .66x 10 27 kg/u 
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34 •• 

Picture the Problem Let the numeral 1 refer to the H + and the numeral 2 to the CL ion. 
For a two-mass and spring system on which no external forces are acting, the center of 
mass must remain fixed. We can use this condition to express the net force acting on 
either the H + or CL ion. Because this force is a linear restoring force, we can conclude 
that the motion of the object whose mass is m } will be simple harmonic with an angular 
frequency given by co = y]K eS / m ] . Substitution for K eff will lead us to the result given 

in ( b). 


If the particle whose mass is m \ 
moves a distance r x from (or 
toward) the center of mass, then the 
particle whose mass is m 2 must 
move a distance: 

Express the force exerted by the 
spring: 

Substitute for A r 2 to obtain: 


A displacement A/q of ni\ results in 
a restoring force: 


n l i 

A r 2 = — L Ai\ from (or toward) the center 
m 2 

of mass. 


F = -KAr = -K(Ar l + Ar 2 ) 


F = -K 


= -K 


c x 

A m \ A 

A r\ -i—-Ar, 

V m 2 J 


f , A 

m l +m 2 


A r. 


V m 2 J 


F = -K 


f , > 

in j + m 2 


V m 2 J 


where K efl = K 


A 'i = -^eff A 'i 
X 


711 j + m 2 

V m 2 J 


Because this is a linear restoring 
force, we know that the motion will 
be simple harmonic with: 



or 

/■ _ _ _j_ j ^eff 

2 K 2n 772j 


/ 


CO 
2 71 



f , x 

711 j + m 2 
v 771,7112 J 


Substitute for A' e n- and simplify to 
obtain: 


or, because ju = 


is the reduced 
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mass of the two-particle system, 


/ = 


2 n 



Solve for K : 


K = 4 a 2 f 2 n = 4n 2 f 2 




m H +m cl 


Substitute numerical values and evaluate K: 


4;r 2 (8.66xl0 13 Hz) 2 (1u)(35.453u)(i.66x 10~ 27 kg/u) 
(lu + 35.453u) 


478 N/m 


35 •• 

Picture the Problem 

We’re given the population of rotational 
states function: 


The moment of inertia / of an 
oxygen molecule is given by: 

We’ll assume, as in Example 
37-3, that: 


f(l) = (2£ + \y E ‘ lkT 

where 

E f = £(£ +1 )E 0r and E 0l = 

I = \mr 2 

where m is the reduced mass and r 0 is the 
separation of the atoms in a molecule. 

r 0 = 0.1 nm 


A spreadsheet program to plot/(7) is shown below. The formulas used to calculate the 
quantities in the columns are as follows: 


Cell 

Formula/Content 

Algebraic Form 

B1 

1.00E-10 

ro 

B2 

16 

m (u) 

B3 

2.66E-26 

m (kg) 

B4 

1.05E-34 

h 

B5 

1.38E-23 

k 

B6 

4.15E-23 

2 ?0r 

B7 

100 

T (K) 

B8 

200 

T( K) 

B9 

300 

T( K) 

BIO 

500 

T( K) 

A13 

0 

£ 
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B13 

A13*(A13+1)*$B$6 

«(< + ! K 

C13 

(2*A13 + 1)*EXP(-B13/($B$5*$B$7)) 

M, T= 100 K) 

D13 

(2*A13 + 1)*EXP(-B13/($B$5*$B$8)) 

M, T= 200 K) 

E13 

(2*A13 + 1)*EXP(-B13/($B$5*$B$9)) 

M, T= 300 K) 

F13 

(2*A13 + 1)*EXP(-B 13/($B$5*$B$ 10)) 

M, T = 500 K) 



A 

B 

C 

D 

E 

F 

1 

r 0= 

1.00E-10 

m 




2 

m= 

16 

u 




3 

m= 

2.656E-26 

kg 




4 

h bar= 

1.05E-34 

J.s 




5 

k= 

1.38E-23 

J/K 




6 

E 0r= 

4.15E-23 

eV 




7 

T= 

100 

K 




8 

T= 

200 

K 




9 

T= 

300 

K 




10 

T= 

500 

K 




11 







12 

1 

E 1 

E 100 K 

E 200 K 

E 300 K 

E 500 K 

13 

0.0 

0.00E+00 

1.00 

1.00 

1.00 

1.00 

14 

0.5 

3.1 IE—23 

1.96 

1.98 

1.99 

1.99 

15 

1.0 

8.30E-23 

2.82 

2.91 

2.94 

2.96 

16 

1.5 

1.56E-22 

3.57 

3.78 

3.85 

3.91 

17 

2.0 

2.49E-22 

4.17 

4.57 

4.71 

4.82 








29 

8.0 

2.99E-21 

1.95 

5.76 

8.26 

11.02 

30 

8.5 

3.35E-21 

1.59 

5.34 

8.01 

11.07 

31 

9.0 

3.74E-21 

1.27 

4.91 

7.71 

11.06 

32 

9.5 

4.14E-21 

1.00 

4.46 

7.36 

10.98 

33 

10.0 

4.57E-21 

0.77 

4.02 

6.97 

10.83 
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The following graph shows J{£) as a function of temperature. 



*36 •• 


Picture the Problem For a two-mass and spring system on which no external forces are 
acting, the center of mass must remain fixed. We can use this condition to express the net 
force acting on either object. Because this force is a linear restoring force, we can 
conclude that the motion of the object whose mass is m i will be simple harmonic with an 


angular frequency given by co = 



Substitution for £ eff will lead us to the result 


given in ( b ). 


(a) If the particle whose mass is m l 
moves a distance A/q from (or 
toward) the center of mass, then the 
particle whose mass is m 2 must 
move a distance: 

Express the force exerted by the 
spring: 


ifl] 

A r 2 = — L Ai\ from (or toward) the center 
m 2 

of mass. 


F = -kAr = —k{ Ar\ + A r 2 ) 


F = -k 


A r x + 


m, 

— A t\ 

HU 


\ 

) 



m x + m 2 
III i 


\ 

A t] 

J 


Substitute for A r 2 to obtain: 
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(. b ) A displacement Ari of «i results 
in a restoring force: 


Because this is a linear restoring 
force, we know that the motion will 
be simple harmonic with: 


Substitute for /c etr and simplify to 
obtain: 


F =-k 


m l + m 2 


V m 2 J 


A/; = ~k cn Ar t 


where k clT = k 


f , A 

m } + m 2 

V m 2 J 



or 

/ 


In 2n \ 1 77, 


/ = 




1 


/«, + m 2 


2n 2 n 

or, because // = 


V n h m 2 J 


is the reduced 


m j + m 2 


mass of the two-particle system, 
/ = 



37 — 

Picture the Problem We can use the definition of the reduced mass to find the reduced 
mass for the H 35 C1 and 11’ 7 CI molecules and the fractional difference A/////. Because the 

rotational frequency is proportional to HI, where / is the moment of inertia of the system, 
and / is proportional to //, we can obtain an expression for/as a function of // that we 
differentiate implicitly to show that A f / f = -A/j/jU . 


For H 35 C1: 


(35u)(lu) 
35u + lu 


35 

= —u = 

36 


0.9722 u 


For H 37 C1: 


( 37u )M 

37u + lu 


37 

= —u = 

38 


0.9737 u 


The fractional difference is: 


A// 

M 



37 

35 


—u- 

— u 


38 

36 

1 

( 35 

37 ^ 

— 

-U H-U 

2 

y36 

38 ) 


36x37-35x38 


36x38 


u 


35x38 + 36x37 


2(36)(38) 


u 


0.00150 
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The rotational frequency is 
proportional to 1//, where / is the 
moment of inertia of the system. 
Because / is proportional to //: 


and 

df = -Cju 2 dju 


Divide dfbyfto obtain: 


df _ dju ^ A f A/u 


f M f M 


From Figure 36-17: 


Af « O.Olx 10 13 Hz = 10 11 Hz 


For/= 8.40xl0 13 Flz: 



This result is in fair agreement (about 21% difference) with the calculated 
result. Note that Af is difficult to determine precisely from Figure 36-17. 

General Problems 

38 • 

Picture the Problem We can use the definition of the reduced mass to show that when 
one atom in a diatomic molecule is much more massive than the other the reduced mass 
is approximately equal to the mass of the lighter atom. 

Express the reduced mass of a two- _ m l m 2 

body system: m ] + m 2 

Divide the numerator and 

V =-— 

denominator of this expression by ^ 

7722 to obtain: m 2 


If 772 2 » 7221 , then: 


—- « 1 and // « 777, 


m 


39 •• 

Picture the Problem The rotational energy levels are given by 



Express the energy difference 
between these rotational energy 


AE l ,2= E 2- E i 
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levels: 

Express E 2 and E^. + 3ft 2 

2 21 I 

and 

E i(i+i > 2 ft 2 

1 21 I 

Substitute to obtain: t _ 3ft 2 ft 2 2ft 2 


T 2 

I = M r o 

where /u is the reduced mass of the 
molecule. 

Substitute for / to obtain: 4 2ft 1 2ft 2 

A^i 2 =- T = - 

' Mr 0 2 m c m o 2 

A o 

m c + m o 
2 ft 2 (m c + m 0 ) 
m c m 0 r 2 


The moment of inertia of the 
molecule is: 


Substitute numerical values and evaluate AE lt2 : 


_ 2(l.055xl0 34 J-s) 2 (l2u + 16u) 

1,2 (l6 u)(l2u)(0.113 nm) 2 (l .66 x 10 27 kg/u) 


0.955 meV 


1.53xl0~ 22 J 
1.6x10 19 J/eV 


*40 •• 

Picture the Problem We can use the result of Problem 36 to find the frequency of 
vibration of the HF molecule. 


In Problem 36 it was established 
that: 




M = 


m H m ¥ 
m H + nip 


The reduced mass is: 
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Substitute for // to obtain: 


/ = — 
2 n 


m H m F 


m H + m F 


1 k(m H +m F ) 
2n \ m H m F 


Substitute numerical values and evaluate/: 


J_ I (970N/m)(lu + 19u) 

2 n y (lu)(l9u)(l.66x10 27 kg/u) 


1.25x10 14 Hz 


41 •• 

Picture the Problem We can use the result of Problem 36 to find the effective force 
constant for NO. 


In Problem 36 it was established 
that: 


f =h^ 


Solve for k : 


k = An 1 f 2 /u 


The reduced mass is: 


M = 


»V»o 

m n +m 0 


Substitute for // to obtain: 


4 7V 2 f 2 m N m 0 

m N + m 0 


Substitute numerical values and evaluate k: 


d^ts.esxio'^^^H^^^^.eexio^kg/u) 

14u + 16u 


1.55kN/m 


42 •• 

Picture the Problem We can use the expression for the vibrational energy levels of a 
molecule and the expression for the frequency of oscillation from Problem 36 to find the 
four lowest vibrational levels of the given molecules. 

The vibrational energy levels are E v = {y + \)hf v = 0,1,2,... 

given by: 

In Problem 36 we showed that the 
frequency of oscillation is: 
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where 

m,m 1 
M = — 
m x + m 2 

Substitute for/and // to obtain: (y + \ )h j(/n l + m 2 )k 

2 n y m x m 2 

Jni x + m 2 ) 
m x m 2 



Substitute numerical values to obtain: 


( v ' + l)(4-136xlCT ls eV-s) 580N/m 

In y 1.661x10 27 kg/u 


(v + |)(0.389eV-u). 


(»h + m 2 ) 

m x m 2 


I (m x + m 2 ) 
\ m x m 2 


Substitute for m , and m 2 and evaluate E 0 for H 2 : 


E 


o 


4(0.389eV-u) 

A V ( lu )(lu) 


0.275 eV 


Proceed similarly to complete the 
table to the right: 



h 2 

HD 

d 2 


(eV) 

(eV) 

(eV) 

0 


0.275 



0.238 



0.195 


1 


0.825 



0.715 



0.584 


2 


1.375 



1.191 



0.973 


3 


1.925 



1.667 



1.362 



The energies of the photons 
resulting from transitions between 
adjacent vibrational levels of these 
molecules are given by: 

Solve for A: 


AE =hf = — 

A 


A = 


he 

AE 
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Evaluate /.(IE): 


Evaluate 2(HD): 


Evaluate 2(D 2 ): 


A(H 2 ): 

a(hd) 

A(D,): 


1240eV ■nm 
0.550eV 

1240eV -nm 
0.477 eV 

1240eV -nm 
0.389eV 


2.25 /an 


2.60 /an 


3.19/an 


43 •• 

Picture the Problem We can set the derivative of the potential energy function equal to 
zero to find the value of r for which it is either a maximum or a minimum. Examination 
of the second derivative of this function at the value for r obtained from setting the first 
derivative equal to zero will establish whether the function is a relative maximum or 
relative minimum at this point. 


Differentiate the potential energy 
function with respect to r: 


Set the derivative equal to zero: 


Solve for r 0 to obtain, as our 
candidate for r that minimizes the 
Lenard-Jones potential: 

To show that r 0 = a corresponds to a 
minimum, differentiate U a second 
time to obtain: 


dU _ d . 
dr dr 


Un 


f V 2 
a ' 


\r 


-2 


C \ 6 

a ' 


\r J 



(a) 

11 


12 

-12 


yr J 


yr J 


dU _ U 0 
dr r n 


12 


f V 1 

a 


VoJ 


-12 


f V 

a 




- 0 for extrema 



d 2 U _ d 
dr 2 dr 


U n 


12 


/ 

a 


-12 


c v 
a ' 


yrj 


\rj 




10 

(a^ 

4 

132 

-60 



Kr) 


Kr) 



d 2 U 


dr 2 


= ^[l32-60]=-^>0 
a a~ 


Therefore, we can conclude that r 0 = a 


Evaluate this second derivative of 
the potential at r 0 = a: 
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Evaluate ( 7 min : 


minimizes the potential function. 


U„ 


U(a) = U ( 


f V 2 
a ' 





6 





From Figure 37-4: 


0.074 nrn 


and 


U n 


4.52eV 


44 •• 

Picture the Problem We can use Equation 21 -10 to establish the dependence of E on x 
and the dependence of an induced dipole on the field that induces it to establish the 
dependence of p and U on x. 


(a) In terms of the dipole moment, 
the electric field on the axis of the 
dipole at a point a great distance 
|x| away has the magnitude (see 

Equation 21-10): 


( b ) Because the induced dipole 
moment is proportional to the field 
that induces it: 


(c) Differentiate U with respect to x 
to obtain: 


E = 


2kp 

I i3 

bt 


or 


E oc 




and 
U = 


-p -E oc 



dU 

dx 


oc 


7 

X 


45 •• 

Picture the Problem the case of two polar molecules, p does not depend on the field E. 


Because p does not depend on the 
electric field in which the polar 
molecules find themselves: 
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Differentiate U with respect to x to 
obtain: 


F = 


dU 

dx 


oc 



46 •• 

Picture the Problem We can use the expression for the vibrational and rotational 
energies of a molecule, in conjunction with Figure 37-17 to find E 0t ,f and hf. 


(a) Except for a gap of AEJh at the 
vibrational frequency/ the 
absorption spectrum contains 
frequencies equally spaced at: 

Solve for E 0r : 

From Figure 37-17: 


f - 2E 0r 
J h 


E 0r =W 

f = 8.66xl0 13 Hz 


Substitute numerical values and evaluate E { 


Or- 


E, = {(6.63 x 1(T 34 J • s)(8.66x 10 13 Hz) = 2.87 x 10' 20 Jx-- 

0r 2V A ’ 1.6x10' 


19 


= 0.179eV 


J/eV 


(b ) The vibrational energy levels are 
given by: 


E v ={y + jjhf, v = 0 , 1 , 2 ,... 


The lowest vibrational energy 
corresponds to v= 0: 


E 0 =W 

and 

hf = 2 E 0 


( 1 ) 


Determine/ from Figure 37-17: 


Substitute for/ and h and evaluate E 0 : 


f = 


8.66x 10 Hz 


E 0 = {(6.63xl0' 34 J-s)(8.66xl0 13 Hz)- 2.87xlO~ 20 Jx-- 

0 2V A ’ 1.6x10' 


19 


J/eV 


= 0.179 eV 


hf = 2(0.179 eV) 


0.358eV 


Substitute in equation (1) and 
evaluate hf. 
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*47 •• 

Picture the Problem We can find the reduced mass of CO and the moment of inertia of a 
CO molecule from their definitions. The energy level diagram for the rotational levels for 
t = 0 to £ = 5 can be found using A E e M = 2 £E 0r . Finally, we can find the wavelength 

he he 

of the photons emitted for each transition using A ,, , = 


A E, 


>-1 


2^A E 0r 


(a) Express the moment of inertia of 
CO: 


I = /ur- 

where // is the reduced mass of the CO 
molecule. 


Find //: 


M = 


m c + m Q 


(l2u)(l6u) 
12u + 16u 


= 6.86u 


In Problem 39 it was established that r 0 = 0.113 nm. Use this result to evaluate /: 
/ = (6.86u)(l.66xl(T 27 kg/u)(0.113nm) 2 = 

The characteristic rotational energy h 2 

E q = — 

E or is given by: ' 21 

Substitute numerical values and evaluate E 0r : 


1.45x10 46 kg-m 2 


E 


Or 


(6.58xl0- 16 eY-s) 2 (l.6xl0 19 J/ev) 
2(1.45x10 46 kg-m 2 ) 


0.239 meV 
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(b ) The energy level diagram is 
shown to the right. Note that 
the energy difference between 
adjacent levels for A £ = -1, is 

^e,e-\ = 2£E 0 r . 


( = 5, E = 2.14 meV 


l = 4, E = 4.76 meV-r-^- 


e = 3, E = 2.86 meV- A- 


e 


e = 


2, E = 1.43 meV- 


1, E = 0.476 meV 


t = 0, E = 0 


l 


( c ) Express the energy difference 1 = 

A E t f ! between energy levels in 

terms of the frequency of the 
emitted radiation: 


Because c = : 


he _ he 
^E(,e -i 2 t'AE 0r 


Substitute numerical values to obtain: 

_ (4.136xl0~ 15 eV-s)(3xl0 8 m/s) _ 2596/nn 
e ’ f ~' ~ 2^(0.239 meV) _ £ 


For i = 1: 


For l = 2: 


For i = 3: 




A, 


' 2,1 


A } , 


2596//m 

1 

2596 //m 

2 

2596 //m 
3 


2596 jum 


1298 jum 


865 jum 






Molecules 1257 


For t = 4\ 


For £ = 5: 


A 


4,3 


2596 ju m 
4 


649//m 


A 


'5,4 


2596 /an 
5 


519 /mi 


These wavelengths fall in the microwave region of the spectrum. 


*48 ••• 

Picture the Problem The wavelength resulting from transitions between adjacent 

2 Jt c 

harmonic oscillator levels of a LiCl molecule is given by X =-.We can find an 

co 

expression for co by following the procedure outlined in the problem statement. 

The wavelength resulting from 
transitions between adjacent 
harmonic oscillator levels of this 
molecule is given by: 


^ _ he _ he _ 2 nc 
A E hco co 


( 1 ) 


From Problem 24 we have: 


tt( x he 1 C , 

U (r ) =-1-, where A E is constant. 

r r' 1 


The Taylor expansion of \J(r ) 
about r = r 0 is: 


Because U(r 0 ) is a constant, it can 
be dropped without affecting the 
physical results and because 
r dU^ 


dr 


= 0 : 


U(r) 


”«*(?) 


1 

+ — 
2 


f d 2 U A 
v drZ J 




U{r) 


r d 2 U} 

v dl ' 2 J 



( 2 ) 


Differentiate U(r) twice to obtain: 

Because dUldr = F net = 0 at 
r = r 0 : 


d 2 U 

dr 2 

0 = - 


ke 2 / \ C 

nC ke 1 

-r H-T - 
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Solving for C yields: 


Substitute for C and evaluate 
to obtain: 


( d 2 U' 


v dl ' 2 J 


Substitute for 


d 2 U 
dr 2 


in 


equation (2): 


Because the potential energy of a 
simple harmonic oscillator is given 
by ^suo =\ni(D 1 (r-r Q ) 2 : 


Solve for co to obtain: 


Substitute // L ici for m to obtain: 


From Problem 24: 


C rep is related to U e , E d , and AE 
according to: 

The energy needed to form Li + and 
CF from neutral lithium and 
chlorine atoms is: 


c ke 2 C' ke 2 r ( "~' 


nr n 


v dr2 J 


= _ 2 ^(„-i) + .''b- 1 ) fe! T 


r n 


-*(»-1) 






( r - r o) 2 


1 2/ \2 1 
—r- r n « — 

2 v 0/ 2 


4(»-d 




: 


: 


j ( 77 . -1 )ke 


mr n 


■ 


{n-\)ke 


m u m a r 3 
777 Li +7?7ci ° 


(3) 


)(77.-l)(777L 1 + 777 C iXe 


m u m a r 0 


n = ■ 


^e('o) 


^repOfl) 


(4) 


U„ p = -(£/,+£ a + A£) (5) 


AF = F - F 

ionization electron affinity 

= 5.39eV-3.62eV = 1.77eV 


U e (r 0 ) is given by: 



1.44 eV • nm 
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Substitute r 0 and evaluate U e \ 


1.44 eV -nm 
0.202 nm 


-7.13eV 


Substitute numerical values in U rep — —(— 7.13 eV + 4.86 eV +1.77 eV) 

equation (5) and evaluate L4 ep : = 0.500 eV 


Substitute for U iep (r 0 ) and U e (r 0 ) in 
equation (4) and evaluate n: 


-7.13eV 
0.500 eV 


14.3 


Substitute numerical values in equation (3) and evaluate co\ 


|(14.3 - l)(6.941u + 35.453u)(l,44eV • nm)(l.60x 10~ 19 J/eV) 
V (6.941u)(35.453u)(l.66xl0 27 kg/u)(0.202nm) 3 

1.96x10 14 s _1 I 


Substitute numerical values in 
equation (1) and evaluate A: 


2n (3x10 s m/s) 
1.96x 10 14 s 1 


9.62 /um 
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Chapter 38 

Solids and the Theory of Conduction 


Conceptual Problems 

l 

Determine the Concept The energy lost by the electrons in collision with the ions of the 
crystal lattice appears as Joule heat ( I 2 R ). 

*2 

Determine the Concept The resistivity of brass at 4 K is almost entirely due to the 
"residual resistance, " the resistance due to impurities and other imperfections of the 
crystal lattice. In brass, the zinc ions act as impurities in copper. In pure copper, the 
resistivity at 4 K is due to its residual resistance, which is very low if the copper is very 
pure. 


Picture the Problem The contact potential is given by V cc 


0i 02 


where (j>\ and <fh 


are the work functions of the two different metals in contact with each other. 


(a) Express the contact potential in y _ 0i ~0 2 

terms of the work functions of the contact e 

metals: 

Examining Table 38 - 2, we see that the greatest difference between the work 
functions will occur when potassium and nickel are joined. 


(. b ) Substitute numerical values and evaluate F CO ntact: 


V„ 


(5.2eV-2.1eV)(l.60xl(r 19 J/ev) 
1.60x1 O' 19 C 


3.10V 


Picture the Problem The contact potential is given by V 


0i 02 


where <p\ and (fh 


are the work functions of the two different metals in contact with each other. 


(a) Express the contact potential in y _ 0i ~02 

terms of the work functions of the c ° ntact e 

metals: 


1261 
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Examining Table 38 - 2, we see that the least difference between the work 
functions will occur when silver and gold are joined. 


(b) Substitute numerical values and evaluate F con t a ct: 


K, 


(4.8eV-4.7eV)(l.60xlCr 19 J/ev) 
1.60xlCT 19 C 


0.100V 


Determine the Concept If the valence band is only partially full, there are many 
available empty energy states in the band, and the electrons in the band can easily be 
raised to a higher energy state by an electric field. 


(c)is correct. 


Determine the Concept Insulators are poor conductors of electricity because there is a 
large energy gap between the full valence band and the next higher band where electrons 
can exist. 


(h)is correct. 


7 

(a) True 

( b ) False. The classical free-electron theory predicts heat capacities for metals that are not 
observed experimentally. 

(c) True 

(</) False. The Fermi energy is the energy of the last filled (or half-filled) level at T = 0. 

(e) True 

(f) True 

(g) False. Because semiconductors conduct current by electrons and holes, their 
conduction is in both directions. 


*8 • 

Determine the Concept The resistivity of copper increases with increasing temperature; 
the resistivity of (pure) silicon decreases with increasing temperature because the number 
of charge carriers increases. 


9 

Determine the Concept Because a gallium atom can accept electrons from the valence 


band of germanium to complete its four covalent bonds, ( b ) is correct. 
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10 • 


Determine the Concept Because phosphorus has 3 electrons that it can donate to the 
conduction band of germanium without leaving holes in the valence 


band, 


( d ) is correct. 


11 • 

Determine the Concept The excited electron is in the conduction band and can conduct 
electricity. A hole is left in the valence band allowing the positive hole to move through 
the band also contributing to the current. 

12 • 

Determine the Concept 

(a) Phosphorus and antimony will make n-type semiconductors since each has one more 
valence electron than silicon. 


(b) Boron and thallium will make p-type semiconductors since each has one less valence 
electron than silicon. 


13 • 


Determine the Concept Because a pn junction solar cell has donor impurities on one 
side and acceptor impurities on the other, both electrons and holes are 


created. 


(c)is correct. 


Estimation and Approximation 

14 • 

Picture the Problem We can use the list of tables on the inside back covers of volumes 1 
and 2 to find tables of material properties. A representative sample is included in the 
following table in which all the units are SI: 


Table 

Material property 

Largest 

value 

Smallest 

value 

Ratio (order of magnitude) 

13-1 

Mass density 

22.5xl0 3 

(Osmium) 

0.08994 

(Hydrogen) 

10 5 

20-3 

Thermal 

conductivity 

429 

(Ag) 

0.026 

(air) 

10 4 

20-1 

Thermal expansion 

51xl0~ 6 

(ice) 

10~ 6 

(invar) 

10 2 

12-8 

Tensile strength 

520 

(steel) 

2 

(concrete) 

10 2 
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12-8 

Young’s modulus 

200 

(steel) 

9 

(bone) 

10 

18-1 

Heat capacity 

4.18 

(water) 

0.900 

(Al) 

1 


15 • 

Picture the Problem Figure 38-21 is reproduced below. We can draw tangent lines at 
each of the voltages and estimate the slope. The differential resistance is the reciprocal of 
the slope. 



F(V) 


1/slope (Q) 


-20 


+ 0.2 



+0.4 



+ 0.6 



+ 0.8 



Remarks: Note that, because of the difficulty in determining the slopes, these results 
are only approximations. 
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The Structure of Solids 


16 • 

Picture the Problem We can use the geometry of the ion to relate the volume per mole 
to the length of its side r 0 and the definition of density to express the volume per mole in 
terms of its molar mass and density. 


Because the cube length/ion is r 0 , 
the volume/mole is given by: 


K 


mol 


2N v 


Solve for r 0 : 



The volume/mole is given by: 


K 


mol 


M 


P 

where M is the molar mass of KC1. 


Substitute for V mo \ in the expression 
for r 0 : 



Substitute numerical values and evaluate r 0 : 


J 74.55 g/mol 

0.315 nm 

2 

(l.984g/cm )(6.02xl0 particles/mol) 


17 • 

Picture the Problem We can use the definition of density and the geometry of the ions to 
compute the density of LiCl. 


The density of LiCl is given by: 


Express the volume of the unit cell: 


~ Af unit cell 

^ V 

unit cell 


^unitcell — (2fi)) 


Because the unit cell has four 
molecules, its mass is given by: 


M 


unit cell 


AM 


Substitute for F unitC eii and M unitcell to 
obtain: 


AM 


P = 


AC 


— A 


(2c) 3 


AM 

A A (2rJ 


Substitute numerical values and evaluate p\ 
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P 


4(42.4 g/mol) 

(6.02 x 10 2 ' particles/mol)[2(o.257 xlO m)] 


= 2.07 xlO 6 g/m 3 x 


lm 


v 10 cm j 


2.07 g/cm' 


*18 • 

Picture the Problem We can solve Equation 38-6 for n. 


Equation 38-6 is: 


Solve for n to obtain: 


U(r„) 



f 

1 

V 





c 

1 

v 


n 

n) 

P, 

n) 


n = 


1- 


U(r 0 )\t 


ake 


Substitute numerical values and evaluate n: 


1 


n = 


(741kJ/mol) 


1 - 


1 eV/ion pair 
v 96.47 kJ/mol j 


(0.257 nm) 


4.64 


(l.7476)(l.44eV • nm) 


19 •• 

Picture the Problem We can substitute numerical values in Equation 38-6 to evaluate 
U(r 0 ) for n = 8 and n = 10. 


(a) Equation 38-6 is: 


uk) 



f 

1 

V 


n) 


Substitute numerical values and evaluate U(r 0 ): 




(l .7476)(8.99 x 10 9 N • m 2 /C 2 )(l .60x10 19 J 

f 

r.-i) 

( leY 1 

0.208x10 9 m 

tl-60xl0 19 J J 


-10.6eV 


Wfe) u, U, 

U(r„) U„, t U, 


(b ) The fractional change is given by: 


1 
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Substitute numerical values and evaluate U(r 0 ) for n = 10: 


U n=ioi r o)=- 


= -10.9eV 


(l .7476)(8.99 x 10 9 N • m 2 /C 2 )(l .60 x 10 19 j) 2 

r i-‘l 

( leV 1 

0.208x10 9 m 

l ioJ 

^1.60x10 19 J J 


Substitute numerical values and evaluate A U(r 0 ) —10.9eV 

the fractional change in U(r 0 ): ~U{rY = - 10 6 c V _ 1 


-2.83% 


A Microscopic Picture of Conduction 

20 • 

Picture the Problem We can use the expression for the volume occupied by one electron 
to show that r = 


r 3 V/3 


^4 nn j 


(a) The volume occupied by one 
electron is: 


1 4 3 

— = — nr 
n 3 s 


Solve for n: 


r = 


r 3 yV3 


v 4 nn j 


(b ) From Table 38-1: 


n Cu =8.47xl0 28 nT 3 


Substitute numerical values and 
evaluate r s for copper: 


r= 3 1 


4^-(8.47x10 28 iW 3 ) 


0.141mn 


21 • 

Picture the Problem We can use the expression for the resistivity of the copper in terms 
of \-’av and A to find the classical value for the resistivity p of copper. In (/;) we can use 


v.= 


3 kT 


m,. 


to relate the average speed to the temperature. 


(a) In terms of the mean free path 
and the mean speed, the resistivity 


P 


_ "6% 
me 2 /1 


is: 
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Substitute numerical values and evaluate p (see Table 38-1 for the tree-electron number 
density of copper): 


(9.1 lx 1CT 31 kg)(l.l7x!0 5 m/s) 

P (8.47xl0 2S m 3 )(l.60xl0 19 c) 2 (0.4nm) 


0.123//Q-m 


(b) Relate the average speed of the 
electrons to the temperature: 



Substitute for v av in the expression 
for p to obtain: 


m e j3kT 
n e e 2 A\ m e 



V 3/ n e kT 


Substitute numerical values and evaluate p: 


-y/3(9.11x 10 -31 kg)(l.38x 10~ 23 J/k)(100K) 
P (8.47 x 10 28 m 3 )(l .60x10 19 c) 2 (0.4nm) 


0.0708//Q-m 


*22 •• 

Picture the Problem We can use Equation 38-14 to estimate the resistivity of silicon. 


(a) From Equation 38-14: 


P = 


n e e 2 A, 


( 1 ) 


The speed of the electrons is given by: 



Substitute numerical values and 
evaluate v av : 


The electron density of Si is given by: 


j 2(4.88 cV) 1 .60x10 19 J 
av _ V ( 9 . 1 1x10 31 kg) lev 
= 1.31xl0 6 m/s 


n e = MN a V atom 

where /V alom is the number of electrons per 
atom. 


Substitute numerical values and evaluate n e : 


n 


e 


2 41 x 10 3 

6.02 xlO 23 atoms ^ 

f 2e ^ 

l m 7 

( 0.02809 kg J 

v atom y 


1.03xl0 29 e/m 3 


Substitute numerical values in equation (1) and evaluate p\ 
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(9.1 lx 10~ 31 kg)(l.31x 10 6 m/s) 

(l .60 x 10 19 c) 2 (l .03 x 10 29 e/m 3 )(27.0 x 10 9 m) 


1.66x10 8 Q-m 


(b ) The accepted resistivity of 640 Q-m is much greater than the calculated value. We 
assume that valence electrons will produce conduction in the material. Silicon is a 
semiconductor and a gap between the valence band and conduction band exists. Only 
electrons with sufficient energies will be found in the conduction band. 

The Fermi Electron Gas 


23 • 

Picture the Problem The number density of free electrons is given by n = pN A / M, 
where Na is Avogadro’s number, p is the density of the element, and M is its molar mass. 

Relate the number density of free n _ p ^ _ pN A 

electrons to the density p and molar N A M M 

mass M of the element: 


(a) For Ag: 


(l0.5 g/cm 3 )(6.02 x 10 23 electrons/mol) 
107.87g/mol 


5.86x 10 22 electrons/cm 3 


(. b ) For Au: 


(l9.3g/cm J )(6.02xl0 23 electrons/mol) 
196.97 g/mol 


5.90x 10 2 electrons/cm' 


Both these results agree with the values in Table 38 -1. 


24 • 

Picture the Problem The number of free electrons per atom n e is given by 

n e = riM / pN A , where /V A is Avogadro’s number, p is the density of the element, M is its 

molar mass, and n is the free electron number density for the element. 

The number of free electrons per nM 

n e= - 

atom is given by: pN A 


Substitute numerical values and evaluate n e : 
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n 


e 


(l8.1x 10 22 electrons/cm 3 )(26.98g/mol) 
(2.7 g/cm 3 )(6.02 x 10 23 electrons/mol) 


3.00 


25 • 

Picture the Problem The number of free electrons per atom n t is given by 

n e = nM/pN A , where /V A is Avogadro’s number, p is the density of the element, M is its 

molar mass, and n is the free electron number density for the element. 

The number of free electrons per nM 

n e = - 

atom is given by: pN A 


Substitute numerical values and evaluate n e : 


n 


e 


(l4.8xl0 22 electrons/cnT )(l 18.69g/mol) 
(7.3 g/cm 3 )(6.022 x 10 23 electrons/mol) 


4.00 


*26 • 

Picture the Problem The Fermi temperature TV is defined by kTp = £f , where E v is the 
Fermi energy. 

The Fermi temperature is given by: T _ E v 

V ~~k 

(a) For Al: j, _ 11.7eV 

F _ 8.62x10 5 eV/K 


1.36x10 5 K 


(. b ) For K: 


T 


2.1 leV 

8.62xl0~ 5 eV/K 


2.45xl0 4 K 


(c) For Sn: 


T 

1 f 


10.2eV 

8.62x10 5 eV/K 


1 . 18 x 10 5 K 


27 • 

Picture the Problem We can solve the expression for the Fermi energy for the speed of a 
conduction electron. 

Express the Fermi energy in terms E F = \rnpp 

of the Fermi speed a conduction 

electron: 













Solids and the Theory of Conduction 1271 


Solve for u F : 


(a) Substitute numerical values (see 
Table 38-1 for E f ) and evaluate w F 
for Na: 


( b ) Substitute numerical values and 
evaluate w F for Au: 


(c) Substitute numerical values and 
evaluate u F for Sn: 



j 2(3.24eV)(l.60xl(r 19 J/eV) 

V 9.1 lx 10 31 kg 

1.07xl0 6 m/s 


| 2(5.53eY)(l.60xlQ- 19 J/ev) 

V 9.11x10 31 kg 

1.39xl0 6 m/s 


/ 2(l0.2eV)(l.60xl0 19 J/ev) 

V 9.1 lx 10 -31 kg 

1.89xl0 6 m/s 


28 


Picture the Problem The Fermi energy at T= 0 depends on the number of electrons per 
unit volume (the number density) according to E F = (o.365 eV • nnr )(N/V ) 2,3 . 


The Fermi energy at T= 0 is given 
by: 


E f =(0.365eV-nm 2 ) 


r N \ 2/3 


\ v J 


(a) For Al, N/V= 18.1x10“ electrons/cm J (see Table 38-1) and: 


E f = (o.365eV-nm 2 )(l8.1xl0 22 electrons/cm 3 = 


11.7eV 


(b ) For K, N/V= 1.4x10" electrons/cm 3 and: 


E f = (o.365 eV • nnr )(l .4 x 10" electrons/cm 3 ) 3 = 


2.12eV 


(c) For Sn, N/V= 14.8x10^ clcctrons/cnr 1 and: 


E f =(o. 365eV-nm 2 )(l4.8xl0 22 electrons/cm 3 ) /3 = 


10.2eV 
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29 • 

Picture the Problem The average energy of electrons in a Fermi gas at T= 0 is three- 
fifths of the Fermi energy. 


The average energy at T = 0 is given E m -jE ¥ 

by: 


(a) For copper, E F = 7.04 eV (see 
Table 38-1) and: 


(0.6)(7.04eV) 


4.22 eV 


( b ) For lithium, E F = 4.75 eV and: 


(0.6)(4.75eV) 


2.85 eV 


30 • 

Picture the Problem The Fermi energy at T= 0 is given by 

E ¥ = (o.365eV • nnr )(iV/F)’ , where NIV is the free-electron number density and the 
Fermi temperature is related to the Fermi energy according to kT ¥ = E ¥ . 


(a) The Fermi temperature for iron j, _ E ¥ 

is given by: F k 


Substitute numerical values (see 
Table 38-1) and evaluate T F : 


T 


11.2eV 

8.62x10 5 eV/K 


1.30x10 5 K 


(b ) The Fermi energy at T= 0 is 
given by: 


E f 


(o.365eV 


•nm 2 


N_ 

V 


X 3/2 

) 


Substitute numerical values (see Table 38-1) and evaluate E F : 


E ¥ = (0.365eV-nm 2 )(l7.0xl0 2 electrons/cm 3 )" 


11.2eV 


*31 


Picture the Problem We can use n e = pV = 


PN A N, 


m 


where A^tom is the number of 

electrons per atom, to calculate the electron density of gold. The Fermi energy is given 
by E ¥ = jm e v F . 


(a) The electron density of gold is 
given by: 


n e = pV = 


m 


Substitute numerical values and evaluate n e : 
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19.3 x 10 3 ^-1 (6.02 xlO 23 atoms) 

V_m )l 


le 


1 atom 


J 


0.197 kg 


5.90 xl0- s e/m 


(. b ) The Fermi energy is given by: E f = -m v 2 

Substitute numerical values and evaluate E F : 


E F 


— (9.1 Ixl0 _31 kg)(l.39xl0 6 m/s) 2 f- lgV 

2 V A ’ U-60xl0 19 jJ 


5.50eV 


(c) The factor by which the Fermi 
energy is higher than the kT energy 
at room temperature is: 


/ 


kT 


At room temperature 

kT= 0.026 eV. Substitute numerical 

values and evaluate/: 


/ 


5.50 eV 
0.026 eV 


212 


(d) E F is 212 times kT at room temperature. There are so many free electrons present that 
most of them are crowded, as described by the Pauli exclusion principle, up to energies 
far higher than they would be according to the classical model. 


*32 •• 

Picture the Problem We can solve PV = y NE m for P and substitute for E m in order to 
express P in terms of N/V and E F . 


Solve PV = jNE av for P: 


Because E m = |C F : 


P = - 
3 


f N_' 


P = - 
3 


2(NY 3 2 f 

-E e 


N 

\V JK 


N 

\Vy 


Substitute numerical values (see Table 38-1) and evaluate P: 


p = |(8.47xl0 22 electrons/cm 3 )(7.04eV)(l.60x 10 19 J/ev) 


= 3.82xl0 lo N/m 2 = 3.82xl0 lu N/m 2 x 


10 - 


latm 


3.77 x 10 5 atm 


101.325xlO 3 N/m 2 
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33 •• 

Picture the Problem We can follow the procedure given in the problem statement to 

, n 2NE, 5 /3 5 r> 2NE f 

show that P = - - = CV 1 and B = -P = - - . 

5V 3 3V 


(a) From Problem 32 we have: 


PV = jNE m 


Because E m = jE f : 


P = - 
3 


f 


'v 


\ v J 


yV; 


(i) 


The Fermi energy is given by: 


E f = 


8 m 


^ 3A rA 2/3 


\nV j 


Sin 


3N 

y ft J 


V 


-2/3 


Substitute to obtain: 


P = - 
5 


0\A 

yV; 


f3N^ /3 


8m. 


V 


-2/3 


y ft J 


N 5/3 h 2 


( n V / 3 


20m e 
where C = 


yftj 

N 5/3 h 2 ( 3 


20 m„ 


J/-V 3 = 

f-T /3 

\ft j 


CV ~ 5/3 


is a constant. 


( b ) The bulk modulus is given by: 


B =-V — =-V— \CV - 513 1 
dV dV l 1 


= -CV 


= 5 -p 

3 


-_c^ 8/3 = -CC~ 5/3 

3 J 3 


Substitute for P from equation (1) to 
obtain: 


bP- 

2 

( N' 

e f 


2 

( N' 

e ¥ 

3 

5 

yvj 



3 

yvj 



(c) Substitute numerical values and evaluate B for copper: 

B = j (8 .47 x 10 22 electrons/cm 3 )(7.04 eV)(l .60 x 10 19 J/ev) = 


63.6x 10 9 N/m 2 


B Cu = 140 GN/m 2 


From Table 13-2: 
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Divide the calculated value for B by 
the value from Table 13-2 to obtain: 


B 63.6 GN/m 2 


B Cu 140 GN/m 2 


or 


= 0.455 


B = 


0.454 B, 


Cu 


34 


Picture the Problem The contact potential is given by V cc 


01 02 


where <h\ and 


are the work functions of the two different metals in contact with each other. 


The contact potential is given by: 


y _ 0i 02 

“ contact 

e 


(a) For Ag and Cu (see Table 38-1): 


V„ 


_ (4.7eV-4.1eV)(l.60xl0 19 J/ev)_ 
1.60x10 19 C 


0.6V 


( b ) For Ag and Ni: 


V„ 


(5.2 eV-4.7 eV)(l.6Qx 10~ 19 J/ev) 
1.60x10 19 C 


0.5V 


(c) For Ca and Cu (see Table 38-1): 


V„ 


(4.1eV-3.2eV)(l.60xl0~ 19 J/ev) 


1.60x10 19 C 


0.9V 


Heat Capacity Due to Electrons in a Metal 

*35 •• 

Picture the Problem We can use Equation 38-29 to find the molar specific heat of gold 
at constant volume and room temperature. 


The molar specific heat is given by 
Equation 38-29: 


tCRT 

2 T f 


E f = kT F => T f = — 
k 


The Fermi energy is given by: 














1276 Chapter 38 


Substitute for T v to obtain: 



Substitute numerical values and evaluate c ' v : 


n\ 8.31 J/mol K)(l .3 8 x 1CT 23 J/mol)[ 



2(5.53 eV) 


0.192 J/mol-K 


Remarks: The value 0.192 J/mol K is for a mole of gold atoms. Since each gold atom 
contributes one electron to the metal, a mole of gold corresponds to a mole of 
electrons. 

Quantum Theory of Electrical Conduction 

36 • 

Picture the Problem We can solve the equation giving the resistivity of a conductor in 
terms of the mean free path and the mean speed for the mean free path and use the Fermi 
speeds from Problem 27 as the mean speeds. 

In terms of the mean free path and _ m e v av 

the mean speed, the resistivity is: ne 2 A 

Solve for A to obtain: , _ m e v m 



From Problem 27 we have: 


/u F Na = 1.07x10 6 m/s 
Zfr.Au = 1.39x10 6 m/s 


and 


Z / FSn = 1.89xl0 6 m/s 


Using the Fermi speeds as the average speeds, substitute numerical values and 
evaluate the mean free path of Na: 



(9.11 x 10 31 kg)(l .07 x 10 6 m/s) 


34.2 nm 
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Proceed as above for Au: 


X 


Au 


_( 9 .11 x 10 31 kg)(l .39 x 10 6 m/s)_ 

(5.90xlO 22 electrons/cm 3 )(l.60 xlO 19 c)~ (2.04 f£l- cm) 


41.1 nm 


Proceed as above for Sn: 



9.11x10 31 kg)(l.89xl0 6 m/s 


4.29 nm 

(l4.8xl0 22 electrons/cm 3 )(l.60x10 19 C 

(l0.6//O-cm) 


*37 •• 

Picture the Problem We can solve the resistivity equation for the mean free path and 
then substitute the Fermi speed for the average speed to express the mean free path as a 
function of the Fermi energy. 


(a) In terms of the mean free path 
and the mean speed, the resistivity 
is: 


= ffl e V av = ffl e«F 

ne 2 /l ne 2 X 


Solve for X to obtain: , _ m e u ¥ 


Express the Fermi speed « F in 
terms of the Fermi energy Zfr: 



Substitute to obtain: 


_ V2 m e E P 

u 2 

ne p x 


Substitute numerical values (see Table 38-1) and evaluate A,: 


V 

^21 

(9.11x10 31 kg)(7.04eV) 

(l .60x10 

- 19 J/eV) 

1 

(8.47 x 10 28 electrons/m 3 )(l.60 x 10 19 c) 2 

G 

00 

1 

O 

■») 


(b ) From Equation 38-16 we have: 


X = 


1 

nm' 2 


Solve for nr\ 2 1 

nr = — 
nX 
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Substitute numerical values and 
evaluate nr 2 : 


nr = 


(8.47xl0 28 m 3 )(66.1nm) 

= 1.79x10 22 m 2 = 


1.79x10 4 nm 


Band Theory of Solids 

38 • 

Picture the Problem We can use E = he/ A to calculate the energy gap for this 
semiconductor. 

The lowest photon energy to increase 
conductivity is given by: 

Substitute numerical values and evaluate 

E e : 


*39 • 

Picture the Problem We can relate the maximum photon wavelength to the energy gag 
using AC = hf = he/A. 



(6.63 xlQ- 34 J-s)(3xl0 8 m/s) 
g “ (380xl0^m)(l.60xl0“ 19 J/eV) 

= 3.27 eV 


Express the energy gap as a function 
of the wavelength of the photon: 


AE =hf = — 
A 


Solve for A: 



Substitute numerical values and 
evaluate A: 


1240eV -nm 
1.14eV 


1.09/an 


40 • 

Picture the Problem We can relate the maximum photon wavelength to the energy gag 
using AE = hf = he / A. 

Express the energy gap as a function ^ ^ _ hc_ 

of the wavelength of the photon: A 



Solve for A: 
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Substitute numerical values and 
evaluate A: 


1240eV -nm 
0.74 eV 


1.68 /an 


41 • 

Picture the Problem We can relate the maximum photon wavelength to the energy gag 
using A E = hf = he)A. 


Express the energy gap as a function 
of the wavelength of the photon: 


AE = hf = — 
A 


Solve for A: 


A = 


he 

AE 


Substitute numerical values and 
evaluate A: 


1240eV -nm 
7.0eV 


177 nm 


42 •• 

Picture the Problem We can use AE = hf = he/A to find the energy gap between these 
bands and T= EJk to find the temperature for which kT equals this energy gap. 


(a) Express the energy gap as a ^ _ he 

function of the wavelength of the A 

photon: 


Substitute numerical values and 
evaluate AE: 


1240eV -nm 
3.35 jum 


0.370eV 


(b) The temperature is related to the T 

energy gap E g according to: k 


Substitute numerical values and 
evaluate T: 


0.370eV 
8.617x10 5 eV/K 


4.29x 10 3 K 


Semiconductors 

43 • 

Picture the Problem We can use AE = kT to find the temperature for which 
kT =0.01 eV 


T 


AE 

k 


Express the temperature T in terms 
of the energy gap AE: 
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Substitute numerical values and 
evaluate T: 


T = 


0.0 leV 


1.38x10 23 J/Kx 


leV 


1.60x10 19 J 


116K 


*44 .. 

Picture the Problem We can use E = hf to find the energy gap of this semiconductor. 


The energy gap of the 
semiconductor is given by: 


Substitute numerical values and 
evaluate E g : 



where 

he = 1240 eV-nm 
1240 eV-nm 
1.85 jum 


0.670 eV 


45 •• 

Picture the Problem We can make the indicated substitutions in the expression for a 0 (= 
0.0529 nm) to obtain an expression the Bohr radii for the outer electron as it orbits the 
impurity arsenic atom in silicon and germanium. 


Make the indicated substitutions in 
the expression for a 0 to obtain: 


a _ k e 0 h 2 _ k e 0 mjr 
71 m eS e 2 n m c m clT e 2 
_ Km e e 0 h 1 _ mi c 
m eff nm/ m eS 


For silicon: 


12w e 

0.2 m e 


(0.0529 nm) 


3.17nm 


For germanium: 


a B 


16 m e 

0.1 m c 


(0.0529 nm) 


8.46 nm 


*46 •• 

Picture the Problem We can make the same substitutions we made in Problem 45 in the 
expression for E\ (= 13.6 eV) to obtain an expression that we can use to estimate the 
binding energy of the extra electron of an impurity arsenic atom in silicon and 
germanium. 
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Make the indicated substitutions in 
the expression for E\ to obtain: 


(a) For silicon: 


(b ) For germanium: 


£,= 


8 (k e 0 Jh 2 8 m e rc 2 e 3 h 2 


”*eff g 

m e K 2 4 8 e 3 h 2 


m. 


eff 


m„K 


2 2 1 


£,=-^(l3«eV) = 


"Jl-f 


18.9meV 


£i= __5Fi_( 1 3. 6e v)= 


m. 


( 16) 2 


5.31meV 


47 •• 

Picture the Problem We can use the expression for the resistivity p of the sample as a 
function of the mean free path A of the conduction electrons in conjunction with the 
expression for the average speed v av of the electrons to derive an expression that we can 
use to calculate the mean free path of the electrons. 


Express the resistivity p of the /M e v av 

sample as a function of the mean P ~ n g 2^ 

free path A of the conduction 
electrons: 

Solve for /. to obtain: ^ m c v av 

n e e 2 p 


The average speed v av of the 
electrons is given by: 



Substitute for v av in the expression 
for A to obtain: 


/ n e l3kT _ yl3km e T 

n c e 2 p \ m e n e e 2 p 


Substitute numerical values and evaluate A: 



[ .38x 10 -23 J/K)(0.2)(9.11 x 10 31 kg)(300K) 


(lO 16 cm _3 )(l.6x 10 _1 

9 c) 2 

(5x10 3 Q-m) 

1 


37.2 nm 


The number density of electrons /i c P m N A 

is related to the mass density p m , n e ~ ^ 

Avogadro’s number /V A , and the 
molar mass M.\ 


Substitute numerical values (For copper, p = 8.93 g/cm 3 and M= 63.5 g/mol.) and 
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evaluate « e : 


g/cm' 1 )(6.02 x 10 :3 electrons/mol) = 8 4y x electrons/m 3 
63.5g/mol 


Using equation (1), evaluate /t Cu (see Table 25-1 for the resistivity of copper and Example 
38-4 for u F ): 


A, 


'Cu 


_(9.11xlQ- 31 kg)(l.57xl0 6 m/s)_ 

(8.47 x 10 28 electrons/m 3 )(l .6 x 10 19 c) 2 (l .7 x 1(T 8 Q • m) 


38.8nm 


The mean free paths agree to within 4.02%. 


48 •• 

Picture the Problem We can use the expression for the Hall coefficient to determine the 
type of impurity and the concentration of these impurities. 

(a) and (b) The Hall coefficient is 1 

given by: W 


Because R > 0, q > 0 and conduction is by holes and the sample contains 
acceptor impurities. 


Solve equation (1) for n: 


1 



Substitute numerical values and 
evaluate n: 


1 


(0.04V-m/A-T) 

(l .6 x 10 19 C) 

1.56 xlO 20 m 3 



Semiconductor Junctions and Devices 

49 •• 

Picture the Problem The following graph of 7// 0 versus V b was plotted using a 
spreadsheet program. 
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50 • 

Picture the Problem The base current is the difference between the emitter current and 
the plate current. 


The base current I B is given by: 


I B =I-I C 


We’re given that: 


I c =0.88/ = 25.0 mA 


Solve for/to obtain: 


25.0 mA 
0.88 


28.4mA 


Substitute numerical values for / 
and I c and evaluate I B : 


28.4 mA-25.0 mA 


3.4 mA 


*51 •• 

Picture the Problem We can use its definition to compute the voltage gain of the 
amplifier. 


The voltage gain of the amplifier is 
given by: 

Substitute numerical values and 
evaluate the voltage gain: 


Voltage gain 


Voltage gain 


AA 

AA 

(0.5mA)(l0kQ) 

(lO//A)(2kQ) 

250 


52 •• 

Picture the Problem The number of electron-hole pairs N is related to the energy E of 
the incident beam and the energy gap E g . 
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(a) The number of electron-hole 
pairs N is given by: 

Substitute numerical values and evaluate 
N: 



660 keV 

N =- 

0.72 eV 


9.17 x 10 5 


(b ) The energy resolution of the detector is A E AN 
given by: ~Y = ~\T 


For AN= 1 and N = V9^T7xT(h”: 


A E 
E 


. = 1.04xlQ~ 3 

V9.17xl0 5 


0.104% 


53 •• 

Picture the Problem The nearly full valence band is shown shaded. The Fermi level is 
shown by the dashed line. 



*54 •• 

Picture the Problem We can use Ohm’s law and the expression for the current from 
Problem 49 to find the resistance for small reverse-and-forward bias voltages. 


(a) Use Ohm’s law to express the 
resistance: 

From Problem 47, the current across 
a pn junction is given by: 


R=l i- 
/ 

(1) 

I = I 0 (e eV ' lkT - 1) 

(2) 


For eV b « kT: 


e eVjkT 


- 1*1 + 


eK 

kT 


1 = 


ej, 

kT 


1 = 


kT 


Substitute to obtain: 
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Substitute for / in equation (1) and 
simplify: 

R = 

Substitute numerical values and 
evaluate R\ 

R = 

(b ) Substitute equation (2) in 
equation (1) to obtain: 

R = 

eV 

Evaluate —- for V b = - 0.5 V: 
kT 

eK 

kT 

Evaluate equation (3) for 

V b = - 0.5 V: 

R = 

eV h 

(c ) Evaluate —- for 
kT 

V b = + 0.5 V: 

eK 

kT 

Evaluate equation (3) for 

V b = +0.5 V: 

R - 


V b _ kT 


e K el 0 
kT 


(1.60x10 19 C)(l 0 9 A) 


25.0MQ 


V, 


I 0 {e eVJkT -l) 


(3) 


= -19.8 


-0.5V 


(lO- 9 A)(e 198 -l) 


500 MQ 


= 19.8 


0.5V 


(l0~ 9 Aj(e 198 -lj 


1.26Q 


(d) Evaluate R dC = dV/dl to obtain: 


Substitute numerical values and 
evaluate R dC : 


R = 


dV _( dl 
dl ~ \dVj 


)I 


dV' 

eh 

kT 


e h c eVjkT | _ kT c - eV J kT 

eh 


f? ac =(25MQ)e 


-19.8 


0.0629Q 


55 •• 

Picture the Problem We can use the Hall-effect equation to find the concentration of 
charge carriers in the slab of silicon. We can determine the semiconductor type by 
determining the directions of the magnetic and electric fields. 

Use the expression for the Hall- IB 

effect voltage to relate the — 

concentration of charge carriers n to 



















1286 Chapter 38 

the Hall voltage V H : 
Solve for n to obtain: 


Substitute numerical values and 
evaluate n : 


IB 

n =- 

teV H 

„ (0.2 A)(0.4T) 

(l .0 mm )(l .60 x 1 0 19 c)(5mV) 

= 1.00xl0 23 m 3 


Referring to Figure 26 - 28, note that B points out of the page. E is in the v 
direction. Therefore, the charge carriers are holes and the semiconductor is 
p - type. 


The BCS Theory 

56 • 

Picture the Problem We can calculate E g using E = 3.5 kT c and find the wavelength of 

a photon having sufficient energy to break up Cooper pairs in tin at T= 0 using 
A = hc/E g . 


(a) From Equation 38-24 we have: 

Substitute numerical values and 
evaluate E g : 


Express the ratio of E g to ^measured: 


(b ) The wavelength of a photon 
having sufficient energy to break up 
Cooper pairs in tin at T= 0 is given 
by: 

Substitute numerical values and 
evaluate A: 


E g =3.5kT c 

E g = 3.5(8.617 xl(T 5 eV/K)(3.72K) 
= 1.12meV 


E ‘ = u2i r v = i.87 

E . 6 x 10^ 4 eV 

g,measured 


or 


2 E. 


g,measured 


A = 


he 


E 


g 


1240eV ■ nm 
6x10 4 eV 

2.07 mm 


2.07 x 10 6 nm 
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*57 • 

Picture the Problem We can calculate E s using E = 3.5 kT c and find the wavelength of 

a photon having sufficient energy to break up Cooper pairs in tin at T = 0 using 
A = hc/E g . 


(a) From Equation 38-24 we have: 

Substitute numerical values and 
evaluate E g : 


Express the ratio of E g to E & measured: 


(b) The wavelength of a photon 
having sufficient energy to break up 
Cooper pairs in tin at T = 0 is given 
by: 

Substitute numerical values and 
evaluate A: 


E g =3.5kT c 

E g = 3.5(8.62xl(T 5 eV/K)(7.19K) 
= 2.17meV 


_e L= 2.17meV =QJ95 

£ g _ d 2.73xlO-’eV 


or 


0.8 E. 


g,measured 


E„ 


1240eV -nm 
2.73 x 10~ 3 eV 


4.54 xl0 ? nm 


0.454 mm 


The Fermi-Dirac Distribution 


58 •• 

Picture the Problem We can evaluate the Fermi factor at the bottom of the conduction 
band for T near room temperature to show that this factor is given by cxp(-E,J2kT). 


(a) At the bottom of the conduction 
band: 


(E-EfVkT E /2kT . - 

e \ m — e s/ >>> y j. Qr j near room 

temperature. 



e - E J 2kT 


We can neglect the 1 in the 
denominator of the Fermi function 
to obtain: 
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Substitute numerical values and evaluate /(|£ g ) for T= 300 K: 


/K)= 


= exp 


-leV 


2(8.62x10 5 cV/k)(300K) 


4.01x10^ 


Given that low a probability of finding an electron in a state near the bottom 
of the conduction band, the exclusion principle has no significant impact on 
the distribution function. With 10 22 valence electrons per cubic centimeter, 
the number of electrons in the conduction band will be about 4 x 10' 3 per 
cm 3 . 

(b) Evaluate for T= 300 K and E e = 6 eV: 



= exp 


-6eV 

2(8.62x10 5 eV/K)(300K) 


4.15x10 51 


The probability of finding even one electron in the conduction band is 
negligibly small (approximately 4 x 10 51 ). 


59 •• 

Picture the Problem The number of energy states per unit volume per unit energy 
interval N is given by N ~ g(E)AE , where N is only approximate, because A E is not 

, , 8v/2 nrn^V 1/2 

infinitesimal and g[E) = -—- E is the density of states. 


The number of states N is the 
product of the density of states and 
the energy interval: 


N ~ g(E)AE 


(1) 


The density of states is given by: 


g(E)= S ^f y E- 


Substitute numerical values and evaluate g( E ): 

8 ^^ 9 ' llxlQ 31kg ) 32 ^ lxlQ 3 ^ 

(6.63x10 34 J-s) 3 


2.1eVx 


IQ \ 1/2 

1.60 x 10~ 19 
eV 


37 T-l 


= 6.15 x 10 J 
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Substitute numerical values in equation (1) and evaluate N: 


iV * (6.15x 10 37 J 1 )(2.20eV-2.00eV)x L6QxlQ J 
v /v 7 eV 


1.97xl0 18 


*60 •• 

Picture the Problem Equation 38-22a expresses the dependence of the Fermi energy E F 
on the number density of free electrons. Once we’ve determined the Fermi energy for 
silver, we can find the average electron energy from the Fermi energy for silver and then 
use the average electron energy to find the Fermi speed for silver. 


(a) From Equation 38-22a we have: 


Use Table 27-1 to find the free- 
electron number density N/V for 
silver: 


E f = 


8 


3 N 

\7lVj 


*= 5.86x10“ e ' eCtr0nS 
V 


= 5.86x10 


28 


cm 3 

electrons 

m 3 


Substitute numerical values and evaluate ffr: 


(6.63 x 10 -34 J ■ s) 2 

3 ( 5 . 86 xlO 18 electrons/nr) 

2/3 

f leV ^ 

8(9.11x10 31 kg) 

n 


v 1.60xl0 19 jJ 


5.51eV 


( b ) The average electron energy is 
given by: 

Substitute numerical values and 
evaluate Eav: 




-(5.5 leV) 


3.3 leV 


(c) Express the Fermi energy in 
terms of the Fermi speed of the 
electrons: 

Solve for vp: 


Substitute numerical values and 
evaluate vf: 


E f = \m e v F 


2E, 


m„ 


V v = 


2(3.3 leV) 


9.11x10 31 kg 


'1.60x10 19 

leV 


= 1.08 x 10 6 m/s 
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61 •• 

Picture the Problem We can evaluate the/OEV) at E = E? to show that F = 0.5. 



The Fermi factor is: 



Evaluate 


62 •• 

Picture the Problem We can find the difference between the energies at which the Fermi 
factor has the given values by solving the expression for Fermi factor for E and then 
deriving an expression for AE. 

(a) The Fermi factor is: 1 



Solve for E: 


E = E f + kT In 



The difference between the energies is given by: 


A£ = £(0.l)-£(0.9) 


E , (l.38xi0-”j/K)(300K) ln r 1 0 


1.60x10 19 J/eV lo.l , 



(1.38x10-* j^ookTm. _n_ j_L_d 

1.60x10 19 J/eV [ 10.1 ) yO.9 ) 


0.114eV 


(. b ) and (c) Because A E is independent of E v , AE is the same as in (a). 
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*63 •• 

Picture the Problem The probability that a conduction electron will have a given kinetic 
energy is given by the Fermi factor. 

The Fermi factor is: s(r\— ^ 

’ ' e (£-E ¥ )/kT + 1 


Because E F - 4.9 eV » 300£: 


/(4-9 eV) 


1 

o+T 



64 •• 


Picture the Problem We can solve Equation 38-22a for V and substitute in Equation 38- 
41 to show that g(fi) = (3N/2)E^ /2 E V1 . 


From Equation 38-22a we have: 


e f = 


r 3N ^ 2/i 


8 m. 


\nV j 


Solve for V to obtain: 


V = 


3 N 


n 


4 , 2 A 3 / 2 


V & m e E F j 


The density g{E) is given by 

Equation 38-41: 

g(E) 

Substitute for V and simplify to 
obtain: 

g(E) 


%7i42mfV f1/2 
h 3 

ZxJlmT 3 N 


h 3 


r .2 a 3 / 2 


n 


V % m e E ¥ j 


4/2 


3 N 


E ¥ m E y2 


65 •• 

Picture the Problem We can use the expression for g(E) from Problem 64 to show that 
the average energy at T= 0 is f E v . 



3/2 e \/2 


From Problem 64 we have: 




















1292 Chapter 38 


Substitute in the expression for E av 
and simplify to obtain: 


Integrate the expression for E m : 


E " 1 V 


\A E dE)dE 


4 


3N 

Ni V 2 

E P 


dE 


= -£ F 3/2 j4 3 4/£ 


E... =-E 


- 3/2 


J E 2/2 dE 


= 3 _ , 7 - 3/2 2 5/2 = 

2 F 5 F 


3 ^ 


66 •• 

Picture the Problem We can integrate g(E) from 0 to E v to show that the total number of 
states is j- AE F 2 . 


(a) Integrate g(E) from 0 to E?\ 


(b ) Express the fraction of N within 
kT of E f : 

(c) Substitute numerical values and 
evaluate the expression obtained in 
( b ) for copper: 


N = J AE [/1 dE 



kTg(E F ) _ kTAEf 
N ~ \AEf 

3kT _ 3(8.62xIQ 5 eV/K)(300K) 
2 E f ~ 2(7.04 eV) 

= 5.51x 10~ 3 


3 kT 
2 E f 


67 •• 

Picture the Problem The probability that a conduction electron in metal is the Fermi 
factor. 

Express the Fermi factor: 


Calculate the dimensionless 
exponent in the Fermi factor: 

= -0.387 


/(£)= 


1 


7 (E-E T )/kT 


+ 1 


E-E f _ 5.49eV-5.50eV 

kT ~ (8.62xl0- 5 eV/K)(300K) 
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Use this result to calculate the Fermi 
factor: 


/(5.49eV) 


1 


<r 0 - 387 


+ l 


0.596 


68 •• 

Picture the Problem We can integrate the density-of-states function, Equation 38-41, to 
find the number of occupied states N. The fraction of these states that are within kT of E$ 
can then be found from the ratio of kTg(E v ) to N. 


The density of states function is: 


Integrate g{E) from 0 to E F to find 
the total number of occupied states: 


g(E)=AE 1/2 

where 

, ZnJlmfV 

A — c 


N = 


J AE l/2 dE = ±AE 2 ' 2 


Express the fraction of N within kT 
ofEf. 


kTg(E F ) _ kTAEf 
N ~ \AEf 


3kT 
2 E ¥ 


(a) Substitute numerical values and 
evaluate the expression obtained 
above for copper at 
T= 77 K: 


3 kT _ 3(8.62x 1(T 5 eV/K)(77K) 
2 E f ~ 2(7.04 eV) 

= 1.41x10 3 


0 b ) AtT=300 K: 


3 kT _ 3(8.62xIQ 5 eV/K)(300K) 
2 E f ~ 2(7.04 eV) 

= 5.51x 10~ 3 


69 •• 

Picture the Problem The distribution function of electrons in the conduction band is 
given by n(E) = g( E) f(E j whcrc /(E) is the Fermi factor and g(E) is the density of 

states in terms of E F . 

Express the number of electrons n n(E ) = g{ E) f (E ) (1) 

with energy E: where 

^(£)~A ,2£,,2 


and 
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The dimensionless exponent in the 
Fermi factor is: 


Hence: 


Substitute in equation (1) and 
simplify to obtain: 


/(£)= 


1 


,(E-E F )/kT 


+ 1 


E-E E-\E 

F - 2 8 » 1 


kT 

and 


kT 


exp 


f f — i F h 
kT 


»1 






e E J 2kT e -E/kT 


>(£) = 




There is an additional temperature dependence that arises from the fact that Ep depends 
on T. At room temperature, cxp[(£ - E s /2)/kT\ > exp(0.35 eV/0.0259 eV) = 7.4xl0 5 , so 
the approximation leading to the Boltzmann distribution is justified. 


*70 ••• 

Picture the Problem We can follow the step-by-step procedure outlined in the problem 
statement to obtain the indicated results. 


(a) The Fermi factor is: 


(. b ) IfC» e~ EJkT : 


(c) The energy distribution function 
is: 


/(£) = 


)/*r +1 e -E F /kT e E/kT + j 


1 


Ce E/kT +1 


provided C = e E ^ kT 


/(£) = 


1 


1 


Ce E/kT +1 Ce E/kT 

where H = 1/C 


Ae 


-EfkT 


n(E)dE = g(E)dEf(E ) 
where 


N = A ^TLjE'^dE 

o 


IT 


Substitute for g{E)dE andJ{E) in the 
expression for N to obtain: 
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The definite integral has the value: 

Substitute to obtain: 


j E n e fJ "dE = ClC ^ 

N=A ^fv(kTr ^ 

h 2 2 


Solve for A: 


V2 h 3 

( 

1 

8 

{Vj 

( kTf 2 


(d) Evaluate A at T= 300 K: 


V5(< 

5.63x10 34 J-s 

3 n 

8^ 3/2 

9.11x10 31 kg 

) !,2 [ 

(l.38xl0" 

?3 J/k)(300K) 

3/2 


where the units are SI. 


4x10 26 n 


The valence electron concentration is typically about 10 39 m ’.To satisfy the 
condition that A «1 at room temperature, n should be less than 10 23 m 3 , or 
about one millionth of the valence electron concentration. Because A depends 
on T 3/2 , the electron concentration may be greater the higher the temperature. 


10 17 cm 3 = 10 23 m ’.So, according to the criterion in ( d ), the classical 
approximation is applicable. 


71 ••• 

Picture the Problem We can approximate the separation of electrons in the gas by 
( VIN) l,i and use the for A from Problem 70 and de Broglie’s equation to express the 
separation d of electrons in terms of the de Broglie wavelength A and the constant A 


The separation d of electrons is 
approximately: 


d = 


r v \^ 


\N j 


From Problem 70: 


fFY ,3 _ 2 v ‘h 1 
N) ~ S-'W ' 2 (47 TV ' 5 


Substitute to obtain: 


2 1/6 h 1 

8 1/3 ^ 1/2 mf (kTf~A l/3 
2 1/6 h 1 


tt 1/2 pm c kTA ]/3 
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Express the momentum of an 
electron in the gas in terms of its de 
Broglie wavelength A: 

Substitute for ^2m~kT in the 
expression for d to obtain: 



a JlmK = yj2m e kT 


, _ 2 1/6 /? /I _ 2 1/6 /l 
" /r 1/2 hA l/3 

= 0 . 633 ^ 

A l/3 

Thus, if A « 1, d » A 


72 ••• 

Picture the Problem We can follow the procedure outlined in the problem statement to 
determine the rms energy of a Fermi distribution. 


Express the E rms in terms of g{E): 


^nns = 




xl/2 


N 


\g(E)E 2 dE 


The density of states g{E) is given 

by: 




Substitute to obtain: 


£ rms = 


2NEf 


| E 3/2 dE 


1/2 


Evaluate the integral and simplify: 



0.655£ f 


E nm > E m because the process of averaging the square of the energy weighs 
larger energies more heavily. 


General Problems 

73 • 

Picture the Problem The number of free electrons per atom n e is given by 

n c = nM / pN A where N& is Avogadro’s number, p is the density of the element, M is its 

molar mass, and n is the free electron number density for the element. 

nM 
~P^~K 


The number of electrons per atom is 
given by: 


n, 
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Substitute numerical values and evaluate n e : 


n 


e 


(l .4 x 10 22 electrons/cm 3 )(39.098 g / mol) 
(0.851 g/cm 3 )(6.02 x 10 23 electrons/mol) 


1.07 


74 • 

Picture the Problem The number of free electrons per atom n e is related to the number 
density of free electrons n by n c = nM/pN A , where Na is Avogadro’s number, p is the 

density of the element, and M is its molar mass. 

The number of electrons per atom is nM 

n c =- 

given by: pN A 

Solve for n to obtain: _ n e pN A 

H ~ M 


(a) Substitute numerical values and evaluate n for Mg: 


(2)(l .74 g/cm 3 )(6.02 x 10 2j electrons/mol) 
24.31g/mol 


8.62 x 10 22 electrons/cm 3 


(b) Substitute numerical values and evaluate n for Zn: 


(2)( 7 .1 g/cm 3 )(6.02 xlO 13 electrons/mol) 
65.38g/mol 


13-lxlO 11 electrons/cm 3 


Both results agree with the values in Table 38 - 1 to within 1%. 


75 •• 

Picture the Problem We can integrate g(E) from 0 to E v to show that the total number of 
states is j AE ' V 2 and then use this result to find the fraction of the free electrons that are 

above the Fermi energy at the given temperatures. 


Integrate g{E) from 0 to Zfr: 


N = 


J AE l/2 dE = jAE 2 J. 2 


kTg(E ¥ ) _ kTAEf _ 3AT 
\AEf ~ 2 E ¥ 


Express the fraction of N within kT 
of Ep. 


N 
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(a) Substitute numerical values and 
evaluate this fraction for copper at 
300 K: 


3 kT _ 3(8.62xlQ- 5 eV/K)(300K) 
2 E ¥ ~ 2(7.04 eV) 

= 5.51x10 3 


( b ) Evaluate the same fraction at 
1000 K: 


3 kT _ 3(8.62xlQ- 5 eV/K)(l000K) 
2 E ¥ ~ 2(7.04eV) 

= 1.84x 10~ 2 


*76 •• 

Picture the Problem The Fermi factor gives the probability of an energy state being 
occupied as a function of the energy of the state E, the Fermi energy E F for the particular 
material, and the temperature T. 

The Fermi factor is: , , 1 

e {E-E v )/kT +1 


For 10 percent probability: 


e (E-E f )/kT + 1 

or 

e (E-E F )/kT = g 


Take the natural logarithm of both 
sides of the equation to obtain: 


E-E c 


■ = ln9 


kT 

Solve for E to obtain: E = E e + kT In 9 

F 

From Table 37-1, £V(Mn) = 11.0 eV. Substitute numerical values and evaluate E: 


E = 11.0eV + (l.38xl0~ 23 J/K)(l300 K) 


leV ^ 
1.60x10 19 J j 


ln9 = 


11.2 eV 


77 •• 

Picture the Problem The energy gap for the semiconductor is related to the wavelength 
of the emitted light according to = he/A. 


Express the energy gap Eg in terms 
of the wavelength A of the emitted 
light: 


he 

T 


A = 


he 


E 


g 


Solve for A: 
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Substitute numerical values and 
evaluate A: 


1240eV -nm 
1.8 eV 


689 nm 


Remarks: This wavelength is in the red portion of the visible spectrum. 


*78 ••• 

Picture the Problem The rate of production of electron-hole pairs is the ratio of the 
incident energy to the energy required to produce an electron-hole pair. 


(a)The number of electron-hole pairs 
iVproduced in one second is: 


LA _ IAA 
he ■ he 
A 


Substitute numerical values and evaluate N: 


_ (4.0 W/m 2 )(2 x 1 (T 4 nr )(775 nm) 
~ (l240eV-nm)(l.60xl0 19 J/eV) 


3.12xl0 15 s 1 


( b ) In the steady state, the rate of 
recombination equals the rate of 
generation. Therefore: 

(c) The power radiated equals the 
power absorbed: 

Substitute numerical values and 
evaluate / J rad : 


N = 


3.12xl0 15 s 1 


‘ rad 


= I A 


P mA = (4.0 W/m 2 )(2 x 1 O' 4 m 2 ) 
= 0.800mJ/s 
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Chapter 39 
Relativity 


Conceptual Problems 


*1 • 

Picture the Problem The total relativistic energy E of a particle is defined to be the sum 
of its kinetic and rest energies. 


The total relativistic energy of a 
particle is given by: 


E = K + me 1 = \mu 2 + me 2 


and 


(a) is correct. 


Determine the Concept The gravitational field of the earth is slightly greater in the 
basement of the office building than it is at the top floor. Because clocks run more slowly 
in regions of low gravitational potential, clocks in the basement will run more slowly 
than clocks on the top floor. Hence, the twin who works on the top floor will age more 


quickly. ( b ) is correct. 


3 • 

(a) True 

( b ) True 

(c) False. The shortening of the length of an object in the direction in which it is moving 
is independent of the velocity of the frame of reference from which it is observed. 

(d) True 

( e ) False. Consider two explosions equidistant, but in opposite directions, from an 
observer in the observer’s frame of reference. 

(/) False. Whether events appear to be simultaneous depends on the motion of the 
observer. 

(g) True 

4 

Determine the Concept Because the clock is moving with respect to the first observer, a 
time interval will be longer for this observer than for the observer moving with the 
spring-and-mass oscillator. Hence, the observer moving with the system will measure a 
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period that is less than T. 


(, b ) is correct. 


5 

Determine the Concept Although Ay = Ay', At ^A f. Consequently, 
u y = Ay/At' ^ Ay'/At' = u y '. 

Estimation and Approximation 


6 •• 

Picture the Problem We can calculate the sun’s loss of mass per day from the number of 
reactions per second and the loss of mass per reaction. 


Express the rate at which the sun 
loses mass: 


Solve for AM: 

Find the number of reactions per 
second, N: 


AM 

At 


= NAm 


where N is the number of reactions per 
second and Am is the loss of mass per 
reaction. 


AM = NAm At 


( 1 ) 


N = - 


E / reaction 

__ 4x IQ 26 J/s _ 

. MeV 1 „ i a-19 J 

25-xl.60x10 — 

reaction eV 

= 10 3 V‘ 


The loss of mass per reaction Am is: 


Am = 


E / reaction 


_ MeV 1 n _i 9 J 

25-xl.60x10 — 

_ reaction _eV_ 

(3xl0 8 m/s)~ 

= 4.44x10 29 kg 


Substitute numerical values in equation (1) and evaluate AM: 

AM = (l0 38 s _I )(4.44x 10~ 29 kg)(ld)(86.4ks/d) = 3.84xl0 14 kg 
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*7 ■■ 

Picture the Problem We can use the result from Problem 30, for light that is Doppler- 


shifted with respect to an observer, v = c 


(2 

u -1 

yir +1 j 


, where u = z+ 1 and z is the red-shift 


parameter, to find the ratio of v to c. In (b) we can solve Hubble’s law for x and substitute 
our result from ( a ) to estimate the distance to the galaxy. 


(a) Use the result of Problem 30 to 
express v/c as a function of z: 


v _ (z +1) ? -1 
c [z +1) 2 +1 


Substitute for z and evaluate v/c: 


v _ (5 + l) 2 -1 
c ~ (5 +1) 2 +1 


0.946 


(b) Solve Hubble’s law for x: _ v 

A" — 

H 


Substitute numerical values and 
evaluate x: 


0.946c 0.946(3 x 10 5 km/s) 

x = - = - 

H km/s 

75- 

Mpc 

7 3.26x 10 6 c • y 

= 3.78x 10 3 Mpcx- 

Mpc 


12.3 Gc-y 


Time Dilation and Length Contraction 

8 

Picture the Problem We can find the mean lifetime of a muon as measured in the 

laboratory using t' = yt where y = \ j -^1 — (v/c) 2 and t is the proper mean lifetime of 

the muon. The distance L that the muon travels is the product of its speed and its mean 
lifetime in the laboratory. 

(a) The mean lifetime of the muon, 
as measured in the laboratory, is 
given by: 

Substitute numerical values and 
evaluate t'\ 


1 - 




\cj 


2 jus 


1 - 


0.95c 

V c J 


6.41/zs 
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( b ) The distance L that the muon 
travels is related to its mean lifetime 
in the laboratory: 

Substitute numerical values and 
evaluate L\ 


L = vt' 


L = 0.95 ct' 

= 0.95(3 xl0 8 m/s)(6.4 l//s) 
= 1.83 km 


9 

Picture the Problem The proper length L p of the beam is its length as measured in a 
reference frame in which it is not moving. The proper length is related to its length in 
frame in which it is measured by L p = yL. 


(a) Relate the proper length L p of 
the beam to its length L in the 
laboratory frame of reference: 

The energy of the beam also 
depends on y : 

Solve for and evaluate y: 


Substitute numerical values and 
evaluate L p : 


(b) Express the length of the 
accelerator in the electron beam’s 
frame of reference: 


L p =yL 


E = y me 2 


E _ 50GeV 
me 1 ~ 0.51 IMeV 


9.785xl0 4 


L p = (9.785 xl0 4 )(l cm) = 
and 

The width w of the beam is 
unchanged. 


978.5 m 


L. 


^acc.p 

r 


Set L acc /.n 


L 


acc,p 

Y 


acc,p* 


Solve for L, 


L = yL 

acc,p / p 
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Substitute numerical values and 
evaluate L p : 


4cc,p=(9-785xl0 4 )(978.5m) 
= 9.57 xlO 7 m 


(c) The length of the positron bundle 
in the electron’s frame of reference 
is: 

Substitute numerical values and 
evaluate L pos : 


L 


pos 


L 

r 


L, 


pos 


lcm 

9.785 xlO 4 


0.102 /an 


*10 •• 

Picture the Problem The time required for the particles to reach the detector, as 
measured in the laboratory frame of reference is the ratio of the distance they must travel 
to their speed. The half life of the particles is the trip time as measured in a frame 
traveling with the particles. We can find the speed at which the particles must move if 
they are to reach the more distant detector by equating their half life to the ratio of the 
distance to the detector in the particle’s frame of reference to their speed. 

(a) The time required to reach the 
detector is the ratio of the distance 
to the detector and the speed with 
which the particles are traveling: 


Ax Ax 

At = — =- 

v 0.866c 


Substitute numerical values and 
evaluate At: 


At = 


1000 m 

0.866(3 x 10 s m/s) 


3.85 /us 


(b ) The half life is the trip time as 
measured in a frame traveling with 
the particles: 


Ar ' = y =At f~ 


r v V- 


\CJ 


Substitute numerical values and 
evaluate At': 


At' = 3.85 /us 


1 


4 0.866c V 

v c J 


1.93 /us 


(c) In order for half the particles to 
reach the detector: 


Ax\ 

1- 

fvY 


Ax’ _ V 




yv v 


where Ax' is the distance to the new 
detector. 





















1306 Chapter 39 


Rewrite this expression to obtain: 


Squaring both sides of the equation 
yields: 


Substitute numerical values for Ax' 
and At' and simplify to obtain: 


Divide both sides of the equation by 
c 2 to obtain: 


Solve this equation for v7c 2 : 


Finally, solving for v yields: 



Ax' 

At' 





f—T 

U *', 1 


i- 




\cj 


10 m 

v 1.93 /us j 


= (l7.3c) 2 


1 - 


UJ 


= (17.3) 2 



(17.3) 2 
1 + (17.3) 2 


0.9967 


v = 


0.998c 


11 •• 

Picture the Problem We can use the time-dilation relationship to find the speed of the 
spacecraft. The distance to the second star is the product of the new gamma factor, the 
speed of the spacecraft, and the elapsed time. Finally, the time that has elapsed on earth 
(your age) is the sum of the elapsed times for the three legs of the journey. 

(a) From the point of view of an 

At = — 

observer on earth, the time for the v 

trip will be: 


From the point of view of an ^ , _ At _ L 

observer on the spaceship, the time y yv 

for the trip will be: 




Substitute for y to obtain: 


1 
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Solve for v: 


Substitute numerical values and 
evaluate v: 


Lc 

Jl 2 +c 2 ( At') 2 


(27 c ■ y)c 

yl{27c-yf +c 2 (l2yf 


0.914c 


Note that from the point of view of an earth observer, this part of the trip has taken 27 c- 
y/0.914c = 29.5 y. 


(b) The distance the ship travels, 
from the point of view of an earth 
observer, in 5 y is: 


AL'= 2yAL = 2yv At 

where y is the gamma factor for the first 
part of the trip. 


The gamma factor in Part (a) is: 


1 



= 2.46 


1 

I f 0.914c V 

V V c j 


Substitute numerical values and evaluate 
A L'\ 


AL' = 2(2.46)(0.914c)(5y) 
= 22.5c-y 


(c) The elapsed time At on earth 
(your age) is the sum of the times 
for the spacecraft to travel to the star 
27 c- y away, 1 to the second star, 
and to return home from the second 
star: 

The elapsed time on earth while the 
spacecraft is returning to earth is: 


At = 29.5 y + 22.5 y + At retuminghome 


At 


returning home 


= 2yAt 


ship's time 


= 2(2.46)(l0y) 


= 49.2 y 


Substitute for A? retuming home and evaluate 
At: 


At = 29.5 y + 22.5 y + 49.2 y 
= lOly 


12 • 

Picture the Problem We can use At = L/v, where L is the distance to the star and v is the 
speed of the spaceship to find the time At for the trip as measured on earth. The travel 
time as measured by a passenger on the spaceship can be found using At' = A tty. 


At = 


L 


(a) The travel time as measured on 
earth is the ratio of the distance 


v 
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traveled L to speed of the spaceship: 

Substitute numerical values and 
evaluate At: 


(a) The travel time as measured by a 
passenger on the spaceship is given 
by: 

Substitute numerical values and 
evaluate At: 


At = ■ 


35c-y 


35y 


2.7x10 s m/s 2.7 x10 s m/s 


35y 

~09~ 


38.9y 




'v' 1 


\CJ 


At’ = (38.9yX/l-(0.9 f = 17.0y 


13 • 

Picture the Problem We can use the definition of yand the binomial expansion of (1 + 
x)" to show that each of these relationships holds provided v « c. 


(a) Express the gamma factor: 


Expand the radical factor binomially 
to obtain: 


For v « c: 


(b) Express the reciprocal of y : 


Expand the radical binomially to 
obtain: 


r = 


1- 


f 2 V 1 / 2 

v 


r = 

= i+ 


f 2 A- 1 / 2 
1 -^ 
v c ~ J 


r n 

( 2^ 

V 

V 2y 

c?J 


+ higher order terms 


7 


i 1 

1 -y 

2 c 1 


i=f4 

7 V c 


7 


y 2 V/ 2 

3 -c 


= 1 + 



y 

v 2 ' 

v2. 

V 

c 2 ) 


+ higher order terms 
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For v « c : 


(c) Express the gamma factor: 


Subtract one from both sides of the 
equation to obtain: 


Expand the radical binomially to 
obtain: 


For v « c : 


7 


.-14 

2 c 


7 = 


1 


H 


r 2 v 1 / 2 


r -1 = 


r 2 V 1/2 

v c y 


-l 


7 - 1 = 1 + 


f 

n 

f 

V 2 ' 

V 

~2j 

V 

C 2 J 


-l 


+ higher order terms 


r- 1 


jv 

2 ? 


14 •• 

Picture the Problem We can express the fractional difference in your time-interval 
measurements as a function of yand solve the resulting equation for the relative speed of 
the two spaceships. 


Express the fractional difference in 
the time-interval measurements of 
the two observers: 


At-At' 
At 



0.01 


Since At'/At = 1 !y. 


- 1 - 1 - 0.01 


At 


7 


From Problem 13(6) we have: 



jV 

2~7~ 


, 1 , 

( 1 2V 

, 1 v 

1 — «1- 

1-T 

7 

r\ 2 

l 2c ) 

or 


1 2 

1 V 


-^ = 0.01 

2 c 



Substitute to obtain: 
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Solve for v to obtain: 


v = VO02c = 0.141c 


4.23 xlO 7 m/s 


15 •• 

Picture the Problem We can use the time dilation equation to relate the time lost by the 
clock to the speed of the plane and the time it must fly. 


Express the time S t lost by the 
clock: 


St = At- A t p = At 


At 

r 


( 

At 1 

V 


P 

Yj 


Because V« c, we can use part ( b ) 11 V 2 

of Problem 13: y 2 c 2 


Substitute to obtain: 

St = At 

1- 

1 

IT 

i 




l 2 c J] 


]_V_ 

r\ 2 

2 c 


Solve for At: 


At = 


2 Ate 2 

V 2 


Substitute numerical values and 
evaluate At: 


2(ls)(3xlO x m/s)" 

~ (2000 km/h xlh/3600s) 2 

= 5.83xl0 u sx-^- 

31.56 Ms 

= 1.85xl0 4 y 


The Lorentz Transformation, Clock Synchronization, and 
Simultaneity 

16 •• 

Picture the Problem We can use the inverse Lorentz transformations and the result of 
Problem 13(c) to show that when u«c the transformation equations for x, t, and a 
reduce to the Galilean equations. 

The inverse transformation for x is: x' = y(x — vt) 


From Problem 13(c): 














Relativity 


1311 


Substitute for y and expand to 
obtain: 


When v « c: 

The inverse transformation for t is: 

Substitute for y and expand to 
obtain: 


x = 


2 y 


, 1 V 

1 H-y 

2 c 2 


(x-vt) 


= X 


1 V 2 1 V 

-Vt-\ -T-X- 

2 c 2 2 c 


3 

2 


X' « X — Vt 


t' = r 

y 

t' = 


r vx' 

k'-Sj 

i + *4 

2 c 2 


A 


vx 



y 

y 


1 2 ,3 

VX 1 V 1 V 

= t - 7 +- T t -tX 

2 r\ 2 O 

c 2 c 2 c 


When v « c: 



The inverse velocity transformation 
for motion in the x direction is: 

When v « c : 


« = 


1- 




The inverse velocity transformation 
for motion in the v direction is: 

Substitute for y and expand to 
obtain: 


u = — 7 - 

V f 


r 


l- 


vu , 

c 2 J 


U y =T 


1 + 


1 V 


2 A 


1- 


vu v 


2 c )\ c J 


1 



I v 2 

2? 


1 v \ 

2 c 4 


When v « c: 


u ' 

« u 

y 

y 


Proceed similarly to show that: 



*17 •• 

Picture the Problem Let S be the reference frame of the spaceship and S' be that of the 
earth (transmitter station). Let event A be the emission of the light pulse and event B the 
reception of the light pulse at the nose of the spaceship. In (a) and (c) we can use the 
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classical distance, rate, and time relationship and in ( b ) and (cl) we can apply the inverse 
Lorentz transformations. 


(a) In both S and S' the pulse travels 
at the speed c. Thus: 


*A 



400 m 
0.76c 


1.76/zs 


(c) The elapsed time, according to t B = t pulse t0 travel length of ship + *a 

the clock on the ship is: 


Find the time of travel of the pulse 
to the nose of the ship: 


t 


pulse to travel length of ship 


400 m 

2.998xl0 8 m/s 


= 1.33 jus 


Substitute numerical values and 
evaluate tB'. 


1.33 //s + 1.76 jus 


3.09 jus 


(b ) The inverse time transformation 
is: 


Substitute numerical values and 
evaluate t' B : 


t B ' = y 


vx 

{ - 2 

C 


A 


where 

1 




1.54 


t B ' = (1.54) 3.09 jus 


= (1.54) 


3.09//S 


6.32 jus 


(-0.76c)(400m) 


(-0.76)(400m) > 

3xl0 8 m/s , 


(d) The inverse transformation for x x' = /(x — vt) 

is: 


Substitute numerical values and evaluate x': 


x' = (l .54)[400m - (- 0.76)(3 x 10 s m/s)(3.09 x 10 6 s)] 


1.70 km 


18 •• 

Picture the Problem We can use Equation 39-12, the inverse time transformation 
equation, to find the required speed of the observer. 
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Use Equation 39-12 to obtain: 


Events A and B are simultaneous if: 




— t{x b -x a ) 
c 


y 


At — 


V 


vAx 

T~ 

C ) 


where At = t B - t A and Ax = x B - x A . 


* vAx n 

At - r = 0 

c 


Solve for v: 


Substitute numerical values and 
evaluate v: 


c 1 At 

v =- 

Ax 

_ (3 x 10 s m/s)" (2 //s) 
1.5 km 


= 1.20xl0 8 m/s 


0.4c 


Yes, t B ' will be less than t^ if V > 0.4c. 


19 •• 

Picture the Problem We can use Equation 39-12, the inverse time transformation 
equation, to express the separation in time between the two explosions as measured in S' 
as a function of the speed of the observer and Equation 39-11, the inverse position 
transformation equation, to find the speed of the observer. 


Use Equation 39-12 to obtain: 


A t' = r 


At 



. v A 
At —^Ax 



( 1 ) 


From Equation 39-11: Ax’ = y{Ax— vAt) 

Because the explosions occur at the 0 = y(Ax — vAt) 

same point in space, Ax' = 0: 


Ax 
1 At 


Solve for v: 
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Substitute numerical values and 
evaluate v: 


1200 m-480 m 

v =- 

5 jus 


1.44xl0 8 m/s 


Substitute numerical values in equation (1) and evaluate At': 


5 jus 


At' = 


1.44xl0 8 m/s 
(3 x10 s m/s) 2 


(1200 m- 


1- 

^1.44xl0 8 m/s^ 

3xl0 8 m/s y 



480 m) 


4.39 jus 


20 ••• 

Picture the Problem We can use Equation 39-12, the inverse time transformation 
equation, to establish the results called for in this problem. 


(a) Use Equation 39-12 to obtain: 




(*2-0-j(*2-*l) 

c 


r 

( T vD\ 


V c ) 


where T= t 2 - t\ and D = x 2 - x\. 


(b ) Events 1 and 2 are simultaneous 
in S' if: 


Because v < c: 


t ' = t' 
l 2 q 

or 


T 



= 0 => D = 


D> 


cT 



(c) 


If D < cT, then t 2 ' > t' and the events are not simultaneous in S'. 


(d)lfD = c'T> cT, then: 



v c 
c c 


= t '-t' 
1 2 


In this case, t 2 -1' could be negative; i.e., t 2 could be less than t{, or the effect 
could precede the cause. 


21 — 

Picture the Problem Let S be the ground reference frame, S' the reference frame of the 
rocket, and v = 0.9c be the speed of the rocket relative to S. Denote the tail and nose of 
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the rocket by T and N, respectively. The initial conditions in S' are t N ' = 0 , x v '= 0, 
x r '=0,and x T '= -L'= -700m. 


(a) The reading of the tail clock is 
given by: 




t T ' = r I 

because tr = 0 


vx 


A 


T 

c 2 y 


yvx T 
~ ~2 


We can find x T using the length 
contraction equation: 


x T 


U_ 

Y 


Substitute to obtain: 


Substitute numerical values and 
evaluate t T ': 



(0.9)(700m) 
3x 10 s m/s 


2.10//S 


(b) The time for the rocket to move 
a distance L' is given by: 


V _ V 
v 0.9 c 


Substitute numerical values and 
evaluate t T ': 


700 m 

0.9(3 xlO 8 m/s) 


2.59//S 


(c) As seen by an observer on the 
ground: 




At’ = 2.59//s-2.10//s = 


0.49 /us 


(d) Because the clocks are 
synchronized in S': 


= t T ' = 


2.59//S 


(e) The time the signal is received 
on the ground is the sum of the time 
when the signal is sent and the time 
for it to travel to the ground: 

Find At, the time the signal is sent: 


At + At 


travel 


A t = yAt v = 



2.294 h 


Find At travel , the time for the signal to 
travel to the ground: 


At 


travel 


Ax 

c 


(2.294 h)(0.9c) 

c 


= 2.065h 
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Substitute for At and At trave i and 
evaluate t iec : 

(f) Find Ax when the signal is sent: 

In S, the signal arrives at 0. lc 
relative to the rocket. The time 
required for the signal to travel to 
the rocket is: 

Find the time when the signal 
reaches the rocket: 


2.294h + 2.065h 


4.36h 


Ax = (4.36h)(0.9c) = 3.924c -h 


At = 


Ax 

Ole 


3.924c-h 

0.1c 


39.24h 


t = 39.24h + 3.924h = 43.16h 


Finally, use the time dilation 
equation to find t N ': 


= i = (43.16hUl-6M 


t N ' = ~ 
r 


18.8h 


*22 ••• 

Picture the Problem We can use the inverse time dilation equation to derive an 
expression for the elapsed time between the flashes in S' in terms of the elapsed time 
between the flashes in S, their separation in space, and the speed v with which S' is 
moving. 


From the inverse time 
transformation we have: 


Set At' = -At to obtain: 


A t' = y 


At 


Ax 


where At' is the time between the flashes in 
S' and At and Ax are the elapsed time 
between the flashes and their separation in 
S. 


-At v 

-= At —^Ax 

Y c 


or 



= A t 



Ax 


Square both sides of the equation: 

(At) 2 -4(A tf = (At) 2 -2^AxAt + 4(A*) 2 
c c c 
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Simplify to obtain: 


- v(At) = -2 Ax At + -V (Ajc ) 2 


Solve for v : 


Substitute numerical values and 
evaluate v: 


v = 



1 + 


n AxV 

V C Aty 


2400 

V 5 JUS y 


1 

f 2400 m^ 

3xl0 8 m/s 

l 5/js 


= 2.697 x 10 8 m/s 


0.899c 


Because v is positive, S' is moving in the positive x direction. 


The Velocity Transformation 


23 •• 

Picture the Problem We can make the substitutions given in the hint in Equation 39-18a 
and simplify the resulting expression to show that u x < c. 


Equation 39-18<a gives the x 
direction relativistic velocity 
transformation: 


u'+v U r u'+V 
u . = —--r or — = —-- 


1 + 


VI! 


c + 


VI! 


Make the substitutions given in the ify _ (l — £j)c + (l - £' 2 )c 

hint to obtain: c | (l g 2 

c 

= 2-(c,+c 2 ) 

1 + (l-^ 2 )(l-£i) 

_ 2-(ei+g 2 ) 

2 — (cj + s 2 ) 


u 


X 


<1^ 


Because S\ and s 2 are small positive 
numbers that are less than 1: 


c 


u<c 
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*24 •• 

Picture the Problem We’ll let the velocity (in S) of the spaceship after the ith boost be v; 
and derive an expression for the ratio of v to c after the spaceship’s 
(z + l)th boost as a function of N. We can use the definition of y, in terms of v/c to plot y 
as a function of N. 


(a) and ( b ) The velocity of the 
spaceship after the (z + l)th boost is 
given by relativistic velocity 
addition equation: 


z+i 


v ; + 0.5c 

1 1 IjjjjjE 


Factor c from both the numerator 
and denominator to obtain: 


v. 

— + 0.5 
1 + 0.5 — 




c 

y is given by: 

1 


r,= r 

( v h 


,1- 



A spreadsheet program to calculate v/c and y as functions of the number of boosts N is 
shown below. The formulas used to calculate the quantities in the colu mns are as follows: 


Cell 

Content/Formula 

Algebraic Form 

A3 

0 

N 

B2 

0 

Vo 

B3 

(B2+0.5)/(l+0.5*B2) 

Vf+1 

Cl 

1/(1-B2 A 2) A 0.5 

r 



A 

B 

c 

l 

boost 

v/c 

gamma 

2 

0 

0.000 

1.00 

3 

1 

0.500 

1.15 

4 

2 

0.800 

1.67 

5 

3 

0.929 

2.69 

6 

4 

0.976 

4.56 

7 

5 

0.992 

7.83 

8 

6 

0.997 

13.52 

9 

7 

0.999 

23.39 

10 

8 

1.000 

40.51 

11 

9 

1.000 

70.15 

12 

10 

1.000 

121.50 
































(, d) After 5 boosts, the spaceship has traveled a distance Ax, measured in the earth frame 
of reference (S'), given by: 


Ax 


+ ^2—>3 + >4 "I" ^4->5 

(0.5c)(l0s>,_^ + (0.8c)(l0s)r M + (0.929c)(l0s) r ^ 1 + (0.976c)(l0s>« 
+ (0.992c)(10s)/ m 

(0.5c)(l 0 s)(l. 15)+ (0.8c)(l 0 s)(l .67) + (0.929c)(l 0 s)(2.69) 
+(0.976c)(l0s)(4.56)+(0.992c)(l0s)(7.83) 

I 166c-s I 
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The average speed of the spaceship, 
between boost 1 and boost 5, as measured 
in S is given by: 


Ax 



where At is the travel time as measured in 
the earth frame of reference. 


Express At as the sum of the times the spaceship travels during each 10-s interval 
following a boost in its speed: 


At — At^2 T A+ A+ A t A 


= 0° + (l 0 S>2^3 + (l 0 S>3^ 4 + (l 0 S )r^ 5 + (l 0 S )/. 

= (i o s)(r^ 2 + y 2 ^ 3 + 4+ r 4 ^ 5 + r 5 ^ 6 ) 


5->6 


Substitute numerical values and evaluate A^: 

At = (lOs)(l. 15 + 1.67 + 2.69 + 4.56 + 7.83) = 179s 


Substitute for Ax and At and 
evaluate v av : 


166c-s 

179s 


0.927c 


Remarks: This result seems to be reasonable. Relativistic time dilation implies that 
the spacecraft will be spending larger amounts of time at high speed (as seen in 
reference frame A). 

The Relativistic Doppler Shift 

25 • 

Picture the Problem We can substitute, using v =fA, in the relativistic Doppler shift 
equation and solve for the speed of the source. 

Using the expression for the 

relativistic Doppler shift, express/' f = / 

as a function of v: 

V _ v jl + v/c 
A' A ]j 1-v/c 

A _ jl + v/c 
A' y 1-v/c 
or 

r A^ _ 1 + v/c 
yA'J 1-v/c 


jl + v/c 
\ 1-v/c 


Substitute using v =fA and simplify 
to obtain: 
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Solve for v to obtain: 


Substitute numerical values and 
evaluate v: 


v = 


A 

\A'j 


-1 


A 

yJ'j 


+ 1 


v = 



f 589nm ' 

2 

-1 

v 547 nm j 

( 589 nm) 

2 

+ 1 

^547nm y 

2.22 xlO 7 m/s 


(3xl0 8 m/s) 


26 • 

Picture the Problem We can use the relativistic Doppler shift, when the source and the 
receiver are receding, to relate the frequencies of the two wavelengths and c =fA to 
express the ratio of the wavelengths as a function of the speed of the galaxy. 


When the source and receiver are 
moving away from each other, the 
relativistic Doppler shift is given by: 

Use the relationship between the 
wavelength and frequency to obtain: 


/’= 


1-* 


;fo 


1 + 


c 

I 7 


1- 


1+r^ 


A_ — 

A’ 


Solve for 





Express the fractional redshift: 


A'-A 0 

A n 


/l' 


1 + 


v 



1 
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Substitute numerical values and 
evaluate (A'-Aq )/ Aq: 


A'-Aq 

An 



1.85xl0 7 m/s 
2.998xl0 8 m/s 
1.85xl0 7 m/s 
2.998 xlO 8 m/s 


0.0637 


1 


27 •• 

Picture the Problem We can begin the derivation by expressing the number of waves 
encountered by the observer, in the rest frame of the source, in a time interval At. We can 
then relate this time interval to the time interval in the rest frame of the observer to 
complete the derivation of Equation 39-16a. 

Express the number of waves n 
encountered by the observer, in the 
rest frame of the source, in a time 
interval A t s : 

This time interval in the rest frame 
of the observer is given by: 


n = 


(c + u)Af s _ (c + u)/ 0 At s 


= /o 


A 

3+E 

V cj 


A t. 


K= — 

r 


Express the frequency heard by the observer and simplify to obtain: 



28 • 

Picture the Problem We can use the expression for the relativistic Doppler shift to show 
that, to a good approximation, Aff «±v/c. 


Express the fractional Doppler shift 
in terms of/ and/ 0 : 


A/_y-/ 0 _y 


f = 


i+ 




1 — 


y 

fo 



When the source and receiver are 
approaching each other, the 
relativistic Doppler shift is given by: 


c 
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Substitute in the expression for A/// 0 
to obtain: 


Keeping just the lowest order terms 
in v/c, expand binomially to obtain: 


/o 


1+* 


-1 


1 — 


1 + - 


V cj 


1 


V 


\- 1/2 

V 

c) 


1 


/o 


,+u 

2 c 


1 ^ 

+- 

2 c) 



1 


The sign depends on whether the source and receiver are approaching or receding. 
Here we have assumed that they are approaching. 


*29 •• 

Picture the Problem Due to its motion, the orbiting clock will run more slowly than the 
earth-bound clock. We can use Kepler’s third law to find the radius of the satellite’s orbit 
in terms of its period, the definition of speed to find the orbital speed of the satellite from 
the radius of its orbit, and the time dilation equation to find the difference 5 in the 
readings of the two clocks. 


Express the time 8 lost by the clock: 


8= At - A t p = At 


At 

r 


= A t 


0 


Because v « c, we can use part (b) 
of Problem 13: 



jV 

2 c 2 


Substitute to obtain: 

<1 

II 

1- 

( 1 2)1 




l 2c 2 JJ 


( 1 ) 


Express the square of the speed of 
the satellite in its orbit: 


' 2n 


A 2 2 

An r 

rj- t 2 


( 2 ) 


where T is its period and r is the radius of 
its (assumed) circular orbit. 


Use Kepler’s third law to relate the 
period of the satellite to the radius 
of its orbit about the earth: 


T 2 - 47t ~ r 3 =^—r 3 
GM e gR) 
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Solve for r: 


— 3 


gR 2 J 2 

4 n 1 


Substitute numerical values and evaluate r. 


_ J(9.81m/s 2 )(6370km) 2 (90minx60s/min) 2 

~V 4k 2 _ 


6.65x10 m 


Substitute numerical values in 
equation (2) and evaluate v 2 : 


4;r 2 (6.65x 10 6 m]r 
(90 minx 60s/min) 2 
= 5.99xl0 7 m 2 /s 2 


Finally, substitute for v 2 in equation (1) and evaluate S: 

8 = 


(5.99 x 10 7 m 2 / s 2 )(l y x 31.56 Ms/y) 

10.5ms 


3xl0 x m/s 

f 


30 

Picture the Problem We can use the definition of the redshift parameter and the 


relativistic Doppler shift equation to show that v = c 


f 2 

u — 1 

v rT +1 j 


where u=z+ 1. 


The red-shift parameter is defined to 
be: 


z = 


f 


The relativistic Doppler shift is 
given by: 


/' = / 


1 + v/c 
1-v/c 


Substitute to obtain: 


/-/- 


1 + v/c 


1-v/c 


z = ■ 




1 + v/c 
' 1-v/c 


/1 + v/c 
\ 1 - v/c 


1 


1 



1 + v/c 

i 

1-v/c 


+ v/c 


1-v/c 


ll + v/c 
\ 1-v/c 


Letting « = z + 1: 


u= z+1= 
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Solve for v to obtain: 


v = 


f 2 

u -1 

u 2 + 1 


31 • 

Picture the Problem We can use the 

velocity transformation equations for the x 
and y directions to express the x and y 
components of the velocity of the light 
beam in frame S. 

(a) The x and y components of the 
velocity of the light beam in frame S 
are: 


Because u x ' = 0: 



V 

and u,= 

c 



r 


(b ) The magnitude of the velocity of 
the light beam in S is given by: 



32 • 

Picture the Problem Let S be the earth reference frame and S' be that of the ship 
traveling east (positive x direction). Then in the reference frame S', the velocity of S is 
directed west, i.e., v = -u x . We can apply the inverse velocity transformation equation to 
express w' Y in terms of u x . 


Apply the inverse velocity 
transformation equation to obtain: 


ii = 


u = 


u x -v 







Substitute for v: 
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Because u x = 0.90c: 


u= 


2(0.90c) 
(0.90c) 2 


1 + 


0.994c 


Picture the Problem We can apply the inverse velocity transformation equation to 
express the speed of the particle relative to both frames of reference. 


(a) Express u x ' in terms of u" : 


Substitute numerical values and 
evaluate u x : 


u, = 


u'+v 


1 + 


Vll 


where V of S relative to S", is 0.8c. 


u. = 


0.8c + 0.8c 1.6c 


i , (gM 164 


0.976c 


(b ) Express u x in terms of u x ': 


u, = 


u' + v 


1 + 


Vl l , 


where v of S, relative to S is 0.8c. 


Substitute numerical values and _ 0-976c + 0.8c _ 1.776c 

evaluate w*: ' i (0.8c)(0.976cJ 1.781 

1 + 2 

C 

= 0.997c 


Relativistic Momentum and Relativistic Energy 


*34 • 

Picture the Problem We can use the relation for the total energy, momentum, and rest 
energy to find the momentum of the proton and Equation 39-26 to relate the speed of the 
proton to its energy and momentum. 


Relate the energy of the proton to its 
momentum: 


E 2 = p’ c +(/72c) 



(b) Solve for p to obtain: 
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Substitute numerical values and 
evaluate p\ 


7(2200 MeV) 2 ~(938MeV) 2 


1.99 


GeV 


(a) From Equation 39-26 we have: 


Solve for v to obtain: 


Substitute numerical values and 
evaluate v: 


v _ pc 
c~ E 


v = 


pc 

I —c 

E 


_ 1.99 GeV 
V_ 2200MeV C ~ 


0.905c 


35 • 

Picture the Problem We can use E = p c + \mc j (from Problem R-37) to find the 
relativistic momentum of the particle in terms of yand the fact that the kinetic energy of 
the particle equals twice its rest energy to find the error made in using mv for the 
momentum of the particle. 


Express the error e in using 
p' = mv for the momentum of the 
particle: 



p 


From Problem R-37, the u 2 2 2 . ( 2 

relationship between the total y ' 

energy E, momentum p, and rest 
energy me 2 of the particle is: 


( 1 ) 


Solve for p to obtain: f~T 



p= i 

v~ mc 

Because E = ymc 2 \ 

p = me 7 y 2 -1 

Substitute for p and p' in equation 

e = 1 - 

mu 

(1) to obtain: 

mc-yjy 2 -1 

From the definition of y. 

u 

cl 

4 



A E 2 
m 2 c 4 



\ 

1 

J 


( 2 ) 
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Eliminate vie in equation (2) to 
obtain: 


e = l- 


y/r 2 -1 


L-Ui-i 




r 


(3) 


The kinetic energy of the particle is 
related to its rest energy: 


K = (/-1 )mc 2 


Solve for y to obtain: 


y = 1 + 


K 

2 

me 


Because the kinetic energy of the 
particle is twice its rest energy: 


r = 


i+ 


2 me 2 

2 ~~ 

me 


= 3 


Substitute for y in equation (3) and 
evaluate e: 


e = l-- = 0.667 
3 


66.7% 


36 •• 

Picture the Problem We can use the result of Problem R-37 to find the energy of the 
particle and its energy in a reference frame in which its momentum is 
4 MeV/c. We can apply the inverse velocity transformation equation to find the relative 
velocities of the two reference frames. 


(a) From Problem R-37 we have: 
Solve for E 0 : 

Substitute numerical values and 
evaluate E 0 : 


(b ) Because E 0 is independent of the 
reference frame: 

Substitute numerical values and 
evaluate E: 


E 2 =p 2 e 2 +my=p 2 e 2 +E 2 0 

E 0 =^E 2 -p 2 e 2 

E 0 = 7(8 MeV) 2 - (6 MeV/c) 2 c 2 
= yj(& MeV) 2 - (6 MeV) 2 
= 5.29 MeV 


E = jp 2 e 2 +E 2 

E = (4 MeV/c) 2 c 2 +(5.29 MeV ) 2 
= 6.63 MeV 


u„ -v 


u b = 


1 - 


vu .. 


where the subscripts refer to the velocities 


(c) The inverse velocity 
transformation is: 
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Solve for v to obtain: 


Relate the relativistic energy of the 
particle in (a) to its velocity: 


Substitute numerical values and 
evaluate u a : 


Relate the relativistic momentum of 
the particle in ( b ) to its velocity: 


Substitute numerical values and 
evaluate ui 


Substitute in equation (1) and 
evaluate V: 


in parts (a) and ( b ) of the problem. 


u-u. 


v = 


l _Mb_ 


(i) 



U„ = c. 


1- 

f 5.29 MeV^ 

^ 8MeV J 



0.750c 


m o U b _ pc 

P = ~ r ^^ l < b = I 2 

L _ u b yjp +m 0 c 

t~c 2 

_ _ (4MeV/c)c _ 

7(4 M eV/c) 2 + (5.29MeV/c) 2 
= 0.603c 


V 


0.750c-0.603c 
~ (0.750c)(0.603c) 


0.268c 


37 •• 

Picture the Problem We can use the rule for the derivative of a quotient to establish the 
result given in the problem statement. 


Use the expression for the derivative of a quotient to obtain: 


d 

r 

\ 

mu 

du 


l\-U 2 /c 2 y 



mu 2 1 



1- 


u 


2 


Multiply the numerator and denominator of the right-hand side of this expression by 
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I w 

1-— and simplify to obtain: 




f 

= m 1 

V 


2 A 


1- 

V £ 

2 x-3/2 




U 


l-‘ 



2 \ 


1 -- 


m + 


mu 




r 2 a 3 /2 
v c J 


and 




( 2 A 

i-V 

-3/2 

m 

du 


l c J 



38 •• 

Picture the Problem We will first consider the decay process in the center of mass 
reference frame and then transform to the laboratory reference frame in which one of the 
pions is at rest. 

Apply energy conservation in the /n K c 2 = 2 m yc 2 

center of mass frame of reference to 

obtain: 


Solve for v: 

Y = - - 

2 »C f 


Substitute numerical values and 
evaluate y : 

Because one of the pions is at rest in 
the laboratory frame, 
y = 1.78 for the transformation to 
the laboratory frame. The kinetic 
energy of the K° particle is: 

The total initial energy in the 
laboratory frame is: 


497.7 MeV/c 2 , 

Y = —i -n= 1-78 

2(139.6 Me V/c 2 ) 

K K .=(r-i)E 

= (l.78-l)(497.7MeV) 
= 388.2 MeV 


E = 497.7MeV + 388.2MeV 
= 885.9MeV 
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Express the energy of the other 
pion: 

Substitute numerical values and 
evaluate E~. 


E k = E-2m 0r[ c 2 

E x =885.9MeV-2(l39.6MeV) 
= 607 MeV 


*39 •• 

Picture the Problem The total kinetic energy of the two protons in part (a) is the sum of 
their kinetic energies and is given by K = 2(y — 1 )E 0 . Part ( b ) differs from part ( a ) in 

that we need to find the speed of the moving proton relative to frame S. 


(a) The total kinetic energy of the 
protons in frame S' is given by: 

Substitute for y and E 0 and evaluate 
K: 


(b ) The kinetic energy of the 
moving proton in frame S is given 
by: 


Express the speed u of the proton in 
frame S: 


Substitute numerical values and 
evaluate u: 


Evaluate y. 


K = 2(y-l)E 0 


r 


_l_ 

(0.5c) 2 

2 


290 MeV 



1 (938.28 Me V) 


y 


K = (r- lK 


where 

1 



ll 


u' + v 



( 1 ) 


u 


0.5c + 0.5c 
, , (0.5c)(0.5c) 


0.800c 


r 


i 

(0.8c)(0.8c) 


1.67 
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Substitute numerical values in 
equation (1) and evaluate K: 


K = (l.67-l)(938.28MeV) 
= 629 MeV 


40 •• 

Picture the Problem We can find the speed of each proton by equating their total 
relativistic kinetic energy to 2 me 1 . In (b) we can use the inverse velocity transformation 
with V=u and u x = —u to find u x '. In part (c) we’ll need to evaluate y' for the kinetic 
energy transformation K L = (;/ — 1 )E 0 . 

(a) Set the relativistic kinetic energy 2 (y -1 )E (j = 2mc 2 => y = 2 

of the protons equal to 2mc 2 to 

obtain: 


Substitute for y : 



= 2 


Solve for u to obtain: 



0.866c 


(b) Use the inverse velocity 
transformation with v = u and 
u x = —u to find u x : 


(c) The kinetic energy of the moving 
proton in the laboratory’s frame is 
given by: 


V3 V3 


u = 


u-v 


1- 


Vll , 


1- 


-c - 

2 

— c 
2 

( ^ ) 

(S 

{ 2 J 

l 2 


-4V3c 


-0.990c 


k l =(/-!)£« 

where 
/= 1 


fW 



K L =(7-1) 


2 

me = 


6mc 


Substitute for y' and E 0 and evaluate 
K l : 
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41 ••• 

Picture the Problem ( a ) and ( b ) The initial speed of the particle can be found from its 
total energy and its total energy found using E = K + E 0 = yE 0 .(c) We can solve 

E = p c + [me ) for the initial momentum of the system. In (d) and ( e ) we can use 
conservation of energy and conservation of momentum to find the total kinetic energy 
after the collision and the mass of the system after the collision. 


(a) Express the total energy of the E = K + E 0 = yE 0 

particle: 

Because the kinetic energy of the 2 E 0 + E 0 = yE 0 and y = 3 

particle is twice its energy: 


Solve the factor yfor u: 



1 


r 


2 


Substitute for / and evaluate u: 



0.943c 


(b) The total energy of the particle E = K + E 0 = yE 0 = 3 E 0 

is: 


Substitute for E 0 and evaluate E: 


E = 3(lMeV) = 


3MeV 


(c) The initial momentum of the 
incoming particle is related to its 
energy and mass according to: 

Solve for p\ 


Substitute for E and me 1 and 
simplify to obtain: 

Substitute for E 0 and evaluate p: 


E 2 = pc 2 + (me 2 ) 


P = 


]_ 

c 




p = -V( 3 £ J-te >) 2 =— 

c c 


V8(lMeY) 

c 


2.83MeV/c 


{d) and (e) From conservation of E f = E { = 5 MeV 

energy we have: 
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From conservation of momentum p { — // 

we have: 

The final momentum of the system Ef = p 2 c 2 + E 2 n 

is related to its energy and mass 
according to: 


Solve for E®: 

-^fD — 

2 2 

PfC 


Substitute numerical values and 

E m = J(5MeV) 2 -(2.83MeV/c)V 

evaluate E ffl : 

= 4.122MeV 


Because E m = m m c 2 : 




-^fO 

m rn =^r = 

4.12M eV/c 2 


The total kinetic energy after the 

c 

K f =E f -E 

ro =5MeV-4.122MeV 

collision is given by: 

= 0.878MeV 



General Relativity 

*42 •• 

Picture the Problem Let m represent the mass equivalent of a photon. We can equate the 
change in the gravitational potential energy of a photon as it rises a distance L in the 
gravitational field to h\f and then express the wavelength shift in terms of the frequency 
shift. 

The speed of the photons in the light 
beam are related to their frequency 
and wavelength: 

Differentiate this expression with 
respect to A to obtain: 

Approximate dfldA by A/7 AA and 
solve for A/: 

Divide both sides of this equation by 
/to obtain: 


c=/X^ f = j 

^=- c r J =- 4 

dA A 1 

A/ = -Jr A ^ 

¥_ A 2 _ ^ 
/ £ A 
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Solve for AT: 


AA = -A — 

f 


( 1 ) 


The change in the energy of the 
photon as it rises a distance L in a 
gravitational field is given by: 

AE = AU = mgL 


Because A E = hAf : 

2r- 

II 

(2) 

Letting m represent the mass 
equivalent of the photon: 

E = me = hf 

(3) 

Divide equation (2) by equation (3) 

hAf _ mgL _ A f _gL 


to obtain: 

hf me 2 f c 2 



Substitute for A/7/'in equation (1): 

A A = 

gLA 

2 

Substitute numerical values and 

A A = 

(9.81 m/s 1 )(l 00 m)(632.8 nm) 

evaluate A A: 

(3 x10 s m/s)" 


= 

-6.90x10 12 mn 


43 •• 

Picture the Problem In a freely falling reference frame, both cannonballs travel along 
straight lines, so they must hit each other, as they were pointed at each other when they 
were fired. 


44 ••• 

Picture the Problem Consider the turntable to be a giant hollow cylinder in space that is 
spinning about its axis. Someone on the inside surface of the cylinder would experience 
a centripetal acceleration caused by the normal force of the surface pushing them toward 
the rotation axis. Alternatively, they can consider that they are not accelerating but a 
gravitational field g = of rr is pushing them away from the axis (r is away from the 
axis). This is the principle of equivalence. From this perspective, up is toward the axis 
and the points closer to the axis are at the higher gravitational potential. (Just like the 
electric field points in the direction of decreasing electric potential, the gravitational field 
points in the direction of decreasing gravitational potential.) 


. A L 

A t T = —! L 

r 


(a) From the time dilation equation 
we have: 


and 
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Because rente « 1 (see Problem 
14): 

Substitute to obtain: 


( b ) The pseudoforce is given by: 


In this case a is the centripetal 
acceleration: 


Ai, ~ A/„ _ 1 1 

a t 0 r 

1 1 u 2 _ r 2 ar 

y~ 2 c 2 ~ 2c 2 


At r -At 0 r 2 co 2 ^_ r 2 co 2 
A t 0 2c 1 2 c 2 


F p = -ma 

where a is the acceleration of the non- 
inertial reference frame. 

a = -rco 1 => F p = F r = 


mroj 2 


To relate this problem to Equation 39-31, point 2 is a distance r from the axis and 
point 1 is on the axis. The term in parentheses on the right hand side of Equation 
2 is (jh - (f>\, which translates to ^ r - </>q. Because $ is at a lower potential than </>o, 
this term is negative. Hence: 


r / / 

(f) r - (f> 0 = -J g ■ di = - J co 2 r r-dl = -J co 2 r dr = 


-\r of 


From Equation 39-31: 


At r - At 0 
A to 


c 



(~irW 


) 


r 2 co 

~ 2 ? 


2 


General Problems 

45 • 

Picture the Problem We can use the definition of yand the time dilation equation to find 
the speed of the muon. 
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(a) From the definition of y we 
have: 


r = - 


1- 






Solve for u!c\ 



Relate the mean lifetime of the 
muon to its proper lifetime: 


At = yAt p => y = 


At 


Substitute in the expression for u/c 

u 


(At A 

to obtain: 

<1 

1- 

P 

L Ar J 


2 


Substitute numerical values and 
evaluate w/c: 


u 

c 


1- 


f 2 ps V 
46 jus 


= 0.999 


or 


u = 


0.999c 


46 • 

Picture the Problem We can use the relativistic Doppler shift, when the source and the 
receiver are receding, to relate the frequencies of the two wavelengths and c =fii to 
express the ratio of the wavelengths as a function of the speed of the galaxy. 


When the source and receiver are 
moving away from each other, the 
relativistic Doppler shift is given by: 

Use the relationship between the 
wavelength and frequency to obtain: 


Because X = 2A 0 : 


f = 


1 — 


r/o 


1 + 


c 

I 7 


1 — 


i+r-i. 


4) 

A' 



2A 0 


2 
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Solve for v/c: 


v 3 

— = — => v = 
c 5 


0.600c 


*47 •• 

Picture the Problem We can use Equation 39-12, the inverse time transformation 
equation, to relate the elapsed times and separations of the events in the two systems to 
the velocity of S' relative to S. We can use this same relationship in ( b ) to find the time at 
which these events occur as measured in S'. 


(a) Use Equation 39-12 to obtain: 


A t' = t±-tl = Y 

= Y 


fe -0-2-(*2-*i) 

C 


At — t Ax 
c 


Because the events occur 
simultaneously in frame S', 
At' = 0 and: 


0 = At--^Ax 


Solve for v to obtain: 

Substitute for At and Ax and 
evaluate V: 

Because At = t 2 -t l = -0.5 y: 


c 2 At 

v = - 

Ax 

v _ c 2 (0Ay-ly) 
2.0c-y _ l-0c-y 


-0.5c 


S' moves in the negative x direction. 


(b ) Use the inverse time 
transformation to obtain: 


ti=Y 


vx ? 

t -- 

l 2 2 
C J 



t ’ = t’ 
1 2 J 1 


0.5 y 


(-0.5c)(2.0c-y) 

c 2 

(-0.5 c) 2 

2 


1.73y 


Substitute numerical values and 
evaluate C and t\\ 


1 
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48 •• 

Picture the Problem We can use the relationship between distance, speed, and time and 
the length contraction relationship to find the speed of the ship relative to the earth. The 
elapsed time between the departure of the spaceship and the receipt of the signal at earth 
is the sum of the travel time to the distant star system and the time it takes the signal to 
return to earth. 

(a) Express the travel time as ^ , _ L' _ L 

measured on the spaceship: u yu 

Solve for yu: L 

' yu= — 

At' 


Substitute numerical values and 
evaluate yu: 


Solve for u to obtain: 

( b ) The elapsed time T before earth 
receives the signal is the sum of the 
travel time to the distant star system 
and the time it takes the signal to 
return: 

Substitute numerical values and 
evaluate T: 


yu = 


12c-y 

"W 


0.8c 


or 


1 0.8c 



u = 


0.625c 


T = 


L L 
—+ — 
u c 


12c-y 12c-y 

0.625c c 


31.2y 


49 •• 

Picture the Problem We can use conservation of energy to find y in the CM frame of 
reference and then use the definition of y to find the speed u of the projectile proton. We 
can then use the velocity transformation equation to find the speed and kinetic energy of 
this proton in the laboratory frame of reference. 


Use conservation of energy to find y 
in the CM frame of reference: 


r£,=E, r = A 
E, 


E\ and £j are: 


E, = 938Mev + 938MeV = 1876MeV 
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and 

E f =938Mev + 938MeV + 135MeV 
= 201 IMeV 


Substitute E\ and £> and evaluate y : 


201 IMeV 
1876MeV 


1.072 


Express /as a function of the speed 
u of the projectile proton: 



Solve for u to obtain: 


u = 



Substitute for y and evaluate u : 


Transform to the laboratory frame 
and find 


u = 


1 - 1 
V (1.072)“ 


0.360c 


u — v 



= 0.637c 


0.360c-(-0.360c) 
(0.360c)(-0.360c) 


The kinetic energy of the moving 
proton in the laboratory’s frame is 
given by: 


X L =C-l)£, 


where 



1 


Ml 

2 

C 

_L_ 

(0.637c) 2 


1.30 


Substitute for and E 0 and evaluate 
K l : 


K l =(l.30-l)(938MeV) = 


28 IMeV 


Remarks: In Problem 55 we show that the threshold kinetic energy of the projectile 

• • u „ (Z m in + X m Hn XZ m fin “ X M ■„ ) C ' 

is given by K tb = - 


2 m 


target 
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50 •• 

Picture the Problem We can use A t p =L v ju, where u is the speed of the bullet relative 

to the rocket, to find the elapsed time in the frame of the rocket. In ( b ) and (c) we can 
proceed similarly, finding the speed of the bullet relative to the rocket as seen from the 
ground frame in ( b ) and, in (c), using the speed of the bullet relative to the rocket. 

(a) In the rocket frame: . . 


u 0.8c 


Substitute numerical values and 
evaluate At: 



1000 m 


(b) In the ground frame of reference, 
the elapsed time is given by: 



( 1 ) 


where u' is the speed of the bullet relative 
to the rocket as seen from the ground. 


The speed of the ground is given by: 



+ V 


Substitute for zi rocket and V and 
evaluate WgrounT 



The speed of the bullet relative to 
the rocket as seen from the ground 
is: 


w'= 0.946c-0.6c = 0.346c 




Substitute for L p and M groim d and 
evaluate L gmund : 



= 800 m 


Substitute numerical values in 
equation (1) and evaluate At ground : 



7.71//S 
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(c) In the bullet’s frame of ^ _ E 

reference, the elapsed time is given bullet M bullet 

by: 


( 2 ) 


The length L' of the rocket in the 
bullet’s frame is given by: 


L '=y= L ’f- 


bullet 


Substitute in equation (2) to obtain: 


^^bullet 



*bullet 


Substitute numerical values and evaluate A^ bu n et : 


1000 m [ (0.8 cf 

bullet “ 0.8(2.998xlO 8 m/s) V c 2 


2.50 /us 


*51 ••• 

Picture the Problem We can use conservation of energy to express the recoil velocity of 
the box and the relationship between distance, speed, and time to find the distance 
traveled by the box in time At = Lie. Equating the initial and final locations of the center 
of mass will allow us to show that the radiation must carry mass m = E/c 2 . 


(a) Apply conservation of 
momentum to obtain: 


—b Mv = p, =0 
c 


Solve for v: 


v = 


E 

Me 


(b) The distance traveled by the box 
in time At = Lie is: 


d = vAt = 


vL 


c 


Substitute for v from (a): , L 

d = — 

' E 'l 


LE 

c 

l Mcj 


Me 2 


(c) Let x = 0 be at the center of the 
box and let the mass of the photon 
be m. Then initially the center of 


p±mL 

M + m 


mass is at: 
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When the photon is absorbed at the 
other end of the box, the center of 
mass is at: 


X CM 


-MEL 


Me 1 


+ m 


\L- 


V 


EL 

M? 


M + m 


Because no external forces act on 
the system, these expressions for 
x C M must be equal: 


- \ mL 
M + m 


-MEL 
Me 2 


+ m 


\L 


EL ' 
Me 1 ; 


M + m 


Solve for m to obtain: 


Because Me 2 is of the order of 10 16 J 
and E = hf is of the order of 1 J for 
reasonable values of f E/Mc 2 « 1 
and: 


m = 


E 



V 


E ^ 
Me 2 ; 



52 ••• 

Picture the Problem We can apply a velocity transformation equation to find the speed 
of the particle and use the distance and time transformation equations to find the distance 
and direction the particle traveled from t\ to t' 2 and the time the particle traveled as 
observed in frame S. 

(a) The velocity transfonnation , _ _ « / + v 

U x y 

equation for motion at speed v along , VLl x 

* ' 2 

the x axis is: c 


Evaluate u x for u x ' = -c/3 and 
v = 0.6c: 


1 3 

- c ^—c 

3 5 


(3 ) 

f 1 1 

— c 

- c 

v5 J 

V 3 J 



(b) The distance traveled by the Ax — x 2 —x l (1) 

particle from t'\ to f 2 is given by: 


To find x 2 , we must first find x{ and 
At': 


x 2 = 10m 


(60m/c)f | 


-10m 


and 

AT = t 2 -1{ = 60 m/c = 200 ns 
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xi is related to x{ through the 
relativistic transformation: 


Substitute numerical values and 
evaluate X 2 : 


Xi is given by: 


Substitute numerical values and 
evaluate xi: 


Substitute numerical values in 
equation (1) and evaluate Ax: 


x 1 


y(x 2 ' + vAt') 


x 2 ' + vAt' 



-10m + (0.6c)(200ns) _ ^ 

P¥ " 


Xi = yxl = 



Xi 


10m 

IS 

r c 2 


12.5m 


Ax = 32.5 m-12.5 m = 


20.0 m 


(c) The time the particle traveled is At = t 2 — t i (2) 

given by: 


Express and evaluate t\\ 


Express and evaluate tx. 


h = n; 



6 m Jc 

fw 

i 


= 7.50m Jc = 25.0ns 


^2 


r 


' , vt* 
t +— 

V c J 



60m/c + (-6m/c) 

1W 


= 225 ns 


200 ns 


Substitute in equation (2) and 
evaluate At: 


At = 225 ns-25 ns = 
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53 ••• 

Picture the Problem We can evaluate the differentials of Equations 39-19a, b, and c 
and 39-10 and express their ratio to obtain expressions for a x \ a y \ and a z '. 


From Equation 39-19a we have: 


du ' = d 


f \ 

u — v 


1- 


vu x 
c 2 J 


1- 


vu 


A 


2 

c ) 


du x +(u x -v)\ — 

yc j 


du v 


2 A 


1— 


f 


1- 


vu 


A 


-du. 


c 1 ) 


1- 


vu x 

c 2 J 


From Equation 39-10: 


dt' = yd 


r vx ^ 

1 - 2 

V C~J 


, yv , yv dx , 

= ydt-^dx = -hr —dt = y 
/ c 2 c 2 dt / 


1- 


V 


vu^ 
c 2 J 


dt 


Divide du x ' by dt' to obtain: 


2 A 


1 — 


du. 


a, = 


du x 

dt' 


1- 


vu x 

2 

C J 


2 A 


1— 


du 


Y 


\ v O 

1 2 

dt y 

r.vo 

1 2 

3 dt ~ 

„,3 c3 

y o 



y c j 


y c ) 




where 8 - 1 - 


vu. 


Proceeding in exactly the same 
manner, one obtain s : 

and an identical expression for a/ with z 
replacing v. 


vu. 


Cl,, + - 


.,2 c*2 " y .,3 c*3 2 

y o y o c 


54 ••• 

Picture the Problem Without loss of generality, we’ll consider the absorption case. 
We’ll assume that the electron is initially at rest and that it travels with a speed v after it 
absorbs the photon. Applying the conservation of energy and the conservation of 
momentum will lead us to an absurd conclusion that, in turn, will force us to abandon our 
initial assumption that an electron can absorb a photon. Such an argument is known as a 
reductio ad absurdum argument. 
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When the electron absorbs a photon, 
the conservation of relativistic 
momentum requires that its 
momentum become: 

From the conservation of energy: 

Equate these expression for p to 
obtain: 

Solving for v yields: 


Square both sides of the equation to 
obtain: 


From the definition of y : 


Solve for v 2 to obtain: 


Substitute for v 2 in equation (1) and 
simplify to obtain: 


Substitute for ym equation (1) and 
evaluate v: 


p = yrnv 


mc +pc = ymc => p = {y- 1) 
ymv = (;/ -1 )mc 


me 


v = 


f y-C 

r , 


(i) 


f.. A 


2 

V = 


y — 1 I 2 _ Y — 2y + \ 


c = 


\ 7 J 


r 


C ( 2 ) 


y 1 = 


l- 


2 2 2 

V c - V 


v 2 = r_l c 2 

r 


y 2 -1 2 _ y 2 -2y + \ 


-c = 


7 


y 


or 


-1 = -2 y + 1 y = 1 


v = 




c = 0 


Our assumption that an electron can absorb a photon has led to the 
contradictory conclusion that its speed after the absorption is zero. Hence, 
we must conclude that the electron cannot absorb a photon. 


*55 — 

Picture the Problem Let m j denote the mass of the incident (projectile) particle. Then 
Y.in ul = m\ + /)?target and we can use this expression to determine the threshold kinetic 
energy of protons incident on a stationary proton target for the production of a proton- 
antiproton pair. 
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Consider the situation in the center 
of mass reference frame. At 
threshold we have: 

In the laboratory frame, the target is 
at rest so: 

We can, therefore, write: 


For the incident particle: 


Express K th in terms of the rest 
energies: 


Substitute to obtain: 
Solve for K th to obtain: 


7-. 2 2 2 V" 2 

E -pc =2^m rm c 

Note that this is a relativistically invariant 

expression. 


( E i + E tfi ) 2 -pfc 2 = (X /? %nC 2 )“ 

E 2 -p 2 c 2 =E 2 0 

and 

E \ = E { o + K th 

where K l}] is the threshold kinetic energy of tl 
incident particle in the laboratory frame. 

{E tfi + E, 0 ) + 2K th E tn = ) 

where 

E tfi +E, 0 = 

and 

E tfi = "barge,C 2 

(Z m fin c2 ) 2 + 2 K *m mget c 2 = i^m fm c 2 ) 2 


K 


th 


G W in +Z m nn)(E 


m 


fin 


2m 


target 



For the creation of a 

proton - antiproton pair in a proton - 

proton collision: 


Z m in = 2m p 

IX = 4m p 

and 


'"target = 


K th = 


( 2 m p + 4 m p )(4m p - 2m p )c 2 


2/72 


(6;« p )(2/22 p )r 

2ni 


6m p c~ 


Substitute to obtain: 
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in agreement with Problem 40. 


56 ••• 

Picture the Problem We’ll solve the problem for the general case of a particle of rest 
mass M decaying into two identical particles each of rest mass m. 


In the center of mass reference Me = 2 me - 2 ymc 2 

frame: 


Solve for ulc to obtain: 


Next we determine the speed v of 
the laboratory frame relative to the 
CM frame. The energy of the 
particle of rest mass Mis: 


u 

c 


/ 2m ' 

Jd, 


where u is the speed of each of the decay 
particles in the CM frame. 


YcmMc 


where 

1 



and 

1 = 0 

HCW 

C 


1 

rlu 


Use Equation 39-18a to express W| ab , 
the speeds of the decay products in 
the laboratory reference frame: 


In this problem we have: 


Substitute to obtain: 


Pcu ±[ 


i±A 


CM 


c 

where ± refers to the fact that one of the 
decay particles will travel in the direction 
of M, and the other in the direction 
opposite to that of M. 


Ycm = 4 > /?CM =0-968, —If = 0.6, 

m q 

and — = 0.8 
c 


lab 


0.968 + 0.8 
1 + (0.968)(0.8) C 


0.996c 


and 
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u 


lab 


0.968-0.8 

1-(0.968)(0.8) C 


0.745c 


57 ••• 

Picture the Problem We can write the components of the stick in its reference frame and 
then apply the Lorentz length contraction equation to obtain the given result. 


In its reference frame, the stick has x 
and y components: 


L P , =£ p cos£ 
and 

L py= L P S[n0 


Only L px is Lorentz contracted to: 


Hence, the length in the reference 
frame S' is: 


L 

T t _ _ 

7 


L' = 


kfW/lf 2 



The angle that L' makes with the x' 
axis is given by: 


tan 0 = 



sin 6 
cos 6 


y tan 6* 


7 


58 — 

Picture the Problem We can express the tangent of the angle u' makes with the x' axis 
and then use the velocity transformation equations to obtain the given result. 


Express the tangent of the angle u' 
makes with the x' axis: 

Substitute for u y ' and u x ': 


tan 0 = 


1- 


tan 0 = 


VUx 
c 2 J 


M, -V 


7{u x ~ v) 


1- 


vn. 


tan 0 = 


u sin 0 


y(u cos 6 - v) 


sin# 


y(cos#-v/w) 


Substitute for u y and u x and simplify 
to obtain: 
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*59 ••• 

Picture the Problem We can use the expressions for p and E in S together with the 
relations we wish to verify and the inverse velocity transformation equations to establish 

the condition u' 2 = \u x '\ + (w v 'j + (« z ')“ = v 2 H —j and then use this result to verify 

r 

the given expressions for p x ', p y ', p 2 ' and E'lc. 


In any inertial frame the momentum 
and energy are given by: 


The components of p in S are: 


Because u x = u z = 0 and u y = u: 


Substituting zeros for p x and p-_ in 
the relations we are trying to show 
yields: 



where u is the velocity of the particle and 
u is its speed. 



Py 



, and 



P, = 
and 


P-.= o 


mu 



p, =r 


0 - 


vE_ 

^J 


pj = 0, and 


E' 


r 


( E 

--0 

U 


vE , 

= ’ Py =Py> 

c 


y- 


In S' the momentum components 



are: 
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The inverse velocity transformations 
are: 


Substitute u x = u z = 0 and u y = u to 
obtain: 



uj = -v, u ' = yu , and u z ' = 0 


Thus: 


First we verify that p' = p z = 0: 



Next we verify that p y ' = p y : 


P 


y 



mu 


2 2 

y c 



mu \ 



mu 

( 2\ 

1-^ 1-^ 

2 2 

v c A c ) _ „ 

2 2 

V 1/ 

^ 2 2~ 

C C 

fi-4] 

l c J 


2 2 

V U 

^22 

c c 

(-a I 

2 2 

V 1/ 

■^2 2 

c c 

( 2\ 


Py 


Next we verify that p ' = y 


vE_ 
c 2 J 


, and 
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y' = y 


z' = z 
and 
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, v 

ct = y ct — x 


V c J 


The p x , p y , p z , and E/c transformation 
equations are: 


p x ' = r p x - 


V C c J 


Py = Py 


and 


E' (E v \ 

— = y - p x 

c \c c J 


Note that the transformation equations for x, y, z, and ct and the transformation equations 
for p x , p Y , p : , and E/c are identical. 

60 ••• 

Picture the Problem The Lorentz transformation was derived on the basis of the 
postulate that the speed of light is c in any inertial reference frame. Thus, if the clocks in 
S and S' are synchronized at t = t' = 0, then it follows from the Einstein postulate that r 2 = 
c 2 t 2 and r' 2 = c 2 t' 2 or r 2 - c 2 t 2 = 0 = r' 2 - c 2 t' 2 . In other words, the quantity s 2 = r 2 - c 2 t 2 = 0 
is a relativistic invariant, which can also be written as x + y + z - c~t = 0. 

Using the Lorentz transformation equations for x,y, z, and t we have: 



0 0 0 0 0 

The terms linear inx cancel and the terms yx(l-v“/c)= x 
in x 2 combine to give: 


The coefficients of the terms in (ct) 2 give: y 2 (v 1 1c - 1) = -1 


0 0 0 0 0 0 

Thus, r - c"r = r' - c t'~ as required by the Einstein postulate. 

61 ••• 

Picture the Problem We’ll use Equation 39-27 to show that this quantity has the value 
- me 2 in both the S and S' reference frames. 


From Equation 39-27, the 
relationship between total energy E, 
momentum p, and rest energy me 2 
is: 


E 2 = p 2 c 2 + (me 2 ) 2 


or 


2 2 jy2 ( l\ 2 

p c - E = -ymc ) 
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Divide both sides of this equation by 
c 2 to obtain: 


E 

\c j 



We can relate p to p x , p v , and p-\ 


2 2 , 2,2 

P =P X +P V +Pz 


( 1 ) 


Substitute for p 2 in equation (1) to 
obtain: 


2 2 2 

p;+p:+p;■ 


f 


\C ) 


2 2 

= —m c 


Because m is the mass of the 
particle in its rest frame, it is 
constant. Hence: 


E 

\c j 


must be a relativistic invariant. 


Also, in Problem 59 we saw that the components of p and the quantity Elc transform like 
the components of r and the quantity ct. In Problem 60 we demonstrated that r 2 - ( ct ) 2 is 
a relativistic invariant. Consequently,;? 2 - {Elcf must also be relativistically invariant. 

*62 ••• 

Picture the Problem We can use the inverse Lorentz transformation for time to show 
that the observer will conclude that the rod is bent into a parabolic shape. 

In frame S where the rod is not y{t) = —\gt 2 

moving along the x axis, the height 
of the rod at time t is: 


The inverse Lorentz time 
transformation is: 


t = r 


f , VX 
t+ — 

V c 


V 

J 


Express y'{t) in the moving frame of 
reference: 


y 


'( 0 =-- 


gy 


t'+ 


VX 


c 2 J 


Evaluate y'{t) at t' = 0 to obtain: 



gR 1 y 2 

2c 1 


(1) 


Because equation (1) is the equation of a parabola, we’ve shown that the 
moving observer will conclude that the rod is bent into a parabolic shape. 
Because the coefficient of x 2 is negative, the parabola is concave downward. 














Chapter 40 
Nuclear Physics 


Conceptual Problems 

1 

Determine the Concept Two or more nuclides with the same atomic number Z but 
different N and A numbers are called isotopes. 

(a) Two other isotopes of 14 N are: 1S N, 16 N 

( b ) Two other isotopes of 56 Fe are: 54 Fe, 55 Fe 

(c) Two other isotopes of 118 Sn are: 54 Fe, 55 Fe 

2 

Determine the Concept The parent of that series, 237 Np, has a half-life of 2x10 6 y that is 
much shorter than the age of the earth. There is no naturally occurring Np remaining on 
earth. 

3 

Determine the Concept Generally, /Fdccay leaves the daughter nucleus neutron rich, 
i.e., above the line of stability. The daughter nucleus therefore tends to decay via P 
emission which converts a nuclear neutron to a proton. 

*4 ■ 

Determine the Concept 14 C is found on earth because it is constantly being formed by 
cosmic rays in the upper atmosphere in the reaction l4 N + n —> 14 C + 1 11. 

5 

Determine the Concept It would make the dating unreliable because the current 
concentration of 14 C is not equal to that at some earlier time. 

6 • 

Determine the Concept An element with such a high Z value would either fission 
spontaneously or decay almost immediately by a emission (see Figure 40-3). 

7 

Determine the Concept The probability for neutron capture by the fissionable nucleus is 
large only for slow (thermal) neutrons. The neutrons emitted in the fission process are fast 
(high energy) neutrons and must be slowed to thermal neutrons before they are likely to be 
captured by another fissionable nucleus. 
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8 

Determine the Concept The process of "slowing down" involves the sharing of energy 
of a fast neutron and another nucleus in an elastic collision. The fast particle will lose 
maximum energy in such a collision if the target particle is of the same mass as the 
incident particle. Hence, neutron-proton collisions are most effective in slowing down 
neutrons. However, ordinary water cannot be used as a moderator because protons will 
capture the slow neutrons and form deuterons. 

9 

Determine the Concept Beta decay occurs in nuclei that have too many or too few 
neutrons for stability. In /3 decay, A remains the same while Z either increases by 1 (ft 
decay) or decreases by 1 (/? + decay). 


(a) The reaction is: 


( b ) The reaction is: 


10 • 

Advantages 

The reactor uses 238 U, which, by 
neutron capture and subsequent 
decays, produces 239 Pu. Thus 
plutonium isotope fissions by fast 
neutron capture. Thus, the breeder 
reactor uses the plentiful uranium 
isotope and does not need a 
moderator to slow the neutrons 
needed for fission. 

11 • 

(a) False. The nucleus does not contain electrons. 

( b ) True. 

(c) False. After two half-lives, three-fourths of the radioactive nuclei in a given sample 
have decayed. 

(d) True (given an unlimited supply of 238 U). 


jjNa—» 2 oNe+ +I 0 /? => J3 + decay 


24 


jiNa—>i 2 Mg+_Jp => (A decay 


Disadvantages 


The fraction of delayed neutrons 
emitted in the fission of 239 Pu is very 
small. Consequently, control of the 
fission reaction is very difficult, and 
the safety hazards are more severe than 
for the ordinary reactor that uses 235 U 
as fuel. 
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12 • 

Determine the Concept Pressure and temperature changes have no effect on the internal 
structure of the nucleus. They do have an effect on the electronic configuration; 
consequently, they can influence K-capture processes. 

*13 • 

Determine the Concept Knowing the parent nucleus and one of the decay products, we 
can use the conservation of charge, the conservation of energy, and the conservation of 
the number of nucleons to identify the participants in the decay. 

^N^^O+l 0 yg+ 0 V + ^ 

looFm—> 2 ^Cf+2He + Q 
“N-^CQg+pV + g 
^Se^Br+^V + g 
29CU—>2gNi+ + °/?+° v + Q 
2 9oTh—> 2 ggRa+2He + Q 


(a) beta decay of 16 N 

(b ) alpha decay of 248 Fm 

(c) positron decay of 12 N 

(d) beta decay of 81 Se 

( e ) positron decay of 61 Cu 
(/) alpha decay of 228Th 


*14 • 

Determine the Concept We can use the information regarding the daughter nuclei to 
write and balance equations for each of the reactions. 


0) 
0 b ) 
(c) 


(e) 


2 ^Pu ^n+>+ 147 6 Ba 



3 2 Ge+2HeH>‘n+ 3 7 4Se 




i 2 I+ 2 H^n+ 12 :Xe 


«U+Jn ^n+^Ag+^Rh 



^Mn+jLi—> jH+27Co 



(/) 228 U+‘nV 2 ’U; ^U-^+oV+^Np; - N p^^+ 0 V + 


On, 0 .. , 239 -, 


239 -, 


On , 0 . 


239 

94 


Pu 
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Estimation and Approximation 

15 • 

Picture the Problem There is no table of half lives in the text although the information is 
mentioned in the alpha particle discussion for alpha decay (about 15 orders of magnitude). 
Mass density in an atom ranges roughly as the cube of the radius of an atom to that of the 
nucleus, also about 15 orders of magnitude. Nuclear masses only range 2 orders of 
magnitude. 


Material property 

Ratio (order of magnitude) 

Mass density 

10 15 

Half life 

10 15 

Nuclear masses 

2 


16 •• 

Picture the Problem The mass of 235 U required is given by m 235 = -M 235 , where 

M 2 35 is the molecular mass of 235 U and N is the number of fissions required to produce 
10 20 J. The mass of deuterium and tritium required can be found similarly. 


(a) Relate the mass of 235 U required 
to the number of fissions N required: 


N_ 

AC 


M 


235 


( 1 ) 


where M 225 is the molecular mass of 135 U. 


Detennine N: 


p 

annual 


“'per fission 


Substitute numerical values and 
evaluate N: 


10 20 J 


N = - 


200 MeV x 
= 3.13xl0 30 


1.60x10 J 
eV 


Substitute numerical values in equation (1) and evaluate m 2 2 s: 


3.13x10 


30 


/H 235 =' 


6 .02x10" nuclei/mol 


(235g/mol)= 5.20x 10 6 kg 
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(b) Relate the mass of 2 H and 3 H 

m -u m = 

N 

M 2 „ 3 

( 2 ) 

required to the number of fusions N 

H+ H 


H+ H 

required: 

where M 2 

is the molecular mass of 

H+ H 


2 H + 3 H. 




Determine N: 

f 

annual 




per fission 


Substitute numerical values and 
evaluate N: 


10 20 J 


N = - 


1.60x10 19 J 
eV 


18MeV x 
= 3.47xl0 31 


Substitute numerical values in equation (2) and evaluate m : 


H+ H 


3.47x10 


31 


6.02 xlO ' 3 nuclei/mol 


(5g/mol) = 2.88xl0 6 kg 


Properties of Nuclei 

*17 • 

Picture the Problem To find the binding energy of a nucleus we add the mass of its 
neutrons to the mass of its protons and then subtract the mass of the nucleus and multiply 
by c 2 . To convert to MeV we multiply this result by 931.5 MeV/u. The binding energy 
per nucleon is the ratio of the binding energy to the mass number of the nucleus. 

(a) For 12 C, Z = 6 and N= 6 . Add the mass of the neutrons to that of the protons: 

6m p +6 m n = 6xl.007825u + 6xl.008665u = 12.098940u 

Subtract the mass of 12 C from this result: 

(6m p + 6 m n )-m l2c = 12.098940 u - 12 u = 0.098940 u 

Multiply the mass difference by c 2 and convert to MeV: 


E h = (A m)c 2 


(0.098940 u)c 2 


931.5MeV/c 2 

x 


92.2 MeV 


lu 
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E 92.2 MeV - 

and the binding energy per nucleon is — = — : -= 7.68 MeV 

.1 12 ] 


(b ) For 56 Fe, Z = 26 and N = 30. Add the mass of the neutrons to that of the 
protons: 


26 m p + 30 m n =26x1.007825 u + 30 x 1.008665 u = 56.463400 u 


Subtract the mass oi Fe from this result: 

(26m p +30 m n )-m l2 = 56.463400u-55.934942u = 0.528458u 


Multiply the mass difference by c and convert to MeV: 


E b = (A m)c 2 = (0.528458u)c 2 x 93L5MeV/c = 492 MeV 

lu - 

E 492 MeV - 

and the binding energy per nucleon is —- =-= 8.79 MeV 

A 56 - 


(c) For 238 U, Z = 92 and N= 146. Add the mass of the neutrons to that of the 
protons: 


92 m p +146 m n =92x1 .007825 u +146 x 1.008665 u = 239.984990 u 


Subtract the mass of u from this result: 

(92m p + 146m n )- m m = 239.984990 u - 238.050783 u = 1.934207 u 


Multiply the mass difference by c 2 and convert to MeV: 


E b = (A m)c 2 = (l .934207 u)c 2 x 931 ~ 5 MeV/c = 1802 MeV 


. . E. 1802 MeV ~ w 

and the binding energy per nucleon is -= 7.57 MeV 
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18 • 

Picture the Problem To find the binding energy of a nucleus we add the mass of its 
neutrons to the mass of its protons and then subtract the mass of the nucleus and multiply 
by c 2 . To convert to MeV we multiply this result by 931.5 MeV/u. The binding energy 
per nucleon is the ratio of the binding energy to the mass number of the nucleus. 

(a) For 6 Li, Z = 3 and /V = 3. Add the mass of the neutrons to that of the protons: 

3 m p + 3 m n =3x1.007825 u + 3 x 1.008665 u = 6.049470 u 

Subtract the mass of 6 Li from this result: 

(3 m p +3 m n )-m 6u = 6.049470u-6.015122u = 0.034348u 

Multiply the mass difference by c 2 and convert to MeV: 


E h = (A m)c 2 


(0.034348u)c 2 


931.5MeV/c 2 

x- 


lu 


32.0MeV 


and the binding energy per nucleon is 


E* 

A 


32.0MeV 

6 


5.33MeV 


(. b ) For 39 K, Z = 19 and N= 20. Add the mass of the neutrons to that of the 
protons: 


1 9m p + 20m n = 19xl.007825u + 20xl.008665u = 39.321975u 


Subtract the mass of 39 K from this result: 

(l9m p +20 m D )-m 39K = 39.321975u-38.963707u = 0.358268u 

Multiply the mass difference by c 2 and convert to MeV: 


E h = (A m)c 2 


(0.358268u)c 2 


931.5MeV/c 2 
x- 


lu 


334MeV 


and the binding energy per nucleon is 


A 


334 MeV 
39 


8.56MeV 


(c) For 208 Pb, Z = 82 and ,V = 126. Add the mass of the neutrons to that of the 
protons: 
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82m p +126m n = 82 x 1.007825 u +126x1.008665 u = 209.733440 u 

Subtract the mass of 208 Pb from this result: 

(S2m p +\26m n )-m 10Sph = 209.733440u-207.976636u = 1.756804u 


Multiply the mass difference by c 2 and convert to MeV: 


E h = (A m)c 2 


(l.756804u)c 2 


931.5MeV/c 2 

x- 


lu 


1636 MeV 


and the binding energy per nucleon is 


hL 

A 


1636 MeV 
208 


7.87MeV 


19 • 

Picture the Problem The nuclear radius is given by R = R 0 A 1 ^ where Rq = 1.2 fm. 


(a) The radius of 16 0 is: 

(b) The radius of 56 Fe is: 

(c) The radius of 197 Au is: 

20 • 


Ru 


R, 


Fe 


R,< 


'Au 


(l.2fm)(l6) 1/3 = 
(l.2fm)(56) 1/3 = 
= (l.2fm)(l97) 1/3 


3.02 fm 


4.59 fm 


6.98 fm 


Picture the Problem The nuclear radius is given by R = R 0 A l,li where Ro= 1.2 fm. 


The radii of the daughter nuclei are 
given by: 

Because the ratio of the mass 
numbers of the daughter nuclei is 3 
to 1: 


R = R 0 A y3 (l) 

A=^( 239) and = ^-(239) 


Substitute in equation (1) to obtain: 


/?, =(l.2 fm)^ 
and 


3x239 


1/3 


y 


6.77 fm 


R 2 =(l.2fm) 


239 

4 


y/3 


J 

4.69 fm 


*21 •• 

Picture the Problem The speed of the neutrons can be found from their thermal energy. 
The time taken to reduce the intensity of the beam by one-half, from / to 1/2, is the half- 
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life of the neutron. Because the beam is monoenergetic, the neutrons all travel at the same 
speed. 


(a) The thermal energy of the 
neutron is: 


(. b ) Equate ^thermal and the kinetic 
energy of the neutron to obtain: 


E 


thermal 


kT 

(l .3 8 x 1 (T 23 J/K.)(25 + 273)K 
4.11x10 21 J 


4.11x10 21 Jx 


leV 

1.60x10 19 J 


25.7 meV 


E 


thermal 


jtn n v 


2 


Solve for v to obtain: 


2 E 


v = 


thermal 


m n 


Substitute numerical values and 
evaluate v: 


v = 


( 2 ( 4.1 lx 10 21 jJ _ 


1.67x10 2/ kg 


2.22 km/s 


(c) Relate the half-life, ty 2 , to the _ x 

q/2 

speed of the neutrons in the beam: v 


Substitute numerical values and 
evaluate t, /2 : 


U/2 


1350 km lmin 

-= 608s x- 

2.22km/s 60s 


10. lmin 


22 • 

Picture the Problem We can use the definition of density, the equation for the volume of 
a sphere, and the given approximation to calculate the density of nuclear matter in grams 
per cubic centimeter. 

Express the density of a spherical _ m 

nucleus: V 

The approximate mass is: m = (l .66 x 10 kg).4 

V = ±7r(R 0 A y3 ) = j/iRqA 


Express the volume of the nucleus: 
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Substitute for m and V to obtain: 

P = - 

(l.66xl0 27 kg)H 
\nR\A 



3(l.66xl0 27 kg) 



4 ttRI 

Substitute numerical values and 


3(l.66xl0 27 kg) 

evaluate p\ 

P ~ 

4;r(l .2 fm) 3 



2.29 xlO 17 kg/m 3 


= 

2.29 xlO 14 g/cm 3 


23 •• 

Picture the Problem The separation of the nuclei when they are just touching is the sum 
of their radii, which is given by R = 7? 0 H I/J . 


The electrostatic potential energy of 
the system is given by: 


The radii of the nuclei are: 


U _ /, Ml _ h ( Z M 0 e)( Z Lag) 

R R Wo + ^l.a 

where R is the distance from the center of 
the 95 Mo nucleus to the center of the 139 La 
nucleus. 

*mo = ^d R La = RXl 


Substitute for R Mo and R La and 
simplify to obtain: 


_ Up- (^Mo)(^La) 

RAl?+R A' /3 

o Mo o La 

- K tOTO 


Substitute numerical values and evaluate U : 


(8.99xl0 9 Nm 2 /C 2 )(l.60xl0~ 19 c) 2 (42)(57) 

(l.2xl0“ ls m) (95 i/3 +139 1/3 ) 


= 4.71x10 n Jx 


leV 

1.60x10 19 J 


295 MeV 


*24 •• 

Picture the Problem The Heisenberg uncertainty principle relates the uncertainty in 
position, Ax, to the uncertainty in momentum, A p, by Ax Ap >—h. 


Ap* 


h 

2Ax 


Solve the Heisenberg equation for 

A p: 
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Substitute numerical values and 
evaluate A p: 


' 1.05 x 10 34 J • s 
P ~ 2(10x10 15 m) 

= 5.25 xl(T 21 kg- m/s 


The kinetic energy of the electron is K = pc 

given by: 


Substitute numerical values and 
evaluate K: 


K = (5.25x10 ^kg-m/s^xlO^m/s) 

leV 


= 1.58x10 Jx- 


1.60xl0 19 J 


= 9.88MeV 


This result contradicts experimental observations that show that the energy of electrons in 
unstable atoms is of the order of 1 to 1000 eV. 

Radioactivity 

25 • 

Picture the Problem The counting rate, as a function of the number of half-lives n, is 
given by R = (|)" R a . 


(a) The counting rate after n half- 
lives is: 

Solve for n to obtain: 


Substitute numerical values and 
evaluate n: 




n = 


In (R/K) 

ln(i) 


n = 


f 

In 

y 


1000 counts/s 
4000 counts/s 


) 


ln (i) 


= 2 


Because there are two half-lives in 
10 min: 

(b) At the end of 4 half-lives: 


h/2 ~ 


5 min 


R = (y) 4 (4000 counts/s) = 


250Bq 


26 • 


Picture the Problem The counting rate, as a function of the number of half-lives n, is 
given by R = (i)"i? 0 . 


R = (l)~ (2000 counts/s) = 


500Bq 


(a) When t = 4 min, two half-lives 
will have passed and n = 2: 
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( b ) When t = 6 min, three half-lives 
will have passed and n = 3: 


7? 


(t) 3 (2000 counts/s) 


250Bq 


(c) When t = 8 min, four half-lives 
will have passed and n = 4: 




(4 ) 4 (2000 counts/s) 


125 Bq 


27 • 

Picture the Problem The counting rate, as a function of the number of half-lives n, is 
given by R = ( 4 )” R 0 and the decay constant 2 is related to the half-life by ty 2 = In 2/2. 


(a) Relate the counting rate at time 
t= 10 min to the counting rate at 
t = 0 : 

Solve for n: 


Substitute numerical values and 
evaluate n: 


R, o- =(hx 


n = 


_ ln (^lQ ml n/^o) 

ln(4) 


n = 


f 

In 

y 


1000 counts/s 
8000 counts/s 


v 

J 


ln(4) 


= 3 


Therefore, 3 half-lives have passed 
in 10 min: 


3 ty 2 = 10 min => ty 2 = 


200 s 


(b ) The decay constant A is related ? _ hi 2 _ In 2 

to the half-life by: 1/2 A ty 2 


Substitute for 1 1 / 2 and evaluate 2: 



200 s 


3.47 x 10 -3 s _1 


(c) Six half-lives will have passed in 
20 min: 


^lomin = (j) 6 (8000Bq) = 125Bq 


28 • 

Picture the Problem We can use R = 2W 0 e~ i, to show that the disintegration rate is 
approximately 1 Ci. 


R = AN 0 e~ At 

where N 0 is the number of nuclei at 

t= 0. 


The decay rate is given by: 















The decay constant A is related to 
the half-life by: 

Substitute for ty 2 and evaluate A: 
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In 2 In 2 

6/2 = ~r =>/! ' = ~ f 

/L ly 2 

/l = = 4.28 x 1CT 4 y _1 x-^- 

1620y 31.56Ms 

= 1.356x10 11 s 1 


The number of nuclei at 
t = 0 is given by: 


No = NJM 

where M is the atomic mass of radium and 
Na is Avogadro’s number. 


Substitute numerical values and evaluate 
N 0 : 


N 0 = 


6.02x IQ 23 
226 


2.664xl0 21 


Substitute numerical values for A and /V (l and evaluate R: 


R = (l.356xl0~ n s _1 )(2.664xl0 21 )e^ 1 ' 356xl ° " s ^ (l200s) = 3.61x 10 10 s _1 


» 3.7xl0 10 s _1 


ICi 


29 • 

Picture the Problem We can use R = (t)" R 0 to relate the counting rate R to the number 

of half-lives n that have passed since t = 0. The detection efficiency depends on the 
probability that a radioactive decay particle will enter the detector and the probability 
that upon entering the detector it will produce a count. If the efficiency is 20 percent, the 
decay rate must be 5 times the counting rate. 


(a) When t = 2.4 min, n = 1 and: 


R 


2.4 min 


(y)'(l 000 counts/s) = 


500Bq 


When t = 4.8 min, n = 2 and: 


R 


4.8 min 


(V) 2 (l 000 counts/s) 


250Bq 


(b ) The number of radioactive 
nuclei is related to the decay rate R, 
and the decay constant A: 


R = AN => 



( 1 ) 


The decay constant is related to the 
half-life: 


_ 0.693 _ 0.693 _ 0.693 
ty 2 2.4 min 144 s 

= 4.813x10 3 s ‘ 


R 0 = 5x1000 counts/s = 5000 s 


Calculate the decay rate at t = 0 


i 
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from the counting rate: 

Substitute in equation (1) and 
evaluate /Vo at / = 0: 

Calculate the decay rate at 
t = 2.4 min from the counting rate: 

Substitute in equation (1) and 
evaluate N 2 a min at t = 0: 


(c) The time at which the counting 
rate will be about 30 counts/s is the 
product of the number of half-lives 
that will have passed and the half- 
life: 

The counting rate R after n half- 
lives is related to the counting rate 
at t = 0 by: 

Solve for n : 


Substitute numerical values and 
evaluate n: 


Substitute numerical values for n 
and t\t 2 in equation (2) and evaluate 
t: 


_ R 0 _ 5000s 1 

0 4.813x10 3 s ‘ 


1.04xl0 6 


R 2 4 min = 5x500 counts/s = 2500 s 1 


N. 


2.4 min 


^2.4 min 

/l 


2500s 1 
4.813xlO“V 


5.19x10 s 


t — Tlty2 


( 2 ) 




ln(g/gd 

ln(i) 


n = 


ln(30 counts/s/1000 counts/s) 


ln(T) 


= 5.059 


t = (5.059)(2.4min) = 


12.1 min 


30 • 

Picture the Problem Knowing each of these reactions, we can use Table 40-1 to find the 
differences in the masses of the nuclei and then convert this difference into the energy 
released in each reaction. 


(a) Write the reaction: 


226 Ra—» 222 Rn+ 4 He 
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Use Table 40-1 to find AE: 

AE = 93L5MeV/c (226.025403u-222.01757lu-4.002603u)c 2 = 
lu 

( b ) Write the reaction: ‘ 42 Pu—» 238 U+ 4 He 

Use Table 40-1 to find AE: 

AE = 93L5MeV/c (242.058737u-238.050783u-4.002603u)c 2 = 
lu 

*31 •• 

Picture the Problem Each 239 Pu nucleus emits an alpha particle whose activity, A, 
depends on the decay constant of 239 Pu and on the number N of nuclei present in the 
ingested 239 Pu. We can find the decay constant from the half-life and the number of nuclei 
present from the mass ingested and the atomic mass of 239 Pu. Finally, we can use the 
dependence of the activity on time to find the time at which the activity be 1000 alpha 
particles per second. 

(a) The activity of the nuclei present A = XN (1) 

in the ingested 2j9 Pu is given by: 


4.98 MeV 


4.87 MeV 


Find the constant for the decay of 
239 Pu: 


Express the number of nuclei 
present in the quantity of 239 Pu 
ingested: 


Substitute numerical values and 
evaluate N: 


Substitute numerical values in 
equation (1) and evaluate A: 


A = 


In 2 


0.693 


t v 2 (24360y)(31.56Ms/y) 
= 9.02xl0 _1 V 


A r N a 

N = m a A 


"Pu 


M 


Pu 


where M Pu is the atomic mass of 239 Pu. 


N = (2.0//g) 


6.02 x 10 23 nuclei/mol 
239g/mol j 


= 5.04 x 10 L ^ nuclei 
A = (9.02x10 13 s 1 ^.04x10 15 a) 


= 4.55x10 a/s 


-At 


(b) The activity varies with time 
according to: 


A = Ae 
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Solve for t to obtain: 


4-' 

U/ 

-A 


Substitute numerical values and 
evaluate t: 


In 


lxlO’a/s 


t = 


4.55x10 a/s 


(9.02xl0 13 s') 


31.56Ms 

iy 


\ 

) 


5.32xl0 4 y 


32 •• 

Picture the Problem We can use conservation of energy and conservation of linear 
momentum to relate the momenta and kinetic energies of the nuclei to the decay’s Q 
value 


(a) Express the kinetic energies of 
the alpha particle and daughter 
nucleus: 


Solve equations (1) and (2) for pi 
and pi : 


K a = l m a V a 


and 

K Y = Am Y vl 




Pa = 2 ™ a K a 
and 

P\ ~ IniyKy 


CD 

(2) 


From the conservation of linear momentum 
we have: 


P, = Pf 

or, because the parent is initially at rest, 
0=P a ~PY^ Pa = PY 


Because the momenta are equal: 
Solve for K y : 


IniyKy = 2 m a K a 


m 4 

K Y=^ K a=^~ A K a 

m v A- 4 


Because the daughter nucleus and 
the alpha particle share the Q- value: 


Q = K y +K 

4 


A-4 

f A ^ 


K a +K a = 


4 ^ 

—— + 1 

A-4 J 


K, 


A-4 


K 
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Solve for K a \ 


(b) Substitute for K a in the 
expression for Q to obtain: 

Solve for K Y : 


K„ 


' A-4 

V ^ 




0 

J 


q = k y + 


'A-4 

v 


Q 


j 


K Y =Q 


'A-4 


Q 


j 


4 Q 
A 


*33 •• 

Picture the Problem We can write the equation of the decay process by using the fact 
that the post-decay sum of the Z and A numbers must equal the pre-decay values of the 
parent nucleus. The Q value in the equations from Problem 32 is given by Q = -(A m)c , 


239 Pu undergoes alpha decay 
according to: 


239 

94 


Pu-> 


235 

92 


U + A 2 a + Q 


The Q value for the decay is given 
by: 


Q = [( m pu)-( w u 


+ m a 



931.5MeV 

lu 


x 


Substitute numerical values and evaluate Q: 


Q = [(239.052156u)-(235.043923u 


+ 4.002603 u)] 


931.5MeV^ 
lu , 


5.24 MeV 


From Problem 32, the kinetic energy 
of the alpha particle is given by: 

Substitute numerical values and 
evaluate K a \ 


From Problem 32, the kinetic energy 
of the 239 U is given by: 

Substitute numerical values and 
evaluate K u \ 


K 


f A-4 


Q 


/ 


K, 


5.15MeV 


K , 


4 Q 
A 


K , 


4(5.24 MeV) 
239 


87.7keV 


34 • 

Picture the Problem We can find the age of the sample using R n = (4)" to find n and 
then applying t = nty 2 . 


t — H 


Express the age of the bone in terms 
of the half-life of 14 C and the 


(1) 
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number n of half-lives that have 
elapsed: 

The decay rate R„ after n half-lives 
is related to the counting rate R 0 at 
t = 0 by: 


Solve for n : 


R 



n = 


ln(i?/i?„) 

ln(i) 


Because there are 15.0 decays per 
minute per gram of carbon in a 
living organism: 


Substitute numerical values for R 
and R 0 and evaluate n: 


Substitute numerical values in 
equation (1) and evaluate t: 


decays lmm 

R 0 = 15.0 . x—— xl75g 

min-g 60s 

= 43.75Bq 


In 


r 8.1Bq A 


n = 


43.75Bq 


J 


Hi) 


2.433 


t = (2.433)(5730y)= 13,940 y 


35 • 

Picture the Problem We can solve R = R 0 e Al for X to find the decay constant of the 
In 2 

sample and use =-to find its half-life. The number of radioactive nuclei in the 

X 

sample initially can be found from R 0 = AN (I . 

(a) The decay rate is given by: R = R 0 e~ Al 


Solve for X to obtain: 


In 


r R A 


X = - 


V^o 

-t 


x = 


f 

In 

V 


85.2Bq^ 
115Bq J 


0.133h“‘ 


Substitute numerical values and 
evaluate X: 


2.25h 
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The half-life is related to the decay 
constant: 

( b ) The number No of radioactive 
nuclei in the sample initially is 
related to the decay constant A and 
the initial decay rate R 0 : 

Substitute numerical values and 
evaluate No: 


In 2 _ In 2 

V2 ~^T~ 0.1331T 1 


5.20h 


R„ = ZN„=, N,=^ 


N a = 


115Bq 


0.1331b'x- 


lh 


3600s 


3.11xl0 6 


*36 •• 

Picture the Problem We can use R 0 = AN to find the initial activity of the sample and 
R = R o e A> to find the activity of the sample after 1.75 y. 


(a) The initial activity of the sample R q = AN (1) 

is the product of the decay constant 
A for 60 Co and the number of atoms 
N of 60 Co initially present in the 
sample: 

Express N in terms of the mass m of m 

the sample, the molar mass M of ^ ~ 

60 Co, and Avogadro’s number /V A : 

Substitute numerical values and evaluate N: 


N = 


———— 1(6.02 x 10 23 nuclei/mol) = 1.00 x 10 16 nuclei 
v 60g/mol ) 


The decay constant is given by: 


Substitute numerical values and 
evaluate A: 


Substitute numerical values in 
equation (1) and evaluate A 0 : 




n/2 


A = 


0.693 


(5.27 y)(31.56 Ms/y) 

= 4.17x10 9 s ' 

R 0 = (4.17x10 9 s 1 )(l. 00 xlO 16 nuclei) 

ICi 


= 4.17xl0 7 s *x 


10 -1 


3.7x 10 s 


1.13 mCi 
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(j b ) The activity varies with time J oym \ 

according to: R = R e~ M = R e 527y 


Evaluate R at t = 1.75 y: J 0.693x1,75y^| 

R = (l,13 mCi)e ^ 5 ' 27y ^ 
= 0.898 mCi 


37 •• 

Picture the Problem The following graph was plotted using a spreadsheet program. 
Excel’s "Add Trendline" feature was used to determine the equation of the line. 



The linearity and negative slope of this graph tell us that it represents an exponential 
decay. 


The decay rate equation is: 

Take the natural logarithm of both 
sides of the equation to obtain: 

This equation is of the form: 


R = 7? 0 e 

In R = In e~ Al + In R 0 
= -At + In R 0 

y = mx + b 

where y = In R, x = t, m = -A, and 
b = lnR 0 - 


A = 


0.0771 min 1 


The decay constant is the negative of 
the slope of the graph: 
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The half-life of the radioisotope is: 


h/2 


In 2 

~Y 


In 2 

0.0771 min 1 


8.99 min 


38 •• 

Picture the Problem We can solve Equation 40-7 for A to show that 
A = tf l \n(R 0 /R l ). 


(a) Express the half-life as a 
function of the decay constant A: 


h/2 


In 2 

~T 


(i) 


From Equation 40-7 it follows that: 


R 

R, 


0 =e At 


Solve for A: 


In 




A = ■ 


R 


vw 


i In 


f R A 


\Rj 


(b ) Substitute numerical values for t, 

A — —-—In 

f 1200Bq^ 


R h and Ro and evaluate A: 

60s 

v 800Bq j 



0.00676s 1 


Use the decay constant to find the 
half-life: 


In 2 


In 2 


tyi A 0.00676 s 1 


103s 


39 •• 

Picture the Problem The required mass is given by M= (5 counts/min)/7<’, where R is the 
current counting rate per gram of carbon. We can use the assumed age of the casket to 
find the number of half-lives that have elapsed and R = {t}" R 0 to find the current 
counting rate per gram of 14 C. 

The mass of carbon required is: 


Because there were about 15.0 
decays per minute per gram of the 
living wood, the counting rate per 
gram is: 


,, 5counts/min 

M = - (1) 

R 

R = (t)" R 0 = (jr)” (l 5 counts/min • g) 


18,000 y 

n = —- 

5730y 


3.141 


We can find n from the assumed age 
of the casket and the half-life of 14 C: 
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Substitute for n and evaluate R : 


Substitute for R in equation (1) and 
evaluate M: 


R = (y) 41 (l 5 counts/m in -g) 
= 1.70 counts/min-g 


,, 5 counts/min 

M =- 

1.70 counts/min-g 


2-94g 


40 •• 

Picture the Problem The decay constant A can be found from the decay rate R and the 
number of radioactive nuclei N at the moment of interest and the half-life, in turn, can be 
found from the decay constant. 


The decay rate R is related to the 
decay constant A and the number of 
radioactive nuclei N at the moment 
of interest: 


R= AN => A = — 
N 


( 1 ) 


The number of radioactive nuclei N N — N — 

at the moment of interest can be A M 

found from Avogadro’s number, the 
mass m of the sample, and the molar 
mass Mof the sample: 


Substitute numerical values and evaluate N : 


N = 


(6.02x10 3 nuclei/mol) 


10 3 g 

59.934g/mol 


1.004xl0 19 


Substitute numerical values in 
equation (1) and evaluate A: 


1.131Cix 


A = - 


3.1 x 10 Bq 


1.004x10 


19 


4.17x10 9 


Find the half-life from the decay constant: 


ln2 _ ln2 
tyi ~~A~ 4.17x10 9 s 1 


= 1.67 x 10 8 sx 


iy 

31.56Ms 


5.27 y 
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*41 •• 

Picture the Problem The following graph was plotted using a spreadsheet program. 
Excel’s "Add Trendline" feature was used to determine the equation of the line. 



The linearity and negative slope of this graph tells us that it represents an exponential 
decay. 


The decay rate equation is: 


R = R 0 e 


Take the natural logarithm of both 
sides of the equation to obtain: 

This equation is of the form: 


In R = In e Al + In R 0 

= -At + In R 0 

y = mx + b 

where y = In R, x = t, m = -A, and 
b = InRo- 


The half-life of the radioisotope is: ^ _ lit 2 _ In 2 

1,2 ~~A~ 0.198 min _1 

42 •• 

Picture the Problem We can use the decay rate equation R = R (] e and the expression 

relating the half-life of a source to its decay constant to find the half-life of the sample. 
Solving the decay-rate equation for t will yield the time at which the activity level drops 
to any given value. 


3.50 min 
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(a) The half-life of the material is 
given by: 

<N 

a ^ 

ii 

<N 

(i) 

The decay rate is given by: 

R = R 0 


(2) 

Solve for A: 

In 




KRJ 


t 


Substitute for A in equation (1) to 
obtain: 


In 2 In 2 



( rS\ 


( rA 

In 

■ tv o 

In 



{Rj 


U J 


t 


Substitute numerical values and 
evaluate 1 1 /2 : 


(b) Solve equation (2) for t: 


In 2 



-A 


(lOlh) 


Express A in terms of 1 1/2 : 


Substitute for A in the expression for 
t to obtain: 


Substitute numerical values and 
evaluate t\ 


A = 


In 2 


l l/2 


4 -' 

_ 

-In 2 


n /2 


In 


r lOdecays/min ' 


y 


115decays/min 


= 550hx 


-In 2 
Id 

24 h ” 


(l 56 h) 


22.9d 


43 •• 

Picture the Problem We can use the decay rate equation R = R 0 e /J and the expression 
relating the half-life of a source to its decay constant to find the age of the fossils. 
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The decay rate is given by: 


R = R 0 e 


Solve for t to obtain: 


t = 


( 

In 

y 


tC 

R 0 j 

■X 


Express X in terms of t\a'. 


X = 


In 2 


n/2 


Substitute for X in the expression for 
t to obtain: 


In 


t = 


r r^ 

\Rq j 


1/2 


-In 2 

or, because the activity at any time is 
proportional to the number of radioactive 
nuclei present, 


In 


N, 


Rb 


t = 


N 

' v JV 0,Rb 

-In 2 


l l/2 


( 1 ) 


The number of 87 Sr nuclei present in N St - N 0Rb - iV Rb => N 0 Rb - N Sl + /V, 

the rocks is given by: 

We-re given that: = 0 . 0 1« ,4 = 0.01 

N, b 


Express the ratio of iVo,Rb to N^'- 


Substitute numerical values in 
equation (1) and evaluate the age of 
the fossils: 


^o.Rb _ N Sv + N Rb _ N St ^ | 

^Rb ^Rb ^Rb 

= 0.01 + 1 = 1.01 


In 

t = -± 


1.01 


-ln2 


(4.9 xlO 10 y) 


7.03x10 y 


44 ••• 

Picture the Problem We can evaluate this integral by changing variables to obtain a 
form that we can find in a table of integrals. 


Change variables by letting: 


x = Xt 
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Then: 


Substitute to obtain: 


From integral tables: 


Substitute in the expression for rto 
obtain: 

Nuclear Reactions 


dx 


Adt, dt — 


dx 

—, and t = 


x 

I 


t= \tAe lt dt= \-Ae~ x — 

J J ; ; 


A 


A 


A 


oo 


| xe X dx 
o 


00 

J xe x dx = 1 

o 


T = 


I 


45 • 

Picture the Problem We can use Q = —(A m)c 2 to find the Q values for these reactions. 


(a) Find the mass of each atom from 
Table 40-1: 


Calculate the initial mass m, of the 
incoming particles: 

Calculate the final mass m f \ 


m, = 1.007825 u 

H 

m 3u = 3.016049 u 
m, u = 3.016029 u 

He 

m n = 1.008665 u 

m i =1.007825 u +3.016049 u 
= 4.023874 u 

m { =3.016029 u-i-1.008665 u 
= 4.024694 u 


Calculate the increase in mass: 


Calculate the Q value: 


A in = m f - m i 

= 4.024694 u- 4.023874 u 
= 0.000820 u 


Q = -(A m)c 2 

= -(0.000820u)c‘ 


931.5 


MeV/c 


2 A 


-0.764 MeV 
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(. b ) Proceed as in (a) to obtain: 


Q = (0.003510u) 


931.5 


MeV/c 


u 


2 A 


3.27 MeV 


Remarks: Because Q < 0 for the first reaction, it is endothermic. Because Q > 0 for 
the second reaction, it is exothermic. 

46 • 

Picture the Problem We can use Q = — (A/h)c“ to find the Q values for these reactions. 

(a) Find the mass of each atom from mi w ~ 2.014102 u 

Table 40-1: m = 3.016049 u 

H 

m, = 1.007825 u 

rl 

Calculate the initial mass of the >n, = 2(2.014102 u) 

incoming particles: = 4.028204 u 

Calculate the final mass m{. = 3.016049 u + 1.007825 u 

= 4.023874 u 


Calculate the increase in mass: 


Calculate the Q value: 


(. b ) Proceed as in (a) to obtain: 


Am = m { — m i 

= 4.023874 u-4.028204 u 
= -0.004330 u 


Q = 


-(A m)c 2 

-(-0.004330u)c 2 


( 

931.5 

V 


MeV/c 2 1 


4.03 MeV 


Q = -(A/h)c 2 
= -(-0.019703 u) 


931.5 


MeV/c 


u 


2 A 


18.4 MeV 
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(c) Proceed as in (a) to obtain: 


Q = -(A rn)c 2 
= -(-0.005135u) 


931.5 


MeV/c 


u 


2 A 


4.78MeV 


*47 •• 

Picture the Problem We can use Q = —(A m)c 2 to find the Q values for this reaction. 

(a) The masses of the atoms are: m Uc = 14.003 242 u 

m, 4 N = 14.003 074u 


Calculate the increase in mass: 


Calculate the Q value: 


Am = in r - m i 

= 14.003074u-14.003242u 
= -0.000168u 


Q = -(A m)c 2 

= -(-0.000168u)c : 


931.5 


MeV/c 


u 


2 A 


0.156MeV 


(b) _ 

The masses given are for atoms, not nuclei, so for nuclear masses the masses 
are too large by the atomic number times the mass of an electron. For the given 
nuclear reaction, the mass of the carbon atom is too large by 6 m e and the mass 
of the nitrogen atom is too large by 7m e . Subtracting 6 m e from both sides of 
the reaction equation leaves an extra electron mass on the right. Not including 
the mass of the beta particle (electron) is mathematically equivalent to 
explicitly subtracting 1 m e from the right side of the equation. 


48 •• 

Picture the Problem We can use Q = —(A/n)c 2 to find the Q values for this reaction. 

(a) The masses of the atoms are: m ' 3 N = 13.005 738u 

m, 3[ , = 13.003354u 
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For ft decay: 


Calculate m\ - mf. 


Q = (m l - m { - 2 m e )c 2 
= [m i - m f )c 2 - 2m e c 2 

m i -m f = 13.005738u-13.003354u 
= 0.002384u 


Calculate the Q value: 


Q = (0.002384u)c : 


931.5 


MeV/c 


2 A 


-2(0.51 IMeV) 


1.20MeV 


The atomic masses include the masses of the electrons of the neutral atoms. 
In this reaction the initial atom has 7 electrons and the final atom only has 
6 electrons. Moreover, in addition to one electron not included in the atomic 
masses, a positron of mass equal to that of an electron is created. 
Consequently, one must add the rest energies of two electrons to the rest 
energy of the daughter atomic mass when calculating Q. 


Fission and Fusion 


*49 • 

Picture the Problem The power output of the reactor is the product of the number of 
fissions per second and energy liberated per fission. 


Express the required number N of 
fissions per second in terms of the 
power output P and the energy 
released per fission E pei fission : 

Substitute numerical values and 
evaluate N: 


N = 


P 


E 


per fission 


N = 


500 MW 
200 MeV 


, in sJ leV 
5x10 -x 


s 1.60 x 10~ 19 J 


200 MeV 


1.56xl0 19 s 1 
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50 • 

Picture the Problem If k- 1.1, the reaction rate after N generations is l.T v . We can find 
the number of generations by setting 1.1 v equal, in turn, to 2, 10, and 100 and solving for 
N. The time to increase by a given factor is the number of generations N needed to 
increase by that factor times the generation time. 


(a) Set 1.1 v equal to 2 and solve for 
N: 


( b ) Set 1.1 v equal to 10 and solve for 
N: 


(c) Set l.T v equal to 100 and solve 
for N\ 


(d) Multiply the number of 
generations by the generation time: 


( 1 . 1 )* =2 
TVlnl.l = ln2 
In 2 


N = ■ 


In 1.1 


7.27 


(l.lf =10 
TVTnl.l = lnlO 
lnlO 


N = - 


In 1.1 


24.2 


(l.if =100 

Wlnl.l = InlOO 
In 100 


N = ■ 


In 1.1 


48.3 


^2 = 

ho 

hoo 


Nt x =(7.27)(lms)= " 
■Nt x =(24.2)(lms) = 
= Nt x = (48.3)(lms) = 


7.27 ms 

24.2 ms 

48.3 ms 


( e ) Multiply the number of 
generations by the generation time: 


t 2 = Nt x = (7.27)(l00ms) = | 0.727s 
t xo = Nt x = (24.2)(l00ms) = 
hoo = Nt x = (48.3)(l00ms) = 


2.42s 


4.83s 


*51 » 

Picture the Problem We can use Q = -(A m)c 2 , where Am = m f - ni[, to calculate the Q 
value. 


The Q value is given by: 


Q = -(A/n)c 2 


931.5MeV/c 2 

x- 


lu 


Calculate the change in mass A/m: 
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Am = m { - m [ 

= 94.905842 u +138.906348 u +2(1.008665 u)-(235.043923 u +1.008665 u) 
= -0.223068 u 


Substitute for Am and evaluate Q: , \ 931 5 MeV 

Q = 0.223068 ujx- 

lu 

= 208 MeV 


The ratio of Q to U found in 
Problem 23 is: 


Q 

u 


208 MeV 
236 MeV 


88 . 1 % 


52 •• 

Picture the Problem We can find the number of neutrons per second in the generation of 
4 W of power from the number of reactions per second. 


The number of neutrons emitted per 
second is: 


The number of reactions per second 
is: 


Substitute for N and evaluate N n \ 


N =\N 

n z 

where N is the number of reactions per 
second. 


leV 

s X 1.60xl0 19 J 
3.27 MeV+ 4.03 MeV 




V 


J 


= 6.85xl0 12 s 1 


N n =|(6.85x10 12 s^) 

= 3.43 x 10 12 neutrons/s 


53 •• 

Picture the Problem We can use the energy released in the reactions of Problem 50, 
together with the 17.6 MeV released in the reaction described in this problem, to find the 
energy released using 5 2 H nuclei. Finding the number of D atoms in 4 L of F^O, we can 
then find the energy produced if all of the 2 F1 nuclei undergo fusion. 

Find the energy released using 5 2 FT Q = 3.27 MeV + 4.03MeV + 17.6MeV 

nuclei: =24.9 MeV 
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The number of H atoms in 4 L of 
H 2 0 is: 


N h =2 


m 


H,0 


18g/mol 


AC 


Substitute numerical values and evaluate Na- 


N h =2 


4kg 1 (6.02 x 10 23 atoms/mol) = 2.676 x 10 
18g/mol J 


The number of D atoms in 4 L of 
H 2 0 is: 


N d =(i.5x10" 4 )a^ h 

= (l.5xl0~ 4 )(2.676xl0 26 ) 
= 4.01xl0 22 


The energy produced is given by: 


E^Q 

5 


Substitute numerical values and 
evaluate E: 


E = 4 - 01xl ° (24.9 MeV) 


= 1.997 xlO 23 MeV x 


1.60x10 19 J 


eV 


3.20x 10 10 J 


*54 ••• 

Picture the Problem We can use the conservation of momentum and the given Q value 
to find the final energies of both the 4 He nucleus and the neutron, assuming that the 
initial momentum of the system is zero. 


Apply conservation of energy to 
obtain: 

Apply conservation of momentum 
to obtain: 

Solve equation (2) for v He : 


2 

Substitute for v He in equation (1): 


18.6 MeV = im He v He + \m n v; 
= K He +K n 


'Vue +m n v n = 0 


( 1 ) 

( 2 ) 


V He = — 


m 


vL = 


f \ 

m„ 


He 


e7 


18.6 MeV = \m 


( \ 2 

m 


2 '"He 


v"W 


V n + 2 W n V n 


or 
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Solve for K n : 


Substitute numerical values for m n 
and 7 nn e and evaluate K n : 


Use equation (1) to find K ae : 


18.6MeV = \m n v 2 n 


1 + 


m„ 


\ 


m 


He J 


= K„ 


r \ 

1 + -^ 


V 


m 


He J 


K = 


18.6MeV 


1 + 




m 


He 




18.6MeV 
~ | 1.008665 u 

+ 4.002603 u 


14.86 MeV 


if He =18.6MeV-/6 n 

= 18.6MeV-14.86MeV 
= 3.74 MeV 


55 ••• 

Picture the Problem Adding the three reactions will yield their net effect. We can use 
(Am)c 2 to find the rest energy released in the cycle and find the rate of proton 
consumption from the ratio of the sun’s power output to the released per proton in fusion. 


(a) Add the three reactions to obtain: 


*H + 'H + *H + 2 H + *H + 3 He 2 H + J3 + + v e + 3 He + /+ 4 He + p + + v e 


Simplify to obtain: 


4'H—» 4 He + 2j3 + +2 v e +y 


(b ) Express the rest energy released (A in)c 2 = (4/77 p - m a - 4m e )c’ 

in this cycle: 

Use Table 40-1 to find the masses of the participants in the reaction and evaluate (A m)c 2 : 

(A m)c 2 = [4(1.007825 u)-4.002603 u]c 2 x 93L5MeV/c — 4 ( 0.5 llMeV) 

u 


24.7MeV 
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(c) Express the rate R of proton 
consumption: 


Find N, the number of protons in the 
sun: 


The energy released per proton in 
fusion is: 



where E is the energy released per proton 
in fusion. 

N i(l.99xl0”kg) 

m p 1.67xl0~ 27 kg 

= 5.96x 10 56 

where we have assumed that protons 
constitute about half of the total mass of 
the sun. 


E =|(26.7 MeV) = 6.675 MeV 


= 6.675 MeVx 


1.60x10 J 
eV 


= 1.07x10 12 J 


Substitute numerical values in 
equation (1) and evaluate R: 


4xlQ 26 W 
1.07x10 12 J 


3.74x10 3 V 


The time T for the consumption of 
all protons is: 


_N_ 5.96xl0 56 
~ R~ 3.74x10 3S s _1 

= 1.59x10 18 sx-^- 

31.56Ms 

= 5.04x 10 10 y 


General Problems 

56 • 

Picture the Problem We can use the values of k, e, h, and c and the appropriate 
conversion factors to show that ke 1 = 1.44 MeV-fm and he = 1240 MeV-fm 

(a) Evaluate ke 2 to obtain: 

ke 2 = (8.99 x 10 9 N • m 2 / C 2 )(l .60 x 10 19 cf = 2.307 x 10 28 N • m 2 

1 eV 

= 2.307 x 10 28 J • m x-- = 1.44 x 10 9 eV • m 

1.60x10 19 J 

lfm IMeV 

10 15 m X 10 6 eV 


= 1.44 x 10 9 eV-mx 


1.44 MeV • fm 
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( b ) Evaluate he to obtain: 


he = (6.63 x 1 0 34 J • s)(3 x 1 0 8 m/s) = 1.99 x 10 25 J • m 

leV 


= 1.99x10 25 J-rnx 


1.60x10 19 J 


= 1240x10“" eV-m 


= 1240x10 3 eV■ mx 


lfm IMeV 


10 15 m 10 6 eV 


1240 MeV -fm 


*57 • 

Picture the Problem We can use the given information regarding the half-life of the 
source to find its decay constant. We can then plot a graph of the counting rate as a 
function of time. 

The decay constant is related to the 
half-life of the source: 

The activity of the source is given 
by: 

The following graph of R = (6400 Bq)e ~( 0 0693s )' was plotted using a spreadsheet 
program. 


A = 


ln 2 ln 2 


6/2 10 s 


0.0693s“ 


R = R 0 e = (6400Bq)e“ 


10.0693 U 


7000 - 

6000 - 

5000 














'-v 4000 






CQ 












1000 






0 - 






1 

0 2 

0 3 

t 

0 40 50 6 

s) 

0 


58 • 

Picture the Problem The energy needed to remove a neutron is given by 
Q = (A m)c 2 where Am is the difference between the sum of the masses of the reaction 
products and the mass of the target nucleus. 
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(a) The reaction is: 

The masses are (see Table 40-1): 

Calculate the final mass: 

Calculate the increase in mass: 

Calculate the energy Q needed to 
remove a neutron from 4 He: 

(. b ) The reaction is: 

The masses are (see Table 40-1): 

Calculate the final mass: 


4 He + Q= 3 He + n 
m, = 4.002603 u 

He 

m 3 =3.016029 u 

He 

m n = 1.008665 u 

m f =3.016029 u-l-1.008665 u 
= 4.024694 u 

Am = m f - m i 

= 4.024694 u-4.002603 u 
= 0.022091 u 

Q = (Arn)c 2 

= (0.022091u)c 2 f931.5 MeV/c 

l u 

= 20.6MeV 

7 Li + Q= 6 Li + n 

m 7| | = 7.016004 u 
m 6u = 6.015122 u 
m n = 1.008665 u 

m f =6.015122 U + 1.008665 u 
= 7.023787 u 


Calculate the increase in mass: 


Calculate the energy Q needed to 
remove a neutron from 4 He: 


Am = m { - m 

= 7.023787 u-7.016004 u 
= 0.007783 u 

Q = (A m)c 2 

= (0.007783u)c{ 93L5MeV/c2 l 

l lu ) 

= 7.25 MeV 
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59 • 

Picture the Problem The maximum kinetic energy of the electron is given 
by^max =Q = (mu c -m u Jc 2 . 


The maximum kinetic energy of the 
electron is the Q value for the 
reaction: 

Find the mass of each atom from 
Table 40-1: 

Calculate Am = m l4( , - m ,, N : 


^max = Q = (w Mc ~m u Jc 2 

m li( = 14.003242 u 
m, 4 N = 14.003074 u 

Am = 14.003242 u -14.003074 u 
= 0.000168u 


Calculate the maximum kinetic 
energy of the electron: 


Q = ( Am)c 2 
= (0.000168u)c 


931.5 


MeV/c 


u 


2 A 


156 keV 


60 • 

Picture the Problem We can use the definition density to find the radius of the neutron 
star. 


Relate the mass of the neutron star 
to the mass of the sun M, the 
volume V of the star and the nuclear 
density p\ 

Solve for R: 


In Problem 20 it was established 
that: 


M = pV = \npR^ 

where R is the radius of the star. 


S-,™ 

\ 4 np 

p = 1.174x 10 17 kg/m 3 


,n 

l(l.99xl0 30 kg) 

1 

\4x(l 

L174x 10 17 kg/m 3 ) 


15.9km 


Substitute numerical values and 
evaluate R: 
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*61 •• 

Picture the Problem We can show that 109 Ag is stable against alpha decay by 
demonstrating that its Q value is negative. 

The Q value for this reaction is: 


Q = -[( m Ru+ m a)~ m A g ] 


931.5 


MeV/c 


2 A 


u 


Substitute numerical values and evaluate Q: 

Q = -[(4.002603 u +104.905250 u)-108.904756 u](931.5MeV/u) 
= -2.88 MeV 


Remarks: Alpha decay occurs spontaneously and the Q value will equal the sum of 
the kinetic energies of the alpha particle and the recoiling daughter nucleus, 

Q = K a + K d . Kinetic energy cannot be negative; hence, alpha decay cannot occur 
unless the mass of the parent nucleus is greater than the sum of the masses of the 
alpha particle and daughter nucleus, m p > m a + m D . Alpha decay cannot take 
place unless the total rest mass decreases. 

62 •• 

Picture the Problem We can use £ threshold = hf tbieshold = he/ /t lhreshold , where ^threshold is 
the binding energy of the deuteron, to find the threshold wavelength for the given nuclear 
reaction. 

Express the threshold energy of the 
photon: 

Solve for the threshold wavelength: 

^ threshold 


= hU 


he 


^threshold 'V threshold 


k 


threshold 


k 


he 


'threshold 


(i) 


The threshold energy equals the binding energy of the deuteron: 


^threshold = E B= [ ffl D - K + f n n )] C 2 


931.5 MeV/c 2 


u 


Substitute numerical values and evaluate E lh , the energy that must be added to the 
deuteron that will cause it to fission: 


threshold = [2.014102 u-(1.007825 u+ 1.008665 u)](931.5 MeV/u) 


= -2.22 MeV x 


1.60x10 


-19 


eV 


- = -3.55x10 13 J 
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Substitute numerical values in 
equation ( 1 ) and evaluate threshold: 


A 


threshold 


(6.63xlQ- 34 J-s)(3.00xl0 8 m/s) 

3.55xlCT 13 J 


5.60x10 13 m = 


0.560pm 


63 • 

Picture the Problem The activity of a radioactive source is the product of the number of 
radioactive nuclei present and their decay constant. 


The activity of the isotope 40 K in the 
student is: 


R = N 40 A = N40 ln2 


t 


1/2 


( 1 ) 


Find N, the number of K nuclei in N - 0 0036 m ^ A 

the student: M 

where m is the mass of the student and M 
is the atomic mass of K. 


Substitute numerical values and evaluate N: 

N = 0.0036 ( 60 k g )( 6 02xl ° 2i nuclei/mol) = 3 326x 1qM 
39.098 g/mol 


The number N 40 of 40 K nuclei in the 
student is the product of the relative 
abundance and the number of K 
nuclei in the student: 


N 40 = Relative abundance x N 
= (l .2 x 10 ~ 4 )(3.326 x 10 24 ) 
= 3.991xl0 20 


Substitute numerical values in 
equation (1) and evaluate R: 


R = 


(3.991xlQ 20 )ln2 


1.3x10 yx 


9 31.56Ms 


y 


6.74x 10 Bq 


64 •• 

Picture the Problem We can find the energy released in the reaction J3 + + /? —> Q by 

recognizing that a total of 2 electron masses are converted into energy in this 
annihilation. 

The energy released when a q = ]7 = 2 m c 2 

positron-electron pair annihilate is 
given by: 

Substitute numerical values and evaluate Q : 
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^ = 2(9.11 x 10 31 kg)(3 x 10 8 m/s) 2 


1.64x10 13 Jx 


leV 

1.60x10 19 J 


1.02 MeV 


65 •• 

Picture the Problem We can use the fact that, after n half-lives, the decay rate of the 24 Na 
isotope is R = (y)" R 0 , where R<> is its decay rate at t = 0. 


The counting rate after n half-lives is 
related to the initial counting rate: 

Divide both sides of the equation by 
the volume V of blood in the patient: 

We’re given that n = 2/3, 

Rq = 600 kBq, and, after n half-lives, 
the decay rate per unit volume is 60 
Bq/mL: 

Solve for and evaluate V: 


M j)"K 


60 Bq/mL = (|) 2,J t^t2a 


V = (if 3 6 °° kBq =6.30xl0 i mL 
V2/ 60 Bq/mL 

- 6.30L 


*66 •• 

Picture the Problem We can solve this problem in the center of mass reference frame for 
the general case of an a particle in a head-on collision with a nucleus of atomic mass Mu 
and then substitute data for a nucleus of 197 Au and a nucleus of 10 B. 


In the CM frame, the kinetic energy 
is: 


At the point of closest approach: 


y _ ^ lab 

^CM 


K 


lab 


1 + 


M 


1 + 


4u 

M 


^CM — 


kq x q 2 _ k(2e)(Ze) _ ke 2 2Z 


R„ 


R„ 


R„ 


or, because ke " = 1.44 MeV-fm, 
(1.44 MeV •fm)(2Z) 


^CM — 


R„ 


= 


(l. 44 Me V • fm) (2Z) 


K, 


CM 


Solve for R mm to obtain: 


( 1 ) 
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(a) Neglecting the recoil of the 
target nucleus is equivalent to 
replacing K CM by K Ub . Evaluate 
equation (1) for 197 Au: 

Evaluate equation (1) for 10 B: 


(b) Find K cM for the 197 Au nucleus: 


Substitute numerical values in 
equation (1) and evaluate A min : 


Find K C m for the 10 B nucleus: 


Substitute numerical values in 
equation (1) and evaluate R mm : 


R 


(l.44MeV-fm)(2x79) 
8MeV 

28.4 fm 


R 


(l .44 MeV -fm)(2x 5) 
8MeV 

1.80 fin 


-^CM — 


8 MeV 


1 + 


4u 

197u 


7.841 MeV 


_ (l.44MeV-fm)(2x79) 
min ~ 7.841 MeV 

= 29.0 fm 

Note that this result is about 2% greater that 
R mm calculated ignoring recoil. 




8 MeV 


1 + 


4u 

lOu 


5.714MeV 


_ (l.44MeV-fin)(2x5) 
min ~ 5.714MeV 

= 2.52fm 

Note that this result is about 40% greater 
that R mm calculated ignoring recoil. 


67 •• 

Picture the Problem The allowed energy levels in a one-dimensional infinite square well 


are given by Equation 35-13: E n = n‘ 


f _k^ 

v 8 mL j 
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(a) The lowest energy of a nucleon 
of mass 1 u in the well corresponds 
to n = 1: 



(6.63x10 34 J-s] 

I 2 

8(lu)( 

1.66x10 27 kg/u)(3fm) 2 


= 3.678xl0~ 12 Jx 


leV 


1.60x10 19 J 


23.0 MeV 


( b ) Because neutrons are fermions, there can be only two per state: 

E = 2 (E 1 +E 2 +E i +E 4 +E 5 +E 6 )= 2(e i +2 1 E 1 + 3 2 E, +4 2 E { + 5 2 E l +6 2 E { ) 


= 182£, =182(23.0MeV) = 


4.19GeV 


(c) Find E for 4 protons and 4 neutrons: E = 4 (E x + E 2 + E 3 ) = ^{e x + 2 E } +3 E x ] 

= 56£, =56(23.0MeV) = 


1.29GeV 


68 •• 

Picture the Problem We can apply BE = 
energies and the binding energies/bond. 

(a) Find the binding energy BE for 
this model: 


(A m)c 2 to the model to find the binding 

BE = (4 m a -m l6o )c 2 

= [4(4.002603 u)-15.994915 u]c 2 
= (0.015497 u)c 2 


There are 6 bonds for the regular 
tetrahedron: 


(b ) l2 C has 3 pairwise a particle 
bonds. Find the total BE for 12 C 
with this model: 


BE 

bond 


iBE = |(0.015497u)c 2 


i(0.015497u)c 2 


931.5MeV/u 

x--- 


2.406MeV 


Be( 12 C) = 3 x BE( 4 He)+ 3(2.406 MeV) 


Calculate BE( 4 Fle): 
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BE( 4 He)= [2 (m p + m a )-m ilie \c 2 

= [2(l .007825u +1.008665u)- 4.002603u]c 2 x 93L5MeV/c 

u 

= 28.30MeV 


Substitute numerical values and evaluate Be( p C): 


BE( 12 c) = 3(28.30 MeV) + 3(2.406 MeV) = 


92.1MeV 


Use Table 40-1 to find Be( i2 c): 

Be( 12 c)= [6(m v +m n )-m llc ]c 2 

= [6(l .007825 u +1.008665 u)-12.000000 u]c 2 x 93L5MeV/c 

u 

= 92.2 MeV 

Note that this result is good agreement with the model. 


69 •• 

Picture the Problem We can separate the variables in the differential equation dNtdt = 
R p - AN and integrate to express N as a function of t. When dN/dt * 0 ,R P - AN X = 0, a 
condition we can use to find N a0 . 

(a) Separate the variables in the dN _ ^ 

differential equation to obtain: R — AN 


Integrate the left side of the equation 
from 0 to N and the right side from 
0 to t to obtain: 


dN' 


iXp-w 



Let u = R p - AN’. Then: 


du = -AdN' 
and 


dN' 


R-AN' A J u A 


0 “p 


. f du 1 . 

=-— =-li \u 

l u * 

=-4' n K-'W) 


A 


A 

= —In 
A 


fln(ff -*v)+iln(s) 


A 


R_ 


y R v -ANj 
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t 

Because \dt' = t : 

-In 

f R ) 

p 

J 

0 

A 

{ r p -mJ 


= t 


Solve for N to obtain: 


X 


The following graph of N(t) = (Rp/A)( 1 —e was plotted using a spreadsheet 
program. Note that N(t) approaches RJ A in the same manner that the charge on a 
capacitor approaches the value CV. 



(b ) When dN/dt = 0: 


R p -AN x =0^N x 



The decay constant is: 


A = 


In 2 


l l/2 


Substitute for A to obtain: 


N = 


_ R P 


In 2 


b/2 


Substitute numerical values and 
evaluate N x : 


N 


100s -1 
In 2 


f 

10 minx 

v 


60 

min j 


8.66x 10 4 
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*70 •• 

Picture the Problem The mass of 235 U required is given by m 235 = ——M 235 , where 

■”A 

M 235 is the molecular mass of 235 U and N is the number of fissions required to produce 
7.0xl0 19 J. 


Relate the mass of 235 U required to 
the number of fissions N required: 


Determine N: 


Substitute numerical values and 
evaluate N: 


iV A 


M 


235 


( 1 ) 


where M 735 is the molecular mass of 235 U 


77 

jy_ annual 


“'per fission 


N = - 


7.0xl0 19 J 


200 MeV x 
= 2.18xl0 30 


1.60x 10 J 
eV 


Substitute numerical values in equation (1) and evaluate W 235 : 


2.18x10 


30 


m 235 ~ ' 


6 . 02 x 10 "’"’ nuclei/mol 


(235g/mol)= 8.51xl0 5 kg 


71 •• 

Picture the Problem In the ground state of a one-dimensional infinite square well of 
length L the wavelength of a particle is 2 L. We can use de Broglie’s equation to find p for 
the particle and the relationship E 2 = E 3 + p 2 c 2 with E 0 «pc to show that E ~ pc. 


(a) In the ground state of a one¬ 
dimensional infinite square well of 
length L: 

(b ) Use de Broglie’s relation to 
obtain: 

Substitute numerical values and 
evaluate p: 

(c) Relate the total energy of the 
electron to its rest energy and 


A = 2L = 2(2 fm) 


4.00 fm 


h _ he 
A Ac 


1240eV ■nm 
(4fm)c 


310MeV/c 


t> 2 r , 2 2 2 

E — Eq + p c — 


2 2 

p c 


1 + 


V 


2 2 

p C 


\ 
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momentum: 
Because E 0 «pc: 


2 2 

p C 


=> E* 


pc 


(d) The kinetic energy of an electron 
in the ground state of this well is 
given by: 


K 


E - E 0 « E = pc 
(310MeV/c)c = 


310MeV 


72 •• 

Picture the Problem When a single proton is removed from a 12 C nucleus, a n B nucleus 
remains and we can use Q = A me 2 to determine the minimum energy required to remove 
a proton. 

The nuclear reaction is: n Q _|_ ^B+jH 


The minimum energy Q required is: 


Q = (i 


= \m„ B +/W, H ~ m a c) 


Substitute numerical values and evaluate Q: 


Q = [(ll.009306u + 1.007825u)-12.000000u]| 


931.5 MeV 


u 


16.0MeV 


*73 — 

Picture the Problem The momentum of the electron is related to its total energy through 
E 2 = p 2 c 2 + Eq and its total relativistic energy E is the sum of its kinetic and rest 

energies. 

(a) Relate the total energy of the E 2 = p 2 c 2 + El (1) 

electron to its momentum and rest 

energy: 

The total relativistic energy E of the E = K + E 0 

electron is the sum of its kinetic 
energy and its rest energy: 

Substitute for E in equation (1) to ( K + E (t ) 2 = p 2 c 2 + E\ 

obtain: 

Solve for p: Jk(K + 2E 0 ) 

P = ~ - 

c 


Substitute numerical values and evaluate p: 
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7(0.782 MeV)(0.782 MeV + 2x0.51 IMeV) 

c 


1.188MeV/c 


( b ) Because p p = -p c : 


Substitute numerical values (see 
Table 7-1 for the rest energy of a 
proton) and evaluate K p : 

(c ) The percent correction is: 



K 0.782MeV 


74 ••• 

Picture the Problem Conservation of momentum and conservation of energy allow us to 
find the final velocities. Because the initial kinetic energy of the nucleus is zero, its final 
kinetic energy equals the energy lost by the neutron. 

(a) Apply conservation of (/« + M )V = mv L 

momentum to the collision to 

obtain: 


Solve for V: 


V = 


mV L 

m + M 


(b) In the CM frame, Vm\ = V and so: 
In the CM frame, V\ = -V, and so: 

(c) Use conservation of momentum 
to obtain one relation for the final 
velocities: 

The equality of the initial and final 
kinetic energies provides a second 
equation relating the two final 
velocities. This is implemented by 
equating the speeds of recession and 
approach: 




mv L = mv f + MV M{ 


( 1 ) 


V M f- V f =-(^Mi- V L) = 0 + 1 
and so 


V f = V Mf- V L 
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To eliminate Vf, substitute in mv L = m(V Mr — v L ) + MV Mf 

equation (1) : 


Solve for V M f- 


V, 


Mi 


2m 

M + m 


(d) The kinetic energy of the 
nucleus after the collision in the 
laboratory frame is: 

Substitute for V M( and simplify to 
obtain: 


K = 1 MV 

iv M 2 1V1V Mi 


K 


Mf 


f 

= \M 

V 


2 m 

M + m 


V 

J 


4 mM 
(M + m\ 



( e ) The fraction of the energy lost by the neutron in the elastic collision is given 
by: 


A E 
E 


4mM L 

-K m {M + mr VnVh} 4 mM 

j mv[ 2 mvl (M + mf 




4m 


4 mM 


M 


, , 2 r, m ^ 

M 1 + — 

l M) 

2 

f m ^ 
l Mj 

2 


75 — 

Picture the Problem We can use the result of Problem 74, part (e), to find the fraction 
f = E { /Eq of its initial energy lost per collision and then use this result to show that, 

after N collisions, E = (0.1\4) N E a . 


(a) Determine / = E f /E 0 per 
collision: 

From Problem 74, part (e): 


j. _ E 0 - AE _ ^ AE 


A E 


4m 


f V 

, m ' 

1 + 


M 


V Mj 


f = 1- 


4m 


f m ^ 

1 + 


M 


M j 


Substitute for AE/E 0 in the 
expression for/to obtain: 


V 
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Substitute numerical values and 
evaluate fi 


After N collisions: 

( b ) Solve equation (1) for A: 


Substitute numerical values and 
evaluate N : 


/ = 1 - 

12.000000u 

= 0.714 


4(l .008665 u) 


1 + 


1.008665U 

12.000000u 


B«=f“E 0 = (0.714)* is, 


In 


C v A 

" JN 


N = 


p 


ln(0.714) 


( 1 ) 


In 


^0.02 eV^ 


N 


y 


2MeV 


ln(0.714) 


= 54.7 


55 head - on collisions are required to reduce the energy of the neutron 
from 2 MeV to 0.02 eV. 


76 ••• 

Picture the Problem We can use the result of Problem 74, part ( e ), to find the fraction 
f = E f /E 0 of its initial energy lost per collision. Note the difference between the energy 

loss per collision specified here and that of the preceding problem. In the preceding 
problem it was assumed that all collisions are head-on collisions. 

(a) Determine f = E f /E 0 per j. _ E 0 - AE _ ^ A E 

collision: E 0 E 0 


In a collision with a hydrogen atom: 


After N collisions: 

Solve equation (1) for N: 


— = 0.63 
E 0 

and so 
/ = 0.37 


fv=/x=(o.37;rf< 0 


(i) 


In 


f T7 A 
* JN 


N = 


p 

V A ; 

ln(0.37) 


( 2 ) 
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Substitute numerical values and 
evaluate N: 


0.02 eV^ 
v 2 MeV , 
I n (0.37) 


18.5 


19 head - on collisions with an atom of hydrogen are required to reduce the 
energy of the neutron from 2 MeV to 0.02 eV. 


(b ) In a collision with a carbon 
atom: 


Equation (2) becomes: 


Substitute numerical values and 
evaluate N : 


A E 


= 0.11 


and so 
/ = 0.89 


N = 


( e ^ 

In 

k ^0 J 

ln(0.89) 


In 


/ 0.02eV A 


N = - 


2 MeV 


ln(0.89) 


= 158 


158 head - on collisions with an atom of carbon are required to reduce the 
energy of the neutron from 2 MeV to 0.02 eV. 


*77 


Picture the Problem We can differentiate N B (t) = 


N in ;i 


A0 "A 


Ag A A 

to t to show that it is the solution to the differential equation 
dNe/dt = /-a/Va ~ 2-bVb. 


(e 1a ‘ -e A ' 


! ') with 


respect 


(a) The rate of change of N B is the rate of generation of B nuclei minus the rate of decay 
of B nuclei. The generation rate is equal to the decay rate of A nuclei, which equals 
A a N a . The decay rate of B nuclei is A B N B . 


-^L = A a N a -A b N b (1) 

at 

N B (t)= Nao ^ a ( g -W_ e -v) (2 ) 

Ag ~A A 

N A =N AO e~^ (3) 


( b ) We’re given that: 



















Nuclear Physics 1405 


Differentiate equation (2) with respect to t to obtain: 


-[jv b («)]= A '" 4 d 

dt 


[( e -v _ )] = [_ + ■ 


Ag ^'A 


4 4 


Substitute this derivative in equation (1) to get: 

■ [- + V~ V ] = 44u4 V - 4 


4-4 L 


A44 i 

4a* _ £ 'W 'I 

.4 ~4 

/ 


•^D - A 

Multiply both sides by-and simplify to obtain: 

44 


N 


4 


, ] 4 4 


AO [_ 4 g-V + V -V] = 4^A Naq6 -a a1 _ Nm ( ( 


4 


e Aa> — e ^ 


j N ao A a 


= N AO e^ At - e Kt - N^ Aa ’ + N^e 


4 


\ at ^ 

AO c- + tV A0 f 




4 


TV 


AO 


4 


[- 4 e 4f + 4 e . 


which is an identity and confirms that equation (2) is the solution to equation (1). 


If 4 > 4 the denominator and the expression in the parentheses are both 
negative for t > 0. If 4 < 4 the denominator and the expression in the 
parentheses are both positive for t > 0. 


(c) 
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(d) The following graph was plotted using a spreadsheet program. 



78 ••• 

Picture the Problem We can express the time at which the number of isotope B nuclei 
will be a maximum by setting dN^/dt equal to zero and solving for t. 


From Problem 77 we have: 


dN B 

dt 


= A k N A - /l b N b = 0 for extrema 


Replace A a /V a by A A N AO e Aa ' and 

^ -^AO'^'A [ -A. I -Anri 

N s by— A -e B ): 


^A-^A0 e 


—A A t 


A B Na ° Aa (e" v - ) = 0 

A% 


Simplify to obtain: 


Remove the parentheses and 
combine like terms to obtain: 


e ~A A t _ _ A B 


A b A a 


{Ar - A a )e 


(e v —e v )=0 
-A B (e XA ‘-e v )=0 


A A e 


-Ai 


' = V 




t = 


In Ub/4) 

Ab ~ A a 


Solve for t : 
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Remarks: Note that all we’ve shown is that an extreme value exists at 

In 

t = ———. To show that this value for t maximizes 7V B , we need to either 

~ ^ A 

1) examine the second derivative at this value for t, or 2) plot a graph of N B as a 
function of time (see Problem 77). 


79 ••• 

Picture the Problem We can show that, provided r A » r B , e ' A * —e « 1 and 

X X 

--— « — and, hence, that N B = (X a /Xb)Na. 

X B - X A X B 


We have, from Problem 77 (b): 


«„(<) 


|A, "'' -a (e -e ^') (1) 

~^A 


Because z A » r B : 

When several years have passed, 
because X A t « 1: 

Also, when X A « Xg : 


— X>A t —Xnt 1 

e A -e B «1 


_ K_ 
x B - x A x B 


( 2 ) 

( 3 ) 


Substitute (2) and (3) in (1) to 
obtain: 


«„(<)= 


X u 
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Chapter 41 

Elementary Particles and the Beginning of the Universe 

Conceptual Problems 


l 


Similarities 

Differences 

Baryons and mesons are hadrons, i.e., they 
participate in the strong interaction. Both 
are composed of quarks. 

Baryons consist of three quarks and are 
fermions. Mesons consist of two quarks 
and are bosons. Baryons have baryon 
number +1 or -1. Mesons have baryon 
number 0. 


2 

Determine the Concept The muon is a lepton. It is a spin-14 particle and is a fermion. It 
does not participate in strong interactions. It appears to be an elementary particle like the 
electron. The pion is a meson. Its spin is 0 and it is a boson. It does participate in strong 
interactions and is composed of quarks. 

*3 • 

Determine the Concept A decay process involving the strong interaction has a very short 
lifetime (~10 23 s), whereas decay processes that proceed via the weak interaction have 
lifetimes of order 1(T 10 s. 

4 

(a) True 

(b) False. There are two kinds of hadrons-baryons, which have spin j (or j,j, and so 
on), and mesons, which have zero or integral spin. 

5 

False. Mesons have zero or integral spins. 

6 • 

Determine the Concept A meson has 2 quarks, a baryon has 3 quarks. 

7 

Determine the Concept No; from Table 41-2 it is evident that any quark-antiquark 
combination always results in an integral or zero charge. 


1409 
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8 

(a) False. Leptons are not made up of quarks. 

( b ) True 

(c) False. Electrons are leptons and leptons interact via the weak interaction. 

(d) True 

(e) True 

*9 . 

Determine the Concept No. Such a reaction is impossible. A proton requires three 
quarks. Three quarks are not available because a pion is made of a quark and an 
antiquark and the antiproton consists of three antiquarks. 

Estimation and Approximation 

to •• 

Picture the Problem Assuming that the lifetime of a proton is 1 0 j2 y, one proton out of 
every 1 O ’ 2 protons should decay every year on average. Hence, we can estimate the 
expected time between proton-decays that occur in the water of a filled Olympic-size 
swimming pool by determining the number of protons N in the pool and dividing 10 32 y by 
this number. 


The mean time between 
disintegrations is the ratio of the 
lifetime of the protons to the number 
of protons N in the pool: 

The number of protons N in the pool 
is related to the mass of water in the 
pool M water , the molar mass of water 
m molar, water, and the number of 
protons per molecule n: 

Solve for N to obtain: 


^hnean 


10 32 y 
N 


( 1 ) 


N 




nN A 


m 


molar, water 


N = 


nN A M 


water 


m 


molar, water 


Because the mass of the water is the ^ ,7 ^AAvater^pooi 

product of its density and the m , 

1 J molar, water 

volume of the pool: 
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Substituting for N in equation (1) 
yields: 


Because each molecule of water has 
10 protons: 


a 1()32 y 

At =--- 

mea " ^AAvate/pool 

If] 

molar, water 

_ (l0 y)«molar, water 
^APwate/pool 

, „ protons 

n = 10- 

molecule 


Substitute numerical values and evaluate A t„ 


(l0 !2 y) 


A t = ■ 


18 


g .. lk g 


v m °l 10 gj 


" mean Protons v 


V 


molecule 


6.02x10 


23 


molecules 


V 


mol 


J 


10 3 ^||(l00m)(25m)(2m) 
m J 


= 0.0598y = 0.0598yx 


365.24d 

y 


21.8d 


11 • 

Picture the Problem We can use F em = kq ; mton />; 2 ucleus and F grav = Grn 2 pmlon /r n 2 cleus to 

estimate the ratio of the electromagnetic and gravitational forces between two protons 
located in a nucleus. 

The electromagnetic force between 
two protons located in a nucleus is 
given by: 

The gravitational force between 
these same protons is given by: 

Divide F em by F„ mv to obtain: 


y 

nucleus 


F„ 


^7proton 


' nucleus 


F _ Gm proton 
^gmv 2 

r nucleus 


H 


proton 




F r 

em 7 nucleus _ proton 

F grav Gm lrni 0 n ^proton 


Substitute numerical values and evaluate F e JF grm \ 
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F 


8.99xl0 9 


N-m 


2 A 


em _ V 


(l.60x 1(T 19 c) 2 


F, 


grav 


6.67x10 


-iiN-m 


2 A 


kg 2 


(l .67 x 10~ 27 kg) 2 


1.24x10 


36 


Spin and Antiparticles 

*12 • 

Picture the Problem We can use both conservation of energy and momentum to explain 
why the energies of the two y-rays must be equal. We can find the energy of each y-ray in 
Table 41-1 and find their wavelengths using A = hc/E. 


The initial momentum is zero; therefore, the final momentum must be 
zero. The momentum of a photon is E/c. To conserve both momentum 
and energy the two photons must have the same momentum magnitude. 
Hence, they have the same energy. 


(b) From Table 41-1: E = 

(c) The wavelength of each y ray is ^ _ he _ 1240MeV • fm 

given by: E E 


139.6MeV 


Substitute numerical values and 
evaluate A: 


1240 MeV - fm 
139.6MeV 


8.88fm 


13 • 

Picture the Problem In each case, the required energy is given by E = 2me 2 where m is 
mass of each particle produced in the pair-production reaction. These masses can be 
found in Tables 41-1 and 41-3. 


(a) For y —> n + + n : E = 2m n c = 2(l39.6MeV/c 2 )c 2 



= 279.2 MeV 

(b ) For y —> p + p : 

E = 2 m p c 2 = 2(938.3 M eV/c 2 )c 2 

= 1877 MeV 

(c) For y —» ju~ + /F: 

E = 2m y- = 2(l 05.659 M eV/c 2 )c 2 
= 211.3 MeV 
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The Conservation Laws 


14 • 

Picture the Problem We need to check for conservation of energy, charge, baryon 
number, and lepton number. 


(a) Energy conservation: 


Because m p < m n , energy 
conservation is violated. 


Charge conservation: 
+e —>0 + e + 0 = +e 


Because the net charge is + e before 
and after the decay, charge is 
conserved. 


Baryon number: 

+1 ->+l +0 + 0 = +l 


Because B is +1 before and after the 
decay, baryon number is conserved. 


Lepton number; electrons: 
0—>0 + 0 + 0 = 0 


Because L e = 0 before and after the 
decay, the lepton number for 
electrons is conserved. 


The process is not allowed because it violates conservation of energy. 


(b) Energy conservation: 


Because m n < m p + m _ , energy 
conservation is violated. 


Charge conservation: 
0 —» +e + (-e) = 0 


Because the net charge is 0 before 
and after the decay, charge is 
conserved. 


Baryon number: 
1 -» 1 + 0 = 1 


Because B = 0 before and after the 
decay, baryon number is 
conserved. 


Lepton number; electrons: 
0->0 + 0 = 0 


Because L = 0 before and after the 
decay, lepton number is conserved. 


Because energy is not conserved, this decay is not allowed. 
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Momentum conservation is violated; two (or more) y rays must be 
emitted to conserve momentum. 


(, d) Energy conservation: 


Energy is conserved. 


Charge conservation: 
+1 +(-!)-> 0 + 0 =0 


Because the net charge is zero 
before and after the decay, 
charge is conserved. 


Baryon number: 

+! + (-!)-> 0 + 0 =0 


Because B = 0 before and after the 
decay, baryon number is conserved. 


Lepton number; electrons: 
0—>0 + 0 + 0 = 0 


Because L e = 0 before and after the 
decay, the lepton number for 
electrons is conserved. 


Because none of the conservation laws are violated, this is an allowed process. 


(e) Energy conservation: 


Because m p > m n + ny , energy 
is conserved. 


Charge conservation: 
0 + 1 —> 0+1 =1 


Because the net charge is one 
before and after the decay, 
charge is conserved. 


Baryon number: 
0 + 1 -> 1 +0 =0 


Because B = 1 before and after the 
decay, baryon number is conserved. 


Lepton number; electrons: 
-1 +0 + 0 + (-!) = -! 


Because L e = — 1 before and after the 
decay, the lepton number for 
electrons is conserved. 


Because none of the conservation laws are violated, this is an allowed process. 
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15 • 

Picture the Problem The decay will occur via the strong interaction if strangeness is 
conserved. If AS = ±1, it will occur via the weak interaction. If S changes by more than 1, 
the decay will not occur. 

(a) List the strangeness of Q , E°, Q : S = -3 

and n~: E°: S = -2 

n:S = 0 


Determine AS: AS = -2 - (- 3) = 

Because AS = +1, the reaction can proceed via the weak interaction. 


+ 1 


( b ) List the strangeness of H°, p, n , 
and n °: 


Determine AS: 


h ° : s = -2 
p:S = 0 
n~:S = 0 
x°:S = 0 


AS = 0 - (- 2) 


+ 2 


Because AS = +2, the reaction is not allowed. 


(c) List the strangeness of A 0 , A 0 : S = -1 

p + , and n~: p + : S = 0 

n~:S = 0 


Determine AS: 


AS = 0 - (-1) 



Because AS = +1, the reaction can proceed via the weak interaction. 


16 • 

Picture the Problem The decay will occur via the strong interaction if strangeness is 
conserved. If AS = ±1, it will occur via the weak interaction. If S changes by more than 1, 
the decay will not occur. 

(a) List the strangeness of Q , A 0 , Q : S ~ -3 

and K”: A°:S = -1 

K:S = -l 


AS = —1 — 1 —(—3) = 


Determine AS: 


+ 1 
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Because AS = +1, the reaction can proceed via the weak interaction. 


( b ) List the strangeness of H°, p, and E°: S = -2 

n~\ p:S = 0 

n~\S = 0 


Detennine AS: 


AS = 0 - (- 2) 


+ 2 


Because AS = + 2, the reaction is not allowed. 


17 • 

Picture the Problem The decay will occur via the strong interaction if strangeness is 
conserved. If AS = ±1, it will occur via the weak interaction. If S changes by more than 1, 
the decay will not occur. 


(a) List the strangeness of Q , A 0 , 
v t , and e 


Detennine AS: 


Q :S = -3 
A°:S = -1 

vs=o 

e“: S = 0 


AS = -!-(-3) 


+ 2 


Because AS = + 2, the reaction is not allowed. 


( b ) List the strangeness of I + , p, and E + : S = -1 

p: S = 0 
/:S = 0 


Determine AS: 


AS = 0 - (-1) 



Because AS = +1, the reaction can proceed via the weak interaction. 


18 • 

Picture the Problem We can decide whether the given decays of the r particle are 
possible by determining whether energy conservation is satisfied and whether 
conservation of both the r and // lepton numbers is satisfied. 


The first decay is allowed. It satisfies energy conservation and conservation 
of both the r and // lepton numbers. 
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The second decay scheme is not allowed because it does not conserve z 
and // lepton numbers. 


(c) The total kinetic for the decay K tot = m r c 2 — m^c 2 

in (a) is: 


From Table 41-3 we have: 


Substitute numerical values and 
evaluate Ai tot : 


m T = 1784MeV/c 2 
and 

m M = 105.659MeV/c 2 

K tot = (l784MeV/c 2 )c 2 -(l06MeV/c 2 )c 2 
= 1678 MeV 


Remarks: Note that the kinetic energy of the individual decay products cannot be 
determined from the decay scheme alone. 


19 •• 

Picture the Problem Examination of the decay products will reveal whether all the final 
products are stable. A decay process is allowed if energy, charge, baryon number, and 
lepton number are conserved. 


(a) No; the neutron is not stable: 

( b ) Add the reactions to obtain: 


n—»p + +e +v e 


Q —> p + + e + + 3e +v e + 3v e + 2v fi + 2v fi 


(c) Charge conservation: 

— 1 —> 1 + 1 — 3 + 0 + 0 + 0 + 0 = —1 


Because Q = -1 before and after 
the decay, charge is conserved. 


Baryon number: 

1—>l+0 + 0 + 0 + 0 + 0 + 0= l 


Because B = 1 before and after 

the decay, baryon number is conserved. 


Lepton number: 

0->0-l + 3 + 1 — 3 — 2 + 2 = 0 


Because L e = 0 before and after 
the decay, the lepton number for 
electrons is conserved. 
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Strangeness: 
-3 —» 0 


Strangeness is not conserved. However, 
in each baryon decay AS = +1, and 
each decay is allowed via the weak 
interaction. 


*20 •• 

Picture the Problem A decay process is allowed if energy, charge, baryon number, and 
lepton number are conserved. 


(a) Energy conservation: 


Because m n > 2m T +2m , energy 
conservation is not violated. 


Charge conservation: 
0^+1 +(-!) + 0 + 0 = 0 


Because the total charge is 0 before 
and after the decay, charge is 
conserved. 


Baryon number: 

1 —»0 + 0 + 0 + 0 = 0 


Because baryon number changes 
from +1 to 0, conservation of baryon 
number is violated. 


Lepton number: 

0->0 + 0 + 1 + (- l ) =0 


Because L = 0 before and after 
the decay, the lepton number for 
muons is conserved. 


The process is not allowed because it violates conservation of baryon number. 


(b ) Energy conservation: 


Because > 2m e , energy 
conservation is not violated. 


Charge conservation: 
0->+l +(-!) + 0 + 0 = 0 


Because the total charge is 0 before 
and after the decay, charge is 
conserved. 


Baryon number: 
0->0 + 0 + 0 + 0 = 0 


Because B = 0 before and after the 
decay, the baryon number is 
conserved. 
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Lepton number: 

00 + 0 + 0 + 0 = 0 


Because L e = 0 before and after the 
decay, the lepton number is conserved. 


The decay satisfies all conservation laws and is allowed. 


Quarks 

21 • 

Picture the Problem For each quark combination we can determine the baryon number 
B, the charge Q, and the strangeness S and then use Table 41-1 to find a match and 
complete the following table. 



Combination 

B 

0 

s 

hadron 

(a) 

iiud 

1 

+1 

0 

+ 

P 

(b) 

udd 

1 

0 

0 

n 

(c) 

uus 

1 

+1 

-1 

E + 

(d) 

dds 

1 

-1 

-1 


(e) 

uss 

1 

0 

-2 

~ 0 

00 

dss 

1 

-1 

-2 



22 • 

Picture the Problem For each quark combination we can determine the baryon number 
B, the charge Q, and the strangeness S and then use Table 41-1 to find a match and 
complete the following table. 



Combination 

B 

0 

5 

hadron 

(a) 

ud 

0 

+1 

0 

+ 

7T 

(b) 

ud 

0 

-1 

0 

n 

(c) 

us 

0 

+1 

+1 

Kd 

(A 

us 

0 

-1 

-1 

K 


23 • 

Determine the Concept From Table 41-2 we see that to satisfy the conditions of charge = 
+2 and zero strangeness, charm, topness, and bottomness, the quark combination must be 
uuu. 

24 • 

Picture the Problem Because K + and K° are mesons, they consist of a quark and an 
antiquark. We can use Tables 41-1 and 41-2 to find combinations of quarks with the 
correct values for electric charge, baryon number, and strangeness for these particles. 
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(a) For K + we need: Q = +\ 

5 = 0 
S =+1 


A combination of quarks with these properties is 


us. 


(b ) For K° we need: 


Q = o 

B = 0 


5 = +1 


A combination of quarks with these properties is 



25 • 

Determine the Concept Because D + and D are mesons, they consist of a quark and an 
antiquark. 


(a) B = 0, so we must look for a combination of quark and antiquark. Because it has 
charm of+1, one of the quarks must be c. Because the charge is +e, the antiquark must be 
d. The possible combination for D + is 


cd. 


(b ) Because D is the antiparticle of D + , the quark combination is 



26 • 

Picture the Problem We can use Tables 41-1 and 41-2 to find combinations of quarks 
with the correct values for electric charge, baryon number, and strangeness for these 
particles. Because K~ and K 0 are mesons, they consist of a quark and an antiquark. 

(a) For K~ we need: Q = -1 

5 = 0 
S = -1 


A combination of quarks with these properties is 


us. 


(b ) For K° we need: 


0 = 0 
5 = 0 
S = -1 


A combination of quarks with these properties is 
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Remarks: An alternative solution could take advantage of our results in Problem 20 
for the antiparticles K + and K°. 


*27 •• 

Picture the Problem Because A 0 , p“, and IT arc baryons, they are made up of three 
quarks. We can use Tables 41-1 and 41-2 to find combinations of quarks with the correct 
values for electric charge, baiyon number, and strangeness for these particles. 

(a) For A 0 we need: Q = 0 

B = +1 
S = -1 


The quark combination that satisfies these conditions is 


uds. 


(b ) For p " we need: 


Q = -1 
B = -1 
5= +1 


The quark combination that satisfies these conditions is 


uud. 


(c) For E we need: 


Q = -1 

B = +1 


S =-1 


The quark combination that satisfies these conditions is 


dds. 


28 •• 

Picture the Problem Because n , H°, and E + are baryons, they are made up of three 
quarks. We can use Tables 41-1 and 41-2 to find combinations of quarks with the correct 
values for electric charge, baryon number, and strangeness for these particles. 

(a) For n we need: Q = 0 

B = -1 
5 = 0 


The quark combination that satisfies these conditions is 


udd. 


(b ) For 5° we need: 


Q = o 

B = +1 
5=-2 
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The quark combination that satisfies these conditions is 


uss. 


(c) For E + we need: 


Q = +1 

B = +\ 
S =-1 


The quark combination that satisfies these conditions is 


uus. 


29 •• 

Picture the Problem Because Q and E“are baryons, they are made up of three quarks. 
We can use Tables 41-1 and 41-2 to find combinations of quarks with the correct values 
for electric charge, baryon number, and strangeness for these particles. 


(a) For Q we need: 


Q = -1 

B = +1 


5=-3 


The quark combination that satisfies these conditions is 


sss. 


(b) For E we need: 


Q = -1 

B = +l 


S=—2 


The quark combination that satisfies these conditions is 


ssd. 


30 •• 

Picture the Problem We can use Table 41-2 to identify the properties of the particles 
made up of the given quarks. 


(a) For ddcl: 


(. b ) For lie : 


Q = 

B = 
S = 


-1 


+ 1 


Q = 


B = 


S = 


0 

¥ 

o" 



charm = 
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(c) For ub : 


(i d) For sss : 


Q = 





bottomness = 



Q = 

B = 
S = 


+ 1 


-1 


+ 3 


The Evolution of the Universe 


*31 • 

Picture the Problem We can use Flubble’s law to find the distance from the earth to this 
galaxy. 

The recessional velocity of galaxy is v = Hr 

related to its distance by Hubble’s 

law: 


Solve for r. v 

r = — 

H 

(0.025)c _ (0.025)(3xlQ 5 km/s) 
23 km/s 23 km /s 

10 6 c-y 10 6 c-y 

3.26xlO s c-y 


Substitute numerical values and 
evaluate r. 


32 • 

Picture the Problem We can use Hubble’s law to find the speed of the galaxy. 

The recessional velocity of galaxy is v = Hr 

related to its distance by Hubble’s 

law: 

Substitute numerical values and evaluate v: 



f 23 km/s^| 


V = 


(12x10 c-y) 


o 

0 

O 

V 


3.00x 10 km/s 


0.920c 
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33 •• 


Picture the Problem We can substitute for/' and/o, using v =fA, in Equation 39-166 to 


show that the relativistic wavelength shift is A' = A 0 


1 + v/c 
1 -v/c 


From Equation 39-166: 


/ = 


/o 


jl-v/c 
\ 1 + v/c 


Express/' and f 0 in terms of A' and 
Zq\ 



and /„ = 


c 



Substitute for/' and f Q to obtain: 


Solve for A': 


c 

1-v/c 

A 0 ]l 

1 + v/c 


ll + v/c 
1-v/c 


*34 •• 


Picture the Problem Using Hubble’s law, we can rewrite the equation from Problem 31 


as 


A' = /L 


l l + Hr/c 
VI -Hr/c ' 


From Problem 33 we have: 


A' = A n 


jl + v/c 
V 1-v/c 


Use Hubble’s law to relate v to r: v = Hr 


Substitute for v to obtain: 


A' = A n 


1 + Hr/c 
l-Hr/c 


(a) For r= 5xl0 6 c-y: 


A' = 656.3 nm 


1 + 

23 k m/s 1 


(5 x 10 6 c • y) 

1 10 6 c•y ) 

I 

3x10" km/s) 

1- 

23 krn/s 


(5 x 10 6 c • y) 

[l0 6 c-yj 

i 

3 x 10 s km/s) 


656.6 nm 


(b) For r = 50 xlO 6 c-y: 





























Elementary Particles and the Beginning of the Universe 1425 


A' = 656.3 nm 


(c) For r = 500 xlO 6 c- y: 


A' = 656.3nm 


(d) For r = 5xl0 9 c- y: 


A' = 656.3 nm 


1+ 

23 km/s^ 

(50xl0 6 c-y) 

UOVyJ 

(3xl0 5 km/s) 

J 1 - 

23km/s^ 

(50xl0 6 c-y) 

V10 6 c-y J 

(3xl0 5 km/s) 

1+ 

23km/s^| 

,500xl0 6 c-y) 

10 6 c-yJ 

3xl0 5 km/s) 

‘-l 

23 km/s^l 

500x 10 6 c■y) 

o 

OS 

o 

(3xl0 5 km/s) 

1+ 

23km/s^ 

(5xl0 9 c-y) 

110 6 c-y J 

(3xl0 5 km/s) 

1- 

^23 km/s 

5xl0 9 c-y) 

V10 6 c-y J 

(3xl0 5 km/s) 


658.8nm 


682. Onm 


983.0 nm 


General Problems 

35 • 

Determine the Concept 

(a) It must be a meson, and it must consist of a quark and its antiquark. 

(. b ) The 7? is its own antiparticle. 

(c) The S 0 is a baryon; it cannot be its own antiparticle; the antiparticle is the 
H° = uss. 


36 •• 

Picture the Problem Examination of the decay products will reveal whether all the final 
products are stable. A decay process is allowed if energy, charge, baryon number, and 
lepton number are conserved. 


(a) 


Yes, the final products are stable. 


( b ) Add the reactions to obtain: 
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E° ->p + + e“+v e +v /l +v /l +2 y 


(c) Charge conservation: 
0 —» e + + e~ = 0 


Charge is conserved. 


Baryon number: 
1 -» 1 + 0 = 1 


Baryon number is conserved. 


Lepton number: 

0 —> 0+1 — 1 + 1 — 1 = 0 


Lepton number is conserved. 


Strangeness: 
-2 —» 0 


Strangeness is not conserved. However, 
the reaction is allowed via the weak 
interaction because in the first two 
decays AS = +1. 


No; the rest masses of the decay products would be greater than the rest 

(d) 

mass of the H , violating energy conservation. 

*37 •• 

Picture the Problem The n° particle is composed of two quarks, uu. Hence, the 
reaction n° —> /+ y is equivalent to uu —» /+ y. 


0) 


The u and u annihilate resulting in the photons. 


C b ) 


Two or more photons are required to conserve linear momentum. 


38 •• 

Picture the Problem A decay process is allowed if energy, charge, baryon number, and 
lepton number are conserved. 


(a) Energy conservation: 


Because m A > m p + m T , energy 
conservation is not violated. 


Because the total charge is 0 before 
and after the decay, charge 
conservation is not violated. 


Charge conservation: 
0 —> 1 —1 = 0 
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Baryon number: 
1 -» 1 + 0 = 1 


Because there is no change in baryon 
number, baryon number is 
conserved. 


Lepton number: 
0->0 + 0 = 0 


Because lepton number is 0 on both 
sides, lepton number is conserved. 


The decay satisfied all conservation laws and is allowed. 


( b ) Energy conservation: 


Because m z < m n + m , energy 
is not conserved. 


Charge conservation: 
-1 —> 0 - 1 =-l 


Because the total charge does not 
change, charge is conserved. 


Baryon number: 
+1 -> 1 - 1 =0 


Because B changes from +1 to 0, 
baryon number is not conserved. 


Lepton number: 
0->0 + 0 =0 


Because L is 0 on both sides, 
lepton number is conserved. 


Because the decay violates both energy conservation and baryon number, 
it is not allowed. 


(c) Energy conservation: 


Energy is conserved. 


Charge conservation: 
-1 -> -1 + 0 + 0 =-1 


Because the total charge does not 
change, charge is conserved. 


Baryon number: 

0 —> 0 + 0 + 0 =0 


Because B does not change, 
baryon number is conserved. 


Lepton number: 

1 —> 1 - 1 + 1 = 1 


Because L does not change, 
lepton number is conserved. 


The decay satisfied all conservation laws and is allowed. 
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Remarks: The decay in Part (c) is the decay process for the muon // (see Example 
41 - 2 ). 


*39 •• 

Picture the Problem We can systematically determine Q, B, S, and s for each reaction 
and then use these values to identify the u nk nown particles. 


(a) For the strong reaction: 
Charge number: 

Baryon number: 
Strangeness: 

Spin: 


p+ n -> r + ? 

+ 1 - 1 =0 + Q^>Q = 0 
+1 + 0 = +l +B^B = 0 
0 + 0 = -l +S^S = +1 
+ 4 + 0 = +i + s =>s = 0 


These properties indicate that the particle is the kaon, K°. 


( b ) For the strong reaction: 
Charge number: 

Baryon number: 
Strangeness: 

Spin: 


p + p—»/r + +n + K + + ? 

+1 + 1 =+l +0+l + Q^Q = 0 
+1 + 1 =0 + 1 + 0 + 5=>5 = +l 
0 + 0 = 0 + 0+ 1 +S^S = -1 
+ 2 + 2 = 0+4- + 0 + S =>S = +j 


These properties indicate that the particle is either the E° or the A 0 baryon. 


(c) For the strong reaction: 
Charge number: 

Baryon number: 
Strangeness: 

Spin: 


p + KC -> + ? 

+1 - 1=-1 +Q^Q = + 1 
+1 + 0 = +l +B^>B = 0 
0-l=-2 + S=>S = -l 

+ ^- + 0 = +4 +S =>S = 0 


These properties indicate that the particle is the kaon, K + . 


40 •• 

Picture the Problem We can systematically determine Q, B, S, and s for the reaction and 
then use these values to identify the u nk nown particle. The Q value for the reaction is 
given by Q = —(A m)c 2 and the expression for the threshold energy for the reaction is 
given in the problem statement. 
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(a) For the strong reaction: 
Charge number: 
baryon number: 
strangeness: 
spin: 


p + p—»A 0 + K°+p + ? 

+1 + 1=0 + 0+ 1 + Q^Q = +\ 
+1 + 1 =+l + 0 + l+ f?=>.8 = 0 
0 + 0= -1 + 1 +0 + S^S = 0 

+|+ + =+\ + 0+4- + 5 => s = o 


These properties indicate that the unknown particle is a pion, n + . 


(b) The reaction is: p + p -> A 0 + K° +p + 7 t + 

The Q- value for the reaction is: 

Q = [(m p + m p )- (M AO + + M p + M^ )]c 2 

Use Table 41-1 to find the mass-energy values: 

Q = [(938.3 + 938.3)- (l 116 + 497.7 + 938.3 + 139.6)]MeV = 

Because Q < 0, the reaction is endothermic. 

(c) The threshold energy for this reaction is: 

K * = - K + + M A o + M k0 + M p + M^ + ) 

Using Table 41-1 to find the mass-energy values, substitute numerical values and 
evaluate K th : 


-815 MeV 


K 


th 


-815 MeV 
2(938.3 Me V) 


(938.3 + 938.3 +1116 + 497.7 + 938.3 + 139.6)MeV 


= 1984 MeV = 


1.984GeV 


41 •• 

Picture the Problem We can solve the equation derived in Problem 31 for the 
recessional velocity of the galaxy and then use Hubble’s equation to estimate the distance 
to the galaxy. 


(a) From Problem 31 we have: 


A' = A n 


1 + v/c 


1-v/c 
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Solve for the radicand: 


Substitute numerical values for A! 
and A 0 : 


Simplify to obtain: 


Solve for v: 


(. b ) From the Hubble equation we 
have: 

Substitute numerical values and 
evaluate r: 


1 + v/c 

1 -vie 


f-1 

^0 J 


2 


1 + v/c 
1-v/c 


f 1458 nm V 
v 656.3nm , 


4.935 


f 

4.953 1 

V 

and 


c) 


= 1 + 


V 


c 


5.953-= 3.953 

c 

V = 0.664c = 0.664(3 xio 8 m/s) 


= 1.99x 10 8 m/s = 


1.99xl0 5 km/s 


r 


v 


H 


1.99xl0 5 km/s 
23 km/s 
10 6 c-y 


8.65xlOVy 


42 — 

Picture the Problem We can use the masses of the parent and daughters to find the total 
kinetic energy of the decay products under the assumption that the A 0 is initially at rest. 
Application of conservation of energy and the definition of kinetic energy will yield the 
ratio of the kinetic energy of the pion to the kinetic energy of the proton. Finally, we can 
use our results in ( a) and ( b ) to find the kinetic energies of the proton and the pion for this 
decay. 

(a) The total kinetic energy of the K tot = (m A - m p -/;i T )c 2 

decay products is given by: 


Substitute numerical values (see Table 41-1) and evaluate K tot : 


K tot = 


1116 


MeV 


-938.3 


MeV 


-139.6 


MeV 


2 

c = 


38.1 MeV 


K„ -kmvl tnvl 

k 2 n 71 n k 


7 y 1 2 2 

K n -kmy n my n 


2 


p p 


(b) The ratio of the kinetic energies 
is given by: 
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1431 


Use conservation of momentum 
(nonrelativistic) to obtain: 


= ™ P v p 


m„ 


m_ 


Substitute for the ratio of the speeds 
to obtain: 



m n 

( m p ^ 

1 

CN 

m p 


m 


Substitute numerical values and 
evaluate the ratio of the kinetic 
energies: 



938.3 


MeV 


139.6 


MeV 


6.72 


(c) Express the total kinetic energy K p + K n = K tot (1) 

in terms of K n and K v : 

Use our results in (a) and ( b ) to K p + 6.72 K p =38.1 MeV 

obtain: 


Solve for K p : 




4.94 MeV 


Substitute in equation (1) to obtain: 


K«=K tot -K p 


33.2 MeV 


*43 ••• 

Picture the Problem The total kinetic energy of the decay products is the rest energy of 
the 1° particle. We can find the momentum of the photon from its energy and use the 
conservation of momentum to calculate the kinetic energy of the A 0 . 


(a) The total kinetic energy of the K tot = (ni L )c 2 

decay products is given by: 


Substitute numerical values (see 
Table 41-1) and evaluate K tot \ 

(b ) The momentum of the photon is 
given by: 


( MeV ' 



1193 , 

v c 

c = 

1193 MeV 


E y _ E-m A c 2 


c c 

1193 MeV- 

flll6 MeV V 

l c~ J 


c 

„ 0 MeV 


C 


Substitute numerical values and evaluate 
Pr 
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(c) The kinetic energy of the A 0 is 
given by: 


Substitute numerical values and 
evaluate K A : 


(d) A better estimate of the energy 
of the photon is: 


K a = 


PI 

2m, 


or, because p A = p v , 


K a = 


2m, 




V 


K A = , 


c ) 


1116 


MeV 

^7 


2.66MeV 


E y — E — m A c — K a 


Substitute numerical values and evaluate E r \ 



( MeV' 



E y = 1193 MeV- 

1116 , 

7 c 2 y 

c 2 -2.66MeV = 

74.3 MeV 


The improved estimate of the momentum 
of the photon is: 


E> 74.3 MeV 


74.3 


MeV 


44 ••• 

Picture the Problem The solution strategy is outlined in the problem statement. 


(a) Express A t = t 2 - 6 in terms of u 2 
and u\. 


At = t 2 —1\ 


x x _ x{u x -u 2 ) 

U-2 Wj 2 


Noting that u i u 2 ~ c 2 , we have: 


(b ) From Equation 39-25 we have: 


Expand binomially to obtain: 



where Am = u\- u 2 


(1) 




( 25 

2 

u 


me 



1- 



c ij 


l E ) 



' f 2 yV / 2 

I me 


v E j 


u 

c 


1 


2 


2 V 

me 

E 
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(c) Express u\ - u 2 in terms of E u 
E 2 , and me 2 : 


U 1 ^2 


1 ( 2 V 

f 1 n 

41 me 1 

-r-— 


\^2 ^1 ) 

c[mc 2 J\ 

[El-El) 


2 E\E\ 


Substitute numerical values and evaluate Am: 


20 ^ c 2 1 [(20 MeV) 2 - (5 MeV) 2 ] 


An = 


_ V_£_ 


7.50x 10~ 12 c 


2(20 MeV ) 2 (5 MeV ) 2 

Use equation (1) to evaluate At: A ^ (l.7xl0"c-y)(7.5xl0~ 12 c) 


At 


= 1.275xl0^ 6 yx 


31.56Ms 


= 40.2s 


(d) Using me 1 = 40 eV for the rest energy of a neutrino: 


Au = 


%0^c 2 j [(20MeV) 2 -(5MeV) 2 


3.00x10 u c 


2(20 MeV ) 2 (5 MeV ) 2 

Use equation (1) to evaluate At: A a (l.7x 10" c • y)(3x 10~ n c) 


At 


= 5.1x10 yx 


6 31.56Ms 


= 161s 


Remarks: Note that the spread in the arrival time for neutrinos from a supernova 
can be used to estimate the mass of a neutrino. 







